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A B S T R A C T

In the present paper, we propose an analytical method to calculate the Stress Intensity Factor (SIF) of cir-
cumferential surface cracks in steel pipes subjected to bending. In light of pipe geometry and bending load case,
the analytical formula is raised by introducing new bending correction factors and new geometry correction
factors on the basis of the Newman-Raju’s method. The bending correction factors are deduced based on the
bending stress gradient, while the geometry correction factors are determined by parametric studies for internal
surface cracks and external surface cracks respectively. Owing to a large data set requirement by the parametric
studies, three-dimensional finite element (FE) models of evaluating SIFs of circumferential surface cracks are
developed. The FE method is validated to ensure that it could provide accurate SIF estimations. Analytical
verification is conducted which shows that the SIF evaluated by the proposed analytical method match well with
the results evaluated by the recommended analytical method. Then experimental investigations of external
surface crack growth in offshore steel pipe subjected to fatigue bending are implemented to further validate the
analytical method of predicting surface crack growth rate. The analytical results match well with the test results
and the available experimental data from literature, indicating that the analytical method can be used for
practical purposes and facilitate the crack growth evaluation and residual fatigue life prediction of cracked steel
pipes.

1. Introduction

The offshore steel pipe is one of the most widely used pipelines in
the offshore oil and gas industry [1]. In marine environment, steel pipes
bear dynamic loads long-termly, generated by wave, current, wind, and
2nd order floater motions [1,2]. The cyclic bending load, as a dominant
load case, commonly applied on critical zones such as hang-off zone,
sag bend, arch bend and the touch down zone [2]. Meanwhile, cir-
cumferential surface cracks often appear on the surface of the steel
pipes initiate from corrosion pitting or girth weld defects [3–5]. Under
this circumstance, surface cracks might continually and circumferen-
tially propagate to through-thickness cracks, which might eventually
result in leakage or collapse [6,7].

Rational predicting surface crack growth is crucial to avoid such
accidents. Appropriate evaluation method therefore is significant in
practical applications. Researchers attempted to understand the me-
chanism of circumferential surface crack growth in pipe by means of
numerical and analytical approaches [8–10]. In general, surface crack

growth rate is estimated by the Paris' law [11], and the Stress Intensity
Factor (SIF) is the assessment criteria,

=K σ πA F· ,I (1)

which is determined by the nominal stress σ , the crack length A, and the
boundary correction factor F. In terms of surface cracks in a certain
scenario, appropriate influential parameters are needed to be identified
in order to give rational SIF evaluations. On this basis, researchers
proposed a series of analytical methods [8–10,12–14].

The weight function method considers any individual influential
factors by introducing corresponding weight functions. In past a few
decades, a series of weight functions were proposed [15–17]. The
weight function method for circumferential cracked pipes subjected to
bending is [18]

=K F σ π a
Q

· · ,I b
(2)

where σb is the bending stress. The a is the crack depth of the surface
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crack. Q is an approximation factor [19]. F is the influential coefficients
depending on the component geometry and crack dimensions, which is
calculated by sixth order polynomials within which the coefficients are
determined by discrete values tabulated in a table index. Therefore, it is
infeasible to continuously evaluate the SIF during the crack propaga-
tion. In addition, the complicated influential coefficients and their
computation make it inconvenient for usage.

The Newman-Raju’s method, as the benchmark solution for surface
cracked plane plate, is a well-recognized alternative [13]. This method
is also employed in BS 7910 [20] for circumferential external surface
cracks, which identifies σ and F by curving fitting and engineering
judgement

= + ⎛
⎝

⎞
⎠

K σ Hσ π a
Q

F a
t

a
c

c
b

φ( ) , , , ,I t b
(3)

where σt and σb represents tension stress and bending stress respec-
tively, H is a correction function for the bending nominal stress,
F a t a c c b φ( / , / , / , ) is the boundary correction factor

= ⎡
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+ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

⎤
⎦⎥

F M M a
t

M a
t

f gf ,φ w1 2

2

3

4

(4)

where M1, M2 and M3 are the correction factor for the semi-elliptical
shape of the crack, fφ is the correction factor of the eccentric angle of
surface cracks, and g can be regard as a correction factor of crack shape
evolving along with crack propagation, fw is a correction factor for the
finite width of a plate geometry. The numerical method is capable to
evaluate the SIFs of any stage during the crack growth process. In ad-
dition, besides the SIFs of the surface point and deepest point, the SIF of
any point along the crack front is able to be evaluated. However, Eq. (3)
was originally proposed for flat plates, thus when applying it to cracked
pipes, the SIFs are often underestimated [21,22], leading to an over-
estimate prediction of the residual fatigue life, which might be dan-
gerous for usage.

