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 Lattice and hollow beam designs

enable multi-stable metastructures to
enhance their energy dissipation
capability.
 Enhanced structural bending stiffness
is the key factor that contributes to
the increase of critical loads and
energy dissipation.
 Tuning the overall beam thickness
could effectively lead to a stiffer
mechanical response, but it will be
impeded by local buckling.
 The proposed design strategy can be
extended to shell structures for
enhancing energy dissipation.
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a b s t r a c t
Multi-stable metastructures composed of curved beams can switch to a series of stable configurations via
elastic snap-through transitions. The elastic deformations allow metastructures to function as reusable
energy absorbers. However, conventional metastructure designs based on solid beams often result in relatively low energy dissipation. In this work, it is found that by increasing the beam unit’s bending stiffness while keeping the volume/mass constant, energy dissipation of the metastructure can be largely
improved. Based on this observation, we propose two types of structural designs (lattice and hollow
cross-section design) as building blocks for multi-stable metastructures. The lattice design is realized
by incorporating lattice structures into pre-shaped beams while for the hollow cross-section design, a
box-shaped cross section is adopted. The proposed structures are experimentally characterized under
cyclic loading and are shown to exhibit sequential snap-through transitions with relatively large energy
dissipation. Results show the snap-through behavior can be further tailored through tuning structural inplane thickness. Effects of geometric parameters on snap-through, local buckling and bi-stability are
investigated, and the feasible design domains for selecting proper lattice and cross-section geometries
are identified. In addition, we demonstrate that the proposed design is not restricted to beams, and
can be extended to shell structures.
Ó 2021 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction
Energy absorping materials play important roles in protecting
delicate objects and mitigating impact in many fields, for example,
⇑ Corresponding author.
E-mail address: Y.Zhang-15@tudelft.nl (Y. Zhang).

automobiles, aircraft and civil engineering [1]. To realize energy
absorption, a number of strategies have been proposed to dissipate
energy during a crash, including lightweight honeycomb structures
[2,3], sandwich structures [4–6], and metallic foams [7,8]. The
energy dissipation of these structures is mostly associated with
plastic deformations and thus it results in inevitable structural
damage.

https://doi.org/10.1016/j.matdes.2021.110234
0264-1275/Ó 2021 The Author(s). Published by Elsevier Ltd.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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posed designs enable dissipation of more energy without using
more material. Moreover, the proposed designs introduce additional design parameters, providing a larger design space to tune
the snap-through features. In addition, this concept of increasing
structural bending stiffness can be extended to shell structures.
The remainder of this paper is organized as follows. The working principle of the proposed design is firstly discussed in Section 2.
The concept of lattice and cross-section designs is elaborated in
Section 3, where the key geometric parameters are specified and
categorized. Furthermore, the experimental and numerical
approaches we used are discussed. Section 4 presents the mechanical properties of unit cells comprising hierarchical and hollow
beams. The effect of geometric parameters on snap-through transition is explored. In Section 5, we investigate the deformation characteristics of multi-stable metastructures under cyclic loading. The
energy dissipation is evaluated both experimentally and analytically. A quantitative comparison between the proposed and traditional designs is discussed. In Section 6, we demonstrate the
potential of extending the proposed design to develop latticebased shells. Conclusions are presented in Section 7.

