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Hybrid adaptive chassis control for vehicle

lateral stability in the presence of uncertainty

Dhruv Jagga, Maolong Lv, and Simone Baldi

Abstract— To guarantee the safety of passengers in a wide
range of driving situations, vehicle lateral stability should be
achieved in the presence of nonlinear dynamics (consequence of
critical maneuvers) and uncertainty (consequence of uncertain
parameters). This paper designs a hybrid adaptive strategy to
attain vehicle stability in these situations. The design is based
on a piecewise affine (PWA) description of the vehicle model
where partitions describe both the linear and the nonlinear
regimes, and where parametric uncertainties are handled by
estimators for the control gains that can adapt to different
conditions acting on the system. Comparisons with strategies
that merely exploits the linear region of the vehicle dynamics
are provided for different driving conditions, and performance
improvements of the proposed methodology are assessed.

Keywords: Integrated chassis control, PWA vehicle model,
Hybrid adaptive control.

I. INTRODUCTION

Safety is one of the objectives of automotive research [1]:

to achieve this goal, a crucial role is played by the ability

to control the vehicle dynamics over a wide range of situ-

ations, including handling nonlinear behavior and uncertain

conditions. Normal driving conditions cover only the linear

handling regime, but critical maneuvers bring the vehicle

in nonlinear handling regimes. At this point safety should

be guaranteed by driver assistance systems like Anti-lock

Braking Systems (ABS), Electronic Stability Program (ESP),

or Active Front Steering (AFS) [2]. However, there are many

reported examples when driver assistance systems are not

able to effectively handle nonlinear regimes, especially in

the presence of parametric uncertainty [3].

Several chassis control algorithms have been proposed of

which a non-exhaustive overview is given. A combination

of linear feedback and feedforward control has been used

in [4] to govern the yaw rate and sideslip angle. Linear

quadratic regulation (LQR) and H∞ were used in [5]. Insuffi-

cient performance of linear control during nonlinear regimes

has stimulated the application of nonlinear algorithms [6]:

techniques such as neural network [10], [11], fuzzy logic

[12] and rule-based control [13] have been applied to chassis

control. The use of a PWA system to model the nonlinearities

has been proposed in [7], [8], and state feedback PWA design

was used in [9] to coordinate the steering and distribution

of torque. However, no uncertainty has been considered in

these works. Using a PWA vehicle model is recognized as

a pragmatic way to control the nonlinear system at different
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operating points defined by a set of linear subsystems: each

subsystem approximates the nonlinear vehicle in the vicinity

of operating points which cover the operating range of

interest. The transitions between subsystems are modeled as

”switches”: this gives rise to the so-called hybrid control

paradigm where the controller has to guarantee stability

in the presence of such transitions. Only in recent years

efforts have been made towards adaptive control strategies

for these hybrid systems [14], [15], [16], [17], [18], [19], to

effectively handle uncertainty. This work stems from this line

of research, and aims at verifying the applicability of these

techniques to chassis control: in fact, chassis control coping

with both linear and nonlinear handling regimes remains an

open problem which motivates the research in this paper.

Our hybrid adaptive control design is based on a PWA

description of the vehicle model, where partitions describe

both the linear and nonlinear regimes, and where parametric

uncertainties are handled by estimators for the control gains

that can adapt to different conditions acting on the system.

II. VEHICLE MODELING

The bicycle model is the most widely used 2-DOF vehicle

model which can capture the essential lateral steering and

yaw dynamics [20], [21], [22]. The lateral dynamics of the

vehicle are derived via the equations of motion

mvx(β̇ + r) = 2Ffcos(δf ) + 2Fr

Iz ṙ = 2lfFfcos(δf )− 2lrFr +∆M
(1)

where β is the side slip angle of the vehicle and r is the yaw

rate, Ff and Fr are the lateral forces acting on the front and

rear lumped tires, lf and lr are the distances of the center of

gravity of the vehicle from the front and rear axle, m is the

mass of the vehicle, Iz is yaw inertia, δf is steering angle of

front tire and ∆M is corrective yaw moment which is the

result of differential braking. For small side slip angles for

the front and rear tires, the following holds:

