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Human Threshold Model for Perceiving Changes in
System Dynamics

Wei Fu , M. M. van Paassen , Senior Member, IEEE, and Max Mulder , Member, IEEE

Abstract—Limitations of a haptic device can cause distortions
of the force feedback it presents. Just-noticeable difference (JND)
in system dynamics is important for creating transparent haptic
interaction. Based on the previous work, this article presents a
unified model that extends the existing JND rule. Our approach
projects the JNDs in the mechanical properties of a second-order
mass-spring-damper system onto the real and imaginary com-
ponents of the system’s frequency response function (FRF). We
discuss the results of two experiments and show that the JNDs
obtained for both the real and imaginary components can be
expressed as the same fraction of, and thus are proportional to, the
magnitude of the total system’s FRF. Furthermore, the findings are
generalized to cases where the system’s dynamics order is different
than two. What results is a unified model that accurately describes
the threshold for changes in human perception of any linear system
dynamics with only two dimensions: the real and imaginary axes
in the complex plane.

Index Terms—Difference threshold, frequency response function
(FRF), haptics, just-noticeable difference (JND), mass-spring-
damper systems, Weber’s law.

I. INTRODUCTION

A T PRESENT, haptic displays are becoming increasingly
indispensable in many manual control tasks. By providing

the force feedback, a control device (e.g., a manipulator) acts as
the haptic interface between a human operator and the system
being controlled. More importantly, haptic presentation enables
one to physically act upon what one feels, making a task more
intuitive [1]–[6].

Depicting the desired system dynamics correctly is important
to ensure that operators can rely on their skills to proficiently
accomplish tasks. However, the information that the force feed-
back carries about the system dynamics one intends to present
is inevitably distorted. This is due to limitations of control
systems and actuators [7], time delays in communication [8],
and compromises needed to resolve stability issues [9]–[14].

Aiming for perfect transparency can place excessive, and even
unnecessary demands on haptic devices, as some distortions
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may not even be perceived by the human operator. A human-
centric assessment is more appropriate to determine whether a
particular haptic device performs in a satisfactory way, allowing
more room for balance between transparency and stability. To
this end, it is crucial to know how large a distortion of the
system dynamics must be to provide the human operator with
a noticeably different experience of that system. Thresholds
for human perception are typically known as just-noticeable
difference (JND) [15], [16]. Attempts to directly measure the
JND in perceiving system dynamics are scarce, however. It
is challenging to select representative control variables, and a
systematic approach to generalize results from a limited number
of studies is currently lacking.

Perception of properties such as inertia or stiffness requires an
active manipulation of the device or object being manipulated.
In research on “dynamic touch,” related work on the perception
of higher order properties of manipulated devices has been per-
formed. Examples are—among others—the haptic perception of
object length and inertia [17], the perception through nonlinear
stiffness of the distance-to-break in biological tissue [18], [19],
or the perception of viscosity [20]. This work shows that hu-
mans are able to estimate relevant higher order properties from
mechanical systems through active manipulation, and that the
accuracy with which these properties are estimated follows a
Weber–Fechner relationship.

As mass-spring-damper mechanical systems account for the
majority of manipulators applied in systems and vehicles where
manual control is needed, and in many systems we come across
in daily life, many previous studies focus on the JNDs in
perceiving changes in stiffness, mass (or inertia), damping or
combinations of these [21]–[27]. In general, Weber’s law applies
when humans sense each of these three properties in isolation.
For example, the human JND in spring stiffness, in the case of
a system with negligible inertia and damping, is indeed propor-
tional to the selected stiffness [25]. However, the interactions
between perceiving any of the three properties are difficult
to predict from the isolated measurements. The JND in each
property of a mass-spring-damper system seems to be affected
by variations in the other two properties. As an example, our
ability to discern a change in a system’s damping varies with that
system’s inertia and stiffness properties [28], [29]. This fact, vio-
lating Weber’s law, limits the generalization of previous findings
and the formulation of a general concept. However, as in work on
dynamic touch [17], describing the dynamics in an integrated,
higher order variable might provide a solution to predicting
human accuracy in assessing and matching device dynamics.
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This article explains the current state of the art in modeling
human difference thresholds in perceiving system dynamics
from force feedback. A part of the results and a preliminary
analysis is also published in [30]. In this article, a substantial
extension with new evidence that leads to a unified model of
human difference threshold is made. We first continue on our
latest work [29], explore in depth the characteristics of all JNDs
in perceiving mechanical properties, and focus in particular on
understanding the interactions between these.