Recently, owing to its potential of achieving energy absorption
with elastic deformations, the concept of designing mechanical
metastructures with snap-through behavior has been proposed
and extensively studied [9,10]. Mechanical metastructures are
rationally designed periodic structures that exhibit novel functionalities from their elementary structures rather than material properties. The snap-through property is a type of buckling behavior
that causes a structure to ‘‘jump” from one configuration to the
other when the applied load exceeds a critical value. To build
metastructures exhibiting snap-through behavior, pre-shaped
curved beams, as structural elements that exhibit snap-through
behavior, have commonly been adopted [11,12]. For metastructures composed of a number of curved beams, a sequential snapthrough behavior and negative stiffness can be observed in the
quasi-static load–deflection curves [13]. Moreover, these metastructures often exhibit a series of stable deformed configurations
and are, thus, referred to as multi-stable beam-type metastructures (MBMs) [14,15]. The multi-stability enables metastructures
to retain their deformed configurations without the need for continuous external loading, facilitating motion- and energy-related
functionalities [9]. For instance, it has been demonstrated that
multi-stability can be utilized to design mechanical logic gates
for Boolean computations [16]. With regard to energy absorption,
the MBMs can realize an hysteresis loop under a quasi-static loading–unloading cycle, whereas energy is dissipated through a
dynamic snap-through process [17–19]. Unlike structures which
dissipate energy by means of plastic deformations, these metastructures undergo elastic deformations and the deformed structure
can be fully reversed back to its initial configuration. As a result,
these metastructures can be reused as shock absorbers multiple
times. Moreover, the energy absorption is rate independent in
the sense that when the external loading frequency is significantly
lower than the metastructure’s lowest eigenfrequency, the resulting hysteresis is hardly affected by the loading rate [20–22].
Many prototypes of MBMs have been demonstrated and studied
in literature. Different geometries have been proposed, including
planar [23–30], three-dimensional (3D) cylindrical [14,31,32],
hexagonal [33,34] and cubic geometries [35–37]. For instance,
Restrepo et al. [24] and Zhang et al. [38] investigated energy dissipation of multi-stable metastructures comprising curved beams
arranged in one (1D) and two directions (2D). Hua et al. [31]
extended the planar beams to spatial curved beams for developing
cylinder-shape metastructures. Ha et al. [35] combined six curved
beams into a 3D unit cell and presented a metastructure design for
realizing energy absorption in three directions. While these previous studies focused on multi-stable metastructures under compressive loads, Sun et al. [25] presented a type of multi-stable
structure consisting of two non-identical elements, to achieve
energy absorption under tension.
For multi-stable metastructures consisting of snapping units,
their energy dissipation capability is closely connected with the
unit cells’ snap-through behavior [24,39]. That is, snap-through
units with stiffer mechanical responses will lead to an improvement of metastructures’ energy dissipation. In the case of MBM,
most previous studies have concentrated on using solid beam units
to design metastructures. In this paper, we aim to develop new
designs for MBMs to realize better energy dissipation than the
solid beam designs. Specifically, it is found that by increasing the
beam units’ bending stiffness to a large extent, the corresponding
metastructures can exhibit an improved energy dissipation. Based
on this observation, we propose two types of snapping beams with
enhanced bending stiffness as building blocks to construct metastructures. That is, for a planar design, lattice structures are introduced into the curved beam to obtain an hierarchical beam.
Another strategy is to design hollow beams with box-shaped cross
sections. Compared with previously studied solid beams, the pro-

2. Design principle
The structural design in this work is based on the pre-shaped
curved solid beam, as illustrated in Fig. 1(a). The beam’s geometry
can be described as:

yðxÞ ¼

 x 
H
1  cos 2p
;
2
L

ð1Þ

where H; L; T; B represent height, span, in-plane thickness and outof-plane width of the beam, respectively. The effective bending
and axial stiffness of the beam are denoted as EI=L3 and EA=L,
respectively. When a force (denoted as F) is applied at the center,
as shown in Fig. 1(a), the beam can exhibit a snap-through transition and may reach the second stable state (curved dashed line).
Here, the force–displacement (F  d) response of the beam is studied analytically. An approximate analytical model is adopted, based
on the principle of mode superposition. It has been shown that the
model can provide a good estimate of the snap-through transition
[31,40,41]. Here, the first seven buckling modes are employed as
a basis, and governing equations are derived on the basis of the
minimum total potential energy principle (see Supporting
Materials).
The resulting force–displacement curves obtained from the analytical analysis are shown in Fig. 1(b), where snap-through transitions of structures with different bending stiffness but the same
cross-sectional area (A) are presented. During the displacementcontrolled loading, two critical forces (denoted as F max and F min )
are identified, and the structure exhibits a negative tangent stiffness after reaching F max . It can be noted that when enlarging the
structure’s effective bending stiffness, both F max and F min increase,
and the absolute value of the negative tangent stiffness increases
as well. The effect of bending stiffness on the snap-through behavior indicates that when the axial stiffness of the structure is kept
unchanged, increasing the bending stiffness can effectively result
in a stiffer mechanical response.
Increasing the absolute values of F max and F min enables to
enhance the energy dissipation. For a multi-stable metastructure
consisting of serially arranged curved beams, an hysteresis can
be realized under a displacement-controlled loading–unloading
cycle [20,24]. Fig. 1(c) shows a three-beam system for which the
displacement at the top is prescribed. Due to unavoidable imperfections in practice, the element with the smallest F max becomes
unstable first and will snap. As a result, a dynamic process is initiated, leading to dissipation of energy. This dissipated energy is
2
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Fig. 1. Pre-shaped solid beams and the effect of bending stiffness on snap-through behavior. (a) A pre-shaped solid beam. The out-of-plane dimension is denoted as B. (b) The
force–displacement curves predicted by the analytical model are shown, where cross-sectional area is kept as a constant value (A ¼ 12 mm2). Snap-through responses of
beams with different relative bending stiffness are presented. (c) A system composed of three pre-shaped beams arranged in series. (d) The force–displacement curve of the
three-beam system under a displacement-controlled loading cycle is illustrated.