The aim of this paper is to propose an analytical method to evaluate
the SIFs of circumferential surface cracks in steel pipes subjected to
bending. Because of a large data set requirement by parametric studies
to determine geometry correction factors of the analytical method, in
Section 2, three-dimensional finite element (FE) models of evaluating

Nomenclature

A crack length
a crack depth of surface cracks
a0 notch depth
a/c aspect ratio of surface cracks
b plate width
C, m the Paris’ law constants
c half crack length of surface cracks
c0 half notch length
D external diameter of pipes
d internal diameter of pipes

a dNd / crack growth rate along the depth direction
dc dN/ crack growth rate along the length direction
F boundary correction factor
f normalized SIF
fc geometry correction factor of circumferential surface

crack in pipe
fci geometry correction factor of circumferential internal

surface crack in pipe
fce geometry correction factor of circumferential external

surface crack in pipe
fφ the correction factor of the eccentric angle of a surface

crack

G bending correction factor by considering stress gradient
effect

g correction factor of a/t, a/c and φ
H bending correction factor for flat plate
L pipe length
Le external span of the four-point bending test
Li inner span of the four-point bending test
M bending moment
M1, M2, M3 correction factor for the semi-elliptical shape of the

crack
Q approximation factor
t thickness of the pipe
R stress ratio
Ri inner radius of the pipe
σ nominal stress
σt nominal tensile stress
σb maximum of the bending nominal stress
KI Mode-I stress intensity factor
KI,FE the SIF calculated by finite element method

KΔ Ia the range of SIFs of the deepest point
KΔ Ic the range of SIFs of the surface point

φ the eccentric angle of a surface crack
φc the eccentric angle for the surface point

Fig. 1. Surface cracked plate model for sensitivity analysis purpose: (a) global meshing condition and local meshing condition around the surface crack; (b) contours
around the surface crack front and their divisions.
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SIFs of circumferential surface cracks are first developed and validated.
In Section 3, the analytical formula is deduced, of which its geometry
correction factors are determined by means of FE-based parametric
studies. In Section 4, the proposed analytical method of evaluating the
SIF is verified by a recommended analytical method. In Section 5, ex-
perimental studies of circumferential external surface crack growth in
steel pipes subjected to fatigue bending are conducted. Together with
available experimental data from literature, the analytical method is
validated. Finally the conclusions of this paper are stated in Section 6.

2. Three-dimensional finite element analysis

The three-dimensional finite element (FE) method is a reliable
method to evaluate SIFs of surface cracks. Rational results can be ob-
tained through proper modelling methods [23]. In order to guarantee
the accuracy of SIF evaluation, a sensitivity analysis is first conducted
to determine appropriate modelling strategy (e.g., element type,
meshing size, modelling contours and divisions around crack tip).
Afterwards, using the modelling method, FE models of surface crack in
pipe subjected to bending are developed and validated by available
experimental data from literature to further ensure their feasibility for
pipe scenario.

2.1. Surface crack modelling

The FE analysis is conducted using the commercial code ANSYS.
Surface cracks are created through the Semi-elliptical Crack module in
ANSYS workbench 19 [24]. In order to determine appropriate surface
crack modelling strategy, a sensitivity analysis is carried out on a sur-
faced crack plate, as indicated in Fig. 1. In order to generate ordered
elements around the crack front, six contours which are concentric
circles centred on the crack front with a number of divisions are
modelled, as shown in Fig. 1b. The plate is modelled using 20 nodes
three-dimensional solid element ‘solid186’, whose size is 400mm long,
60 mm wide and 10mm thick. One edge face of the plate is fixed
supported, while a pure tension is applied on the other edge face. The
surface crack is located at the middle of the plate, perpendicular to the
tension load. It is semi-elliptical shaped, with crack depth a=2.0mm,
half crack length c=4.0mm. The plate applies tetrahedral meshing
method [25], while the surface crack uses hexahedral dominant
meshing method [23]. Then the SIFs along surface cracks are evaluated
through the displacement extrapolation method, and compared with
the Newman-Raju’s analytical method [26], as shown in Figs. 2 and 3.

The comparing results shown in Fig. 2 indicated that the SIF should

be obtained at least from the third contour. The mesh sensitivity study
shows that the SIFs obtained from the deepest point and the surface
point using a tetrahedron meshing method has a good agreement with
the Newman-Raju’s method [13], whereas the mesh size of the elements
around the surface crack does not significantly influence the SIFs, as
shown in Fig. 3. In this paper, to ensure a robust and accurate eva-
luation, a 2.0mm element size is adopted for the areas around the
surface crack, and the mesh size around the surface crack front are
controlled by the number of contour and their divisions (see in Fig. 1b);
while for the other area a 5.0 mm element size is used. The division
numbers of each contour from 8 to 20 is studied as well, which has a
negligible influence to the SIF evaluation; therefore, eight divisions of
each contour are chosen.

