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ABSTRACT

The unsteadiness of shock wave-boundary layer interac-
tions is investigated in a transitional backward-facing step
flow at Ma= 1.7 and Reδ0 = 13718 using large eddy sim-
ulation. The mean and instantaneous flow shows that the
laminar inflow undergoes a laminar-to-turbulence transi-
tion in which Kelvin-Helmholtz vortices form, distort and
eventually break down into small hairpin-like vortices.
The interaction system features broadband frequency os-
cillations in a range f δ0/u∞ = 0.03 ∼ 0.23 based on the
spectral and statistical analysis. The results of dynamic
mode decomposition indicate that the medium-frequency
motions centered at f δ0/u∞ = 0.06 are related to the
shock winkling and the shedding of large coherent vor-
tices, while the lower (centered at f δ0/u∞ ≈ 0.01) and
higher ( f δ0/u∞ ≈ 0.1) frequency unsteadiness is associ-
ated with the periodical dilatation and shrinking of sep-
aration system and the convection of upstream K-H vor-
tices respectively.

1. INTRODUCTION

Shock wave-boundary layer interaction (SWBLI) has
been an active topic in the development of tran-
sonic/supersonic aircraft and rockets due to their ubiq-
uity in different systems of these high speed vehicles, in-
cluding supersonic inlets, over-expanded nozzles, high-
speed airfoils and other discontinuous geometries [4, 7].
In most cases, SWBLI leads to considerable detrimental
and potentially hazardous effects on the performance of
vehicles. In external flows, SWBLI can induce increasing
flight drag and intense localized thermal and mechanical
loads. In terms of internal flows, it may produce pressure
loss and inflow distortion, or even the unstart of the inlet,

which is not uncommon to occur in scramjets. In ad-
dition, SWBLI is often accompanied with low-frequency
unsteadiness of shock waves whose frequency is typically
two orders smaller than the characteristic frequency of
the incoming boundary layer [2]. These large-scale low-
frequency unsteady motions can result in material failure
and impaired structural integrity of aircraft.

Understanding the origin of the unsteadiness is a major
research topic in the domain of SWBLI. In general, there
are mainly two opinions about the origin of this unsteady
behavior, categorized as upstream and downstream dy-
namics [5, 19]. The first theory associates the unsteady
motion with the fluctuations from the upstream turbulent
boundary layer. The other category attributes these oscil-
lations to the dynamics of the separation bubble. How-
ever, most of the existing efforts have been put on the
incident shock and compression ramp interactions. In the
current work, we consider the unsteadiness of SWBLI in
the (transitional) flow over a backward-facing step (BFS).

2. FLOW CONFIGURATION AND NU-
MERICAL SETUP

2.1 Flow configuration

For the present study, the test case is an open BFS (i.e.,
without a upper wall) with a supersonic laminar boundary
layer as inlet condition. The flow configuration is simi-
lar to the recent experimental works of Zhu et al.[31], a
schematic of which is shown in Fig. 1.

The laminar inflow is characterized by a free stream
with Ma = 1.7 and Reδ0 = 13718 based on the reference
boundary layer thickness δ0 at the inlet. Main flow pa-
rameters are summarized in Tab. 1. The variables rep-
resent free stream flow parameters with subscript ∞ and
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Figure 1: Schematic of the computational flow domain
with main flow features (not in scale).

stagnation parameters with subscript 0 respectively.

Table 1: Main flow parameters of the current case

Ma∞ U∞ δ0 Re∞

1.7 469.85 m/s 1 mm 1.3718×107 m−1

T0 p0 h p∞

300 K 1×105 Pa 3 mm 20259 Pa

2.2 Numerical setup
The size of the computational domain is [Lx, Ly, Lz] =
[110δ0, 33δ0, 5δ0] with a length of 40δ 0 upstream of
the step in order to allow uncertain effects from the inlet
boundary layer to vanish. The height of the step is three
times larger than the inlet boundary layer thickness.

