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Abstract

This paper considers three classes of interacting particle systems on Z: independent random
walks, the exclusion process, and the inclusion process. Particles are allowed to switch their
jump rate (the rate identifies the rype of particle) between 1 (fast particles) and € € [0, 1]
(slow particles). The switch between the two jump rates happens at rate y € (0, c0). In
the exclusion process, the interaction is such that each site can be occupied by at most one
particle of each type. In the inclusion process, the interaction takes places between particles
of the same type at different sites and between particles of different type at the same site.
We derive the macroscopic limit equations for the three systems, obtained after scaling space
by N~!, time by N2, the switching rate by N =2 and letting N — oo. The limit equations
for the macroscopic densities associated to the fast and slow particles is the well-studied
double diffusivity model. This system of reaction-diffusion equations was introduced to
model polycrystal diffusion and dislocation pipe diffusion, with the goal to overcome the
limitations imposed by Fick’s law. In order to investigate the microscopic out-of-equilibrium
properties, we analyse the system on [N] = {1, ..., N}, adding boundary reservoirs at sites
1 and N of fast and slow particles, respectively. Inside [ N] particles move as before, but now
particles are injected and absorbed at sites 1 and N with prescribed rates that depend on the
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particle type. We compute the steady-state density profile and the steady-state current. It turns
out that uphill diffusion is possible, i.e., the total flow can be in the direction of increasing total
density. This phenomenon, which cannot occur in a single-type particle system, is a violation
of Fick’s law made possible by the switching between types. We rescale the microscopic
steady-state density profile and steady-state current and obtain the steady-state solution of a
boundary-value problem for the double diffusivity model.

Keywords Switching random walks - Fast and slow particles - Duality - Scaling limits -
Uphill diffusion - Fick’s law

Mathematics Subject Classification Primary: 60J70 - 60K35 - Secondary: 82C26 - 92D25

1 Introduction

Section 1.1 provides the background and the motivation for the paper. Section 1.2 defines the
model. Section 1.3 identifies the dual and the stationary measures. Section 1.4 gives a brief
outline of the remainder of the paper.

1.1 Background and Motivation

Interacting particle systems are used to model and analyse properties of non-equilibrium
systems, such as macroscopic profiles, long-range correlations and macroscopic large devia-
tions. Some models have additional structure, such as duality or integrability properties, which
allow for a study of the fine details of non-equilibrium steady states, such as microscopic
profiles and correlations. Examples include zero-range processes, exclusion processes, and
models that fit into the algebraic approach to duality, such as inclusion processes and related
diffusion processes, or models of heat conduction, such as the Kipnis-Marchioro-Presutti
model [9,17,22,30,37]. Most of these models have indistinguishable particles of which the
total number is conserved, and so the relevant macroscopic quantity is the density of particles.

Turning to more complex models of non-equilibrium, various exclusion processes with
multi-type particles have been studied [24,25,41], as well as reaction-diffusion processes
[7,8,18-20], where non-linear reaction-diffusion equations are obtained in the hydrodynamic
limit, and large deviations around such equations have been analysed. In the present paper, we
focus on a reaction-diffusion model that on the one hand is simple enough so that via duality
a complete microscopic analysis of the non-equilibrium profiles can be carried out, but on
the other hand exhibits interesting phenomena, such as uphill diffusion and boundary-layer
effects. In our model we have two types of particles, fast and slow, that jump at rate 1 and
€ € [0, 1], respectively. Particles of identical type are allowed to interact via exclusion or
inclusion. There is no interaction between particles of different type that are at different sites.
Each particle can change type at a rate that is adapted to the particle interaction (exclusion
or inclusion), and is therefore interacting with particles of different type at the same site.
An alternative and equivalent view is to consider two layers of particles, where the layer
determines the jump rate (rate 1 for the bottom layer, rate € for the top layer) and where on
each layer the particles move according to exclusion or inclusion, and to let particles change
layer at a rate that is appropriately chosen in accordance with the interaction. In the limit as
€ | 0, particles are immobile on the top layer.

@ Springer



Switching Interacting Particle Systems: Scaling... Page 3 of 45 33

We show that the hydrodynamic limit of all three dynamics is a linear reaction-diffusion
system known under the name of double diffusivity model, namely,

{31,002 Apo + Y (o1 — po), 0

drp1 = €Ap1 + Y (po — p1),

where p;, i € {0, 1}, are the macroscopic densities of the two types of particles, and
T € (0, 0o) is the scaled switching rate. The above system was introduced in [1] to model
polycrystal diffusion (more generally, diffusion in inhomogeneous porous media) and dis-
location pipe diffusion, with the goal to overcome the restrictions imposed by Fick’s law.
Non-Fick behaviour is immediate from the fact that the total density p = pg + p1 does not
satisfy the classical diffusion equation.

The double diffusivity model was studied extensively in the PDE literature [2,33,35],
while its discrete counterpart was analysed in terms of a single random walk switching
between two layers [34]. The same macroscopic model was studied independently in the
mathematical finance literature in the context of switching diffusion processes [49]. Thus,
we have a family of interacting particle systems whose macroscopic limit is relevant in several
distinct contexts. Another context our three dynamics fit into are models of interacting active
random walks with an internal state that changes randomly (e.g. activity, internal energy) and
that determines their diffusion rate and or drift [3,16,28,32,38,39,44,46].

An additional motivation to study two-layer models comes from population genetics.
Individuals live in colonies, carry different genetics types, and can be either active or dormant.
While active, individuals resample by adopting the type of a randomly sampled individual
in the same colony, and migrate between colonies by hopping around. Active individuals
can become dormant, after which they suspend resampling and migration, until they become
active again. Dormant individuals reside in what is called a seed bank. The overall effect of
dormancy is that extinction of types is slowed down, and so genetic diversity is enhanced by
the presence of the seed bank. A wealth of phenomena can occur, depending on the parameters
that control the rates of resampling, migration, falling asleep and waking up [6,31]. Dormancy
not only affects the long-term behaviour of the population quantitatively. It may also lead to
qualitatively different equilibria and time scales of convergence. For a panoramic view on
the role of dormancy in the life sciences, we refer the reader to [42].

From the point of view of non-equilibrium systems driven by boundary reservoirs, switch-
ing interacting particle systems have not been studied. On the one hand, such systems have
both reaction and diffusion and therefore exhibit a richer non-equilibrium behaviour. On the
other hand, the macroscopic equations are linear and exactly solvable in one dimension, and
so these systems are simple enough to make a detailed microscopic analysis possible. As
explained above, the system can be viewed as an interacting particle system on two layers.
Therefore duality properties are available, which allows for a detailed analysis of the system
coupled to reservoirs, which is dual to an absorbing system. In one dimension the analysis
of the microscopic density profile reduces to a computation of the absorption probabilities
of a simple random walk on a two-layer system absorbed at the left and right boundaries.
From the analytic solution we can identify both the density profile and the current in the
system. This leads to two interesting phenomena. The first phenomenon is uphill diffusion
(see e.g. [12-14,21,40]), i.e., in a well-defined parameter regime the current can go against
the particle density gradient: when the total density of particles at the left end is higher than at
the right end, the current can still go from right to left. The second phenomenon is boundary-
layer behaviour: in the limit as € | 0, in the macroscopic stationary profile the densities in
the top and bottom layer are equal, which for unequal boundary conditions in the top and
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bottom layer results in a discontinuity in the stationary profile. Corresponding to this jump
in the macroscopic system, we identify a boundary layer in the microscopic system of size
/€ log(1/€) where the densities are unequal. The quantification of the size of this boundary
layer is an interesting corollary of the exact macroscopic stationary profile that we obtain
from the microscopic system via duality.

1.2 Three Models

For 0 € {—1,0, 1} we introduce an interacting particle system on Z where the particles
randomly switch their jump rate between two possible values, 1 and €, with € € [0, 1]. For
o = —1 the particles are subject to the exclusion interaction, for & = 0 the particles are
independent, while for o = 1 the particles are subject to the inclusion interaction. Let

no(x) := number of particles at site x jumping at rate 1,

n1(x) := number of particles at site x jumping at rate €.

The configuration of the system is

{0, 12 x {0, 1}%, ifo = —1,

= X (S X =
n {n(x)} €z N% x N%, lfO' _ 0’ 1,

where

n(x) = Mmo(x), mx)), xeZ.

We call no = {no(x)}xez and n; = {n1(x)}rez the configurations of fast particles, respec-
tively, slow particles. When € = 0 we speak of dormant particles (see Fig. 1).

Definition 1.1 (Switching interacting particle systems) For € € [0, 1] and y € (0, 00), let
L., be the generator

Ley :=Lo+eLi +yLogr, (1.2)

acting on bounded cylindrical functions f: X — R as

(Lo = Y {n0Co +amo) [£((o = 8. + 8y, m) = £ ()]
lx—yl=1
+ 100D (1 +om0()) [ (o + 8¢ = 8y = F)]].

Lipm =Y fm@a+ome) [£@o.m =6 +8) — f0)]

lx—yl=1

+ M)A +om ) [£ (o, m +8 =8, = f]].

(Lopt N =7 Y- {moC +0m ) [£(G0 = 6 +8:0) = f )]

xezd

+m @+ om0l [/ +8em —80) = F] .
The Markov process {n(z): t > 0} on state space X with

n(0) == (n(x, Drez = {0, D, 71 (r 1))y
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switching of type:
O
rate =y
O
rate = rate = ¢
e
@ O [ J @ O
------ ! ! ! | : —-n-oe
x—2 x—1 x x+1 x+2
No(x —2) = 1o(x) = Mo(x+2)=1
mx—-2)=1 N (x) = n(x+2)=0

(a) Representation via slow and fast particles moving on the one-layer graph Z.

rate=¢

(x-1,1) (x,1) (x+1,1)

rate =y

(x—1,0) (x,0) (x+1,0)

\_Y_)

rate =1

(b) Representation via particles moving on the two-layer graph Z x I.

Fig.1 Two equivalent representations of switching independent random walks (o = 0)

hopping rates 1, € and switching rate y is called switching exclusion process for o = —1,
switching random walks for o = 0 (see Fig. 1), and switching inclusion process for o = 1.
]

1.3 Duality and Stationary Measures

The systems defined in (1.2) can be equivalently formulated as jump processes on the graph
(see Fig. 1) with vertex set {(x, i) € 74 x I}, with I = {0, 1} labelling the two layers, and
edge set given by the nearest-neighbour relation

e tadie
(.i)~ (y.j) when |FTYI=Tandi=1
x=yand|i — j| = 1.
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In this formulation the particle configuration is
n = i (X)) (x,iezx1

and the generator L is given by

LHM =Y D €nd+on)Lf0 = 8w +8p.i) — £ ()]

iel |x—y|=1
+ e+ 00 (D) Lf (7 = 8y + 8c.)) — £ ()] (1.3)
+ Yy D A +om-) [f (1= 8y + 81— — F()].

iel xeZ

Thus, a single particle (when no other particles are present) is subject to two movements:

(1) Horizontal movement In layeri = 0 and i = 1 the particle performs a nearest-neighbour
random walk on Z at rate 1, respectively, €.
(ii) Vertical movement The particle switches layer at the same site at rate y .

It is well known (see e.g. [47]) that for these systems there exists a one-parameter family
of reversible product measures

{M0 = ® V(x,i),0* 0 e @}
(x,i)eZxI
with ® = [0, 1]if o = —1 and ® = [0, c0) if o € {0, 1}, and with marginals given by
Bernoulli (6), o=-—1,

V(x,i),0 = | Poisson (0), o =0, (1.4)
Negative—Binomial (1, %), o=1.

Moreover, the classical self-duality relation holds, i.e., for all configurations 1, £ € A and
for all times ¢ > 0,

En[D(&. n:)] = Ee[D (&, m],

with {£(¢) : ¢+ > 0} and {n(¢) : t > 0} two copies of the process with generator given in
(1.2) and self-duality function D: X x X — R given by

pE =[] d&Ew, ), (1.5)
(x,i)eZd x1
with \ |
n.
and
i o= .
wihy =1 o =—1,0. (7

Remark 1.2 (Possible extensions) Note that we could allow for more than two layers, for
inhomogeneous rates and for non-nearest neighbour jumps as well, and the same duality
relation would still hold (see e.g. [26] for an inhomogeneous version of the exclusion process).
More precisely, let {w; ({x, y})}x,yez and {@; (x)}ez be collections of bounded weights for
iely=1{0,1,..., M} with M < oo. Then the interacting particle systems with generator
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M

(LpyfH(m)=) D Z i ({x, y}) {m ) (@i () +oni() [fn = 8.y + 8.iy) — f()]
0

x—yl=1

i=

+ i () (@i (x) + o0 (X)) [ £ (0 = 8y + 8(x.iy) — f(fl)]} 1.8)

M-l
+ Y Vi Y {m(x) [f = 8c,iy +8e,i+m) — f()]
i=0

X€L

+ 110 [£ 01 = 8ty +8) = F )]},

with n = (9; (X)) (x,i)eZx 1y {Dil}ier, a bounded decreasing collection of weights in [0, 1]

and yy; ; 11y € (0, 00), are still self-dual with duality function as in (1.5), but with I replaced
1

by Iy and single-site duality functions given by d(, ;y(k, n) = (nf—'k), o ® 1k <n) with
(0!
e Mig<oy ), 0 = —1,
Wi (k) = { o (0)k, o =0,
(o (x)+k) o=1.

