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A reduced complexity model of a gravel-sand river1

bifurcation: Equilibrium states and their stability2
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Ministry of Infrastructure and Water Management - Rijkswaterstaat, Netherlands5

Astrid Blom6

Faculty of Civil Engineering and Geosciences, Delft University of Technology, Netherlands7

Abstract8

We derive an idealized model of a gravel-sand river bifurcation and analyze
its stability properties. The model requires nodal point relations that describe
the ratio of the supply of gravel and sand to the two downstream branches.
The model predicts changes in bed elevation and bed surface gravel content
in the two bifurcates under conditions of a constant water discharge, sediment
supply, base level, and channel width and under the assumption of a branch-
averaged approach of the bifurcates. The stability analysis reveals more complex
behavior than for unisize sediment: three to five equilibrium solutions exist
rather than three. In addition, we find that under specific parameter settings
the initial conditions in the bifurcates determine to which of the equilibrium
states the system evolves. Our approach has limited predictive value for real
bifurcations due to neglecting several effects (e.g., transverse bed slope, alternate
bars, upstream flow asymmetry, and bend sorting), yet it provides a first step in
addressing mixed-size sediment mechanisms in modelling the dynamics of river
bifurcations.

Keywords: river bifurcation, mixed-size sediment, idealized model,9

equilibrium, stability analysis10

1. Introduction11

River bifurcations or diffluences are found in alluvial fans, braided rivers,12

anabranching rivers, deltas, cut-off channels, diversions (for flood control or13

water intakes), and in constructed side channels that are part of river restoration14

schemes. Once a bifurcation is initiated, a downstream channel (or bifurcate15

or distributary) continues to deepen as long as the sediment transport capacity16

exceeds the sediment supply to the channel.17

Sediment transport in a channel consists of bed-material load (i.e., bed load18

and suspended bed-material load) and wash load (Paola, 2001; Church, 2006).19
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As wash load is typically assumed to be distributed uniformly over the water20

column, it is assumed to be partitioned over the bifurcates according to the21

ratio of the water discharge.Bed-material load, however, partitions over the22

bifurcates in a less straightforward manner. The partitioning of sediment in23

streams dominated by suspended bed-material load depends on the initial flow24

depth and channel slope in the bifurcates (Slingerland and Smith, 1998), the25

grain size of the bed sediment (Slingerland and Smith, 1998), and curvature-26

induced effects in the upstream channel (Hackney et al., 2017). The partitioning27

of sediment in bed load dominated streams depends on:28

• the conditions in the bifurcates: base level, channel width, friction, bifur-29

cation angle (Bulle, 1926; Tarekul Islam et al., 2006; Van der Mark and30

Mosselman, 2013), and the zones of flow recirculation close to the bifur-31

cation (Bulle, 1926; De Heer and Mosselman, 2004; Thomas et al., 2011;32

Marra et al., 2014), vegetation (Burge, 2006), and cohesive sediment and33

bank erosion (Miori et al., 2006; Zolezzi et al., 2006);34

• the conditions in the area just upstream of the bifurcation: the transverse35

distribution of water and sediment over the upstream channel, which is36

affected by secondary flow (Van der Mark and Mosselman, 2013), a trans-37

verse bed slope induced by an inlet step (Bolla Pittaluga et al., 2003),38

alternate bars (Bertoldi and Tubino, 2007; Bertoldi et al., 2009; Redolfi39

et al., 2016), and sediment mobility (Frings and Kleinhans, 2008);40

• conditions extending further upstream: flow asymmetry induced by a41

bend, which tends to provide one bifurcate with a larger fraction con-42

tent of the flow and the other one with a larger fraction content of the43

sediment load (Federici and Paola, 2003; Kleinhans et al., 2008; Hardy44

et al., 2011; Van Dijk et al., 2014) and transverse sediment sorting due45

to bend flow (Sloff et al., 2003; Frings and Kleinhans, 2008; Sloff and46

Mosselman, 2012).47

The partitioning of the sediment load over the bifurcates determines whether48

the bifurcation develops towards a stable state with two open downstream49

branches or a state in which the water discharge in one of the branches contin-50

ues to increase at the expense of the other branch. The latter case may lead to51

the silting up of one of the downstream channels. Under such conditions a one52

channel configuration is a stable equilibrium solution of the bifurcation system53

(Wang et al., 1995), yet in literature this situation is often termed an ‘unstable54

bifurcation’ (Federici and Paola, 2003; Burge, 2006), as the two channel system55

ceases to exist.56

Early one-dimensional reduced complexity models describing the develop-57

ment towards the equilibrium states of two bifurcates have been developed for58

bed load transport in sand-bed rivers (Wang et al., 1995), bed load transport59

in gravel-bed rivers (Bolla Pittaluga et al., 2003), and suspended bed-material60

load (Slingerland and Smith, 1998). Such reduced complexity models allow for61

the computation of the partitioning of the water discharge as the water surface62
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elevation at the bifurcation point must be equal between the three reaches. The63

sediment partitioning, however, depends on the geometry of the bifurcation and64

the three-dimensional flow structure, which obviously cannot be reproduced by65

a one-dimensional model. A one-dimensional model therefore requires a nodal66

point relation that describes the partitioning of the sediment load over the bi-67

furcates.68

Wang et al. (1995) were the first to introduce a nodal point relation describ-69

ing the partitioning of the sediment supplied from upstream over the bifurcates.70

They then apply a simpler form of their nodal point relation (s̄1/s̄2 = (q1/q2)
k,71

where s̄1,2 is the rate of sediment supply per unit width to branches 1 and 272

and q1,2 is the water supply per unit width to branches 1 and 2) to analyse the73

stability of the solutions to the equilibrium morphodynamic state of the bifur-74

cates. Studying avulsion development (Slingerland and Smith, 1998) introduce75

a nodal point relation that originates from integration of the vertical concentra-76

tion profile of the suspended sediment. Alternative nodal point relations have77

been developed by Bolla Pittaluga et al. (2003), who account for the effects of78

a transverse bed slope that induces lateral sediment transport to the deeper bi-79

furcate, and Kleinhans et al. (2008), who account for the effects of an upstream80

bend, both of which will be addressed in further detail below.81

Pioneering work on bifurcation dynamics using a nodal point relation was82

conducted by Wang et al. (1995): they assume a constant water discharge and83

sediment supply rate in the upstream channel, a constant and equal base level84

in the two bifurcating branches, and unisize sediment conditions. They apply85

the Engelund and Hansen (1967) sediment transport relation without a thresh-86

old for significant transport: s ∝ Un, where s denotes the sediment transport87

capacity per unit width, U the depth-averaged flow velocity, and n is the ex-88

ponent in the power law load relation (n = 5). They find that for k < n/389

the equilibrium solution where one of the bifurcates closes is stable, whereas90

for k > n/3 the equilibrium solution with two open branches is stable. Despite91

these early results a model for k is still lacking. Also Slingerland and Smith92

(1998) reveal that a bifurcation or avulsion develops towards a stable state with93

