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The energy dissipation during fatigue crack growth in adhesive joints under 
Mode-I loading 

H. Quan *, R.C. Alderliesten 
Structural Integrity & Composites, Faculty of Aerospace Engineering, TU Delft, Netherlands   

A R T I C L E  I N F O   
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A B S T R A C T   

An energy equation for fatigue crack growth in adhesive joints is proposed. Fatigue experiment on DCB adhesive 
joint specimens was used to derive the relation between fatigue crack growth rate (da/dN) and energy variables 
in this equation. The result shows plastic dissipation and change in stored strain energy, whose relation with da/ 
dN both depending on the stress ratio, are not straightforwardly related to da/dN. The energy dissipated in new 
crack surface formation is the variable that straightforwardly related to da/dN within the range of test, and its 
relation with da/dN is one-to-one, regardless of the influence of stress ratio.   

1. Introduction 

The adhesive joint has been used for decades as an alternative to 
mechanical fastening for weight reduction purposes in aerospace 
structures, as it provides a more uniform stress distribution by avoiding 
stress concentrations caused by the fastening holes. Currently the fatigue 
failure is one typical failure mechanism in adhesive joints in engineering 
practices. Therefore, a good understanding of the fatigue phenomenon 
and a validated prediction method for fatigue damage growth in adhe
sively bonded structures are highly important for engineers at the 
designing stage to avoid catastrophic consequences in the future. 

Nowadays, most practice on the research on fatigue crack growth in 
adhesive joints has been carried out within the scope of fracture me
chanics [1–10]. The variables from fracture mechanics: ΔG, Gmax and 
Δ

̅̅̅̅
G

√
, are used as the similitude to describe and predict the fatigue crack 

growth in adhesive joints. The engineering practice using ΔG, Gmax and 
Δ

̅̅̅̅
G

√
is successful, although from a physics perspective, the physical 

meaning of some fracture mechanics variables are questionable. Fig. 1 
explains energy dissipation during one load controlled cycle of fatigue 
crack growth in brittle materials. The real energy dissipated by fatigue 
crack growth is defined by the load–displacement hysteresis as shown in 
Fig. 1 (a). However, the values of strain energy release rate range 
multiplied by fatigue crack growth rate ΔG(da/dN) and maximum strain 
energy release rate multiplied by fatigue crack growth rate Gmax(da/ 
dN), as shown in Fig. 1 (b) and (c), are different from the real energy 
dissipated by fatigue crack growth. The actual energy dissipated by unit 
fatigue crack propagation is different from ΔG and Gmax. Therefore, the 

fracture mechanics variables used as similitude: ΔG and Gmax, cannot 
represent the actual energy dissipation for fatigue crack propagation. 

To explain this, we have to revisit the fracture mechanics framework 
to study fatigue crack growth in adhesive joints, as illustrated in Fig. 2. 
Historically, for the research of static crack growth, Griffith [11] and 
Irwin [12] studied the static crack growth with energy-based concepts 
from physics. Based on the energy concepts, the strain energy release 
rate G was defined as the strain energy release caused by infinitely small 
crack increment under fixed grip conditions, where the total energy of 
the system remains and the strain energy release is available for crack 
growth. Therefore, G can be considered as the driving force only when 
the priori of static crack is met. For static crack growth, G was related to 
the resistance of the material, as G > Gc in engineering practice. The 
history of the study of static crack growth follows a normal order of 
research: firstly studying the phenomenon from a scientific view to 
obtain the objective law behind it, and then application to engineering 
practice based on the knowledge acquired. However, this is not the case 
for the study of fatigue crack growth. G for static crack growth is taken 
over into different forms as driving force for fatigue crack growth, 
without starting to analyse fatigue crack growth from a physics view at 
first. Directly using G in fatigue cannot meet the priori of static crack, 
violating the concept of Griffith. Therefore, violating Griffith’s condition 
in applying G from static to fatigue without considering the priori, likely 
invalidates the current fracture mechanics variables used for fatigue 
crack growth in a physics perspective. 