Furthermore, we will bridge the existing gap between JNDs in
isolated mechanical properties and the JND in the total dynamics
of a system. This connection is based on the fact that a system’s
behavior perceived by an operator is primarily determined by the
frequency response function (FRF) of that system. In Section II,
we will further elaborate this connection and show that the JND
in each of the three mechanical properties in fact represents the
FRF’s JND in one particular direction in the complex plane. This
also allows us to generalize the experimental findings to higher
order system dynamics, leading to a unified human threshold
model.

The remainder of this article is organized as follows. The
following section elaborates on our previous findings, and lays
the foundations for the transition from the JNDs in mechanical
properties of a mass-spring-damper system to the JNDs in the
real- and imaginary-part frequency response of that system.
Section III discusses a first experiment, which extends our
previously proposed JND rule to systematically describe the
interaction between the JNDs in the two complex components.
Section IV validates the unified threshold model and shows that
the JND in both parts has the same value. Section V generalizes
the unified model for the JNDs in the two complex parts, and
extends our findings to systems with arbitrary dynamic orders.
Section VI discusses the findings, and puts forward challenges
for future research. Finally, Section VII summarizes our contri-
butions.

II. PRELIMINARIES

Assume that a haptic control manipulator presents the dy-
namics of a mass-spring-damper system. Define H(ωj) as the
FRF that describes the relation between the device displacement
(or deflection angle) X(ωj) and the force (or torque) F (ωj)
feedback

H(ωj) =
F (ωj)

X(ωj)
= k −m · ω2

︸ ︷︷ ︸

�H(ωj)

+ b · ω · j
︸ ︷︷ ︸

�H(ωj)

(1)

where �H(ωj) and �H(ωj) denote the real and imaginary
components of the complex-valued FRF. These two parts, re-
spectively, determine the in-phase and the out-of-phase force
response to the displacement. Note that the imaginary number j
means that the force response generated by the system’s damping
has a 90◦ phase difference with respect to an input displacement.

The real part�H(ωj) is comprised of the frequency response
of system’s stiffness k and inertia m, and the imaginary part
�H(ωj) is the frequency response of the system’s damping b.
Thus, changes in a mechanical property can be characterized as
changes in one of the two complex parts of system’s FRF. One

can directly see that changes in the real part could cause the
perceived stiffness and inertia to change, and that changes in the
imaginary part can lead to variations in the perceived damping.

Hence, the JNDs in the three mechanical properties (m, k,
b) can be linked to JNDs in the real and imaginary parts of the
system’s FRF. This makes it possible to directly study the JND
in the dynamics of a system. Our previous studies showed that
an interaction exists between human perceptions of stiffness and
mass (or inertia), due to the fact that these properties together
define the real part of the system’s frequency responses [29],
[31].

It was found that human JNDs in these two mechanical
properties are also coupled, and can be integrated into the JND
in the real-part dynamics [29]

Δ�H(ωj)jnd = Δkjnd −Δmjnd · ω2 (2)

where Δkjnd and Δmjnd are the “JND in stiffness” and “the
JND in inertia,” respectively.

Along similar lines, from (1) one can see that the “damping
JND” Δbjnd can be represented by the JND in the imaginary
part

Δ�H(ωj)jnd = Δbjnd · ω · j. (3)

Now, a time-domain variable is a function of time, whereas
a frequency-domain variable is a function of frequency. Hence,
to understand the characteristics of the JNDs in the frequency
response [those given by (2) and (3)], we need to collect the
measurements at different frequencies.

A convenient approach is to confine haptic interactions to each
individual frequency. Investigations were carried out at a single
frequency of 6 rad/s in our previous study [29]. There, we found
that the joint JND in stiffness and mass (or inertia)—the JND
in the real part—can be expressed with Weber’s law when the
system’s damping is negligible (b ≈ 0)

∣

∣

∣

∣

Δ�H(ωj)jnd
�H(ωj)

∣

∣

∣

∣
= constant. (4)

Furthermore, it was found that the human JND in a system’s
damping is affected by the system’s stiffness and inertia. That
is, the JND in the imaginary part is affected by the real-part
dynamics [29]. Our investigation into this effect demonstrated
that this JND is proportional to the magnitude of the system’s
total frequency response [29]

∣

∣

∣

∣

Δ�H(ωj)jnd
H(ωj)

∣

∣

∣

∣
= constant. (5)

This equation can be seen as an extension of Weber’s law. It
also shows the effect of �H(ωj): when the real part �H(ωj)
increases, the magnitude of H(ωj) increases as well, and as
a result the JND in the imaginary part (or damping) becomes
higher.