and h, as depicted in Fig. 2(a). In addition, solid reinforcements
with thickness D and 2D are introduced at the boundary and center, respectively (see Fig. 2(a)). The number of lattice cells (denoted
as nc ) within the hierarchical beam is determined based on the following relation:

converted to heat in turn. The other two beam units initially follow
the stable unloading equilibrium without energy dissipation. Consequently, the corresponding force–displacement curve shows
three ‘‘jumps” (see Fig. 1(d)). Similarly, for the unloading path,
jumps will happen upon reaching F min , resulting in the unstable
transition of one element. After a loading–unloading cycle, an hysteresis loop, representing the energy dissipation of the metastructure, can be identified. It can be noted that the resulting hysteresis
loop is closely associated with the beam unit’s snap-through
behavior. For the same amount of material, when adopting structural units with enhanced bending stiffness, it can be expected that
better energy dissipation can be realized.

2R qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2
3
L
1 þ ðdy
Þ dx  4D
0
dx
5  1;
nc ¼ int4
2t
2T v tanðhÞ þ cosðhÞ

ð2Þ

where int represents a function that returns the integer part of a
decimal number. Note that the hierarchical beam’s mechanical
properties are determined by a collective effect of the curved shape
and the embedded lattices. As presented in Fig. 2(b), the designed
hierarchical beam is then combined with rigid frames (in grey) to
create a unit cell. By patterning such unit cells in 2D and 3D,
multi-stable metastructures can be constructed accordingly (see
Fig. 2(c)).

3. Structure design and methods
Following the concept of enlarging the relative bending stiffness, we present two types of structural design with improved
energy dissipation. Note that the traditional solid beam whose
geometry can be described by Eq. (1) is also studied for comparison, where H; T; L and B are referred to as global shape parameters.

3.2. Hollow cross-section design
Next to the lattice-based design, we also investigate hollow
beams with a box-shaped cross section, as presented in Fig. 2(d)–
(f). It can be seen that in addition to the global shape parameters,
the hollow beam has an internal cross section that can be
described by b1 and t 1 (see Fig. 2(d)). These curved beams with a
box-shaped cross section are referred to as hollow beams in the
remainder of this paper. The hollow beams are constructed by
sweeping the box-shaped profile along the curved path (i.e. conform Eq. (1)). The associated 2D and 3D metastructures are demonstrated in Fig. 2(e) and (f).

3.1. Lattice design
The lattice design studied in this paper is focused on planar
structures (x-y plane) that can be extruded along the out-ofplane (z) direction. As illustrated in Fig. 2(a), lattice structures
(LSs) are incorporated into a pre-shaped beam to form a hierarchical beam. Similar to the solid beam, global shape of the hierarchical
beam can be described by H; L; T and B (conform Eq. (1)). The distance between the top and bottom skin is denoted as T v . The internal LS geometry can be described by two lattice parameters, i.e. t
3
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Fig. 2. A schematic of the proposed designs. (a)–(c): The developed lattice-based metastructures. Geometric parameters of the hierarchical beam are depicted in (a). (d)–(f):
Metastructures based on hollow beams with box-shaped cross sections.

sured Young’s modulus and Poisson’s ratio, a linear elastic constitutive relation is adopted.
In addition to quasi-static simulations, impact simulations are
carried out to investigate the protective capabilities of the proposed metastructures. For this, we investigate the impact performance of metastructures using ABAQUS/Explicit. Based on the
material properties of PLA and elastomers, the mass density of
frames and beam elements are taken as 1240 kg/m3 and
1140 kg/m3, respectively. A rectangular object with a mass density
of 7900 kg/m3 is placed above the metastructure. The object has a
Young’s modulus of 210 GPa and a Poisson’s ratio of 0.3. An initial
velocity and a gravitational acceleration of 9.8 m/s2 are introduced.

3.3. Fabrication and experiments
To experimentally evaluate the proposed structures, a series of
samples is fabricated using fused deposition printing (Prusa i3MK3 printer). The hierarchical, hollow and solid beams are printed
with thermoplastic elastomers (Flex 98, RS), and frames are printed
with a stiff material (polylactic acid, PLA). The beams and frames
are assembled into unit cells by using screws. 3D multi-stable
metastructures shown in Fig. 2(c) and (f) are built by assembling
a series of unit cells. The material property of the elastomer is characterized by standard tensile measurements according to ASTM
D638-14. The measured Young’s modulus and Poisson’s ratio are
87 MPa and 0.4, respectively.
Uniaxial loading tests are conducted to characterize the
mechanical behavior. A displacement-controlled loading is applied
using a universal testing system (ZwickRoell Z005). Specimens are
loaded at the top with a crosshead speed of 10 mm/min, whereas
the bottom edge of the specimen is fully clamped. The detailed
information on the setup can be found in Supporting Materials.

