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Abstract—An iterative convex element position optimization
algorithm is proposed for linear phased array synthesis with
the aim of minimizing the side lobe level at multiple scan
angles in the presence of mutual coupling. Embedded element
patterns are obtained via full-wave simulations and integrated
into the optimization procedure. A two-step optimization scheme
with a smart initial array layout selection is proposed and
analyzed. Conventional H-plane patch antenna arrays are used
for algorithm demonstration. The simulation results show that
via position-only optimization, the maximum side lobe level can
be significantly decreased compared to the benchmark regular
arrays with a half-wavelength spacing while keeping a similar
total array length.

Index Terms—antenna array synthesis, aperiodic array, convex
optimization, fifth generation (5G) communication, multi-beam
array, mutual coupling, space tapering.

I. INTRODUCTION

The growing demand for meeting the challenging 5G sys-
tem requirements on the channel capacity gains, front-end
circuitry design aspects, cost and signal processing complexity
favors exploiting unconventional array topologies rather than
commonly used regular layouts that are based on square or
triangular lattices [1]–[3]. Thinned arrays [4]–[6] and sparse
arrays [7]–[9] are two techniques that are included in the
unconventional array architectures and show good potential
for 5G systems since they can address the multidisciplinary
challenges.

An interesting combination of thinning and sparsity results
in the concept of space tapering for which the amplitude of
each element is fixed and the positions can be determined
or changed freely. This is particularly attractive in 5G appli-
cations at mm-waves since space tapered arrays are able to
provide the optimum power efficiency while suppressing the
side lobe levels to some extent. Similar to the thinned and
sparse arrays, a large variety of uniform amplitude irregular
array synthesis methods exist in the literature. Many global
optimization algorithms [10], [11] and deterministic synthesis

techniques [12], [13] have been effectively used to design
space tapered arrays with sufficiently low side lobes.

Recently, iterative convex optimization techniques have
been extensively used in antenna synthesis [14]–[20] due
to their superiority in terms of reduced computational and
analytical complexity as compared to the existing methods.
However, in most of these studies, and also in the other
synthesis techniques given until this point, antenna elements
have been taken either as isotropic sources or identical patterns
have been assumed for every antenna element. In other words,
the effect of mutual coupling has been ignored. Although
design-based mutual coupling methods [21]–[23] can be ex-
ploited to reduce the mutual coupling, these techniques do not
completely remove the mutual coupling effect and introduce
additional design complexity. There are some studies focusing
on compensating the effect of mutual coupling in the synthesis
process [24], which is very challenging to achieve by position-
only optimization. Other studies have included the mutual
coupling effect in the array synthesis using several techniques,
such as infinite-to-finite array approach [25], neural networks
[26] and spherical wave expansion [27]. Recently, a more
comprehensive gradient-based technique has been proposed in
[28], which can be used for the synthesis of aperiodic arrays
with various types of radiators (dipoles, apertures, dielectric
resonators etc.).

In iterative convex optimization for aperiodic array syn-
thesis, inclusion of mutual coupling in the design procedure
was first introduced in [17] which proposed a two-step design
approach for the synthesis of sparse arrays of dipoles. In the
first step, the optimization was performed by assuming the
same isolated element pattern (IEP) for each dipole. Using
the result as an initial guess, in the second step, embedded
element pattern (EEP) of each element was obtained via full-
wave simulations and used in the same optimization routine.
It was shown that convergence in the minimized max. SLL
can be achieved after only a few iterations. Later, in [18], the
optimization technique applied only to the broadside beam in
[17] was extended to multiple scan angles. The disadvantage
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of these techniques in [17], [18] was the applied amplitude
tapering with a large dynamic range. Motivated by this, in
[29], the space-tapering method in [16] was improved by
including the mutual coupling effect using a single-step fast
full-wave simulation technique (i.e. optimization with embed-
ded patterns, without an initial guess) and the performance
was demonstrated using practical bowtie antenna elements.
Extension of [29] to larger linear and planar arrays was pre-
sented in [30]. Although being able to address the issue with
amplitude tapering, the methods in [29], [30] did not provide
optimization for multiple beams at different scan angles and
they were not suitable for 5G cellular communication.

A method for position-only tapering with multi-beam opti-
mization for minimizing the maximum SLL was introduced in
[19], [20] for 5G base station applications. However, identical
element patterns were assumed and mutual coupling was
ignored during the optimization. In this paper, the technique
in [19] is extended by including the mutual coupling in
the design procedure. The proposed novel method combines
the advantages of the previously proposed array synthesis
techniques in the presence of mutual coupling, namely, multi-
beam optimization from [18] and uniform excitation from [29].