two open downstream branches or a state in which one channel becomes the94

dominant channel at the expense of the other branch.95

In such strongly idealized one-dimensional analyses, two-dimensional and96

three-dimensional effects near the bifurcation point are not readily accounted97

for. One of these effects is the Bulle effect (Bulle, 1926; Van der Mark and98

Mosselman, 2013; Dutta et al., 2017), which indicates a situation where the99

sediment supply to a diversion channel (i.e., a channel that branches off the100

main channel under a certain angle) is significantly larger than the diversion101

channel’s fraction content of the water discharge. This effect is associated with102

secondary flow Thomas et al. (e.g., 2011). Another effect is the difference in103

bed elevation that is associated with a difference in flow depth between the two104

bifurcates (e.g., Bolla Pittaluga et al., 2003; Kleinhans et al., 2013). This bed105

elevation difference (also denoted using the term inlet step) tends to increase106

the sediment supply to the deeper bifurcate (e.g., Slingerland and Smith, 1998),107

which acts as a stabilizing mechanism.108
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Figure 1: Schematic of (a) a channel (branch 0) bifurcating into two channels (branches 1 and
2) flowing into a lake characterized by the same base level (Wang et al., 1995) and (b) a side
channel system. Our analysis and model are applicable to both cases.
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Although mixed-size sediment systems may reveal behavior that is essentially109

different from unisize sediment systems (Sinha and Parker , 1996; Mosselman110

and Sloff , 2008; Blom et al., 2016, 2017a,b), so far the influence of noncohesive111

mixed-size sediment on bifurcation dynamics has not been studied explicitly.112

Wash load, suspended bed-material load, and bed load (Paola, 2001; Church,113

2006) are expected to respond differently to the above-mentioned mechanisms114

(Hackney et al., 2017). Mixed-size sediment effects are the following:115

1. As the vertical profile of sediment concentration is less uniform over depth116

for coarse sediment (i.e., coarse sediment tends to concentrate more strongly117

near the bed), coarse sediment tends to be affected more by an inlet step118

than fine sediment (Slingerland and Smith, 1998).119

2. The effect of the transverse bed slope on lateral transport upstream of the120

bifurcation depends on grain size, where coarse sediment is affected by121

the transverse bed slope more strongly than fines (Parker and Andrews,122

1985);123

3. The presence of a bend upstream of the bifurcation typically leads to bend124

sorting and a coarser sediment supply to the distributary in the outer bend125

than to the one in the inner bend (Sloff et al., 2003; Frings and Kleinhans,126

2008; Sloff and Mosselman, 2012);127

4. Alternate bar formation and geometry appear to be affected by the grain128

size distribution of the sediment mixture (Lanzoni , 2000; Bertoldi and129

Tubino, 2005).130

Our objective is to assess the elementary consequences of the introduction131

of mixed-size sediment mechanisms in the modelling of the dynamics of a river132

bifurcation. To this end we follow Wang et al. (1995)’s approach and its simple133

nodal point relation with associated limitations and simplifications: we neglect134

the effects of vegetation, cohesive sediment, bank erosion, alternate bars or a135

bend in the upstream channel, as well as the Bulle effect and the transverse136

slope effect. We extend their model to conditions with bed-material load of a137

two-fraction sediment mixture consisting of gravel and sand. This implies the138

need for two nodal point relations describing the ratio of, respectively, the gravel139

and sand supply to the two bifurcates. We study the stability of the equilibrium140

states of the bifurcates in an engineered river characterized by a fixed channel141

width.142

The proposed analysis and model are applicable to both cases shown in143

Figure 1: a bifurcation system with two bifurcates that are characterized by the144

same base level and a side channel system. We set up a model describing the145

equilibrium solutions of the mixed sediment bifurcation system (section 2), we146

determine its equilibrium solutions (section 3), we derive a system of ordinary147

differential equations for the flow depth and bed surface texture in the bifurcates148

(section 4), and perform a stability analysis of the equilibrium solutions (section149

5). The analysis also provides insight on the time scale of the evolution towards150

the stable equilibrium solutions (section 6).151
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2. Model of the equilibrium state152

In this section we strongly simplify the situation of a gravel-sand river bi-153

furcation, describe the problem from a mathematical point of view, and list154

the governing equations. To this end we consider an engineered river with a155

fixed channel width that may vary between the branches, a temporally con-156

stant water discharge in the upstream branch (i.e., branch 0 in Figure 1) and157

a temporally constant gravel supply rate and constant sand supply rate to the158

upstream branch.159

Under equilibrium conditions (∂/∂t = 0) without subsidence, uplift, and160

particle abrasion, the equation describing conservation of sediment mass (i.e.161

the Exner equation) reduces to the the stationary Exner equation, ∂Si/∂x = 0,162

where Si denotes the sediment transport capacity in branch i, the subscript163

i indicates branch i, and x is the streamwise coordinate. In other words, by164

definition the sediment transport capacity Si equals the sediment supply to165

branch i, S̄i, where the bar indicates the sediment supply.166

For simplicity we apply the Engelund and Hansen power law load relation167

(Engelund and Hansen, 1967):168

Si = BimiU
n
i (1)169

in whichmi = Gi/D withD denoting a characteristic grain size, Gi = 0.05/(C3
i R

2g1/2),170

Ui the depth-averaged flow velocity, Bi the channel width, Ci the Chézy fric-171

tion coefficient, g denotes the gravitational acceleration, and R the submerged172

density (R = (ρs − ρ)/ρ where ρs and ρ are the mass density of, respectively,173

sediment and water). For simplicity we assume that mi does not vary between174

the branches (mi = m), which implies that also the friction coefficient and the175

coefficient G do not vary between the branches (Ci = C, Gi = G).176

Combination of equation (1) with the stationary Exner equation illustrates177

that under equilibrium conditions where the channel width and friction do not178

vary spatially, besides the sediment transport rate, also the flow velocity is179

uniform.180

The flow is described using the one-dimensional conservation equations for181

water mass and streamwise momentum, i.e. the Saint-Venant equations (Saint-182

Venant , 1871). Under equilibrium conditions, the conservation equation for183

water mass is simplified to ∂Qi/∂x = 0 (where Qi denotes the water discharge184

in branch i, see Figure 1), which implies185

Qi = BiUiHi = const (2)186
187

where Hi denotes the flow depth (Figure 2). As the flow velocity is uniform over188

the branch, equation (2) implies that also the flow depth does not vary over the189

branch.190

Under equilibrium conditions the conservation equation for streamwise mo-191

mentum of the flow reduces to the backwater equation. For a uniform flow192
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Figure 2: Definition of symbols.

depth, the backwater equation reduces to the normal flow equation:193

Hi =

(
Q2

i

iiC2B2
i

)1/3

(3)194

195

where ii denotes the channel slope. For simplicity, the Chézy friction coefficient196

C is assumed independent of the bed surface texture and flow conditions and197

hence constant.198

Under mixed-size sediment conditions, the Exner equation is replaced by199

the equations for the conservation of gravel and sand mass at the bed surface,200

i.e. the Hirano equations (Hirano, 1971; Ribberink , 1987; Parker , 1991). Under201

equilibrium conditions the Hirano equations reduce to ∂Sig/∂x = ∂Sis/∂x = 0,202

where the subscripts g and s indicate gravel and sand, respectively, and Sig and203