αf = δf − (β +
lfr

vx
), αr = −(β −

lrr

vx
). (2)

The Pacejka’s tire model, also known as Magic Formula, is

used to describe the non-linearities in the tire characteristics

[23]. In the disjoint case, with the lateral force with pure

slip, the tire forces can be expressed by

Ff = Df sin(Cf atan(Bfαf − Ef (Bfαf − atan(Bfαf ))

Fr = Dr sin(Cr atan(Brαr − Er(Brαr − atan(Brαr))
(3)
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Fig. 1: Pacejka magic formula for front tire force and PWA
approximation according to partitioning of tire sideslip angle. The
figure has been derived for under-steering behavior (cf. Table III).

A. Piecewise-affine (PWA) vehicle model

The 2-DOF vehicle model in (1) is nonlinear: in order to

make it amenable for control, we provide a PWA approxi-

mation of it. This can be done by partitioning of the nonlinear

lateral tire forces into polyhedral sets [6]. Lateral tire forces

acting on the front tire are given by

Ff (αf ) =











dfαf − ef , if − α̂f < αf

cfαf , if − α̂f < αf < α̂f

dfαf + ef , if αf > α̂f

(4)

where df and ef are used to approximate the front tire

forces in the corresponding partition with straight lines. The

partitions depends upon the slip angle αf . This is most

clearly seen in the three partitions in Figure 1: from the

picture it is clear that region 2 corresponds to the linear

handling regime, while regions 1 and 3 to nonlinear handling

regimes. Rear tire forces Fr(αr) are assumed to be linear1

Fr(αr) = crαr. (5)

At this point, the nonlinear system represented by (1) can

be linearized around uniform rectilinear motion (i.e. for vx
= constant, β = 0, r = 0, δf = 0). As a consequence, the

vehicle dynamics can be represented as a PWA system:

ẋ = Aix+Biu+ fi, i = {1, 2, 3} (6)

where i is the index indicating the partition, x =
[

β r
]T

is the state, u =
[

δf ∆M
]T

is the input comprising front

steering angle and the differential yaw moment, and

Ai =

(

−
2dfi+2dri

mvx
−1− 2

dfilf−2drilr
mv2

x

−2
dfilf−2drilr

Iz
−2

dfil
2

f+2dril
2

r

Izvx

)

Bi =

(

2
dfi

mvx
0

2
dfilfi

Iz

1

Iz

)

fi =

(

∓2
efi+eri
mvx

∓2
efilfi−erlr

Iz

)

.

(7)

1For easiness of exposition, only the nonlinear characteristics of the front
tire are taken into account: considering nonlinear rear tire forces is possible
but would lead to more partitions that make plots more difficult to interpret.

The partitions of the PWA system (6) can be described in

terms of αf . In fact, the active partition depends upon the

front tire slip angle as described through the approximation

of tire force function (4) (if one considers nonlinear rear

tire forces, one would obtain partitions depending on both

αf and αr). The switching among partitions, activated by

appropriate guard conditions, is represented through the

hybrid automaton of Figure 2, with β0 and r0 being the

initial states of the system. The combination of (6), (7) and

the switching of Figure 2 leads to a time-varying (switched)

system described as

ẋ = A(t)x(t) +B(t)u(t) + f(t) (8)

A(t) =
3
∑

i=1

Aiχi(t), B(t) =
3
∑

i=1

Biχi(t), f(t) =
3
∑

i=1

fiχi(t)

(9)

where A(t), B(t), f(t) take different values at different

time instants as specified by the set (Ai, Bi, fi). To describe

switching, the indicator function χi is used, similarly to [24].

III. HYBRID ADAPTIVE CONTROL POLICY

In practice, the matrices in (7) contain uncertain parameters,

requiring a control action that can cope with uncertainty

and switched dynamics. The subsequent control design relies

on the hybrid adaptive approach of [24], with some ad-hoc

modifications for the system at hand.

