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This paper presents a novel active gust load alleviation approach within a multi-objective

flight control framework developed by NASA for a flexible wing aircraft. The aircraft

model is based on the NASA Generic Transport Model (GTM). The wing structures incor-

porate an aerodynamic control surface known as the Variable Camber Continuous Trailing

Edge Flap (VCCTEF). Previous work already showed the ability of the VCCTEF to per-

form aeroelastic mode suppression, drag minimization and maneuver load alleviation in a

multi-objective flight control framework. In this paper, the multi-objective flight control

framework is extended to include active gust load alleviation. A Linear-Quadratic Gaussian

(LQG) controller is augmented with Model Reference Adaptive Control (MRAC) to pro-

vide active gust load alleviation. Disturbance estimation is done using an Extended State

Observer (ESO) to support the design of the active gust load alleviation controller. The

results demonstrate the potential of active gust load alleviation within a multi-objective

flight control framework for a high-aspect ratio flexible wing aircraft embodied with the

VCCTEF.
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I. Introduction

Formerly, aircraft were designed to provide safe load-carrying capacity by maintaining sufficient structural

rigidity. The introduction of composite materials in commercial aircraft has disrupted the aviation industry

by providing the same-load carrying capacity at lower weight. The weight reduction that results from the use

of these composite airframes can translate into a fuel consumption advantage. This advantage has triggered

aircraft manufacturers to design the airframes of their new-generation aircraft mostly out of composite

materials. An example of a light-weight airframe design is the Boeing 787 Dreamliner aircraft, which uses

at least 50% of composite materials in the airframe construction.

The composite wing structures provide the same load-carrying capacity, however exhibit less structural

rigidity. The disadvantage of the increased flexibility of the wings is that, especially in combination with

a high-aspect ratio, large aeroelastic deflections can occur that may result in adverse aerodynamics. The

benefit of the weight reduction by using these composite materials could be annihilated by the increase in

drag, and thus fuel consumption, due to the adverse aerodynamics. Performance Adaptive Aeroelastic Wing

(PAAW) technology was developed under NASA Advanced Air Transport Technology project to address

these challenges for future flexible wing transports. PAAW technology strives to find a multi-disciplinary

solution that maximizes the aerodynamic performance of the future wing designs while also addressing the

operational constraints that can mitigate the aerodynamic performance and flight safety. For high-aspect

ratio flexible wing aircraft, the most important operational constraints are the reduced flutter margins,

increased airframe responses to gust and maneuver loads, and degraded pilot handling and ride qualities.

A multi-objective flight control framework has been developed to simultaneously address the aerody-

namic performance objective and the operational constraints.1–3 This framework takes advantage of a

multi-functional aerodynamic control surface called the Variable Camber Continuous Trailing Edge Flap

(VCCTEF).4–6

The VCCTEF is a candidate PAAW concept that was initially proposed by NASA1,4 and subsequently

jointly developed by NASA and Boeing Research & Technology under the NASA Fixed Wing project in

2010. The VCCTEF, illustrated on the GTM in Fig. 1, provides active wing shaping control to improve the

aerodynamic efficiency throughout a flight envelope. Initial studies indicate the ability of the VCCTEF to

reduce drag for significant fuel savings7,8 and the ability to provide flutter mode suppression and maneuver

load alleviation in combination with drag cognizant control.2,9

This paper describes the formulation of an aeroservoelastic model of the GTM with the VCCTEF and the

application of a multi-objective flight control framework focusing on gust load alleviation for an altitude-hold

flight control mode in symmetric flight conditions.

The GTM aircraft model used in this study represents a general short-to-medium range commercial

2 of 38

American Institute of Aeronautics and Astronautics

D
ow

nl
oa

de
d 

by
 T

U
 D

E
L

FT
 o

n 
O

ct
ob

er
 8

, 2
02

0 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/6
.2

01
8-

06
20

 



Figure 1. GTM with Variable Camber Continuous Trailing Edge Flap

passenger aircraft. The wing planform of the GTM incorporates the VCCTEF, illustrated in Fig. 2. The

flap system consists of 16 individual spanwise sections which enable spanwise load tailoring. This lay-out

provides the ability to control the wing twist shape in the spanwise direction. By changing the wing twist,

and thus the spanwise loading, the aerodynamic performance can be improved for different flight conditions.

The spanwise flap sections are connected by an elastomer transition material, illustrated as black lines in

between the spanwise flap sections as shown in Fig. 2. This transition material creates a continuous trailing

edge flap when the flap sections are deflected. A continuous trailing edge flap has several advantages, such

as improved aerodynamic efficiency and the mitigation of strong vortices by avoiding flap discontinuities.

The flap sections consist of three chordwise segments of equal chord length, illustrated in Fig. 3. These

chordwise segments can be deflected individually to create camber surfaces for the desired aerodynamic

performance. In this study the relative deflection of the chordwise segments is constrained to a circular-arc

camber shape, which has a superior aerodynamic performance compared to other camber configurations,10

δi,1 = 1
3δi,3

δi,2 = 2
3δi,3

(1)

This relation allows the control method to only regard the deflection of the outermost chordwise segment,

δi,3. The deflection angle of each chordwise segment is measured relative to the hinge and the undeflected

trailing edge as shown in Fig. 3.
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Figure 2. GTM Wing configured with VCCTEF

Figure 3. Three-Segment Variable Camber Continuous Trailing Edge Flap
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II. Aeroservoelastic Model Formulation

For controller design and simulation purposes, an aeroservoelastic (ASE) model of a flexible wing air-

craft equipped with the VCCTEF is developed by the Advanced Control and Evolvable Systems Group at

NASA Ames Research Center. The ASE model includes the rigid aircraft flight dynamics, wing dynamic

aeroelasticity, flight control actuator dynamics of the flap system, and servo-motor dynamics.3,11,12

In general, the rigid aircraft flight dynamic equation is expressed as3

Mrẋr = Qrẋr+Prxr+Drδr+Vrnq̈+(Trn + 0.5Trc) q̇+

[
Srn + 0.5Src + a4

(
2V∞
c

)
Trc

]
q+Srcy+

(
2V∞
c

)
Trcz

+ Frnδ̈e + (Ern + 0.5Erc) δ̇ +

[
Drn + 0.5Drc + a4

(
2V∞
c

)
Erc

]
δ +Drcν +

(
2V∞
c

)
Ercw (2)

where xr is the rigid aircraft state vector, q is the generalized displacement vector of the wing, y and z are the

aerodynamic lag state vectors for the wing structural dynamics, δr is the rigid aircraft flight control surface

deflection vector, δ is the VCCTEF deflection vector, ν and w are the aerodynamic lag state vectors for the

VCCTEF actuator dynamics, the upper case variables are matrices, the subscript r denotes a rigid quantity,

and the subscripts n and c signify non-circulatory and circulatory quantities according to the Theodorsen’s

theory.9

For symmetric flight conditions, the rigid aircraft state vector xr includes the altitude h, airspeed V ,

angle of attack α, pitch rate q (not to be confused with the generalized displacement vector), and pitch angle

θ. The rigid aircraft flight control surface deflection vector δr includes the thrust δT and elevator deflection

δe.