The physics underlying fatigue crack growth in adhesive joints is 
overlooked, illustrated by the question mark in Fig. 2, for limited 
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literature can be found on this topic. Pascoe [13] correlated the release 
of strain energy with fatigue crack growth rate in adhesive joints, but a 
comprehensive overview of what energy components are involved and 
what role these energy components play in fatigue crack growth in ad
hesive joints is lacking. The fatigue damage growth in different material 
systems, such as fatigue crack growth in metals and fatigue delamination 
growth in composites, are in fact the same phenomenon in physics 
perspective. So the research work on other material systems should give 
us new insights on the study of fatigue crack growth in adhesive joints. 
For fatigue crack growth in metallic materials, the relation between 
plastic dissipation and da/dN was studied in [14–21]. The relation be
tween the strain energy release and fatigue delamination growth rate in 
composites were studied under Mode I [22–23], Mode II [24] and mixed 
mode [25]. Consequently, for the adhesive joints with ductile adhesive 
materials, both the plastic dissipation and the strain energy release 
should be taken into account for the scientific stage study on the fatigue 
crack growth in adhesive joints. 

The purpose of this paper is to study the fatigue crack growth in 
adhesive joints from a physics perspective on energy to fill the missing 
part of our knowledge, identified with question mark in Fig. 2. There
fore, the main questions addressed in this paper are:  

1. What energy components are involved during fatigue crack growth 
in adhesive joints?  

2. What role do all these energy variables play and which one is 
straightforwardly related to da/dN? 

2. The energy balance for fatigue crack growth in adhesive 
joints 

The fatigue crack growth in adhesive joints is analysed here with an 
energy approach stemming from physics. First, as an analogy to fatigue 
crack growth, the static crack growth can be described with an energy 
equation as [26]: 

Ẇ = U̇e + U̇pl + U̇a (1)  

where U̇e is the change in the stored elastic strain energy, and U̇pl is the 
plastic dissipation. U̇a is the surface energy dissipated through the for
mation of new crack surfaces, and Ẇ is the external work done to the 
cracked body. Reference [26] considers the surface formation energy as 
the driving force of crack growth. In this case, it is reasonable to assume 
that U̇a is straightforwardly related to crack growth, while it is unclear 
whether U̇e and U̇pl are also straightforwardly related to crack growth. 

Similarly, the energy equation for fatigue crack growth can be 
written discretized per load cycle as: 

dW
dN

=
dUe

dN
+

dUpl

dN
+

dUa

dN
(2)  

where dW/dN is the external work done to the cracked body from 
outside over a full cycle, and dUe/dN is the change in the elastic strain 
energy stored throughout one full cycle. dUpl/dN is the plastic dissipa
tion per cycle, and dUa/dN is the surface energy dissipated thorough 
new fatigue crack surface formation. The left side of this equation is the 
energy input from outside and the right side of the equation are the 
corresponding energy stored and energy dissipated within the cracked 
body. A similar equation is reported in [27] for fatigue crack growth in 
coatings. Similar to static crack growth, it is logical to assume that dUa/

dN is straightforwardly linked to fatigue crack surface area growth dA/ 
dN. A is the true fatigue crack surface area in rough fracture surfaces, 
which is not the planar projection area defined by the crack length a 
multiplied by the thickness (for DCB specimen: width). However, 
because the true crack surface area is difficult to measure, the fatigue 
crack length is used as first approximation to correlate with the energy 
variables. Equation (2) is obtained based on the framework of classical 
elastic plastic fracture mechanics by Rice and Newman, so the equation 
may not be complete to consider all the dissipation mechanics. For 
example, crack surface contact shielding (like friction between crack 
surfaces) could also be added to the equation. But for the first step trail, 
this paper still keeps in the classical elastic plastic fracture mechanics by 
Rice and Newman. Similar to Fig. 1, the energy variables in Equation (2) 
could be illustrated in Fig. 3 for brittle materials whose dUpl

dN ≈0. In Fig. 3, 
the fatigue cycle is from the Nth minimum load to (N + 1)th minimum 
load. If considering the plastic dissipation for ductile materials, the dUpl/