We employ the implicit large eddy simulation (ILES)
method of Hickel et al. [11] for solving the compress-
ible Navier-Stokes equations. In this solver, the subgrid
scale model is fully merged into the numerical scheme
provided by the adaptive local deconvolution method
(ALDM). The viscous flux is discretized by a second-
order central difference scheme and time marching is
achieved by an explicit third-order total variation di-
minishing (TVD) Runge-Kutta scheme [6]. This code
has been successfully applied to various supersonic flow
cases, including SWBLI on a compression ramp [8] and
flat plate [19], transition between regular and irregular
shock patterns [16]. More details about this ILES method
can be found in Hickel et al. [11, 10].

For the spatial discretization, a cartesian grid structure
with block-based local refinement was applied for the en-
tire domain, as displayed in Fig. 2. In addition, a hyper-
bolic gird stretching strategy was used in the wall-normal
direction at the region downstream of the step. Upstream
of the step, the near wall grids are distributed uniformly to
keep mesh consistency across blocks upstream and down-
stream of the step. In addition, they are all refined near
the wall to ensure a well-resolved wall shear stress. The
grid spacing becomes coarser with increasing wall dis-
tance but the expansion ratio is not larger than two to

ensure a good smoothness of the grid stretching. Using
this discretization strategy, the computation domain has
around 8.47× 106 cells; thus we obtain a spatial resolu-
tion of the flow field with ∆x+min×∆y+min×∆z+ = 0.9×
1.0×20 for the whole domain. The temporal resolution,
that is the time step, is around ∆tu∞/δ0 = 7.6×10−4.
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Figure 2: Grid distribution in the x-y plane in the compu-
tational domain around the step.

At the domain inlet, a clean compressible laminar
boundary layer profile is imposed. The step and wall are
modeled as non-slip adiabatic surfaces. All the flow vari-
ables are extrapolated at the outlet of the domain. On
the top of the domain, non-reflecting boundary conditions
based on Riemann invariants are used. Periodic boundary
conditions are imposed in the spanwise direction.

3. RESULTS

3.1 Mean and instantaneous flow organiza-
tion

The main flow features are illustrated by the time- and
spanwise-averaged density contour, shown in Fig. 3. The
incoming laminar flow experiences a centered Prandtl-
Meyer expansion and separates at the fixed separation
point (step corner) due to the sudden geometry expansion.
Then the free shear layer develops towards the down-
stream wall and finally impinges on the wall surface.
Compression waves are generated around the reattach-
ment location, which coalesce into a reattachment shock.
The low-speed recirculating flow forms a separation bub-
ble underneath the dividing line (isoline of u = 0), while
the high-speed flow proceeds downstream by overcoming
the slight pressure rise. The mean reattachment length is
about Lr = 10.9δ0 (3.6h), which is consistent with exist-
ing results, reporting that the reattachment length is usu-
ally within 3.0 ∼ 4.0h around the current Mach number
[13, 15].

The separation length is further confirmed by the mean
skin friction 〈C f 〉 distribution in Fig. 4a, where 〈C f 〉 is the
skin friction normalized by 0.5ρU2

∞. The intensity of the
reverse flow is not uniform in terms of 〈C f 〉 varying with
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reattachment shock

Figure 3: Time and spanwise-averaged density contours.
A solid circle (•) indicates the reattachment point. The
white dashed and solid line denote the isolines of Ma =
1.0 and |∇p|δ0/p∞ = 0.24. The black dashed and solid
line signify isolines of u = 0.0 and u/ue = 0.99.

streamwise distance along the separation bubble. The
level of 〈C f 〉 remains almost zero in the upstream part
of the separation bubble (0 < x/δ0 < 6.3), which is fol-
lowed by a decrease of 〈C f 〉 towards a global minimum
at x/δ0 = 8.4. Then 〈C f 〉 slowly climbs up and eventu-
ally stays steady at around 〈C f 〉= 2.6 ·10−3 at x/δ0 > 25.
The trend and level of 〈C f 〉 match well with the numer-
ical results of Spazzini et al. [27] despite the different
inlet boundary conditions and reattachment length. As
will be shown later, this structure of 〈C f 〉 inside the recir-
culating region appears to be related to the low-frequency
unsteadiness.