The remainder of the paper is organized as follows. In
Section II, formulation of the optimization problem and opti-
mization procedure used in this work are presented. Section
III provides numerical examples using linear patch antenna
arrays. Discussions on the results are also given. Section IV
concludes the paper.

II. METHODOLOGY

A. Problem Formulation

Let us consider an N-element linear array with the geometry
given in Fig. 1.

The far field radiated by this array is given by

f(θ, φ) =
N∑
n=1

fn(θ, φ)wne
jk0 sin θ cosφxn (1)

where fn(θ, φ) is the complex far-field of the nth element
when the field origin is at the element’s own geometrical
center, k is the wavenumber, xn and wn are the position and
excitation weight of the nth element, respectively.

At the θ=90 degree cut, (1) can be expressed as

f(θ = 90, φ) =
N∑
n=1

fn(θ = 90, φ)wne
jk0 cosφxn (2)

Now, assume the array is uniformly-excited and the beam is
scanned at p different angles. φsm represents the direction of
maximum radiation for the scanned beam sm=1,2,...,p. In this
case, the weight of the nth element for the scan angle φsm is
given by

wn,sm = e−jk0 cosφsmxn (3)

Thus, the far-field of a uniformly-excited array at the θ=90
degree cut for the scan angle φsm becomes
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Fig. 1. Geometry of a linear array of N patch antennas.

f(θ = 90, φ) =
N∑
n=1

fn(θ = 90, φ)ejk0(cosφ−cosφsm )xn (4)

Using the first-order Taylor expansion ejΦ = 1+jΦ, where
Φ = k0(cosφ− cosφsm)εin, in (4) around xn, the far-field of
the array at the ith iteration for the scanned beam sm at the
θ=90 degree cut can be linearly approximated by

f i,smεn (θ = 90, φ) ≈
N∑
n=1

f in(θ = 90, φ)ejk0(cosφ−cosφsm )xi−1
n

(1 + jk0(cosφ− cosφsm)εin) (5)

where xi−1
n is the position of the nth element at the previous

iteration and εin is the position shift of the nth element at the
ith iteration, as visualized in Fig. 1. Note that initially the
elements are regularly placed with a separation of dini.

Let us define the side lobe region for each scan angle
according to a pre-specified beam width, φb such that

φ ∈ φSL,sm if φ < (φsm − φb) or φ > (φsm + φb) (6)

Following the formulation in [19], the convex problem to be
solved at the ith iteration of the algorithm can be formulated
as follows

min
εi

ρ, s.t.


|f i,smεi (θ = 90,φSL,sm)| ≤ ρ for ∀sm
|εi| ≤ µ
D∗(εi + xi−1) ≥ dmin

(7)

where ρ is the maximum side lobe level which is simultane-
ously minimized for all the defined scan angles in a sector, µ
is a user-defined upper-bound for the position shifts and D is
an (N − 1) × N circulant matrix (see [19]) that is used for
guaranteeing a desired minimum inter-element spacing (dmin)
at each iteration of the algorithm. If needed, it is also possible
to enforce symmetry in the final layout by adding another
constraint on εi such that εin = - εiN−n+1. The problem in (7)
is a second-order cone program that can be efficiently solved
using interior point methods.

B. Optimization Procedure

The candidate iterative optimization schemes, namely the
one-step [29] and two-step (a modified version of [17]) ap-
proaches, are summarized in Fig. 2 and Fig. 3, respectively.
In the single-step approach, starting from an initial regular
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Simulate the EEP of each element in the initial regular array

Solve (7) using the EEP’s

Obtain element locations for the final array

Iterate until the value 

of max. SLL converges

Fig. 2. One-step optimization scheme.

Obtain the mean EEP by averaging EEP’s in the initial regular array

Solve (7) using the same mean EEP for every element

Obtain element locations for the initial irregular array as input to Step #2

Iterate until the value 

of max. SLL converges

Step #1

Simulate the EEP of each element

Solve (7) using the EEP’s

Obtain element locations for the final array

Iterate until the value 

of max. SLL converges

Step #2

Fig. 3. Two-step optimization scheme.

array with spacing dini, the array is simulated in sequential
mode to obtain EEP’s of all elements at each iteration. In
the two-step approach, on the other hand, the average EEP
(obtained from the initial regular array with spacing dini)
is used to optimize the element locations with no mutual
coupling (similarly as previously done in [19], but now the
mean EEP carries the average amplitude and phase information
due to mutual coupling within the array elements in Step #1).
Using these locations as an initial guess, embedded far-field
of each element is simulated at each iteration in Step #2 and
integrated into the optimization routine to obtain the final array
layout. In this paper, the two-step approach is used because
of its proven efficiency in optimization time [17].