2.2. The FE analysis of surface cracked steel pipes subjected to bending

Since the surface crack modelling strategy have been determined,
the modelling method is applied to the FE analysis of circumferential
surface cracked steel pipes subjected to bending. As illustrated in Fig. 4a
of the 4-point bending scenario, the pipe is positioned horizontally,
supported by two support units. A pair of vertical loads are applied on
the load units, generating a bending moment M onto the pipe. There-
fore, the nominal bending stress σb can be calculated as

=
−( )

σ M

· 1
b

π D d
D

·
32

43

(5)

where σb is the maximum bending nominal stress, D and d are the ex-
ternal and internal diameter of the pipes respectively. The surface crack
is circumferentially located in the middle of the tension side of the pipe
model, either in the internal surface or the external surface, propa-
gating in the cross-section plane, as shown in Fig. 4b. The details and
shape parameters of the surface crack is shown in Fig. 4c. Fig. 5 shows
the steel pipe model and the meshing conditions. The steel pipe is
created by three merged parts for different meshing purposes: required
by the crack modelling method, the middle part where the surface crack
is located uses tetrahedral meshing method; while the other two parts
are meshed using sweep meshing method. Hexahedral dominant
meshing method is adopted for the surface crack.

In order to ensure the accuracy of the pipe models, the FE method is
further validated by available experimental data from literature, i.e.,
three sets of internal surface cracked pipes subjected to bending [21]
and two sets of external surface cracked pipe subjected to bending [22].
Table 1 listed the five test specimens, along with the 4-point bending

Fig. 2. Sensitivity study of contour numbers.
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setup, material properties, size of the pipes, initial crack sizes, and load
condition. Then the five FE models are built in the light the corre-
sponding specimen sizes, crack dimensions and load condition. After-
wards, the SIFs of surface cracked steel pipes subjected to bending are
calculated. Then, incorporate with Paris law which is

=a N C Kd /d (Δ ) ,m
Ia (6)

=c N C Kd /d (Δ ) ,m
Ic (7)

the crack growth rate along the length direction and depth direction are
estimated respectively. In Eqs. (6) and (7), a Nd /d and c Nd /d are the
crack growth rate along the depth direction and along the length di-
rection respectively, KΔ Ia and KΔ Ia are the range of stress intensity
factors of the deepest point and the surface point respectively, C and m
are two material constants which keep consistent with the referenced
value, as listed in Table 2. Afterwards, by assuming a small amount of
cycles, the increments of the crack length and depth are calculated.
Eventually, it is possible to trace the surface crack growth along the two
directions. The detailed procedure of evaluating surface crack growth is
indicated in Fig. 6.

The global stress distribution of FE model ‘FI-2’ and the local stress
distribution around the internal surface crack on the internal surface is
shown in Fig. 7. Fig. 7a shows that the stress concentrates in the mid-
bottom of the pipe where the surface crack is located. More detailed,
the local stress distributed around the surface crack as a butterfly shape
is shown in Fig. 7b. Under the bending moment, the surface crack
opening is observed (displayed as eleven times than the true scale).

Fig. 8 shows the comparison of a/c versus a/t between the FE results
and the available experimental data of internal surface cracked steel
pipes. The FE results match well with the available experimental data
from literature, which implies that the FE method is appropriate to

Fig. 3. Sensitivity study of element size of the elements around the surface crack.

Fig. 4. (a) Schematic diagram of a surface cracked steel pipe subjected to 4-point bending; (b) the location of the internal and external surface crack; (c) the
dimensions of the internal and external surface crack.

Fig. 5. Global mesh condition of the FE model and the local meshing around the
surface crack.
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evaluate the SIF of internal surface cracks. The comparisons of external
surface crack growth results between the FE method and available ex-
perimental data are shown in Fig. 9. The FE analysis gives accurate
predictions of crack growth along both the depth direction and the
length direction. In summary, the validations indicate that the FE

analysis is suitable to evaluate the SIFs of circumferential external
surface cracks in pipes subjected to bending. Note that external load
cases examined here are characterized by stress ratio equal to R= 0.1.
Then a parametric study on the basis of the FE method therefore will be
implemented to determine the geometry correction factor of the ana-
lytical method in Section 3.

3. The analytical method of evaluating the SIFs of circumferential
surface cracked steel pipes subjected to bending

Although the FE method is a reliable method, its high requirement
of user expertise and time-consuming restrict its application, particu-
larly for practical situations. The analytical method is a high-efficiency
and user friendly method. In this section, an analytical method is pro-
posed based on the Newman-Raju’s method [13]. The influence of
curved pipe shape is considered by deducing bending correction factors
and reassessing the geometry correction factors.

3.1. The bending correction factor

The bending correction factor H in Eq. (3) is developed for plate,
which is inappropriate for pipe scenario. Here we introduce the new
bending correction factor G by considering the stress gradient of pipe
subjected bending, as shown in Fig. 10; thus the analytical formula can
be expressed as

=K G σ π a
Q

F· · · .I b
(8)

Because the nominal stress distribution adjacent to a point “P” along
the surface crack front varies in terms of its location, the bending
correction factor G for modifying the stress distribution adjacent to ‘P’
therefore can be calculated as:

(i) for internal surface crack

=
+

G
a φ d

D
2 ·sin

, (9)

(ii) for external surface crack

=
−

G
D a φ

D
2 ·sin

, (10)

where φ is the eccentric angle of a surface crack, as shown in Fig. 10.
The eccentric angle of the deepest point equals to π/2, while the ec-
centric angle of the surface point φc is calculate as

= −
−

=φ π π c
D2 2

.c

c
D / 2

(11)

Different from the plate geometry which the eccentric angle of the
surface point equals to 0, <φ 0c for internal surface cracks while >φ 0c
for external surface cracks, because of the curved pipe surface.