The wall pressure in Fig. 4b shows a sharp drop by
about 50% in front of the step. The wall pressure then
gradually reduces to its global minimum at x/δ0 = 7.3 in
the separation bubble. In terms of the trend and variation,
our results are in agreement with the numerical works of
Karimi et al. [13]. We believe that these three inflection
points of the wall-pressure distribution are related to the
separation, onset of reattaching and reattachment respec-
tively, as reported in [3].

Figure 4: Time- and spanwise-averaged (a) skin friction
and (b) wall pressure. The dash line indicates the aver-
aged reattachment location

The vortical structures are visualized by the λ2 vor-

tex criterion in Fig. 5. The large spanwise vortices are
induced by the K-H instability. These K-H vortices are
deforming continuously as a result of their secondary in-
stability triggered by small horseshoe-like vortices below
as the free shear layer flow develops downstream. The
distorted vortices pair with each other and break down
into several small Λ-shaped vortices in the reattaching
event. Then they roll up and develop into larger hair-
pin vortices. The separated shear layer flow is featured
with the formation of large-scale vortices via K-H insta-
bility, pairing process and break down as the shear layer
evolves, similar as reported by Schäfer et al. [24] for their
incompressible case. The vortex topology of the stream-
wise vortices below K-H vortices is also observed by the
experimental [28] and numerical results [29] of a micro
vortex generator.

Figure 5: Instantaneous vortical structures at tu∞/δ0 =
790.5, visualized by isosurfaces of λ2 = −0.005. The
white line represents the isolines of |∇p|δ0/p∞ = 0.24 at
the slice z/δ0 =−2.5. The red solid line signifies the in-
stantaneous spanwise-averaged reattachment point. The
white arrow lines denote the streamlines in the separa-
tion bubble. (a) the ejection behavior; (b) the streamwise
vortices

3.2 Spectral Analysis

The unsteadiness of the flow field can be examined by
means of the frequency weighted power spectral den-
sity (FWPSD) of the pressure along the dividing line.
Note that all the values of FWPSD have been normalized
by the local integral values

∫
P( f )d f in order to better

highlight the relative contributions at different frequen-
cies, independent of the overall fluctuation strength. As
we can see in Fig. 6, the separated flow features a low-
frequency oscillation with f δ0/u∞ ≈ 0.02 right behind
the step (0 < x/δ0 < 1). This unsteady behavior is be-
lieved to be associated with the breathing motion of the
separation bubble, as we will discuss in the following sec-
tion. The dominant frequency then shifts towards higher
values of around f δ0/u∞ ≈ 0.2 where the oblique K-H
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vortices are observed. As the shear layer develops, the en-
ergetic content of the shear layer gradually shifts to lower
frequencies, which displays a broadband frequency spec-
trum from the low to high frequency (4 < x/δ0 < 10.9).
Downstream of the reattachment location (x/δ0 ≥ 10.9),
the fluctuations of the boundary layer are randomly dis-
tributed over the spectrum without a clear preferred fre-
quency.

Figure 6: Frequency weighted power spectral density
map of pressure signals along the dividing line based
on z = 0 slice. The weighted spectra are normalized by∫

P( f )d f at every streamwise location.

Time signals of three typical flow parameters are
shown in Fig. 7 to further characterize the unsteady be-
havior of the separation system, including the spanwise-
averaged reattachment point xr, shock angle xa and area
of separation bubble xb. The value of xr is the first point
with u = 0.0 on the first cell from the wall between
x/δ0 = 8.5 and 13.5 based on the spanwise-averaged
slice. The shock angle xa is the angle between the posi-
tive x-direction and reattachment shock, which is defined
by the isolines of |∇p|δ0/p∞ = 0.24, and xb is the area of
the zone between the dividing line and wall. These tem-
poral signals are extracted within time ranges tu∞/δ0 =
600 ∼ 1000 with a sampling frequency fsδ0/u∞ = 2 as
the non-dimensional frequency above the characteristic
frequency of the turbulent integral scales u∞/δ0 is not of
current interest. Their unsteadiness appears a modula-
tion of broadband frequency scales because all the plots
are irregular and aperiodic. The curve of the reattachment
point has an almost vertical drop when it moves upstream,
for example at around tu∞/δ0 = 694, which suggests that
it moves upstream at a constant speed. When the reattach-
ment location shifts downstream, it experiences a rapid
relaxation. This sawtooth-like trajectory of the reattach-
ment point is also reported in direct numerical simulation
(DNS) results of a compression ramp by Priebe & Mar-
tin [21]. On the other hand, the falling of shock angle
is smoother, without such strong sawtooth-like behavior.
The passage of large-scale vortex in the shear layer and
their shedding into the downstream flow contributes to
the sawtooth-like motions [14, 17]. In terms of separa-
tion bubble, its temporal behavior seems more periodical,
with the absence of many short-period fluctuations.

