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Model+Learning-based Optimal Control: an Inverted Pendulum Study
Simone Baldi, Muhammad Ridho Rosa and Yuzhang Wang

Abstract— This work extends and compares some recent
model+learning-based methodologies for optimal control with
input saturation. We focus on two methodologies: a model-based
actor-critic (MBAC) strategy, and a nonlinear policy iteration
strategy. To evaluate the performance of the algorithms, these
strategies are applied to the swinging up an inverted pendulum. Numerical simulations show that the neural network
approximation in the MBAC strategy can be poor, and the
algorithm may converge far from the optimum. In the MBAC
approach neither stabilization nor monotonic convergence can
be guaranteed, and it is observed that the best value function
is not always corresponding to the last one. On the other
side the nonlinear policy iteration approach guarantees that
every new control policy is stabilizing and generally leads to a
monotonically decreasing cost.

I. I NTRODUCTION
For several decades, inverted pendulum systems have
served as excellent test beds for control theory [1]. They
were originally used to illustrate ideas in linear control such
as stabilization of unstable systems [2]. Because of their nonlinear nature pendulums have maintained their usefulness and
they are now used to illustrate many of the ideas emerging in
the field of nonlinear control. Typical examples are feedback
stabilization, variable structure control [3], passivity based
control [4], back-stepping and forwarding [5], nonlinear
observers [6], friction compensation [7]. Pendulums have
also been used to illustrate task oriented control such as
swinging up [8] [9] and are excellently suited to illustrate
hybrid [10] and chaotic systems [11].
In this work, the nonlinear pendulum stabilization control from the pointing-down initial position to the unstable upright position is studied. The control performance is
quantified in term of a cost function to be minimized. Two
strategies are studied here: an actor-critic based strategy and a
nonlinear policy iteration strategy. The first strategy is based
on Model Based Actor-Critic (MBAC) method, where the
controller learns to maximize the cumulative reward received
over time (the value function) in order to reach the control
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goal. For the second strategy, this work revises and extends a
policy iteration procedure for the synthesis of optimal control
policies for linear input-constrained systems. Both strategies
are referred to as model+learning-based strategies, because
they exploit the knowledge of the system model to learn the
optimal control law [12], [13].
The main contributions of this work are the two. First,
extending the piecewise policy iteration from linear systems
to nonlinear systems, using algorithmic solutions based on
Sum-of-Squares (SOS) programs [14]. Second, evaluating
and comparing the approximation of value function in both
methods: in order to assess convergence to the optimal value
function, in this work we compare neural network value
function approximation with nonlinear polynomial approximation. In addition, the stability and convergence results,
which have been proposed in the linear unsaturated case,
will be checked in the nonlinear saturated case.
The paper is organized as follows: Sect. II presents the
method of model based actor-critic control; Sect. III recalls
the policy iteration method for linear systems with inputsaturation; Sect. IV exploits results from sum of squares
decomposition for nonlinear systems; Sect. V evaluates and
compares the performance of the two model+learning methods in terms of convergence and minimization of cost.
II. M ODEL -BASED ACTOR -C RITIC C ONTROL
Actor-critic techniques which were introduced in [15] are
characterized by learning functions for the actor (policy) and
the critic (value function). See also [16], [17] for recent
advances and applications. In this work, a model-based
version of model-learning actor-critic (MLAC) algorithm is
introduced. The MLAC algorithm was proposed in [18] to
learn a process model in addition to the actor and critic. We
slightly modify the algorithm by assuming that the process
model is known. We refer to this algorithm as model-based
actor-critic (MBAC).

Fig. 1: Block diagram of the MBAC algorithm
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The MBAC method uses the model x0 = fˆ(x, u) to learn
the optimal policy. The available process model simplifies
the update of the actor, as it allows us to predict the next
state x0 , given some input u. Together with the approximate
value function, this allows us to obtain information on the
value V (x0 ) of the next state x0 . This means that we can
choose the input u such that V (x0 ) is optimal. In Figure 1,
the scheme of MBAC is shown.
Since we assume that our action space is continuous, we
cannot enumerate over all possible inputs u and therefore
the input is discretized to a set of discrete values. The actor
is updated by multiplying the local gradients of the value
function and of the process model to obtain a gradient of the
value function with respect to chosen input u (after saturation
in the allowed input range [umin , umax ])