Now we have shown that the JND in the imaginary part is
affected by the real-part dynamics. An important question that
arises, is whether the same holds for the JND in the real part.
Based on the fact that these two complex components reflect
orthogonal dimensions in the complex plane, one can expect
that both dimensions will indeed affect each other. It could be
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that (4) is in fact a simplification of this universal property, a
simplification that excludes the effect of the imaginary com-
ponent. As can be seen from (1), when a system’s damping is
negligible, the real component equals the system’s frequency
response (i.e., �H(ωj) = H(ωj) when b = 0). In this case, (4)
and (5) are in fact in the same form. We therefore hypothesize
that the effect of the imaginary part on the JND in the real part
(i.e., the effect of a system’s damping on the JND in that system’s
stiffness and inertia), can also be described by the system’s total
frequency-response magnitude, in the same way as in (5). The
following two sections present two experiments performed to
investigate this hypothesis, and others, to obtain a unified model
for all human thresholds in perceiving dynamics with haptic
force feedback manipulators.

III. EXPERIMENT 1: REVISITING THE JND IN PERCEIVING

REAL-PART DYNAMICS

A. Method

1) Dependent and Independent Variables: To test our hy-
pothesis, the first experiment will study the effect of�H(ωj) on
Δ�H(ωj)jnd, and in particular, to examine whether this effect
can also be expressed using the model given in (5). To this end,
mass-spring-damper systems that differ in the imaginary-part
dynamics will be used to measure Δ�H(ωj)jnd. To extend the
model, investigations will be conducted at different manipulator
movement frequencies ω.

In addition, the model needs to be validated under different
signs of the real-part dynamics. As can be seen from (1), the sign
of �H(ωj) depends on the stiffness and inertia properties, as
well as on the current input frequency. This FRF component acts
as a gain, and the force response it generates can be expressed
as

Fsi(ωj) = X(ωj) · |�H(ωj)| · ej∠�H(ωj)

where ∠�H(ωj) =

{

0◦ if �H(ωj) > 0

180◦ if �H(ωj) < 0
.

(6)

Hence, a spring force that resists the manipulator displacement is
produced when�H(ωj) > 0; an inertia force proportional to the
acceleration is produced when �H(ωj) < 0. These two force
responses have opposite directions. To ensure that the model
can describe the JND in the real part of a system’s FRF over the
entire complex plane, evaluation of different response directions
must be conducted.

2) Experimental Conditions: The experiment has nine con-
ditions. Table I lists the exact system parameters and independent
variables, and Fig. 1 shows the system dynamics defined by the
nine conditions in the complex plane. Note that the numbers
are given with a rotational unit (e.g., N·m for force and rad
for displacement). As can be seen, the JND for each condition
will be measured at a single frequency of haptic interaction ωi.
This will be achieved by asking our subjects to track a sinusoidal
signal during the experiment, such that they will be able to apply
(an approximately) sinusoidal movement to the manipulator.
Section III-A6 describes the tracking task in greater detail.

Conditions C1–C5 measure the JND in a positive �H(ωi),
which contributes a spring behavior, at an input frequency of

TABLE I
CONDITIONS OF EXPERIMENT 1

Fig. 1. Experimental conditions shown on the complex plane.

6 rad/s. In addition, they define five levels of�H(ωi), the ratio of
which to�H(ωi), r, ranges from 0 to 2. Measurements for these
five conditions will show how �H(ωi) affects Δ�H(ωij)jnd.
To test the effect of the input frequency, conditions C6 and
C7 define a movement frequency of 8 rad/s. The effect will
be evaluated at two different ratios between the two complex
parts. Conditions C8 and C9 define a negative �H(ωi), which
generates an inertia response, to study the effect of the system’s
response direction (the sign of �H(ωij)) on the JND. These
two conditions differ in the ratio between the two complex
components.

The system dynamics defined in Table I are realized using
mass-spring-damper systems. The three parameters k, m, and
b [see (1)] are set according to the following rule to obtain the
desired values of �H(ωi) and �H(ωi):

k =

{

�H(ωij) + 0.01ωi
2 if �H(ωij) > 0

0 if �H(ωij) < 0

m =

⎧

⎨

⎩

0.01 if �H(ωij) > 0
−�H(ωij)

ω2
i

if �H(ωij) < 0

b =
�H(ωij)

ωij
.

(7)
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Fig. 2. (a) Experimental devices (i.e., the side-stick manipulator and the LCD
screen). (b) Details of the tracking task that was shown on the LCD screen.

In this article, units of these three parameters are: N·m/rad for
k, N·ms/rad for b, and kg·m2 for m.