The FWPSD of these signals is provided to analyze the

Figure 7: Temporal variation of (a) the reattachment point
xr, (b) shock angle xa and (c) area of the separation bub-
ble xb. The dashed line denotes the mean value.

present leading frequency in more details, as shown in
Fig. 8. The spectra of reattachment and shock angle both
have three narrowband peaks around f δ0/u∞ = 0.02,0.06
and near 0.1. For the reattachment point position (solid
line), most of the energy is contained at f δ0/u∞ = 0.2,
near the characteristic frequency of the K-H vortices. As
for the shock angle (dashed line), the spectrum peaks are
located around f δ0/u∞ = 0.02 and 0.06, while the os-
cillation of the separation bubble has a single dominant
frequency peak at f δ0/u∞ ≈ 0.02 (dotted line), which is
two orders of magnitude lower than the characteristic fre-
quency of the energetic turbulent scales u∞/δ0, in agree-
ment with the widely reported low-frequency unsteadi-
ness in SWBLI [22, 9].

10−2 10−1 100

fδ0/u∞

0.0

0.1

0.2

0.3

0.4

f
·P

(f
)

xr
xa
xb

Figure 8: Frequency weighted power spectral density of
the reattachment point xr, shock angle xa and area of the
separation bubble xb.
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3.3 Statistical Analysis
There exist three distinct dominant frequencies of the un-
steady motions in the interacting system. In order to
explore their origin, the statistical connections between
the reattachment point and several signals, including the
pressure fluctuations induced by the K-H vortices, the
shock angle and the area of separation bubble, are investi-
gated using the statistical quantities of coherence Cxy and
phase θxy. The spectral coherence Cxy between two time
signals x(t) and y(t) is determined as

Cxy( f ) = |Pxy( f )|2/(Pxx( f )Pyy( f )), 0 6Cxy 6 1 (1)

where Pxx is the power spectral density of x(t) and Pxy( f )
represents the cross-power spectral density between sig-
nals x(t) and y(t). The phase θxy is defined as

θxy( f ) = ℑ(Pxy( f ))/ℜ(Pxy( f )), −π < θxy 6 π (2)

For frequency f , if 0 < Cxy < 1, it means that there is
noise in the data sets or the relation between x(t) and
y(t) is not linear. When Cxy equals to 1, it indicates that
the signals x(t) and y(t) are linearly related, and Cxy = 0
means that they are completely unrelated.

First, the statistical connections between the reattach-
ment point and separation bubble, as shown in Fig. 9,
shows almost perfect correlation with each other at
f δ0/u∞ ≈ 0.01 with C≈ 0.8, which confirms that the low
frequency appears to come from the breathing motion of
the separation bubble. However, there is a phase differ-
ence of θ ≈ 1.0 rad between these two signals. Phys-
ically, the size of the separation bubble increases when
the reattachment location moves downstream.

Figure 9: Statistical connections between the spanwise-
averaged reattachment point and the area of separation
bubble: (a) coherence and (b) phase

The coherence and phase between the spanwise-
averaged reattachment point and the pressure fluctuations
of the K-H vortices is shown in Fig. 10. The high-
est value of coherence (0.21) is observed at frequency
( f δ0/u∞ ≈ 0.09), which indicates that the reattachment
point and unsteadiness of K-H are slightly related around
the characteristic frequency of the K-H vortices. As the
the K-H vortices are located along the boundary of the
separation bubble, the shear layer also shows some low-
frequency features. Thereby, a second coherence peak

is found at f δ0/u∞ ≈ 0.02, around the characteristic fre-
quency of the bubble. In terms of phase, the small ab-
solute values manifest that these two signals are in phase
over almost all of the frequency range.