dN should also be included in the hysteresis in the right figure of Fig. 3. 
If one energy variable is straightforwardly linked to fatigue crack 

growth, the quantitative relationship between da/dN and this energy 
variable should be a one-to-one relationship, regardless of the external 
loading conditions, such as the stress ratio. Therefore, if the assumption 
of dUa/dN straightforwardly linked to fatigue crack growth is correct, 
the dUa/dN-da/dN relationship should be a one-to-one relationship, 
regardless of the stress ratio. Meanwhile, if the dUe/dN-da/dN rela
tionship and the dUpl/dN-da/dN relationship depend on the stress ratio, 
then dUe/dN and dUpl/dN are just the consequences accompanying fa
tigue crack propagation, not straightforwardly linked to fatigue crack 
growth. 

3. Method for obtaining da/dN and energy variables 

Fatigue experiments were carried out to obtain the energy variables 
in correlation with da/dN to validate the previous assumption of dUa/dN 
straightforwardly related to da/dN. The Mode I Double cantilever beam 

Fig. 1. ΔG and Gmax cannot represent the real energy dissipation for fatigue crack propagation.  
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(DCB) fatigue tests with metal-to-metal adhesive joints were carried out 
and the values of dUe/dN were measured experimentally. The values of 
dUpl/dN were obtained by finite element analysis (FEA). The values of 
dUa/dN were obtained with both FEA simulation and an analytical 
approach. 

3.1. Fatigue experiments description 

The fatigue tests were performed on the DCB metal-to-metal adhe
sive joints specimens. The adhesive used is Cytec FM94, and the 
adherend material is 7075-T6. The specimens were manufactured by 
bonding two 7075-T6 plates with two layers of FM94 film adhesive with 
polyester carrier. The 7075-T6 surfaces for bonding were pre-treated 
with the procedure of solvent degreasing, alkaline cleaning, chemical 
deoxidizing and primer application with BR 6747–1 primer. A layer of 
release film was applied in a portion of surfaces for bonding to create the 
initial crack. The adhesive was cured in the autoclave under 0.28 MPa 
pressure with vent vacuum at 0.14 MPa. For the curing cycle, first the 
temperature was raised to 121 ◦C in 50 min, and then the temperature 
was maintained at 121 ◦C for 1 h. Finally, the temperature was cooled 
down in 50 min with pressure holding. After curing, the plates were cut 
into the final dimensions of the test specimens, as shown in Fig. 4. After 
curing the bond-line thickness was measured with Keyence optical mi
croscope and the thickness is 0.26 mm ± 0.012 mm. 

The fatigue tests were performed displacement controlled on an MTS 
15kN fatigue machine with 1kN load cell. The load was recorded by the 
1kN load cell of the fatigue machine, and the crack length was measured 
by one 4Mpix camera on the side of the specimens, with the resolution 
not lower than 25 pixel/mm, so the error of crack length measurement is 
below 0.04 mm. The displacement was measured by Vic-3D digital 
image correlation (DIC) system with a pair of 80 mm lenses and 5Mpix 
cameras, with a resolution of about 70 pixel/mm. The displacement was 
measured from the side surfaces of the DCB specimens instead of taken 
from the fatigue machine for 2 reasons. First, with DIC the displacement 
measurement can be more accurate. Second, the displacement mea
surement is directly from the test specimens, without the interference of 
the fixture or test machine. Thus, the measured displacement is the pure 
surface separation of DCB specimen, and the energy variables calculated 
from the DIC displacement later in this paper can exclude the influence 
of fixture. At the first 10,000 cycles, the measurement data of crack 
length, minimum and maximum displacement, and minimum and 
maximum load of one cycle were recorded once in every 200 cycles. 
After that the data of crack length, minimum and maximum displace
ment, and minimum and maximum load were recorded once every 2000 
cycles. 