∂x0
∂V
(1)
ui ← sat ui + αa
∂x x=x0 ∂u

which estimates a local linear model on the basis of previous
observations of V (x) . The local linear model is of the form
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where βxC which is the part of β C , that is the gradient ∂V
∂x
0
relates the input x to the output V . The gradient ∂x
∂u can
be found by NNs on previous observations of the process
dynamics. The process model is linearized in the form
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where βuP which is the part of β P , that is the gradient ∂x
∂u
relates u to x0 . So we can now use βxC , βxP and (1) to improve
the actor by adapting the nearest neighbor samples with
ui ← sat{ui + αa βxC βuP }

(4)

The pseudocode is found in Algorithm 1. Summarizing,
the MBAC uses the model to directly calculate an accurate
policy gradient.
III. P IECEWISE P OLICY I TERATIONS WITH
I NPUT-S ATURATION
We first recall the class of input-saturated linear systems
without exponentially unstable modes
ẋ = Ax + Bsat (u(x)) ,

x(0) = x0 ,

(5)

with x ∈ Rn , u ∈ Rm , A ∈ Rn×n and B ∈ Rn×m ,
<(λ(A)) ≤ 0. The function sat : Rm → U is a vector
saturation function, with entries satisfying

uj > uj
 uj , if
uj , if uj ≤ uj ≤ uj
(sat (u(x)))j =
(6)

uj , if
u > uj
and the set of inputs is defined as

U := u ∈ Rm | uj ≤ u ≤ uj , j = 1, . . . , m .
then we introduce the dead-zone function
dz (u(x)) := u(x) − sat (u(x))
and rewrite the system (5) as
ẋ = Ax + Bu(x) − Bdz (u(x)) ,

x(0) = x0 .

(7)

In order to have a well-posed problem we make the assumption: there exists a globally stabilizing control policy ū.
We also introduce a discounted cost function to be minimized for the system (7) of the form
Z ∞
J=
e−λt [x0 Qx + sat0 (u(x)) Rsat (u(x))] dt. (8)
Fig. 2: MBAC algorithm
Recall that x0 is given by the state transition function
x = f (x, u). The value function is approximated by NNs
0

0

We introduce sector condition related to the deadzone
function q(x) = dz (u(x)),
q 0 (x) (u(x) − q(x)) ≥ 0,

∀ x ∈ Rn .

(9)

Furthermore, define φ(x) := d dz(u(x))
satisfying
dt

0
if q(x) = 0
φ(x) =
u̇(x) if q(x) 6= 0,

(10)

and the value function

c
Wun
c
Wpw
:=
Wc

in Ξc1 ∪ Ξc2 ∪ Ξc3
in Ξc4

(19)

We adopt the well-known result from optimal control theory
c
where Wun
is the unsaturated value function defined as
[19], that states that the optimal control policy uo (x) that
minimizes (8) satisfies
c
Wun
(x) := W c (x, 0)
(20)


o
d
V
o
o
(Ax + Bu) + L(x, u) , (11)
u = arg min −λV +
Then we obtain the following result [21],
dx
u(·)∈U
Proposition 1: The piecewise value function (19) certifies
where V o (x) is the value function that solves the Hamiltonthe global stability of the piecewise control policy (18).
Jacobi-Bellman (HJB) equation. The HJB equation is in genFigure 3 shows the algorithm of modified policy iteration
eral hard to solve and the most celebrated method for solving
with
piecewise value function. In the next section the policy
it is via Policy Iteration [20]. The work [21] addresses the
iteration
method is extended to polynomial systems and local
policy iteration method for the saturated case, and it is briefly
stability,
suited for the pendulum control problem.
recalled for simplicity.
A. Piecewise policy evaluation and improvement
Consider a piecewise value function of the form
W c (x, q c (x)) instead of V c (x)
V c (x) = W c (x, dz(uc (x))) = W c (x, q c (x))

(12)

Since q is non-differentiable, we consider it as an independent variable, which allow us to describe its time-derivative
in terms of a variable φ(x) as in (10)
−λW c +

∂W c c/c
∂W c
φ
(Ax + B(uc − q c )) +
∂x
∂q c
+x0 Qx + (uc − q c )0 R(uc − q c ) = 0

(13)

We consider the following approximate policy improvement,
1 −1 0 ∂W c 0
uc+1
(x)
=
−
R B
(14)
ap
2
∂x qc =0
c+1
(x) (the non approximated
Note that uc+1
ap (x) = u
policy improvement) in the set

Ωc (x) = {x : dz(uc (x)) = 0}

(15)

Furthermore, the policy uc+1
ap (x) in (14) defines a different
unsaturated region as

Ωc+1 (x) = x : dz(uc+1
(16)
ap (x)) = 0
B. Modified policy iteration
We now discuss properties of the policy (14). Let us first
define the following state-space partition defined by sets Ωc
and Ωc+1 in (15), (16)
Ξc1
Ξc2
Ξc3
Ξc4

