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SUMMARY

Varying-length cable systems are widely applied in a vast class of engineering problems
which arise in industrial, civil, aerospatial, mechanical, and automotive applications.
Due to external excitations, large oscillations can occur when cables are lifted up or
down. This phenomenon is caused by resonance. In general, resonance is harmful, and
can cause significient deformations and dynamic stresses in machinery and structures,
and even can lead to accidents. Therefore, this doctoral dissertation is devoted to the
study of transverse and longitudinal resonance phenomena and output feedback stabi-
lization of varying-length cables.

Firstly, we are motivated by resonance phenomena occurring in a transversally vi-
brating cable, where one end of the cable is fixed, and the other one is attached to a
spring for which the stiffness properties change in time (due to fatigue, temperature
change, and so on). This problem may serve as a simplified model describing transverse
or longitudinal vibrations as well as resonances in axially moving cables for which the
length changes in time. By setting the frequency of the external force, and the time-
dependent boundary coefficient in the Robin boundary condition, different kinds of
resonances can be obtained. The first aim is to give the exact solution by using the
method of d’Alembert and to determine wave reflections, in which we can divide the
time domain into finite intervals. Then the resonance results can be analyzed by the
constructed solution. The other goal is to give explicit approximations of the solution on
long timescales by using the method of separation of variables, the method of d’Alembert,
the averaging method, and multiple timescales perturbation methods. For problems
with time-dependent coefficients in the Robin boundary condition, the analytical reso-
nance results are all in agreement with those obtained by using a numerical method.

Next, we extend our analytical and numerical results to a real physical model of a flex-
ible hoisting system, in which external disturbances exerted on the boundary can induce
large vibrations. The dynamics is described by a wave equation on a slow time-varying
spatial domain with a small harmonic boundary excitation at one end of the cable, and
a moving mass at the other end. Due to the slow variation of the cable length, a sin-
gular perturbation problem arises. By using an averaging method, and an interior layer
analysis, many resonance manifolds are detected. Further, a three time-scales pertur-
bation method is used to construct formal asymptotic approximations of the solutions.
It turns out that for a given boundary disturbance frequency, many oscillation modes
jump up from order ¢ amplitudes to order /¢ amplitudes, where ¢ is a small parameter
with 0 < € << 1. Moreover, numerical simulations are presented to verify the obtained
analytical results.

Further, due to external excitation and loading conditions, the nonlinear interactions
between transverse and longitudinal string motions may influence the vibration behav-
ior in two directions when the hoisting conveyance is moving up or down. Therefore,
we study both transverse and longitudinal oscillations and resonances in a hoisting sys-
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Xii SUMMARY

tem induced by boundary disturbances. The dynamics can be described by an initial-
boundary value problem for a coupled system of nonlinear wave-equations on a slowly
time-varying spatial domain. It will be shown how the boundary excitations and the
nonlinear terms influence transverse and longitudinal vibrations of the system. Due to
the slow variation of the cable length, a singular perturbation problem arises. By us-
ing an interior layer analysis many resonance manifolds are detected. It will be shown
that resonances in the system are caused not only by boundary disturbances but also by
nonlinear interactions. Based on these observations, a three time-scales perturbation
method is used to approximate the solution of the initial-boundary value problem an-
alytically. It turns out that for special frequencies in the boundary excitations and for
certain parameter values of the longitudinal stiffness and the conveyance mass, many
oscillation modes jump up from small to large amplitudes in the transverse and longitu-
dinal directions. Moreover, numerical simulations are presented to verify the obtained
analytical results.

Since these system vibrations may lead to structural failure by excessive strain in the
moving process, we consider vibration stabilization of axially moving cable systems. We
present an output feedback control design to stabilize an unstable moving cable subject
to a spring-mass-dashpot boundary, where the control actuator is located at the other
boundary of the cable. By constructing an invertible backstepping transformation, we
design a state feedback controller to stabilize the system. Next, we present an observer
to estimate the states of the system, and based on the estimated states, we design an
output-feedback controller. The closed-loop system is proved to be exponentially stable
by Lyapunov analysis. Numerical simulations are presented to verify the effectiveness of
the proposed controller.



SAMENVATTING

Kabelsystemen met variabele lengte worden op grote schaal toegepast in een grote klasse
van technische problemen die zich voordoen in industriéle, civiele, luchtvaart en ruim-
tevaart gerelateerd, mechanische, en automobiel toepassingen. Als gevolg van externe
krachten kunnen grote oscillaties optreden wanneer kabels worden op-of neerbewegen.
Dit verschijnsel wordt veroorzaakt door resonantie. In het algemeen is resonantie scha-
delijk, en kan het aanzienlijke vervormingen en dynamische spanningen veroorzaken
in machines en constructies, en zelfs leiden tot ongelukken. Daarom is deze doctoraal-
scriptie gewijd aan de studie van transversale en longitudinale resonantieverschijnselen
en output feedback stabilisatie van kabels met variérende lengte.

In de eerste plaats zijn wij gemotiveerd door resonantieverschijnselen die zich voor-
doen in een transversaal trillende kabel, waarbij het ene uiteinde van de kabel is ge-
fixeerd, en het andere is bevestigd aan een veer waarvan de stijtheidseigenschappen in
de tijd veranderen (ten gevolge van vermoeiing, temperatuursverandering, enzovoort).
Dit probleem kan dienen als een vereenvoudigd model voor het beschrijven van trans-
versale of longitudinale trillingen en resonanties in axiaal bewegende kabels waarvan de
lengte in de tijd verandert. Door de frequentie van de uitwendige kracht en de tijdsaf-
hankelijke grenscoéfficiént in de Robin-randvoorwaarde in te stellen, kunnen verschil-
lende soorten resonanties worden verkregen. Het eerste doel is de exacte oplossing te
geven met behulp van de methode van d’Alembert en golfreflecties te bepalen, waar-
bij we het tijJdsdomein in eindige intervallen kunnen verdelen. Vervolgens kunnen de
resonantieresultaten worden geanalyseerd aan de hand van de kaart van de geconstru-
eerde oplossing. Het andere doel is expliciete benaderingen te geven van de oplossing
op lange tijdschalen door gebruik te maken van de methode van de scheiding van va-
riabelen, de methode van d’Alembert, de middelingsmethode, en perturbatiemethoden
gebaseerd op meerdere tijdschalen. Voor problemen met tijdsafthankelijke coéfficiénten
in de Robin-randvoorwaarde zijn de analytische resonantieresultaten alle in overeen-
stemming met die verkregen met behulp van een numerieke methode.

Vervolgens breiden wij onze analytische en numerieke resultaten uit tot een reéel
fysisch model van een buigingslijf kabel-lift-systeem, waarin externe verstoringen die
aan de rand worden uitgeoefend grote trillingen kunnen induceren. De dynamica wordt
beschreven door een golfvergelijking op een langzaam tijdvariérend ruimtelijk domein
met een kleine harmonische grensexcitatie aan het ene eind van de kabel, en een bewe-
gende massa aan het andere eind. Door de langzame variatie van de kabellengte ontstaat
een singulier storingsprobleem. Door gebruik te maken van een middelingsmethode
en een interior layer"techniek, worden vele resonantiemanifolds gedetecteerd. Verder
wordt een perturbatiemethode met drie tijdschalen gebruikt om formele asymptotische
benaderingen van de oplossingen te construeren. Het blijkt dat voor een gegeven rand-
storingsfrequentie, vele oscillatiemodes in amplitudes toenemen van orde £ amplitudes
naar orde /¢ amplitudes, waarbij ¢ een kleine parameter is met 0 < € << 1. Bovendien
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Xiv SAMENVATTING

worden numerieke simulaties gepresenteerd om de verkregen analytische resultaten te
verifiéren.

Verder kunnen de niet-lineaire interacties tussen de transversale en longitudinale
bewegingen van de snaar, als gevolg van externe krachten en belastingsomstandighe-
den, het trillingsgedrag in twee richtingen beinvloeden wanneer de lift kabel op en neer
beweegt. Daarom bestuderen we zowel transversale als longitudinale oscillaties en re-
sonanties in een lift-kabel-systeem geinduceerd door grensstoringen. De dynamica kan
worden beschreven door een initieel-randwaardeprobleem voor een gekoppeld stelsel
van niet-lineaire golfvergelijkingen op een langzaam tijdvariérend ruimtelijk domein. Er
zal worden aangetoond hoe de randstoringen en de niet-lineaire termen de transver-
sale en longitudinale trillingen van het systeem beinvloeden. Door de langzame variatie
van de kabellengte ontstaat een singulier perturbatieprobleem. Door gebruik te maken
van een interior layer"techniekworden vele resonantie-manifolds gedetecteerd. Er zal
worden aangetoond dat resonanties in het systeem niet alleen worden veroorzaakt door
randstoringen, maar ook door niet-lineaire interacties. Op basis van deze waarnemin-
gen wordt een perturbatiemethode met drie tijdschalen gebruikt om de oplossing van
het initieel-randwaardeprobleem an- alytisch te benaderen. Het blijkt dat voor speciale
frequenties in de randexcitaties en voor bepaalde parameterwaarden van de longitudi-
nale stijftheid en de transportmassa, vele oscillatiemodes in amplitudes toenemen van
kleine naar grote amplitudes in de transversale en longitudinale richtingen. Bovendien
worden numerieke simulaties gepresenteerd om de verkregen analytische resultaten te
verifiéren.

Aangezien de trillingen van deze systemen kunnen leiden tot structureel falen door
overmatige spanning in het bewegende proces, beschouwen wij de stabilisatie van tril-
lingen van axiaal bewegende kabelsystemen. Wij stellen een ontwerp voor van een out-
put feedback regelaar om een onstabiele bewegende kabel te stabiliseren met behulp
van een veer-massa-dashpot systeem, waarbij de regelactuator zich aan de andere kant
van de kabel bevindt. Door een inverteerbare backstepping transformatie te constru-
eren, ontwerpen we een waarnemerssysteem om het systeem te stabiliseren. Vervol-
gens presenteren we een waarnemer om de toestanden van het systeem te schatten, en
op basis van de geschatte toestanden ontwerpen we een output-feedback regelaar. Van
het gesloten-lus systeem wordt exponentieel stabiliteit aangetoond met behulp van Lya-
punov analyse. Numerieke simulaties worden gepresenteerd om de effectiviteit van de
voorgestelde regelaar te verifiéren.



INTRODUCTION

1.1. BACKGROUND

1th the last decades, elevator systems are widely used for transportation of objects

to alarge height or depth. Such systems consist of a drum, a head sheave, a driving
motor, a flexible cable with time-varying length, and a cage moving along two guiding
ropes. When the flexible cable’s bending stiffness is not considered, the mathematical
model for such systems can be described as an axially moving string with a time variable
length [1]. Compared with rigid structures, the flexible cable has many advantages, such
as low costs, high speeds and high load carrying capacities, which are applied in various
engineering fields, for instance, elevators and hoisters [2] (see Figure 1.1), marine risers
[3, 4], suspension bridges [5, 6], medical rescue systems [7], etc.

In lifting processes [8, 9] (see Figure 1.2), vibration-induced structural failure for el-
evator cables may occur due to external disturbances such as airflows or earthquakes,
or due to other internal or external excitations. These failures are usually related to in-
ternal or external resonances [10, 11, 12, 13, 14]. Resonance refers to the phenomenon
that a small periodic excitation can produce large vibrations when the frequency of the
external or internal excitation is close to one of the natural frequencies of the system. In
most cases resonance is harmful, it will not only lead to significant deformations and dy-
namic stress, but also lead to accidents. Therefore, it is important to develop advanced
analytical models to figure out the nature of these large vibrations in moving media.

There are many characteristics in axially moving strings to classify vibrations. One
of the classifications is based on the vibration directions. Vibrations can be divided
into transverse and longitudinal. Most analytical solutions for displacements of moving
strings focus on transverse vibrations, which are subject to classical boundary condi-
tions. In this thesis, we consider the longitudinal vibrations in moving strings, which are
subject to moving nonclassical boundary conditions. Compared to researches subject to
classical boundary conditions, the analysis of axially moving systems with moving non-
classical boundary conditions is a challenging subject for study. Moreover, we not only
consider the longitudinal vibrations, but also consider a non-linearly coupled transverse
and longitudinal vibration problem for axially moving strings with time-varying length.



2 1. INTRODUCTION

Figure 1.1: An example of a moving cable system

There is an abundance of analytical methods to determine exact solutions of string
problems in mathematical physics, such as the method of separation of variables (SOV),
or the (equivalent) Laplace transform method, which is used to solve initial-boundary
value problem for a string equation on a bounded interval for various types of bound-
ary conditions with constant coefficients. However, when a boundary condition with
a time-dependent coefficient, or a time-varying interval, is considered in the problem,
the afore-mentioned methods may not be applicable. Thus, it is necessary to develop
analytical methods or to adapt existing methods to solve these types of problems from
a mathematical view-point. Nowadays, with the development of computers, numerical
simulations based on the discretized system models are always used to tackle the practi-
cal and complex mathematical problems. It is widely used in engineering and the phys-
ical sciences by using approximate solutions within specified error bounds rather than
exact solutions. But, since the string problem mentioned above is described by infinite
dimensional partial differential equations, the simple discretization with truncation may
lead to inaccurate results on long timescales. Thus, in this thesis, perturbation methods
give additional insight. These methods have a high amount of information and accuracy
on long timescales compared with the discretized models. Usually by using perturba-
tion methods, we can construct formal asymptotic approximations of the solutions for
the problem. Based on the approximations, it can be seen clearly how each parameter
affects the dynamic behavior of the solution for the system. Nevertheless, perturbation
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Head sheave

Drum W -i—o(t) z=0

¢ u(z,t) §
Ht)=1Ily+ vt

Cy

E m % r=1(t)

Figure 1.2: The longitudinal vibrating cable with time-varying cable length ().

methods also have their disadvantages, for instance, the first order approximation of the
solution does not always provide a required accuracy, or it is often not an easy task to
construct approximations of high orders. Thus, the choice of the best methods to tackle
the string problems depends on what we need, such as the mathematical model, the
scope of the analysis, the accuracy for applications.

Moreover, we also consider the output feedback stabilization of the axially moving
string system. There are many methods to achieve the vibration stabilization of axially
moving strings or beams. One of the most useful methods for boundary controller is
based on Lyapunov’s method, by which control laws to reduce vibration energy to zero
are derived using Lyapunov function candidates constructed by the total mechanical en-
ergy of the moving system. In this method, the controllers are required to follow the
end causing vibration excitation, which is sometimes difficult to achieve in the practical
implementation due to the inconvenient installation. Hence, the control system where
control is applied at the end opposite to the instability is necessary to study. This is a
more challenging task than the classical collocated "boundary damper” feedback con-
trol. Backstepping approach, which is proposed by Krstic, can deal with the proposed
non-collocated stabilization problem efficiently. Its main principle is to offset the unsta-
ble terms of the system by variable transformations of partial differential equations, and
by boundary feedback.

1.2. MATHEMATICAL MODELS

N this thesis we consider a set of one-dimensional initial-boundary value problem
describing transverse, longitudinal vibrations as well as resonances in axially moving
strings for which the length changes in time.
In chapter 2, we start with an simple initial-boundary value problem on a bounded,
fixed interval for a one-dimensional and forced string equation subjected to a slowly
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time-varying Robin boundary condition. By using Hamilton’s principle, the initial-boundary

value problem is given by:

pus(x, 1) — Puyy(x,t) =€Acos(wt), 0=x=<L, t>0,
u(0,6=0, t>0,

Puy(L,t)+ k(Hu(L,t) =0, t>0,

u(x,0)=ug(x), u;(x,0)=u;(x),0<x<L.