A. Hybrid reference model

A reference model is specified individually for each partition

of the PWA system, as follows

ẋmi = Amixmi +Bmir + fmi (10)

where r =
[

βd rd
]T

∈ R
2 is reference signal, and the

matrices Ami ∈ R
2×2, Bmi ∈ R

2×2, i ∈ I , were chosen with

Ami Hurwitz. Here, xm is a continuous reference trajectory

which has to be followed by x. The stability properties of the

reference model can be derived via the Lyapunov equation:

AT
miPmi + PmiAmi = −Qmi (11)
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Fig. 2: Switching between subsystems depending upon the evolu-
tion of front tire slip angle (αf )



Fig. 3: Closed-loop response with vehicle velocity of 20m/s in
SWD maneuver with hybrid adaptive control (in the small plot the
switching signal is shown).

where Pmi, Qmi ∈ R
2×2 are symmetric and positive definite.

Since in our simulations we were always able to find a

common Lyapunov matrix Pm such that AT
miPm+PmAmi <

0, in the following we will concentrate on the common

Lyapunov matrix case [26], [27], [28].

B. Adaptive control design

A state feedback adaptive control exists provided that certain

assumptions are met [29].

Assumption 1: There exist constant matrices K∗

i ∈ R
2×2,

invertible constant matrices L∗

i ∈ R
2×2 and constant vectors

M∗

i ∈ R
2, such that

Ami = Ai +BiK
∗T
i

Bmi = BiL
∗

i

fmi = fi +BiM
∗

i = 0.

(12)

Assumption 2: There exists known matrices Si ∈ R
2×2, such

that Gi = L∗

iSi are symmetric and positive definite.

1) Controller structure and error model: If the vehicle

parameters were perfectly known, the nominal control law

to achieve the closed loop stability of the system would be

u(t) = K∗T (t)x(t) + L∗(t)r(t) +M∗(t) (13)

K∗(t) =
3∑

i=1

K∗

i χi(t), L∗(t) =
3∑

i=1

L∗

i χi(t), M∗(t) =
3∑

i=1

M∗

i χi(t)

(14)

However, as the ideal gains in (12) are unknown in view of

the unknown matrices Ai and Bi, we need to employ some

estimates in the control action, that is

u(t) = KT (t)x(t) + L(t)r(t) +M(t) (15)

Fig. 4: Closed-loop response with vehicle velocity of 20m/s in
SWD maneuver with linear controller.

K(t) =
3∑

i=1

Ki(t)χi(t), L(t) =
3∑

i=1

Li(t)χi(t), M(t) =
3∑

i=1

Mi(t)χi(t)

(16)

and Ki, Li, Mi are the estimates of K∗

i , L∗

i , M∗

i respectively.

The dynamics (8), (10) and the controller (15) lead to the

dynamics of the state tracking error e = x− xm

ė = ẋ−ẋm =

3
∑

i=1

(Amiχie+BmiL
∗−1

i χi(K̃i

T
x+L̃ir+M̃i))

(17)

where K̃i

T
(t) = KT

i (t) − K∗T
i , L̃i(t) = Li(t) − L∗

i and

M̃i(t) = Mi(t) − M∗

i , i ∈ I are the parametric estimation

errors. With some modifications to the approach in [24] in

order to account for the constant term in (15), it is possible

to derive the following adaptive laws

K̇T
i (t) = −ST

i B
T
miχi(t)Pme(t)xT (t)

L̇i(t) = −ST
i B

T
miχi(t)Pme(t)rT (t)

Ṁi(t) = −ST
i B

T
miχi(t)Pme(t)

(18)

where Pm is the common Lyapunov matrix. The following

result holds:

Theorem 3.1 ([24]): In the presence of a common Lyapunov

matrix Pm, the state tracking error converges asymptotically

to zero for arbitrarily fast switching.