F(ai(x))

In the present paper we prefer to stick to the two-layer homogeneous setting in order not to
introduce extra notations. However, it is straightforward to extend many of our results to the
inhomogeneous multi-layer model. O

Duality is a key tool in the study of detailed properties of interacting particle systems,
since it allows for explicit computations. It has been used widely in the literature (see, e.g.,
[20,43]). In the next section, self-duality (which implies microscopic closure of the evolution
equation for the empirical density field) will be used to derive the hydrodynamic limit of
the switching interacting particle systems described above. More precisely, we will use self-
duality with one and two dual particles to compute the expectation of the evolution of the
occupation variables and of the two-point correlations. These are needed, respectively, to
control the expectation and the variance of the density field.

1.4 Outline

Section 2 identifies and analyses the hydrodynamic limit of the system in Definition 1.1 after
scaling space, time and switching rate diffusively. In doing so, we exhibit a class of interact-
ing particle systems whose microscopic dynamics scales to a macroscopic dynamics called
the double diffusivity model. We provide a discussion on the solutions of this model, thereby
connecting mathematical literature applied to material science and to financial mathematics.
Section 3 looks at what happens, both microscopically and macroscopically, when boundary
reservoirs are added, resulting in a non-equilibrium flow. Here the possibility of uphill diffu-
sion becomes manifest, which is absent in single-layer systems, i.e., the two layers interact
in a way that allows for a violation of Fick’s law. We characterise the parameter regime for
uphill diffusion. We show that, in the limit as € | 0, the macroscopic stationary profile of the
type-1 particles adapts to the microscopic stationary profile of the type-0 particles, resulting
in a discontinuity at the boundary for the case of unequal boundary conditions on the top layer
and the bottom layer. Appendix A provides the inverse of a certain boundary-layer matrix.
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2 The Hydrodynamic Limit

In this section we scale space, time and switching diffusively, so as to obtain a hydrodynamic
limit. In Sect. 2.1 we scale space by 1/N, time by N2, the switching rate by 1/N2, introduce
scaled microscopic empirical distributions, and let N — oo to obtain a system of macroscopic
equations. In Sect. 2.2 we recall some known results for this system, namely, there exists
a unique solution that can be represented in terms of an underlying diffusion equation or,
alternatively, via a Feynman-Kac formula involving the switching diffusion process.

2.1 From Microscopic to Macroscopic

Let N € N, and consider the scaled generator L ,, (recall (1.2)) with yy = YT/N 2 for
some Y € (0, 00), i.e., the reaction term is slowed down by a factor N 2in anticipation of
the diffusive scaling we are going to consider.

In order to study the collective behaviour of the particles after scaling of space and time,
we introduce the following empirical density fields, which are Radon measure-valued cadlag
(i.e., right-continuous with left limits) processes:

1 1
Xy (0) = Dm0 N by, XY (1) = - 3 m iN) Sy,

xX€Z XEZL

where 8, stands for the Dirac measure at y € R.

In order to derive the hydrodynamic limit for the switching interacting particle systems,
we need the following set of assumptions. In the following we denote by C2°(RR) the space
of infinitely differentiable functions with values in R and compact support, by C»(R; o) the
space of bounded and continuous functions with values in R for o € {0, 1} and with values
in [0, 1] for 0 = —1, by Co(R) the space of continuous functions vanishing at infinity, by
CS (R) the space of twice differentiable functions vanishing at infinity and by M the space
of Radon measure on R.

Assumption 2.1 (Compatible initial conditions) Let p; € Cp(R; o) fori € {0, 1} be two
given functions, called initial macroscopic profiles. We say that a sequence (uy)nyen of
measures on X is a sequence of compatible initial conditions when:

(i) Foranyi € {0,1}, g € C(R)and § > 0,
> 8) =0.
(ii) There exists a constant C < oo such that
sup K, [mi(x)*]1 < C. @2.1)
(x,i))€ZxI

lim py (‘(xiN(om— f dx 5 (¥)g(x)
N—o0 R

m}

Note that Assumption 2.1(ii) is the same as employed in [11, Theorem 1, Assumption (b)]
and is trivial for the exclusion process.

Theorem 2.2 (Hydrodynamic scaling) Let po, p1 € Cp(R; o) be two initial macroscopic
profiles, and let (jun) neN be a sequence of compatible initial conditions. Let Py, be the law
of the measure-valued process

XN e=01 XN =& o, XY@,
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induced by the initial measure wy. Then, forany T, 8 > 0 and g € C2°(R),

lim P, | sup >45) =0, iel,
N—o0 r€[0,T]

where py and p1 are the unique continuous and bounded strong solutions of the system

oK), g) /R dx pi(x, g (x)

drp0 = Apo + Y (o1 — po), 2.2)
drp1 = €Ap1 + Y (po — p1),
with initial conditions
po(x,0) = po(x), 2.3)
p1(x,0) = p1(x).

Proof The proof follows the standard route presented in [48, Section 8] (see also [11,20]). We
still explain the main steps because the two-layer setup is not standard. First of all, note that
the macroscopic equation (2.2) can be straightforwardly identified by computing the action of
the rescaled generator LN = L.~ /N2 0N the cylindrical functions f; (n) := n;(x), i € {0, 1},
namely ,

N evemy — of [ . e X
L7 fom =€ nx+1D —2nx) +ni(x 1)]+N2 [771—1()6) ﬂz(x)]

and hence, for any g € C2°(R),
tN?
/0 ds LY (% (5). 8))

tN? i
= /O ds % D niCe,9) 3 [8((e + 1)/N) = 2g(x/N) + g((x — 1)/N)]

x€Z

(N? 1 e
+/0 ds 5 D8 /N) 5 i) = i, )]

X€Z

where we moved the generator of the simple random walk to the test function by using
reversibility w.r.t. the counting measure. By the regularity of g, we thus have

tN2
/ ds LY (XY (s). g))
0

t tN?
. T
= /0 ds (XN (sN?), €l Ag) + /0 ds e [(XY; (), g) — (X (), &)] + o(ﬁ ,
which is the discrete counterpart of the weak formulation of the right-hand side of (2.2), i.e.,

fot ds [ dx pi(x, $)Ag(x)+Y fot ds [ dx [p1—i(x, s) — pi(x, 5)] g(x). Thus, as a first step,
we show that

t
Nlim Py ( sup '(va(t),g) — (XN (0), g) —/ ds (XN (sN?), €' Ag)
— 00 0

te[0,T]
IN2 T
—/0 ds 2 (X)) = XN(s), 8)][ > 8 ) =0.
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In order to prove the above convergence we employ the Dynkin’s martingale formula for
Markov processes (see, e.g., [48, Theorem 4.8]), which gives that the process defined as

tN?
MN (g, 1) == (XN (1), g) — (X (0), g) — /0 ds LY (X (), &)

is amartingale w.r.t. the natural filtration generated by the process {7, };>0 and with predictable
quadratic variation expressed in terms of the carré du champ, i.e.,

t

0 00,01 2,0 = [ a5y [V Ge.0)]
with
2
NYgs) = (V.9 ) = @1l (). 9) ).

We then have, by Chebyshev’s inequality and Doob’s martingale inequality (see, e.g., [36,
Sectionl1.3]),

t
PMN( sup [(XN(s), &) — (XN (5), g) — / ds (XN (sN?), eAg)
t€(0,T] 0

tN? h'e
- /0 ds 75 [0, 8) = 0V (). ]

> 8) 2.4)

1 2 4 2
=< ?EMN |:tes[ng] ’MiN(g,s)’ i| < ?EMN |:’M1.N(g, T)’ ]

4
= EEMN [(MzN(g’ T)’ MtN(g’ T))z]

4 v xt1 X
:WEMN /0 ds ijdm(x,S)(l+om(xil,s)) <g< v >_g(ﬁ))
Xe

47 N?T .
+52N4EMN / ds Z(’Ii(x,S)-*-filﬂ'()c,S)—i-ZUm(x,s)mfi(x,S))g2 (*) ,

0 ” N

x€eZ

2.5)

where in the last equality we explicitly computed the carré du champ. Let k € N be such that
the support of g is in [—k, k]. Then, by the regularity of g, (2.4) is bounded by

IVell
sy VDK + DN 5= sup By [i(x, )L+ o (x +1,9))]
x,€7,s€[0,N2T]
47 2
+5 7 (N°T)Qk+ DNgleo  sup By [1i(x,5) +miilx, s)
8*N x,€Z,s€[0,N2T]
+20n; (x, )ni—i(x, 5)]. (2.6)

We now show that, as a consequence of (2.1), for any (x, i), (v, j) € Z x I,

Euy i(x. )] < C. Epuy [ni(x.9)n;(y.9)] < C, (2.7)
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from which we obtain

t
PMN< sup ’<xsv<s>,g>—<x§<s>,g>— /0 ds (X (sN?), eAg)

t€[0,T]
> 5)

16T
(2k+ DIVeliooC + T 75 2k + DllglleoC, (2.8)

tN? Y N N
_/0 ds 5 [0 0). ) = 0 . )]

= 82
and the desired convergence follows. In order to prove (2.7), first of all note that, by the
Cauchy-Schwartz inequality, it follows from (2.1) that, for any (x, i), (y,j) € Z x I,

Epy [ni(onj(»n] < C. 2.9)

Moreover, recalling the duality functions given in (1.5) and defining the configuration § =
8(x,i) + 8¢y, ) Tor (x,7) # (y, j), we have that D(§, n;) = n;(x,t)n;(y, t) and thus, using
the classical self-duality relation,

Epuy [1:Ge 0m; (0. 0] = Epy [DE. 1)1 = fX E, [D(E. 1)1 dp ()

= /XE;[D(&, m1dpn (1) = Eg [E,y [DE, m)]].

Labeling the particles in the dual configuration as (X;, i;) and (Y;, j;) with initial conditions
(Xo, i0) = (x, i) and (Yo, jo) = (y, j), we obtain

Euy [i(x. 0)n;(y. 0]
= Ee [Epy [ni, Xomj, YD) Uix,ip£, o] + By i, (X M3, (X0 — Dlx,in=v,.jn]]

< B¢ [Epuy [ni, (X)mj, (YD) < B sup Epymin;nI | =C, (2.10)
(6.0, (. NEZX(0,1)

where we used (2.9) in the last inequality. Similarly, for& = §(, ;) and (X;, i;) the dual particle
with initial condition (Xo, ip) = (x,i), we have that E,, [n;(x,t)] < E,, [D(¢,n)] =
E¢[E, [1:, (X:)]]. Using that n;(x) < n; (x)? for any (x,i) € Z x I and using (2.1), we
obtain (2.7). The proof is concluded after showing the following:

(i) Tightness holds for the sequence of distributions of the processes {Xfv }NeN, denoted by
{On}nen.

(i) All limit points coincide and are supported by the unique path X;(z, dx) = p;(x, t) dx,
with p; the unique weak (and in particular strong) bounded and continuous solution of
(2.2).

While for (i) we provide an explanation, we skip the proof of (ii) because it is standard and
is based on PDE arguments, namely, the existence and the uniqueness of the solutions in the
class of continuous-time functions with values in Cp (R, o) (we refer to [48, Lemma 8.6 and
8.7] for further details), and the fact that Assumption 2.1(i) ensures that the initial condition
of (2.2) is also matched.

Tightness of the sequence {Qx}nyen follows from the compact containment condition
on the one hand, i.e., for any § > 0 and r > O there exists a compact set K C M such
that P, (X IN € K) > 1 — 4, and the equi-continuity condition on the other hand, i.e.,
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33 Page 12 0f45 S. Floreani et al.

lim supN%ooIP’;LN(w(XfV,S, T)) > ¢e) < ceforw(a, s, T) = sup{dy(a(s),a(t)) : s,t €
[0, T, |s — t| < &} with djs the metric on Radon measures defined as

dy(vi,vg) =) 277 (1 A ’/ bjdv —/ ¢jdva
jeN R R
for an appropriately chosen sequence of functions (¢;);jen in CZ°(R). We refer to [48,
Section A.10] for details on the above metric and to the proof of [48, Lemma 8.5] for
the equi-continuity condition. We conclude by proving the compact containment condition.
Define

K = {v € Ms.t. 3k eNs.tv[—L 0] < AQL+ 1)V £ € [k. o] mN}

with A > 0 such that % < 6. By [48, Proposition A.25], we have that K is a pre-compact
subset of M. Moreover, by the Markov inequality and Assumption 2.1(ii), it follows that

ON(RS) = Y By (XN (=) = AQE+ DER) <)

teN teN

1 N
aar et X 0]

B 1 | , I 2UN + 1
_ZA(ZZ—i—l)EZ 2 E“N[”’(x’tN)]SZA(zzH)ﬂ N ¢

teN xe[fﬁ,l]ﬂ% teN
C 1
=<2 <
teN
from which it follows that Q N(K) > 1= 6 for any N. ]

Remark 2.3 (Total density)

(1) If po, p1 are smooth enough and satisfy (2.2), then by taking extra derivatives we see
that the total density p := pg + p; satisfies the thermal telegrapher equation

0 (0rp+2Yp) = —€eA(Ap)+ (1 +€)A (Orp+ Yp), 2.11)

which is second order in 9; and fourth order in 9, (see [2,33] for a derivation). Note
that (2.11) shows that the total density does not satisfy the usual diffusion equation.
This fact will be investigated in detail in the next section, where we will analyse the
non-Fick property of p.