(1.1)

where € Acos(wt) is a small external excitation with frequency w, and k(?) is a slowly
time-varying coefficient. The boundary condition at x = 0 is a Dirichlet type of bound-
ary condition, and the boundary condition at x = L is a Robin type of boundary condi-
tion with a time-dependent coefficient k(¢). For given frequency of the external force w
and the time-dependent boundary coefficient k(#), different kinds of solution behaviors
and resonances can be obtained by using different methods. We mainly consider the
following different cases:

e k(t) is a constant;

. k()=

_1 .

1+et’

o k(t)=ko+ekicos(@t);
o k(t)=1+¢t.

where € is a dimensionless small parameter.

In chapter 3, we study a real physical varying-length elevator system model, in which
the longitudinal vibrations in an axially moving string system with time-varying length
are considered subject to a small harmonic boundary excitation at one end and a moving
nonclassical boundary condition at the other end. By using the Hamilton’s principle, the
initial-boundary value problem is given by:

P Uy + 20Uy + VP Uly) = EAUgy + c(u; + vuy) =0,0< x < (1), t>0,
[M(Ugr + 20Uy + VP Uty) + EAUy + ¢y (Ug + V1) x=1(1) = 0, £ >0,
u0,1) =e(t), t>0,

u(x,0) = up(x), u(x,0)=u(x),0=x<l,

(1.2)

where the parameters v, ¢, ¢, and the function e(t), we make the following reasonable
assumptions: the longitudinal velocity v is small compared to nominal wave velocity
% ; the viscous damping coefficients c and ¢, are small; and the oscillation amplitudes
e(t) at x = 0 are small. Then, we can rewrite v = €vy, ¢ = €cp, €y, = ECyp, e(t) = Bsin(a )
with = €y, where ¢ is a small parameter with 0 < € << 1, vy, ¢y, cy,0, Bo are positive
constants and are of order 1. For convenience we only consider a non-accelerating cable,
1(#) = ly + evyt, where [y is the initial cable length. It is also assumed that both initial
conditions are O(¢), that is, ug(x) = O(¢), and u; (x) = O(e).
In chapter 4, we further study the real physical varying-length elevator system model,
in which transverse and longitudinal oscillations and resonances in an axially moving
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string with time-varying length are both considered subject to small harmonic boundary
excitations in transverse and longitudinal directions at one end and a moving nonclassi-
cal boundary condition at the other end. By the Hamilton’s principle, the mathematical
problem for the vibrating cable can be written as a non-linearly coupled initial boundary
value problem for the transverse vibration:

P(Wer +2VWyt + Vwyye+awy) — (Twy) s + c1(wr + vwy) — EA(zwy) x = 0,
Bocos(wrt) <x<I(t), t>0,

w(l(r), =0, t=0,

w(Pacos(wat), t) = frcos(w1t+a), =0,

w(x,0) =wo(x), wi(x,0)=wi(x), P2<x<ly,
(1.3)
and as an initial boundary value problem for the longitudinal vibration:

P(Ust + 20Uyt + V Uy + Al + @) + Co(Us + vity) — EAz, =0,

Bacos(wat) <x < I(1), t>0,
(M(Us + 20U + VP Ugy + Al + @) + cy (Us + Vi) +EAzZ]lx=1(n =0, =0,
u(Bacos(wat), t) = Bacos(wat), t=0,

ux,0)=uo(x), ur(x,0)=u1(x), P2<x<ly,
(1.4)
where z = u, + % w? and

T, t)=[m+pl(t)-x)g, Prcoswrt)<x=I(1). (1.5)
We use the following assumptions for the parameters and functions:

* The longitudinal velocity v is small compared to the wave velocities ,/% and

,/%g, thatis, v = evy;

* The nominal wave velocities ,/ % and 4/ % are of the same order of magnitude,
that is, 51—2, =0(), ,/i—‘z, >1,and 51—2, isnotnear 1, i.e., 51—’2, -1>0(e);

* The cable mass pL is small compared to the car mass m (L is the maximum length
of the cable), thatis, u = % = Elp;

* The viscous damping parameters c, ¢, and ¢, are small, that is, ¢; = €c1 9,2 =
€C2,0)Cy = ECy,0;

* The fundamental excitations at the top of the elevator rope are small, and the lon-
gitudinal excitation is smaller than the transverse excitation, thatis, 81 = €10, B2 =

£%P20;

« The initial conditions wq(x) = €ho(x), w1 (x) = €hy (x), up(x) = €2hy(x) and u; (x) =
e h3(x);
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* For convenience we only consider a non-accelerating cable, that s, the cable length
1(?) = Iy + vt and a = 0, where [ is the initial string length.

In the above assumptions, vg, Lo, 1,0, €2,0, Cu,0, B1,0, P2,0, @ M, p, W1, w2, L and [y are
positive constants and are of order 1, the functions hy(x), k1 (x), ho (x), h3(x) are of order
1, and € is a small parameter with 0 < e << 1.

In chapter 5, we consider a moving string system with constant speed on a finite spa-
tial domain subject to a spring-mass-dashpot attached at one end of the string. By the
Hamilton’s principle, the mathematical problem for the vibrating string can be written
as:

p(Uts + 20Uy + VPusy)—Tuge=0,0<x<1, >0,
mu(0,1) + Tux (0, 1) + ku(0, 1) + prus (0, 1) — pvzux(O, 1)=0,t>0, (1.6)
Tuy(l, )+ kul, )+ pvus(l, 1) —pv2 uy(l,)=U(p), t>0.

where u(x, t) is the transverse displacement of the string at the coordinate x and the time
t; 1 is the distance between two boundary ends; v is the traveling speed of the moving
string; p is the mass density of the string; m is the mass of the spring-mass; T is the
uniform tension of the string; k is the stiffness of the spring; U(t) is the control force
attached at x = /. Moreover, p, v, T, m, [ and k are positive constants.

1.3. MATHEMATICAL METHODS

1.3.1. FOURIER SERIES

Fourier series is a way of representing a periodic function as a (possibly infinite)
A sum of sine and cosine functions. It is analogous to a Taylor series, which represents
functions as possibly infinite sums of monomial terms. The Fourier series, as well as
its generalizations, is essential throughout the physical sciences since the trigonometric
functions are eigenfunctions of the Laplacian, which appears in many physical equa-
tions.

Given a function x(#) with period T, it can be expressed as infinite series:

+00 o
x(t)= Y ape T, (1.7)
k=—00
where
1T —ik(Z)t
akz?f x(Be Ty, (1.8)
0

For functions of two variables that are periodic in both variables, the trigonometric basis
in the Fourier series is replaced by the spherical harmonics. For functions that are not
periodic, the Fourier series is replaced by the Fourier transform. There are several com-
mon conventions for defining the Fourier transform of an integrable function f. One of
them is:

f(f)zfoo fx)e 2% dy, VEeR. (1.9)

This is the customary form for generalizing to complex-valued functions.
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1.3.2. METHOD OF D’ALEMBERT
Considering the initial value problem for the wave equation:

2
Ut — A Uyy = [(X, 1), —0c0<x<+00, >0,
{ tt xx = f(x, 1) (1.10)

u(x,0)=up(x), us(x,0)=u(x), 0=x<l.

According to the formular of d’Alembert, the solution of (1.10) is given by

up(x—at) +ug(x+ar) 1 [¥+at 1 [t pxrat-n
ute, 1) = 22 Aall )+—f ul(z‘c)da‘c+—ff f&Ddxdr.
2 2a Jx-at 2a Jo Jx-at-1)
(1.11)

1.3.3. ADAPTED VERSION OF THE METHOD OF SEPARATION OF VARIABLES
We consider the homogeneous part of equation subject to the homogeneous boundary
conditions:

(1.12)

Ut (X, 1) — Uy (x, 1) =0, 0<x<1, =0,
u0,0)=0, u(l,)+keul,n)=0,, t=0,

where € is a small parameter with 0 < € << 1. Note that the coefficient k(¢¢) in the Robin
boundary condition is slowly varying in time. So, in order to derive a solution of problem
(1.12) , we define an extra slow time variable 7 = €¢, which will be treated independently
from the variable ¢. Hence u(x, t) becomes a new function i(x, ¢, 7) and further problem
(1.12) becomes

U (X, 1,T) + 2€007 (X, 1, T) + €2 g (X, 1, T) — Ty (X, £,7) = 0,
0<x<l1l, t>0, 7>0,
u0,t,1)=0, @u.(1,t,7)+k()a(,t,7)=0, t=0, T=0. (1.13)

By looking for a nontrivial solution #(x, t,7) in the form T(¢,7)X(x,7), the governing
equations of (1.13) can be approximately written as

X(x, 1) Tt (8,7) + 26 X (X, T) T (£, 7) + 26 X7 (X, T) T (2, T)

~Xxx (6, D T(t,7)+0E* = 0,
or equivalently as
Ty (t, Xox(x,
1T ey = XD o 40, 0. (1.14)
T(t,1) X(x,T)

The O(1) part of the left-hand side of equation (1.14) is a function of ¢ and 7, and the
right-hand side is a function of x and 7. To be equal, both sides need to be equal to a
function of 7. Let this function be —A2 () (which will be defined later), so we get

To(t1)  Xeplx,
nt0) XD g2y gcx<1, 120, 120,
T(t,71) X(x,71)

implying:

X (6, D+ A2(@MX(x,7)=0, 0<x<1, 720,
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T (t,7) + A2(@0)T(£,7) =0, =0, 7=0. (1.15)
From the boundary condition (1.13), we obtain

T(t,71)X0,7)=0 = X(0,7)=0,
T(t, 1) X (1, T)+ k(@) T(t,7)X(1,7)=0
= X (I,n+k@®X(A,7)=0. (1.16)

In accordance with the first equation for X (x, 1) in (1.15), a nontrivial solution X, (x, 1)
(satisfying (1.16)) is
Xn(x,7) = By (1) sin(A, (1) x), (1.17)

where By, () is a function of 7 only, and 1,(7) is the n-th positive root of

An(T)

tan(1, (1)) = — kD)

(1.18)

In should be observed that the eigenfunctions X, (x, 7) are orthogonal on 0 < x < 1. And
so, the general solution of (1.12) can be expanded in the following form:

u(x, ) =ulx,t,7) = Z T, (t,7)sin(A, (1) x), (1.19)

n=1

where the boundary conditions (1.12) are automatically satisfied.

1.3.4. AVERAGING METHOD
The idea of averaging as a computational technique, without proof of validity, originates
from the 18 th century; it has been formulated very clearly by Lagrange in his study of
the gravitational three-body problem as a perturbation of the two-body problem.

We assume that f(t, x) is T-periodic in ¢, and consider the initial value problem:

5c=£f(t,x)+£2g(t,x,e), x(0) = xp, (1.20)

where ¢ is a small parameter with 0 < € << 1. We introduce the average

1 T
o= —f ft,yde. (1.21)
T Jo

In performing the integration y has been kept constant. Consider now the initial value
problem for the averaged equation

7=ef’), ¥(0) = x. (1.22)

1.3.5. MULTIPLE TIMESCALES METHOD

The method of multiple timescales is used to construct explicit and accurate approxi-
mate solutions for ordinary differential equations and partial differential equations on
long timescales. Since a straight-forward expansion in € may have secular terms (which
are unbounded in time t), one or more new time variables (ty, t1, t,...) are introduced
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and are treated independently. Then, it is assumed that the solution u(x, t) of the per-
turbation problem can be expanded in a power series in €, where ¢ is a small parameter,
as follows:

u(x, £€) = up(x, fo, 1, tz, ...) + €uy (x, to, 11, tz, ...) + O(€°). (1.23)

In order to avoid unbounded (or secular) terms in the expansion, secularity conditions
have to be found for u;, where i € N, [J{0}.

1.4. OUTLINE OF THE THESIS

He thesis is organized as follows.

In chapter 1, a brief introduction to the subject is given.

In chapter 2, the initial-boundary value problem (1.1) is considered. It can serve
as a simple model for the elevator system describing transverse or longitudinal vibra-
tions as well as resonances in axially moving cables for which the length changes in
time. The first aim is to give the exact solution for the problem by using the method
of d’Alembert and wave reflections. Then the second aim is to construct approximate
solutions for some cases with different time-dependent coefficients k(f) by using the
method of separation of variables, the method of d’Alembert, averaging method, and
multiple timescales perturbation methods, respectively. Finally, numerical simulations
are presented to verify the obtained analytical results.

In chapter 3, the initial-boundary value problem (1.2) is considered. Due to the slow
variation of the cable length, a singular perturbation problem arises. By using an aver-
aging method, and an interior layer analysis, many resonance manifolds are detected.
Further, a three time-scales perturbation method is used to construct formal asymptotic
approximations of the solutions. Finally, numerical simulations are presented to verify
the obtained analytical results.

In chapter 4, the coupled nonlinear initial-boundary value problems (1.3) and (1.4)
in transverse and longitudinal directions are considered. Due to the slow variation of
the cable length, a singular perturbation problem arises. In order to deal with this prob-
lem, perturbation methods and an internal layer analysis are used in this chapter to ap-
proximate the vibrations and the resonances, including determining the resonance am-
plitudes and the size of the resonance zones. Based on this analysis, solutions of the
coupled initial-boundary value problem for the transverse and the longitudinal motions
can be predicted analytically. Finally, numerical simulations are presented to verify the
obtained analytical results.

In chapter 5, the output feedback stabilization of the initial-boundary value prob-
lem (1.6) is considered. By constructing an invertible backstepping transformation, we
design a state feedback controller to stabilize the system. Next, we present an observer
to estimate the states of the system, and based on the estimated states, we design an
output-feedback controller. The closed-loop system is proved to be exponentially stable
by Lyapunov analysis. Finally, numerical simulations are presented to verify the effec-
tiveness of the proposed controller.







TRANSVERSE RESONANCES OF A
VIBRATING STRING WITH A
TIME-DEPENDENT ROBIN
BOUNDARY CONDITION

2.1. INTRODUCTION

N this chapter we start with the resonance phenomena occurring in a transversally
Ivibrating string (see Figure 2.1), where one end of the string is fixed, and the other
one is attached to a spring for which the stiffness properties change in time (due to fa-
tigue, temperature change, and so on). Mathematically, we will show how to (approxi-
mately) solve an initial-boundary value problem for a nonhomogeneous wave equation
on a bounded, fixed interval with a Dirichlet type of boundary condition at one endpoint,
and a Robin type of boundary condition with a time-dependent coefficient at the other
end. Actually, the Robin boundary condition is an interesting one to study from the ap-
plicational and mathematical point of view. The wave equations involving a Robin type
of boundary condition with a time-varying coefficient can be regarded as simple mod-
els for vibrations of elevator or mining cables in the study of axially moving strings with
time-varying lengths. There is a lot of research on these types of problems. Chen et al.
[15] considered an analytical vibration response in the time domain for an axially trans-
lating and laterally vibrating string with mixed boundary conditions. Further Chen et
al. [16] investigated the exchange of vibrational energy of a finite length translating ten-
sioned string model with mixed boundary conditions applying D’Alembert’s principle
and the reflection properties. Wang et al. [17] designed an output feedback controller
to regulate the state of a wave equation on a time-varying spatial interval with an un-
known boundary disturbance. Gaiko and van Horssen [18] considered lateral vibrations

Parts of this chapter have been published in Journal of Sound and Vibration 512, 116356 (2021).
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of a vertically moving string with in time harmonically varying length. Zhu and Wu [19]
studied the transverse vibration of the translating string with sinusoidally varying veloc-
ities. Malookani and van Horssen [20] studied transverse vibrations of axially moving
strings with time dependent velocity and further examined its instability. For more in-
formation on initial-boundary value problems for axially moving continua, the reader
is referred to [21, 22, 23, 24, 25]. Also in other fields, Robin boundary conditions play
an important role, and are sometimes called impedance boundary conditions in elec-
tromagnetic problems or convective boundary conditions in heat transfer problems [26,
27].