4. Mechanical behavior of unit cells
In this section, we investigate and present the mechanical properties of unit cells. The snap-through transitions are analyzed
experimentally and numerically.

3.4. Numerical simulations

4.1. Snap-through behavior

To simulate the snap-through transition, finite element analysis (FEA) is carried out using ABAQUS (Standard, 2017). In the
case of hierarchical beams, 2D structural models are constructed.
Triangular and quadrilateral plane-stress elements (CPS3 and
CPS4) are used. Mesh convergence tests have been conducted to
ensure accuracy. Boundary conditions are assigned in such a
way that the left and right end are fully constrained, and a vertical displacement is applied at the center. For the hollow beams,
eight-node solid elements (C3D8) are employed. Using the mea-

Hierarchical, hollow and solid beams with the same volume (V)
are constructed, and their geometric parameters are depicted in
Table 1. It should be noted that H; L, and B of the hierarchical and
hollow beam are the same for all beams, and are fixed throughout
this study. In contrast, the hierarchical and hollow beam have a larger in-plane thickness T than the solid beam, which leads to an
enhanced bending stiffness. Here, the unit cell’s snap-through
behavior is characterized experimentally and numerically. In the
numerical model, 37314 elements are used for meshing the 2D
4
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Table 1
Geometric parameters of unit cells.

4.2. Tuning of snap-through behavior

hierarchical geometry. In case of the hollow beam, the geometry is
modeled with 72314 solid elements. The measured and simulated
force–displacement (F  d) curves are shown in Fig. 3(b), where
the displacement (d) is normalized by H. It can be observed that
the experimental and numerical results are in a good agreement,
and all three configurations exhibit snap-through transitions. Upon
loading, F gradually reaches the maximum force (denoted as F max ).
As the displacement increases further, the tangent stiffness
switches to a negative value until the minimum force (denoted
as F min ) is reached. Next, the tangent stiffness becomes positive
again and the deformed stable state (State 2) shown in Fig. 3(a)
can be realized. After releasing the load, the unit cell can stabilize
at the State 2. When compared with the solid beam, both the hierarchical and the hollow beam can realize larger F max and F min due to
the enlarged bending stiffness. Note that for the hierarchical and
hollow beam, it is possible to tune T while keeping the volume
unchanged. This tuning of T may result in further increase of F max
and F min , as studied in Section 4.2.
The enhanced bending stiffness causes the beam to deform into
a stable state with an higher strain energy. Here, strain energy (P)
of the unit cell is derived by calculating the integral of F with
respect to d, as shown in Fig. 3(c). It can be seen that State 2 of each
beam corresponds to a local minimum in the strain energy, which
mainly consists of bending and compression energy. After removing the external load, the strain energy can be stored within the
deformed state (i.e. energy trapping [15]). For the hierarchical
and hollow beams, the enlarged bending stiffness enables the
structure to store more bending energy within the deformed stable
state, enhancing the structure’s energy trapping capability.

a. Hierarchical beams
For given H; L, and B, the hierarchical beam’s bending stiffness can be further tuned by varying T, whereas the volume
is kept constant. As noted in [42,43], the hierarchical beam’s
bending stiffness (Dl ) can be approximated as:

Dl ¼

EI2

L ð1  v

I2 ¼ B

3

2

I1
Þ
I1 þI2

; with I1 ¼

tðT v Þ3
;
6 cosðhÞ

T 3s þ 3T s ðT v þ T s Þ2
T  Tv
; and T s ¼
;
6
2

ð3Þ

where E and v represent Young’s modulus and Poisson’s ratio of the
material, and T s represents thickness of the skin (see Fig. 2(a)). From
Eq. (3), it can be seen that changing lattice parameters (t and h) has
minor influence on the bending stiffness, whereas Dl can be effectively tuned by changing the in-plane thickness T. Thus, we study
effects of T on the critical loads (F max and F min ). Furthermore, it is
worth mentioning that the hierarchical beam normally has lower
axial stiffness than the solid beam with the same volume [42]. This
is because the inclined lattice planes could not effectively bear the
axial load, resulting in a reduction of their axial stiffness. Specifically, the thickness T is varied, while the volume is kept constant
by adjusting t. Simulated and measured results are shown in
Fig. 4(a), where F max and F min of the hierarchical beams are normalized by the counterpart of the solid beam. It can be seen that as
compared to F min ; F max is more sensitive to the change of the thickness. As T increases, it is possible to increase F max to be two times as

Fig. 3. Snap-through behavior of unit cells. (a) Snapshots of a hierarchical beam during the un-axial loading. (b) The measured and simulated force–displacement curves of
the hierarchical, hollow and solid beams. (c) Evolution of the unit cell’s strain energy during the uniaxial loading.
5
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Fig. 4. Tuning the hierarchical beam’s snap-through behavior via varying the thickness T. (a) Experimentally and numerically characterized critical loads as a function of T. (b)
The local buckling. (c) Effect of the lattice parameters on the local buckling.