Table 1
Detail information of FE models.

Model index Crack location 4-point bending set-up Material properties Notch and pipe size (mm) Load condition (KN)

Li (mm) Le (mm) σy(MPa) σu(MPa) c a D t Max Min

FI-1 [21] Internal surface 245 1000 227 406 22.75 4.5 102 8.1 27.54 2.75
FI-2 [21] Internal surface 245 1000 227 406 5.0 5.0 102 8.1 44.76 4.48
FI-3 [21] Internal surface 245 1000 227 406 18.25 3.0 102 8.1 27.54 2.75
FE-1 [22] External surface 600 1260 318 650 18.0 4.3 168 14.8 185.0 18.5
FE-2 [22] External surface 600 4300 450 593 61.5 12.4 324 28.5 460.0 50.0

*Li and Le: internal and external span of the 4-point bending, σy: yield strength, σu: ultimate strength, c: half crack length, a: crack depth, D: external diameter of pipes,
t: pipe wall thickness.

Table 2
The Paris constants for each specimen.

Model index Paris constant

C m

FI-1 [21] × −3.2 10 10 3.72
FI-2 [21] × −3.2 10 10 3.72
FI-3 [21] × −3.2 10 10 3.72
FE-1 [22] × −1.917 10 12 3.195
FE-2 [22] × −2.29 10 14 4.4

*The Paris constant employed in crack growth calculations (in all cases ex-
amined, units for da/dN and dc/dN are mm/cycle, and the SIF in MPa/m1/2,
respectively).

Fig. 6. The procedure of evaluating surface crack growth.
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3.2. The parametric study to determine the geometry correction factor

The boundary correction factor of Eq. (4) is not developed for
bending pipe scenario, further improvements are needed. In Eq. (4),M1,
M2 and M3 are the correction factor for the semi-elliptical shape of the

crack, fφ is the correction factor of the eccentric angle of surface cracks,
and g can be regarded as a correction factor of crack shape evolving
along with crack propagation. These coefficients aim to correct the SIFs
because of the semi-elliptical shape of surface cracks. However, unlike
plates, pipes are closed and curved structures; the fw to correct the finite
width of plates is inappropriate for pipes. Therefore, we introduce fc as
the geometry correction factor for circumferential surface cracked pipe
subjected to bending. The boundary correction factor is then expressed
as

= ⎡
⎣⎢

+ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

⎤
⎦⎥

F M M a
t

M a
t

f gf ,φ c1 2

2

3

4

(12)

where the coefficients except fc are keep constant with those in Eq. (4),
which can be calculated referring to Ref. [13].

In order to determine a rational evaluation method of fc, a FE-based
parametric study is conducted. A series of FE models, which are the
permutation and combination of nine sets of t/D ranging from 0.04 to
0.20 with the interval of 0.02, 19 sets of a/c with the range of [0.2, 1.0]
and interval of 0.1, and seven sets of a/t of [0.2, 0.8] with the interval
of 0.1, are built for internal and external surface cracked pipes re-
spectively. Due to the FE modelling capability, the range of c/d is
limited to (0, 0.8].

The K f/ cI results, which represent the SIF evaluations without con-
sidering fc using Eq. (8), are analyzed before the determination of fc.
The results indicate the semi-elliptical crack shape correction factors,
i.e., M1, M2, M3, ∅f , and g, provide an rational estimation of the SIFs

Fig. 7. (a) global stress distribution of FE model ‘FI-2’; b) local stress distribution around the internal surface crack.

Fig. 8. The comparison of a/c versus a/t between FE results and available ex-
perimental data of internal surface cracks [21].

Fig. 9. The comparison between the available experimental data and the FE results (FE-1 FE, and FE-2 FE): (a) crack growth along the depth direction of FE-1; (b)
crack growth along length direction of FE-1; (c) crack growth along depth direction of FE-2.
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distribution trend along the crack front, while the SIFs are overall de-
viated to the SIFs estimated by FE method. We therefore choose the
deepest point of surface cracks to determine fc. Then the SIFs of the
deepest point of each model are calculated through the FE method,
represented as KI,FE. Then fc can be calculated through

=
⎡
⎣

+ + ⎤
⎦ ∅( ) ( )

f
K

G σ π M M M f g· · · · ·
.c a

Q
a
t

a
t

I,FE

b 1 2
2

3
4

(13)

From Fig. 10, we noticed that the crack shape is influenced by the
curved pipe surface, which might affect the value of fc. In addition, the
fc for the crack on the external or internal surface also might be

Fig. 10. Stress gradient effect on bending nominal distribution around the surface cracks.