Different stress ratios were achieved by different ratios of minimum 
displacement to maximum displacement of the fatigue machine in one 
cycle dmin/dmax, of which two were tested, dmin/dmax = 0.15 and 0.5. For 
each stress ratio six specimens were tested. The average stress ratios 
measured by the load cell were R = 0.13 for dmin/dmax = 0.15 and R =
0.47 for dmin/dmax = 0.5. The frequency was 3 Hz in all tests. The fatigue 
crack growth rate da/dN was calculated by incremental polynomial 
method [28] from the crack lengths measured from the photos taken by 
the 4Mpix camera at different numbers of cycles. 

3.2. The measurement of dUe/dN 

The values of dUe/dN were calculated by incremental polynomial 
method from the elastic strain energy at different numbers of cycles. The 
elastic strain energy was calculated from the load and displacement 
measurement recorded at different cycles. 

First, the stiffness for the DCB specimen was calculated with K = ΔF/ 
Δd, where ΔF is the maximum force minus minimum force in one cycle, 
and Δd is the maximum displacement from DIC minus minimum 
displacement from DIC in one cycle. The elastic strain energy Ue at 
different numbers of fatigue cycles N was calculated from the stiffness 
and the corresponding force F: Ue = F2/2k. Finally dUe/dN was obtained 
by Ue at different numbers of fatigue cycles N by incremental polynomial 
method in [28]. 

3.3. FEA simulation to obtain dUpl/dN and dUa/dN 

The values of dUpl/dN and dUa/dN were obtained through FEA 
simulation, because quantitatively they are too small to be measured in 
the tests. The plastic dissipation is only in adhesive, while the 7075-T6 
adherend maintains purely elastic during the test. 

The DCB specimen was simulated with a half model using symmetry 
conditions for Mode I crack. The fatigue crack growth was simulated by 
node release technique and the model was in 2D plane strain condition. 
The boundary conditions for the FEA model is illustrated in Fig. 5(a). 
The symmetrical boundary condition was applied at the bottom to 
simulate the uncracked region. The displacement in X-direction of the 
top-left point of the FEA model was constrained and the displacement in 
Y-direction was applied at this point to simulate the cyclic displacement 
by the fatigue machine, making the FEA model displacement controlled. 
The crack surface was simulated as free surface, and a rigid line was 
placed at the crack surface position to account for crack closure. Surface 
to Surface contact was set between crack surface and rigid line with the 
contact properties of hard contact in normal direction and frictionless in 
tangential direction. The 4-node bilinear plane strain element was used 

Fig. 2. Framework to evaluate fatigue crack growth in adhesive joints.  
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in simulation and the simulation was performed in ABAQUS standard. 
The adhesive and adherend were simulated with a whole part containing 
different material properties in the different regions of the part. 7075-T6 
was pure elastic in simulation with the elastic modulus E = 69200 MPa 

and the Poisson ratio 0.33. FM94 was simulated with elasto-plastic 
model with the elastic modulus of E = 2355.4 MPa and the Poisson 
ratio 0.4 as in [29]. The nonlinear kinematic hardening model was used 
to model the plastic region of FM94, as the shear stress–strain 

Fig. 3. Energy variables in Equation (2) for brittle materials.  

Fig. 4. Dimensions of fatigue test specimens.  

Fig. 5. (a). Illustration of the FEA model of the DCB specimen (not drawn to scale) Fig. 5(b). Mesh around crack in the FEA model of the DCB specimen.  
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relationship of FM94 in Fig. 6. This shear stress–strain relationship of 
FM94 is from the V-notched beam shear tests reported in [29]. 

The simulation is to obtain the theoretical dUa/dN at a given da/dN, 
rather than validating any fatigue crack growth criterion used in FEA by 
comparing the simulation results with experimental results. So it is 
important to ensure the fatigue crack extends a given da/dN for every 
fatigue cycle. In fact, the da/dN can be retrieved from fatigue experi
ments described in Section 3.1, and fatigue crack growth can be simu
lated by node release in every cycle discretely. In this case, the dUa/dN at 
a given da/dN has a clear meaning and definition in simulation. There 
are two patterns of fatigue crack growth used in simulation in this paper, 
as in Fig. 7. Pattern A assumes all fatigue crack propagating at the 
maximum displacement. Pattern B assumes equal fatigue crack in
crements at 3 displacement levels: dmax, d2, d1, respectively. d2 and d1 
were arbitrarily chosen to see the influence of crack propagation pattern 
during one cycle. In this paper, d1 = 0.5(dmax + dmin) and d2 = 0.5(dmax 
+ d1). 