The aerodynamic lag states account for the unsteady aerodynamic effect which is represented by the

reduced frequency-dependent Theodorsen’s function. The R.T. Jones approximation is used to convert the

Theordorsen’s function into a time-domain representation by the aerodynamic lag states.12,13

Using the finite-element formulation, the aeroelastic equation of the wing structure is discretized in

generalized coordinates q (not to be confused with the pitch rate) as

(Ms +Man) q̈+(Cs + Can + 0.5Cac) q̇+

[
Ks + 0.5Kac + a4

(
2V∞
c

)
Cac

]
q+Kacy+

(
2V∞
c

)
Cacz = Qeẋr+Pexr

+ Fenδ̈ + (Een + 0.5Eec) δ̇ +

[
Den + 0.5Dec + a4

(
2V∞
c

)
Eec

]
δ +Decν +

(
2V∞
c

)
Eecw (3)

where the subscript s denotes a structural dynamic quantity, the subscript a denotes an aerodynamic quantity
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due to the unsteady aerodynamic effect, and the subscript e denotes an aeroelastic quantity associated with

the wing aeroelasticity.

The aerodynamic lag state equations for the wing structural dynamics obtained from the R.T. Jones

approximation are

ÿ + a3

(
2V∞
c

)
ẏ + a2

(
2V∞
c

)2

y = a4

(
2V∞
c

)
q̇ + 0.5a2

(
2V∞
c

)2

q (4)

z̈ + a3

(
2V∞
c

)
ż + a2

(
2V∞
c

)2

z = a5

(
2V∞
c

)
q̇ + a6

(
2V∞
c

)2

q (5)

The actuator dynamic equation of the VCCTEF is expressed as

Mδ δ̈ + Cδ δ̇ +Kδδ = Qδẋr + Pδxr + Vδnq̈ + (Tδn + 0.5Tδc) q̇ +

[
Sδn + 0.5Sδc + a4

(
2V∞
c

)
Tδc

]
q

+Sδcy+

(
2V∞
c

)
Tδcz+Fδnδ̈+(Eδn + 0.5Eδc) δ̇+

[
Dδn + 0.5Dδc + a4

(
2V∞
c

)
Eδc

]
δ+Dδcν+

(
2V∞
c

)
Eδcw+τδ

(6)

where τδ is the motor torque.

The aerodynamic lag state equations for the actuator dynamics are

ν̈ + a3

(
2V∞
c

)
ν̇ + a2

(
2V∞
c

)2

ν = a4

(
2V∞
c

)
δ̇ + 0.5a2

(
2V∞
c

)2

δ (7)

ẅ + a3

(
2V∞
c

)
ẇ + a2

(
2V∞
c

)2

w = a5

(
2V∞
c

)
δ̇ + 0.5a6

(
2V∞
c

)2

δ (8)

The actuator dynamics of the rigid aircraft flight control are assumed to be a first-order model

δ̇r = −λ (δr − δrc) (9)

where λ > 0 is the actuator rate vector and δrc is the command vector of the rigid-body aircraft control.

The servo-motor dynamics for the VCCTEF are formed by a PID feedback control law

ė = δ − δc (10)

τδ = kp (δ − δc) + kie+ kdδ̇ (11)
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where e is the integral error of the VCCTEF deflection command δc.

The fully coupled ASE flight dynamic model is given by Nguyen et al. (2017).3 This ASE state-space

model can be expressed as



Mrr Mre Mrδ Mrs

Mer Mee Meδ Mes

Mδr Mδe Mδδ Mδs

Msr Mse Msδ Mss





ẋr

ẋe

ẋδ

ẋs


=



Srr Sre Srδ Srs

Ser See Seδ Ses

Sδr Sδe Sδδ Sδs

Ssr Sse Ssδ Sss





xr

xe

xδ

xs


+



Tr

Te

Tδ

Ts


u (12)

where xr =

[
h u α q θ

]T
, xe =

[
q y z q̇ ẏ ż

]T
, xδ =

[
δ ν w δ̇ ν̇ ẇ

]T
, xs =[

δTr eT

]T
, and u =

[
δTrc δTc

]T
. This dynamic model under gust excitation can be rewritten as

ẋ = Ax+Bu+ wg (13)

where x =

[
xTr xTe xTδ xTs

]T
, wg is the gust disturbance and

A =



Mrr Mre Mrδ Mrs

Mer Mee Meδ Mes

Mδr Mδe Mδδ Mδs

Msr Mse Msδ Mss



−1 

Srr Sre Srδ Srs

Ser See Seδ Ses

Sδr Sδe Sδδ Sδs

Ssr Sse Ssδ Sss


(14)

B =



Mrr Mre Mrδ Mrs

Mer Mee Meδ Mes

Mδr Mδe Mδδ Mδs

Msr Mse Msδ Mss



−1 

Tr

Te

Tδ

Ts


(15)

Four accelerometers are placed on the wing to observe the elastic states. Their output equations are

computed as

ϋ = Φq̈ = ΦEẋe (16)

where Φ is the matrix of eigenvectors and E =

[
0 0 0 I 0 0

]
such that q̈ = Eẋe.

Then,

ϋ = ΦEG (Ax+Bu+ wg) (17)
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where G =

[
0 I 0 0

]
such that ẋe = Gẋ.

For a given acceleration location, then

ϋc = F ϋ = FΦEG (Ax+Bu+ wg) (18)

where F is determined from the location of the acceleration measurement.

Let y = ϋc be the output, then

y = Cx+Du+Hwg (19)

where

C = FΦEGA (20)

D = FΦEGB (21)

H = FΦEG (22)

In this study, the aircraft drag, wing root bending moment and vertical acceleration at the center of

gravity are used in the multi-objective control formulation and to assess the controller performance. The

aircraft drag is expressed as

CD = CD0
+ (CL0

+ CLẋ ẋ+ CLxx+ CLuu)
T
K (CL0

+ CLẋ ẋ+ CLxx+ CLuu) (23)

The incremental drag is included in the optimal control cost function as a penalty for the drag minimiza-

tion objective. From Eq.(23), the incremental drag is computed as

∆CD = CDxx+ CDuu+ xTCDx2x+ xTCDxuu+ uTCDu2u (24)

The wing bending moment is expressed in general as

My = Mxx+Muu+Mwwg (25)

where Mwwg is a bending moment component due to the gust disturbance.