Sis denote, respectively, the gravel and sand transport capacities in branch i.204

This implies that in an equilibrium state without particle abrasion the gravel and205

sand load do not vary within a branch (e.g., Blom et al., 2016). For simplicity we206

apply the Engelund and Hansen power law load relation in a fractional manner207

(Blom et al., 2016, 2017a) and replace equation (1) by208

Si = Sig + Sis (4)209

Sig = FigBimgU
n
i (5)210

Sis = (1− Fig)BimsU
n
i (6)211

212

where Fig denotes the volumetric fraction content of gravel at the bed surface213

in branch i or, briefly, the surface gravel content (Figure 2), and mg = G/Dg214

and ms = G/Ds with Dg and Ds the grain sizes of, respectively, gravel and215

sand. Obviously the coefficients mg and ms have different values. Similarly to216

the unisize case, we assume mg not to vary between the branches. The same217

holds for ms. Combination of equations (5) and (6) with the stationary Hirano218

and Saint-Venant equations shows, analogous to the unisize sediment case, that219
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(under equilibrium conditions without uplift, subsidence, and particle abrasion)220

the flow velocity, flow depth, and surface gravel content do not vary within a221

branch.222

The model requires a nodal point relation that relates the ratio of the sed-223

iment supply to the downstream branches to the ratio of the water discharge.224

The nodal point relation introduced by Wang et al. (1995) is applicable to uni-225

size sediment conditions:226

s̄∗ = αq∗k, or
s̄1
s̄2

= α

(
q1
q2

)k

(7)227

where s̄i denotes the rate of sediment supply per unit width to branch i, the228

superscript ∗ indicates the ratio of the values of the specific variable for branches229

1 and 2 (e.g., s̄∗ = s̄1/s̄2), α is the nodal point prefactor, and qi is the water230

discharge per unit width in branch i. Equation (7) can also be written as231

S̄∗ = αQ∗kB∗1−k, or
S̄1

S̄2
= α

(
Q1

Q2

)k (
B1

B2

)1−k

(8)232

For conditions dominated by two grain size modes (gravel and sand), we233

introduce two nodal point relations, one describing the partitioning of the gravel234

load over the bifurcates and one the sand load:235

S̄∗
g = αgQ

∗kgB∗1−kg , or
S̄1g

S̄2g
= αg

(
Q1

Q2

)kg
(
B1

B2

)1−kg

(9)236

S̄∗
s = αsQ

∗ksB∗1−ks , or
S̄1s

S̄2s
= αs

(
Q1

Q2

)ks
(
B1

B2

)1−ks

(10)237

238

where kg and ks denote the nodal point coefficients and αg and αs are the nodal239

point prefactors, both for gravel and sand, respectively.240

We realize that the above form of the nodal point relations is too simple to241

cover the physics of the problem of river bifurcations adequately. In addition to242

the strongly simplified form of the nodal point relations for gravel and sand, the243

values for the nodal point coefficients kg, ks, αg, and αs likely are not constants244

and models for these coefficients are needed to properly analyze the physics of245

the bifurcation problem. Yet despite these strong simplifications we believe that246

the current analysis provides useful insight on elementary bifurcation behavior.247

We will address this aspect in further detail in the discussion section.248

The fact that both downstream branches are governed by the same base level249

(Figure 1) and also the upstream water surface elevation of the two branches is250

equal creates the following geometrical constraint in an equilibrium state (Wang251

et al., 1995):252

i∗ =
1

L∗ , or
i1
i2

=
L2

L1
(11)253

where Li is the length of branch i (Figure 1).254

We now have a set of equations that can be solved to determine the equilib-255

rium states of the two downstream branches.256
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Figure 3: Sections I, IIa, IIb, and III in the stability diagram in the (kg , ks) parameter space
for the base case.

3. The equilibrium state257

We manipulate the set of equations listed in section 2 to find the equilib-258

rium solutions of the bifurcation cases shown in Figure 1. Under equilibrium259

conditions the sediment supply rate must be equal to the sediment transport ca-260

pacity and we therefore set Sig = S̄ig and Sis = S̄is. In addition, we substitute261

equations (2)-(6) and (11) into (9) and (10). This yields an implicit solution to262

the ratio of the water discharge in the two downstream branches, Q∗:263

Q∗ = L∗B∗1− 3
n

(
mgSs0 +msSg0

mgSs0 (αsQ∗ksB∗1−ks + 1)
−1

+msSg0 (αgQ∗kgB∗1−kg + 1)
−1 − 1

) 3
n

264

= Φ(Q∗) (12)265266

A solution of equation (12) provides values for the gravel and sand load in the267

downstream branches, Sig and Sis (i = 1, 2), through the nodal point relations268

in equations (9)-(10), provided that the water discharge in branch 0, Q0, the269

gravel and sand supply rates to branch 0, S0g and S0s, and the variables mg, ms,270

L∗, B∗, ks, and kg are known. We compute the flow depth, Hi, using equation271

(3), as well as the surface gravel content, Fig, using equation (5) or (6).272

Equation (12) has at least three solutions: two solutions that are associated273

with the closure of one of the branches (Q∗ = 0, Q∗ = ∞) and one solution274

in which both downstream branches remain open. Generically the flow depth275

differs between the downstream branches, but under conditions in which L∗ = 1276

the flow depth in the downstream branches is equal, even if the width varies277

between the branches.278

We define a base case that (except for the bifurcate length) is loosely based279

on the bifurcation of the Bovenrijn into the Pannerdensch Kanaal and the Waal280

branch. The bifurcation is located in the Netherlands and about 10 km down-281

stream from where the Rhine River crosses the German-Dutch border. The282

water discharge is set equal to the one characterized by a one year recurrence283

period (4000 m3/s). We simply assume the bifurcates to have the same channel284

length (here L1 = L2 = 10 km). This yields the following parameter values for285
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Figure 4: Stability diagram in the (kg , ks) parameter space, for varying (a) ratio of the sand

load to the gravel load in branch 0, Ŝ0; (b) ratio of the length of the downstream channels,
L∗; and (c) ratio of the width of the downstream channels, B∗.

the base case: αg = αs = 1, B0 = 315 m, B1 = B2 = 250 m, C1 = C2 = 50286

m1/2/s, S0g = 0.001 m3/s, S0s = 0.007 m3/s, and Q0 = 4000 m3/s.287

Analysis of equation (12) illustrates that we can distinguish between three288

sections in the (kg, ks) parameter space (I, II, and III), each with a different289

number of solutions to equation (12) and hence of the flow depth in the down-290

stream branches (Figure 3):291

• I and III: There are three equilibrium solutions. Two solutions corre-292

spond with one of the downstream branches closed. The other solution293

corresponds with both branches open.294

• IIa and IIb: There are five equilibrium solutions. Two solutions corre-295

spond with one of the downstream branches closed. The remaining three296

solutions correspond with both branches open.297

For the details of the analysis of equation (12) we refer to Appendix A.1. The298

differences between sections I and III and between IIa and IIb will be addressed299

in the next section.300

The boundaries of the sections I, IIa, IIb, and III in Figure 3 depend on301

the ratio of the sand load to the gravel load in the upstream branch (branch302

0), which is denoted by Ŝ0, the ratio of the length of the bifurcates, L∗, and303

the ratio of the channel width of the bifurcates, B∗ (Figure 4). An increase of304

the sand load in the upstream channel at the expense of its gravel load leads305

to a decrease of section IIb and an increase of section IIa. An increase of the306

difference in channel length between the two bifurcates significantly decreases307

section II and an increase of section I. Section II tends to become negligible for308

values of L∗ even mildly larger than 1. The effects of Ŝ0 and L∗ are significant,309

whereas the effect of a difference in channel width between the two bifurcates,310