Fig. 11. Examples of curve-fitting method of internal surface cracks: (a) fci
1 as a function of t/D and a/c, (b) fci

2 as a function of a/t when a/c=1.0.

Fig. 12. Examples of curve-fitting method of external surface cracks: (a) fce
1 as a function of t/D and a/c, (b) fce

2 as a function of t/D and a/t.
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different. Therefore, the fc for the internal and external surface cracks
are determined respectively by the parametric study, defined as fci and
fce correspondingly.

When obtaining the values of fc with their corresponding t/D, a/c
and a/t ratios through Eq. (13), their inherent relationship is analyzed,
in order to proposed an analytical equation of =f f t D a c a t( / , / , / )ci . By
analysing all the data, it is found that the a/c ratio is an independent
influential factor (shown in Fig. 11a), where fci and a/c can be fitted as
a linear equation with the similar gradient and y-intercept of all cases
with different t/D and a/t ratio. Therefore fci can be expressed as

=f f a c f a t t D( / )· ( / , / )ci cici
1 2 , where f a c( / )ci

1 is

⎛
⎝

⎞
⎠

= +f a
c

a
c

0.081· 0.88.ci
1

(14)

Afterwards, the relationship between f a t t D( / , / )ci
2 and the other two

influential factors t/D and a/t is further investigated. It can be observed
from Fig. 11b that fci

2 has a non-linear relationship with the value of a/t
and t/D. It should be noted that higher order polynomials might be
appropriate to curve-fit fc, which is not adopted in this paper. For the
purpose of simplify calculation, we use a sinusoidal equation to curve-
fit the f a t t D( / , / )ci

2 . In addition, by analyzing the calculated results, it is
found that the periodicity and the phase position are influenced by t/D.
The fci

2 therefore can be expressed as

= ⎛
⎝

+ ⎞
⎠

f ω a
t

φsinci
2

(15)

Once the value of fci
1 of different a/c has been determined, the re-

lation between fci
2 and the a/t with different t/D values are obtained.

Afterwards, through curve-fitting method, the corresponding values of
ω and φ with different t/D ranging from 0.04 to 0.20 are calculated. The
curve-fitting results show that both ω and φ have an approximately
linear relation with the variation of t/D ratio, which are fit as

= − +ω t
D

8.36· 1.15, (16)

= +φ t
D

5.3325· 1.09, (17)

thus

= ⎛
⎝

+ ⎞
⎠

⎛
⎝

+ ⎞
⎠

f ω a
t

φ a
c

sin · 0.081· 0.88 ,ci (18)

with its R-square value equals to 0.948.
The fce is identified by the same method of fci. By data analysis, it is

observed that the fce presents a sinusoidal variation trend with the
variation of a/c ratio, while the t/D ratio influences the amplitude value
and the intercept value, as indicated in Fig. 11a. In addition, fce has a
linear relationship with a/t ratio, of which the slope value is determined
by the t/D ratio, as shown in Fig. 12b. Therefore fce can be expressed as

Fig. 13. The comparison of the normalized SIF f of internal surface crack between the proposed analytical method and the API 579-1/ASME FFS-1 recommended
analytical method [18].

Z. Li, et al. Theoretical and Applied Fracture Mechanics 105 (2020) 102403

8



=f f a c t D f a t t D( / , / )· ( / , / )ce cece
1 2 , where f a t( / )ci

1 is

⎛
⎝

⎞
⎠

= ⎛
⎝

− ⎞
⎠

+f a
c

n a
c

k·sin 4.6· 5ce
1

(19)

Through curve fitting, we found that the value of fce
1 is influence by

t/D as an approximately sinusoidal relation (see in Fig. 12a), where its
periodicity and the phase position are influenced by t/D. Thus through
curve fitting method, the ‘n’ and ‘k’ is fit as

= − +n t
D

0.04· 0.072, (20)

= +k t
D

1.5· 0.8815, (21)

Similarly, fce
2 is influenced by t/D as a linear relation (see in

Fig. 12b),

⎛
⎝

⎞
⎠

= +f a
c

p a
t

q·ce
2

(22)

thus ‘p’ and ‘q’ is fit by curve fitting method as

= − −p t
D

2.705· 0.083, (23)

= +q t
D

0.45· 1.15. (24)

therefore

= ⎡
⎣

⎛
⎝

− ⎞
⎠

+ ⎤
⎦

⎛
⎝

+ ⎞
⎠

f n a
c

k p a
t

q·sin 4.6· 5 · ,ce (25)

which has a R-square value larger than 0.99.
Therefore, the geometry correction factor fc can be used in Eq. (12)

as the boundary correction factor of the proposed analytical formula of
Eq. (8) to evaluate the SIFs of circumferential surface cracks in steel
pipes subjected to bending. The analytical formula covers a wide range
of pipe geometry and surface crack shapes of ≤ ≤a t0.2 / 0.8,

≤ ≤a c0.2 / 1.0, ≤ ≤t D0.04 / 0.20, ≤c d/ 0.8, which can meet most of
the conditions of offshore steel pipes in practical situations.