(ii) If € = 1, then the total density p satisfies the heat equation 9;p = Ap.

(ii1) If € = 0, then (2.11) reads

9 (3p +20Tp) = A(Bp+ Tp),

which is known as the strongly damped wave equation. The term 9, (21p) is referred to
as frictional damping, the term A(9;p) as Kelvin-Voigt damping (see [10]).

]
Remark 2.4 (Literature) We mention in passing that in [38] hydrodynamic scaling of interact-

ing particles with internal states has been considered in a different setting and with a different
methodology. o
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2.2 Existence, Uniqueness and Representation of the Solution

The existence and uniqueness of a continuous-time solution (po(t), p1(¢)) with values in
Cp(R, o) of the system in (2.2) can be proved by standard Fourier analysis. Below we recall
some known results that have a more probabilistic interpretation.
Stochastic representation of the solution

The system in (2.2) fits in the realm of switching diffusions (see e.g. [49]), which are
widely studied in the mathematical finance literature. Indeed, let {i;: # > 0} be the pure
jump process on state space I = {0, 1} that switches at rate Y, whose generator acting on
bounded functions g: I — Ris

(Ag)(i) :==T(g( —i) —g@), iel.
Let {X;: t > 0} be the stochastic process on R solving the stochastic differential equation
dX; =y @) dW;,

where W, = By, with {B;: t > 0} standard Brownian motion, and ¥ : I — {Dg, D1} is
given by

Y := Do Lj0y + Dy 11y,

with Dy = 1 and D = € in our setting. Let £ = L, v be the generator defined by
. .1 . .
(Lf)x,0) = ltlﬁ)l T Exil f (X i) = fx, D)]

for f: R x I — Rsuchthat f(-,i) € Cg(R). Then, via a standard computation (see e.g.
[29, Eq.(4.4)]), it follows that

(LA, ) =Y OAL D+ T 1= = fx, )]
_JAFG O+ T D = f(x, 0], @ =0,
CleAfe D+ Y fx0) = fx, D], i=1.

We therefore have the following result that corresponds to [29, Chapter 5, Section 4, Theorem
4.1](see also [49, Theorem 5.2]).

Theorem 2.5 (Stochastic representation of the solution) Suppose that p;: R — R fori € I
are continuous and bounded. Then (2.2) has a unique solution given by

pi(x,t) =Eu ploi, (X)), iel.

Note that if there is only one particle in the system (1.2), then we are left with a single
random walk, say {Y;: t > 0}, whose generator, denoted by A, acts on bounded functions
f:Zx1— Ras

AN, 1) =¥ {Z[f(z, 0 —f(y, i)]:| +Y S, 1=1) = f(y, D]
~y

After we apply the generator to the function f(y, i) =y, we get

(Af)(y. i) =0,
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i.e., the position of the random walk is a martingale. Computing the quadratic variation via
the carré du champ, we find

A = Dl + D2 = Y1+ ¢ Gl — D = Y21 = 29 (o).

Hence the predictable quadratic variation is given by

t
/ ds 2 (iy).
0

Note that for € = 0 the latter equals the total amount of time the random walk is not dormant
up to time 7.

When we diffusively scale the system (scaling the reaction term was done at the beginning
of Sect. 2), the quadratic variation becomes

tN? t
/ dsY(ins) = / dr ().
0 0

As a consequence, we have the following invariance principle:

Given the path of the process {i;: t > 0},

lim TV
N N T R vy

where W, = By, with {B;: t > 0} is standard Brownian motion.

Thus, if we knew the path of the process {i,: r > 0}, then we could express the solution
of the system in (2.2) in terms of a time-changed Brownian motion. However, even though
{i,: r > 0} is a simple flipping process, we cannot say much explicitly about the random
time fot dr /¥ (i,). We therefore look for a simpler formula, where the relation to a Brownian
motion with different velocities is more explicit. We achieve this by looking at the resolvent
of the generator L. In the following, we denote by {S;, t > 0} the semigroup on C;(R) of
(Wt >0}

Proposition 2.6 (Resolvent) Let f: R x I — R be a bounded and smooth function. Then,
forx>0,ee€(0,1]andi €1,

W =L fxi)

1

o0 lte 1 — sinh(tce (7, A
:/ dr — e~ € L <cosh(rce(T, A))+nge(wr, oy Sinhree (Y, 1))
0

7 0 )@ﬂwmm
+ /000 dr e*lei““)’ (g sinh(zce (T, A))) (S f(, 1 —i)x),

2.12)

where cc (T, L) = \/(16;6)2 (Y, )2 + TTZ and £(Y,\) = %, while for € = 0,

o0 2, i i+1
QI—O”f@J)=A meAYﬂ-<Q%a<&fmmxm+(%%) (&ﬂn”ﬂﬂ)
(2.13)

Proof The proof is split into two parts.
Case € > 0. We can split the generator £ as

£=wmi=wm<A+—LA>=wm@+AL
6
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i.e., we decouple X, and i, in the action of the generator. We can now use the Feynman-Kac
formula to express the resolvent of the operator £ in terms of the operator £. Denoting by E
the expectation of the process with generator £, we have, for A € R,

_ . A\ f(x,o)
M—-—0) =22
( I <w ) (wo‘)

= /oodf Ex,i) [e_f(’rdsﬁ M]
0 ¥ (i)

and by the decoupling of X, and i, under £, we get
I =07 f D)

_ fo Y B [e*”é s 55 %} (S0 £ ()
t

+ /0 e [e”fé v %] (8, f (. D))
t

_ /0 ar By [e 7 9 iy 10)i0)| (S, £C, 0D @)

n 1/0 e By [ 08 70 1,60 ] 8, £¢, )00,

€
-r T 10
[T 0] we[h?]

and using again the Feynman-Kac formula, we have

et [ fEO] [ (S: £ (-, 0)(x)
=0 [ﬂx,l)]_/o d“““”[(&f«@))(x)}

with K¢ (f, 1) = e/Ve | (CHH+A) g1,
Using the explicit formula for the exponential of a 2 x 2 matrix (see e.g. [4, Corollary
2.4]), we obtain

Defining

- Ite
ol Ve Y(=aI+4) _ e e LA
1—€ sinh(rce (Y,1)) sinh(zce (Y,1))
. cosh(tce (Y, 1)) + ==L, )‘)W TW -
L sinhlige (L) cosh(tc (T, 1)) — 1Z€£(, 2) SREECLAD
(2.14)

with ce (T, A) = \/ (=5)> (7, 29? + 2 and €, 2) = TF2, from which we obtain (2.12).
Case € = 0. We derive Ko(z, A) by taking the limit € | O in the previous expression, i.e.,
Ko(t, 1) = lim¢ o Ke(t, A). We thus have that Ko(, 1) is equal to

. 1- sinh(rce (T,1)) Y sinh(tee(T,1))
i 67¥Z(Y,A)/ cosh(tee (Y, A)) + 50V, 1) 25 55 P oy
€0 Y sinh(rce (Y,A)) 1 1—e sinh(rce (T,A))
< Tt ¢ cosh(tce (Y, 1)) — G—ZE(T, A)W
e
L 2044 1 T
—Xk t +A
=e T+A { + ( v )2 } s
T+r \T+x
from which (2.12) follows. ]
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Remark 2.7 (Symmetric layers) Note that for ¢ = 1 we have

]_eszl

(M—E)’lf(x,i)zfo dre (B2 (S, £ i) + S S 61 = D))

m}

We conclude this section by noting that the system in (2.2) was studied in detail in [2,
33]. By taking Fourier and Laplace transforms and inverting them, it is possible to deduce
explicitly the solution, which is expressed in terms of solutions to the classical heat equation.
More precisely, using formula [33, Eq.2.2], we have that

=Tt ~ T -t ! § — €l 12 ~
po(x, 1) =e " (S po)(x) + —<¢ ds P L1 (v(s)) (Ss o) (x)
— o —

+1o(v(s)) (S5 p1)(x)) (2.15)

T [ s —et\1/? _
e / ds ( ) 1 w(s)) (S, ) (x)
—€ et t—s

+1o(v(s)) (S ,50)()6)> ; (2.16)

and

p1(x,1) = e " (Ser p1)(x) +

where v(s) = %((r —)(s —er))/2, and Iy(-) and I, () are the modified Bessel functions.

3 The System with Boundary Reservoirs

In this section we consider a finite version of the switching interacting particle systems
introduced in Definition 1.1 to which boundary reservoirs are added. Section 3.1 defines the
model. Section 3.2 identifies the dual and the stationary measures. Section 3.3 derives the non-
equilibrium density profile, both for the microscopic system and the macroscopic system, and
offers various simulations. In Sect. 3.4 we compute the stationary horizontal current of slow
and fast particles both for the microscopic system and the macroscopic system. Section 3.5
shows that in the macroscopic system, for certain choices of the rates, there can be a flow of
particles uphill, i.e., against the gradient imposed by the reservoirs. Thus, as a consequence of
the competing driving mechanisms of slow and fast particles, we can have a flow of particles
from the side with lower density to the side with higher density.

3.1 Model

We consider the same system as in Definition 1.1, but restrictedto V := {1, ..., N} C Z.In
addition, we set V := V U {L, R} and attach a left-reservoir to L and a right-reservoir to R,
both for fast and slow particles. To be more precise, there are four reservoirs (see Fig. 2):

(i) For the fast particles, a left-reservoir at L injects fast particles at x = 1 at rate pr, o(1 +
ono(l, 1)) and a right-reservoir at R injects fast particles at x = N at rate pg o(l +
ono(N, t)). The left-reservoir absorbs fast particles at rate 1 + ooy o, while the right-
reservoir does so at rate 1 + opp 0.
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rate = pp, rate = pg1

rate = p;o rate = pro

@O
~n-QOH

(a) Representation via slow and fast particles moving on V.

rate = pg1

W, 1)

rate = p; o

rate = pgo

________ rate =1

(N,0)

(b) Representation via particles moving on V X 1.

Fig.2 Case o0 = 0, € > 0 with boundary reservoirs: two equivalent representations

(i1) For the slow particles, a left-reservoir at L injects slow particles at x = 1 atrate py, (1 +
oni(1, 1)) and a right-reservoir at R injects slow particles at x = N at rate pg 1(1 +
oni(N,t)). The left-reservoir absorbs fast particles at rate 1 + opr 1, while the right-
reservoir does so at rate 1 + opp 1.

Inside V, the particles move as before.
Fori € I,x € Vand ¢t > 0, let n; (x, t) denote the number of particles in layer i at site x

attime t. For o € {—1, 0, 1}, the Markov process {n(t): t > 0} with

n(t) = {no(xv t)a nl(xa t)}JCEV
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has state space

0.1V x {0,137, o =-1,

X =
Ny x NJ, o=01,
and generator
L:=Lecyy=L""+L" 3.1)
with
L= g e LR 4y LYY 32)
acting on bounded cylindrical functions f: X — R as
N—-1
LR = 3 [ (1 + oo + 1) [£00 = 8 +8errm) = £r0, )]
x=1
+10(x + DL+ 000 [£ (0 = du1 +8e,m) = F(n0, )]}
N—-1
LN = 3 @A +om e+ D) [£00.m =8 + 8 = £n0.m0)]
x=1

11+ D +0m0) [£00.m = 8541+ = f 0. m)] .
N

LN = @)1+ o) [0 = 8esm + 80 = f o, m0)]

x=1
+ )1+ o) [f (10 + 8, m1 = 8:) — £ (nos 771))]],

and
L™ = L{)es + L 3.3)

acting as

(LE ) =o)X +0opL,0) [f(0 =81, m) — f (1m0, n1)]
+ pr.o(1+ono(1) [f (o + 81, m) — f(no. n)]
+ n0(N)(1 +opr.o) [f (0 — 8n.11) — f (10, 11)]
+ pro(1+0ono(N)) [f (o + 8x. 1) — f(n0. )],
WL H =mA +opr1) [fo.m —81) — f(no, m)]
+ L1 (1 +oni (1) [f (o, m +81) — f(no. n)]
+ (N +opr.1) [f (0. n1 — 88) — f (0. 11)]
+ pr,1 (1 +0pr.N) [f (0, m1 +88) — (o, n1) ]

3.2 Duality

In [9] it was shown that the partial exclusion process, a system of independent random walks
and the symmetric inclusion processes on a finite set V, coupled with proper left and right
reservoirs, are dual to the same particle system but with the reservoirs replaced by absorbing
sites. As remarked in [27], the same result holds for more general geometries, consisting of
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inhomogeneous rates (site and edge dependent), and for many proper reservoirs. Our model
is a particular instance of the case treated in [27, Remark 2.2]), because we can think of the
rate as conductances attached to the edges.