A very fine mesh was set in the adhesive layer around crack tip, and 
coarser mesh was set in the region away from crack tip, as shown in 
Fig. 5(b). The mesh size around crack is less than 1/6 of the reversed 
plastic zone size, which is smaller than the bond line thickness. The 
element sizes around crack are different for every FEA models used in 
simulation to simulate different da/dN for different FEA models. Both 
the values of dUpl/dN and dUa/dN were obtained when the fatigue crack 
propagating through the initial plastic zone generated in the first cycle 
at the maximum load, to account for the effect of the initial plastic field. 
The shape and the size of the initial plastic zone generated in the first 
cycle at the maximum load is decided by the simulation of the FEA 
model with static crack before performing the simulation of fatigue 
crack growth. The crack propagating at the first cycle or not has little 
influence in this simulation, because the energy variables are obtained 
after the crack propagating through the initial plastic zone and the da/ 
dN used in simulation is far less than the initial plastic zone size. 

The dUa/dN values were obtained from the difference between the 
external work from fatigue loading and the internal energy, including 
elastic strain energy and plastic dissipation, from the FEA model, 
because there is no other dissipation mechanics except for the plastic 
dissipation, surface formation and elastic strain energy storage in 
simulation. Friction can be ignored in simulation because of the sym
metrical condition for Mode I crack. The dUa/dN can be calculated as: 

dUa

dN
=

∫

Fdδ −
d(ALLIE)

dN
+

[
d(ETOTAL)

dN
+

d(ALLCCDW)

dN
−

d(ALLCCE)
dN

]

(3)  

where F and δ are the load and displacement for the loading point. 
∫

Fdδ 
is the theoretical external work throughout one fatigue cycle defined by 
the load–displacement hysteresis. ALLIE is the ABAQUS output for in

ternal energy. 
[

d(ETOTAL)
dN +

d(ALLCCDW)

dN −
d(ALLCCE)

dN

]
is the numerical error in 

ABAQUS. ETOTAL represents the error from the solver. ALLCCDW is 
contact constraint discontinuity work and ALLCCE is contact constraint 
energy, both representing the numerical error caused by contact in 
ABAQUS. The term for numerical error in simulation was included 
because dUa/dN is very small and eliminating numerical error can 
provide more accurate results. 

The numerical dUa/dN values highly depend on the crack surface 
newly formed by the crack extension in one fatigue cycle in simulation, 
so for each crack extension enough elements should be included in the 
newly formed crack surface. A convergence study with different FEA 
models with the same simulated da/dN and boundary conditions in 
simulation, but with different element sizes around crack, was made and 
it was concluded that six elements could yield good convergences for 
both Pattern A and B. Therefore, six nodes were released for each fatigue 
crack extension in the FEA simulation. The da/dN used in simulation is 
six times of the element size around crack tip for Pattern A, and 18 times 
of the element size around crack tip for Pattern B. However, the element 
size cannot be small enough to simulate the real da/dN in the experi
ments, because too small element will cause numerical problems. To 
solve this, an extrapolation to the experimental da/dN based on the 
relationship between dUa/dN simulation results and the da/dN used in 
simulation was applied as Fig. 8. 