The vertical acceleration at the aircraft center of gravity Az is defined as
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Az =
−Z
m

(26)

where Z is the downward vertical force and m is the aircraft mass. This definition can be expressed as

Az = −V α̇− V̇ α+ qV + g cos θ (27)

where V is the aircraft velocity, α is the angle of attack, q is the pitch rate, g is the local gravitational

field of the Earth, and θ is the pitch angle. Because the term corresponding to the gravitational field is

approximately constant (g cos θ ≈ g), the incremental vertical acceleration of the aircraft center of gravity

∆Az is used as a performance metric to evaluate the active gust load alleviation controller

∆Az = −V α̇− V̇ α+ qV (28)

The full-order coupled flight dynamic and ASE model includes a high number of elastic modes along with

corresponding aerodynamic lag states. In this study, the full model has 198 elastic modes. Together with

the rigid-body states, dynamic and aerodynamic lag states for the 16 VCCTEF elements and servo states

this results in an ASE state-space model of 1307 states.

A reduced-order model is built for the convenience of a controller design. In general, an ASE state-

space model contains rigid-body modes which usually have low frequencies and aeroelastic modes which

are at higher frequencies than the rigid-body modes. In control design, it is sufficient to only consider the

aeroelastic modes that are at the lower frequency range. This is because the high-frequency modes attenuate

fast, and therefore have small response amplitudes. A reduced-order model is developed for control design

purposes by only considering the low-frequency aeroelastic modes. The number of low-frequency aeroelastic

modes is selected to ensure the flutter modes are captured. For this reduced-order model, the first lowest 10

frequency modes are retained.

III. Active Gust Load Alleviation in Multi-Objective Flight Control

A multi-objective flight control framework is designed to simultaneously address the operational con-

straints and the aerodynamic performance during the entire flight envelope. This is in contrast with conven-

tional flight controllers of which the performance is only based on the pilot command-following ability. The

introduction of the aerodynamic performance into the flight control framework allows the new controller to

minimize the drag through adaptive aeroelastic wing shaping. This is done by adding a drag penalty into

the control framework. The multi-objective flight control framework has both a pilot command-following

objective and a drag reduction objective.1–4
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Next to these two objectives, the stability of the aircraft is of utmost importance. The structural flexibility

of the flexible wing aircraft can lead to degraded stability margins due to large aeroelastic deflections and

interactions. The multi-objective flight control framework needs to contain an aeroelastic mode suppression

objective to suppress the flutter or aeroelastic modes in order to meet the pilot handling quality requirements.

Furthermore, the increased airframe responses of flexible aircraft due to the gust and maneuver loads

needs to be addressed. For flexible wing aircraft, gust disturbances and maneuvers can cause aeroelastic

responses that may reduce the pilot handling and ride qualities. Gust load alleviation (GLA) can be provided

by using either reactive feedback control or predictive feedforward control. The development of new sensor

technologies such as light detection and ranging allows for predictive feedforward control methods. Currently,

the advancement of these sensor technologies is still pending. Therefore this study uses reactive feedback

control to design an active gust load alleviation approach. Likewise, the unwanted effects of maneuver loads

can be suppressed by maneuver load alleviation.

In summary, the multi-objective flight control framework needs to harmoniously integrate the follow-

ing objectives: 1) traditional pilot command-following control, 2) drag minimization, 3) aeroelastic mode

suppression, and 4) gust and maneuver load alleviation. The integration of these objectives results in a

complex control design that needs to take into account and compromise between competing objectives. The

architecture of this control framework is illustrated in Fig. 4.2 Next to these objectives a real-time drag

minimization approach can be included in the control design.8

Figure 4. Multi-Objective Flight Control Architecture2
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A. Controller Design

The flight controller is designed to provide an altitude-hold mode by following a flight path angle command.

We define an integral error state of the flight path angle xa =
∫ t
0

∆γdτ , where the error between the flight

path angle and the command signal is expressed as

∆γ = θ − α− γc = Aaxr − γc (29)

where γc is the commanded flight path angle.

Now, let x =

[
xTr xTe xTδ xTs xTa

]T
and u =

[
δTrc δTc

]T
, then the state-space system for the

controller design is expressed as

ẋ = Ax+Bu+ z + wg (30)

where

A =



Arr Are Arδ Ars 0

Aer Aee Aeδ Aes 0

Aδr Aδe Aδδ Aδs 0

Asr Ase Asδ Ass 0

Aa 0 0 0 0


, B =



Brr Bre

Ber Bee

Bδr Bδe

Bsr Bse

0 0


z =



0

0

0

0

−γc


(31)

The ASE state-space model of Eq.(30) can be written as

ẋr = Arrxr +Arexe +Brrur +Breue + zr + wr (32)

ẋe = Aerxr +Aeexe +Berur +Beeue + ze + we (33)

where xr is the rigid-body state vector that includes the actuator state vector of the VCCTEF and the

servo-motor state vector, xe is the elastic state vector, ur is the rigid aircraft control input vector, ue is

the VCCTEF control input vector, zr is the command vector to the rigid aircraft state, ze is the command

vector to the elastic state, wr is the disturbance to the rigid aircraft state, and we is the disturbance to the

elastic state.

We formulate a multi-objective infinite time-horizon cost function as follows:

J = Jr + Je (34)
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where

Jr = lim
tf→∞

1

2

∫ tf

0

[
xTr Qrxr + uTr Rrur

]
dt (35)

Je = lim
tf→∞

1

2

∫ tf

0

[
xTe Qexe + uTe Reue + qD∆CD

]
dt (36)

The rigid aircraft controller ur can be designed based on the cost function Jr to enable a rigid aircraft

state xa = Fxr to track a command signal z. The VCCTEF controller ue is designed based on the total cost

function J to provide drag minimization and aeroelastic mode suppression.

B. Rigid Aircraft Control

A nominal rigid aircraft controller is designed to validate the performance of the multi-objective flight

controller with active gust load alleviation. The design of the nominal rigid aircraft controller (NRC) is done

by formulating the Hamiltonian function for the nominal rigid aircraft dynamics

H =
1

2

(
xTr Qrxr + urRrur

)
+ λT (Arrxr +Brur + zr) (37)

where λ is the adjoint variable.

The adjoint equation and optimal control are obtained as

λ̇ = −∂H
T

∂xr
= −Qrxr −ATrrλ (38)

∂HT

∂ur
= Rrur +BTr λ = 0⇒ ur = −RrBTr λ (39)

subject to the transversality condition λ (tf ) = 0.

Let λ = Pxr + Szr. Then,

Ṗ xr + Pẋr + Ṡzr + Sżr = −Qrxr −ATrr (Pxr + Szr) (40)

For the infinite time-horizon optimal control, Ṗ = 0 and Ṡ = 0. Therefore, we obtain the algebraic

Ricatti equation

PArr +ATrrP − PBrR−1r BTr P +Qr = 0 (41)
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and

S = −
(
ATrr − PBrR−1r BTr

)−1
P (42)

Then, the nominal rigid aircraft controller is given by

ur = Kxrxr +Kzzr (43)

where

Kxr = −RrBTr P (44)

Kzr = −RrBTr S (45)

C. Multi-Objective Flight Control

The multi-objective flight controller is designed to include aeroelastic mode suppression and drag minimiza-

tion.