III. NUMERICAL RESULTS

All simulations in this section have been carried out on an
Intel(R) Core(TM) i7-6700HQ 2.6GHz CPU, 16 GB RAM
computer using EMPIRE XPU, CVX and MATLAB R©.

The algorithm has been tested for an example case using a
16-element H-plane linear patch antenna array fed by lumped
ports [33] and optimized in a ±30 degree scan angle range
with 10 degree steps. It is worth to mention here that the
algorithm can be straightforwardly applied to E-plane arrays,
arrays of different radiators or an array of more complex 5G
sub-array designs, such as [31], at the expense of increased
simulation time and modeling complexity.

The observation angle, φ, has been discretized in 0.5 degree
steps and the beam width, φb has been taken as 8 degrees.
Visualization of a sample irregular H-plane array and its
important design parameters are provided in Fig. 4 and Table
I, respectively.

The convergence analyses have been performed by observ-
ing the max. SLL at each iteration of the algorithm. The inter-
element spacing, dini, and the minimum allowed inter-element
spacing, dmin, have been selected as 0.35λ0 in Step #1 of the
two-step optimization scheme.

x

z

y

La

Wa

x1 x16x1 - x16+

Lp

Wpdp

de de

εr hs,

Fig. 4. A sample space-tapered 16-element H-plane array in EMPIRE XPU
with its important dimensions.

TABLE I
LIST OF DESIGN PARAMETERS USED IN EMPIRE XPU

Parameter definition Symbol Value

Center frequency∗ f0 28 GHz
Relative permittivity of the substrate εr 2.2

Patch substrate thickness hs 0.5 mm
Patch width Wp 3.3 mm
Patch length Lp 3.3 mm
Array width Wa λ0

Array edge offset de 0.5λ0
Array length La x16 − x1 + λ0

Patch feeding offset dp 0.9 mm
∗ The center frequency has been selected considering a candidate 5G frequency
band that has a growing interest [32].

First, a 16-element regular H-plane array with dini = 0.35λ0

has been sequentially simulated for different mesh resolutions
in EMPIRE. Table II shows the mesh information and sim-
ulation times to obtain 16 EEP’s. Among the listed meshing
options, medium resolution has been selected to be used in
the rest of the paper since it has been seen to provide a good
compromise between simulation time and accuracy. For the
medium resolution mesh, the embedded field amplitudes and
phases for the dominant E-field component, Eθ, are given in
Fig. 5, which clearly shows the effect of mutual coupling.
At this point it is worthy of note that the relatively large
back lobe (approximately -18 dB) is due to the limited ground
plane dimensions, which can be further improved. Here, we
will focus on the SLL minimization in the forward radiation
hemisphere.

The effect of varying the upper-bound of position shifts, µ,
in Step #1 of the two-step optimization scheme has also been
studied and the result is given in Fig. 6. In Step #1, the use
of the average EEP within the optimization process produces
a smooth converge path to a well-defined max. SLL, similarly
to what was observed in [19].

Next, the two-step procedure has been completed by per-
forming Step #2 in Fig. 3 using the layout obtained in the
analysis given in Fig. 6 with µ = 0.02λ0 (due to its smallest

TABLE II
LIST OF MESH PARAMETERS USED IN EMPIRE XPU ∗∗

Resolution CW CO SP NR tavg (mins)

Coarse 10 3 5000 1 13
Medium 15 4 10000 5 19

Fine 20 5 20000 10 29
Very fine 25 6 40000 15 59
∗∗ CW = Cells/Wavelength, CO = Cells/Object, SP = Search Points, NR = Numeric
Resolution. The values are taken from [33]. tavg is the average time required for
sequential excitation of array elements to obtain 16 embedded field patterns.
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(a) (b)

Fig. 5. Embedded electric field amplitudes and phases of 16 elements in a
regular H-plane array with dini = 0.35λ0.

SLL among all) as the initial guess. The convergence trend
in Step #2 of the two-step optimization scheme is indicated
in Fig. 7. Conversely to Step #1, in Step #2, the max. SLL
convergence for different µ show relatively irregular paths. The
ripple in the final value, as iterations are carried out, tends to be
larger with increased µ, as seen in Fig. 7. This can be related
to the convex optimization process in that for relatively larger
values in the optimized function domain, the results tend to
‘escape’ the global minimum, for later on reaching it again
and so on. Thus, for a more stable convergence in Step #2,
µ should be chosen as 0.02λ0, which also guarantees a lower
max. SLL. Nevertheless, it is worth to note that the ripple in
the convergence for larger µ are limited to only ±0.3 dB for µ
= 0.08λ0. This aspect of the converge can be used as trade-off
between reaching a certain max. SLL versus the number of
iterations allowed or budgeted for the whole optimization.