Consequently, t 1 =T increases at close to 1 and the hollow beams’
walls become thinner. Effects of b1 =B and t 1 =T on local buckling
are studied numerically. From Fig. 5(b), it can be seen that when
b1 =B or t 1 =T is close to 1, local buckling occurs, as illustrated in
Fig. 5(c). During the loading, the slender wall experiences high compressive stresses due to the bending as well as the axial compression. As a result, the hollow beam can not realize the second
stable state. It can be expected that changing the thickness (T) offers
the potential to further enhance the metastructure’s energy dissipation, whereas it has to be constrained within a certain range to
avoid local buckling.

large as that of the solid beam. The increase of the critical load is
mainly attributed to increasing of the bending stiffness. However,
further increasing T will result in local buckling, which causes the
strain and stress to increase dramatically at the local region. Here,
the maximum strain reaches to 58%, which leads to plastic deformations and diminishes reversibility and reusability of the metastructures. Thus, it is important to select proper geometric parameters to
avoid failure due to the local buckling. As shown in Fig. 4(a), when T
is taken as 2.8 mm, local buckling happens for segments near the
boundary (see Fig. 4(b)). This local buckling behavior is caused by
the fact that under the constant volume constraint, increasing the
thickness (T) leads to a decrease of the lattice thickness t. As a result,
slenderness of the segment and the lattice are increased, making
the structure prone to buckling.
To further explore the effect of the lattice parameters on the local
buckling, a parametric study is carried out using finite element
models. The corresponding results are shown in Fig. 4(c). In this figTv
ure, t and T s are normalized by cosðhÞ
and T v tanðhÞ, respectively.

4.3. Bi-stable behavior
Previous studies have shown that the ratio of the height to the
thickness (H=T) is an important quantity for solid beams to realize
bi-stable behavior [40,44]. When H=T of the solid beam is smaller
than a certain value, the structure exhibits mono-stable behavior
(F min > 0). As compared to the solid beam, the hierarchical and
the hollow beam have different geometric parameters, making
their bi-stable criterion distinct from the solid beam. Here, bistability of the hierarchical and hollow beam is studied
numerically.
For hierarchical beams, the lattice parameters (t and h) have a
minor influence on F min because changing lattice parameters
results in a small variation of the bending stiffness (see Eq. (3)).
As a result, varying t and h do not affect bi-stability much (see Supporting Materials). Based on this observation, we study the bistability criterion for hierarchical beams on the basis of two normalized quantities H=T and T v =T, as presented in Fig. 6(a). In this
figure, the yellow region indicates bi-stability (F min < 0), while
the grey area represents mono-stable behavior. The boundary corresponding to F min ¼ 0 is denoted as a red curve. Note that when T v
equals zero, it corresponds to the solid beam. Results show that the
required H=T for the hierarchical beam to realize bi-stability is larger than that of the solid beam. Different from the solid beam, the
hierarchical beam’s bi-stability criterion is not only dependent on
H=T, but also is influenced by T v =T. When T v increases, a larger
H=T is required for achieving the second stable state. This happens
because tuning T v results in an evident change of the bending stiffness, which will affect F min significantly.
In addition, the bi-stability criterion for hollow beams is investigated based on two normalized quantities H=T and t1 =T. From
Fig. 6(b), it can be noted that for low values of H=T, the structure
exhibits mono-stable behavior. The critical H=T corresponding to
F min ¼ 0 (blue curve) increases as t 1 =T increases. Therefore, when
designing bi-stable hollow beams, both H and t1 should be properly
selected. Compared to the hierarchical beam, variation of the critical H=T for bi-stability is not significant. This is because the effect

Orange dots represent that the hierarchical beam is able to snap
into the second stable state without local buckling. Black dots indicate that local buckling behavior occurs. For relatively large t and T s ,
the structure exhibits no local buckling. However, when t and T s are
reduced, the outer skin or the inner lattice become thinner, leading
to local buckling. In order to achieve proper energy dissipation, it is
important to ensure the lattice geometry to fall into the orange
region.
b. Hollow beams
For hollow beams, the overall thickness T can also be tuned,
whereas the volume is kept constant. Note that due to the
volume constraint, the hollow beam has the same axial stiffness as that of the solid beam because they have the same
cross-sectional area. Here, T of the hollow beam is varied
and its influence on the critical loads is studied. When varying T; t1 is adjusted subsequently for keeping the volume
constant. In particular, the hollow beam’s bending stiffness
(Dh ) can be expressed as:

Dh ¼

1  bB1 ðtT1 Þ
12L3

3

ðBT 3 Þ:

ð4Þ

It can be noted from Eq. (4) that T has a dominant effect on Dh .
Results presented in Fig. 5(a) verify that enlarging T can lead to
an increase of both F max and F min when compared with the solid
beam. Moreover, it can be observed that by tuning the thickness,
F max of the hollow beam can be two times larger than that of the
solid beam. Although further increasing T can give rise to larger
Dh , the snap-through transition will be suppressed by local buckling, similar to the hierarchical beam. For the hollow beam, as the
volume is kept constant, increasing T causes t 1 to increase rapidly.
6
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Fig. 5. Tuning the critical loads for the hollow beam. (a) Experimentally and numerically characterized critical loads are plotted as a function of T. (b) The effect of the inner
cross-sectional parameters (b1 and t1 ) on local buckling. (c) The local buckling of the hollow beam.

Fig. 6. The bi-stable criterion for the hierarchical and hollow beam. (a) With changing H=T and T v =T, the bi-stable region for hierarchical beams can be identified. (b) For the
hollow beam, the bi-stable region is plotted as a function of H=T and t1 =T.

LM. During loading, the snap-through sequence (i.e. which layer
snaps first) is mainly determined by the inevitable manufacturing
and assembly imperfections, which cause a sequential buckling
from the weakest to the strongest layer. Measured force–displacement responses of the LM, HM and TM under a complete
displacement-controlled loading–unloading cycle are denoted as
blue dashed lines in Fig. 7(b)–(d). It can be seen that as the displacement increases, the slope of tangent lines, as highlighted in
Fig. 7(b), increases. This is due to the fact that the stiffness of each
layer’s deformed state is larger than that of the initial state. As a
result, when more layers flip into the deformed state, the effective
tangent stiffness increases. Moreover, a force drop can be clearly
observed when reaching F max , in particular, for the LM and HM.
That is, one layer jumps from one configuration to another with
some mechanical energy dissipated to heat. Similarly, during the
unloading process, when the minimum force is reached, the load
increases suddenly, resulting in a configurational transformation.
Consequently, an hysteresis can be identified, as displayed in the
figures. It should be noted that the force drop also occurs for the
TM (see Fig. 7(d)) even though it is not as evident as that of the
LM and HM. In addition, force–displacement curves of the metastructures may be influenced by the polymer’s cyclic softening,
which will result in a reduction of critical loads after a few loading–unloading cycles [45]. Here, it is found that for the thermoplastic elastomer we used, the softening effect is small (see
Supporting Materials).
Moreover, results shown in Fig. 7(b)–(d) indicate that for a
given amount of material, the proposed lattice-based and hollow
cross-section design can effectively give rise to a larger hysteresis

of t 1 on the structural bending stiffness is not as evident as that of
T v (see Eq. (4)).
5. Multi-stable metastructures
In this section, the energy dissipation of metastructures is
investigated. As discussed in Section 2, metastructures comprising
a series of snap-through units can achieve energy dissipation such
that the dissipated energy can be quantified as an hysteresis loop
in the loading–unloading process. Here we analyze the metastructures’ hysteresis characteristics and study their energy absorption
capability. Note that the metastructures are formed by arranging
the unit cells in three directions, leading to multiple stable configurations for the metastructures (see Fig. 7(a)). Due to inevitable
manufacturing imperfections, units will exhibit slightly different
critical loads, resulting in a sequential snap-through transition.
5.1. Energy absorption under a loading–unloading cycle
Based on the proposed lattice-based and hollow cross-section
design, five-layer multi-stable metastructures are studied. Furthermore, metastructures consisting of solid beams (traditional design)
are also fabricated. For the sake of simplicity, metastructures based
on the lattice, hollow cross-section and traditional design are
referred to as LM, HM, and TM, respectively, in the remainder of
this paper. It should be noted that LM, HM, and TM have the same
mass.
Cyclic loading tests are performed on each metastructure. Fig. 7
(a) shows different stages of the loading–unloading process of the
7
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Fig. 7. Mechanical responses of multi-stable metastructures under displacement-controlled cyclic loading. (a) Different deformation stages of the LM in a loading–unloading
test. (b)–(d) Force–displacement curves of the LM, HM, and TM under a complete displacement-controlled loading and unloading cycle.