We formulate the Hamiltonian of the total cost function J using the reduced-order model as

H =
1

2

(
xTQx+ uTRu+ qD∆CD

)
+ λT (Ax+Bu+ z) (46)

Inserting Eq.(24) in the Hamiltonian gives

H =
1

2
xTQx+

1

2
uTRu+

1

2
qD
(
CDxx+ CDuu+ xTCDx2x+ xTCDxuu+ uTCDu2u

)
+λT (Ax+Bu+ z) (47)

The adjoint equation and optimal control are obtained as

λ̇ = −∂H
T

∂x
= −Qx− 1

2
qD

(
CTDx + 2CTDx2x+ CTDxuu

)
−ATλ (48)

∂HT

∂u
= Ru+

1

2
qD

(
CTDu + CTDxux+ 2CTDu2u

)
+BTλ = 0⇒

u = −
(
R+ qDC

T
Du2

)−1(
BTλ+

1

2
qDC

T
Du +

1

2
qDC

T
Dxux

)
(49)
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We assume λ = Wx+ V z + λ0 . Then

Ẇx+Wẋ+ V̇ z + V ż = −Qx− 1

2
qD

(
CTDx + 2CTDx2x+ CTDxuu

)
−AT (Wx+ V z + λ0) (50)

Let γc be constant so that γ̇c = 0. Let tf → ∞, then the optimal solution approaches a steady-state

solution. Therefore, Ẇ (tf ) = 0 and V̇ (tf ) = 0. Then, separating terms yields the following expressions

WĀ+ ĀTW −WBR̄−1BTW + Q̄ = 0 (51)

V = −
(
ĀT −WBR̄−1BT

)−1
W (52)

λ0 = −
(
ĀT −WBR̄−1BT

)−1(1

2
qDCDx

)
(53)

where

R̄ = R+ qDC
T
Du2

(54)

Ā = A− 1

2
qDBR̄

−1CTDxu (55)

Q̄ = Q+ qDC
T
Dx2
−
(

1

2
qDC

T
Dxu

)T
R̄−1

(
1

2
qDC

T
Dxu

)
(56)

Since Q > 0, qD > 0, CDx2 > 0, and CDxu > 0 it follows that Q̄ > 0.

The multi-objective flight controller is expressed as

u = Kxx+Kzz + Λ0 (57)

where

Kx = −R̄−1
(
BTW +

1

2
qDC

T
Dxu

)
(58)

Kz = −R̄−1BTV (59)
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Λ0 = −R̄−1
(
BTλ0 +

1

2
qDC

T
Du

)
(60)

D. Disturbance Estimation using Extended State Observer

Active Gust Load Alleviation is a form of active disturbance rejection control, a control type that directly

suppresses internal or external disturbances. This method requires measurement or estimation of the dis-

turbances. Today, new sensor technologies, such as Light Detection and Ranging (LIDAR), are advancing

rapidly and could be used for the prediction or measurement of turbulence. However, at the moment, the

performance of these technologies are not yet reliable and sufficiently accurate. Therefore, this study pro-

poses a disturbance estimation technique. The disturbance estimation is done using an Extended State

Observer (ESO), introduced by Han in 1995.14 The ESO is the extended version of a Luenberger observer.

This observer is selected because of its low dependence on model accuracy and good robustness properties.

The ESO estimates disturbances by extending the system of the observer states with disturbance states.

Consider a nonlinear system of order n:

ẋ1 = f1 (x1) + g1 (x1)x2

ẋ2 = f2 (x1, x2) + g2 (x1,x2)x3

...

ẋn = fn (x1, x2, . . . , xn) + gn (x1, x2, . . . , xn)u

(61)

An extended state observer of order 2n, where the states from ẋn+1 forward are the extended states, for

the system of Eq.(61) can be expressed as

˙̂x1 = f1 (x̂1) + g1 (x̂1) x̂2 + x̂n+1 − βT1 e1

˙̂x2 = f2 (x̂1, x̂2) + g2 (x̂1, x̂2) x̂3 + x̂n+2 − βT2 e2
...

˙̂xn = fn (x̂1, x̂2, . . . , x̂n) + gn (x̂1, x̂2x̂2, . . . , x̂n)u+ x̂2n − βTn en

˙̂xn+1 = −βTn+1e1

˙̂xn+2 = −βTn+2e2

...

˙̂x2n = −βT2nen

(62)

where ei is the error between the estimated states and the system states
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ei = x̂i − xi (63)

and where βi are the observer gains. The observer gains βi can be chosen by pole placement of the error

dynamics to provide stability.15

For this study, Eq.(62) can be rewritten as

˙̂x1...n = Ax̂1...n +Bu+ z1...n + ŵg1...n − βT1...ne1...n

˙̂wg1...n = −βTn+1...2ne1...n

e1...n = x̂i...n − xi...n

(64)

where x̂1...n are the observed states, ŵg are the extended states and represent the estimates of the gust

contribution wg to the system states x1...n.

E. Active Gust Load Alleviation

Active Gust Load Alleviation uses Model Reference Adaptive Control (MRAC) to actively suppress the

effect of turbulence. The multi-objective flight controller of Eq.(57) is the optimal baseline controller which

is augmented with MRAC to actively cancel out the disturbance wg.

The total control is expressed as

u (x, r, t) = u∗ (x, r) + uad (t) (65)

where u∗ is the optimal baseline controller

u∗ = Kxx̂+Kzz + Λ0 (66)

and uad is the time-varying adaptive element.

The closed-loop dynamics of the reduced-order model are then obtained as

ẋ = (A+BKx)x+BKzz + Λ0 +Buad + z + wg (67)

The adaptive element uad is formulated according to MRAC principles to make the system states x track

the states of a reference model xref . We define the reference model as

xref = Arefxref +Brefz + Λ0 + z (68)

where Aref = A+ BKx is Hurwitz and Bref = BKz. The reference model represents the ideal closed-loop
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behavior in the absence of turbulence.

The tracking error equation is obtained as

ė = ẋref − ẋ = Arefe−Buad − wg (69)

If uad perfectly cancels out wg, then the tracking error will tend to zero asymptotically, i.e., e → 0 as

tf →∞. In practice, there will always be a small residual error. The adaptive signal is defined as

uad = K̂wŵg (70)

where K̂w is the adaptive disturbance gain and ŵg is the disturbance estimation. The definition of the

adaptive signal as in Eq.(70) is inspired by optimal control theory. The adaptive disturbance gain K̂w can

be seen as an estimate of the optimal disturbance gain Kw. This optimal disturbance gain can be derived

in theory using optimal control theory and the differential Lyapunov equation. See Appendix A for the

derivation of the optimal disturbance gain.

This paper introduces the estimation of the optimal disturbance gain K̂w as an alternative approach in

order to avoid the use of the differential Lyapunov equation.