Usually the method of separation of variables (SOV), or the (equivalent) Laplace
transform method is used to solve initial value problem for a wave equation on a bounded
interval for various types of boundary conditions with constant coefficients [28, 29].
However, when a Robin boundary condition with a time-dependent coefficient is in-
volved in the problem, the afore-mentioned methods are not applicable. For this reason,
van Horssen and Wang in [30] employed the method of d’Alembert to solve a homoge-
neous wave equation involving Robin type of boundary conditions with time-dependent
coefficients. This chapter is an extension of the study by van Horssen and Wang in [30].
The first aim of this chapter is to give the exact solution of the nonhomogenous prob-
lem by using the method of d’Alembert and wave reflections, in which we can divide the
time domain into finite intervals of length 2. Then the resonance results can be analyzed
by the map of the solution from t = 2n to t = 2(n + 1). The other goal is to give explicit
approximations of the solution on long timescales by putting different values of k(7).

 k(?)is constant, resonances and exact solutions of this problem are solved by using
the method of separation of variables (SOV).

° k()= ﬁ, resonance results are approximated by the map of solutions based on

the method of d’Alembert.

° k(1) = ko + €k cos(@t), resonances and explicit approximations of the solutions
are obtained by using a two-timescales perturbation method.

* k(#) =1+ ¢t, an additional difficulty is introduced: for ¢ < O(%), etis a small term,
while for ¢ = O(%), et is not a small term. So, by introducing an adapted version
of the method of separation of variables, by using averaging and singular pertur-
bation techniques, and by finally using a three time-scales perturbation method,
resonances in the problem are detected and accurate, analytical approximations
of the solutions of the problem are constructed.

The current chapter is organised as follows. In section 2.2 the problem is formulated
by the Hamilton’s principle. In section 2.3 the exact solution of the problem is tackled
by the method of d’Alembert and wave reflections. In section 2.4, 2.5, 2.6 and in section
2.7 the cases of k(t) is constant, k() = ﬁ, k(t) = ko + €kycos(wt) and k(t) =1+ ¢t
are analyzed to show the resonance results, respectively. And numerical simulations of
above cases are presented to verify the obtained analytical results. As numerical method
a standard finite difference method is used in this chapter for simplicity, but of course
also more advanced methods such as the finite element method (as has been used in [31,

32,33, 34, 35]) can be applied. Finally, in section 2.8 some concluding remarks are made.
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2.2. FORMULATION OF THE PROBLEM

m T

k(®)

Figure 2.1: The transverse vibrating string with a time-varying spring-stiffness support at x=L, and an external
force e Acos(wt).

Y using the Hamilton’s principle [36], the governing equation of motion to describe
the transversal vibration of a string as shown in Figure 2.1 can be derived, and is
given by:
pus(x, 1) — Puyx(x,t) = €Acos(wt), >0, 0<x<L, (>0, 2.1)
where p is the mass density, P is the axial tension (which is assumed to be constant),
L is the distance between the supports, and u describes the lateral displacement of the
string. The term € Acos(wt) in (2.1) is a small external force acting on the whole string,
where ¢, w and A are constants with 0 < € << 1, v > 0 and A € R. The boundary condi-
tions and initial conditions are given by:

u,0)=0, Puy(L,t)+k(Hu(L,t)=0, =0, 2.2)
u(x,0)=f(x), uix,0=gx), 0<x<IL, 2.3)

where k(1) is the time-varying stiffness of the spring at x = L. The boundary condition
at x = 0 is a Dirichlet type of boundary condition, and the boundary condition at x = L
is a Robin type of boundary condition with a time-dependent coefficient k(). Different
choices of k(#) lead to stiff changes of springs in time. This problem may also serve as a
simplified model describing transverse or longitudinal vibrations as well as resonances
in axially moving cables for which the length changes in time.

For simplicity, based on the Buckingham Pi theorem, the following dimensionless
parameters are used:

_ X _ u - t |P - L  _
X=—, U=—, t=—/—, k=—=k, e=¢€L
L L L

p P

0 = Pf _

L —,:——,:’
G T T i B

by which, the governing equation (2.1), the boundary conditions (2.2), and the initial
conditions (2.3) can be rewritten into the following non-dimensional form:

S

::>I
|o]

U (X, 1) — Uxx (X, 1) =€Acos(wt), 0<x<1, =0,
u©0,H0=0, wu,1,0+k@ud, =0 =0, 2.4)
u(x,0) = f(x), ur(x,0)=g(x), 0<x<1,

where the overbar notations are omitted for convenience.
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2.3. THE METHOD OF D’ALEMBERT

N this section, it will be shown how the well-known formula of d’Alembert can be used
to obtain the solutions u(x, t) of the initial-boundary value problem (2.4) with time-
dependent coefficients k() in Robin boundary conditions.

2.3.1. THE GENERAL SOLUTION
According to the method of d’Alembert (see [37]), the general solution to problem (2.4)
without boundary conditions is given by

X+l t
u(x,t) = %[f(x— N+ fx+0l+ %f g(s)ds+£Af0 (t—1)cos(wt)dT. (2.5)
x—t

It should be noted that the functions f and g are only defined on the interval [0,1]. To ex-
tend f and g on the whole domain (—o0, +00), the boundary conditions in problem (2.4)
should be considered. By substituting Eq.(2.5) into boundary conditions, one obtains

t

t
f(t)+f(—t)+f g(s)ds+2€Af (t—T1)cos(wt)dT =0, (2.6)
~t 0

ffA+0+f0-D+gQ+D-gl-D+k@MfA+D+fA-1)
1+¢

t
+ g(s)ds+2£Af (t—T1)cos(wt)dtr] = 0. 2.7)
1-t 0
Let

t
h(D) = f(0) + fo g(s)ds. (2.8)

On the one hand, Eq.(2.6) can be transformed into
0 t
h(t)=-f(-1) —f g(s)ds— ZeAf (t—T1)cos(wt)dTr, -1<t<0, (2.9)
—t 0

which defines /& on the interval [-1,0]. So h(x) is now defined on the interval[-1,1]. On
the other hand, it follows from Eq.(2.7) for —-1<1-¢<1 (0 < ¢ < 2) that

Ha+D+k(OhQ+1) .
= —f’(1—t)+g(1—t)—lc(t)[f(1—t)+f1 tg(s)ds

t
+2£Af (t—T1)cos(wT)dT]. (2.10)
0

k(s)ds

Multiplying both sides of (2.10) by the integrating factor elo , yields

d(elo Kdsp(1 + 1)
dt

¢ 0
= eh ks _ gt gl— -k (fL-1) +f1 g(s)ds
—t

t
+2£Af (t—71)cos(wt)dT)]. (2.11)
0
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Then we integrate (2.11) with respect to t from 0 to t to get

t T
ne+1l) = e—fgk(s)dsh(l)+e—f0’k(s)dsf0 oI5 KOS 11 7y 4 g1 - 1)
0

T
—k(r)(f(l—r)+f g(s)ds+2£Af (t—9s)cos(ws)ds)ldr. (2.12)
1-7 0

And so, the function h is defined on the interval [1,3]. By using Eq.(2.9) again, the expres-
sion for h on the interval [-3,-1] can be derived and h is now defined on [-3,3]. Further,
referring to Eq.(2.8), the functions f and g can also be constructed on [-3,3]. By using
Eq.(2.8), Eq.(2.9) and Eq.(2.12), we can again obtain the expression for f and g on the in-
terval [-5,5]. Repeating this extension procedure over and over again, the expression for
f(t) and g(t) can be found for all t with —co < f < c0.

2.3.2. THE STATEMENT OF WAVE REFLECTION

The Nonhomogeneous wave equation we considered above in problem (2.4) has a prop-
agation speed of 1, which implies that the vibration information at the point x = x;, £ =0
will propagate into two different directions with speed 1, and the information will be
back to the position x; at ¢ = 2 as shown in Figure 2.2 (a). Thus, by treating the infor-
mation of the string at ¢ = 2 as a new initial condition, we can then copy the extension
steps as presented for the time-interval [0,2] for the next time interval of length 2, that is,
2=<t=4.

Furthermore, Figure 2.2 (b) shows the domain of dependence, from which we can
see that it is sufficient to determine the response of the whole string at 0 < ¢ < 2 by the
information at x € [-2,3], £ = 0. By treating the state at x € [-2,3], t=2 as a new initial
condition and using the same extension procedures, the solution u(x, f), 2 < f < 4, can
also be obtained. Thus, we can calculate the solution of the nonhomogeneous problem
up to every time by dividing the time domain into finite intervals of length 2.

2.3.3. NUMERICAL EXAMPLES
This section is devoted to presenting some numerical simulations on the behavior of the
solution u(x,t) of problem (2.4) for t=2 and 4, respectively. Let us first choose the initial
conditions as
x)=sin(1.8x), 0=x<1,
{f( ) = sin(1.8x) 213

g(x)=0, 0=x=<1,

and k(¢) = ﬁ, A=1,w =18, e=1 as an example. The wave shape comparisons be-
tween the D’Alembert method and the finite difference method are shown in Figure 2.3.
According to these figures, we can easily see that the results of the proposed method (the
d’Alembert method) agree well with those of the finite difference method.

2.4. TIME-DEPENDENT COEFFICIENT ]C( 1) IS CONSTANT
N this section, the method of separation of variables is used to obtain the exact solu-
tion of the initial boundary value problem (2.4), and the results are verified by numer-
ical simulations.
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(a)

(b)

Figure 2.2: (a) Wave reflections.  (b) Domain of dependence.
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wix.4)

(a) [ (] nz oo -I"- It @7 A s (b)

Figure 2.3: String shape comparisons when k() = ﬁll: the proposed method (solid line), the finite difference
method (dashed line): u(x,2), u(x,4). (a) String shapes of u(x,2). (b) String shapes of u(x,4).

2.4.1. THE METHOD OF SEPARATION OF VARIABLES
To perform a resonance analysis for k(t) is constant, the method of separation of vari-
ables can be applied in this case, and the solution of problem (2.4) can be found as

o0

t
u(x,t):Z[(Aicos(lit)+Bisin(/1,~t)+£Af Ci(t)sinA;(t—1)d1)sin(A;x)], (2.14)
i=1 0

where

A= [y feosindix)dx B - [} gx)sinA;x)dx Cifx) = cos(wr) [y sin(A;x)dx

fol sin?(Ajx)dx o )L,-fol sinz()L,-x)dx’ ! )L,-fol sin?(Aix)dx
(2.15)
and A; is the eigenvalue of the wave equation and satisfies
1
—%/1,- =tan(l;)), 0<Ai <Ay <..<Aju.. (2.16)

Thus, the analytical result is that if w = A;, for a certain i = 1,2,3,..., then resonance
behavior arises.

2.4.2. NUMERICAL EXAMPLES

In Figure 2.4, we give numerical results of the solution behaviors of the problem (2.4),

which are found for the following parameters k(t) =1, A=1, v = A1; (1; is given by

(2.16)), and € = 0.01. To better observe the resonance results, it is assumed that the initial

conditions are given by

{f(x) =esin(1.7155x), 0<x<1, 217
gx)=0, 0=x=<1.

The displacement response of the problem (2.4) is given in Figure 2.4 (a), and the energy
is given in Figure 2.4 (b), which are in complete agreement with the analytic results in
(2.14).




2. TRANSVERSE RESONANCES OF A VIBRATING STRING WITH A TIME-DEPENDENT ROBIN
18 BOUNDARY CONDITION

uix ), e=0.01, w=2.0288 Energy of System

(@) : (b) i

Figure 2.4: (a) The solution u(x, t) of the problem (2.4). (b)The energy of the solution.

2.5. TIME-DEPENDENT COEFFICIENT k(t) = ng

C onsidering the case of k(f) = m +1, the resonance results for initial-boundary value
problem (2.4) can be analysed by the map of solutions based on the method of
d’Alembert (in section 2.3) from t=2m to t=2(m+1). Further, the analytical results are
verified by numerical simulations.

2.5.1. SOLUTION AND MAPPING

By treating the state at t =2m, u(x,2m), u;(x,2m), m =0, 1,2... as new initial conditions,
according to the method of d’Alembert and wave reflections, the solution u(x, 2m+1),0 <
7 <2 can be written as

ulx,2m+1 = %[u(x—? 2m) + u(x+1,2m)]

1 X+t x+(f-1)
+—f ut(s,2m)ds+sAf f cos(wt)drt. (2.18)
2Jx-7 x—(T-1)

Using the Fourier series, we observe that

u(x,2m+1)

- ﬁg‘iemi(”ﬁﬁ e ity e, 2m)d§+ Ze“1 (x”)f _Mi‘(f: u(s,2m)dsdé
+L i eiAitx=1) fl e Moy & 2mydé — — Z eMi(x_”f e_mi'ff‘f uy(s,2m)dsdé
4m (= 0 4ar i3 0 0
Z A G (E-T) _ i;Li(x—(?—r))]fl e—i/l,-sff cos(r)dsdé
0 0
- Ei:Zicos(/lﬁ)ei“fole‘“i‘su((f,Zm)df
1 & — . 4
+2— Z isin(/ll-t)e“lixfo e"’li'ffo us(s,2m)dsdé

EA & idi(x—=¢&) i(w=A)T+id; T
+—Zf f el déle
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_ei(w—ﬂ,‘)‘[—i/‘li’lr_ei((a)+ﬂ,,‘)‘[—lif) + e_i((w+/‘li)‘[_/1i?)]d'[, (219)

where A; satisfies
—(1+2me)A; = tanA;, (2.20)

and so satisfies equation (2.16) approximately at k = k(f) = k(2m + 7). When we choose
w=A;, foracertaini=1,2,3,..., the last term of equation (2.19) can be written as

A X T 1 A . . . U . ~
o Zf el/l,-xf 'Se—mi{dé[el(w—/li)rﬂlit _ el(a)—]L,-)T—l/lit _ el(wT—AiH/lir)
0

—izwr—/IfHLiT)]dT

_ gA f f “hiSdecos(wr)isin(A;(F-1))

+£—nf ei’lixf e Meqelisin(wr + A;(F-1)dT

0 0
ieA . 1 .

+ Ltsin(an:)e"i"f e thiCqe, 2.21)
Y 4 0

And term "Afsin(w?)" appear in (2.21), where A = %eml’xfol Ee~thiCq¢. It implies that
when the frequency of the external force is approximately equal to that of the homo-
geneous wave equation (2.4), ie., = 1; approximately, the resonance arises around
t=2m.

2.5.2. NUMERICAL EXAMPLES
Three different numerical examples are presented to verify the above analytical results.

e For m =0 (and so, k(0)=1), note from Eq.(2.20) that A =tand;, M <Ay <Az < ..
By choosing w = i, the resonance arises around ¢ = 0 in the above analysis. Nu-
merically, let k(¢) = t+1 ,€=0.01, w =2.0288 ~ E, A =1 and the initial conditions
be (2.17), the solution behaviors and energy of the problem (2.4) are given in Fig-
ure 2.5, which turns out that the resonance arises from t=0 to t=40 approximately.

¢ For m = oo (and so, k(oco) = 0), /T = ” + (i — 1)m. By choosing w = Z, a resonance
arises as t is big enough in the above analysis. Numerically, let k(#) = +1, €=
0.01, w = 1.5708 = )Ll, and the initial conditions be (2.17), the solution behaviors
and energy of the problem (2.4) are given in Figure 2.6, which turns out that the
resonance arises from t=200 to t=500 approximately.

e For 0 < m < oo, and so —(1 + ZME)Z = mn;lvl By choosing w = ;17, a resonance
arises around at ¢ = 2m in the above analysis. Numerically, let k(¢) = ; +1 ,€=0.01,
=182= 11 at m = 50, and the initial conditions be (2.17), the solution behaviors
and energy of problem (2.4) are given in Figure 2.7. It turns out that resonance
arises from t=40 to t=180 approximately.