B∗, appears to be limited.311

The current analysis is limited to engineered rivers where the channel width312

cannot adjust to changes in the controls (i.e., statistics of the water discharge,313

10



sediment supply, and base level). The analysis illustrates that a mixed-size314

sediment two-channel system consists of three to five solutions to the morpho-315

dynamic equilibrium state. This differs from a unisize sediment two-channel316

system, for which three equilibrium solutions exist (Wang et al., 1995). The317

existence of three to five solutions also contrasts with the single solution to the318

morphodynamic equilibrium state of a one-channel system, under unisize as well319

as mixed-size sediment conditions (Howard , 1980; Blom et al., 2016, 2017a).320

Natural rivers, where besides the channel slope and bed surface texture also321

the channel width responds to changes in the controls, allow for more equilibrium322

states than engineered rivers with a fixed channel width (Blom et al., 2017a).323

In natural rivers there exists a range of equilibrium states for which the channel324

is able to transport the load supplied from above (Blom et al., 2017a). In the325

current analysis we have not considered the effect of erodable banks, yet one326

may expect that, just as in the single channel case, the presence of erodable327

banks allows for a range of equilibrium states.328

4. Model of the stability of the equilibrium state329

We set up a system of differential equations for the flow depth and the surface330

gravel content in the bifurcates to study the temporal changes in the bifurcation331

system.332

For simplicity, we assume that perturbations in bed elevation (i.e., aggra-333

dational and degradational waves), which arise from a difference between the334

sediment supply to a downstream branch and its sediment transport capacity,335

move so fast along the downstream branches that we can assume an instanta-336

neous branch-averaged response of bed elevation. This implies that we consider337

branch-averaged values for bed elevation, ηi, flow depth, Hi, and surface texture338

represented by the surface gravel content, Fig (Figure 2). Another consequence339

of this branch-averaged approach is the fact that the channel slope in each bi-340

furcate cannot adjust with time, as the aggradation or degradation rate does341

not vary within a bifurcate. The constant channel slope and base level imply342

that, although the bed elevation changes with time, the water surface elevation343

in the bifurcates remains constant with time.344

The Exner equation describing conservation of bed sediment is345

cbBi
∂ηi
∂t

= −∂Si

∂x
(13)346

347

where t denotes time, cb the sediment concentration within the bed (cb = 1− p348

with p denoting bed porosity), and η is bed elevation with respect to a fixed349

reference level. As H = ηw−η (Figure 2) and the water surface elevation, ηw, is350

constant due to our branch-averaged approach, we find that ∂ηi/∂t = −∂Hi/∂t.351

This implies that equation (13) can be written as (Wang et al., 1995):352

cbBi
∂Hi

∂t
=

∂Si

∂x
(14)353

354
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As we assume that gradients in the sediment transport rate result in a branch-355

averaged degradation or aggradation rate, we write ∂Si/∂x as356

∂Si

∂x
=

Si − S̄i

Li
(15)357

358

Combination of equations (14) and (15) then yields359

dHi

dt
=

1

cbBiLi

(
Si − S̄i

)
(16)360

361

We apply a simplified form of the Hirano active layer model (Hirano, 1971)362

to describe the temporal change of the surface gravel content in the topmost363

part of the bed that interacts with the flow (i.e., in the active layer).364

To arrive at a simplified version of the Hirano equation, we apply a similar365

branch-averaged approach to the migration of perturbations in the bed surface366

texture as to perturbations in bed elevation. Worded differently, we assume sur-367

face texture perturbations, which arise from a difference between the grain size368

distribution of the sediment supply to a downstream branch and the grain size369

distribution of the transported sediment, to move so fast along a bifurcate that370

we can consider a branch-averaged response of the bed surface gravel content in371

the bifurcate, Fig.372

In addition, we assume that the vertical sediment flux between the active373

layer and the substrate that is associated with a change in elevation of the374

interface between the active layer and the substrate has the same grain size375

distribution as the one of the active layer sediment, even under conditions of376

degradation.377

Under these simplifying assumptions the Hirano active layer equation re-378

duces to379

dFig

dt
=

1

cbBiLi

1

LA

(
Fig(Si − S̄i) + (S̄ig − Sig)

)
(17)380

where LA denotes the thickness of the active layer or the surface layer that is381

reworked by the flow.382

This yields the following system of differential equations for the flow depth,383

Hi, and surface gravel content, Fig by manipulating equations (16)-(17), using384

equations (9)-(10), for simplicity setting αg = αs = 1, and introducing time t̂385
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where t̂ = t/cb:386

dH1

dt̂
=

Qn
0

B1L1
(g1(H1,H2, F1g)− ḡ1(H1,H2)) (18)387

dH2

dt̂
=

Qn
0

B2L2
(g2(H1,H2, F2g)− ḡ2(H1,H2)) (19)388

dF1g

dt̂
=

Qn
0

B1L1

1

LA
(F1g (g1(H1,H2, F1g)− ḡ1(H1,H2))+389

(ḡ1g(H1,H2)− g1g(H1,H2, F1g))) (20)390

dF2g

dt̂
=

Qn
0

B2L2

1

LA
(F2g (g2(H1,H2, F2g)− ḡ2(H1,H2))+391

(ḡ2g(H1,H2)− g2g(H1,H2, F2g))) (21)392
393

where the functions gi, ḡi, gig, and ḡig (i = 1, 2) are defined in Appendix B.394