Inserting the definition of the adaptive signal of Eq.(70) into the tracking error equation of Eq.(69) gives

ė = ẋref − ẋ = Arefe−BK̂wŵg − wg (71)

The adaptive disturbance gain K̂w is computed by the direct MRAC update law

˙̂
KT
w = Γŵge

TPB (72)

where Γ is the MRAC gain matrix and P is the solution to the algebraic Lyapunov equation

PAref +ATrefP = −Q (73)

with Q > 0.16 The stability of the MRAC update law can be shown with Lyapunov stability theorem.

Proof: Choose a Lyapunov candidate function

V = eTPe+ trace
(
K̂wΓ−1K̂T

w

)
(74)

Then, V̇ is evaluated as
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V̇ = −eTQe+ 2eTP
(
−BK̂wŵg − wg

)
+ 2trace

(
K̂wΓ−1

˙̂
KT
w

)
= −eTQe− 2trace

(
K̂wŵge

TPB
)
− 2eTPwg + 2trace

(
K̂wΓ−1

˙̂
KT
w

)
= −eTQe− 2eTPwg + 2trace

(
K̂w

(
−ŵgeTPB + Γ−1

˙̂
KT
w

))

The definition of the update law becomes

−ŵgeTPB + Γ−1
˙̂
KT
w = 0⇒ ˙̂

KT
w = Γŵge

TPB (75)

Therefore V̇ becomes

V̇ = −eTQe− 2eTPwg ≤ −λmin(Q) ‖e‖2 + 2λmax(P ) ‖e‖ ‖wg‖ (76)

Thus, V̇ ≤ 0 implies

‖e‖ ≥ 2λmax(P ) ‖wg‖
λmin(Q)

(77)

This implies e is bounded as t→∞. One cannot assume that e→ 0 because wg is unknown.

The total control includes the linear-quadratic optimal control and the active gust load alleviation control

u = Kxx+Kzz + Λ0 + K̂wŵg (78)

F. VCCTEF Virtual Control Variables

The elastomer transition material between the spanwise flap sections of the VCCTEF limits the relative

motion between these sections. The elastomer transition material has certain displacement and rate limits,

and consequently the flap sections are also constrained by relative displacement and rate limits. The relative

constraints between the spanwise flap sections need to be included in the control design.

The constraints can be expressed as

|δi+1 − δi| ≤ δ̇ (79)

∣∣∣δ̇i+1 − δ̇i
∣∣∣ ≤ ∆δ̇ (80)

where i = 1, 2, . . . ,m is the index of the flap section and m is the total number of spanwise flap sections per
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wing.

The displacement constraint between each adjacent spanwise flap section for the VCCTEF is assumed to

be 2◦. The rate constraint is not defined and therefore not considered in this study.

The relative deflection limit is addressed in the control design by implementing a virtual control concept.1

The deflections of the flap sections are constrained to a mathematical shape function. The actual flap

deflections can now be described by a set of virtual control variables. In this study, the spanwise flap

sections are constrained to a shape function described by a cubic Chebyshev polynomial of the first kind

as20

δi = c0 + c1k + c2
(
2k2 − 1

)
+ c3

(
4k3 − 3k

)
(81)

where k = i−1
n−1 , i = 1, 2, . . . , n, n = 16, and cj (t) , j = 0, 1, 2, 3 are the virtual control variables.

The control design determines the commands for the virtual control variables with the implementation of

this shape function. Since the shape function in Eq.(81) is linear with respect to the virtual control variables,

a transformation matrix can be constructed that relates the physical control variables to the virtual control

variables with the use of partial derivation.

IV. Simulations

Simulations are conducted to assess the performance of the active gust load alleviation control method

in combination with the multi-objective flight controller. The simulations use the coupled ASE longitudinal

dynamic model of the flexible wing GTM with VCCTEF as described in Section II. The wing stiffness is

reduced by 50% from the baseline stiffness. The model has five rigid aircraft states in the longitudinal

direction, 198 aeroelastic modes with two elastic states and four aerodynamic lag states per mode, two rigid

aircraft flight control inputs; namely the engine throttle and elevator each with one actuator state, and 16

VCCTEF inputs to the outermost chordwise flap segments with two actuator states and four aerodynamic

lag states per flap segment. Thus, the model has a total of 1307 states and 18 control variables. The model

includes an aerodynamic model that computes the aircraft drag coefficient according to Eq.(23), a structural

model that computes the wing root bending moment from Eq.(25), as well as accelerometer models that

compute the vertical accelerations of the aeroelastic modes at the wing from Eq.(19) and the aircraft center

of gravity from Eq.(27).

The controller is built using the reduced-order model that contains the first 10 aeroelastic modes. This

reduced-order model has 179 states.

A flight path angle control is designed according to Eq.(30). The flight path angle command γc stays

equal to 0, resulting in the objective of the baseline controller to stay at normal cruise conditions in the
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presence of turbulence. Cruise conditions for the GTM with VCCTEF are at Mach 0.797 at an altitude of

36,000 ft.

The optimal baseline controller has the cost weighting matrix Q (xr, xe, xδ, xs, xa) = diag(100, 50, 1 ×

10−10, 1× 10−10, 1× 106) and the control weighting matrix is selected as R = 1× 104I. As can be seen from

the cost weighting matrix, the aeroelastic mode suppression uses as weighting matrix Qe = 50. The drag

minimization uses a weighting coefficient qD = 5 × 104. The nominal rigid controller has the same control

weighting matrix and cost weighting matrix Q (xr, xδ, xs, xa) = diag(100, 1× 10−10, 1× 10−10, 1× 106).

The disturbance estimation is done using the ESO described in Eq.(64). The observer gains are selected

as βi = 100 for the rigid-body states xr, aeroelastic states derivatives q̇, and the VCCTEF states derivatives

δ̇. Since the other states are not directly affected by the turbulence, their observer gains are kept to 0.

The MRAC update law for the adaptive disturbance gain of the active gust load alleviation control in

Eq.(72) is calculated with the MRAC rates of adaptation Γ(xr) = 1 × 103,Γ(xe) = Γ(xδ) = 1 × 10−2 and

weight matrix Q (xr, xe, xδ, xs, xa) = diag(5× 101, 1× 101, 1× 10−1, 0, 0).

The simulations consider a 1-dimensional severe von Kármán turbulence model with a turbulence intensity

σ of 4.5 and a characteristic length L of 1750ft.

A. Aeroelastic State Estimation

The multi-objective flight controller with active gust load alleviation is a feedback control design. This means

that the control design needs information about the states. In this study, it is assumed that the rigid-body

states xr, VCCTEF states xδ, and servo-motor states xs can be measured. The aeroelastic state vector xe

cannot be measured and therefore needs to be estimated with an observer design.