These numerical examples are all in good agreement with those results in the
method of d’Alembert.
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Figure 2.5: (a) The solution of the problem (2.4) for x=0.5, w = 2.0288. (b)The energy of solution as function of
time t.
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Figure 2.6: (a) The solution of the problem (2.4) for x=0.5, w = 1.5708. (b)The energy of solution as function of
time t.
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Figure 2.7: (a) The solution of the problem (2.4) for x=0.5, w = 1.82. (b)The energy of solution as function of

time t.
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2.6. TIME-DEPENDENT COEFFICIENT k(t) = ko + €kjcos(@t)
F or k(t) = ko + ekicos(wt), the two-timescales perturbation method is used to con-

struct approximations of solutions of the initial boundary value problem (2.4). Fur-
ther, the analytical results are verified by numerical simulations.

2.6.1. TWO-TIMESCALES PERTURBATION METHOD

According to the two-time-scales perturbation method, we have to expand the solution
in a Taylor series in € as u(x, ) v~ up(x,t) + euy (x, 1) + e uy(x, t) + ..., where u;(x, 1) =
o), i =1,2,3,.... The approximation of the solution will contain secular terms, i.e.,
unbounded terms in time. It should be pointed out that the solution is bounded on a
timescale of O(¢™!). Consequently, we apply a two-timescales perturbation method to
avoid the secular terms on long timescales by introducing an extra slow time variable
T = €t. Hence, u(x, t) becomes a new functlon of x, ¢, aznd T, 1e2 ulx,t) = wix,t,1;¢€).
Using the time derivatives ;t gt +E5 01’ and ;ﬂ -3 [2 +2€5> 6t61’ +€ a" >, We can rewrite
the initial-boundary value problem (2.4) in terms of w as follows:

Wi (X, 6,T;€) — Wiy (X, 1, T;€) = [Acos(wt) — 2wy ] —&? wr, 0<x<1, t>0, >0,

w(0,t,1;€) =0, wy(l,t,T1;€)+ (ko+ekicos(wt)w(l,t,1;¢€)=0, >0, 7>0,

w(x,0,0;¢€) = f(x), wi(x,0,0;¢) +ew;(x,0,0;6) = g(x), 0<x<1.

(2.22)

Then by substituting a power series expansion of the form w(x, t,7) -~ wy(x, £, 7)
+ew (x,t,T)+€>ws (x, t,T) +... into the initial-boundary value problem (2.22) and equat-
ing the coefficients of like powers of €, we obtain the O(e")— problems to solve for n € N.
Meanwhile, the initial displacement and velocity can also be expanded in Taylor series in
eas f(x) « fo(x)+efi (x)+£2f2(x)+... and g(x) v go(x)+€81 (x)+£2g2 (x)+..., respectively.

THE O(1)— PROBLEM.
Collecting the terms of O(1) gives us the following unperturbed initial-boundary value
problem:

wo,re (X, £, T) — Wo,xx(x,£,7) =0, 0<x<1, ¢t>0, 7>0,
wp(0,1,7) =0, wox(1,t,7)+kowo(1,t,7)=0, t>0, 7>0, (2.23)
wp(x,0,0) = fo(x), wo,(x,0,0)=go(x), 0<x<1.

To find the solution of problem (2.23), the method of separation of variables can be used,
yielding
()
wo(x, t,7) = Z [A,(T)cos(Ayt) + Bu(T)sin(A,0]sin(A,x), (2.24)

n=1

where the eigenvalues 1, satisfy the transcendental equation

% +tan(ly) =0,11 <A <., (2.25)
0
and . .

A0 = Jo fo(x)sin(/lnx)dxy B, (0) = Jo o(x)sin(A,x)dx 2.26)

folsinz(ﬂtnx)dx /Infolsinz(/lnx)dx '
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It should be observed that so far wy(x, t, ) contains undetermined functions A, (r) and
B, (7). These functions will be used in the following O(¢)— problem to avoid secular
terms in w; (x, t,T).

THE O(e)— PROBLEM.
The O(e)—- problem for w; is given by

w1, (X, £,7) — Wy,xx(x,1,7) = Acos(wt) - 2wy 7 (x,1,7), 0<x<1, >0, 7>0,
w10,£,7) =0, wyx(1,t,1)+kowr(1,¢,1)+kicos@wy(l,t,7)=0, t>0, 7>0,
w1(x,0,0) = fi(x), w,(x,0,0) =g (x)—wp,(x,0,0), 0<x<1.
(2.27)
Let us introduce the following transformation:

wy(x,t,7)=y(x, 1)+ xh(t,71), (2.28)

where h(t,T) = —_klcosﬁt,)cgjou’t’ﬂ.

Substituting Eq.(2.28) into Eq.(2.27), we obtain a new initial-boundary value problem
fory.

Ver (X, 6,7) — yxx (X, £,7) = F(x,£,7), 0<x<1, >0, 7>0,
y00,t,1)=0, y(,t,7)+koy(,t,7)=0, t>0, 7>0,

Y(,0,00 = A + 1% fox, 0<x<1,
k1

(2.29)

yt(x,0,0) = gl (x) - wO,T(xrorO) +

go(lx, 0<x<1,

1+ko
where
Fx,t,1) = —xhy(t,7)+ Acos(wt)+2) Ai[A(T)sin(A;1) — Bi(T)cos(A; )]sin(A;x)
i=1
= Y xla;Aimcos(@+A) 1) + B Ai (@) cos((@— A1)

i=1
+ a;Bi(m)sin((w+A)t)—B;B;i(r)sin((w—A;)1)]

+ 2) Aisin(ix)[A;(1)sin(A;1) - Bj(t)cos(A;1)] + Acos(w1),
i=1

where A; satisfies Eq.(2.25), and

_k1(5+/1i)25in/1i .__kl(ﬁ—it,-)zsin/li

2(1 + ko) R 2(1 + ko) (2.30)

a; =

Let us expand the unknown solution y(x, t, 7) in terms of the eigenfunctions of the prob-
lem as follows:

Yy, 6,1) =) yu(t,1)sin(A,x). (2.31)
n=1

We use the eigenfunction expansion approach to solve problem (2.29). Then, by sub-
stituting the series (2.31) into Eq. (2.29), by multiplying the so-obtained equation with
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sin(1,x), by integrating then over the interval 0 < x < 1, and by using the orthogonality
of the eigenfunctions, we obtain:

= [ xsin(Anx)dx

=) sin2(Apx)dx
+ a;Bi(m)sin((@+A:)t) - B;B;(1)sin((w - A;)1)]
+ 2A,4[AL(D)sin(Ap 1) — B (T)cos(Ap D] + A1(1 —cosAy)
An fo sin?(Apx)dx
= Gn(t,T), t,T>O, (2‘32)

@i A;(T)cos((w+A;)1) + B Ai(T)cos((w—A;) 1)

Yneet Aiyn

cos(wt)

It is obvious that the right-hand side of (2.32) can contain resonant terms (which can
lead to secular terms in y,(¢,7), for n=1, 2, 3,...) depending on the positive roots 1,, of
(2.25). For instance, the term in the right-hand side of (2.32) involving Acos(w?) is a
resonant term for the M-th mode described by y;(f) when w = Ay, for a fixed M € N,.
Similarly, terms involving sin((w+ 1;)1), cos((@ + A1), sin((w—A;)t) or cos((w—A;)t)
can be resonant when w is equal to a difference or a sum of fixed eigenvalues 1; and Ay,
thatis, whenw =A; - Ay orw = +(1; + Ay) with I and N fixed integers. And so, we have
to distinguish the following cases:

1. Assumethatw #ZA;— Ay, w #+(A;+ Ay) forany I, N=1,2, ...

1.1 When w # A, for all n = 1,2,..., there is no resonant term in the right-hand side of
(2.32), and so it is sufficient to choose A;, and B;, such that

A, =B,r) = 0, n=12,.., (2.33)
where A, (0) and B,(0) (n=1, 2, 3,...) are given by Eq.(2.26), respectively. In addition, it
follows from Eq.(2.24) and from Eq.(2.33) that

wo(x,t,7) = [A,(0)cos(A,t) + B, (0)sin(A,1)]sin(A,x). (2.34)

n=1
When the initial conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23) :
wo (xr L, T) = 0) (235)

which implies that the solution of initial-boundary value problem (2.4) is of O(e).
1.2 When there exists M such that w = 1,4, then in order to avoid secular terms in the
right-hand side of (2.32), we have to set

Ay@® = 0 AT =B, (1)=0, n#M,
, Al —cosAyy)
By (1) = 1 , (2.36)
2A5, fo sin?(Apx)dx

by which we observe that there exists M such that By;(7) is linearly increasing in 7:

Al —cosAy)

By (1) = By (0) + z
Mo fsin? Ay dix

(2.37)
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It follows from Eq.(2.24) and from Eq.(2.36) that

wo(x,t,7) = Z[An(O)cos(/lnt)+Bn(0)sin()tnt)]sin(ﬂlnx)
n#M
+[Ap(0)cos(Apt) + By (T)sin(AyB)]sin(Ayx). (2.38)

When the initial conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23):
wo(x,t,7) = By (T)sin(Ayt)sin(Ayx), (2.39)

which implies that the solution of initial-boundary value problem (2.4) is of O(1).
Before discussing the other cases, it is necessary to propose a lemma:
There exist no I, N, i,n € N,, such that

AT+ AN+ A=A, (2.40)

holds, where 1; (j=1, 2, ....) satisfies the equation
Aj
k—+tan(/1j)=0, 0 < ky < co. (2.41)
0

Proof: In Figure 2.8, The lines with blue color, and green color are denoted by a; and b;,

y=tanx

Figure 2.8: Graphical comparisons of eigenvalues for ky = co and 0 < kg < co with I[+N+i=n.

i=1,...,4, respectively.

From equation (2.41), when ko = 0o, A% = nx (1, is denoted by A9 to distinguish this
A, from the other cases), it can be seen that (2.40) is satisfied. When I+ N+ i = n and we
have:

A+ A%+ A9 =29, \se (2.42)
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When 0 < ko < oo, A, is denoted by 1},

A}+N+i - (A} +/1]1\I +Azl‘)
= (Azwﬂ. —a) — AV —a)) + A — az) + (A — a3)]
= A, i = A+ AL+ AN + (a1 + a2 + a3 — ag)
ay+ ap+ as — ay. (2.43)

It follows from the relationship, [+N+i=n, that b; + b» + b3 = by. Assume that the angles
a;(i =1,2,3,4) satisfy a] = a2 = a3 = a4, then we can obtain that the corresponding a;
satisfy aj + a; + a3 = a4, (a;, a; are denoted by @; and @; to distinguish them from that
of the fact case). The fact is that a; > a7, i=1,2,3, so then a; + a + a3 > a1 + a + dz = ay.
Hence, it follows from (2.43) that /1} + /111\, + All. < )L}+N+l. holds.

On the other hand, when ko =0, A;, = 72—’ +(n—-1)m, A, is denoted by A}, in this case, and
SO

AT +AN+A = A7 Nyicr- (2.44)
From the same deduction, /1} + /1}\, + /1} > /1}+N+i—l can be obtained.
l l 1 l l . . . . .
Above all, ;LI+N+i—1 < )LI +/1N+)Ll. < )LHNH., which implies that thereisno I, N,i,n €

Ny, suchthat A; + Ay +A; = A,.
Forw=A;—Ayand @ = +(A;+ Ay), these two cases can not occur at the same time.

2. Assume that there exist I and N, such thatw = A1; — An.

2.1 When w # A, for any n = 1,2, ..., it follows that A, and B, have to satisfy (in order to
avoid secular terms in wy)

2/11f01 sin®(A;x)dxAj(1) +f01xsin()tlx)dxaNBN(r) = 0,
2/1,[01sinZ(AIx)de}(r)_folxsin(/hx)dxaNAN(r) = 0,
ZANf()lsinz(/le)dxAQV(T) +j:xsin()LNx)dx,3,Bl(T) = 0,
2/1]\,[01sinZ(/le)deﬁv(r)_folxsm(,le)dxﬁ]A,(T) = 0, (2.45)

which can be solved, yielding

Ar(0)cos(oT) 1/ Prerdn g 0)sinor),
OCNCNd[

Ar(r) =
By(t) = A;(0) Msin(01)+BN(0)cos(a‘r),
\ ancnd;
An() = Apn(0)cos(ot)— ME}(O)SiH(O’T),
Brerdn
Bit) = An©)] YNY G o) + By(0) cos(or),
Brerdn
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drd drd
o = [anPrdr N anpfrdr N o, (2.46)
CICN CICN

1 1 1
[ :2/1,-[ sin*(A;x)dx,  d; :f xsin(Ajx)dx = F(sin/li —AjcosA;y), i=1I,N,
0 0

i

where

and,

A =B,r) = 0, n#ILN, (2.47)
where A,(0) and B,(0) (n=1, 2, 3,...) are given by Eq.(2.26). From Eq.(2.24) and from
Eq.(2.46)-(2.47), we can observe that when the initial conditions in (2.4) are of O(¢), the
solution of O(1) problem (2.23):

wo(x,t,7)=0. (2.48)

2.2 When there exists M such that w = Ay;(M # N, I), it follows that A,, and B;, have to
satisfy (in order to avoid secular terms in w)

1 1
211[ sinz(/hx)dxA’,(r)+f xsin(A;x)dxanyBn(T) = 0,
0 0
1 1
2)L1f sinz(/IIx)de}(T)—f xsin(Arx)dxanyAn(T) = 0,
0 0
1 1
ZAN[ sinz(ANx)dxAg,(er xsin(Ayx)dxpB;(t) = 0,
0 0
1 1
ZANf sinz(/le)defv(T)—f xsin(Anx)dxprAryz) = 0, (2.49)
0 0
Ay@® = 0, A (T)=B,(1)=0, n#M,N,I,
, A(l—cosAp)
By = ——— : (2.50)
205, Jo sin?(Ayx)dx

The solution is the same as that in case 1.2 and 2.1, which can be obtained. And when
the initial conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23):

wo(x, t,7) = By (1) sin(Ayt)sin(Apyx), (2.51)

which implies that the solution of initial-boundary value problem (2.4) is of O(e).
2.3 When there exists an M such that w = A5; (M= N (or I)), it follows that A,, and B,, have
to satisfy (in order to avoid secular terms in w;)

|
e

1 1
2)L1f sinz(/hx)dxA'](T)+f xsin(A;x)dxanBn(T)
0 0

1 1
2)L1f sinz(/llx)de}(T)—f xsin(Arx)dxanyAn(T) =
0 0

|
e
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07

1 1
Z/INf sinz(/le)dxAgv(T) +[ xsin(Ayx)dxpB;B;(1)
0 0

1 1 Acn(1—cosA
2/1Nf sinz(/le)de;\,(T)—f xsin(Anx)dxpBrAr(1) CA;( cosAN) .
0 0 204 Jo sin(Anx)dx

which can be solved, yielding

da
A@ = A coson) - | PN g 0)sin(om)
(ZNCNdI
| Bicidn (I_COSAN)Au—cos(UT)),
ancnd;  CNANO
A(l -
By@® = A0 LN Ginor) 4 By coston) + 20— G,
ANCNA] e
An(T®) = An(0)cos(oT) - aends B;(0)sin(o7),
Brerdn

ancydy
Br(r) = Apn(0){/————sin(oT1)+ Bj(0)cos(oT), (2.52)
\' Brcrdn

where o, ¢;,d; can be obtained by (2.46).
A, (0)=B,x) = 0, n#I,NM), (2.53)

where A,(0) and B,(0) (n=1, 2, 3,...) are given by Eq.(2.26). Further when the initial
conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23):

wo(x, t,7) = Ar(r)cos(Art)sin(Arx) + By(7) sin(Ay 1) sin(Ayx), (2.54)

which implies that the solution of initial-boundary value problem (2.4) is of O(1).
3. Assume that there exist and N, such thatw = A;+ Ay (orw = — (A7 + ApN)).