More precisely, we consider the system where particles jump on two copies of

V:=VU{L,R}

and follow the same dynamics as before in V, but with the reservoirs at L and R absorbing.
We denote by & the configuration

§ = (60,81 == ({So()} cp» (E1 (D} )

where & (x) denotes the number of particles at site x in layer i. The state space is X' =
N(‘)/ X N(‘)/ , and the generator is

~

Li=1Le,y=L" 4 LR (3.4)
with

fbulk . I:Bulk Ty I:tl)ulk Ty l:g%l}(
acting on cylindrical functions f: X — R as

N—1

A3 1 = 3 {8 + ool + D) [£0 — b + Serr. €0 — f (60, 61)]

x=1

+ Eo(x 4 D(1 4 0£0(x) [f(Eo — 8ett + 82, &) — f (o, sl)]},

N—1

@ = 3 {800 +oa1+ D) [0 &1 = 6+ 8esn) = f(Eo. 0]
x=1
610+ D+ 0810 [/ G, &1 = 8ot + 80 — [ o,
N
Ak nm =" {0 + o810 [£ 6 — 8. &1+ 80 — [0, )]
x=1

+ 610 (1 + 080 (x)) [f (6o + 8x, &1 — 1) — f (4o, 51)]},
and
LER = PR 4 LR
acting as

(L ® &) = o) [f (&0 — 81, &) — f (&0, D] + Eo(N) [ f (€0 — 8w, &1) — f (&0, €D)]
LYRHE) =) [fEo, & — 81) — fo, €] +EN) [ f (€0, &1 — ) — f(Eo, £D)].

Proposition 3.1 (Duality) [9, Theorem 4.1] and [27, Proposition 2.3] The Markov processes

n@:1=0}, 0@ ={nolx, 1), nx, H}rev,
{E(t): t ZO}, ‘g([):{Eo(x!t)7$1(x’[)}xe\7:
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with generators L in (3.1) and L in (3.4) are dual. Namely, for all configurations n € X,
& € X and times t > 0,

Ey[DE, n)l = Ee[DE, m],

where the duality function is given by

D(.n) = (]—[d@,,-)(si(L») x (H d(& ), m(x))) x (]‘[dm,,-)(si(R))),

iel xeV iel

where, fork,n € Nandi € I, d(-, ) is given in (1.6) and
k k
diin®) = (pri) . dwi*&) = (pr.i) -
The proof boils down to checking that the relation

LD(, (&) = LD, )(n)

holds forany & € X' and & € X, as follows from a rewriting of the proof of [9, Theorem 4.1].

Remark 3.2 (Choice of reservoir rates)

(i) Note that we have chosen the reservoir rates to be 1 both for fast and slow particles. We
did this because we view the reservoirs as an external mechanism that injects and absorbs
neutral particles, while the particles assume their type as soon as they are in the bulk of
the system. In other words, in the present context we view the change of the rate in the
two layers as a change of the viscosity properties of the medium is which the particles
evolve, instead of a property of the particles themselves.

(i) If we would tune the reservoir rate of the slow particles to be €, then the duality relation
mentioned above would still holds, with the difference that the dual system would have
€ as the rate of absorption for the slow particles. This change of the reservoir rates does
not affect our results on the non-Fick properties of the model (see Sect. 3.5 below) and
on the size of the boundary layer (see Sect. 3.6 below). Indeed, the limiting macroscopic
properties we get by changing the rate of the reservoir of the slow particles are the same
as the ones we derive later (i.e., the macroscopic boundary-value problem is the same
for any choice of reservoir rate). Note that we do not rescale the reservoir rate when
we rescale the system to pass from microscopic to macroscopic, which implies that our
macroscopic equation has a Dirichlet boundary condition (see (3.44) below).

[}

Also in the context of boundary-driven systems, duality is an essential tool to perform
explicit computations. We refer to [37] and [9], where duality for boundary-driven systems
was used to compute the stationary profile, by looking at the absorption probabilities of the
dual. This is the approach we will follow in the next section. We remark that, for the inclusion
process and for generalizations of the exclusion process, duality is the only available tool to
characterize properties of the non-equilibrium steady state (such as the stationary profile),
whereas other more direct methods (such as the matrix formulation in e.g. [17]) are not
applicable in this setting.
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3.3 Non-equilibrium Stationary Profile

Also the existence and uniqueness of the non-equilibrium steady state has been established
in [27, Theorem 3.3] for general geometries, and the argument in that paper can be easily
adapted to our setting.

Theorem 3.3 (Stationary measure) [27, Theorem 3.3(a)] For o € {—1,0, 1} there exists a
unique stationary measure [Lsiqr for {n(t): t > 0}. Moreover, for o = 0 and for any values
of {pL.0, PL.1, PROs PRI}

tsar = || vei Vi) = Poisson(Bx.i)). (3.5
(x,i)eVxI
while, for o € {—1, 1}, fts1q; is in general not in product form, unless pr.0 = pL,1 = PR,0 =
PR.1, for which
Mstat = 1_[ V(x,i).0, (3.6)
(x,)eVxI

where v(x ;) ¢ is given in (1.4).

Proof For 0 = —1, the existence and uniqueness of the stationary measure is trivial by
the irreducibility and the finiteness of the state space of the process. For o € {0, 1}, recall
from [27, Appendix A] that a probability measure @ on X is said to be tempered if it is
characterized by the integrals {E#[D(E ,m]: &€ x } and that if there exists a 6 € [0, c0)
such that E,[D(§, n)] < 0! for any £ € X By means of duality we have that, for any
neXandé& e X,

lim E,[D(, )] = lim E¢[D(&, n)]
11— 00 1—>00
&l i 1&l—io

io,L _do—io.L 1L |§l—io—i1,
—Z Z ZpLépRO L'O,lpRl - (3.7

i0=010,.=0 j1,.=0
X ]@’s (oo = i0,8(1,0) + (i0 — i0,0)8(R,0) + i1,L8L.1) + (IE] — io — i1,L)8(r, 1)) »
(3.8)

from which we conclude that lim;_, o E,;[D(&, n,)] < max{pr.0, or.0, PL.1, pR,l}m. Let

s be the unique tempered probability measure such that for any & € X, Epyu [DE, m)]
coincides with (3.7). From the convergence of the marginal moments in (3.7) we conclude
that, for any f : X — R bounded and for any n € X,

lim By [f (0] = By, [F D]
Thus, a dominated convergence argument yields that for any probability measure p on X,
tl_lfgo Eulf )] = Epy,, LF D],
giving that pu54, is the unique stationary measure. The explicit expression in (3.5) and (3.6)
follows from similar computations as in [9], while, arguing by contradiction as in the proof

of [27, Theorem 3.3], we can show that the two-point truncated correlations are non-zero for
o € {—1, 1} whenever at least two reservoir parameters are different. ]
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3.3.1 Stationary Microscopic Profile and Absorption Probability
In this section we provide an explicit expression for the stationary microscopic density of
each type of particle. To this end, let 1¢5;4; be the unique non-equilibrium stationary measure
of the process

n@):1=0} 0@ :={nolx, 1), nx, D}xev,
and let {6p(x), 61 (x)}xev be the stationary microscopic profile, i.e., forx € V andi € I,

0i (x) = By [mi (x, )] (3.9)

Write P¢ (and E¢) to denote the law (and the expectation) of the dual Markov process

{E@: =0}, &) :={5o(x,0),51(x, 0D} cps

starting from § = {§o(x), &1 (x)} - Forx € V, set

. . . . . T
Dx = [P(S(x,O), 8(1,0)) PBx,0),6(z,1)) P(S(x,0), 6(r.0)) p(5(x,0),5(R,1))] C 310
Gx = [ PG.1), 82.0)) PGx,1). 8L.1) PGx.1). 8r.0) PBix.1y> Sr.1)) ]
where
P& &) = lim Pe(£(r) = &),
11— 00
£ = 8(xi) forsome (x,i) € V x I, & € {8(,0). 8(2.1). 8(r.0)- Sr.n},  (3.11)
and let

N T
p:=[pwo pw.1) pro PRY ] - (3.12)

Note that p(8(x,i), -) is the probability of the dual process, starting from a single particle at
site x at layer i € I, of being absorbed at one of the four reservoirs. Using Proposition 3.1
and Theorem 3.3, we obtain the following.

Corollary 3.4 (Dual representation of stationary profile) For x € V, the microscopic station-
ary profile is given by
00(x) = px - P,

0 xefl,...,N}, (3.13)
01(x) =qx - p,

where py, g, and p are as in (3.10)—(3.12).
We next compute the absorption probabilities associated to the dual process in order to

obtain a more explicit expression for the stationary microscopic profile {8y (x), 61(x)}rev.-
The absorption probabilities p(-, -) of the dual process satisfy

(Lp)(E)E) =0 VEelX,

where L i§ the dual generator defined in (3.4), i.e., they are harmonic functions for the
generator L.
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In matrix form, the above translates into the following systems of equations:
- 1 -
P— + + ,
PL= 50, (Po + p2) + ,
- € L 1 G0+ y -
T ro+r P T Urorry T axo+y "
- 1
Px = ﬁ(px 1+px+])+ﬁqxa xe{2,...,N—l},
7 S G i)+ —— 5 €2....N-1)
= _ —— Dy, X y.oo., N —1},
qx 2+ qx—1 T qx+1 e +J/ Px
- 1 -
— + + )
PN = Tty (PN-1+ PN+1) + > qn
- € > T > i Y >
qN_(l—}—e)—i—qufl (1+6)+qu+l (l—i—e)—i-ypN’
(3.14)
where

po=[1000]", Go:=[0100]",
i1 i=[0010]", Gyyi:=[0001]".

We divide the analysis of the absorption probabilities into two cases: € = 0 and € > 0.

Case € = 0.
Proposition 3.5 (Absorption probability for € = 0) Consider the dual process
{E@:r=0},  §@) ={8(x,n), &1 (x, D}xev,

with generator ltm,,N (see (3.4)) with € = 0. Then for the dual process, starting from a

single particle, the absorption probabilities p(-, -) (see (3.11)) are given by

. I1+y (A+N)+A+2N)y 142y
P(x.00, 8(1,0)) = - X,
1+2y 1+N+2Ny 1+N+2Ny
R 4 (I+N)+A+2N)y 1+2y
P(8x,0), 0z, 1)) = - X,
1+ 2y I+ N +2Ny NN )
R 1+y —y 142y '
P(Bx.0), 6(R,0) = x|,
142y \1+N+2Ny " 1+N+2Ny
55 Ser) = -y 1+2y .
PRG0- OR D)= S \T ¥ N 12Ny " 1+ N+2Ny )
PGy, 8,0 = y (N — y + 2Ny)
G REDTT 2+ N +28y)”
. 1+ N+ (1+3N)y — (1 —2N)y?
P(¢1,1), 8L,1) = ,
(1+2y)(01+N+2Ny) (3.16)
P, 1), 8(r,0) = rd+v .
LD SEOTT (T 2y A+ N + 2Ny’
2
P, 8r1) = v ,
’ ’ (1+2y)0+N+2Ny)
and
PGy, 88,0)) = P(6x,00,88,1))s x€{2,....,N—1}, (B,i) e{L,R} x I, (3.17)
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and

P@w 1), 8w,0) = P61, 8r0), PGB, 8x,1)) = POB1), R, 1)

A n R R (3.18)
PN,1), 8r,0)) = P, 0,00, POw, 1), 8k 1)) = P, 1, dw,1))-
Proof Note that, for € = 0, from the linear system in (3.14) we get
Pret =P =P = Pxle o N, (3.19)

ij = ﬁx’
Thus, if we set ¢ = py — py, then it suffices to solve the following 4 linear equations with 4
unknowns p1, ¢, g1, gn:
p L o+ 51+ +3 Y
1= 5 0 1 c P s
p 2ty p p 2+y q1
[ Yo -

q1= q0 + ——DP1
1 1
J; v ty ) (3.20)
pr+(N—1)=——(p1+(N—=2)+p + qn
p1+( ) Tty (p1+( )¢+ PN+1) Tty qn
gN = + ——(p1+ (N —1)¢
qn = 1+quH 1—|— (p1+( )C).
Solving the above equations we get the desired result. m}

As a consequence, we obtain the stationary microscopic profile for the original process
{n@): =0}, n(@) ={nox, 1), n(x,}rev whene = 0.

Theorem 3.6 (Stationary microscopic profile for € = 0) The stationary microscopic
profile {6p(x),01(x)}xev (see (3.9)) for the process {n(t): t > 0} with n) =
{no(x, 1), n1(x, £)}xev with generator Le¢ , n (see (3.1)) and € = O is given by

L+y r/asm+as2nmy 1+2y —y 142y
bo(x) = T+2, [( +N+2Ny TEN+2Ny x) pLO+ <1+N+2Ny T TN 2Ny x) pR,O]

14 A+N)+(1+2N)y 142y
+ 142y [( T+N-+2Ny T+N+2Ny )P(L,l)
142y
+ <1+N+2Ny + NNy )p(R,l)]
(3.21)
and
61(1) = —— Gy(1) + ——
=7 ” o I_H/,O(L,l),
01(x) = 6p(x), xe{2,...,N—1}, (3.22)
y 1
01(N) = Oo(N) + —— .
1(N) T4y o(N) T3y PRD
Proof The proof directly follows from Corollary 3.4 and Proposition 3.5. O
Case € > 0.

We next compute the absorption probabilities for the dual process and the stationary
microscopic profile for the original process when € > 0.
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Proposition 3.7 (Absorption probability for € > 0) Consider the dual process

{§@: 120}, &) ={o(x,0), &1(x, D}rev,

with generator I:e,y (see (3.4)) with € > 0. Let p(-, ) (see (3.11)) be the absorption proba-
bilities of the dual process starting from a single particle, and let (P, §y)xev be as defined
in (3.10). Then

Dy =C1x + ¢ +e(Gaf + i),

R . - . - ev, (3.23)
Gr =C1x 4+ — (G307 +C403),
where a1, ap are the two roots of the equation
e’ —(y(I+e)+2)a+e=0, (3.24)

andcy, ¢3, C3, C4 are vectors that depend on the parameters N, €, a1, ay (see (A.4) for explicit
expressions).