As shown by (1), at each single frequency the combination
of k and m that leads to a particular �H(ωij) is not unique.
In other words, the condition settings defined in Table I can in
fact be realized by an infinite number of systems with different
stiffness and inertia (these systems have the exact same harmonic
response to the sinusoidal input defined at the corresponding
frequency). In order to measure human JND in the system
dynamics using the staircase procedure given in Section III-A5,
a criterion should be available for subjects. By using the pa-
rameter settings obtained via (7), measuring Δ�H(ωij)jnd can
be simplified into measuring the stiffness JND (for conditions
where �H(ωj) > 0) and the inertia JND (for conditions where
�H(ωij) < 0). Ideally, the inertia m in (7) should be set to zero
for �H(ωij) > 0. However, a minimal setting for the inertia of
0.01kgm2 has to be maintained to guarantee the system stability.

3) Experimental Devices: The experiment was conducted
in TU Delft’s Human–Machine Interaction Laboratory, with
Fig. 2(a) illustrating the used devices. A side-stick manipulator
(an admittance haptic device) driven by an electro-hydraulic ac-
tuator was used to present the mass-spring-damper systems de-
fined by the experimental conditions. Position of the manipulator
and the moment that the subject exerts on the manipulator are led
through low-pass filters (bandwidth= 200 Hz) before being read
into the laboratory computer at the execution frequency of the
manipulator’s control system (2500 Hz). The position-following

bandwidth of the manipulator’s control system is around 40 Hz.
Therefore, the desired system dynamics at the desired input
frequencies (around 1 Hz) can be accurately realized. The ma-
nipulator is equipped with a handle with a diameter of 35 mm,
which provides grooves for placement of the fingers. When the
subject correctly places his/her hand on the handle, the center
of the hand is 90 mm above the manipulator rotation axis. The
manipulator can be deflected in the left/right direction (lateral)
like a joystick, and its motion in fore/aft direction is fixed at
the neutral position. During the experiment, an liquid-crystal
display (LCD) screen was placed in front of the subject to assist
the subject in realizing the prescribed sinusoidal manipulator
movement (see Section III-A6 for information about the tracking
task).

4) Participants: The experiment was performed by nine sub-
jects, who were all right-handed and did not have a history of
impairments in moving their arms or hands. The experiment
was approved by the Human Research Ethics Committee of TU
Delft, and informed consent was obtained. Sufficient training
was performed by all subjects before the measurements started.

5) Experimental Procedure: This study only investigates the
upper JNDs (the threshold for perceiving an increase in the stim-
ulus). A one-up/two-down staircase approach [32] was adopted
to measure the JND. In general, the staircase procedure needed
approximately 20–30 runs to finish. Each run consisted of two
6.3-s simulations. In one of the two simulations, the manip-
ulator realized the reference system dynamics defined by the
experimental condition being tested [see Table I and (7)]. In the
other simulation, the subject experienced a controlled system,
which only differed from the reference system in the mechanical
property being tested (stiffness in the case of conditions C1–C7
where �H(ωij) > 0, inertia in the case of conditions C8–C9
where �H(ωij) < 0). The sequence of the two simulations in
each run was randomly based on a prior probability of 0.5.

The difference in the corresponding mechanical property
between the two systems was an adjusted increment. Therefore,
the controlled system had higher stiffness or inertia than the ref-
erence system. In each simulation, the subject needed to interpret
the manipulator dynamics while moving the manipulator with
the prescribed sinusoidal movement. After each experimental
run, the subject was required to answer in which of the two sim-
ulations (s), he experienced the stronger manipulator stiffness
(in the case of conditions C1–C7) or the higher manipulator
inertia (in the case of conditions C8–C9). The increment for
the next run was then adjusted according to the correctness of
the subject’s answer, and would gradually converge to the upper
JND. Readers are referred to our previous work [29] for more
details about this staircase procedure.

6) Tracking Task: Our subjects were asked to perform a
preview tracking task [33] in each simulation to ensure that
they would interact with the side-stick manipulator at the desired
frequencies. Fig. 2(b) shows the details of the task. The reference
manipulator deflection angle is a sine signal

θref(t) = 0.37 · sin(ωit). (8)
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TABLE II
JND MEASUREMENTS (MEAN ± 95%CI)

Here, the deflection angle is given in radians. ωi is the desired
frequency of the manipulator movement (6 or 8 rad/s, see
Table I). In the experiment, the first and last full cycle of the
sine signal were used as fade-in and fade-out phases. During
the fade-in phase, the amplitude of the reference signal linearly
increases from 0 to 0.37. During the fade-out phase, it decreases
from 0.37 to 0.

The subject was encouraged to reduce the tracking error as
possible as (s)he could. The tracking error is the difference
between the current manipulator deflection θm(t) [the “◦” in
Fig. 2(b)] and the current reference deflection θref(t) (the “+”).
These two symbols can only move horizontally, corresponding
to the lateral movement of the manipulator. The visual preview
of the reference is shown as a winding curve. It presents 1.5-s
future information about the reference signal θref .