Figure 10: Statistical connections between the spanwise-
averaged reattachment point and pressure fluctuations in
the K-H part: (a) coherence and (b) phase

Concerning the statistical relation between the reat-
tachment point and shock angle (Fig. 11), there are high
levels of coherence (c≈ 0.5) at low frequency ( f δ0/u∞ ≈
0.02) and they are approximately in phase. Therefore, if
the reattachment point moves downstream, the shock an-
gle increases, and vice verse. In addition, at f δ0/u∞ ≈
0.06, the signal of reattachment location has a certain
connection to the shock angle signal, which shows that
the medium-frequency unsteadiness directly associates
with the oscillating behavior of the shock waves induced
by the unsteady reattachment.

Figure 11: Statistical connections between the spanwise-
averaged reattachment point and shock angle: (a) coher-
ence and (b) phase

It should be noted that the sensitivity of the above sta-
tistical analysis to the number of samples was checked by
calculating the coherence and phase with half of the to-
tal time samples. We can still get similar conclusions in
spite of slight differences in frequency range due to the
different resolution of frequency.

3.4 Dynamic Mode Decomposition

In order to better decouple various frequency dynamics
and further validate our obtained conclusions, a modal
decomposition of the flow field is carried out using
a reduced-order method, dynamic mode decomposition
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(DMD) [25]. Basically, given an equal-interval time se-
ries of data, DMD transforms this dynamical system into
a set of dynamic modes, each of which is associated with
a single orthogonal frequency behavior whose dynamics
is governed by the corresponding eigenvalue. This algo-
rithm has been widely applied for diverse flow problems,
including the transition mechanism from laminar to tur-
bulent flow [23], unsteadiness of SWBLI [8], identifica-
tion of the coherent vortex structure [30], etc.

The current DMD analysis is based on 600 equal-time
interval snapshots of the spanwise-averaged flow field
(tu∞/δ0 = 650 ∼ 950) at a sample frequency fsδ0/u∞ =
2, which gives us a frequency resolution of 3.3 · 10−3 <
Stδ0 < 1. This leads to the normalized Frobenius norm of
the residual vector with a value of 9.84×10−4. In Fig. 12,
we give the spectrum of eigenvalues resulting from the
standard DMD. The input snapshots are real numbers
while the computed modes come as complex conjugate
pairs, which leads to a symmetric spectrum. The normal-
ized Frobenius norm of the corresponding DMD modes
with positive frequency are shown in Fig. 13.

Figure 12: Eigenvalues spectrum from the standard DMD
algorithm (• illustrates the most important 21 modes cal-
culated by SPDMD).

L M H

Figure 13: Normalized magnitudes of all the DMD
modes with positive frequency (• illustrates the most im-
portant 10 modes calculated by SPDMD).

All these DMD modes play different roles in the whole
flow field. Therefore, the sparsity-promoting dynamic
mode decomposition (SPDMD) is employed to select the
dynamically important modes among all the modes [12].
This method not only selects modes by their magnitudes
but also picks them based on their contribution to a repro-
duction of the original snapshots over the given time in-
terval. When taking the positive regularization parameter
equal to 550, we obtain 10 pairs of modes with positive
and negative frequency, illustrated by the gray solid cir-
cles in Fig. 12 and 13. They are considered to be the most
dynamically important modes and have the most signif-
icant influence on data sequences. These modes can be
categorized as three sets based on their frequency range,
with 0.003 < f δ0/u∞ 6 0.023, 0.055 6 f δ0/u∞ 6 0.075
and 0.1 < f δ0/u∞ < 0.2, respectively. These frequency
ranges have been indicated in Fig. 13 and labeled as L, M
and H, which stands for low, medium and high frequency.
The frequencies of dominant modes are seen to be consis-
tent with our previous statistical analysis in section 3.3.