Proof: See [24] with minor modifications.

Remark 3.1: Any adaptive mechanism is strongly affected

by the presence of unmodelled dynamics, cf. [24], [16],

[25]. In the following section we address this topic from a

simulation point of view, where unmodelled dynamics appear

due to variation of longitudinal speed and due to a nonlinear

rear tire that is included in the simulations, but not in the

control design.



Fig. 5: Closed-loop response with vehicle velocity of 25m/s in
SWD maneuver with hybrid adaptive control (in the small plot the
switching signal is shown).

IV. SIMULATION RESULTS

This section is devoted to assess the performance of the

hybrid adaptive controller. All the parameters of the vehicle

model under consideration can be found in the tables in

Appendix. The controller was designed at standard test

vehicle velocity of 20 m/s. The first step is the design of the

stable reference model to determine the desired behavior of

the vehicle. Using a similar approach to [24], the reference

model (10) has been designed via linear quadratic controller

(LQ) of the form of u∗ = K∗T
i x(t) + L∗

i r(t) +M∗

i where

the gains are based on some nominal knowledge of the

matrices (Ai, Bi, fi). The state feedback gains K∗

i were

chosen by using linear quadratic state feedback regulator

with Q1=Q3=100 I2, Q2=10 I2 and Ri=10 I2. We obtain,

K∗

1 ,K
∗

3 =

[

−6.2596 −1.5358
2.59 · 10−4 1.01 · 10−4

]

,

K∗

2 =

[

0.4785 0.6370
2.36 · 10−6 4.64 · 10−6

]

.

The feedforward gains were taken as L∗

i = −(CiA
−1

miBi)
−1,

such that the diagonal elements of the transfer matrix Γ(s) =
Ci(sI −Ami)

−1BiL
∗

i have DC gain equal to one, that is

L∗

1, L
∗

3 =

[

−23.4846 −4.3341
−4.78 · 105 −2.13 · 104

]

,

L∗

2 =

[

3.3010 0.9976
−4.78 · 105 −2.13 · 104

]

.

Finally, the gains M∗

i were chosen to achieve equilibrium in

the origin for every partition, that is

M∗

1 ,M
∗

3 =

[

−1.1094
0

]

, M∗

2 =

[

0
0

]

.

Fig. 6: Closed-loop response with vehicle velocity of 25m/s in
SWD maneuver with linear controller.

A common Lyapunov matrix was found to be:

Pm =

[

7.1950 −0.3469
−0.3469 1.0194

]

The effectiveness of the controller was exhibited by using

various tests with Sine with Dwell steering (SWD, this

kind of steering allows to excite the nonlinear vehicle

regimes). The simulations, both for the hybrid (designed for

all regimes) and the linear controller (designed for linear

regime only), are organized as:

• Varying vehicle velocity: tests done to check the adapt-

ability of the system to uncertainties in vehicle velocity;

• Varying tire parameters: tests done to check the adapt-

ability of the system to uncertainties in tire parameters;

Furthermore, the performance is examined in fault tolerance

situations, i.e. during a system failure that makes only one

of the actuators work: e.g. we demonstrate how the system

can recover during braking system failure (ESP failure)

when the only controllable actuator is steering, and how

the system can recover during active steering system failure

(AFS failure) when the only controllable actuator is braking.

All simulations and comparisons are made without re-tuning

the controller.

A. Performance with varying vehicle velocity.

The hybrid adaptive controller was tested at different vehicle

velocities: 20 m/s (Figures 3 and 4) and 25 m/s (Figures

5 and 6)). It can be observed from Figure 3 that all three

hybrid control algorithms limits the tracking error, even

whenever there is switching to nonlinear handling regimes.

Using a single linear controller as in Figure 4 gives poor

performance leading the vehicle to spin. Therefore, having a

hybrid adaptive controller seems of fundamental importance.



Fig. 7: Closed-loop response in SWD maneuver with hybrid
adaptive control and low friction (in the small plot the switching
signal is shown).