Proof Applying the transformation
Ty i= Dx + €Gax, Sx 1= Px — qx» (3.25)

we see that the system in (3.14) decouples in the bulk (i.e., the interior of V), and

G SRR G R, re N =)
(3.26)
The solution of the above system of recursion equations takes the form
T, =Aix+ Ay, § = Azaf + Agad, (3.27)
where a1, ay are the two roots of the equation
ea’ —(y(l4+€)+2e)a+e=0. (3.28)
Rewriting the four boundary conditions in (3.14) in terms of the new transformations, we get
[A1 Ay A3 Ag] =1+ DT, (3.29)
where M. is given by
0 1 € €
T Y I

N+el —al(eas + (1 —€) —ad (car + (1 —€))
Since p, = ﬁ(?x +€5y) and g = ﬁ(fx —5,), by setting
- 1
Ci =
1+e€

we get the desired identities. O

A, i€(1,2,3,4),

Without loss of generality, from here onwards, we fix the choices of the roots o and a2
of the quadratic equation in (3.24) as

1 1\
a1=1+;(1+€>—\/|:1+;(1+6>:| _1,
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(D) 5 ()]
am=14+=14+-)+ 1+=(14+- — 1. (3.31)
2 € 2 €

Note that, for any €, y > 0, we have

ajop = 1. (3.32)

As a corollary, we get the expression for the stationary microscopic profile of the original
process.

Theorem 3.8 (Stationary microscopic profile for € > 0) The stationary microscopic
profile {6p(x),01(x)}xev (see (3.9)) for the process {n(t): t > 0} and n(t) =
{no(x, 1), n1(x, 1)}xev with generator L, y (see (3.1)) with € > O is given by

Oo(x) = (C1.P)x + (C2.P) +€(C3. P} + €(Ca. p)t3,

.o W . = ey ev, (3.33)
01(x) = @1 )x + @2.5) — @ Paf — @ pes.
where (C;)1<i<4 are as in (A.4), and
- T
pi= [,O(L,O) P(L,1) P(R,0) ,O(R.l)] .
Proof The proof follows directly from Corollary 3.4 and Proposition 3.7. O

Remark 3.9 (Symmetric layers) For ¢ = 1, the inverse of the matrix M, in the proof of
Proposition 3.7 takes a simpler form. This is because for € = 1 the system is fully symmetric.
In this case, the explicit expression of the stationary microscopic profile is given by

B0(o) 1 N+l—x+aév+]_x—afv+l_x
xX) = —

+1 X N a; — oy
2A\N 17 GF T N+ PR.0

N+1— N+1- (3.34)
+1(N+1—x o - x)
= - P(L.1)
N+1 _N+1
2 N +1 o) a
. 1 ( X a; — o )
= - P(R.1)
N+1 N+1
2\N+1 o) — o
and
9()—1 N+1—x o7 gt
1) =3 N1 aé\'*l—oe{vH PL.0
n 1 X oy — oy
2\ N+1 aé\lﬂ _a{VH PR.O
(3.35)

1 N+1—x aN+]—x_aN+1—x
3 N+l + -2 N+l §v+1 P(L.1)
o T

+1 X N a; — oy
2\ N1 T G g PR

However, note that

00 (x) + 01 (x) = 2[(¢1.0)x + (€2.0)] = (1 = O(C3 . Py — (¢4 P31,
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which is linear in x only when € = 1, and
Oo(x) — 01 (x) = (1 +(c3. plaf + (¢4.p)a3 ],

which is purely exponential in x. O

3.3.2 Stationary Macroscopic Profile and Boundary-Value Problem

In this section we rescale the finite-volume system with boundary reservoirs, in the same way
as was done for the infinite-volume system in Sect. 2 when we derived the hydrodynamic limit
(i.e., space is scaled by 1/N and the switching rate yy is scaled such that yy N2 — Y > 0),
and study the validity of Fick’s law at stationarity on macroscopic scale. Before we do that,
we justify below that the current scaling of the parameters is indeed the proper choice, in
the sense that we obtain non-trivial pointwise limits (macroscopic stationary profiles) of the
microscopic stationary profiles found in previous sections, and that the resulting limits (when
€ > 0) satisfy the stationary boundary-value problem given in (2.2) with boundary conditions
PF0) = pro, p3™() = pro, PI™(0) = pr.1 and p™(1) = pg1.

We say that the macroscopic stationary profiles are given by functions ,0““lt 0,1) >R

fori € I if, forany y € (0, 1),

Jlim oM (TyNT) = pi(y), Jlim oM ([yNT) = pi™(y). (3.36)

Theorem 3.10 (Stationary macroscopic profile) Let (OéN) (x), GI(N) (x))xev be the stationary
microscopic profile (see (3.9)) for the process {n(t): t > 0}, n(t) = {no(x, 1), n1(x, )} xev
with generator L¢ ,y N (see (3.1)), where yy is such that ywN% = Y as N — oo for some
Y > 0. Then, for each y € (0, 1), the pointwise limits (see Fig. 3)

P (y) = lim 90”’((yN1>, Py = lim efm(rysz) (3.37)

exist and are given by

o0 () = pr.o+ (pr0 — PLO)Y, ¥ € (0, 1),

(3.38)
P = p5™ (), y € (0,1),

when € = 0, while

gt € sinh [B&T - y)] sinh [Be,Y )’]
= - + -
o) = 1+¢€ |: sinh [BE,Y] (o) = P.n) sinh [Be,Y] (b0 = Pn)
- [ - (I=y]+—[ + (1-y]
1+e P(R,0) Y T P(L,0) y 1 1e PR, )Y T P(L,1) 1,
(3.39)
1 sinh [Be,y (1 —y)] sinh [Be v y]
stat ’
= — + _ =
P ) e [ sinh [Ber] (pL,1y — p(L,0)) sinh [Ber] (PR, 1) — P(R,0)

1
+ —— [P0y + o0 (1 —»]+ [y + o (=],

_c
I+e 1+e
(3.40)

when € > 0, where B¢ vy := /Y (1 + é). Moreover, when € > 0, the two limits in (3.37) are
uniform in (0, 1).
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Proof For ¢ = 0, it easily follows from (3.21) plus the fact that yyN> — Y > 0 and
LA ]\l,v RN y uniformly in (0, 1) as N — oo, that

lim sup |6 (TyNT) = [oz.0) + (Pr.0) — Pz.0)) Y| =0,
N—o0 ye(0,1)

and since 01 (x) = Gg(x) forall x € {2,..., N — 1}, for fixed y € (0, 1), we have
lim (™ ([yN7) = pj* ().
N—o0

When € > 0, since yyN2 — T > 0as N — 0o, we note the following:

N—o00
yn — 0,
lim o] = lim 0y = 1,
N—o00 N—o00 (3‘41)
lim o :e_B”, lim af = eBer,
1 2
N—o00 N—o0

Consequently, from the expressions of (¢;)1<;<4 defined in (A.4), we also have

1

. - T . - T
lim N¢ = [-1—ele], lim &= [1e00],
N—oo 1+e N—oo 1+e€
1 B B
. = e’e, T _ e’ Y _ 1 1 T
ngnoo 3= 1 +€ [ eBe,Y,e’Be,Y eBe.T ,e’Be,T eBe,Y 7e’Be,T eBE,Y,e*Be,Y ] ’ (342)
1 -B -B
. - _ e Bex e Bex 1 _ 1 T
Nh_r)noo 4= 1 + 6[ eBs,"f‘fe’Bé,T eBe,T 7673&7‘ eBe,T 75785,"{' eBé,Tfe’Be.'Y' ]

Combining the above equations with (3.33), and the fact that [VNﬂ — y uniformly in (0, 1)
as N — oo, we get the desired result. O

Remark 3.11 (Non-uniform convergence) Note that for ¢ > 0 both stationary macroscopic
profiles, when extended continuously to the closed interval [0, 1], match the prescribed
boundary conditions. This is different from what happens for ¢ = 0, where the continuous
extension of p' to the closed interval [0, 1] equals p§™ (y) = pr.,0 + (0r,0 — pL,0)Y, Which
does not necessarily match the prescribed boundary conditions unless p(z,1) = p(z,0) and
P(R,1) = P(R,0)- Moreover, as can be seen from the proof above, for € > 0, the convergence
of 6; to p; is uniform in [0, 1], i.e.,

. N . N
lim sup | p5™(») — 6" ([yND | =0, lim sup |pi®(y) — 0" ([yNT) [ =0,

NA)OOVVE[O,]] N"OOyE[O,]]
while fore = 0, the convergence of 6 to p; isnotuniformin [0, 1] wheneither p(z,0) # p(r,1)
O O(R,0) 7 P(R,1)-

Also, if pftat’e(-) denotes the macroscopic profile defined in (3.39)-(3.40), then for € > 0
and i € {0, 1}, we have o

lim p () = 00 () (3.43)

for fixed y € (0, 1) and i € {0, 1}, where pftat’o(-) is the corresponding macroscopic profile
in (3.38) for € = 0. However, this convergence is also not uniform for i = 1 when p(;,0) #

P(L,1) O P(R.0) 7 P(R,1)- o

In view of the considerations in Remark 3.11, we next concentrate on the case € > 0. The
following result tells us that for € > 0O the stationary macroscopic profiles satisfy a stationary

@ Springer



Switching Interacting Particle Systems: Scaling... Page290f45 33

PDE with fixed boundary conditions and also admit a stochastic representation in terms of
an absorbing switching diffusion process.

Theorem 3.12 (Stationary boundary value problem) Consider the boundary value problem

0= Aug + Y (uy — uo), (3.44)
0=eAuy + Yo — u), '
with boundary conditions
up(0) = pr,0, uo(l) = pr.o, (3.45)
u1(0) = pr,1, ui(l) = pr.1,

where €, Y > 0, and the four boundary parameters p(L,0y, P(L.1), P(R,0)> P(R,1) are also
positive. Then the PDE admits a unique strong solution given by

ui(y) = pi* (), yel0,1], (3.46)

where (pgtat(-), pftat(«)) are as defined in (3.37). Furthermore, (,ogwt(-), pftat(-)) has the
stochastic representation
P () = Eqy, i) [ @i, (Xo)], (3.47)

where {i;: t > 0} is the pure jump process on state space I = {0, 1} that switches at rate Y,
the functions ®¢, ®1: I — R are defined as

O = p,0) Ljoy + or.0) L1y, @1 = o) Loy + or,1) 111y,
{X;: t > 0} is the stochastic process [0, 1] that satisfies the SDE
dXt = 1ﬁ(l't) dWr

with Wy = By and {B;: t > 0} standard Brownian motion, the switching diffusion process
{(X¢,ip): t = 0} is killed at the stopping time

t:=inf{r >0: X; € I},
and . I — {1, €} is given by ¢ := 1jo) + € 1.

Proof 1t is straightforward to verify that for € > 0 the macroscopic profiles pg, p; defined in
(3.39)—(3.40) are indeed uniformly continuous in (0, 1) and thus can be uniquely extended
continuously to [0, 1], namely, by defining pi*'(0) = p(z.iy, ;™' (1) = p(r,i) fori € I.
Also pi*™ € C*([0, 1]) for i € I and satisfy the stationary PDE (3.44), with the boundary
conditions specified in (3.45).

The stochastic representation of a solution of the system in (3.44) follows from [29, p385,
Eq.(4.7)]. For the sake of completeness, we give the proof of uniqueness of the solution of
(3.44). Letu = (up, u1) and v = (vo, v1) be two solutions of the stationary reaction diffusion
equation with the specified boundary conditions in (3.45). Then (wg, wi) = (up—vo, u1—v1)
satisfies

0= Awy + YT (w; — wo),

(3.48)
0=¢€eAw; + Y (wy — wy),

with boundary conditions

wo(0) = wo(1) = w1 (0) = wi (1) =0. (3.49)
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Multiplying the two equations in (3.48) with wg and wj, respectively, and using the identity

wiAw; =V - (w;Vw;) — |[Vw;|?, i€l,

we get
0=V (woVwo) — [Vwo|* + T (wi — wo)wo, (3.50)
0=eV-(wVwy) —€[Vwi|* + T(wo — w)w. '
Integrating both equations by parts over [0, 1], we get
1
0 = —[wo(1)Vwo (1) — wo(0) Vw(0)] —/ dy [Vwo(y)|?
0
1
+ T/ dy (wi(y) — wo(y)wo(y),
0 (3.51)

1
0=—G[wl(l)le(l)—wl(O)le(O)]—G/O dy [Vwi ()

1
+T/0 dy (wo(y) — wi(y)wi(y).