We abbreviate equations (18)-(21) by (Ḣi, ˙Fig) = Ψ(Hi, Fig) where the dot395

indicates the derivative with respect to time. Naturally the equilibrium solutions396

of section 3 are solutions of Ψ(Hi, Fig) = 0.397

5. Stability of the equilibrium state398

Equilibrium solutions only emerge if they are stable. The stability properties399

of the solutions of Ψ(Hi, Fig) = 0 are determined by the eigenvalues of the400

Jacobian J of Ψ, which is defined as:401

J =



∂Ψ1

∂H1

∂Ψ1

∂H2

∂Ψ1

∂F1g

∂Ψ1

∂F2g

∂Ψ2

∂H1

∂Ψ2

∂H2

∂Ψ2

∂F1g

∂Ψ2

∂F2g

∂Ψ3

∂H1

∂Ψ3

∂H2

∂Ψ3

∂F1g

∂Ψ3

∂F2g

∂Ψ4

∂H1

∂Ψ4

∂H2

∂Ψ4

∂F1g

∂Ψ4

∂F2g


(22)402

403

If all eigenvalues at an equilibrium solution have negative (positive) real parts,404

the equilibrium solutions are linearly and nonlinearly stable (unstable), and405

are nodal points in the 4-dimensional phase space. If there are positive and406

negative eigenvalues, the solution is unstable and a saddle point in the phase407

space (e.g., Wiggins, 1990). Purely imaginaire eigenvalues would give rise to408

periodic solutions in the phase space, yet this does not occur for this particular409

set of equations.410

As the system of equations (18)-(21) and the associated Jacobian J in equa-411

tion (22) are too complex to be analyzed analytically, we analyze the system412

numerically. For the details of the analysis we refer to Appendix A.2. In sum-413

mary, the following holds for the sections I-III in Figure 3:414

• I: The two equilibrium solutions that correspond with one branch closed415

are stable. The other solution, where both branches are open, is unstable.416

The initial conditions determine to which stable state the system evolves.417
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• IIa and IIb: The two equilibrium solutions that correspond with one branch418

closed are stable. The other three solutions correspond with both branches419

open. The two ‘new’ solutions (compared to section I) are created in a blue420

sky bifurcation (Appendix A.2). Only one of them is stable. The initial421

conditions determine to which of the three stable equilibrium states the422

system evolves.423

• III: The two equilibrium solutions that correspond with one branch closed424

are unstable. The solution with both branches open is the only stable425

solution. This implies that for every initial condition both branches remain426

open.427

For a two-channel system under unisize sediment conditions, there exists428

one critical value of the nodal point coefficient k (k = n/3), below which the429

equilibrium solution with one closed bifurcation is stable (Wang et al., 1995).430

For values of k larger than n/3 the equilibrium solution with two open bifurcates431

is stable. A case in which k < n/3 is similar to the current section I and the432

latter case is similar to the current section III. Under unisize sediment conditions433

section II does not exist.434

For a single channel system with fixed banks the single solution to the equi-435

librium state is stable (Howard , 1980; Blom et al., 2016, 2017a).436

6. Evolution towards the stable equilibrium state437

We numerically simulate the system of equations (18)-(21) to assess (1) the438

effects of the initial flow depth, H1 andH2, and the initial surface gravel content,439

F1g and F2g, in the bifurcating branches; (2) the mechanism that results in440

closure of one of the branches; and (3) the effects of the nodal point coefficients441

in combination with the sediment supply. We analyze these three aspects below.442

Effect of the initial conditions in the bifurcating branches443

In section II the initial conditions determine to which of the three stable444

equilibrium states the system evolves.445

Figure 5 shows the results of two numerical runs of the system of equations446

(18)-(21), in which we assess the effects of the initial flow depth in the bifurcating447

branches, H1 and H2. The only difference between the two runs are the initial448

values of the flow depth, H1 and H2. It appears that a difference in the initial449

flow depth results in different behavior: in one case both branches stay open,450

while in the other case one branch closes.451

In the case where both branches remain open, the surface gravel content452

in the two branches, F1g and F2g, evolves towards the same value. The sur-453

face gravel content F1g in the closing branch evolves to 0, which means that454

eventually the bed surface in this closing branch consists of sand only.455

Figure 6 shows the results of two runs where only the initial surface gravel456

content in the bifurcating channels, F1g and F2g, varies between the runs. Again457

14



0 500 1000 1500 2000

time [a]

0

5

10

15

20

H
i [

m
]

(a)

0 500 1000 1500 2000

time [a]

0

0.2

0.4

0.6

0.8

1

F
ig

 [
-]

(b)

Figure 5: Effect of the initial flow depth in the downsteam channels on bifurcation dynamics.
Flow depth H1 and H2 (left panel) and surface gravel content F1g and F2g (right panel) in
the two downstream branches. Initially, H1 = 14 m and H2 = 8 m (solid lines) and H1 = 14
m and H2 = 10 m (dashed lines), and F1g = 0.5, F2g = 0.5. Blue and red lines indicate,
respectively, branch 1 and branch 2. Results are given for kg = 3, ks = 1, αg = αs = 1, and
LA = 1 m. Here time indicates t̂.

we observe the effect of the initial conditions: they determine whether the sit-458

uation evolves towards a state with either both branches open or one branch459

closed.460

Mechanism of closure of one of the branches461

We consider the case where one of the branches closes in Figure 5 (solid lines)462

to study the mechanism of branch closure. To this end we analyze the difference463

between the load and supply of gravel and sand for, respectively, branches 1 and464

2 (Figure 7a and b).465

As the sediment supply in branch 2 exceeds the sediment transport capacity466

(S2 − S̄2 < 0), aggradation will occur and branch 2 slowly closes. The sedi-467

ment supply in branch 1 approaches the sediment transport capacity (S1− S̄1 ↓468

0), which implies that the flow depth in branch 1 approaches an equilibrium469

(nonzero) value.470

In branch 2 the sand supply exceeds the sand transport capacity (S2s −471

S̄2s < 0) and the gravel supply is smaller than the gravel transport capacity472

(S2g − S̄2g > 0), which implies that the bed surface of the branch becomes473

increasingly sandy. This is reflected by the fact that bed surface gravel content474

approaches zero (F2g ↓ 0, solid line in Figure 5b). The bed surface of branch475

1 continues to consist of a mixture of gravel and sand (i.e., F1g approaches an476

equilibrium nonzero value). This is understandable as in the final state the477

gravel and sand supply from the upstream branch is transported by branch 1,478

which requires both gravel and sand to be represented at the bed surface (see479

equations (5) and (6)).480

Effects of nodal point coefficients and sediment supply481

Finally we study the dependence of bifurcation dynamics on the nodal point482

coefficients, kg and ks, and the gravel and sand supply to the upstream branch483
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Figure 6: Effect of the initial surface gravel content in the downsteam channels on bifurcation
dynamics. Flow depth H1 and H2 (left panel) and surface gravel content F1g and F2g (right
panel) in the two downstream branches. Initially, F1g = 0.8, F2g = 0.5 (dashed lines) and
F1g = 0.3, F2g = 0.5 (solid lines), and H1 = 14 m and H2 = 8 m. Blue and red lines indicate,
respectively, branch 1 and branch 2. Results are given for kg = 3, ks = 1, αg = αs = 1, and
LA = 1 m. Here time indicates t̂.

(a) (b)

Figure 7: Difference between the supply and transport capacity of gravel (blue line) and sand
(red line) in branch 1 (left panel) and branch 2 (right panel). The conditions are equal to the
case represented by the solid lines in Figure 5. Here time indicates t̂.
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Figure 8: Effect of the gravel content in the sediment supply on bifurcation evolution for
kg = 5, ks = 1 (section IIa): flow depth H1 and H2 (left panels) and surface gravel content
F1g and F2g (right panels). Results are given for αg = αs = 1 and LA = 1 m. Initially

0.1 ≤ F1g ≤ 0.9 and F2g = 0.2. In upper panels Ŝ0 = S0s/S0g = 2 (i.e., a relatively coarse

supply) and in lower panels Ŝ0 = 7 (i.e., a relatively fine supply). Blue and red lines indicate,
respectively, branch 1 and branch 2. Here time indicates t̂.