For a specific moment during the fatigue test, the corresponding 
boundary conditions needed for simulation (crack length a, max 
displacement dmax and R) and experimental da/dN can be retrieved from 
experimental data recorded. For this specific moment, the correspond
ing FEA models are with the same boundary conditions to simulate the 
same loading condition in experiments, but with different element sizes 
around crack for different simulated da/dN in FEA. The dUa/dN simu
lation results of this specific moment with different da/dN used in 
simulation can be obtained from these FEA models, as the black dots in 
Fig. 8. The relationship between simulation dUa/dN values and different 
da/dN used in simulation was fitted with a power law accurately as the 
blue line. The dUa/dN value for this specific moment in test with 
experimental da/dN was obtained by applying the experimental da/dN 
into this power law fitted from simulation data as Fig. 8. Following the 
same method, the actual dUa/dN values corresponding to different 
moments in experiments with their corresponding experimental da/dN 
can be obtained. The actual dUa/dN at a different moment during the 
fatigue test can be extrapolated from the simulation results of the FEA 
models with different element sizes under the same boundary condition 
at this different moment. 

After the crack tip propagating through the initial plastic zone in the 
first cycle, 6 stable fatigue cycles with stationary crack without crack 
extension were used to obtain the values of dUpl/dN, similar to [16–17], 
because the influence of experimental da/dN on plastic dissipation is 
negligible. A convergence study was made that demonstrated that the 
numerical dUpl/dN converges with decreasing element size in the crack 
tip region and the pattern of fatigue crack growth in simulation has 
negligible influence on numerical dUpl/dN with good mesh density. This 
convergence value of dUpl/dN is taken as the final numerical dUpl/dN 
result for a given loading condition. 

To provide more information on dUa/dN, the FEA simulation was 
also performed with compact tension (CT) specimen only containing the 
bulk adhesive material. The CT specimen geometry for simulation fol
lows ASTM standard E647 [28] with Wct = 100 mm and crack length a 
= 50 mm. The da/dN for CT specimens should be approximately the 
same as the da/dN for DCB specimens at the same ΔG and R, according to 
the knowledge of fracture mechanics. The simulation was in plane-strain 
condition with half model, because of the symmetrical Mode I crack. The 
FEA model for the CT specimen is illustrated in Fig. 9. The numerical 
values of dUa/dN for the CT specimen were obtain with the same method 
for obtaining the numerical values of dUa/dN for the DCB specimen, as 
previously described. 

The previous assumption of dUa/dN straightforwardly linked to da/ 
Fig. 6. Shear stress–strain relationship of FM94.  
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dN can be supported, if the dUa/dN-da/dN relationship of CT specimen is 
the same as the dUa/dN-da/dN relationship of DCB specimen, regardless 
of the specimen type. The results with different specimen types are 
presented and discussed further in 4.3 in this paper. 

3.4. Analytical approach to obtain dUa/dN 

To verify the FEA simulation for obtaining dUa/dN, another analyt
ical approach is presented here. This approach is based on the strip yield 
model of fatigue crack growth in central crack panel in plane-strain 
condition, for which details are reported in [30]. This strip yield 
model was programmed in Matlab. Similar to the FEA simulation, both 
Pattern A and B for fatigue crack growth in Fig. 7 were used in the strip 
yield model. After the fatigue crack propagating through the initial 

plastic zone generated in the first cycle at the maximum load, the values 
dUa/dN were obtained to account for the effect of the initial plastic field. 
The concept for fatigue crack extension in the strip yield model is 
illustrated in Fig. 10. The surface formation energy for each crack 
extension ΔUa (per unit thickness) was obtained following the same 
concept as the virtual crack closure technique (VCCT), as in Equation 
(4): 

ΔUa =

∫ a+Δa

a
σY(x)v(x)dx (4)  

where σY(x) is the vertical stress distribution, which can be retrieved 
from the stress calculation results of the strip yield model. v(x) is the 
vertical displacement of the crack surface, which is obtain from the 
calculation of the strip yield model. The v(x) is calculated by the ficti
tious crack surface vertical displacement of the strip yield model minus 
the residual plastic deformation of the bar elements of the strip yield 
model. More detail can refer to [30]. The dUa/dN for pattern A is the 
ΔUa calculated at the maximum load. The dUa/dN for pattern B is the 
sum of three ΔUa values calculated at 3 different load levels for crack 
extension. The da/dN in the analytical approach can be as small as the 
experimental da/dN, without the need to extrapolate as in the FEA 
simulation. However, the values of dUa/dN depend on the element size 
in the strip yield model, similar to FEA simulation. Therefore, a 
convergence study was made and the results illustrated that a crack 
propagating six elements for each crack extension in the analytical 
approach gives good convergence. Therefore, the element size of this 
analytical approach is 1/6 of the experimental da/dN for pattern A, and 
1/18 of the experimental da/dN for pattern B. 