Adding the above two equations and using the zero boundary conditions in (3.49), we have

1 1 1
/0 dy Vo) + ¢ /O dy [V )P+ T fo dy i () — woP2 = 0. (3.52)

Since both wg and w; are continuous and € > 0, T > 0, it follows that
wo = wi, Vwyg=Vw; =0, (3.53)

and so wy = w; = 0. ]

Note that, as a result of Theorem 3.12, the four absorption probabilities of the switching
diffusion process {(X;, i;) : t > 0} starting from (y, i) € [0, 1] x I are indeed the respective
coefficients of p(r.0y, P(L,1), P(R,0)> P(R,1) appearing in the expression of pl‘?ta‘(y). Further-
more note that, as a consequence of Theorem 3.12 and the results in [33, Section 3], the
time-dependent boundary-value problem

0 =A T - ,
/00 po + Y (o1 — po) (3.54)
9 p1 = €Ap1 + Y (po — p1),
with initial conditions
9 O = 0 9
po(x, 0) ﬂjo(x) (3.55)
p1(x,0) = p1(x),
and boundary conditions
05 t = 9 17 t = 9
p0(0,1) = pr.o, po(l,1) = pro (3.56)
p10,1) = pr1, p1(1, 1) = pR,1,
admits a unique solution given by
hom stat
9 t = 9 t 9
po(x, 1) pﬂ (x, 1) + pol [(x) (3.57)
p1(x, 1) = M (x, 1) + o™ (x),
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T [ ((s —a)‘/z
/ ds 11 (W(s)ho(x, )
e et t—=s

where

PO (x, 1) = e~

+lo(v(s)hi(x,5)), (3.58)
t 5 — et —-1/2
M (x, 1) =e” ’/ ds (( > Li(v($)hi(x, s)
€t I—s
+lo(v(s)ho(x, 5)), (3.59)
v(s) = 1 — T ((t — s)(s — €1))'/2, Io(-) and I} (-) are the modified Bessel functions, /¢ (x, 1),
h1(x, t) are the solutions of
3tho == Aho,
0ih1 = Ahy,
ho(x, 0) = fo(x) — py™ (x), (3.60)

hi(x, 1) = p1(x) — pi* (x),
ho(0,1) = ho(1, 1) = h1(0,1) = hi(1,1) =0,

and pj (x), p}"(x) are given in (3.40).
We conclude this section by proving that the solution of the time-dependent boundary-
value problem in (3.54) converges to the stationary profile in (3.40).

Proposition 3.13 (Convergence to stationary profile) Let pgom (x,1t) and p{‘om (x,t) be asin

(3.58) and (3.59), respectively, i.e., the solutions of the boundary-value problem (3.54) with

zero boundary conditions and initial conditions given by phom (x,0) = po(x) — “at (x) and
Om(x 0) = p1(x) — pj™ (x). Then, for any k € N,

Tim [l e, Dllex o,y + 101 Dllexouny | = 0.
Proof We start by showing that

Jim [lob™ e D20, + 1676 Dll 20y | = 0. (3.61)

Multiply the first equation of (3.54) by pg and the second equation by pj. Integration by parts
yields

o (Jo dx 3) = — fi dx [acpol® + T [ dx (o1p0 = ),

(3.62)
0 (o dx o3, 0)) = =€ fy dx faepn P+ T i dx (popr = o).

Summing the two equations and defining E(¢) := fol dx (po(x, 1)® + p1(x, 1)?), we obtain

1 1 1
a,E(r>=—</ dx|axpo|2+e/ dx|axm|2)—rf dr (oo —p)’. (3.63)
0 0 0

By the Poincaré inequality (i.e., fol dx |0, pi (x, )2 > Cp fol dx |pi(x, 1)|?, with Cp, >0
we have 0, E(t) < —eC, E(t), from which we obtain

E(t) <e rE(0),
and hence (3.61).
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From [45, Theorem 2.1] it follows that

A-T Y
A':[ T eA—T]’

with domain D(A) = H?(0, 1) N Hy (0, 1), generates a semigroup {S;: ¢ > 0}. If we set
o) =S, (Bhom), with ;Shom = p — p% then by the semigroup property we have

- =h

Oy =S Ste ), =1,

and hence AF5(1) = S,_1 (AS1 ) (5™™). If we set  := (AS)F (5™, then we obtain,
by [45, Theorem 5.2(d)],

||Ak5(l)||L2(0’l) = ”Stflﬁ”Lz(O,l)’

where lim,_, o [|S—1 Pl £2(0,1y = 0 by the first part of the proof. The compact embedding
D(AK) — H*(0,1) = C*(0,1), keN,

concludes the proof. O

3.4 The Stationary Current

In this section we compute the expected current in the non-equilibrium steady state that is
induced by different densities at the boundaries. We consider the microscopic and macro-
scopic systems, respectively.
Microscopic system

We start by defining the notion of current. The microscopic currents are associated with
the edges of the underlying two-layer graph. In our setting, we denote by j)? 1) and
jxl’x +1(#) the instantaneous current through the horizontal edge (x, x + 1), x € V, of the
bottom layer, respectively, top layer at time ¢. Obviously,

TP 1@ = no(x. 1) — no(x + 1, 1), Tt 1@ = el 6) —m@& + 1,0)].
We are interested in the stationary currents J)?, 1> Tespectively, Jxl’ 41> Which are obtained
as

T2 i1 = Egrarlno(x) — nox + D1, T} = €Bsrarlm (x) = m(x + D], (3.64)

where Eg;,; denotes expectation w.r.t. the unique invariant probability measure of the micro-
scopic system {n(t): t > 0} with n(t) = {no(x, 1), n1(x, t)}xev. In other words, ‘])?)H-l and
Jxly <41 give the average flux of particles of type 0 and type 1 across the bond (x, x + 1) due
to diffusion.

Of course, the average number of particle at each site varies in time also as a consequence

of the reaction term:
d
ZElnoCx, 0] = ELTY () = T2 i1 O]+ ¥ Elni (x, )] — Elno(x, 1)),

d
ZEIm (0] = ELTL; () = T} 1 0]+ ElnoGx, 0] - Elmi (v, ).
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Summing these equations, we see that there is no contribution of the reaction part to the
variation of the average number of particles at site x:

d
EE[no(x, D+ mx, D] =E[Ti—1,x(t) = Te,x+1(0].

The sum
Jx,x+1 = )?,)H,l + Jxl,erl, (365)
with Jx «q1 and JX <41 defined in (3.64), will be called the stationary current between sites

at x,x + 1, x € V, which is responsible for the variation of the total average number of
particles at each site, regardless of their type.

Proposition 3.14 (Stationary microscopic current) For x € {2,..., N — 1} the stationary
currents defined in (3.64) are given by
0 1+ 1
Joxp1 = —mm(&m = pw.ol— mm(m) —pwnl, Ji i1 =0, (3.66)

when € = 0 and by
IOty =—C1-p— €@ paf(a — 1) + (C4 - poj (az — D],

Jl

- .. .. (3.67)
a1 = —€C1-p+€l(c3- pag (o — 1) + (s - p)a; (a2 — D],

when € > 0, where ¢1, C3, C4 are the vectors defined in (A. 4) oprpendix A, and a1, an are
defined in (3.31). As a consequence, the current Jy x4 = x w1 T Jx <41 IS independent of
x and is given by

Jxq1 = —Jfgw[ﬁ(&m - pL,0l — mmm,n — P, (3.68)
when € = 0 and
Jear1 ==+ €)[Ci (pr0 — pL.0) + € C2 (PRI — pL1)] (3.69)

when € > 0, where

3 [orr (1 — e)(a —Dte ™ =D
1— —1 D +2e @M —1 '
ar(1—e) ey~ YN + 1) + 2¢ (o) YN +¢€) (3.70)
B (aN+1 1)
Ca (o@D D 26 @ - DVt o)
Proof From (3.64) we have
T e = 00(x) — Op(x + 1), Il = elbi(x) — 01(x + D], 3.71)

where 6p(-), 01 (-) are the average microscopic profiles. Thus, when € = 0, the expressions
of J)?, e Jxl, <41 and consequently Jy x4 follow directly from (3.21).
For € > 0, using the expressions of 6y (-), 61 (-) in (3.33), we see that

T i1 = 00(x) —Op(x + 1) = —C1 - p — €[(T3 - Plorf (1 — 1) + (4 - plo (o2 — D],
—ecy -

Jxl,x_‘_l =e€[01(x) =01 (x + 1] = p+el(C3 - paj (a1 — 1) +(Cs - plai (a2 — D],
(3.72)
where ¢1, ¢3, ¢4 are the vectors defined in (A.4) of Appendix A, and a1, oy are defined in

(3.31). Adding the two equations, we also have

Texar = I+ = —(+6) & p = (1+6) [C1 (pro — pL.0) + € C2 (PR — pL.D)] .+
(3.73)
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where C1, C» are as in (3.70). m]

Macroscopic system

The microscopic current scales like 1/N. Indeed, the currents associated to the two layers
in the macroscopic system can be obtained from the microscopic currents, respectively, by
defining

0 T 0 1 T 1
T)y= lim NJjyy) v )= Hm NJjy oy (3.74)

Below we justify the existence of the two limits and thereby provide explicit expressions for
the macroscopic currents.

Proposition 3.15 (Stationary macroscopic current) For y € (0, 1) the stationary currents
defined in (3.74) are given by

J°0) = —[(oro — pL.0)]. J () =0, (3.75)
when € = 0 and by

€B. v | cosh [Be (11— y)] cosh [B6 T y]
Jo — . : _ _ et 1 _
) T+ e |: sinh [Bex] (oL,0) — PL,1)) sinh [Ber] (P(R.0) — P(R,1))
1
T 1te [(or.0) — PL.0)) + €k, 1) — PL1))]
(3.76)
and
€Bc v | cosh [Be T (1 — y)] cosh [B6 T y]
Thy) = — =% ’ — i S | —
) T e [ sinh [Box ] (o(r,00 — p(L,1) Sinh [Box ] (o(R,0) = P(R,1))

T1re [(or.0) = £L.0) + (PR, 1) = Per1))]

(3.77)
when € > 0. As a consequence, the total current J(y) = J 0(y) + J! (y) is constant and is
given by

J(y) = —[(pr0 — pL.0) + € (PRI — pL.1)] - (3.78)

Proof For ¢ = 0 the claim easily follows from the expressions of J)?,x Iy
(3.66) and the fact that yy — 0 as N — oo.
When € > 0, we first note the following:

1 . .
Jy x1 given in

]/NN2 Nigo T > 0,

lim o] = lim oy = 1,
N—oo

N—oo (3 79)
lim N(O(l - 1) = _Be,Ts lim N(O{Q — 1) = Be,T’ '
N—o00 N—o00
lim a{v :e_B”, lim ot%v = eBer,
N—oo N—o0
Consequently, from the expressions for (¢;)1<;<4 defined in (A.4), we also have
. - 1 T
lim Nc¢| = [—1 —ele] ,
N—00 1+¢€
1 B B
. - e’e, Y _ ele, Y _ 1 1 T
Nlinooc:; - ]+E [eBe,Y_e’BE.T eB&T_e’Be,T eBe,T_e’Be,T eBe,T_e’Be,T] ’ (380)
1 -B -B
. - . e Ber e Ber 1 o 1 T
ngnoo C4 - 1+ € [ eBe,T_e_Be,Y eBe,T_e_Be,T eBE.T_e_BG,T eBe.T_e_Be,T ]
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Combining the above equations with (3.67), we have
0/ 1 0
J )= lim NJjyyjyny
= _GBE,TI:( lim ¢4 - [)) eBerxy _ < lim ¢3 - ,5) efBE'Ty] — ( lim Nc¢; ,5)
N—00 N—o0

N—o00
_ €Bcy | cosh [Ber (1—y)] M( B :
T l+te sinh [ B, ] sinh [Be] RO T PRD

(oL,0) — P, 1)) —

1
— —— [(pr,0) — P(L.0)) + o1y — Pr.1)) ]

1+e
(3.81)
and, similarly,
Loy 1 1
T = Hm NIy v
= 6BE,T|:( lim 84 . ﬁ) eBE'Ty — < lim 83 . 5) eiBG-T,V:I — € ( lim NZ] . /—)')
N—o0 N—o0 N— 00

_cBer feolBer U] (- B e

1+¢€ sinh [BE,T] (L.0) (L.D) sinh [BE,T] (R.0) (R,1)

€
- [(,O(R,O) — pL,0) + €(PRr,1) — ,O(L,l))] .

1+4+¢€
(3.82)
Adding JO(y) and J!(y), we obtain the total current
J0) =10+ ') = = [(0r0 = pr.0) + € (or1 = pL.D] | (3.83)
which is indeed independent of y. O

Remark 3.16 (Currents) Combining the expressions for the density profiles and the current,
we see that

0y — 4P Ly o dp1
JO(y) = dy », J = edy ).

3.5 Discussion: Fick’s Law and Uphill Diffusion

In this section we discuss the behaviour of the boundary-driven system as the parameter € is
varied. For simplicity we restrict our discussion to the macroscopic setting, although similar
comments hold for the microscopic system as well.

In view of the previous results, we can rewrite the equations for the densities

po(y, 1), p1(y, 1) as
dpo=—VJI+T(p1 — po).
dp1 =—VJI+T(oo — p1),
Jo = =V o,
J1 = —€Vpy,

which are complemented with the boundary values (for € > 0)

00(0,1) = pr.o, po(1,1) = pr.o,
01(0,1) = pr.1, p1(1,1) = pR1.
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We will be concerned with the total density p = pg + p1, whose evolution equation does not
contain the reaction part, and is given by

drp=—-VJ,
h (3.84)
J =—=V(po + €p1),
with boundary values
O,t = = s
p0,1) = pL = pL,o+ PRO (3.85)
p(1,1) = pr = pr.o + PR.1-

Non-validity of Fick’s law From (3.84) we immediately see that Fick’s law of mass transport
is satisfied if and only if ¢ = 1. When we allow diffusion and reaction of slow and fast
particles, i.e., 0 < € < 1, Fick’s law breaks down, since the current associated to the total
mass is not proportional to the gradient of the total mass. Rather, the current J is the sum of
a contribution J due to the diffusion of fast particles of type 0 (at rate 1) and a contribution
J! due to the diffusion of slow particles of type 1 (at rate €). Interestingly, the violation of
Fick’s law opens up the possibility of several interesting phenomena that we discuss in what
follows.