Fig. 14. The comparison of the normalized SIF f of external surface crack between the proposed analytical method and the API 579-1/ASME FFS-1 recommended
analytical method [18].

Table 3
Pipe specimen category and details.

Specimen L (mm) D (mm) t (mm) a (mm) c (mm)

PE-1-1 2000 168.3 12.76 2.31 4.94
PE-1-2 2000 168.3 12.81 2.48 5.04
PE-1-3 2000 168.3 12.77 2.44 4.89
PE-2-1 2000 168.3 12.70 2.39 3.99
PE-2-2 2000 168.3 12.74 2.44 3.82
PE-2-3 2000 168.3 12.68 2.39 3.99
PE-3-1 2000 168.3 12.61 3.99 4.00
PE-3-2 2000 168.3 12.73 3.96 3.98
PE-3-3 2000 168.3 12.84 3.92 3.97

*The parameters, i.e., D, t, a, c, are measured from each specimens, each of
which is the weighted average of three measurement locations.
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4. Verification of the SIF evaluation of circumferential surface
cracks in steel pipes subjected to bending

In this section, the SIF evaluation by means of the proposed ana-
lytical method is compared with the weight function method, i.e., Eq.
(2), recommended by API 579-1/ASME FFS-1 [18]. The boundary
correction factor F evaluated by weight function is calculated by

= + + + + + +F A A β A β A β A β A β A β· · · · · · ,0 1 2
2

3
3

4
4

5
5

6
6 (26)

where the value of A0 to A6 are referred to the corresponding table
sorted by the value of t/Ri, a/c, and a/t. β is given as

=β φ π2 / (27)

here, the range of φ is defined as [0, π]. Therefore, the eccentric angle φ
for the surface point in Eq. (2) is defined as zero.

In this section, considering the limited tabulated values of t/Ri, a/c,
and a/t provided by Ref. [18], as well as the common surface crack
profiles and pipe dimensions (e.g., in most cases, thick-wall pipes are
applied) in offshore steel pipe scenarios, the SIF of both internal and
external surface cracks within different profiles and pipe dimensions

are calculated by the two analytical methods. The t/Ri ratio of 0.1 and
0.2, a/c ratios of 0.25, 0.5, and 1.0, a/t ranges from 0.2 to 0.8 with the
interval of 0.2 are chosen for the verification. Note that other values of
t/Ri, a/c, and a/t are impossible to be calculated by Eq. (2) because the
corresponding values of A0 to A6 are not included in reference table.
The comparison applied the normalized SIF to better illustrate their
difference, which is

=f K
σ π·

.
a
Q

I

b (28)

Then the results using the proposed analytical method (results
marked as ‘Ana.’) and the API recommended analytical method (results
marked as ‘API’) are compared. Fig. 13 shows the result comparison of
internal surface cracks in steel pipes, which indicates that the results
evaluated by the proposed analytical method match well with the re-
sults calculated by the API recommended method, with an average
error of 2.6% for the deepest point, and an average error of 3.8% for the
surface point. The result comparison of external surface cracks in steel
pipes are shown in Fig. 14, the results evaluated by the proposed
analytical method match well with the results from the API re-
commended method, with an average error of 2.3% for the surface
point and an average error of 2.8% for the deepest point.

In summary, the verification by means of the API recommend
method indicated that the proposed analytical method managed to
accurately evaluate the SIF of the surface crack. In addition, unlike the
API recommended method which is only able to calculated the SIF with
limited tabulated t/Ri, a/c, and a/t ratios, the proposed analytical
method is able to evaluate the SIF along the surface crack front con-
tinually during the surface crack growth process within the range of

≤ ≤a t0.2 / 0.8, ≤ ≤a c0.2 / 1.0, ≤ ≤t D0.04 / 0.20, ≤c d/ 0.8.

5. Experimental validation of circumferential surface cracked
steel pipes subjected to fatigue bending

Experimental studies are conducted in order to further validate the
feasibility of the proposed analytical method in terms of predicting

Fig. 15. Four-point bending test set-up: the schematic and specimen configuration is shown in left; actual test set-up is shown in right.

Fig. 16. The load spectrum and beach mark generating procedure.

Fig. 17. Beach marks on the cross-section of three pipe bending specimens.
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surface crack growth rate. The experimental results of crack growth rate
of external surface cracks in steel pipes subjected to bending are ob-
tained. At the meanwhile, the analytical formula for internal surface
crack in steel pipes subjected to bending is validated through available
experimental data from literature [21]. It should be noted that three

data sets different from those used for validation of FE method are
utilized herein to validate the analytical method.

Table 4
Fatigue test results of circumferential external surface cracked pipes subjected to bending.