The inclusion of an observer in the optimal control framework of the multi-objective flight controller

transforms the Linear-Quadratic Regulator (LQR) control to Linear-Quadratic Gaussian (LQG) control.

The state observer is designed using the Kalman filter optimal estimation method.

The state observer uses the measurements from four accelerometers that are placed in pairs at mid-span

and near the wing tip of each wing. The accelerometer pairs are located forward and aft of the elastic axis at

the same spanwise location, illustrated by the red dots in Fig.5. This relative positioning of the accelerometer

pairs with respect to the elastic axis allows the measurement of both the vertical and angular acceleration

of the wing section.

The accelerometer measurements need to be filtered before they can be used in the Kalman filter es-

timation. This is because of two reasons: 1) measurement noise needs to diminish, and 2) the effect of

the high-frequency modes that are removed in the reduced-order model needs to be attenuated. Otherwise,

these high-frequency modes can significantly affect the accelerometer output, but this effect is not taken into
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Figure 5. Accelerometer Locations

account in the predicted output of the Kalman filter. The disparity between the measured and predicted

output can negatively influence the state estimation. A low-pass filter provides a solution to both problems.

The cut-off frequency of the filter should be selected based on the maximum frequency of the aeroelastic

modes in the reduced-order model. A Bessel filter is selected since this filter has a limited phase shift and

therefore a smaller delay with respect to the accelerometer measurements.2

In this simulation study, the outputs of the four accelerometers are modeled by Eq.(19). The Kalman

filter estimates the aeroelastic states with

˙̂xe = Aerxr +Aeex̂e +Aeδxδ +Aesxs +Beu+ ze + L (yK − ŷ) (82)

where L is the optimal Kalman filter gain and ŷ is the estimated output as

ŷ = C

[
xTr x̂Te xTδ xTs xTa

]T
+Du (83)

and yK is the filtered accelerometer output given by

yK = F (s) (y + v) (84)

where F (s) is the transfer function of the Bessel filter and v is the measurement noise. The measurement
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noise is modeled as white noise.

By implementing the state estimates in the controller design of Eq.(78), the multi-objective flight con-

troller with active gust load alleviation becomes

u = Kxx̂+Kzz + Λ0 + K̂wŵg (85)

where x =

[
xTr x̂Te xTδ xTs xTa

]T
.

B. Performance Metrics for Gust Load Alleviation

The goal of the simulations is to assess the performance of the active gust load alleviation control method.

Several performance metrics have been used in previous research on gust load alleviation to analyze the

controller performance. In this study, five performance metrics will be analyzed

1. The sum of the Euclidean norm of the rigid-body states

mr∑
i=1

‖xr − xref,r‖ =

mr∑
i=1

 n∑
j=1

|xr,ij |2
1/2

(86)

where n is the number of samples and mr is the number of rigid-states.

2. The sum of the Euclidean norm of the aeroelastic states

me∑
i=1

‖xe − xref,e‖ =

me∑
i=1

 n∑
j=1

|xe,ij |2
1/2

(87)

where me is the number of elastic states.

3. The Euclidean norm of the flight path angle γ

‖γ − γref‖ =

 n∑
j=1

|γj |2
1/2

(88)

4. The root-mean-square incremental vertical acceleration at the center of gravity of the aircraft

Az,rms =

√√√√ 1

n

n∑
i=1

∆A2
z,i (89)
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5. The root-mean-square bending moment at the wing root

My,rms =

√√√√ 1

n

n∑
i=1

M2
y,i (90)

In previous research,21–24 the wing root bending moment My and the rigid-body xr and elastic state xe

responses have been selected as the main performance metrics to consider. Consequently, the performance

metrics relating to these variables (1, 2, and 5) will be considered to be of most importance.

Furthermore, the drag minimization control feature is also analyzed. The incremental drag is calculated

according to Eq.(24).

C. Simulation Results

This section contains the results of the simulations for the flexible wing GTM aircraft in symmetric cruise

conditions subjected to severe von Kármán turbulence. The performance of seven different controllers is

analyzed and compared:

1. Nominal Rigid Controller (NRC)

2. Linear-Quadratic Regulator Control (LQR)

3. Linear-Quadratic Regulator Control with Drag Minimization (LQR + DM)

4. Linear-Quadratic Regulator Control with Drag Minimization and Active Gust Load Alleviation (LQR

+ DM + GLA)

5. Linear-Quadratic Gaussian Control (LQG)

6. Linear-Quadratic Gaussian Control with Drag Minimization (LQG + DM)

7. Linear-Quadratic Gaussian Control with Drag Minimization and Active Gust Load Alleviation (LQG

+ DM + GLA)

The difference between LQR and LQG is that the LQR controller assumes that all the states can be measured,

while the LQG controller needs the Kalman filter estimation of the aeroelastic states. Both the LQR and

LQG controller include the aeroelastic mode suppression objective (Qe = 50). Drag minimization is added

to the controller by switching the drag weighting coefficient qD from 0 to 5× 104.

Tables 1 and 2 show the performance metric results of the flight dynamic, structural and aerodynamic

responses. In these tables both the LQR and LQG simulations are shown. The LQG simulations represent

the most realistic scenario, in which the aeroelastic states cannot be measured but need to be estimated with
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the use of a Kalman filter. This state estimation introduces errors in the control method. For this reason,

the LQR simulations are also shown. The LQR simulations show the performance of the aeroelastic mode

suppression, drag minimization, and active gust load alleviation without the interference of state estimation

errors. ∑
‖xr − xref,r‖ %

∑
‖xe − xref,e‖ % ‖γ − γref‖ %

NRC 0.395 0 20.355 0 1.169 0
LQR 0.368 -7 11.735 -42 1.521 30
LQR + DM 0.289 -27 9.755 -52 0.876 -25
LQR + DM + GLA 0.114 -71 14.078 -80 0.665 -43
LQG 0.461 17 17.886 -12 0.366 -69
LQG + DM 0.321 -19 11.732 -42 0.604 -48
LQG + DM + GLA 0.175 -56 6.078 -70 0.724 -38

Table 1. Performance Metrics Results: Flight Dynamic Responses

First of all, the aeroelastic mode suppression is noticeable by considering the sum of the Euclidean norm

of the aeroelastic states
∑
‖xe − xref,e‖. The LQR and LQG controllers significantly suppress the aeroelastic

responses. Furthermore, the Euclidean norms of the rigid-body states
∑
‖xr − xref,r‖ and aeroelastic states∑

‖xe − xref,e‖ show the ability of the active gust load alleviation control to significantly counteract the

effects of the turbulence. The drag minimization objective also suppresses the rigid-body and aeroelastic

states. The performance metric related to the flight path angle ‖γ − γref‖ shows an increase in performance

for the LQR controllers when adding drag minimization and active gust load alleviation. The LQG controller,

however, shows the opposite effect with respect to this flight path angle performance metric. The contrary

results could be caused by errors in the aeroelastic state estimation.