From Fig. 6 and Fig. 7, it has been seen that the max. SLL
obtained in Step #1 is actually larger by about 2.4 dB (-19.8
dB in Fig. 6 and -17.4 dB at the first step in Fig. 7) due to
the mutual coupling. However, convergence to -18.5 to -19 dB
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Fig. 6. Effect of varying µ on
the convergence performance in Step
#1 of the two-step optimization with
dmin = 0.35λ0.
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Fig. 7. Convergence in Step #2 of the
two-step optimization scheme with
dmin = 0.35λ0 and varying µ.

TABLE III
SUMMARY OF MAX. SLL AND SIMULATION TIME COMPARISON FOR THE

TWO-STEP OPTIMIZATION SCHEME WITH µ = 0.02λ0 FOR DIFFERENT
MAXIMUM TOLERABLE SLL OF A SYSTEM

Layout
symmetry

Max. tolerable
SLL (dB)

Min. required
iteration number

Observed max.
SLL (dB)

Increase in array
length (%) ∗∗∗

Optimization
time (mins)

-18 2 -18.16 3.73 55.85
No -18.5 3 -18.64 4.27 85.53

-19 10 -19.00 5.07 300.98
-18 2 -18.09 2.40 44.52

Yes -18.5 4 -18.59 3.47 88.70
-19 NA NA NA NA

NA = Not Available. ∗∗∗ Increase in array length shows the array length variation in % against the benchmark 0.5λ0

equispaced array which has a total length of 7.5λ0.

(a) (b)

(c)

2 4 6 8 10 12 14

0.3

0.4

0.5

0.6

0.7

0.8

0.9

- not sym.

- sym.

(d)

Fig. 8. Performance comparison of the 0.5λ0-spaced regular array and output
of the two-step optimization with µ = 0.02λ0 at iteration number 25, (a)
far-field pattern - regular array, (b) far-field pattern - two-step opt. - not
symmetrical layout, (c) far-field pattern - two-step opt. - symmetrical layout,
(d) inter-element spacings.

band has been obtained only in 2 additional iterations for all
the investigated cases in Fig. 7. A final ‘stable’ convergence
to -19 dB and -18.8 dB has been observed for µ = 0.02λ0 in
the non-symmetrical and symmetrical cases, respectively.

The radiation patterns and inter-spacings in the regular and
optimized arrays for µ = 0.02λ0 are shown in Fig. 8. A
comparison of the max. SLL, array length and simulation time
for the two-step optimization scheme with µ = 0.02λ0 for
different maximum tolerable SLL’s is given in Table III.

IV. CONCLUSION

A uniform amplitude, space tapered, linear phased array
synthesis technique has been proposed by taking into account
the effect of mutual coupling between the array elements.

The technique in [19] has been extended by including the
embedded element patterns into the optimization procedure
via full-wave simulations. The advantages of the previously
proposed mutual coupling aware array synthesis techniques
have been combined in a single optimization algorithm by
including the multi-beam optimization from [18] and uniform
excitation from [29].

The proposed method’s performance has been demonstrated
using a 16-element H-plane linear patch antenna array at 28
GHz with SLL minimization in a ±30 degree scan range. A
two-step optimization scheme (with an optimized initial layout
using the mean EEP of the regular array as an isolated element
pattern) has been exploited due to its efficiency in optimization
time. The choice of relatively closely-packed elements in the
initial array configuration with 0.35λ0 equispaced separation,
rather than the 0.5λ0 element separation from standard an-
tenna array design practice, allowed increased mutual coupling
within elements leading to a final optimized max. SLL as
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low as -19 dB compared to the -13 dB of a same number
of elements 0.5λ0 equispaced array, while keeping a similar
total array length (only 4-5% increase).

It is worthy of note that the end result of the optimization
depends heavily on the selection of input parameters (such as
φb, µ, dini, dmin, and so on) and the initial array topology.
All these aspects can be easily investigated by the interested
readers using different sets of initial parameter values.

Care must be taken when calculating the far-field with
active elements while using EMPIRE. In EMPIRE, the total
surrounding near field is used for far field calculation which is
of course limited by the boundaries. By default the boundaries
are chosen to be λ/4 apart to the antenna which may be to
small for large arrays. Thus, it is good practice to perform
convergence tests on the total far-field obtained with active
elements excitation versus size of the simulation box.

The proposed algorithm can be straightforwardly applied
to the arrays of different types of radiators (dipoles, horns,
dielectric resonators, cavity-backed antennas etc.) or phased
arrays of more complex sub-arrays, such as [31], which are
suitable for 5G base stations.
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