3.1 When w # A, for any n=1,2,..., then A, and B,, have to satisfy

1 1
2/11f sinz(/llx)dxA’I(T)—f xsin(A;x)dxByBy(T) = 0,
0 0
1 1
Z/hf sinz(/llx)de}(T)—f xsin(A;x)dxBnAn(T) = 0,
0 0
1 1
2/11\1[ sinz(/le)dxAgv(T)—f xsin(Anx)dxfBiB;(r) = 0,
0 0
1

1
Z/INf sinz(/le)de;V(T)—f xsin(Anx)dxprA;xr) = 0, (2.55)
0 0

which can be solved, yielding

_ OCN oT _ —0T l oT | —0T
A(r) = ZdNﬁIBN(O)[e e ]+2AI(0)[€ +e ],

_ ocr oT _ ,—0T 1 oT |, —0T
Bn(1) = 2dI’BNAI(O)[e e "]+ 2BN(O)[e +e 7,
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oy oT -01 1 oT -oT
An(T) = Bn(0)[e"" —e +-=A;0)[e"" +e ,
N(T) 241 By N(O)[ ] 2 1(0)[ ]
OCN oT -0T 1 oT -0t
B = Apn(0 - +—=B;(0 + , 2.56
1(7) 2dn P ~n(0)[e e ] 2 1(0)[e e ] (2.56)

where o, ¢;,d; can be obtained by (2.46).
A,m)=B,1) = 0, n#ILN, (2.57)

where A,(0) and B,(0) (n=1, 2, 3,...) are given by Eq.(2.26). Further when the initial
conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23):

wo (x) L, T) = 0) (258)

which implies that the solution of initial-boundary value problem (2.4) is of O(g).
3.2When w = Ay and M # I, N, then A, and B,, have to satisfy

1 1
2/11f sinz()ljx)dxA'I(r)—f xsin(A;x)dxByBy(T) = 0
0 0

1 1
Z/Mf sinz()tfx)de}(r)—f xsin(A;x)dxByAn@T) = 0
0 0

1 1
ZAN[ sinz(/le)dxAk,(T)—f xsin(Anx)dxBB;(t) = 0,
0 0
1 1
ZANf sinz(/le)defv(T)—f xsin(Anx)dxprArz) = 0, (2.59)
0 0
Ay@ =0 A,1)=B,1)=0, n#M,N,I,
, Al —cosAyy)
By (1) = RS . (2.60)
ZAMfO sin2(Ayx)dx

The solution is the same as that in case 1.2 and 3.1, which can be obtained. When the
initial conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23):

wo(x, t,7) = By (1) sin(A s 1) sin(Aprx), (2.61)

which implies that the solution of initial-boundary value problem (2.4) is of O(1).
3.3 When w = Ay and M = I(N), then A, and B, have to satisfy

1 1
2/1,f sinz(/lfx)dxA'I(T)—f xsin(A;x)dxBnBn (1) 0,
0 0

1 L o )
2/1][ Sinz(AIX)de}(T)_f xsin(ﬂ,lx)dxﬁNAN(T) _ C[( cos I)
0 0

2)L§f01 sin2(\;x)dx
1 1
2/1Nf sinz(/le)dxA’N(r)—f xsin(Anx)dxBB;(r) = 0,
0 )
1 1
Z/INf sinz(/le)de]’V(T)—f xsin(Ayx)dxpA;(t) = 0, (2.62)
) 0
which can be solved, yielding
1
Alr) = ZZ;IEIBN(O)[e‘”—e‘”1+EAI(O)[e‘"+e‘”],
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ocy

2d;fBN 1
AN = chélv BN O™~ ™)+ S A 0)[e” + 7]
Acy(1—cosAy)

2d;pnArcy

OCN ot -o1 1 oT -01
An(0 - +—B;(0 +

2dnpr n(0)[e e ] 2 1(0)[e e ]
A(l-cosAy) o7

20’/1]6[

By (1) Ap0)[e?" —e "] + %BN(O) (7" +e777],

[T +e 77 2],

B (1)
0T, (2.63)

where o, ¢;,d; can be obtained by (2.56).
A,t)=B,(1) = 0, n#IN, (2.64)

where A,(0) and B,(0) (n=1, 2, 3,...) are given by Eq.(2.26). Further when the initial
conditions in (2.4) are of O(¢), the solution of O(1) problem (2.23):

wo(x, t,7) = By (1)sin(Art)sin(Arx) + An(T) cos(An 1) sin(An x), (2.65)

which implies that the solution of initial-boundary value problem (2.4) is of O(1).
The solution of Eq.(2.32) is given by a homogeneous solution and a particular one

Yn=Cn(®)cos(A,yt) + Dp(r)sin(A,t) + Ex(t, 1), (2.66)
where
. Jo LA + = o x)sin(A,x)dx
" - f sin2(Apx)dx '
o) - Jo 18100 — w01 (x,0,0) + 7= go (D x] sin(A,x)dx
n - y
Anfol sin?(A,x)dx
t 1 t
E,(t,1) = cos(/lnt)/ Gu(s,T)sind,sds+ A—sin(/lnt)f G, (s, T)cosAysds.
0 n 0

The solution of the O(g) — problem now readily follows from Eq.(2.28), (2.31) and Eq.(2.66),
yielding

n=N
wy(x, t,71) = Z[Cn(r)cos(/lnt)+Dn(r)sin(/lnt)+En(t,T)]sin()L,,x)
n=

1
k whwy(l,t,
. 1cos(@t) wy( T). (2.67)
1+k0

Threfore, we have constructed a formal approximation u(x, t) = w(x, t,7) v« wo(x, t,7)+
ew (x,t,7), where wy and w, are given by Eq.(2.24) and Eq.(2.67), respectively. More-
over, they are twice continuously differentiable with respect to x and t and infinitely
many times with respect to 7. Only the first term in the expansion of the solution for
the string problem is important from the physical point of view. We are not interested
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in high-order approximations; that is why we take C, () = C,(0) and D, () = D,(0) in
Eq.(2.66). Otherwise, C, (1) and D,(r) can be found from the solvability conditions of
the O(e2)— problem.

Concluding, It follows from (2.35), (2.39), (2.48), (2.51), (2.54), (2.58), (2.61), (2.65)
that when the initial conditions in (2.4) are of O(¢), and the frequency of the boundary
excitation w = A;, for a certain i = 1,2,3,..., solutions of initial boundary value problem
(2.4) are increasing to O(1) on timescales of %, otherwise, the solution always keep O(e)
on timescales of %,

2.6.2. NUMERICAL EXAMPLES

As illustration of the obtained analytical results in section 2.6.1, we will now present
some numerical results. The following parameter values are used: A=1, k; =1, € =0.01
and ko = 1. The initial conditions are assumed to be (2.17). There will be different be-
havior in the solution for different choices of the parameters w and @. In Figure 2.9 and
Figure 2.10, we give an indication how the solutions can behave of the problem (2.4).
Figure 2.9 (a) shows the solution behavior in case 1.1; Figure 2.9 (b) shows the solution
behavior and resonance in case 1.2; Figure 2.10 (a) shows the solution behavior in case
2.3. Figure 2.10 (b) shows the solution behavior and resonance in case 3.3. These nu-
merical examples are all in good agreement with those analytical results in section 2.6.1.

il 'M il

'l' I —r
“'H' i

. | st T

NV'WH gl

0. M6 3 z 426

(a) an 000 (b) 0 ] 0 40 ‘r

B = &

Figure 2.9: (a) The solution of the problem (2.4) for x=0.5, w = 7w, ® = % (b)The solution of the problem (2.4)
forx=0.5w=A7A1,0 = %.

2.7. TIME-DEPENDENT COEFFICIENT k(t) =1+ €t

By putting k(t) = 1+ ¢ an additional difficulty is introduced: for ¢ < O(%), et is asmall
term, while for ¢ = O(%), €t is not a small term. So, we need to analyse this problem
from a new view-point. Firstly, since the coefficient changes slowly in time, we study
the problem by an adapted version of the method of separation of variables, in which
an extra independent slow time variable 7 = ¢t is defined, and u(x, f) can be separated
as T(t,7) X (x,1). Then, by using the boundary conditions, the original partial differential
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0045 015

(a) F N )

Figure 2.10: (a) The solution of the problem (2.4) for x=0.5, w = A2, @ = 11 — A2. (b)The solution of the problem
(2.4) forx=0.5, w = A1, ® = A1 + A2.

equation can be transformed into linear ordinary differential equations with slowly vary-
ing (prescribed) frequencies. Unexpectedly (or not), the slow variation leads to a singular
perturbation problem. By applying an interior layer analysis in the averaging procedure
a resonance manifold is found. Three different scalings turn out to be present in the
problem. For that reason, a three-timescales perturbation method is used to construct
explicit approximations of the solutions of the initial-boundary value problem (2.4).

2.7.1. AN ADAPTED VERSION OF THE METHOD OF SEPARATION OF VARI-
ABLES
IRST of all, in the method of separation of variables we consider the homogeneous
F part of equation (2.4) subject to the homogeneous boundary conditions:

U (X, 8) — Uy (x,8) =0, 0<x<1, =0,
{tt( ) — Uy (X, 1) 2.68)

u0,0)=0, uy(l,0)+k(@®ul,)=0, k(#)=1+¢t, t=0.

Note that the coefficient k(¢) in the Robin boundary condition is slowly varying in time.
So, in order to derive a solution of problem (2.68) , we define an extra slow time variable
7 = ¢t, which will be treated independently from the variable . Hence u(x, t) becomes a
new function #(x, ¢, 7) and further problem (2.68) becomes

G (X, £,T) + 2€ 007 (X, £,T) + €217 (X, £,T) — Uy (X, 1,7) =0,
0<x<l1l, t>0, >0,
#(0,£,7)=0, u,(1,t,7)+A+nal,51)=0, t=0, 7=0. (2.69)

By looking for a nontrivial solution #(x, t,7) in the form T(¢,7)X(x,7), the governing
equations of (2.69) can be approximately written as

X, )T (6, 1)+ 26X (X, T) T4 (£, 7) + 2 X7 (X, T) T4 (£, T)
~Xex (6, 1) T(,T)+0(E*) = 0,

or equivalently as

T4 (8,7) _ X%, 7)

—— +0(e) =——, 0<x<1, t=0, 7=0. (2.70)
T(¢,7) X(x,7)
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The O(1) part of the left-hand side of equation (2.70) is a function of ¢ and 7, and the
right-hand side is a function of x and 7. To be equal, both sides need to be equal to a
function of 7. Let this function be —A2 (1) (which will be defined later), so we get

Tie(t,7) _ Xox(X,7)

= =-2%(1), 0<x<1, t=0, T=0,
T(t,71) X(x,71)

implying:
Xex(6,T) + A2(0)X(x,7) =0, 0<x<1, 720,
T (t, D)+ A2(@)T(t,7) =0, t=0, 7=0. (2.71)

From the boundary condition (2.69), we obtain

T(t,7)X0,7)=0 = X(0,7)=0,
Tt,DX,(L,1)+1A+0)T(t,1)XA,7)=0
> X, (L,n+0+71X1,7)=0. (2.72)

In accordance with the first equation for X(x,7) in (2.71), a nontrivial solution X;,(x, 1)
(satisfying (2.72)) is

Xn(x,7) = Bu(1) sin(A,(1)x), (2.73)
where By, (7) is a function of 7 only, and 1,(7) is the n-th positive root of
A
tan(d, (1) = -0 2.74)
1+71

For T =0 itis indicated in Figure 2.11 how 1, (0) can be obtained. In should be observed
that the eigenfunctions X;,(x, 7) are orthogonal on 0 < x < 1. And so, the general solution

an | —

407 t y = tan(\)

; — =0,y =-A|
of
—
i/
20 | |

40| |
0 1 2 3 4 5 6

Figure 2.11: For t=0, intersection points of y =tan A and y = —A are giving 1,(0).

of (2.4) can be expanded in the following form:

ulx,t)=ulx,t,1)= T, (t,7)sin(A,(1)x), (2.75)

n=1



2.7. TIME-DEPENDENT COEFFICIENT k(t) =1+ ¢t 33

where the boundary conditions are automatically satisfied.
Substituting Eq.(2.75) into equation (2.4) yields

Y (T, er +2€Tn,ir + A5 (1) Tp) sin(A (1) %)

+2ex d/tl"()ancos(/ln(r)x)] = gAcos(wt)+ O,
Y [T (0,0)sin(A,(0)x)] = eup(x),
Y [(T5,:(0,0) + €Ty, £ (0,0)) sin(A,,(0) x)
n=1
dA,(0)
+eT,(0,0) . xcos(A,(0)x)] = eup(x). (2.76)

Now, by multiplying the first equation in (2.76) with sin(1x(7)x), and the second and
third equations in (2.76) with sin(14(0) x), by integrating the so-obtained equation from
x =0to x = 1, and by using the orthogonality properties of the sin-functionson0 < x < 1,
we obtain the following differential equations for k=1,2,3,...,and £ > 0,7 > 0:

Tiore + A2(T) T = €[~2 T 1 =250, 22D ¢, 1 (1) Ty + Ad(T)cOS(@1)]

+0(%), t=20, 1= 0,
Jo 14o(&) sin(A(0)&)dé
5 sm(/lk(o)s)sm(/lk(o)f)df
1y (@) sin(A (0)8)dé @.77)
fO sin(Ax(0)&) sin(A (0)$)d¢
cos(A,(0)&) sin(Ax(0)&)d
_62”21 7x(0,0 MdnT(OJ f}:mn(ilk’z(())?SIn(;k]z(()):.;)fzis:r
= EGk.

Ti(0,0) =¢ =€k,

< Tk,t(o) O) + ETk,T (0) 0) =

where c;, (1) and dj(7) are functions of 7, and are given by:

i xcos(A, (1)) sin(Ay(7) x)dx

chr(® =
mk fYsin2(Ac (@) x)dx
folxcos(/lk(r)x)sin(/lk(r)x)dx
crr(™) =
ok ) sin? (A (r) x)dx
1 .
Q@) - Jo sin(Ax(r)x)dx _ 4(1 - cos(A (1)) . 2.78)

fisin?(Ae(mx)dx  2Ak(T) —sin2A (7))
To simplify the formula, we define a new dependent variable: Ty (f) = T (¢, 1), yielding

T+ A2 (@) T = el-252 Dol e, (1) T, ¢ + Ady (1) cos(@)] + O(e?),

T1(0) = €Fy, (2.79)
T1.:(0) = eGy,

where 7 = €t, t 2 0. In the next section we will use the averaging method to detect reso-
nance zones in problem (2.79), and to determine time-scales which describe the solution
of (2.79) accurately.