:= Ωc ∩ Ωc+1
:= Ωc \Ωc+1
:= Ωc+1 \Ωc
:= Rn \(Ωc ∪ Ωc+1 )

(Region
(Region
(Region
(Region

1)
2)
3)
4)

Fig. 3: Algorithm of modified policy iterations under saturation constraints

(17)

IV. H ANDLING P ENDULUM N ONLINEARITIES WITH S UM
OF S QUARES D ECOMPOSITION

In the following, we study the stability properties of
c+1
the policy uap
, given a globally stabilizing policy uc and
a value function W c that certify global stability. To this
purpose, define the piecewise policy



sat uc+1
in Ξc1 ∪ Ξc2 ∪ Ξc3
c+1
ap
sat upw =
(18)
sat (uc )
in Ξc4

To evaluate and compare the performance of our algorithms, we apply them to the task of stabilizing an inverted
pendulum (from the pointing-down position to the upright
position). The control performance is quantified in term
of a cost function to be minimized. The actuation signal
u is limited with saturation [−20, 20], [−10, 10], [−5, 5]
respectively, which make it possible to directly move the

pendulum to the upright position. In discrete time, for actorcritic algorithm, we consider the cumulative cost
J=

∞
X

xTk−1 Qxk−1 + Ru2k−1

(21)

k=1

In continuous time, for the policy iteration algorithm, we
define the cost function
Z ∞
Z ∞
x0 Qx + sat0 (u(x))Rsat(u(x))dt
L(x, u)dt =
J=
0

0



5 0
with Q =
, R = 1.
0 0.1
The motion equation of this system is


K2
K
φ̇ + u
J φ̈ = M gl sin(φ) − b +
R
R

(22)

(23)

where φ is the angle of the pendulum measured from
h the
i0
upright position. The (fully measurable) state x = φ φ̇
consists of the angle φ of the pendulum and the angular
velocity φ̇ of the pendulum. The model parameters are given
in Table I.

Symbol
J
M
g
l
b
K
R

Value
1.91 · 10−4
5.50 · 10−2
9.81
4.20 · 10−2
3 · 10−6
5.36 · 10−2
9.50

TABLE II: The Parameter Settings for MBAC and Nonlinear
Policy Iteration Methods
Ts
γ
λ
∆u
n1
n2

MBAC
0.02
0.9980
0.2
triangular
30
30

But this system contains the non-polynomial term of
sin(πx̄1 ), so we transform it to the polynomial system by
introducing x̄3 = sin(πx̄1 ) that is between [−1, 1], so there
is no need to normalize it; and x̄4 = cos(π2x̄1 )−1 that is in
order to have equilibrium at 0. So the nonlinear system with
polynomial term is
x̄˙ 1 = 2πx̄2


M gl
K2 1
K
˙x̄2 =
x̄3 − b +
x̄2 +
u
2Jπ 2
R J
2JRπ 2
x̄˙ 3 = 2π 2 x̄2 (2x̄4 + 1)
x̄˙ 4 = −π 2 x̄2 x̄3

x̄23 + (2x̄4 + 1)2 = 1

Units
kgm2
kg
m/s2
m
Nms
Nm/A
Ω

The MBAC and Nolinear Policy Iteration algorithms were
applied in simulation using the parameter settings in Table II.
Note that the discounted rate is chosen in such a way that γ =
e−λTs , so that the discounted cost is the same in continuous
and discrete time.

sampling time(s)
reward discount rate (discrete)
discounted cost rate (continuous)
control quantization
basis function type
number of basis function for x1
number of basis function for x2

x̄˙ 1 = 2πx̄2
(27)


2
M gl
K
1
K
x̄˙ 2 =
sin(πx̄1 ) − b +
u (28)
x̄2 +
2
2Jπ
R J
2JRπ 2

(29)
(30)
(31)
(32)

with equality constraint

TABLE I: Inverted Pendulum Model Parameters
Model Parameter
Pendulum inertia
Pendulum mass
Gravity
Pendulum length
Damping
Torque constant
Rotor resistance

be also between [−1, 1] and the P matrix should be better
conditioned. For this reason we define a new state which is
x1
x2
(26)
x̄1 =
, x̄2 =
π
2π 2
Thus the system (24)-(25) becomes

Nonlinear PI
0.1
-

(33)