tion, it is noted that there is a quantitative difference of dissipated
energy between the experiments and models. That is, the area of the
hysteresis loop in experiment is larger than that of the models, with
differences in the range of 30%–50%. This discrepancy is caused by
two factors: i) In experiments, apart from the dynamic snapping,
the viscosity of polymers also contribute to the hysteresis loop,
enlarging the dissipated energy. In the model, the viscous material
damping is not taken into account as our focus is on the snapthrough induced energy dissipation. It can be expected the error
can be largely reduced when an appropriate visco-elastic constitutive relation is adopted; ii) Due to inevitable manufacturing imperfections, the beam units’ mechanical properties (e.g, critical forces)
are different even though they are designed to be identical. This also
causes the difference between the experiments and models in terms
of the amount of dissipated energy.
Using this model, we further investigate the relation between
the energy dissipation and the number of layers. Force–displacement responses of metastructures with different amount (n) of
layers are shown in Fig. 8(a). It can be seen that as n increases,
more layers experience the force jump. Furthermore, it can be
seen that the enclosed hysteresis for each jump (loading–unloading) becomes larger as n increases, leading to an increase of the
energy dissipation of each layer [23,24]. For instance, compared
to the 10-layer metastructure, an enlarged hysteresis can be
observed for the 30-layer metastructure. When n becomes very
large, the associated hysteresis will be enclosed by two straight
lines at F max and F min , as illustrated in Fig. 8(a). In this case, each
layer reaches its maximum energy dissipation capacity, which can
be approximated as:

loop (i.e. energy dissipation capability) when compared with the
TM. The critical forces, in particular F max , are significantly increased
due to the enhanced bending stiffness. As discussed in Section 2,
the increase of the bending stiffness generates higher critical
forces, enhancing the energy absorption for multi-stable metastructures. As a result, evident and large hysteresis can be captured
in the LM and HM.
In addition to the qualitative comparison, we also investigate
the energy dissipation quantitatively. Specifically, an analytical
calculation is carried out to predict the force–displacement
response of n-layer metastructures. The analytical model is based
on the following steps: i) the measured force–displacement curve
of the unit cell is firstly fitted as a polynomial function FðdÞ. Next,
the corresponding strain energy PðdÞ is obtained by an integration
of FðdÞ with respect to d. ii) each layer of the n-layer metastructure
is assumed as a structural element whose behavior is governed by
FðdÞ and PðdÞ. Hence, the metastructure possesses n degrees of
freedom, which are defined as (d1 ; d2 ; d3 . . . dn ). Note that di represents deformation of the i-th layer. iii) in order to obtain the force–
displacement curve, we solve the following optimization problem:

min Eðd1 ; d2 ; d3 . . . dn Þ
di

subject to d1 þ d2 þ d3 . . . þ dn ¼ dinp ;

ð5Þ

where Eðd1 ; d2 ; d3 . . . dn Þ is the strain energy of the n-layer metastructure, and dinp is the prescribed displacement at the top of the
metastructure. Once ðd1 ; d2 ; d3 . . . dn Þ are solved, the reaction force
can be obtained by substituting one component di to compute
Fðdi Þ. To ensure a sequential snapping deformation, we introduce
imperfections by varying the critical loads of each layer by 0.5%.
This optimization problem is solved using the fmincon interiorpoint algorithm implemented in Matlab. Calculated results are plotted as red lines in Fig. 7(b)–(d). From the figures, it can be seen that
the model is able to capture the hysteresis loop caused by the snapthrough transition associated with the force jump, well demonstrating the dynamic snapping as well as the energy dissipation. In addi-

Emax  2HðF max  F min Þ;

ð6Þ

where Emax is the maximal hysteresis area that can be achieved for
each layer under a loading–unloading cycle (i.e. the area enclosed
by the blue dashed curves in Fig. 8(a)). Therefore, in order to
improve the energy absorption, it is important to increase the absolute value of both F max and F min .
8
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Fig. 8. Energy dissipation of n-layer metastructures. (a) The predicted force–displacement curves of n-layer metastructures. (b) The comparison between the LM, HM, and TM
in terms of energy dissipation. Emax represents the maximal energy that can be dissipated per layer in a load-unloading process.

is a dramatic increase of Ehys =n. Further increasing n will cause
Ehys =n to converge to the theoretical limit, namely Emax (see Fig. 8
(b)). Furthermore, it can be seen that the metastructure’s energy
dissipation can be largely enhanced by the proposed designs. Note

Fig. 8(b) presents quantitative comparison of the n-layer LM,
HM, and TM in terms of energy dissipation. Here, area of the hysteresis loop (denoted as Ehys ) is divided by n, which represents
energy dissipation per layer. Results show that as n increases, there