2. TRANSVERSE RESONANCES OF A VIBRATING STRING WITH A TIME-DEPENDENT ROBIN
34 BOUNDARY CONDITION

2.7.2. AVERAGING AND RESONANCE ZONES

T HE linear ordinary differential equation (2.79) with the slowly varying frequency A (1)
as given by (2.74), can be analysed by making use of the averaging method. In this

section it will be shown that an interior layer analysis (including a rescaling and balanc-

ing procedure) leads to a description of an (un-)expected resonance manifold and leads

to time-scales which describe the solution of (2.79) sufficiently accurately. To apply the

method of averaging to (2.79) the following standard transformations are introduced:

t
(pk(t):f Ar(es)ds and D =wt, (2.80)
0

and Ty(0), Ty, (1) are described by Ay (1), Bi(#) in the following way:

Ti(® Ax (1) sin(¢x (1) + By (1) cos(¢pi (1)),
T (1) = Ap(@)Ar(t) cos(Pi (1)) — Ax () Bi(2) sin(¢p (). (2.81)

Problem (2.79) can now be rewritten in the following problem:

/lk(r) +2¢1 1 (1)) A cos? (i (1))
d/lk(‘[)

+ (2/1k(r) + ¢,k (7)) Bi sin(2¢ (1))
—zzn D) ¢ (1) An cos(hy (D) cos(¢r (1)
+25 i 220 ¢, (1) By sin (@ () cos(¢r (1)
+ Bt (COS(@ + (1)) + cos(@ — ¢ (1))],
By = E[d k(T) (u @+ Chk (1) Agsin2ei (1)
) dﬂk(” (1 I(T) + 21,1 (1)) By sin® (¢ (1)) (282

+22n¢k ’“dr‘” Cn, e (T) A cO(p (1)) sin(py (1))

~2% e BT ¢ (1) Bysin(y (1) 1) sin(@e (1))

_ A (i (@ + b (1) —sin(® — ¢y (D)1,

22.(0)
T =g,
b=,
G = Ar(1).

Resonance in (2.82), due to the external forcing with frequency w, can be expected when
d - (ﬁk ~0,or ®+ (ﬁk = 0. But since w > 0 and A (1) > 0, resonance only will occur when

w 1
w=AnDNeoTr———-1lot=—(- -1). (2.83)
tanw

£ tanw

Since A (1) satisfies (2.11), thatis, tan(A4 (7)) = — Aﬁ(? , it follows (see also Figure 2.11)

that when t increases, then the value of 1 (7) increases. Besides, for t tending to infinity,
Ak (1) tends to kx (with k=1,2,...). Therefore, 1;(7) is increasing in time and

0< A0 <A@ <km,  tan(Ax(0)) = —A4(0). (2.84)

From (2.84) we can then conclude that:
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1. When the external force frequency w is bounded away from A4 (0) by a constant
and satisfies (k— 1) < w < A14(0), then no resonance will occur;

2. When the external force frequency w satisfies 0 < )lk(O) < w < km, then resonance
1

will occur around ¢ = (—tanw —1). Moreover, for — tanw —-1>0, and —tanw -1=

O(¢), the resonance time zone is around 7 with 7 = O(1); and when — -1=0(1),

the resonance time zone is around 7 with 7 = O(%).

tan w

As long as we stay out of the resonance time zone (or equivalently, the resonance
manifold), the variables Ay and By are slowly varying in time. For that reason we can
average the right-hand side of the equations in (2.82) over ¢} and ® while keeping A
and By constant. The averaged equation for Ay and By now become

(2.85)

AA (D)
= d,lk = (r,@ * kDAL
(7)
Bf=-e%f (2/1k(r) +erk(M)B,

where the upper index a indicates that this is the averaged function. From the expression
for ¢ i in (2.78), we then obtain

dim 1 i xcos(Ax (1) x) sin(Ag (1) x) d.x

AT = ¢ ( a
k dr 21,1 JEsin? (A (m)x)dx k
_edh(@) dn(xm)  dn(fy sin® (A7) x)d0)
2 dr dA (1) dA(7) k
in(21
_edM(@) din(y(r)  AnG - 4(/1k(lcr()r))))) 4o
2 dr dA (1) dAk(1) k
1 d(ln(M _ sin(Z?Lk(T))))
2 4 a
= = A 2.
2( a7 VAL, (2.86)
which implies that
Al = G , Bf= C : (2.87)
V2Ax (1) —sin(A (1)) V24 (1) = sin(2Ax (7))
with
2 —sin(2
C = £Giy/2A(0) —sin2A(0) Cy = £Fp\/224(0) — sin@AL 0)), 2.88)
A (0)
where G and Fj are given in (2.77).
Hence, outside the resonance manifold the solution of system (2.79) is given by
N eGr\/2A1(0) —sin(2A (0
£ (0 kV/2A1(0) .( (0)) sin(e ()
A5 (0)1/2A1 (1) —sin(2A (1))
Fi\/2 —sin(2
£Fky/2A(0) —sin(2A4(0) cos(py (D), 2.89)

V24 (1) — sin2A (1))
where ¢ (1) is defined in (2.80).
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When o satisfies 1;(0) < w < kx for a certain k ( with k = 1,2,...) then a resonance

zone will occur. We introduce

W =0(1) — Pr(1),

and rescale 7 — 7 = 8(e)7 with 7 = O(1) and 74 = - ;2

A= el 40 (Akm + 201, (1)) A c08? (¢ (1))
Lidr) (zakm + ¢k, (1)) B sin 2 (1))
=23 80 ¢, (1) Ay COS (e (1)) COS(P1 (1))
+22 4k d",(T)Cn k(1) By sin(¢, (1) cos(Pg (1)
+ 480 (cos(@ + (1)) + cos)],
By = Lj k”)(mkm+ckk(r))Aksm(2</>k(t))
WD (s + 201 1 (1) B sin? (¢ (1)

+22n¢k ‘”d 2 n,e(0)An COS(n (1) Sine(1)

_2Zn¢k D ¢, (1) By sin(pp (1) sin(y (1)
?f]l:((;)) (s1n(q) +¢r (1)) —sin(y)],

T=¢,

b=,

=55,

=w- AT +06()T).
To simplify (2.91) it should be observed that for 7 = 7 + §(€)T we have

Vo= w—/lk(rk+6(e)f)=/1k(yc/{—lk(rk+6(e)f)
A(T) - (Ak(rk)m(e)r |T 7 T 0(6%(€))

—5(e)r |T —_ 0(62(5))

By differentiating (2.74), that is, tan(A14 (7)) = — Akm

1 d/lk -1 d/lk + Ak
cos? Ax dr 1+t dr | (1+1)?

And so, it follows from (2.93) that

d/lk Ak COSz/lk
—— = T . 2 |T:Tk
dat (1+71) 1+7T+cos® A,
sin2w B sin?w

which implies for i (see (2.92)):

102
= - 5(e)F+ 062 ().

w — sinw cosw

with respect to 7, we obtain

20+ 7k +cos?w) w-sinwcosw’

(2.90)

—1. System (2.82) then becomes:

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)
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From (2.94) and from A;(0) < w < k7, we obtain % £0.
Based on (2.95) it now follows from (2.95) that a balance in system (2.91) occurs when

6( 5 = 0(€), and this implies for the averaging procedure in the resonance zone that § (¢) =
V€. So, together with T — 7 = §(¢)7, it follows from (2.91) that

T
F=Velt—t0), te=—. (2.96)
€
Further, from (2.95), we obtain
(0 = (L) — ~ae(t - 1) sin” o 2.97)
= — —qEl — , = .
v Vi 2 k w —sinw cosw

Hence, in the resonance zone, we can write

1 1 w
cos(y (1) = cos(—Eas(t— tk)2 + Wi —Pr (i), tx= _E(tanw +1). (2.98)

So taking into account (2.96), let us average system (2.91) over the fast variables.
Then, the averaged equations for Ay and By become

Aa = Zikm (mm + k(M) AL + e 5D cos(y), 2.99)
Bl‘: =— k(T) (ZAk(T) + Ck,k(T))Ba +& M"((TT)) sin(y),
where the upper index a indicates that this is the averaged function.
It follows from (2.98) and (2.99) that A} can be written as
a_ G f h (et)cos[—las(t—t) +wity—Pr(t)ldt (2.100)
k™ Te(en) lk(et) k 2 k kPR '
where C; is given by (2.88) and
Ieet) = 2Ar(et) —sin(@Ax(eD)), (2.101)
_ I(et _ 2(1- Ar(et
neety = XD 4 ep=_ 2U-cosilen) 2.102)
2k (e1) Ak(eDV2A k(D) —sin(2A¢ (eD))
Fort =ty + O(\/LE), T =Elg,
- 0]
hier) = hk(b‘tk+0(\/g))=hk(———1+0(\/5))
dh
- hk(—— -1+ 0(/a)- ’“;“) la=r, +h.0., (2.103)
where dly(a) la=7, is bounded due to (2.94). Then,
C eAh(—gos—1) 1
A% = Angw f ——ae(i- 1)’ + oty — pr(t))di
% D + e A cos| zaE( 1)+ Wl —Pr(ty)]

+h.o.t, (2.104)
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= O(¢) and AC gl _ 0(1), and so it

where C) is given by (2.88). We know that —= )

is important to consider the order of

l (st)

¢ 1 -
Ef cos[—Eas(t— tk)2 + ot — or(tp)ldt. (2.105)
0
By setting u = %ae(t — 1) , we obtain

t
fcos[—lae(t—tk) +wty — Pr(t)ldt

[2¢ VE -1
= cos(—u2+wtk—¢k(tk))du

VE(-tp)

/ 2
aCOS(wtk—sbk(tk))CFr(tH fsin(wtk—qbk(tk))sﬁ(t), (2.106)

where
V& -1 Vg =1 T
2 . 2 k
Crr (1) = cos(u“)du, Sg,(t) = sin(u?)du, tp = —. (2.107)
VE (1) VE ) €

When 0 < 74 < O(\/LE),

0=Cp()=0Q), Ost= tk+0(\/LE);
1 (2.108)
Crr(1)=0(Q1), t> 4+ 0(2).
When ¢ > O(\/ig),
Crr(t) = 0(Ve), 0<t< tk—O(\/LE);
O(Ve) = Crr (1) = O(D), b — O(\/LE) St<tp+ O(\/LE); (2.109)

Crr(1) =0(), t>t+ O(\/LE)

In the same way, Sg,(t, @) also satisfies (2.108) and (2.109). So, the presence of the func-
tions Cr,(t) and Cr,(f) causes resonance jumps in the system. Cp,(f) and Sg,(f) are
plotted for € = 0.01, w = 2.2889, and so ;. = 100 in Figure 2.12.

Above all, it follows from (2.104) that

2v/2eA(1 - cos(Ax(eD)))
Ap = - lfee 01
Vadi(e) @Ak (et) —sin(2Ax (1)) = Frans "z
‘[cos( 1t — i (i) Crr (1) +sin(w g — Gr(6)) Spr ()] + O(e),  (2.110)

and
Apr=0(), O0<t<tp— 0(\/%);

O(e) < Ap < 0(We), t — O(\/LE) <t<tp+ O(\/Lg); (2.111)
Ar=0(/e), 1> tk"‘o(\%)-
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0 50 100 150 200 ] 50 100 150 200

(a) : (b) :

Figure 2.12: (a) Cg,(f) (b)SE, () have a resonance jump from O(y/€) to O(1) around t=100.

Similarly, By also satisfies (2.111). So, in the resonance zone,

T()
= VeMil(cos(@itr — Pr (1)) Crr (1) + sin( ity — Py (1)) Sy (1)) sin(py (1))
+  (sin(wiy — ¢ (1)) Crr (1) — cos(w ity — Qbk(tk))SFrt( 1)) cos(¢pr ()] +O(e)

= VeMl(cos(wty)Crr (1) +sin(wty) Sgr (1) sin(| Ar(eDdD)
Ik

t
+  (sin(wty)Crr(t) —cos(wty)Skr () cos(| Ax(et)di)] + O(e), (2.112)
173

where Cr,(t) and Sg,(t) are given in (2.107), and

B 2v2AQ1 - cos(Ai(eD))) |
 VaAr(en@Ar(eD) —sin@Ag(eD)) = wwimE

M (2.113)

Hence, when the external force frequency w is bounded away from A4 (0) by a con-
stant and satisfies (k— 1)1 < w < A14(0), for all k=1,2,..., (where A;(0) satisfies (2.84)),
then no resonance will occur, and for an O(g) external excitation there is only an O(¢)
response, which is described in detail in (2.89). When the external force frequency w
satisfies 14 (0) < w < kr, for a certain k (with k=1,2,...) and A(0) satisfies (2.84), then a
resonance will occur for ¢ near — —% %, and for the O(¢) external excitation an O(y/€)

etan(w)
amplitude response will occur, which is described in detail in (3.33).

In the next section, the occurrence of the (un)expected timescales will be used to
construct accurate approximation of the solution for problem (2.76) and for the original
problem (2.68) when a resonance zone exists. When a resonance zone does not exist
then the solution of problem (2.68) will remain O(e) for ¢ = o).

2.7.3. THREE-TIMESCALES PERTURBATION METHOD
I N the section 2.7.2, it was shown that (under certain condition on the external fre-
quency w) resonance can occur around time ¢ = %(— “_ _1). For this reason, we

tanw
rescale ¢ by defining r = 7+ 1 (- %~ — 1), and 7 = £f — -2~ — 1. Thus, problem (2.79) can
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be rewritten in 7 as follows

T+ MM Ti = e[-22020Yle, (T, ;
+Ad I+ ¢ (—qas — D)+ 0,
k(T) cos(T + £ (- o=~ 1)) + O(e?) (2.114)
Tk( (tanw +1)) =€l
Ti (G (g + 1) = £Gr.

We study problem (2.114) in detail under the assumption that w is such that a resonance
zone exits for the k" oscillation mode. The application of the straightforward expansion
method to solve (2.114) will result in the occurrence of so-called secular terms which
cause the approximations of the solutions to become unbounded on long timescales.
For this reason, to remove secular terms, we introduce three timescales fy = 7, 1 = V€F,
» = €. The time-scale t; = /€7 is introduced because of the size of the resonance
zone which has been found in the previous section, and the other two time-scales are
the natural scalings for weakly nonlinear equations such as (2.114). By using the three
timescales perturbation method, the function Ty (% /€) is supposed to be a function of
to, t1 and 1,

Ty(5;ve) = wi(to, 11, 123 Ve). (2.115)

By substituting (2.115) into (2.114), we obtain the following equations up to O(ev/€):

2 2
Sy +A2(t2)wk+2\/‘§t—‘g§1 +e@lwe | Cwey o0 /g Py

5[2 0ty0ty 6t2 0110t
= g[-2xime Palll e, | (1) G2 + Ady (1) cos(w(ty — )]
| —2eVElEr=ddn ”ﬂcnk(tz)"wn], (2.116)

wi(a, b, c; \/_)—eFk,
aw’“ (a,b,¢c; \/_)+\/_awk(a,b,c;\/g)+eaai,2’€(a,b,c;\/5)=€Gk,

where

w
= ( +1), —( +1)

€ tan(w) - \/_ tan(w) T @) ! @117

By using a three-timescales perturbation method, wy(f, 1, t2; v/€) will be approxi-
mated by the formal asymptotic expansion

wi(to, 1, t;VE) = Vewro(to, tr, t2; VE) + ewp 1 (To, 11, L2; VE)
+eVEW (T, 11, 12; VE) + O€?). (2.118)

It is reasonable to assume this solution form since the function wy(fy, t1, f2; v/€) analyti-
cally depends ony/¢, and we are interested in approximations of the solution of Eq.(2.4),
when the initial conditions and the external excitation are of O(¢). By substituting (2.118)
into problem (2.116), and after equating the coefficients of like powers in /€, we obtain
as:

the O(y/¢)-problem:

2

Wk,0
2
oty

%(a,b,c)=0, 2.119)

V() wro =0, wpolab,c)=0
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the O(g)-problem:

w
L 4 A2 (1) gy = —2—K2 4 Ady (1) cos(w(to - @),
0 al'()a 1
ow aLUk()
wi,1(a,b,c) = Fy, —’(a,b,c)=— —(a,b,c) + G, (2.120)
’ 0ty oh

and the O(e/¢)-problem:

Wi 22(8) 62 Wk1 Pwry 0% wio
Wi = -
12 k(W2 = =275 00t 0tgdt;  Of
ddn(t) Own,o
230 = £ =,
=l ar Cnk(2) oty
aLUk 2 6wk 0 OLU]C 1
,b,c)=0, —=(a,b,c) =— = (a,b,c) — = (a, b, c). 2.121
wy2(a, b, c) 3t (a,b,c) 3t (a,b,c) o (a,b,c) ( )
The O(/€)— problem has as solution
Wi o(fo, 11, 2; VE) = Cr1 (11, 1) sin(Ag (£2) to) + Ci 2 (11, t2) cos(Ak (82) tg),  (2.122)

where Ci; and Cy are still unknown functions of the slow variables #; and #,, and they
can be determined by avoiding secular terms in the solutions of the O(¢)— and O(ey/€)—
problems. By using the initial conditions (2.119), it follows that Ci ; (b, ¢) = Ci2(b,c) =0
Now, we shall solve the O(g)— problem (2.120).

