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Abstract
We present a combined theoretical and experimental study of the dependence of resonant higher harmonics of rectangular cantile-
vers of an atomic force microscope (AFM) as a function of relevant parameters such as the cantilever force constant, tip radius and
free oscillation amplitude as well as the stiffness of the sample’s surface. The simulations reveal a universal functional dependence
of the amplitude of the 6th harmonic (in resonance with the 2nd flexural mode) on these parameters, which can be expressed in
terms of a gun-shaped function. This analytical expression can be regarded as a practical tool for extracting qualitative information
from AFM measurements and it can be extended to any resonant harmonics. The experiments confirm the predicted dependence in
the explored 3–45 N/m force constant range and 2–345 GPa sample’s stiffness range. For force constants around 25 N/m, the
amplitude of the 6th harmonic exhibits the largest sensitivity for ultrasharp tips (tip radius below 10 nm) and polymers (Young’s
modulus below 20 GPa).
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Introduction
When an AFM cantilever oscillating freely and harmonically at
a given frequency f and amplitude A1 approaches a solid sur-
face, the oscillation becomes anharmonic due to the non-linear

interaction, represented by the force field Fts, between the canti-
lever tip and the surface [1]. Thus, the time dependent trajec-
tory a(t) of the cantilever tip, which can be expressed in the
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Figure 5: (color online) Evolution of the mean value of the amplitude of
the 6th harmonic extracted from the amplitude image simultaneously
acquired with the topography and phase images. Experiments have
been performed with a nominally 44 N/m rectangular AFM cantilever
with resonance frequency 350 kHz on silicon surfaces under ambient
conditions. The time evolution is expressed in terms of sequentially
acquired images. The free oscillation amplitude was set to 30 nm and
setpoint to Asp = 27 nm, respectively. The missing points 3, 4 and 5
correspond to approach curves taken for amplitude calibration. The
continuous blue lines are guides to the eye.

critical amplitude Ac is defined [17]. It turns out that Ac depends
on R, closely following a power law function (Ac  Rm), where
the parameter m (m < 1) depends on the particular cantilever
used [17-20]. This provides a further evidence that the ob-
served increase of A6 can be attributed to an increase in R. On
the other hand, Ac is evaluated, in those works, at the sharp
attractive–repulsive transition, which implies a rather involved
experimental determination, while using approach curves one
can select the setpoint and thus the A6 intensity in a larger range
(within the repulsive mode). However, larger repulsions may
lead to wear, and thus to damage of the tip [21-25].

Additional information can be obtained from the acquired
images. Figure 5 shows the evolution of the mean A6 value
acquired simultaneously with the topographic and phase
images. As it is observed from the simulations and experiments,
the value of A6 is below 0.1 nm, which implies a very low
signal to noise ratio. To overcome this difficulty, A6 is acquired
at each point of the AFM image (256 × 256 points) and then it
is calculated by averaging all the values obtained at the image.
In this way, the time evolution of the value of A6 is expressed in
terms of sequentially acquired images (each point corresponds
to one image), where the experimental parameters such as A1
and the amplitude setpoint do not change over time. We observe
a rapid increase from image 1 to 10 followed by an increase
with a smaller slope above image number 10. The figure resem-
bles Figure 2a with a higher slope at the beginning and a lower
slope afterwards. Because of the expected tip wear, the evolu-

tion observed in Figure 5 can be again ascribed to an increase in
tip radius. This method has been proposed to monitor the
stability of the tip in a continuous manner [13,26,27].

The quantitative determination of the actual tip radius at each
image is a rather difficult task, since it depends critically in
several experimental parameters. We have performed a parallel
calibration of the tip radius with reference samples. Supporting
Information File 1, Figure S2 shows the evolution of A6 as a
function of R obtained from commercial gold nanoparticles
(5.5 ± 0.7 nm diameters) dispersed on a thin poly-lysine film
grown on mica. From the figure we can observe the increase of
A6 for increasing R values.

Dependence of the amplitude of the 6th harmonic
on bulk modulus
Figure 6 shows the evolution of A6 for discrete values of
Young’s modulus from different materials, namely PDMS
(E = 0.0025 GPa), LDPE (E = 0.1 GPa), PS (E = 2.7 GPa),
fused silica (E = 72.9 GPa), titanium (E = 110 GPa) and
sapphire (E = 345 GPa), using a 10.9 N/m cantilever, as deter-
mined with the thermal tune method and Sader’s corrections
[28].

Figure 6: Experimental evolution of A6 vs E for PDMS
(E = 0.0025 GPa), LDPE (E = 0.1 GPa), PS (E = 2.7 GPa), fused silica
(E = 72.9 GPa), titanium (E = 110 GPa) and sapphire (E = 345 GPa)
using a 10.9 N/m cantilever.

In spite of the reduced number of experimental points, the curve
can be compared to Figure 2b, with a sharp increase at low E
values and a nearly constant value for larger E values. One has
to take into account that during the experiments, where the tip
has to be retracted and samples have to be changed, a variation
of the tip radius cannot be excluded. The sample with the
highest wear was titanium, because of its higher roughness as
compared to the rest of the samples, and for this reason it was
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