0. We consider two situations: kg = 5, ks = 1 (section IIa, Figure 8) and484

kg = 1, ks = 5 (section IIb, Figure 9). We study two cases with respect to the485

ratio Ŝ0 = S0s/S0g: either Ŝ0 = 2 (i.e., a relatively coarse supply, upper plots)486

or Ŝ0 = 7 (i.e., a relatively fine supply, lower plots).487

If kg > ks (Figure 8) a case governed by a relatively coarse sediment supply to488

the upstream branch tends towards a system with two stable open branches, and489

this change happens relatively fast. A case with a much larger sand content in490

the sediment supply tends to develop towards a system with one closed channel491

if the initial surface gravel content in branch 1 is in the range 0.1-0.4 (Figure492

8c-d).493

Yet, if ks > kg (Figure 9), a case with a relatively coarse upstream supply494

tends towards a system with one closed channel provided that the initial gravel495

content in branch 1 is in the range 0.2-0.9 (Figure 9a-b). For a relatively fine496

sediment supply to the upstream branch, the situation with two open branches497

is always stable (Figure 9c-d).498

Finally we stress the long time scale associated with the temporal change499
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Figure 9: Effect of the gravel content in the sediment supply on bifurcation evolution for
kg = 1, ks = 5 (section IIb): flow depth H1 and H2 (left panels) and surface gravel content
F1g and F2g (right panels). Results are given for αg = αs = 1 and LA = 1 m. Initially

0.1 ≤ F1g ≤ 0.9 and F2g = 0.2. In upper panels Ŝ0 = S0s/S0g = 2 (i.e., a relatively coarse

supply) and in lower panels Ŝ0 = 7 (i.e., a relatively fine supply). Blue and red lines indicate,
respectively, branch 1 and branch 2. Here time indicates t̂.
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of the bifurcation system in our numerical runs. This seems to be due to our500

assumption of branch-averaged change in the two bifurcates, which slows down501

bifurcation adjustment. This is because in the branch-averaged model the re-502

sult of a mismatch between the sediment supply to a bifurcate and its sedi-503

ment transport capacity is distributed over the entire branch rather than the504

effect initially being limited to the upstream end of the bifurcate. In reality505

such a mismatch leads to an aggradational or degradational wave that starts at506

the upstream end of the bifurcate and then migrates downstream. This feeds507

back to the mismatch more strongly than in our branch-averaged approach and508

therefore in reality the expected change likely occurs much faster than in our509

idealized model. Nevertheless, there is evidence from field data that bifurcation510

change can be slow: a change to a new dominant channel may require significant511

time (Slingerland and Smith, 2004) and often require several centuries in the512

Rhine-Meuse delta, and durations of up to 1250 years have been estimated by513

Stouthamer and Berendsen (2001).514

7. Discussion515

The load relation516

In our analysis we have applied the Engelund and Hansen load relation in a517

fractional manner (Blom et al., 2016, 2017a). This fractional form of the load518

relation has never been properly validated and this approach likely is more valid519

in lowland rivers where partial mobility is less relevant. The analysis can be520

repeated for more complicated load relations (e.g., those including a threshold521

for significant transport or hiding effects). We do not expect, however, that522

application of a more complicated and realistic load relation affects our anal-523

ysis and conclusions, as another load relation does not change the analysis in524

a fundamental manner. The analysis would still yield four coupled differential525

equations (similar to equations (18)-(21)), in which the coefficients are different526

from the ones based on the original load relation. This also holds for the Jaco-527

bian in equation (22). The results would differ somewhat from the ones based528

on the original load relation but we do not expect new phenomena.529

The nodal point relation530

A crucial point in the presented analysis is the fact that we assume that531

there exists a nodal point relation of the form of equation (8) for the unisize532

sediment case, or equations (9) and (10) for the mixed-size sediment case. This533

form of the nodal point relation is too simple to describe the partitioning of534

sediment at river bifurcations (e.g., Van der Mark and Mosselman, 2013). Wang535

et al. (1995) already suggested a nodal point relation of a more extensive form:536

S∗ = f(B∗, Q∗, C∗,H∗, ...). It is, however, difficult to constrain the various537

parameters in the nodal point relation, although an attempt may lead to a538

more realistic relation. Even in the simple form of the nodal point relation used539

here, the values of its coefficients kg, ks, αg, and αs are not likely constant and540
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models describing their temporal behavior are needed to properly analyze river541

bifurcation problems.542

The simplicity of our nodal point relation, however, does enable us to assess a543

range of reasonable values for k in the unisize sediment case. Let us consider the544

general nodal point relation in equation (8) and assume that the bed-material545

load is primarily transported as bed load. If we consider a bifurcation point546

with a flat bed just upstream of the bifurcation point, the sediment supply547

to the downstream branches is likely distributed over the downstream branches548

according to their values of the channel width and so it may be argued that S̄∗ =549

B∗, and so k = 0 and α = 1 (Bolla Pittaluga et al., 2003). At the other side of550

the spectrum we consider a case where sediment is primarily transported as wash551

load and well distributed over the water column. In such a case the sediment552

supply to the downstream branches is likely partitioned over the downstream553

branches according to the ratio of the water discharge (S̄∗ = Q∗), which implies554

that k = α = 1 (De Heer and Mosselman, 2004; Dutta et al., 2017). Thus, we555

expect that the finer the sediment supply to branch 0, the larger is the value of556

k (within the range of 0 to 1). In reality, however, conditions are more complex557

due to the presence of a lateral bed slope, a bend, bars, or structures. We discuss558

the latter effects below, first for the unisize sediment case and subsequently for559

the mixed-size sediment case.560

Typically the difference in bed elevation between the two bifurcates induces561

a lateral slope just upstream of the bifurcation. This slope effect increases562

the sediment supply to the deeper bifurcate and therefore acts as a stabilizing563

mechanism, as it counteracts further deepening of the deeper bifurcate. This564

effect needs to be accounted for when setting up a model for the nodal point565

coefficient.566

Bends and bars affect the flow just upstream of the bifurcation and as such567

may affect the sediment partitioning over the downstream branches of the bifur-568

cation. For instance, the sediment partitioning at a bifurcation that is located569

just downstream of a pointbar in an inner bend is affected by the associated570

secondary flow and the transverse gradient in bed elevation just upstream of571

the bifurcation.572

The presence of a sill in the downstream branch 1 likely reduces the sediment573

supply to that branch (Figure 10a). Considering the nodal point relation in574

equation (7) and assuming that the sill’s effect on the sediment supply is larger575

than on the water discharge, k must be larger than 1 and for a relatively high576

sill (with barely sediment supply to the specific channel) k should approach ∞.577