B. Results

All participants performed the tracking task well. We eval-
uated the actual manipulator movement frequencies in all the
experimental runs. The average frequency only deviates from the
desired values by less than 2%. This ensures that the experimen-
tal observations accurately reflect the effects of the independent
variables under the desired conditions.

Table II and Fig. 3 show the JND measurements, expressed
with subjects’ means and 95% confidence intervals corrected
for between-subject variability. When examining the JNDs mea-
sured under conditions C1–C5 (systems with the same stiffness
and inertia, but different damping), it can be seen that the JND
exhibits a clear increase as the ratio between the two complex
components (r) increases. The result from a one-way repeated
measures analysis of variance (ANOVA) indeed reveals a sig-
nificant effect of r (F (4, 32) = 8.1, p < 0.01).

Two one-way repeated measures ANOVAs are carried out
independently to examine: 1) the differences among conditions
C1, C6, and C8; and 2) the differences among conditions C5,
C7, and C9. Results show that when the damping of the system
presented to our subjects is negligible (i.e., r = 0.0, conditions
C1, C6, and C8), the changes in the input movement frequency
(ωi) and the response direction (the sign of�H(ωi)) do not have
any significant effect on the JNDs (F (2, 16) = 0.21, p > 0.05).
When the damping of the presented system is high (i.e., r= 2.0,
conditions C5, C7, and C9), the same conclusion can be drawn
(F (2, 16) = 0.74, p > 0.05).

Fig. 3. Measured
∣

∣Δ�H(ωij)jnd

∣

∣, which is shown with the subjects’ means
and 95% confidence intervals corrected for between-subject variability.

These results confirm our hypothesis that the imaginary part
of the system’s dynamics affects the resolution of human per-
ception of the system’s response generated by the real part
(i.e., �H(ωj) affects Δ�H(ωj)jnd). The JND in a system’s
stiffness and inertia violates Weber’s law when the system’s
damping varies (since Weber’s law expects no differences among
conditions C1–C5, between conditions C6 and C7, or between
conditions C8 and C9). In addition, the JND in the real-part
dynamics and the effect of the imaginary part on it are inde-
pendent of changes in the sign of the real part and variations
in the input movement frequency. In other words, humans have
similar thresholds for perceiving changes in the spring and iner-
tia forces, and these thresholds remain approximately constant
over a relatively low-frequency range. When a system possesses
higher damping, inertia and stiffness changes must be larger
before humans are able to notice these differences.

C. Model Validation

To examine whether the JND in the real part can also be
described by the model given in (5), the measured JND for
each condition is normalized to the magnitude of the frequency
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Fig. 4. Ratio of the measured
∣

∣Δ�H(ωi)jnd

∣

∣ to |H(ωij)| (i.e., the normal-
ized JNDs). The ratios for different conditions are shown with the sample means
and 95% confidence intervals corrected for between-subject variability.

response of the corresponding system, according to

Δreal,jnd =

∣

∣

∣

∣

Δ�H(ωij)jnd
H(ωij)

∣

∣

∣

∣
. (9)

Fig. 4 shows Δreal,jnd for all conditions. The normalized
JNDs remain approximately constant over the nine conditions,
with an average of 12.2%. The result from a one-way repeated-
measures ANOVA shows that there is no significant difference
among the conditions (F (8, 64) = 0.59, p > 0.05). The validity
of the model is therefore confirmed, indicating that the magni-
tude ofΔ�H(ωj)jnd is proportional to the magnitude ofH(ωj).

This finding leads to an extension of Weber’s law for the joint
JND in stiffness and inertia. When considering the frequency
response of the system to be the reference stimulus, the relative
change in its real-part dynamics, which alters the perception, is
constant
∣

∣

∣

∣

Δ�H(ωj)jnd
H(ωj)

∣

∣

∣

∣
=

∣

∣

∣

∣

Δkjnd −Δmjnd · ω2

k −m · ω2 + b · ω · j
∣

∣

∣

∣
= constant. (10)

D. Discussion

Experiment 1 demonstrates the effect of a system’s damping
on human perception of the system’s stiffness and inertia. The
observed variations in the JNDs caused by the changes in the
damping cannot be properly described by Weber’s law. As
expected, the joint JND in stiffness and inertia increases as the
system’s damping increases.

The results provide some useful insights into the transparency
evaluation of haptic interfaces, in terms of the displayed stiffness
and inertia. On the one hand, higher system damping allows
for larger distortions of stiffness and inertia. The high demands
put on the control system and hardware, when simulating small
inertia and high stiffness, can therefore be alleviated. This will
in turn allow for a greater stability margin. On the other hand, an
increase in a system’s damping can reduce the human ability to
discern changes in the system’s stiffness and inertia properties.