For the branch with lower frequencies, we choose
the mode with frequency f δ0/u∞ = 0.01, marked as
mode φ1, to scrutinize the flow dynamics. The selected
modes in the other two branches are labeled as mode φ2
( f δ0/u∞ = 0.06) and φ3 ( f δ0/u∞ = 0.11). In Fig. 14,
15 and 16, the real and imaginary part of these modes
illustrating the contour of streamwise velocity and pres-
sure fluctuations are shown. To assist interpretation, we
also reconstructed the contribution to the real-valued flow
field of the individual modes by superimposing the fluctu-
ations of each mode φi onto the mean flow φm, formulated
as q(x, t) = φm+a f ·ℜ{αiφieiωit}, to examine the dynam-
ical behavior represented by every mode, where αi and a f
are the amplitude and optional amplification factor of the
corresponding mode φi.

The low frequency mode φ1 falls into the frequency of
the breathing motion of separation bubble, which is the
reason that high fluctuations of the streamwise velocity
are distributed along the dividing line as a consequence
of the flapping of the shear layer (Fig. 14a). In addition,
strong pressure fluctuations are observed along the reat-
tachment shock (Fig. 14b) due to the flapping motion of
the shock wave, which is caused by the contraction and
dilatation of separation bubble. Hence, we conclude that
this mode involves a breathing behavior of the separation
bubble and shock-wave system.

The contours of mode φ2 show high levels of stream-
wise velocity fluctuations along the sonic line with posi-
tive and negative values distributed on the different sides
(Fig. 15a), which apparently illustrates the behavior of
vortex shedding initiated in the downstream section of the
shear layer and starting to decay behind the reattachment.
In addition, the reattachment compression and convection
of shear layer vortices produce high pressure fluctuations
in the supersonic part along the reattachment shock, as
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(a)

(b)

Figure 14: Real and Imaginary part of DMD mode φ1
indicating contours of modal (a) streamwise velocity and
(b) pressure fluctuations. The green solid and dashed line
indicate the mean reattachment shock and sonic line. The
black solid and dashed signify the boundary layer edge
and dividing line.

shown in Fig. 15b. A shock wrinkling dynamics is ob-
served in the transient process of mode φ2. The corru-
gation behavior of the shock is a result of the interaction
between the large coherent vortices and reattaching com-
pression. Similar results have been reported in the LES of
an incident shock wave and boundary layer interactions
by Pasquariello et al. [19].

Considering mode φ3 in Fig. 16, we find alternating
high positive and negative fluctuations along the stream-
wise direction both in streamwise velocity and pressure
contour. The frequency of mode φ3 is f δ0/u∞ = 0.11,
which is around the characteristic frequency of the K-H
vortex based on the above-mentioned spectral analysis.
The traveling of K-H vortices induce eddy Mach waves
in the supersonic portion of the flow. From the temporal
evolution of this mode, we can clearly see the shedding

(a)

(b)

Figure 15: Real and Imaginary part of DMD mode φ2
indicating contours of modal (a) streamwise velocity and
(b) pressure fluctuations. The green solid and dashed line
indicate the mean reattachment shock and sonic line. The
black solid and dashed signify the boundary layer edge
and dividing line.

of K-H vortices with a relatively steady intensity along
the streamwise direction and the convected Mach waves
along the reattachment shock.

Based on the above analysis, the unsteady motions of
the interacting flow contain three types of dynamics. The
lower frequency branch (0.003 < f δ0/u∞ 6 0.023) de-
scribe a flow modulation that involves the breathing mo-
tion of the shock and separation bubble system. The
mode φ2 and φ3 share similar fluctuation features while
the wavelength of vortices reconstructed by φ2 is visi-
bly larger than that of vortices represented by φ3. Con-
sidering their frequencies, in addition, we believe the
medium-frequency (centered at f δ0/u∞ = 0.06) modes
relates to the large vortex decaying and reattaching com-
pression; while the higher-frequency part (around K-H
vortices characteristic frequency f δ0/u∞ = 0.11) is asso-
ciated with the convection of K-H vortices and induced

7



(a)

(b)

Figure 16: Real and Imaginary part of DMD mode φ3
indicating contours of modal (a) streamwise velocity and
(b) pressure fluctuations. The green solid and dashed line
indicate the mean reattachment shock and sonic line. The
black solid and dashed signify the boundary layer edge
and dividing line.

Mach waves.