Equal boundary densities with non-zero current In a system with diffusion and reaction
of slow and fast particles we may observe a non-zero current when the total density has
the same value at the two boundaries. This is different from what is observed in standard
diffusive systems driven by boundary reservoirs, where in order to have a stationary current
it is necessary that the reservoirs have different chemical potentials, and therefore different
densities, at the boundaries.

Let us, for instance, consider the specific case when p 0 = pg,1 = 2 and p1,1 = pr,o =
4, which indeed implies equal densities at the boundaries given by p; = pg = 6. The density
profiles and currents are displayed in Fig. 3 for two values of €, which shows the comparison
between the Fick-regime € = 1 (left panels) and the non-Fick-regime with very slow particles
€ = 0.001 (right panels).

On the one hand, in the Fick-regime the profile of both types of particles interpolates
between the boundary values, with a slightly non-linear shape that has been quantified pre-
cisely in (3.39)—(3.40). Furthermore, in the same regime € = 1, the total density profile is
flat and the total current J vanishes because Jo(y) =—J(y) forall y € [0, 1].

On the other hand, in the non-Fick-regime with € = 0.001, the stationary macroscopic

profile for the fast particles interpolates between the boundary values almost linearly (see
(3.43)), whereas the profile for the slow particles is non-monotone: it has two bumps at the
boundaries and in the bulk closely follows the other profile. This non-monotonicity in the
profile of the slow particles is due to the non-uniform convergence in the limit € | 0, as
pointed out in the last part of Remark 3.11. As a consequence, the total density profile is not
flat and has two bumps at the boundaries. Most strikingly, the total current is J = —2, since
now the current of the bottom layer J° is dominating, while the current of the bottom layer
J'is small (order €).
Unequal boundary densities with uphill diffusion As argued earlier, since the system does
not always obey Fick’s law, by tuning the parameters o(z,0), 2(L.1), P(R,0)> P(R,1) and €, we
can push the system into a regime where the total current is such that J < 0 and the total
densities are such that pg < pr, where pr = p(r,0) + P(r,1) and pr. = pr,0) + Pz,1)- In
this regime, the current goes uphill, since the total density of particles at the right is lower
than at the left, yet the average current is negative.
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Macroscopic densities Macroscopic densities
Pos P1 Po, P1
A Top-layer profile p;
40F Top-layer profile oy 40 — Bottom-layer profile go
— Bottom-layer profile pg
3.5 350 A
>
3.0} 3.0f
25} 25} >
20 20 /
0.0 0.2 04 06 8 10 Y 0.0 0.2 04 06 s 10 Y
Macroscopic total density Macroscopic total density
P P
A 2 :
8l — Total density p = pg + o1 sl — Total density p = pg + 3
7 7
6 6
5 s
4 1 1 L 1 - y 4 A b I A A PR y
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Macroscopic current Macroscopic current
Current Current
~—— I 0.0f= . —4
2 —— g 0.2 0.4 0.6 08 1.0
Top-layer current J
1} Total current J = J® +J! -05} Top-layer current J!
——— Bottom-layer current J° Total current J = J% + J1
0 02 04 06 0‘8 10 y -1.0 Bottom-layer current J?
-1} -15[
-2 /—’\ -2.0

Fig.3 Macroscopic profiles of the densities for slow and fast particles (top panels), macroscopic profile of the
total density (central panels), and the currents (bottom panels). Here, o(z 0y = 2, p(z,1) =4, p(r,0) = 4and
P(R,1) = 2, T = 1. For the panels in the left column, € = 1 and for the panels in the right column, € = 0.001

For an illustration, consider the case when p;.1 = 6, pro = 4 and pro = pr1 = 2,
which implies p; = 8 and pr = 6 and thus pp < pr. The density profiles and currents are
shown in Fig. 4 for two values of €, in particular, a comparison between the Fick-regime e = 1
(left panels) and the non-Fick-regime with very slow particles € = 0.001 (right panels). As
can be seen in the figure, when € = 1, the system obeys Fick’s law: the total density linearly
interpolates between the two total boundary densities 8 and 6, respectively. The average total
stationary current is positive as predicted by Fick’s law. However, in the uphill regime, the
total density is non-linear and the gradient of the total density is not proportional to the total
current, violating Fick’s law. The total current is negative and is effectively dominated by the
current of the fast particles. It will be shown later that the transition into the uphill regime

oo —pPLol _ 1 P .
R H=pL] = 2° In the limit € | O the total density profile

and the current always get dominated in the bulk by the profile and the current of the fast

happens at the critical value € =
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Macroscopic densities Macroscopic densities
Pos P1 Pos P1
A
Top-layer profile p;
6 — Top-layer profile o, 61 —— Bottom-layer profile pp
— Bottom-layer profile oo
5 50
4 ar "
3 3 - \
2 2
0.2 04 0.6 0.8 1.0 Y 0.2 0.4 0.6 0.8 1.0 ¥
Macroscopic total density Macroscopic total density
p P
A . Total density p = pg + p1
——— Total density p = pg + p1 8
6/
5[
4l
. L L . . y . . . . Ly
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Macroscopic current Macroscopic current
Current Current
A — Top-layer current J' \
Total current J = J° +.J' 0.0 : y y
4 Bottom-layer current J° 0.2 04 0.6 0.8 1.0
-05} Top-layer current J!
2 Total current J = J% + J!
-1.0
——— Bottom-layer current J°
0 L .
0.2 0.4 0.6 0.8 10 Y _15)

<2l
/"‘"‘——\ ~20

Fig.4 Macroscopic profiles of the densities for slow and fast particles (top panels), macroscopic profile of the
total density (central panels), and the currents (bottom panels). Here, o(7 0y = 2, p(z,1) = 6, p(R,0) = 4 and
P(R,1) = 2, T = 1. For the panels in the left column, € = 1 and for the panels in the right column, € = 0.001

particles, respectively. When € < %, even though the density of the slow particles makes
the total density near the boundaries such that pg < pp, it is not strong enough to help the
system overcome the domination of the fast particles in the bulk, and so the effective total
current goes in the same direction as the current of the fast particles, producing an uphill
current.

The transition between downhill and uphill We observe that for the choice of reservoir

parameters pr.1 = 6, pr,o = 4 and pr 0 = pr,1 = 2, the change from downbhill to uphill
oo —PL.ol _ 1
loR,y—Pw,nl — 2°
Fig. 5 for two additional values of €, one in the “mild” downhill regime J > 0 for e = 0.75

(left panels), the other in the “mild” uphill regime J < 0 for € = 0.25 (right panels). In the
uphill regime (right panel), i.e., when € = 0.75, the “mild" non-linearity of the total density
profile is already visible, indicating the violation of Fick’s law.

diffusion occurs at € = The density profiles and currents are shown in
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Macroscopic densities Macroscopic densities
Po, P1 Po, P1
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Fig.5 Macroscopic profiles of the densities for slow and fast particles (top panels), macroscopic profile of the
total density (central panels), and the currents (bottom panels) in the “mild" downhill and the “mild" uphill
regime. Here, p( 0y = 2, PLY) = 6, p(r,0) =4 and p(R 1) = 2, Y = 1. For the panels in the left column,
€ = 0.75 and for the panels in the right column, € = 0.2

Identification of the uphill regime We define the notion of uphill current below and identify
the parameter ranges for which uphill diffusion occurs.

Definition 3.17 (Uphill diffusion) For parameters p(z.0), 0(z,1), P(R,0), P(R,1) and € > 0, we
say the system has an uphill current in stationarity if the total current J and the difference
between the total density of particles in the right and the left side of the system given by pgr —pr.
have the same sign, where itis understood that pg = p(r,0)+p(r,1) and pr. = p(rL,0)+P(L,1)-

]

Proposition 3.18 (Uphill regime) Let ag := p(r,0) — £(L,0) and a := pr,1) — P(L,1)- Then
the macroscopic system admits an uphill current in stationarity if and only if

a% + (1 +€)apa; + ea% < 0. (3.86)
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If, furthermore, € € [0, 1], then
(i) either
ap+ay > O0withag <0, a; >0
or
ap+ay; < Owithag >0, a; <0,
(i) € € [0, —5°].

Proof Note that, by (3.78), there is an uphill current if and only if ag + a; and ag + €a; have
opposite signs. In other words, this happens if and only if

(a0 + ar)(ao + € ar) = ag + (1 + €) apay + eai < 0.

The above constraint forces apa; < 0. Further simplification reduces the parameter regime
to the following four cases:

e ap+a; >0withay <0, a; >0ande <—Z—?,

e ap+a; <Owithag >0, a; <Oande <—Z—?,
e ay+a; > 0withag >0, a; <Oand e > —Z—(l’,
e ap+a; <0Owithag <0, a; >0ande > —Z—?_

Under the assumption € € [0, 1], only the first two of the above four cases survive. O

3.6 The Width of the Boundary Layer

We have seen that for ¢ = 0 the microscopic density profile of the fast particles 6p(x)
linearly interpolates between py, o and pg o, whereas the density profile of the slow particles

satisfies 01 (x) = 6p(x) forall x € {2, ..., N — 1}. In the macroscopic setting this produces a
continuous macroscopic profile p(s)ta‘( y) = pr.o+ (pr.0 — pr,0)Yy for the bottom-layer, while
the top-layer profile develops two discontinuities at the boundaries when either p(z o) #

P(L,1) OF P(R,0) * P(R,1)- In particular,
o () = [pr.o+ (R0 — pL,0)¥] L0,n () + pr. 11y () + pr.11oy(y), € 10,

fory € [0, 1]. For small but positive €, the curve is smooth and the discontinuity is turned into
a boundary layer. In this section we investigate the width of the left and the right boundary
layers as € | 0. To this end, let us define

Wi = lpw,0) — pw.pl,  Wr:=1pR.0) — PRI (3.87)
Note that, the profile p; develops a left boundary layer if and only if Wy > 0 and, similarly,
a right boundary layer if and only if Wg > 0.

Definition 3.19 We say that the left boundary layer is of size fi (¢) if there exists C > 0
such that, for any ¢ > 0,
Rp(e, 0
im——— = C,
€10 fr(e)
where Ry (€, ¢) = sup {y €(0,3): ’:—;pftal(y)‘ > c}. Analogously, we say that the right
boundary layer is of size fg(e) if there exists C > 0 such that, for any ¢ > 0,
1 — Rg(e,
lim ﬂ =C,
el0 fr(€)
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where Ry (€, ¢) = inf iy € (%, 1) :

2

Lo | z e},
The widths of the two boundary layers essentially measure the deviation of the top-layer
density profile (and therefore also the total density profile) from the bulk linear profile cor-
responding to the case € = 0. In the following proposition we estimate the sizes of the two
boundary layers.
Proposition 3.20 (Width of boundary layers) The widths of the two boundary layers are given
by

fr(e) = fr(e) = Ve log(1/e), (3.88)
where f1.(€), fr(€) are defined as in Definition 3.19.

Proof Note that, to compute f7 (¢), it suffices to keep Wy > 0 fixed and put Wg = 0, where
W, Wg are as in (3.87). Let y(e, ¢) € (0, %) be such that, for some constant ¢ > 0,

d? stat
‘dfyzpl M| =ec, (3.89)
or equivalently, since e Ap; = Y (p1 — po),
ce
o1 ) = " 1 = (3.90)

stat

Recalling the expressions of p(s)mt(-) and p}*'(-) for positive € given in (3.39)—(3.40), we get

sinh [\/T(1+ D1 -] sinh [[/T(1+ 1) y] ce

> _

(ocr,00—pPL,n)+ (OR,0)— PR, | > =
sinh [,/ Y (1 + 1)] sinh [ /T (1 + 1] s

3.91)
Using (3.87) plus the fact that Wg = 0, and setting B v := /Y (1 + é), we see that

sinh [Bex (1 — y)] = ;;/L sinh [Be v]. (3.92)

Because sinh(-) is strictly increasing, (3.92) holds if and only if

_ 1 - ce . Be
y(e,c) <1— Box sinh [TWL smh( Z’T):| ) (3.93)
Thus, for small € > 0 we have
.1 ce . B,
Rp(e,0) =1~ By sinh [TWL smh( ;)] , (3.94)

where Ry (e, ¢) is defined as in Definition 3.19. Since sinh ' x = log(x + +/x2 4+ 1) for
x € R, we obtain

NG Nex 4+ /N2y +1
log
T +e) €CNexr ++/(eCNe )2+ 1

Rip(e,c) =

— ilog(]/e)-l— JE log 1+W
JYA +e) NATIE) C +/C>+ (1/(eNex))?

_ Ve

= 'Y‘(l = E) IOg(l/é) + Re,T,WL’

(3.95)
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. B, .
where N¢ v := sinh (GTT) C:= T‘C,VL , and the error term is

O \/g log 1+\/W
RV T ) C +/C?+ (1/(eNex))?