This effect must be considered by designers when additional
damping is added into the system dynamics, e.g., in order to
improve the stability of the system [14], [34].

Our previous work [29], [31] allows us to relate human percep-
tion of the three mechanical properties of a mass-spring-damper
system to the real and imaginary parts of the system’s dynamics.
The current study reveals an effect of the imaginary part on the
JND in the real part. This effect is similar to that shown by
our previous study between the real part and the JND in the
imaginary part [29]. Results show that these mutual interactions
can be described by a unified rule, which suggests that the
JND in each complex part is proportional to the total system’s
frequency-response magnitude |H(ωj)|.

The results also show that the model is able to describe the
JND for different movement frequencies. Although the exper-
iment investigates only a relatively small variation in the fre-
quency, our findings can still be applied to a wide range of man-
ual control tasks, where the input movement is predominantly
produced by the human arm (such as car driving and aircraft
flying). This is because in these tasks the frequency content of
human control inputs mainly appears at a low-frequency range
(usually below 2 Hz), which is limited by the neuromuscular
system [35].

IV. EXPERIMENT 2: GENERALIZING THE JND IN SYSTEM

DYNAMICS

Experiment 1 showed that the JNDs in the real and imaginary
parts are governed by the same rule [see (5) and (10)]. In this
section, we discuss the results of a second experiment, which
was set up to investigate whether or not the two JNDs can be
described by the same ratio, that is, whether the same constant
applies to both (5) and (10).

A. Method

1) Dependent and Independent Variables: The experiment
draws comparisons between the JND in the real-part dynam-
ics and the JND in the imaginary-part dynamics. Three input
frequencies ω were tested. At each frequency, the two JNDs
were obtained from only one system. This is because the JND
rules (i.e., the proportional relation) stated by (5) and (10) are
independent of the system dynamics (i.e., no matter how the
denominator changes, the proportional relation will not change).
Thus, the finding obtained from a single system is representative
and applies to all other systems.

A factorial design results in six conditions, listed in Ta-
ble III. For simplicity, the real and imaginary parts of the
system dynamics tested in the experiment are the same (i.e.,
�H(ωij) = �H(ωij)). In addition, the magnitude of these two
parts is kept the same for all the three frequencies. One can
imagine that H(ωij) is always the same vector in the complex
plane, with equal projections on the two axes.

2) Procedure: The desired system dynamics were realized
using mass-spring-damper systems. (7) was used to obtain the
corresponding stiffness, inertia, and damping coefficients [k, m,
and b in (1)]. These parameters were simulated using the same
side-stick manipulator that is described in Section III-A3. The
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TABLE III
CONDITIONS OF EXPERIMENT 2

Fig. 5. Normalized JNDs in the real and imaginary parts, shown with the
subjects’ means and 95% confidence intervals corrected for between-subject
variability.

JNDs were measured by the same adaptive staircase procedure
described in Section III-A5. When measuring the JND in the
real part (conditions C1, C3, and C5), the subject was asked to
identify the simulation with the stronger manipulator stiffness.
When measuring the JND in the imaginary part (conditions C2,
C4, and C6), the subject was asked to identify the simulation
with the higher manipulator damping. The same tracking task
described in III-A6 was performed by subjects to ensure that the
haptic interaction would occur at the desired frequencies.

3) Participants: Six subjects participated. They all are right-
handed and did not have any history of impairments in moving
their arms or hands. This experiment was approved by the
Human Research Ethics Committee of TU Delft. Informed
consent was obtained from all participants. All subjects received
sufficient training before the formal experiment.

B. Results

All participants performed the tracking task well. The aver-
ages of the actual movement frequencies over all experimental
runs only deviate from the corresponding desired frequencies
by less than 2%. This indicates that the intended effects of
the independent variables are indeed accurately reflected by the
results.

Fig. 5 shows the JND measurements. Here, the JNDs in the
two complex parts are normalized to the frequency-response
magnitude of the corresponding systems [similar as in Fig. 4,
see (9)]. As can be seen from the figure, the JNDs under the
six conditions are approximately the same, with an average of
7.5%. A one-way repeated measures ANOVA showed no sig-
nificant difference among conditions (F (5, 25) = .57, p > .05).
Therefore, the JNDs in both parts of a system’s dynamics can
be expressed with our extended Weber’s law using the same
constant, which is (for the frequencies analyzed) independent of
the movement frequency

∣

∣

∣

∣

Δ�H(ωj)jnd
H(ωj)

∣

∣

∣

∣
≈

∣

∣

∣

∣

Δ�H(ωj)jnd
H(ωj)

∣

∣

∣

∣
= constant. (11)

This finding allows us to describe the JNDs in stiffness, inertia,
and damping with one, unified model, which clearly shows
how the JNDs in three mechanical properties of a mass-spring-
damper system can be related to the JND in perceiving changes
in system dynamics.