Az,rms

[ft/s2]
% My,rms

[ft− lb]
% ∆CD

[dragcount]
%

NRC 0.482 0 63598 0 18 0
LQR 0.296 -39 26352 -59 23 28
LQR + DM 0.241 -50 15374 -76 21 17
LQR + DM + GLA 0.268 -44 10584 -83 18 0
LQG 0.187 -61 46289 -27 21 17
LQG + DM 0.235 -51 29781 -53 19 6
LQG + DM + GLA 0.269 -44 10533 -83 19 6

Table 2. Performance Metrics Results: Structural and Aerodynamic Responses

The results in Table 2 show the ability of active gust load alleviation to significantly decrease the root-

mean-square of the wing root bending momentMy,rms. As mentioned earlier, the wing root bending moment

is a main criterion in the analysis of gust load alleviation controls. The vertical acceleration of the center of

gravity Az,rms decreases when including aeroelastic mode suppression, but does not show a coherent relation

with the controller type. The incremental drag ∆CD is lowest for the nominal rigid controller. However, the
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effect of drag minimization control is certainly noticeable when comparing the LQR and LQG controllers

with the LQR and LQG controllers with drag minimization.

Figure 6 shows the incremental rigid-body response of the aircraft to the severe von Kármán turbulence.

The plots compare the responses of the nominal rigid controller, the LQG controller with aeroelastic mode

suppression, the LQG controller with aeroelastic mode suppression and drag minimization and the LQG

controller with aeroelastic mode suppression, drag minimization, and active gust load alleviation. The angle

of attack ∆α and pitch angle ∆θ illustrate the improvements gained by including drag minimization and

the significant improvement when including active gust load alleviation. The pitch rate ∆q shows a clear

improvement of all the LQG controllers with respect to the nominal rigid controller. Furthermore, active

gust load alleviation shows the largest improvement in suppressing the response of the pitch rate. The flight

path angle γ response benefits the most from aeroelastic mode suppression, and all LQG controllers perform

better than the nominal rigid controller.

Figure 7 shows the response of the first three aeroelastic modes. The effect of active gust load alleviation

is clearly visible. The LQG controller with mode suppression, drag minimization, and active gust load

alleviation performs best in suppressing the aeroelastic states.

Figure 8 shows the control surface deflections of the elevator and the VCCTEF. The VCCTEF sections

are numbered from 1 at the wing root to 16 at the wing tip. The elevator deflections are well within the

standard elevator deflection limit of 25◦ and the deflection rates are well-behaved. The VCCTEF deflections

are illustrated separately for the four different controllers. For all control methods the VCCTEF deflections

are well-behaved and within the deflection limit of 20◦. Furthermore, the deflection limit constraint of 2◦

between each adjacent flap section is obeyed. The inclusion of the aeroelastic mode suppression objective

results in higher control surface deflections.

Figure 9 shows the wing root bending moment response ∆My, vertical acceleration at the center of gravity

response ∆Az, and the incremental drag response ∆CD. The wing root bending moment is significantly

decreased with the use of active gust load alleviation. The vertical acceleration at the center of gravity is

mainly suppressed by the aeroelastic mode suppression objective. The incremental drag is lowest for the

nominal rigid controller. However, the drag minimization objective decreases the incremental drag with

respect to the LQG controller.

Figure 10 shows the results of the ESO disturbance estimation. In this figure, the estimations of the

disturbance to the angle of attack wgα and the disturbance to the first aeroelastic mode wgq1 are compared

for the LQR and LQG simulations. First of all, for both the LQR and LQG simulations the estimation of

the disturbance to the angle of attack is reasonably accurate. Secondly, the estimation of the disturbance

to the first aeroelastic mode is again accurate for the LQR simulation, but far off for the LQG simulation.
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Figure 6. Rigid Aircraft Response to Multi-Objective Flight Control with Mode Suppression, Drag Minimiza-
tion and Active Gust Load Alleviation
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Figure 7. Elastic Response to Multi-Objective Flight Control with Mode Suppression, Drag Minimization and
Active Gust Load Alleviation
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Figure 8. Control Surface Deflections for Multi-Objective Flight Control with Mode Suppression and Drag
Minimization
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Figure 9. Performance Response to Multi-Objective Flight Control with Mode Suppression, Drag Minimization
and Active Gust Load Alleviation
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This means that the errors between the actual and estimated aeroelastic states significantly impact the ESO

estimation of the disturbances related to the aeroelastic states. Both the disturbance estimations for the

LQR and LQG controllers show a phase lag with respect to the real disturbance. This lag decreases the

performance of the controllers.

Figure 10. ESO Disturbance Estimation

D. Validation

The active gust load alleviation control is validated for six additional turbulence models.

1. Dryden Light with intensity σ = 1.5 and characteristic length L = 1750ft

2. Dryden Moderate with intensity σ = 1.5 and characteristic length L = 1750ft

3. Dryden Severe with intensity σ = 3.0 and characteristic length L = 1750ft

4. von Kármán Light with intensity σ = 3.0 and characteristic length L = 1750ft
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5. von Kármán Moderate with intensity σ = 5.0 and characteristic length L = 1750ft

6. von Kármán Severe with intensity σ = 5.0 and characteristic length L = 1750ft

The validation results are summarized in Table 3. Table 3 shows the difference in performance metrics in

percentage when comparing the LQG controller with and without active gust load alleviation. A negative

value indicates an increase in performance while a positive values indicates a decrease in performance. For all

six turbulence models, active gust load alleviation increases the performance with respect to the rigid-body

states
∑
‖xr − xref,r‖, aeroelastic states

∑
‖xe − xref,e‖, and wing root bending momentMy,rms. However,

it decreases the performance with respect to the flight path angle ‖γ − γref‖ and does not show any coherent

relation with respect to the vertical acceleration at the center of gravity Az,rms.∑
‖xr − xref,r‖

[%]

∑
‖xe − xref,e‖

[%]

‖γ − γref‖
[%]

Az,rms

[%]

My,rms

[%]

Dryden Light -21 -17 5 -6 -18
Dryden Moderate -45 -42 23 2 -43
Dryden Severe -49 -47 21 -1 -38
von Kármán Light -31 -40 29 3 -29
von Kármán Moderate -53 -57 35 1 -59
von Kármán Severe -38 -43 0 2 -45

Table 3. Validation Results for Active Gust Load Alleviation

V. Discussion

It is important to qualify the limitations and assumptions in this study that may affect the active gust

load alleviation assessments.

First, the Kalman filter state estimation needs to be improved in order to improve the performance of

the controller and the ESO estimation of the disturbances. The LQR simulation results have indicated the

ability of the active gust load alleviation to significantly improve the performance metrics for the rigid-body

and aeroelastic responses, wing root bending moment, vertical acceleration of the center of gravity and even

the incremental drag. It is expected that the closer the estimation of the aeroelastic states complies with

the actual aeroelastic states, the better the LQG controller with active disturbance rejection will perform.