Specimen PE-1-1 PE-1-2 PE-1-3 PE-2-1 PE-2-2 PE-2-3 PE-3-1 PE-3-2 PE-3-3

Cycles a c a c a c a c a c a c a c a c a c

0 3.79 5.51 6.69 7.82 4.29 5.80 5.34 6.53 5.05 6.03 6.07 6.98 5.34 5.78 5.82 6.23 5.52 5.96
10,000 3.99 5.56 7.25 8.17 4.57 5.96 6.03 7.33 5.68 6.72 7.2 8.07 6.29 6.71 6.61 7.43 6.38 6.86
20,000 4.36 5.77 8.48 9.64 5.14 6.29 6.98 8.24 6.58 7.79 8.79 10.51 7.45 8.01 7.72 8.92 7.48 8.43
30,000 4.87 6.02 10.24 12.74 6.02 7.17 8.47 10.16 7.84 9.46 10.81 14.08 8.86 10.43 9.32 11.61 8.76 10.77
40,000 5.55 6.62 NIL NIL 7.15 8.71 9.77 13.38 9.27 11.93 NIL NIL 10.84 13.96 11.18 15.32 10.35 14.4
50,000 6.67 7.67 NIL NIL 8.720 10.91 11.86 18.46 10.86 15.76 NIL NIL NIL NIL NIL NIL NIL NIL
60,000 8.09 9.62 NIL NIL 10.80000 13.92 NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL
70,000 10.11 12.01 NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL NIL

*All units of a and c are in mm.

Fig. 18. The results comparison of PE-1: (a) crack growth along depth direction; (b) crack growth along length direction; (c) crack aspect ratio variation.

Fig. 19. The results comparison of PE-2: (a) crack growth along depth direction; (b) crack growth along length direction; (c) crack aspect ratio variation.

Fig. 20. The results comparison of PE-3: (a) crack growth along depth direction; (b) crack growth along length direction; (c) aspect ratio variation.
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5.1. Pipe materials and specimen preparation

Offshore seamless steel pipe API 5L X65, conforming to API code
[27], has been used for the experimental study. The pipes have a
168.3 mm external diameter and approximately 12.7 mm thickness.
The pipe material has a yield stress of 448MPa, and tensile stress of
530MPa, provided by pipe manufacturer.

The detailed parameters of pipe specimens are shown in Table 3.
Three types of semi-elliptical notches with different aspect ratio are set
up in the pipe specimens. The notches are made by Micro Electric
Discharging Machining (Micro-EDM). Each specimen category have
three repetitive specimens. For instance, for specimen ‘PE-1-1’, ‘P’
means pipe, ‘E’ represents external surface crack, the first ‘1’ stands for
the first type of notch, and the second ‘1’means the No. of the repetitive
specimen.

5.2. The full scale pipe bending test

The fatigue tests have been carried out under constant amplitude
sinusoidal cyclic loading, generated by MTS Hydraulic Actuator, which
has a capacity of 1000 KN. The schematic of test set up is shown in
Fig. 15. The load was applied in four-point bending condition to ensure
a pure bending statue for the cracked location. In addition, the inner
span Li is designed more than four times larger than the pipe diameter
to eliminate possible negative effects from the loading cells, which is
800mm, while the external span Le is 1800mm. Therefore, the bending
arm of the test is 500mm.

Before the fatigue test, a pre-cracking procedure has been conducted
to generate fatigue surface cracks initiated from the semi-elliptical
notch. This procedure contains two stages of which adopt 80% yield

stress and 60% yield stress respectively, as the load amplitude of the
constant amplitude sinusoidal cyclic loading. Each stage conducts a
certain number of cycles until the surface crack propagate at least
1.0 mm [28]. Then the size of the surface crack after the pre-cracking
procedure is regarded as the initial crack size of the surface cracked
specimen, which is therefore ready for the fatigue crack growth test.

All the fatigue tests are conducted at room temperature and air
environment under load control condition. The loading frequency for
pipe bending test is set as 2.5 Hz. The stress ratio R maintained 0.1 for
the crack growth of all tests. The crack growth process is recorded by
beach marking technique by means of changing the stress ratio R to 0.5
and cycle for 5000 times, as described in Fig. 16.

5.3. Experimental results and validation of the analytical method

After each test, the cross-section of bending specimen has been
sampled around the cracked area by oxy-acetylene cutting. Then the
beach marks recorded on the cross-section were obtained, as shown in
Fig. 17. The crack growth between each adjacent beach marks re-
presents 10,000 cycles; therefore, the cyclic number corresponding to
each crack size was recorded, and then measured by an electronic
reading microscope. Fig. 17 clearly demonstrates multiple initiations of
surface cracks along the notch front, and surface crack continually
propagates as a semi-elliptical shape until the crack penetrates the pipe
wall. The fatigue tests results are shown in Table 4, all the units of a and
c are in mm.