On the other hand, Figure 5 shows a stable system response

even in the presence of uncertainty (in vehicle velocity),

while a single linear controller again fails to handle the

situation (Figure 6). The maximum tracking error is available

in Table I from which it can be observed that it is smallest

for the integrated control. Having the AFS only active leads

to degradation in sideslip angle, while having the ESP only

active leads to degradation in yaw rate.

TABLE I: Comparison: Maximum tracking error in yaw rate (r)

Controller ⇒ Hybrid Adaptive Linear

Safety System ⇓ 20 m/s 25 m/s 20 m/s 25 m/s

AFS 1.29·10−1 1.57·10−1 unstable unstable

ESP 2.58·10−1 3.49·10−1 unstable unstable

AFS + ESP 7.54·10−2 8.33·10−2 unstable unstable

B. Performance with varying tire parameters

The new tire parameters for these simulations are obtained

by using soil instead of asphalt as in the previous case. The

tire parameters used to carry out the simulations are available

in Table IV in the Appendix. It is observed from Figure 7

that that errors are larger in view of the lower friction, but

still all three control algorithms achieve the lateral stability

of the vehicle when the hybrid adaptive control policy is

adopted. Figure 8 shows that the linear control algorithm fails

to generate enough yaw rate in order to follow the desired

trajectory. The maximum tracking error is reported in Table

II for the different situations.

V. CONCLUSIONS

The main contribution of this paper was to formulate an

adaptive hybrid control strategy to achieve the lateral stability

of a vehicle during difficult driving maneuvers and in the

Fig. 8: Closed-loop response in SWD maneuver with linear con-
troller and low friction.

TABLE II: Comparison: Maximum tracking error in yaw rate (r)
with vehicle velocity of 20m/s

Controller ⇒ Hybrid Adaptive Linear

Safety System ⇓
High

Friction
Low

Friction
High

Friction
Low

Friction

AFS 1.29·10−1 1.43·10−1 unstable 2.58·10−1

ESP 2.58·10−1 4.99·10−1 unstable 6.43·10−1

AFS + ESP 7.54·10−2 8.40·10−2 unstable 2.56·10−1

presence of uncertainty. The vehicle stability problem was

formulated as an adaptive state tracking for a PWA system.

A piecewise affine reference model was chosen to describe

linear and nonlinear handling regimes. Significant perfor-

mance improvement over linear control law was observed

in all simulation results. Future work might be focusing on

combining the proposed approach with friction estimation

using multiple models [30], [31] or on coordinating in a more

systematic way the vehicle safety subsystems using adaptive

coordination [32], [33].
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APPENDIX

TABLE III: Vehicle model parameters

Parameter Description Value Unit

α̂f saturation limit 0.101 rad

cf front tire cornering stiffness 9.059 ∗ 104 N/rad

df front tire PWA coefficient −9.059 ∗ 103 N/rad

ef front tire PWA coefficient 1.005 ∗ 104 N/rad

cr rear tire cornering stiffness 1.651 ∗ 105 N/rad

dr rear tire PWA coefficient 1.651 ∗ 105 N/rad
er rear tire PWA coefficient 0 N/rad
lf distance of COG from front axle 1.47 m
lr distance of COG from rear axle 1.43 m
m mass of vehicle 1891 kg

Iz yaw moment of inertia 3213 kgm2

vx longitudinal velocity 20 m/s
λ longitudinal slip 0

TABLE IV: Vehicle tire parameters with low friction

Parameter Description Value Unit

α̂f saturation limit 0.07 rad

cf front tire cornering stiffness 3.999 ∗ 104 N/rad

df front tire PWA coefficient −1.116 ∗ 104 N/rad

ef front tire PWA coefficient 2.018 ∗ 103 N/rad

cr rear tire cornering stiffness 3.499 ∗ 104 N/rad

dr rear tire PWA coefficient 3.499 ∗ 104 N/rad
er rear tire PWA coefficient 0 N/rad