Fig. 9. Protective capability of multi-stable metastructures. (a) Different stages of metastructures’ deformations under an impact. (b) The simulated critical mechanical
energy (Eimp ) of the LM and TM. (c) Simulated peak forces for the TM and LM design. (d) Experimental demonstration of the impact performance for the LM and TM.
9
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ment models, and the impact energy is obtained by calculating the
sum of the gravitational potential and kinetic energy of the object.
It can be expected that as the impact energy increases, more layers
will snap. In the numerical models, the critical impact energy that
causes all layers to snap is monitored, namely Eimp . Results for multiple LMs and TMs with different layers are presented in Fig. 9(b). It
can be seen that the introduced lattice is able to improve the structural cushion performance by means of sustaining a larger range of
impact energy. Moreover, the impact force experienced by the
ground is extracted from the simulations. Fig. 9(c) presents the
peak force for the LM and TM design when different v 0 is taken.
It can be seen that the proposed LM design leads to a smaller
impact force compared to the TM, indicating better cushion performance in force mitigation. Since the LM exhibits similar snapthrough response as the HM, it can be expected that the HM design
can also enhance the structural impact performance when compared with the TM.
To demonstrate this improvement of cushion performance in
practice, we perform a drop test using an in-house impact setup.
As shown in Fig. 9(d), an impactor with a mass of 1.7 kg drops from
a controlled height to the top surface of metastructures. Under the
same initial height (160 mm), two layers of LM snap into the
deformed state during the impact loading, whereas all three layers
of the TM flip to the deformed state. This demonstrates that compared to the TM, the proposed designs enable metastructures to
carry a larger range of impact loads with an enhanced cushion performance. The recorded video of the drop test is attached in Supporting Materials.

that for the LM and HM, this enhancement can be further tuned by
changing its in-plane thickness (T), whereas the total volume is kept
constant. Therefore, as compared to TM, the proposed LM and HM
offer a larger design space to tune the energy dissipation. It should
be noted that in case of fabricating LM or HM with small features,
more precise printing technique, like stereolithography (SLA), can
be used. Apart from high resolutions, the SLA process also allows
to print 3D metastructures directly without the manual assembly,
simplifying the fabrication process.

5.2. Cushion performance of metastructures under impact
In addition to energy dissipation under quasi-static cyclic loading, multi-stable metastructures can also function as a buffer to
protect an object from impact. To demonstrate this protective
capability, here we study impact performance of the metastructures numerically. In particular, 2D structural geometries for the
LM and TM are constructed, and the structural dimensions can
be found in Table 1. Fig. 9(a) displays different stages of a threelayer LM’s deformations under an impact load, for which an object
with an initial velocity (v 0 ) drops from a certain height (h0 ) above
the metastructure. As shown in this figure, all three layers snap
into the deformed state. Note that the number of snapped layers
depends on the object’s mechanical energy. The impact energy
capacity (Eimp ) for the multi-stable metastructure represents a critical mechanical energy that causes all layers to snap during the
impact loading [15,46]. Here, a range of v 0 is given in the finite ele-

Fig. 10. The lattice-based shell structures. (a) The shell structure is developed by a revolution of the hierarchical beam profile (in blue) along the axis of rotation (red dashed
line). (b) A real demonstration of the shell and its cross section. Geometric parameters are depicted. (c) The experimentally characterized force–displacement responses of the
hierarchical and the solid shell. (d) An illustration of a serial arrangement of hierarchical shells for energy absorption.
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D. Cyclic loading on metastructures.
E. Recorded videos for the LM and TM under impact loading.

6. Extension to shells
The proposed design strategy of increasing structural bending
stiffness is not restricted to beams and can be extended to shell
structures. In this section, we demonstrate this potential by developing a type of lattice-based shell with enhanced bending stiffness.
As shown in Fig. 10(a), a shell structure can be constructed by a
revolution of the 2D beam profile along the axis of rotation. Here,
a lattice-based beam design is adopted, resulting in a hierarchical
shell. A real demonstration of the shell structure fabricated with
stereolithography printing (Prusa SL-1S) is presented in Fig. 10
(b). Dimensions of the associated hierarchical beam profile are
shown in the inset table.
To demonstrate the improvement of mechanical response, we
also fabricate solid shells with the same mass and conduct
displacement-controlled loading tests. Measured force–displacement curves in Fig. 10(c) show that the hierarchical shell is able
to enhance the snap-through transition in such a way that it exhibits larger critical loads than the solid shell. More importantly, it
can be expected that when connecting multiple hierarchical shells
in series, as illustrated in Fig. 10(d), the entire system is able to
achieve a stiffer mechanical response than the previously reported
structure that comprises a series of solid shells [47]. As a result, the
energy dissipation capability of the shell structures can be effectively improved. The extension to shells here demonstrates generalization of the proposed concept, which can be used for enhancing
energy dissipation of the solid shells. Although the lattice-based
shell structure shows similarities with the hierarchical beam in
terms of snap-through responses, its design space and energy
absorption capability differ from that of the beam-type metastructures. Future research will be conducted to investigate energy dissipation of the hierarchical shells.
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