Furthermore, the illustration of the ESO disturbance estimation in Fig.10 shows that the ESO disturbance

estimation performs very well for the LQR simulations. Following the same line of reasoning, it is expected

that a close compliance between the estimates of the aeroelastic states and actual aeroelastic states improves

the ESO disturbance estimation for the LQG simulations. A more accurate estimation of the disturbances

will improve the active gust load alleviation control.
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Secondly, Lyapunov stability theorems are used in general to proof that an MRAC update law is sta-

ble. However, in the presence of a bounded disturbance, such as turbulence wg, only bounded tracking

can be accomplished. Furthermore, the robustness of the MRAC update law can be increased by using a

robust modification scheme such as optimal control modification.17,18 Future research should look into the

application of the optimal control modification in active gust load alleviation.

Thirdly, this study does not consider any constraints on the rate of the VCCTEF and no lag in the actuator

response. Active gust load alleviation requires a highly reactive flap system. In reality, rate constraints and

controller lag for the VCCTEF can decrease the performance of the active gust load alleviation control.

Future research should study these limitations.

Furthermore, in this study, the VCCTEF is constrained to follow a cubic Chebyshev polynomial shape

function. It is plausible that a higher order or more flexible shape function can improve the controller

performance by allowing more degrees of freedom. Future research should look into the effect of the shape

constraint on the multi-objective flight control and active gust load alleviation control performance.

Finally, stability margins of the controllers should be analyzed to determine how robust they are. This

can be done by injecting a time delay at the input to assess the time delay margin of the controllers. The

LQR is expected to be most robustly stable among all the controllers but it is not realizable. On the other

hand, the LQG design can be designed with a Loop Transfer Recovery (LTR) method to provide a stability

margin close to that of the LQR.16,19

VI. Conclusions

This paper presents a multi-objective flight control framework for aeroelastic mode suppression, drag

minimization, and active gust load alleviation. The present study is an extension of the previous development

of multi-objective flight control for flexible aircraft equipped with multi-functional flight control surfaces such

as the Variable Camber Continuous Trailing Edge Flap system. The multi-objective flight control addresses

multiple competing needs in a flight control design to achieve the goals of maximizing the aerodynamic

performance of an aircraft, minimizing structural loads and aeroelastic response of the wing structure, and

tracking a pilot command. The aerodynamic performance and structural response objectives are integrated

into the traditional cost function of linear-quadratic optimal control to synthesize a multi-objective flight

control design. Active gust load alleviation is added to the flight control framework by augmenting the

linear-quadratic optimal controller with an adaptive increment. This adaptive increment is designed using

Model Reference Adaptive Control and Extended State Observers. The Extended State Observers are used

to estimate the turbulence in flight. Simulations of the multi-objective flight control are conducted for a

flexible wing NASA Generic Transport Model. The results demonstrate the effectiveness of the active gust
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load alleviation approach within a multi-objective flight control framework that includes aeroelastic mode

suppression, drag minimization, and gust load alleviation.
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A. Optimal Disturbance Gain

This appendix shows the derivation of the optimal disturbance gain Kw. Consider our system

ẋ = Ax+Bu+ z + wg (91)

An optimal control is designed with the following cost function

J =
1

2

∫ tf

0

(
xTQx+ uTRu

)
dt (92)

where Q = Qr ⊕Qe ⊕Qδ ⊕Qs ⊕Qa > 0.

We define the Hamiltonian as

H =
1

2

(
xTQx+ uTRu

)
+ λT (Ax+Bu+ z + wg) (93)

The adjoint equation and optimal control are obtained as

λ̇ = −∂H
T

∂x
= −Qx−ATλ (94)

∂HT

∂u
= Ru+BTλ = 0⇒ u = −R−1BTλ (95)

Let λ = Wx+ V z + T . Then

Ẇx+Wẋ+ V̇ z + V ż + Ṫ = −Qx−AT (Wx+ V z + T ) (96)

In this study, the command flight path angle γc is constant and therefore γ̇c = 0. Let tf →∞, then the

optimal solution approaches a steady state solution. For the infinite time-horizon optimal control, Ẇ (tf ) = 0,

V̇ (tf ) = 0, and T (tf ) = 0. Then, separating terms yields the following expressions

WA+ATW −WBR−1BTW +Q = 0 (97)

V = −
(
AT −WBR−1BT

)−1
W (98)

Ṫ = −
(
AT −WBR−1BT

)
T −Wwg (99)
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For control implementation, Eq.(99) needs to be calculated numerically. The real disturbance wg is

replaced with the observed disturbance ŵg. Equation 99 becomes

Ṫ = −
(
AT −WBR−1BT

)
T −Wŵg (100)

Since the transversality condition is based on the terminal time condition, a time-to-go variable τ is

defined as

τ = tf − t (101)

Numerically solving Eq.(99) as function of the time-to-go variable τ gives

Ṫ =
Ti+1 − Ti

∆τ
= −

(
AT −WBR−1BT

)
T −Wŵg (102)

Ti+1 = Ti −∆τ
((
AT −WBR−1BT

)
T −Wŵg

)
(103)

The differential equation from Eq.(103) cannot be implemented in real-time. For infinite time-horizon

control, as τ → 0, the optimal control solution will approach a steady-state solution that consists of infinite

series containing the time derivatives of the observed disturbance ˆ̇wg.

Another approach would be to define λ as λ = Wx + V z + Twg. The adjoint equation in Eq.94 then

becomes

Ẇx+Wẋ+ V̇ z + V ż + Ṫwg + Tẇg = −Qx−AT (Wx+ V z + Twg) (104)

It is invalid to assume that ẇg = 0 and therefore Eq.(104) cannot be solved analytically nor numerically.

The time derivatives of the disturbance ẇg could be estimated using the ESO gust estimation update law

from Eq.(64). However, Eq.(104) can still not be implemented because T depends on the time derivatives of

the disturbance ẇg and the estimates of the time derivatives of the disturbance ˆ̇wg are time-varying.

Nonetheless, sub-optimal solutions are usually adequate by neglecting ˆ̇wg. Then upon setting Ẇ (tf ) = 0,

V̇ (tf ) = 0, and T (tf ) = 0 for the infinite time-horizon solution and substituting the definition of ẋ from

Eq.(91) into the adjoint equation from Eq.(104) gives

W (Ax+Bu+ z + wg) = −Qx−AT (Wx+ V z + Twg) (105)

Separating terms yields the following expressions
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WA+ATW −WBR−1BTW +Q = 0 (106)

V = −
(
AT −WBR−1BT

)−1
W (107)

T = −
(
AT −WBR−1BT

)−1
W (108)

In the presence of state and disturbance estimation, the multi-objective flight controller is expressed as

u = Kxx̂+Kzz +Kwŵg (109)

where

Kx = −R−1BTW (110)

Kz = −R−1BTV (111)

Kw = −R−1BTT (112)
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