A similar line of reasoning holds under mixed-size sediment conditions. Re-578

call that the nodal point relations (equations (9) and (10)) read s̄∗g = αgq
∗kg

579

and s̄s = αsq
∗ks . The above lateral slope effect induced by the inlet step varies580

with grain size: coarse sediment is affected more strongly than fine sediment581

(Parker and Andrews, 1985), and the same holds for the lateral slope effect in-582

troduced by bends and bars. This also applies to the presence of a sill in one of583

the bifurcates: coarse sediment is affected more strongly than fine sediment, as584

the transport of coarse sediment concentrates more strongly near the bed. An585
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Figure 10: Schematic of two bifurcating branches with (a) a sill and (b) a point bar.

additional effect of a river bend is bend sorting. A pointbar typically consists586

of relatively fine sediment, whereas the bed surface and transported load in the587

outer bend are coarser (Figure 10b). Hence, the sediment supply to the bifur-588

cate located in the outer bend is coarser than the supply to the other bifurcate.589

These effects will need to be accounted for in relations for the nodal point co-590

efficients αg, αs, kg, and ks. The associated consequences for river bifurcation591

dynamics will need to be studied.592

The stability criterion593

Based on their mathematical stability analysis for the case of unisize sedi-594

ment conditions, Wang et al. (1995) found that the stability criterion for two595

open branches is given by k > n/3. This can also be found through reasoning596

(Kleinhans et al., 2008), which is summarized here to subsequently extend this597

reasoning to the case of mixed-size sediment. Equation (8) illustrates that the598

sediment supply to branch i, s̄i, is proportional to qki , and equations (2)-(1)599

show that the sediment transport capacity of a branch is proportional to q
n/3
i .600

Now suppose that k > n/3. In that case the sediment supply per unit width to601

branch i increases more strongly with increasing water discharge per unit width602

in branch i, than the sediment transport capacity, which leads to aggradation.603

As a result the water discharge per unit width, qi, decreases, which means that604

the situation stabilizes. On the other hand, if k < n/3, the sediment supply605

to branch i increases less strongly with increasing qi than the sediment trans-606

port capacity. This implies that the channel degrades, which increases qi even607

further. So the situation further destabilizes at the expense of the other down-608

stream branch, which closes.609

For the case of mixed-size sediment we reason in a similar manner. The610

supply of gravel and sand to branch i, s̄ig and s̄is, are proportional to q
kg

i and611

qks
i , respectively. The transport capacities of gravel and sand in branch i, sig612

and sis, now also depend on the surface gravel content in branch i, Fig, and are613

proportional to Figmgq
n/3
i and (1− Fig)msq

n/3
i , respectively. We now suppose614

that the water discharge per unit width in branch i, qi, increases. This implies615

that the gravel and sand supply to branch i increase, the manner of which616

depend on the values of kg and ks. As kg and ks are expected to have different617
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values, the gravel and sand supply to branch i respond differently to the increase618

in the water discharge. Also the gravel and sand transport capacities, sig and619

sis, respond differently to the increase in the water discharge due to the mobility620

difference between coarse and fine sediment (i.e., grain size selective transport).621

Depending on the resulting change of the gravel and sand supply to branch i, s̄ig622

and s̄is, and the change in the gravel and sand transport capacities, sig and sis,623

the increase in water discharge qi affects the surface gravel content in branch624

i, Fig, which is expressed by a coarsening or fining of the bed surface. Thus,625

based on physical reasoning it is much less straightforward to draw conclusions626

concerning the expected temporal change and a stability criterion of a river627

bifurcation dominated by mixed-size sediment.628

As a next step we recommend the formulation of submodels for the nodal629

point coefficients kg and ks, which, among other parameters, likely depend on630

the transverse bed slope just upstream of the bifurcation (Bolla Pittaluga et al.,631

2003) and hence likely are a function of the ratio of the flow depth in the bifur-632

cates, H∗ (where H∗ = H1/H2). In such a case the formulation of the Jacobian633

in equation (22) becomes more complicated because of the derivatives with re-634

spect to H1 and H2. Analysis of the Jacobian and the numerical results would635

provide insight on the expected temporal change and the stability criterion of a636

river bifurcation dominated by mixed-size sediment.637

Symmetrical bifurcations638

It has been found that symmetrical bifurcations (i.e., bifurcates with equal639

properties such as water discharge, channel width, and flow depth) tend to be640

unstable more often than asymmetrical bifurcations (i.e., one of the bifurcates is641

significantly smaller than the other one) (Miori et al., 2006; Bertoldi and Tubino,642

2007; Edmonds and Slingerland , 2008; Kleinhans et al., 2008, 2013; Bolla Pit-643

taluga et al., 2015). In our base case, which is characterized by equal channel644

width, friction, and length of the bifurcates, we find that in sections II and III645

symmetrical solutions are stable, which may contradict the above findings. Our646

results are similar to those of Wang et al. (1995), who find that a symmetrical647

solution is stable for k > n/3. This similarity between the results may not be648

surprising as our model is an extension of the highly idealized model of Wang649

et al. (1995) to mixed-size sediment conditions, whereas other models account650

for the effects of a transverse bed slope (Bolla Pittaluga et al., 2003; Edmonds651

and Slingerland , 2008; Kleinhans et al., 2008, 2013; Bolla Pittaluga et al., 2015),652

alternate bars (Bertoldi et al., 2009; Redolfi et al., 2016), curvature-induced flow653

asymmetry upstream of the bifurcation (Kleinhans et al., 2008; Van Denderen654

et al., 2017), suspended bed-material load (Slingerland and Smith, 1998), co-655

hesive sediment (Edmonds and Slingerland , 2008; Hajek and Edmonds, 2014),656

bend sorting (Sloff et al., 2003; Sloff and Mosselman, 2012), and bank erosion657

(Miori et al., 2006; Van Denderen et al., 2017). These effects are not taken into658

account in our analysis but may be represented by appropriate future models659

for kg and ks.660
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8. Conclusions661

We extend a highly idealized model of the dynamics of a river bifurcation662

to mixed-size sediment conditions. The model is based on nodal point relations663

for gravel and sand that set the partitioning of gravel and sand over the down-664

stream branches or bifurcates. The model describes the equilibrium solutions665

and, based on a branch-averaged approximation of aggradation and degrada-666

tion, describes the temporal change of bed elevation and bed surface texture in667

the bifurcates of a mixed-size sediment river bifurcation.668

The introduction of mixed-size sediment mechanisms to the river bifurcation669

problem introduces an additional degree of freedom: the temporal adjustment670

of the bed surface texture in each of the bifurcates. The dynamics of the down-671

stream branches concerning their flow depth and bed surface texture and the672

resulting stable configuration of the downstream branches result from differ-673

ences between (a) the gravel and sand supply in each branch and (b) its gravel674

and sand transport capacity.675

We set up a mathematical model of the equilibrium states and dynamics676

of a mixed-size sediment river bifurcation. In our analysis we have neglected677

the effects of a transverse bed slope, alternate bars, curvature-induced flow678

asymmetry upstream of the bifurcation, suspended bed-material load, cohesive679

sediment, bend sorting, and bank erosion. The proposed model therefore has680

limited predictive value regarding real river bifurcations, yet provides insight681

on the elementary effects of mixed-size sediment mechanisms on the river bifur-682

cation problem. Subsequent analyses may combine the analysis of mixed-size683

sediment mechanisms with the above mentioned effects.684

Howard (1980) and Blom et al. (2016, 2017a) have shown that there exists685

one solution to the morphodynamic equilibrium state in a one-channel system686

with nonerodible banks. In a unisize sediment two-channel system with fixed687

banks three equilibrium solutions exist, whereas three to five solutions exist in688

a mixed-size sediment bifurcation system.689

In the mixed-size sediment two-channel system we distinguish three sections690

(I, II, and III) in the parameter space related to the nodal point coefficients.691