V. UNIFIED JND MODEL FOR SYSTEM DYNAMICS

A. Unified Difference Threshold in Perceiving System
Dynamics

In fact, any change in the system dynamics can always be
represented by changes in the real and imaginary parts of the
FRF. For example, define a change in the FRF of a mass-spring-
damper system as ΔH(ωj), which is caused by changes in the
three mechanical properties. The complex-valued ΔH(ωj) can
be expressed by its two components

ΔH(ωj) = Δk −Δm · ω2

︸ ︷︷ ︸

Δ�H(ωj)

+Δb · ω · j
︸ ︷︷ ︸

Δ�H(ωj)

(12)

where Δk, Δm, and Δb denote changes in stiffness, inertia, and
damping, respectively.

This means that ΔH(ωj), independent of the parameters that
cause it, will alter the human perception of the system once the
threshold for perceiving changes in either of the two components
is exceeded. In other words, JNDs in these two parts, as defined
by (11), in fact represent the JND in H(ωj).

At the movement frequencies where the haptic interaction
takes place, any dynamics change that exceeds such a JND
will lead humans to perceive the system differently. At each
individual frequency, (11) defines the intervals for imperceptible
changes in the system’s projections on the two axes of the
complex plane.

For a straightforward illustration, Fig. 6 gives an example that
shows the dynamics of an arbitrary system at a single frequency.
In the complex plane, the system’s FRF—H(ωj)—at a single
frequency is represented by a vector (the black line). The real-
and imaginary-part dynamics determine the projections on the
two axes, respectively. A change in the system dynamics will
result in a different vector, which has at least one different
projection, as shown by the red and blue vectors. The JNDs
in the two complex parts become intervals on the two axes.
Therefore, changes in each projection within the corresponding
interval cannot be perceived by humans. These two intervals
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Fig. 6. Illustration of the threshold for altered perception of the system
dynamics. The base dynamics are depicted by the dark gray circle. The JND
thresholds are indicated on the axes and by the shaded square. The JNDs are
proportional to the system’s frequency-response magnitude, which is the length
of the black vector. Dynamics changes within the threshold are not perceptible
(e.g., the blue vector), whereas those exceeding the threshold alter the perception
of the system (e.g., the red vector).

form a threshold region (the shaded square), and any change in
dynamics that lies within this region does not alter how humans
perceive that system. A change in system dynamics will only
lead humans to have a different perception when that change
exceeds the threshold region.

Fig. 7 illustrates the difference thresholds corresponding to
a system, at multiple frequencies. We show a second-order
system with typical stiffness, inertia, and damping properties
(i.e,k = 2.5N·m/rad,m = 0.022kgm2, b = 0.3N·ms/rad). The
dynamics of the system, H(ωj), are shown as the black curve;
the arrow of the curve indicates an increase in the input frequency
ω. As can bee seen, the thresholds at different frequencies
(represented by gray squares) are different in size. As the JNDs in
the two complex components are proportional to the magnitude
of the system’s frequency response [see (11)], the threshold
region becomes larger as the system’s magnitude increases. For
example, to alter what humans feel about the system, a larger
change in the system’s dynamics will be needed at the movement
frequency of 14 rad/s than at the frequency of 6 rad/s.

Furthermore, the threshold model proposed in this study is
not limited to only mass-spring-damper systems, systems that
have second-order dynamics. Although the system dynamics
(i.e., Tables I and III) are realized using second-order systems
in the experiments, the results would not change if higher order
systems were used. In fact, two systems with different orders
can have exactly the same FRF at a particular frequency (i.e.,
the frequency where the two FRFs cross). One can imagine that
the dynamics of a higher order system at a single frequency can
always be matched by a second-order system. At this frequency,
the two systems will be perceived to be the same [31] and there
is no reason why the JND threshold would not be identical.
Therefore, the model given in (11) is independent of the system

dynamics order, representing human perceptual resolution of all
systems.

This frequency-domain model can be used to evaluate the
transparency of haptic interfaces via examining the differences
between the desired dynamics and the presented dynamics at
the frequencies of interest (or over the frequency range where
the haptic interaction is expected to occur). A haptic device
can potentially cause a noticeable distortion if there exists a
frequency at which the difference exceeds the corresponding
threshold. This allows for understanding whether and when
an operator’s haptic experience is affected by limiting factors
behind a particular application, such as the bandwidth of the
control system, inherent actuator dynamics, transmission time
delays, and the performance sacrifice made for stability issues.