Note that, since e N y — o0 as € |, 0, we have

. Rexow, 1
lim —————= = ——1log(1/C) < 0. 3.96
' e Neq g(1/C) (3.96)
Hence, combining (3.95)—(3.96), we get
R 1 R 1
L€, i RA (3.97)

li = li =
16 elog(1/e) el VT(1+e) | cid Jelog(l/e) _ v

and so, by Definition 3.19, f1 (€) = /€ log(1/€).
Similarly, to compute fg(€), we first fix Wy = 0, Wg > 0 and note that, for some ¢ > 0,
we have, by using (3.91),

190 (y)| > ¢ ifand only if ~sinh[Be vy y] > 757 sinh [ Be v] . (3.98)

Hence, by appealing to the strict monotonicity of sinh(-), we obtain

d? 1 ce
. 1 . Stz _ . —1 . BE:
Rgr(e,0) = mf{y €(5.1): ‘d—yzpi Ay > c} = Bx sinh [TWR smh( ZY)}
(3.99)
Finally, by similar computations as in (3.95)—(3.97), we see that
lim L= RrE) _ 1 (3.100)
im———= = —— .
el0 Jelog(1/e) /T
and hence fg(e) = /e log(1/e). |
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regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

A Inverse of the Boundary-Layer Matrix

The inverse of the matrix M, defined in (3.30) is given by (a1 and o are as in (3.31))

—mi3 —mi4 mi3 mig
_ 1 m m m m
M = = 21 2 23 24 ’ (A1)
Z | m3i(az) m32(a2) m33(a2) m34(c2)

—m3i1(a;) —mzp(ay) —m3z(e)) —mag(og)
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where
Z:= oMol =)@~ + D +2¢@ " + Dlea(1 + N1 = )@y ™ = 1)
+2e(N + &)y — 1),
miz =y oaa(1—€)(a) T+ D+2e(@) T+ DI a1 —e) (@) 7! = Dte(@d ™ = D],
mig = eay Mar(l —e)(az "D 2@+ DI@ T -,
ma1 = (1+N)(1 —)*(ed " =o' ™) —e(1 — ) (@2 — ar)
+E1+2N + )@ —a ) +e(1 )2+ 3N + o) (@) —al).
my = e[(1 — )1+ N)@) —al) + el +2N + )@ —alth),
myy =€ (1 — (N + &) —ar) — (1 —e) @y —al’) —e@) ™ —al ],
mas = —e(1 — L1+ N)(o —ay) + € (@) T —a}TH],
(A2)
and the polynomials m31(z), m32(z), m33(z), m34(z) are defined as
m3(z)=—(1—e’z—€e(l—€)+(1—e)(N+e)zV —e(l —2N —3¢) N,
mip i) i=—1—e)1+N)zV —e(l —e) —e(1+2N +€) N,
myi) =0—-e?N+e(l—e)"'— (1 —e)(N+e)z4+€e(1 —2N —3e),

m3(2) =1+ N)(1—€)z+e(l—e) " +e(14+2N +e).
(A.3)
We remark that most of the terms appearing in the inverse simplify because of (3.32). We
define the four vectors ¢1, ¢2, ¢3, ¢4 as the respective rows of M1, i.e

- —1\T~ - —1I\T~
cr:i=(Mg ) e, c2:=(M;") e,

‘ e <) ¢ (A4)
3= MNTE, E= MY e,
where
& :=[1000]", &:=[0100]",
&:=[0010]", &:=[0001]
References

1. Aifantis, E.C.: A new interpretation of diffusion in high-diffusivity paths: a continuum approach. Acta
Metall. 27, 683-691 (1979)

2. Aifantis, E.C., Hill, J.M.: On the theory of diffusion in media with double diffusivity I. Basic mathematical
results. Q. J. Mech. Appl. Math. 33, 1-21 (1980)

3. Amir, G., Bahadoran, C., Busani, O., Saada, E.: Invariant measures for multilane exclusion process.
Preprint https://arxiv.org/abs/2105.12974

4. Bernstein, D.S., So, W.: Some explicit formulas for the matrix exponential. IEEE Trans. Autom. Control
38(8), 1228-1232 (1993)

5. Blath, J., Gonzdlez Casanova, A., Kurt, N., Wilke-Berenguer, M.: The seed bank coalescent with simul-
taneous switching. Electron. J. Probab. 25, 1-21 (2020)

6. Blath, J., Kurt, N.: Population genetic models of dormancy. In: Baake, E., Wakolbinger, A. (eds.) Proba-
bilistic Structures in Evolution. EMS Series of Congress Reports, pp. 247-265. European Mathematical
Society Publishing House, Zurich (2021)

7. Bodineau, T., Lagouge, M.: Large deviations of the empirical currents for a boundary-driven reaction
diffusion model. Ann. Appl. Probab. 22, 2282-2319 (2012)

@ Springer


https://arxiv.org/abs/2105.12974

33

Page 44 of 45 S.Floreani et al.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

37.

Boldrighini, C., De Masi, A., Pellegrinotti, A.: Nonequilibrium fluctuations in particle systems modelling
reaction-diffusion equation. Stoch. Proc. Appl. 42, 1-30 (1992)

Carinci, G., Giardina, C., Giberti, C., Redig, F.: Duality for stochastic models of transport. J. Stat. Phys.
152, 657-697 (2013)

Cavalcanti, M., Cavalcanti, V.D., Tebou, L.: Stabilization of the wave equation with localized compen-
sating frictional and Kelvin—Voigt dissipating mechanism. Electron. J. Differ. Equ. 83, 1-18 (2017)

. Chen, J.P, Sau, F.: Higher order hydrodynamics and equilibrium fluctuations of interacting particle

systems. Preprint https://arxiv.org/abs/2008.13403

Cividini, J., Mukamel, D., Posch, H.A.: Driven tracer with absolute negative mobility. J. Phys. A 51,
085001 (2018)

Colangeli, M., De Masi, A., Presutti, E.: Microscopic models for uphill diffusion. J. Phys. A 50, 435002
(2017)

Colangeli, M., Giardina, C., Giberti, C., Vernia, C.: Non-equilibrium two dimensional Ising model with
stationary uphill diffusion. Phys. Rev. E 96, 052137 (2017)

Crampé, N., Mallick, K., Ragoucy, E., Vanicat, M.: Open two-species exclusion processes with integrable
boundaries. J. Phys. A 48, 175002 (2015)

Demaerel, T., Maes, C.: Active processes in one dimension. Phys. Rev. E 97, 032604 (2018)

Derrida, B., Evans, M.R., Hakim, V., Pasquier, V.: Exact solution of a 1D asymmetric exclusion model
using a matrix formulation. J. Phys. A 26, 1493-1517 (1993)

De Masi, A., Ferrari, P.A., Lebowitz, J.L.: Rigorous derivation of reaction-diffusion equations with fluc-
tuations. Phys. Rev. Lett. 55, 1947-1949 (1985)

De Masi, A., Ferrari, P.A., Lebowitz, J.L.: Reaction-diffusion equations for interacting particle systems.
J. Stat. Phys. 44, 589-644 (1986)

De Masi, A., Presutti, E.: Mathematical Methods for Hydrodynamic Limits. Lecture Notes in Mathematics,
vol. 1501. Springer-Verlag, Berlin (1991)

De Masi, A., Merola, A., Presutti, E.: Reservoirs, Fick law and the Darken effect. J. Math. Phys. 62,
073301 (2021)

Derrida, B., Lebowitz, J.L., Speer, E.R.: Large deviation of the density profile in the steady state of the
open symmetric simple exclusion process. J. Stat. Phys. 107, 599-634 (2002)

Dhar, A., Kundu, A., Majumdar, S.N., Sabhapandit, S., Schehr, G.: Run-and-tumble particle in one-
dimensional confining potential: steady state, relaxation and first passage properties. Phys. Rev. E 99,
032132 (2019)

Ferrari, P.A., Martin, J.B.: Multiclass processes, dual points and M/M/1 queues. Markov Proc. Relat.
Fields 12, 273-299 (2006)

Ferrari, P.A., Martin, J.B.: Stationary distributions of multi-type totally asymmetric exclusion processes.
Ann. Probab. 35, 807-832 (2007)

Floreani, S., Redig, F., Sau, F.: Hydrodynamics for the partial exclusion process in random environment.
Stoch. Proc. Appl. 142, 124-158 (2021)

Floreani, S., Redig, F., Sau, F.: Orthogonal polynomial duality of boundary driven particle systems and
non-equilibrium correlations. Preprint https://arxiv.org/abs/2007.08272

Fodor, E., Marchetti, C.: The statistical physics of active matter: from self-catalytic colloids to living
cells. Physica A 504, 106-120 (2018)

Friedlin, M.: Functional Integration and Partial Differential Equations. Annals of Mathematics Studies,
vol. 109. Princeton University Press, Princeton (1985)

Giardina, C., Kurchan, J., Redig, F., Vafayi, K.: Duality and hidden symmetries in interacting particle
systems. J. Stat. Phys. 135, 25-55 (2009)

Greven, A., den Hollander, F., Oomen, M.: Spatial populations with seed-bank: well-posedness, duality
and equilibrium. Preprint https://arxiv.org/abs/2004.14137

GroBmann, R., Peruani, F., Bér, M.: Diffusion properties of active particles with directional reversal. New
J. Phys. 18, 043009 (2016)

Hill, J.M., Aifantis, E.C.: On the theory of diffusion in media with double diffusivity II. Boundary-value
problems. Q. J. Mech. Appl. Math. 33, 23-42 (1980)

Hill, JM.: A discrete random walk model for diffusivity in media with double diffusivity. J. Austral.
Math. Soc. 22, 58-74 (1980)

Hill, J.M.: On the solution of reaction-diffusion equations. IMA J. Appl. Math. 27, 177-194 (1981)
Karatzas, 1., Shreve, S.E.: Brownian Motion and Stochastic Calculus. Graduate Texts in Mathematics,
vol. 113. Springer-Verlag, New York (1991)

Kipnis, C., Marchioro, C., Presutti, E.: Heat flow in an exactly solvable model. J. Stat. Phys. 27, 65-74
(1982)

@ Springer


https://arxiv.org/abs/2008.13403
https://arxiv.org/abs/2007.08272
https://arxiv.org/abs/2004.14137

Switching Interacting Particle Systems: Scaling... Page450f45 33

38.

39.

40.
41.

42.

43.

44,

45.

46.

47.

48.
49.

Kourbane-Houssene, M., Erignoux, C., Bodineau, T., Tailleur, J.: Exact hydrodynamic description of
active lattice gases. Phys. Rev. Lett. 120, 268003 (2018)

Kramli, A., Simanyi, N., Szdsz, D.: Random walks with internal degrees of freedom. Probab. Theor. Relat.
Fields 72, 603-617 (1986)

Krishna, R.: Uphill diffusion in multicomponent mixtures. Chem. Soc. Rev. 44, 2812-2836 (2015)
Kuan, J.: Probability distributions of multi-species q-TAZRP and ASEP as double cosets of parabolic
subgroups. Ann. Henri Poincaré 20, 1149-1173 (2019)

Lennon, J.T., den Hollander, F., Wilke Berenguer, M., Blath, J.: Principle of seed banks and the emergence
of complexity from dormancy. Preprint https://arxiv.org/abs/2012.00072

Liggett, T.M.: Interacting Particle Systems. Classics in Mathematics, Springer-Verlag, Berlin (2005)
Malakar, K., Jemseena, V., Kundu, A., Kumar, K.V., Sabhapandit, S., Majumdar, S.N., Redner, S., Dhar,
A.: Steady state, relaxation and first-passage properties of a run-and-tumble particle in one-dimension. J.
Stat. Mech. 4, 043215 (2018)

Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied
Mathematical Sciences, vol. 44. Springer-Verlag, New York (1983)

Pietzonka, P., Kleinbeck, K., Seifert, U.: Extreme fluctuations of active Brownian motion. New J. Phys.
18, 052001 (2016)

Redig, F., Sau, E.: Factorized duality, stationary product measures and generating functions. J. Stat. Phys.
172, 980-1008 (2018)

Seppildinen, T.: Translation Invariant Exclusion Processes (monograph in progress) (2016)

Yin, G., Zhu, C.: Properties of solutions of stochastic differential equations with continuous state depen-
dent switching. J. Differ. Equ. 249, 2409-2439 (2010)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://arxiv.org/abs/2012.00072

	Switching Interacting Particle Systems: Scaling Limits, Uphill Diffusion and Boundary Layer
	Abstract
	1 Introduction
	1.1 Background and Motivation
	1.2 Three Models
	1.3 Duality and Stationary Measures
	1.4 Outline

	2 The Hydrodynamic Limit
	2.1 From Microscopic to Macroscopic
	2.2 Existence, Uniqueness and Representation of the Solution

	3 The System with Boundary Reservoirs
	3.1 Model
	3.2 Duality
	3.3 Non-equilibrium Stationary Profile
	3.3.1 Stationary Microscopic Profile and Absorption Probability
	3.3.2 Stationary Macroscopic Profile and Boundary-Value Problem

	3.4 The Stationary Current
	3.5 Discussion: Fick's Law and Uphill Diffusion
	3.6 The Width of the Boundary Layer

	Acknowledgements
	A Inverse of the Boundary-Layer Matrix
	References