4. Results and discussion 

The experimental fatigue crack growth rate da/dN is plotted against 

Fig. 7. Two patterns of fatigue crack growth used in simulation.  

Fig. 8. Extrapolation to obtain dUa/dN at experimental da/dN (R = 0.47, max 
displacement 2.66 mm, a = 100 mm, Pattern A). 

Fig. 9. Illustration of the FEA model of the CT specimen.  
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Δ
̅̅̅̅
G

√
in Fig. 11. These experimental results agree with [31–34]. After 

this initial verification, the next step was to study the relationship be
tween da/dN and different energy variables. All the energy variables for 
DCB specimen presented in this paper are normalized to the DCB spec
imen width of 25 mm unless otherwise specified. 

4.1. The relation between dUe/dN and da/dN 

The values of dUe/dN depend strongly on the definition of the 
starting point of the fatigue cycle. For instance, two typical dUe/dN 
values can be obtained for the conditions that the fatigue cycle is from 
the maximum load to next maximum load (max-max) and from the 
minimum load to next minimum load (min-min). The values of dUe/dN 
of min-min condition are significantly smaller than the values of max- 
max condition. Therefore, the results of both conditions are presented 
here. 

The values of dUe/dN can be estimated with an analytical approach. 
For unit width of DCB specimen under static load, the energy release rate 
G is: 

G =
dUe

da
(5) 

Similarly, in fatigue loading at the maximum load: 

Gmax =
dUe/dN
da/dN

(6) 

Thus the analytical estimation of dUe/dN for max-max condition is 
Gmax(da/dN). Similarly, the analytical estimation of dUe/dN for min-min 
condition is Gmin(da/dN). The comparison between the experimental 
measurement and analytical estimation is presented in Fig. 12. Good 

agreement can be observed between estimation and the experimental 
measurements. 

The dUe/dN - da/dN relationship is presented in Fig. 13. From this 
figure, it can be concluded that the dUe/dN - da/dN relationship depends 
on the stress ratio, for both min-min and max-max conditions. This stress 
ratio dependence of the dUe/dN - da/dN relationship can be explained 
with the G in Equation (6). The values of G are different for different 
stress ratios at the same da/dN. Meanwhile, theoretically the starting 
point of one fatigue cycle can be any point between maximum load and 
minimum load, so for the same fatigue cycle, dUe/dN can be any value 
between dUe/dN for max-max condition and dUe/dN for min-min con
dition. The chaos in the definition of dUe/dN makes dUe/dN impractical 
to correlate with da/dN. Therefore, the dUe/dN - da/dN relationship 
depends on the stress ratio, meaning dUe/dN is just the consequence 
accompanying fatigue crack propagation and it is not straightforwardly 
linked to fatigue crack growth as previously assumed. 

4.2. The relation between dUpl/dN and da/dN 

The plastic dissipation per cycle during fatigue crack propagation in 
DCB specimens dUpl/dN is plotted in Fig. 14 against Δ√G. From Fig. 14, 
it is observed that compared with the da/dN-Δ√G relationship, the 
dUpl/dN-Δ√G relationship shows little stress ratio dependence. Similar 
results are reported in [35–37] for fatigue crack growth tests in metals, 
where the dUpl/dN-ΔK relation from experiments has negligible stress 
ratio effect. Because Δ√G is proportional to ΔK, it is reasonable that the 
dUpl/dN-Δ√G relationship here has little stress ratio effect as well. 

The relation between dUpl/dN and da/dN is shown in Fig. 15, from 
which one can observe that the relation between dUpl/dN and da/dN has 
a strong stress ratio dependence. Therefore, dUpl/dN is just the conse
quence accompanying fatigue crack propagation and it is not straight
forwardly linked to fatigue crack growth. 