The specific layout of the three sections depends on the ratio of the bifurcate692

length and the ratio of the upstream gravel supply to the sand supply.693

In section I the only stable solutions are the ones with one branch closed,694

and in section III the only stable solution is the one with both branches open. In695

section II there are three stable solutions: two with one branch closed and one696

with two open branches. To which of these three stable equilibrium solutions697

the system evolves depends on the initial conditions (i.e., the initial flow depth698

and bed surface texture in the bifurcates).699

A. Details of the equilibrium solutions and their stability700

A.1. Equilibrium solutions701

In this appendix we analyze equation (12) and explain Figure 3 in more702

detail. The three solutions for Q∗ of equation (12) give rise to three solutions703
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Figure 11: Typical graphs of Q∗ − Φ(Q∗) for parameter values in sections I (left plot), IIa,b
(centre plot) and III (right plot). Equilibrium solutions correspond with Q∗ − Φ(Q∗) = 0.
Q∗ = 0 and Q∗ = ∞ are global solutions of Q∗ − Φ(Q∗) = 0.

for the combination of flow depths in the downstream branches Hi: two with704

one branch closed, one with both branches open. We now consider a fixed value705

of ks and increase the value of kg, i.e., we make a horizontal transect in Figure 3.706

For relatively small values of ks and kg, three equilibrium solutions exist707

(Figure 11a). For such small values of ks, there exists a threshold value for708

kg (kg = kga) for which there is a Q̂∗ such that Q̂∗ − Φ(Q̂∗) = 0 and d(Q∗ −709

Φ(Q∗))/dQ|Q∗=Q̂∗ = 0. This implies that for kg > kga two new solutions of710

Q∗ − Φ(Q∗) = 0 emerge and we then find five equilibrium solutions (Figure711

11b): two with one branch closed and three with both branches open. The712

threshold value kga depends on ks and defines the boundary between sections I713

and IIa,b in Figure 3.714

For larger values of ks, we find another threshold value for kg, which we call715

kgb. At that value, the new solutions of Q∗ − Φ(Q∗) = 0 that emerge at kga716

annilihate with Q∗ = 0 and Q∗ = ∞ (which correspond with one branch closed).717

So for larger values of ks and for kg > kgb there are again only 3 solutions (Figure718

11c): two solutions correspond with the situation with a closed branch, and the719

other solutions with a situation with both branches open.720
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Figure 12: Bifurcation diagram for the equilibrium values of Q∗ as a function of kg for (a)
ks = 1 and (b) ks = 2.5. Solid and dashed lines indicate, respectively, stable and unstable
solutions. For simplicity the stable solutions Q∗ = 0 and Q∗ = ∞ are not shown.

A.2. Stability properties721

This appendix explores the (ks, kg) parameter space and the stability prop-722

erties of the equilibrium solutions in the sections I, IIa, IIb and III. We use the723

same approach as in appendix A: we fix ks at a certain value and vary kg (i.e., we724

again make a horizontal transect through Figure 3). For each combination of ks725

and kg, we determine where Q∗−Φ(Q∗) = 0, compute the associated flow depth726

in the two bifurcates, Hi, and compute the other variables (e.g. Sis, Sig, Fs, Fg727

etc) and the eigenvalues of the Jacobian J in equation (22).728

Figure 12a shows the result for Q∗ for ks = 1 and 0 < kg < 4, for three729

values of L∗. For simplicity we do not indicate the stable solutions Q∗ = 0 and730

Q∗ = ∞. For each value of L∗ one mathematical bifurcation occurs at a specific731

value of kg (blue sky bifurcation, corresponding with the occurrence of the solid732

lines in Figure 12a). For L∗ = 1.33 the bifurcation into a stable solution occurs733

for kg > 4 in Figure 12a and is therefore not visible. The values of kg for which734

the bifurcations occur correspond with the transitions from section I to IIa in735

Figure 3.736

Figure 12b shows a similar plot for ks = 2.5. Now we observe two bifurca-737

tions: one where the stable solution for Q∗ emerges in a blue sky bifurcation738

(occurrence of the solid lines in Figure 12b), and one where the unstable solu-739

tions of Q∗ are annihilated in a collision with the stable solutions Q∗ = 0 and740

Q∗ = ∞ (saddle-node bifurcation, vanishing of the dashes lines at Q∗ = 0), leav-741

ing only one single stable solution in section III. We summarize the consequences742

of these results in section 5.743
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B. Functions in the system of equations744

This appendix provides the functions for g1, g1g, g2, g2g, ḡ1, ḡ1g, ḡ2, and ḡ2g,745

required in the system described by equations (18)-(21):746

g1(H1,H2, F1g) = (mgF1g +ms(1− F1g))
γ1H

(n/2)
1(

β1H
(3/2)
1 + β2H

(3/2)
2

)n747

g1g(H1,H2, F1g) = mgF1g
γ1H

(n/2)
1(

β1H
(3/2)
1 + β2H

(3/2)
2

)n748

g2(H1,H2, F2g) = (mgF2g +ms(1− F2g))
γ2H2(n/2)(

β1H
(3/2)
1 + β2H

(3/2)
2

)n749

g2g(H1,H2, F2g) = mgF2g
γ2H2(n/2)(

β1H
(3/2)
1 + β2H

(3/2)
2

)n750

ḡ1(H1,H2) =
B

(1−n)
0

Hn
0

(
fg(H1,H2)F0gmg

1 + fg(H1,H2)
+

fs(H1,H2)(1− F0g)ms

1 + fs(H1,H2)

)
751

ḡ1g(H1,H2) =
B

(1−n)
0

Hn
0

(
fg(H1,H2)F0gmg

1 + fg(H1,H2)

)
752

ḡ2(H1,H2) =
B

(1−n)
0

Hn
0

(
F0gmg

1 + fg(H1,H2)
+

(1− F0g)ms

1 + fs(H1,H2)

)
753

ḡ2g(H1,H2) =
B

(1−n)
0

Hn
0

(
F0gmg

1 + fg(H1,H2)

)
754

755

where756

βi = BiCL
(−1/2)
i , i = 1, 2757

γi = BiC
nL

(−n/2)
i , i = 1, 2758

759

and760

fg(H1,H2) = S̄∗
g =

S̄1g

S̄2g
= H∗3kg/2B∗1−kg

(
B∗
√
L∗

)kg

761

fs(H1,H2) = S̄∗
s =

S̄1s

S̄2s
= H∗3ks/2B∗1−ks

(
B∗
√
L∗

)ks

762

763

which follows from substitution of equations (2)-(3) and (11) into equations764

(9)-(10).765
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