This problem (outside as well as inside the resonance manifold) can be written as

w
——L R () wy
0Cg,1 0Cyg .
= 2Ar()[ 3 cos(Ax () tg) — 3 sin(Ag(£2) tp)] + Ady (£2) cos(w(ty — a)),
1 1
wk,l(a! br C) = Fk‘r
aWkl GLU]CO
~(a,b,c) = (a,b,c) + Gg. (2.123)
0ty ot

By introducing the transformation (wy,1, Wg,1,4,) — (D1, Dg,2) with

w1 (to, 1, 12; VE)

= Dy1(f, 11, t2; VE) sin(Ag (£2) t) + Dy 2 (to, 11, 12; VE) cos(A (£2) 1),
W11, (10, 11, 12, VE)

= A(82)[Dg1(t0, 11, t2; VE) cos(Ag(£2) to) — D2 (f0, 11, t2; VE) sin(Ax (£2) 1o)],

it follows that the partial differential equation in (2.123) is equivalent with the system

Die1 = — 25 [cos @Ak (1) 1) + 11 + %552 sin (2 (2) 1)

+§f,’j((?)) [cos(wiy —wa+7tk(t2)to) +cos(wty —wa— () )], 2.124)
0Cy 1 .
Diz= S SinAk(2) to) '2[1—003(27%(12)%)]
Adk(fz)

1) [sin(wty —wa+ ﬂtk(tz)to) —sin(wty—wa— Ar(t2) 1p)],
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where the overdot represents differentiation with respect to f, that is, = %.
Outside of the resonance zone, whether it exists or not it should be observed that the
last terms in both equations in (2.124) do not give rise to secular terms in Dy ; and Dy ».

To avoid secular terms, Cy,; and Cy» have to satisfy the following conditions

oC oC
kl_j k2 _

, 0. 2.125
on on ( )

Then, Cy1(t1, 2) = Cr.1(£2), and Cy2(1, 12) = Cy2(12).

Inside the resonance zone, we observe that cos(wfy — wa — A (t2) fy) and sin(wty —
wa— A (%) fp) might cause secular terms. In accordance with the resonance timescale of
O(\/ig), see (2.95), itis convenient to rewrite the arguments of the cos — and sin — function
as

«a
wty—wa—A(t) 1ty = _Etlz —-wa,

where a is given by (2.97). Accordingly, the solution of wy ; in Eq.(2.123) has unbounded
terms in oy unless

ocC
205 (t2) =L 4 Ady (1) cosl—= £ — wa) = 0,
on 2
ocC
24 (ty) X2 —Adk(tg)sin[—gtlz —wal =0, (2.126)
on 2
which implies that
- Acos(wa)d(t) - Asin(wa)di(t2) -
Cri1(t1,8) =Cr1(h) + ———Cpr () - ————Sp (1),
k1(f, B k12 At Frfl At Frf1
Asin(wa)di(t) - Acos(wa)di(t2) -

Cia(t1, 1) = Cyp(12) — Spe(t),  (2.127)

Cgr(ty) —
V2are() T V2a(n)

where

VEt

- Vit 5 - 2t o,
C’Fr(t)zf\/7 cos(x“)dx, and Spr(t):f _ sin(x“)dx, (2.128)

2 b 2
and which are the well-known Fresnel integrals. Thus, it follows from (2.124) that

Ady(12)

Di1(t1, 1) + 2 (1) (@ + A (82))
Ady(t)

24k (1) ( — Ak (82))
Ady(12)

Diea(t1, 1) + 25 (12) (@ + Ax(12))
Ady(1)

22k (1) (@ — A (12))

sin(wty —wa+ A (£2) )

Dy 1 (1, 11, 12)

sin(wty —wa— A () ty),

Dy 2 (o, 11, t2) cos(wty—wa+ A () ty)

cos(wty—wa— Ar(t)ty). (2.129)

where Dk,l and Dk,z are still unknown functions of the slow variables #; and f,. The
undetermined behaviour with respect to f; and #, can be used to avoid secular terms in
the O(ey/€)— problem (2.121), and in the high order problems.
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Taking into account the secularity conditions, the general solution of the O(¢) equa-
tion is given by

Wi,1(f, 11, t2;V'€) = D1 (fo, t1, 2) sin(Ag (£2) to) + Dy 2(fo, 11, 12) cos(Ax (£2) ),  (2.130)

where Dy (%, 11, &2) and Dy (%o, 11, t2) are given by (2.129) and

YO (4, b,¢) + Gy (2.131)

DkZ(arb)C):Fk! Dkl(a,b,C):—
’ ’ o

The O(ey/€)— problem (2.121) outside and inside the resonance manifold can be
written as

Pwrr o, 3 0Dy 1 0D .
—+/1k(t2)wk,2 = =2Ar(t)] cos(A(t2) tg) — sin(Ag(f2) )]
o on o
0Cr1 0Cr2 .
=2k (82)[ cos(Ax(£2) ) — sin(Ag (%) to)]
0[2 6[2
’C C
+l t’z"l sin(Ax(12) 1) + tf’z cos(Ax (1) 1o)]
1
o d ()
2B e (1) A (12) [ cOS (A (12) o)
2
—Cp2sin(Ax(12) 1)),
wi2(a,b,c) = 0,
0wy 2 _Owgp Wk,1
= — : ,b,c). 2.132
3t (a,b,c) o (a,b,c) al(abc) (2.132)

To avoid secular terms in the solution wy » in Eq.(2.132), the following conditions have
to be imposed

oD 0Cr1 0%°Cro dA (t)
—2M(t2) ’“—Mk(tz) T 3 2 20k k(B Ak (02) 2y =
l
ac o ( )
2/1k(l‘2) 2 1 one(t) 252+ T o ) P D om0, 2a33)

0ty 0 tf dt,
Next, we analyse this equation (2.133) inside and outside the resonance manifold.

Inside the resonance zone, substituting (2.127) and (2.129) into (2.133), we obtain the
following secularity conditions:

6Dk1 del d/lk(t2) =
— -2 t C
a1 dtz Cr,k(12)
d(Acos(wa)dk(tg)

_ _ Ad(t:
e (Crr () = S ) + /1,:;5? j)
2 2

dAi (1) Acos(wa)di (L) - _
+Ck i (82) dktzz Ak(tz)k 2 Ser() - Crr(1) = 0,(2.134)

k,1

ah sin[—a:tl2 —wal
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and
0Dy, dCpp dAi(t2)
2 = +2 = +2 t C
on * dt, 20kk(22) dt, k.2
d(Acosiwa)dk(tg) Ad
k(%2) 5 G k(£2) 2
———————————(CFr(t1) + S (11)) — at cos[—at; —wal
dtg Fr dl/1 ( I;rAl ( ;L)kcth() ) 1 1
: cos(wa ) - -
—cp () 2 K12 S (1) + Crr(m)) = 0.(2.135)
di, Ak (t2)

Solving (2.134) and (2.135) for Dk,l and Dkyz, we observe that the solution will be un-
bounded in #;, due to terms which are only depending on f,. Therefore, to have secular-
free solutions for Dy ; and Dy », the following conditions have to be imposed indepen-
dently

aCy.1 A (1) - 0Cy.2 dAi(12) -
: t; Ce1=0, —= t: Ci2=0, 2.136
ot + Cr i (22) dt k1 ot + C, 1 (12) i k,2 ( )
together with
_ Acos(wa)dy ()
0D A= ) _
-2 62'1— dk;f) (Crr (1) = Spr (1)
Ad(t
Aklzii)atlsin[—atlz—wa]
2
dAi(t,) Acos(wa)dy(tr) - _
ekl = (t)k 2 Spr(t) = Crr(1)) = 0, (2.137)
2 k(2
and
_ Acos(wa)dy ()
0D A= ) _ _
2 6t’j2+ d’“;z’” (Crr (1) = Spr (1)
Ady(t.
_ Akk((f i)atlcos[—a’tlz—a)a]
2
dAi(t) Acos(wa)dy(tr) - _
~ e (l) = (t)k 2 Spr (1) + Crr(1)) = 0. (2.138)
2 k(2

where Dy, and Dy » can be found by integration of (2.137) and (2.138), but we omit the
details because of cumbersome expressions.
Next, from (2.136) we obtain the functions Cy, (f2) and Cy.»(f):

_ _ri2 dAp(s) _ _ 2 AdAg(s)
Cr1(t) = mye™Je wOTIds - G (1)) = mye Je” == ds, (2.139)

where m; and m; are constants. Since Cy1(b,¢) = 0 and Cy2(b, c) = 0, together with
(2.127), this implies that Cy.; (), Cy,2 (f2) are both identically equal to zero.
So, in the resonance zone,

Wi, (to, 11, t2; VE)
A de(ty) - Asinwa)di (1)
AL ¢, (1) - AMMCDDUL) 5 1) sini ()10

V2aAi () V2adi(t)
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B Acos(wa)dy(t2) )+ Asin(wa)d(t2)
\/Z_allk(tz) it \/ﬂlk(tz)
= Ml(cos(wa)Cp, (1) —sin(wa) Sgr (1)) sin(Ax (£2) o)
—(cos(wa) Sk (1) + sin(wa) Cr, (1)) cos(Ak(t2) tp)] + h.o.t, (2.140)

Crr(t1)] cos(Ag(12) 1)

where M, is given by (2.113). Outside the resonance zone, it follows from (2.125) and
(2.133) that

Oék k(tz) - 0Cx» dAx(B) -
Crk =+ t; Cr2=0,
atz &k (£2) k1= T Crk(12) dt k,2
which implies that

_ _ b2 dAj(s) _ b2 dAj(s)
Cr1(t) = mye™Je WOTI=AS Gy, (1) = mpeJe” w9 =ads, (2.141)

where m; and m;y are constants. Since Cy;(b,c) = 0, Ci2(b,c) = 0, this implies that
Cr,1(t2), and Cy 2 (1) are identically equal to zero outside the resonance zone.
Now we can solve the O(e+/€)— problem, where

W2 (to, 11, t2;V€) = Ex 1 (to, 11, t2) sin(Ax (12) to) + Ex 2 (to, 11, t2) cos(Ax (12) 1),  (2.142)

where Ejy; and Ej, are still unknown functions of the variable fy, and the slow variables
11, Iz, and they can be obtained by avoiding secular terms from higher order problems.
Moreover,

Ey2(a, b, c) 0,
6wk 0

Egi(a,bc) = —-——(ab, )—
0t
Note that in Eq.(2.130) and Eq.(2.142), Dy, Dg2, Ex1, Ex2 are yet also undetermined
functions. All these unknown functions can be determined from the O(¢%)— problem
and O(&2 v€)— problem. At this moment, only the first term in the expansion of the so-
lution for the string problem is important from the physical point of view. We are not
interested in high-order approximations; that is why we take

Ykl (4, b,0). (2.143)
on

Di1(t1, 1) = Di,1(b,¢), Dyp(t1,12) = Dia(b,c),
Ek,l(tOv tlr t2) =Ek,l(a) br C)) Ek,z(t()r tly tz) :Ek,Z(a) br C)- (2-144)

Thus, an approximation of the solution of Eq.(2.4) is given by

u(x )
= Z [\/_wn O(t(])tlrtz» \/_) +5wn1(t0» tlyt2)\/_)
n=
+s\/'wnz(to,tl,tz,\/')lsm(/ln(r)x)+O(e ) (2.145)

where wy o, w,1 and wy» are given by (2.122), (2.130) and (2.142).

* When the external force frequency w is bounded away from A4 (0) by a constant
and satisfies (k—1)m < w < A(0), with 1;(0) given by (2.84), for all k = 1,2, ..., it
follows from (2.125) and (2.141) that wy(fo, t1, t2; Vv€) = 0. Further from (2.115)
and (2.118), we obtain Ti(£) = O(¢), i.e., for the O(¢) external excitation, there is an
O(e) response. This case can be referred to as the non-resonant case.
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* When the external force frequency w satisfies 1;(0) < w < kn, with 1(0) given by
(2.84), for a fixed k = 1,2,..., it follows from (2.140) that wpo (%, t1, t2; VE) nzk = 0
and

Wro(t, 1, tz;_\/g) i
= Ml(cos(wa)Crr(11) = sin(wa) Sg, (1)) sin(A (£2) o)
—(cos(wa) Sk, (1) +sin(wa) Crr (1)) cos(A (£2) to)], (2.146)

where M satisfies (2.113). For the solution u(x, ) of the original problem (2.130)
this implies a resonance jump from O(¢) to O(y/€) around ¢ = %(—taﬁ — — 1) in the
k-th oscillation mode.
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Figure 2.13: (a) The solution u(0.5, ) of the system with w = 2.0917, and the resonance time ¢ = 20, 11 (¢-:20) = w.
(b) The solution ©(0.5, t) of the system with w = 2.4556, and the resonance time ¢ = 200, 1] (€ - 200) = w.

It should be observed that Ty () as calculated by using a three-timescales perturbation
method agrees well with the approximation as calculated by using the averaging method.
Further, by using the first term wy o (%, f1, f2; V€) as u(x, 1) = [Vewy,o + O€)]sin(Ax (1) x)
with 1;(0) < w < kz and A,(0) given by (2.84), u(0.5,¢) is plotted for € = 0.01, A =1,
o =2.0917, and so #; = 20 in Figure 2.13 (a) and u(0.5, ?) is plotted for € = 0.01, A=1,
w =2.4556, and so t; =200 in Figure 2.13 (b).

2.7.4. NUMERICAL EXAMPLES

N this section the finite difference method is used to present numerical approxima-

tions of the vibration response and energy of the string. The computations are per-
formed by using the parameters € = 0.01, A = 1. The initial conditions are assumed to be
given by (2.17). There will be different behavior in the amplitude response of the solu-
tion for different choices of the parameter w. Note that the following numerical results
are computed based on O(¢) approximations of the equations. Higher order terms in the
equations are neglected due to their unimportant contribution in the solution. By using
(2.83), and according to our analytical results, resonance occurs around times

f=————. (2.147)
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Figure 2.14: The solution (0.5, t) (a) and the energy E(?). (b) of the system with w =2.0917, and the resonance
time t = 20, A1 (e-20) =
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Figure 2.15: The solution (0.5, t) (a) and the energy E(#). (b) of the system with w = 2.4556, and the resonance
time t =~ 200, A (¢-200) =

When the external force frequency w is bounded away from A4 (0) by a constant and
satisfies (k— 1) < w < A4(0), with 1;(0) given by (2.84), for all k = 1,2,... Figure 2.14
shows the displacement at x = 0.5 and the vibratory energy of the system, respectively,
for times up to t=200 for w = 2.0917. We observe that for ¢ = 20 the response amplitudes
of the vibration become of order /€ from order ¢ at ¢ = 0. Similarly, Figure 2.15 shows
the displacement and vibratory energy of the system for times up to t=400 for w = 2.4556.
Again we observe that the response amplitudes of the vibration become of order v/ but
now for ¢ = 200. When the external force frequency w is bounded away from 1 (0) by a
constant and satisfies (k — 1)7 < w < A(0), with 1 (0) given by (2.84), for all k = 1,2,...,
Figure 2.16 shows the displacement and vibratory energy of the system for times up to
t=400 for w = 1.58, but now there is no resonance and the response amplitudes of the
vibration are still of order €. These numerical results are in agreement with our results
as presented in section 2.7.2 and in section 2.7.3. Moreover, in these figures, the shad-
owed bands represent the resonance zones, which have the size of (O(%)) as was also
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Figure 2.16: The solution u(0.5, t) (a) and the energy E(¢). (b) of the system with w = 1.5, there is no resonance.

obtained analytically. Therefore, from Figure 2.14, Figure 2.15 and Figure 2.16, we can
conclude that the general dynamic behavior of the solution as approximated numeri-
cally is in complete agreement with the analytic approximations as obtained in section
2.7.2 and in section 2.7.3.