4.3. The relation between dUa/dN and da/dN 

The relation between dUa/dN and da/dN is plotted in Figs. 16-17. 
The annotations of “DCB” in Figs. 16-17 mean dUa/dN was obtained by 
the extrapolation of FEA simulation of DCB specimens. The annotations 
of “CT” in Fig. 16 mean dUa/dN was obtained by the extrapolation of 
FEA simulation of CT specimens. The annotations of “Analytical” in 
Figs. 16-17 mean dUa/dN was obtained based on the analytical approach 
with strip yield model as Equation (4). 

Although quantitatively the dUa/dN values are different for Pattern 
A and B in Figs. 16-17, the trend of dUa/dN remains the same, thus 
different patterns of fatigue crack growth used in this paper in simula
tion do not influence the dUa/dN trend. From Figs. 16-17, it can be 
observed that dUa/dN-da/dN relationship is independent of the stress 

Fig. 10. Fatigue crack extension in strip yield model.  

Fig. 11. Experimental da/dN plotted against Δ
̅̅̅̅
G

√
for two stress ratios R.  
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ratio. The dUa/dN obtained with the FEA simulation shows good 
agreement with dUa/dN obtained with the analytical approach in both 
Figs. 16-17, which essentially validates the current results. Meanwhile, 
as in Fig. 16, the dUa/dN-da/dN relationship for DCB specimens agrees 
with the dUa/dN-da/dN relationship for CT specimens, meaning that the 
relation between dUa/dN and da/dN is independent of the type of 
specimen as well. Therefore, dUa/dN should be the variable straight
forwardly linked to da/dN, unlike dUpl/dN and dUe/dN, for that the 
dUa/dN-da/dN relationship is independent of both specimen type and 
stress ratio. 

5. Conclusion 

A physics based equation for fatigue crack growth in adhesively 
bonded joints is reported in this paper. This equation shows the balance 
between the energy input and the sum of stored energy and dissipation: 
the external work throughout the whole cycle dW/dN is equal to the sum 

Fig. 12. The comparison between the experimental measurement and analyt
ical estimation. 

Fig. 13. The dUe/dN - da/dN relationship.  

Fig. 14. The dUpl/dN-Δ√G relationship.  
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of the change in elastic strain energy throughout one full cycle dUe/dN, 
the plastic dissipation per cycle dUpl/dN and the surface energy dissi
pated dUa/dN. Fatigue tests of DCB Mode I tests of adhesive joints with 
adhesive FM94 and 7075-T6 adherend were carried out to unravel the 
relationship between da/dN and energy variables. It is concluded that 
only the surface forming energy dUa/dN, which is independent of stress 
ratio and specimen type, is straightforwardly linked to fatigue crack 
growth, while dUe/dN and dUpl/dN are only consequences accompa
nying fatigue crack growth. 

Undoubtedly, this paper has limitations. Firstly, dUpl/dN and dUa/dN 
were obtained numerically, without directly measured from experi
ments. Secondly, the real fracture surface area A considering the surface 
roughness should be correlated with energy variables instead of the flat 
planar surface, which was considered in this paper to be proportional to 
the crack length. Finally, the values of dUa/dN shown here are a first 
approximation to reveal the trend, with the assumptions of crack growth 
in certain patterns and flat fracture surface. Therefore, future work is 
needed for obtaining more accurate results for the energy variables. 
Despite the limitations, it is clear that scientifically the dUe/dN- da/dN 
relationship and the dUpl/dN- da/dN relationship are both indirectly 
related to crack growth. Hence, when using the parameters derived from 
strain energy release and plastic dissipation to predict fatigue crack 
growth in adhesive joints, one should keep in mind that the relation 

Fig. 15. The dUpl/dN - da/dN relationship.  

Fig. 16. The relation between dUa/dN and da/dN for Pattern A.  
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between these parameters and da/dN can be different among different 
load and specimen geometry conditions. 
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