4. DISCUSSION

The spectral analysis shows that there is a broad band of
oscillations with three branches of dominant frequency
centered near f δ0/u∞ = 0.01,0.06,0.1 in the current
case. Their unsteady interactions can be classified as
two different patterns according to the shape of separa-
tion bubble, namely expansion and collapse. In the di-
latation process of separation bubble, the reattachment
point and shock location moves downstream, as shown
in the schematic Fig. 17. In the phase of collapsing, the
reattachment location has a sudden drop and new K-H
vortices appear at the beginning of the separated shear
layer, while the shock angle smoothly decreases. The

motions of shock and separation bubble is not symmet-
ric in terms of the amplitude and slope. The variation of
these parameters are addressed in the section of spectral
and statistical analysis. In addition, the animations of re-
constructing flow from DMD modes also elucidate these
features of the flow field.

reattachment shock

K-H 
vortices

Figure 17: Pattern of the separation bubble dilatation.
The dashed line denotes the dividing line.

The mechanism of this unsteady behavior can be ex-
plained by the theory of Piponniau et al. [20]. This sim-
plified model relates the low-frequency unsteadiness of
shock and separation bubble to the fluid entrainment in
the shear layer. The dilation of the bubble is associated
with a continuous entrainment of mass flux, while the col-
lapse corresponds to a radical expulsion of the mass en-
trained in the bubble. As shown in Fig. 17, the midpoint
of the mean reattachment length is taken as the reference
location to estimate the spreading rate. The height of the
intersection between the reference line and dividing line
is marked as b. The locations 1 and 2 are situated at the
positions with maximum and minimum streamwise ve-
locity respectively.

The spreading rate of the mixing layer not only de-
pends upon the velocity ratio r = u2/u1 and density ratio
s = ρ2/ρ1 across the mixing layer [1] but also strongly
relate to compressibility effects [18], which depends on
the isentropic convective Mach number Mc, defined by

Mc =
∆U

a1 +a2
(3)

where ai denotes the sound velocity, ∆U is the velocity
difference between two locations. Then the characteris-
tic frequency of the unsteadiness can be formulated as a
function of r, s and Mc,

Sb = f b/u1 = Φ(Mc)g(r,s) (4)

where g(r,s) can be approximated by

g(r,s) =
b′

2
(1− r)(1+

√
s)

1+ r
√

s
[(1− r)C+

r
2
] (5)

The constant C≈ 0.14 is estimated by the similarity func-
tion and b′ is the slope of dividing line at the reference
location, approximated by b′ = b/x. The function of the
normalized spreading rate Φ(Mc) is given as a curve by
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Smits & Dussauge [26]. Using this model, we calculate
all the involved parameters of the current numerical re-
sults, given in Tab. 2 and we convert Sb to Sδ0 based on
the reference length δ0 and velocity u∞:

Sδ0 = Sb
u1

b
δ0

u∞

(6)

We finally obtain Sδ0 = 0.007, which falls in the first
branch of DMD modes representing shock motions.

Table 2: Aerodynamic variables of the interacting system
and the corresponding Strouhal number of reattachment
shock computed from Equ. 4.

b/δ0 x/δ0 a1/u∞ a2/u∞ u1/u∞ u2/u∞

1.64 5.45 0.5324 0.7082 1.1180 -0.0415

Mc Φ(Mc) ρ1/ρ∞ ρ2/ρ∞ g(r,s) Sb
0.9346 0.29 0.6041 0.3402 0.0356 0.0103

5. CONCLUSIONS

We numerically investigated the unsteady behavior of
shock wave-boundary layer interactions in a transitional
BFS flow at Ma = 1.7 and Reδ0 = 13718. The unsteadi-
ness of the interaction system is characterized by a modu-
lation of a broadband frequency dynamics. The breathing
behavior of the separation bubble and shock is associated
with a lower frequency centered at f δ0/u∞ = 0.01. This
unsteadiness is caused by the periodical fluid entrainment
of the shear layer (collapse of the bubble) and reinjection
of the low-speed reverse flow (expansion of the bubble).
The frequency of the shock motion can also be validated
by the simple model proposed by Piponniau et al. [20].
The medium frequency mode is associated to the large
coherent vortex shedding in the shear layer and the wrin-
kling behavior of the shock, while the higher frequency
mode is related to the traveling of K-H vortices and in-
duced Mach waves.
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