VI. DISCUSSION

Through a second experiment, we find that the JNDs in
perceiving the two complex components of system dynamics
are approximately the same, and are both proportional to the
system’s frequency-response magnitude. The findings also apply
to systems with arbitrary orders. This allows us to further extend
Weber’s law for the JND in system dynamics. When considering
the frequency response H(ωj) to be the stimulus, the JNDs in
its real and imaginary parts are proportional to its magnitude,
|H(ωj)|.

However, possibly due to differences between subjects and the
fact that the experiments were carried out at a different time, the
measured Weber fractions—the values of the constants in (10)
and (11), as well as those collected in our previous work [29]—
differ slightly. A larger number of subjects will be necessary to
obtain a more representative result.

In the experiments, the JNDs in the two complex compo-
nents were measured independently. As changes in a system’s
dynamics along each axis can be reflected in changes in the
perception of a particular mechanical property, the independent
investigation allowed subjects an intuitive criterion for discern-
ing the dynamic difference presented to them (i.e., identifying
the system with the greater stiffness, inertia, or damping). As
a result, two independent thresholds were obtained, one corre-
sponding to the real-part changes and the other corresponding
to the imaginary-part changes.

However, the interaction between the two thresholds cannot
be predicted from the present experiment. It is possible that the
noticeable change in one part may be affected by an unnoticeable
change in the other part. Moreover, advances in understanding
human haptic perception, particularly those in dynamic (effort-
ful) touch, have shown evidence of direct human perception
of higher order invariants [36], [37], such as the inertia tensor
(the rotational inertia) in heaviness perception [38], and the
“distance-to-brake” in identifying the break points of compliant
materials [19]. Therefore, we hypothesize that the JND rule can
be further extended into a formula based on a lumped difference
in system dynamics

∣

∣

∣

∣

ΔH(ωj)jnd
H(ωj)

∣

∣

∣

∣
= constant. (13)
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Fig. 7. Example of the threshold for changes in human perception of a typical mass-spring-damper system. The FRF of the system is shown as the black curve,
with its arrow indicating the increase in the frequency of excitation. The threshold regions at four different frequencies are given to illustrate the correlation between
the threshold size and the magnitude of the system’s frequency response.

Equation (13) describes the change in the frequency response
of a system as a whole, rather than going into the detailed
changes in the two complex parts. The system dynamics at
the tested frequency H(ωj) (or its magnitude |H(ωj)|) can be
postulated as the higher order construct perceived by humans,
and the JND for this construct is in line with Weber’s law,
describing a relation between a reference stimulus and a direct
change in it that causes a different perception. We have, for lack
of evidence from the experiments so far, depicted the threshold
region as a square (see Fig. 6); however, it might be possible that
it is circular, or elliptic, with a radius proportional to the length of
the vector (i.e., the magnitude of the system’s frequency response
at this frequency).

However, confirming this hypothesis is nontrivial. Measuring
the thresholds for changes in different directions in the complex
plane (e.g., by introducing changes into both real and imaginary
components) would be needed for this. It requires a methodology
different from the one used in this article. The current methodol-
ogy required subjects to identify the change in a single mechan-
ical property (i.e., identify the heavier/stiffer or better-damped
system). This is not appropriate for a system dynamics change in
an arbitrary direction, which may be associated with changes in
the perception of more than one property. When determining the
JND in noncardinal directions, i.e., combined changes in inertia
or stiffness, respectively, damping, there will not always be a
meaningful way in which participants can name the differences,
e.g., in terms of heavier/stiffer/more or less damping. Devising a
new method is therefore necessary for future relevant research.

As already discussed in Section III-D, our findings are cur-
rently limited to a relatively low-frequency range. In addition,
this study is restricted to linear systems and continuous haptic
interaction. The model has not yet been verified for systems
that have a considerable nonlinearity (such as strong friction),
and does not account for the effects of transient responses that
may occur when sudden changes in system dynamics occur,
e.g., the changes upon contact with a stiff wall. Despite these
limitations, the proposed JND model already covers a wide
range of applications, such as [39]–[41]. Extensions of the model
to include nonlinearities and transient responses are topics for
future work.

VII. CONCLUSION

Extending previous work on just-notable-differences in haptic
perception, the results of two experiments are described. We con-
clude that, first, the human perception of the real and imaginary
parts of the system dynamics frequency response is governed
by the same rule. Our unified model states that JNDs in the two
components of the FRF are both proportional to the magnitude
of the system frequency response. Second, results show that
these two JNDs have the same ratio. Third, the proposed unified
JND model applies to systems with arbitrary orders of dynamics.
The main result is an extension of Weber’s law, and states that
a single ratio describes the thresholds for perceiving changes
in the two dimensions (real, imaginary) of the complex-valued
FRF defining haptic force feedback of system dynamics.
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