The test results of crack depth and its corresponding cyclic numbers
of the specimens with the same notch size were modified to start from a
given starting point, in order to identify the repeatability of the results.
Then the surface crack growth of each category was estimated using the
procedure shown in Fig. 6: the SIFs of each scenario were calculated by
the corresponding proposed analytical method, and the crack growth
rate was then estimated using the Paris law. In this part, the material
constant C is × −3.98 10 13 ( KΔ in MPa/mm1/2), and m is 2.88, provided
by BS 7910 [20] and API 579–1/ASME FFS-1 [18]. Figs. 18–20 shows
the comparison of surface crack growth predicted by the analytical
method and the test results. In addition, those results were compared
with the results evaluated by Newman-Raju’s method [13]. It should be
noted that the stress ratio for all external loads herein examined is equal
to R= 0.1.

It is clearly indicated from Figs. 18 to 20 that the experimental re-
sults of external surface crack growth in pipes subjected to bending

Table 5
Detailed information related to geometries, loading and material parameters for
the specimens with internal surface crack.

Specimen Initial geometry parameters
(mm)

Load condition
(KN)

Material constant

c a D t Max Min C m

PI-1 6.0 3.0 102 8.1 28.92 2.89 × −3.2 10 10 3.72
PI-2 6.0 6.0 102 12.7 30.30 3.03 × −3.2 10 10 3.72
PI-3 6.0 3.0 102 12.7 35.95 3.60 × −3.2 10 10 3.72

*Unit for da/dN and dc/dN are mm/cycle.

Fig. 21. The results comparison of internal surface crack specimens of the experimental results (EXP) [21], the analytical method and Newman-Raju’s method: (a) a/
c versus a/t ratio; (b) fatigue life cyclic numbers.
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have a good repeatability. The results estimated by the proposed ana-
lytical formula, i.e., PE-1 ANA, PE-2 ANA, and PE-3 ANA, agree well
with the experimental results, which perform better than the Newman-
Raju’s method [13]. In addition, rather than underestimating the crack
growth rate, the proposed analytical method stands on the conservative
side for the case of PE-1 and PE-2, which might be safer for usage.
Similar to the Newman-Raju’s method, the a/c versus a/t ratio have
been underestimated by the proposed analytical method (see in
Figs. 18c, 19c and 20c). The reason might be that the Paris constant C of
the surface point and deepest point are different due to a larger plastic
zone around the surface point [29]. However, the analytical results
agreed better with the experimental data for the a/c versus a/t ratio,
owing to the proposed bending correction factor G.

The analytical method of estimating the SIFs of internal surface
cracks in pipes subjected to bending is validated by three groups of
available experimental data from Ref. [21], with different t/D and in-
itial a/c ratio, as given in Table 5. The results of a/c versus a/t ratio are
shown in Fig. 21a, which illustrates that the analytical method can
predict the variation of the crack profile during the fatigue process
more accurately than the Newman-Raju’s method. In addition, the fa-
tigue lives of the three specimens predicted by the analytical method,
which is the cycles of the crack propagate from the initial size till pe-
netrating the wall, match well with the experimental data, only with an
maximum error of 4.79% for PI-2, as shown in Fig. 21b.

6. Conclusions

Surface crack growth is a major threat to the structural integrity of
offshore steel pipes. Accurately predicting surface crack growth is of
great importance to avoid accidents such as leakage and collapse. To
date, a series of analytical methods have been developed to estimate the
SIFs of surface cracks. However, the influence of the pipe geometry and
bending load case have not been fully considered, which often lead to
either conservative or non-conservative predictions.

Given that, an analytical method to evaluate the SIFs of cir-
cumferential surface cracks in steel pipes subject to bending has been
proposed by introducing the bending correction factor G, and the
geometry correction factor fc. The bending correction is deduced in
light of bending stress gradient; while the geometry correction factor is
determined by a FE-based parametric study. Owing to a large data set
requirement by the parametric studies, three-dimensional finite ele-
ment (FE) models of evaluating SIFs of circumferential surface cracks
are developed and validated.

The proposed analytical method is verified by means of the API
recommended analytical method. The SIF results evaluated by the
proposed analytical method match well with the results from the re-
commended analytical method, with an average error of about 2.9%. In
addition, the proposed analytical method is not restricted to the limited
tabulated t/Ri, a/c, and a/t ratios, which is capable of continually
evaluating the SIF along the surface crack front during the surface crack
growth process.

Fatigue experimental investigations have been conducted on ex-
ternal surface cracked API 5L X65 pipes to validate the analytical
method for external surface crack growth; while available experimental
data were employed to validate the analytical method for internal
surface crack growth. The SIF results evaluated by the proposed ana-
lytical method matched well with the API recommended analytical
method. The prediction of surface crack growth by combing the pro-
posed analytical method and the Paris’ law matched well with the ex-
perimental results, provided a more accurate prediction than the
Newman-Raju’s method. The results of a/c versus a/t ratio were un-
derestimated by the analytical method. The reason might be that the
Paris constant C of the surface point and the deepest point might be
different due to a larger plastic zone around the surface point. In con-
clusion, the analytical method is appropriate to evaluate the SIF of
circumferential surface cracks in steel pipes subjected to bending,

which can be utilize for practical purposes to evaluation circumferential
surface crack growth and predict residual fatigue life of cracked steel
pipes.
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