Now that we obtained a polynomial vector field, we will be
searching for a Value function that is also a polynomial. Then
the well-known conditions in Lyapunov’s method become
polynomial nonnegative conditions, relaxed to SOS decompositions. The Lyapunov’s method can then be formulated
as SOS program stated in the following proposition [22],
Proposition 2. Suppose that for the system ż = f (z) there
exists a polynomial function V (z) such that V (0) = 0 and
V (z) − φ(z) is SOS,
(34)
∂V (z)
−
f (z) is SOS.
(35)
∂z
where φ(z) > 0 for z 6= 0. Then the origin is stable.
Then, an extension of the Lyapunov theorem in conjunction with the sum of squares decomposition and semidefinite
programming can then be used to investigate the stability of
the recasted system, the result of which can be used to infer
the stability of the original system. Using the results of this
chapter, the modified Policy Iteration Algorithm of Figure 3
can be straightforwardly extended to nonlinear systems with
input saturation.
V. N UMERICAL RESULTS

Then the system is described as follows,
ẋ1 = x2


M gl
K2 1
K
ẋ2 =
sin(x1 ) − b +
x2 +
u
J
R J
JR

(24)
(25)

with x1 ∈ [−π, π], x2 ∈ [−20, 20]. However, we want
to normalize the state x1 ∈ [−1, 1], x2 ∈ [−1, 1]. The
advantage of the normalization is that all the monomials will

In the following, we show the simulation results with input
saturation [−20, 20], [−10, 10] and [−5, 5] by using model
based actor-critic algorithm and nonlinear policy iteration
algorithm respectively.
TABLE III: Cost with Input-Saturation [−20, 20]
MBAC
Nonlinear PI

Final discounted cost
14.75
11.25

Improvement
23.7%

(a) Phase phane

(b) Final trajectory

(c) Cost

Fig. 4: Model-based Actor-Critic, Input-Saturation [-20,20]

(a) Phase phane

(b) Final trajectory

(c) Cost

Fig. 5: Nonlinear Policy Iteration, Input-Saturation [-20,20]

(a) Phase phane

(b) Final trajectory

(c) Cost

Fig. 6: Model-based Actor-Critic, Input-Saturation [-5,5]

(a) Phase phane

(b) Final trajectory

Fig. 7: Nonlinear Policy Iteration, Input-Saturation [-5,5]

(c) Cost

TABLE IV: Cost with Input-Saturation [−10, 10]
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[5] M. Krstić, I. Kanellakopoulos, and P. V. Kokotović. Passivity and
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MBAC
Nonlinear PI

Improvement
5.4%

TABLE V: Cost with Input-Saturation [−5, 5]
MBAC
Nonlinear PI

Final discounted cost
12.28
12.21

Improvement
0.6%

The following observation can be drawn. For model based
actor-critic method:
• The MBAC algorithm is not always able to reach the
optimum. This is especially evident with saturation
[−20, 20], where the final result is at least 25% far from
the optimal.
• For a discretization of 0.2 and adopting 30 × 30 NNs
(respectively in the x1 −x2 plane), the MBAC approach
is computationally less expensive than the Nonlinear
Policy Iteration approach. However, with 40 × 40 NNs,
MBAC led to OUT OF MEMORY problems.
For nonlinear policy iteration method:
• In contrast to the MBAC approach, where the value
function is stored in a memory, in the nonlinear policy
iteration approach the value function is a parameterized
function. This leads to a control action which is in
general smoother, while in the MBAC approach control
action can result ”bumpy”.
• The nonlinear PI approach will generally lead to a
monotonically decreasing cost (at least in the unsaturated region), whereas in the MBAC approach neither
stabilization nor monotonic convergence can be guaranteed. In particular, in the MBAC approach, it is observed
that the best value function is not always corresponding
to the last one.
• The improvement of the nonlinear PI approach is generally decreasing as the saturation becomes tighter and
tighter. This can be explained by the fact that when the
control authority decreases, the freedom to improve the
cost becomes smaller and smaller.
VI. C ONCLUSIONS AND FUTURE WORK
In this work, two model+learning-based methodologies
for optimal control of nonlinear systems have been slightly
revised and applied to the optimal control of a pendulum:
an actor-critic and a nonlinear policy iteration, respectively.
Simulation results with different saturation levels show that
the NN approximation of the MBAC algorithm may converge
far from the optimum and the best value function is not
always corresponding to the last one. The nonlinear PI
approach guarantees that every new control policy will be
stabilizing and generally lead to a monotonically decreasing
cost. However, the improvement of the nonlinear policy
iteration approach is generally decreasing as the saturation
becomes tighter and tighter.
Future work will include further increasing the level of
saturation in such a way that a truly swing up action is
required (e.g., saturation [−3, 3] or [−1, 1]).