2.8. CONCLUSIONS

N this chapter resonances in a transversally vibrating string are studied. A small, exter-
I nally applied and harmonic force with frequency w is acting on the whole string. The
string is fixed at one end, and at the other end a spring is attached for which the stiffness
slowly varies in time. Firstly, based on the d’Alembert formula and on the boundary con-
ditions, the initial conditions are extended on the whole x-domain. Taking into account
the wave travelling speed and the total reflection time, the time domain is divided into
smaller intervals of fixed length, so that the initial conditions extension procedure for
each interval coincides with the previous ones. In this way one can obtain in a rather
straightforward way an analytical expression for the solution on the time-interval [0, 2n]
withn=1, 2, 3,..., N and N not too large. Moreover, four choices are made for the slowly
varying stiffness, but also other choices can be made and a similar analysis as presented
in this chapter can be given. By assuming that the small external force is of order € and
by assuming that the initial values are also small and of order ¢, it is shown in this chap-
ter that resonances can occur for certain values of w. To obtain these results, the method
of separation of variables (SOV), the method of d’Alembert, and the adapted version of
the method of separation of variables is introduced, and perturbation methods, (such
as averaging methods, singular perturbation techniques, and multiple timescales per-
turbation methods) are used. Explicit, and accurate approximations of solutions of the
initial-boundary value problem are constructed. All approximations are valid on time-
scales of order £~!. Also a finite difference method is applied to construct numerical
approximations of the solution of the initial-boundary value problem. These numerical
approximations are in full agreement with the analytically obtained approximations.
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APPENDIX A NUMERICAL APPROXIMATION

Firstly, we introduce a uniform mesh Ax, a constant discretization time A¢, and a rectan-
gular mesh consisting of points (x;, #;) with x; = iAx and ¢; = jAt, where i = 1,2,3,..,, N,
j=1,2,..., with NAx = 1. Following the finite difference method and by using the Taylor
series expansion, the second order space and time derivatives can be discretized by

0%u  ulxir1, ) —2ulx;, ;) + u(xi-1, 1))

—_— = 2
92 Bx)?2 +0((Ax)%), (2.148)
0%u  u(xi, tje1) = 2u(x;, 1) + u(x;, tj-1) )
92 (D)2 +0((AD)9). (2.149)

Substituting the finite difference formulae into Eq. (2.4), and rearranging the terms, we
end up with the linear iterative system

Ujj+1 = a? Uir1,j+2(1— az)u,-,j +0? Ui-1,j — Uj,j-1 + EAcos(wtj), (2.150)

where o = %. From the boundary condition in (2.4) it follows that

Up-1,j
up,i=0, upj=-——""7—"—. 2.151
0. M1 4 k(1) Ax (2.151)
Let us introduce the following vector: uWv = (1,5, Up,jy ey Un—2,j, Un-1,j] T
SV =15},5j,...5j17, §j = e Acos(wt)),
——
n-1 times
2(1-0?) o? 0 - 0
o2 2(1_0-2) g’ ... 0
B= : . . . : ,
0 e g2 21-0?% o2
2 2 a?
0 0 g 21—-0°)+ m
then the iteration process can be rewritten in the following matrix form
yU+D = gy — yU-o 4 g0, (2.152)

where the initial conditions imply:

1 1
uio=fi=f(x), uir= 5a2f,~+1 +(1-0%)fi + 5azf,-_1 +Atg;. (2.153)







LONGITUDINAL RESONANCES FOR A
VERTICALLY MOVING CABLE

3.1. INTRODUCTION

N this chapter we study a real physical varying-length elevator system model, in which

the longitudinal vibrations in an axially moving cable with time-varying length are
considered subject to a small harmonic boundary excitation at one end of the cable and a
moving nonclassical boundary condition at the other end. This elevator system consists
of a drum, a head sheave, a driving motor, a moving conveyance, and a flexible cable
with time-varying length I(#). The upper end of the vertical cable is located at x = e(),
where the small displacement e(#) of this upper end is supposed to be generated by the
catenary system (consisting of drum, head sheave) in vertical direction. A flexible cable
lets the conveyance run up and down (see Figure 3.1).

Most analytical solutions for moving cables focus on transversal displacements or
classical boundary conditions. Tan and Ying in [38] analyzed the axially moving cable
based on wave propagetion subject to a classical boundary condition. Zhu in [39] con-
sidered a class of translating media with moving Dirichlet boundary conditions. Sandilo
and van Horssen in [40] studied auto-resonance phenomena in a space time-varying
mechanical system with a moving Dirichlet boundary condition. Gaiko and van Horssen
in [41] considered transverse vibrations of a traveling cable subject to a moving Dirich-
let boundary condition with boundary damping, and in [42] the authors further dis-
cussed resonances and vibrations in an elevator cable system due to boundary sway. Re-
cently, researchers started to study longitudinal vibrations of moving cables with moving
nonclassical boundary conditions. Wang et al. in [43] investigated the longitudinal re-
sponses of the two hoisting ropes, and the model is calculated numerically with different
coefficients and excitations. Bao et al. in [44] evaluated longitudinal vibration of flexi-
ble hoisting systems with time-varying length by using The Galerkin’s method. Ghayesh

A slightly varied version of this chapter have been published in Applied Mathematical Modelling 111, 44-62
(2022).
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in [45] numerically investigated the coupled longitudinal-transverse nonlinear dynam-
ics of an axially accelerating beam. Wang et al. in [46] investigated a coupled dynamic
model for a flexible guiding hoisting system and presented the response of the system
by numerical simulations. Wang et al. in [47] studied the axial vibration suppression
in a partial differential equation model for an ascending mining elevator cable system.
These studies mainly focus on numerical simulations, and not on an analytical, mathe-
matical analysis. For more information on numerical results for axially moving continua,
the reader is referred to [48, 49, 50, 51, 22, 52, 53]. Compared to the analysis of systems
subject to classical boundary conditions, the analytical study of axially moving systems
with moving nonclassical boundary conditions is a challenging subject for research. And
compared to chapter 2, the model in this chapter is physically relevant, including a fun-
damental excitation in a boundary condition, a time-varying interval (0, [(#)), second
order derivatives in a boundary condition, viscous damping, spatiotemporally varying
tension, longitudinal stiffness and so on. An adapted version of the method of separa-
tion of variables, an averaging method, singular perturbation techniques, and a three
time-scales perturbation method are applied to construct accurate, analytical approx-
imations of the solutions of the problem. For the aforementioned reasons, averaging,
determining the resonance zones, and constructing accurate approximations of solu-
tions are much harder than for the problem as studied in chapter 2. And in chapter 2
we concluded that when the external force frequency satisfies a certain condition, then
the resonance will occur in one oscillation mode only and no resonance will occur in
the other modes, i.e., resonance emerges for only one time internal. However, in this
chapter, based on a perturbation analysis of the formulated, mathematical problem for
the cable equation, we come to the conclusion that for a given arbitrary excitation fre-
quency, many oscillation modes jump up from O(¢) to O(y/€) amplitudes, i.e., resonance
emerges for many times and the size of the resonance zone is of O(\/ig). This analytical

result is accurate and valuable for real applications.

Head sheave

Drum z=0

{t)=1ly+ut

Cy

E m % r=1(t)

Figure 3.1: The longitudinal vibrating cable with time-varying cable length ().
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The chapter is organised as follows. In section 3.2 the problem is formulated and
some transformations are introduced to simplify the originally formulated problem. In
section 3.3 an interior layer analysis is presented. By introducing an adapted version
of the method of separation of variables, by using averaging and singular perturbation
techniques, the resonance zones are detected and the scalings are determined in the
problem. By using these scalings, in section 3.4 a three time-scales perturbation method
is used to construct accurate, analytical approximations of the solutions of the problem.
In section 3.5 numerical approximations are presented by using a central finite differ-
ence scheme, which are in full agreement with the obtained, analytical approximations.
In section 3.6 we draw some conclusions based on the analytical and numerical results
and also we discuss future research.

3.2. FORMULATION OF THE PHYSICAL PROBLEM

Nomenclature:
u(x,r) the longitudinal displacement of the cable
(1) the length of the cable
v=1I( the longitudinal velocity of the cable, v is assumed to be a constant.
0 the mass density of the cable
m the mass of the conveyance
EA the longitudinal stiffness, E Young’s elasticity modulus,
A the cross-sectional area of the cable
T(x,1) the spatiotemporally varying tension in the cable
c viscous damping coefficient in the cable
g gravity
Egs initial gravitational potential energy
Cu viscous damping coefficient
e(t) the generated longitudinal displacement at the top of the vertical cable

B Y using the Hamilton’s variational principle, the longitudinal vibrations of the axi-
ally moving rope in Figure 3.1 are described by the following initial boundary value
problem (see Appendix B.1):

P(Uss+2VUys + VP Uyy) — EAllgy + c(Us + vuuy) =0,0< x < I(£), £>0,
[m(usr + 20Uy + vzuxx) +EAuy + ¢y (Us + vuy)llx=1(n =0, £ >0,
u(,t)=e(t), t>0,

u(x,0) =ug(x), ui(x,0=ux),0=<x<l.

3.1

For the parameters v, c, ¢, and the function e(#), we make the following reasonable as-

sumptions: the longitudinal velocity v is small compared to nominal wave velocity \/¥ ;
the viscous damping coefficients c and ¢, are small; and the oscillation amplitudes e(#)
at x = 0 are small. Then, we can rewrite v = €vy, ¢ = €¢y, ¢, = €Cyp, e(t) = Psin(at) with
B = B, where ¢ is a small parameter with 0 < € << 1. And [(¢#) = Iy + vy t, where [ is
the initial cable length. It is also assumed that both initial conditions are O(¢), that is,

up(x) = O(g), and u; (x) = O(e).
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To put problem (3.1) in a non-dimensional form, the following dimensionless pa-
rameters will be used:

u , x , t |EA l
— X ==, =—=4/—, = -, l/ =V
L L L\ p L \/

u =
cL Lc EA

cf=——=c; = L=, B = E,a =La p,u \lﬁul,
VEAp m p L EA EA

where L is the maximum length of the cable. The equations of motion in non-dimensional
form then become:
Ut uxx:—ZVuxt—vzuxx—c(ut+vux), 0<x<I(), t>0,
e (10, ) + BE U (10, 1) = (=201 = VP thx = Cultty + VU =iy, £>0,
u(0, 1) =e(t) = Bsin(ar), >0,
u(x,0) =up(x), us(x,00=u3(x), 0=sx=<l,

(3.2)

where m, p, &, B, L and [ are positive constants, and where the asterisks (indicating the
dimensionless variables and parameters) are omitted in problem (3.2) for convenience.

In order to simplify the integration of (3.2), it is convenient to transform the time-
varying spatial domain [0 1(2)] to afixed domain [0, 1] by introducing a new independent
spatial coordinate ¢ = l(t) Since the function u(x, t) becomes a new function #(¢, #), all
the partial derivatives have to be transformed in accordance with this new variable ¢ as
follows:

1 1_ v_ o
Ux = S 1l Ux = 73 Ut ut=—57ug+ut,

v 1 _ _ Ve, 2v°
Uyt = e u,5+ ugt f ugg, U = un—27fu§,+ l—zfzugg + l—zfu,f.
Substituting these derivatives into (3.2), we obtain the following problem for #(¢, 1):
-7 agf =2¢8hg - g —cii + 0%, 0sE<1, 1>0,
(1,0 + 221, 1) = [B&fig, — 2t — cutiylle=y + O(€?), >0,
70,1 = e(t) = Bsin(at), t>0,

3.3)

where I = 1(1), (&) = ug(Elo), and i (€) = 11 Elp) — 52 u (£,0).

In the following sections, we will construct analytlcal approximations of the solution
of problem (3.3) on a time-scale of order % by an internal layer analysis and a three time-
scales perturbation method. Moreover, to verify the analytical results, in subsection 3.5
we will compare these analytical approximations with numerically obtained approxima-
tions.

3.3. INTERNAL LAYER ANALYSIS
N this section, we determine resonance manifolds and their corresponding timescales
by an adapted version of the method of separation of variables, by using averaging and
singular perturbation techniques.
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3.3.1. TRANSFORMATIONS
The partial differential equation in (3.3) has in the left-hand side of the equation a vari-
able coefficient ILZ To remove this variable coefficient the Liouville-Green transforma-
tion (or equivalently the WKBJ method [54, 55]) is used by introducing a new time-like
variable s(t) with
ds 1
dt I’
Substituting the derivative into (3.3), we obtain the problem for (¢, s) = @i(¢, t) (see Ap-
pendix B.2). Further, in order to eliminate the non-homogeneous terms up to order £ in
the boundary condition at { =0 and ¢ = 1 in (3.3), the following transformation is used:

(3.4)

u@,9)=w(,s)+ Ezl—f(co = cup) Wy(1,5) + &(s) + O(€%). (3.5)

Thus, in order to obtain an order € accurate approximation of the solution of i(¢, ), it is
necessary and sufficient to construct an order € accurate approximation of the solution
of W(¢, s). From (3.5) and Appendix B, it follows that W (¢, s) has to satisfy:

Wes = Wee = £[(vg — col) Wi + 200(& = 1) W + Boar? 12 sin(&2 (e570° - 1))
—WW&S(L S +0(?), 0<&<1,s>0,

Wee(1,5) + %HWE(I,S) =0(?), W(0,5)=0(?), s>0,
W(,0)=Wo(S), Ws(,0=Wi(), 0=¢=<1,

(3.6)

where Wy (&) = f(&) — &(0) + O(e?), W (&) = g(&) — &5(0) + O(£?). So the problem (3.3) is
transformed into a simplified problem (3.6). In the following sections, accurate, analyti-
cal approximations of the solution W (¢, s) of problem (3.6) are constructed, and by using
(3.4) and (3.5), accurate approximations of i of problem (3.3) can be obtained.

3.3.2. AN ADAPTED VERSION OF THE METHOD OF SEPARATION OF VARI-

ABLES
First of all, in order to make the method of separation of variables applicable to problem
(3.6), we consider problem (3.6) by neglecting the O(¢) terms, that is,

Wss=Wee=0, 0=¢=<1,5>0,
W0,5)=0, We(l,s)+229w,1,9=0, s>0, 3.7)
W(S,00=We(8), Ws(E,00=Wi(8), 0=¢=1,

where it should be noted that I(s) = lpe?”*. By defining a slow time variable 7 = &,
which will be treated independently from the variable s, and so by defining (1) = lpe"°,
function W (¢, s) becomes a new function W* (£, s, ), and problem (3.7) becomes:

W;;(f) S, T) + ZEW;[ (é) S)T) + 82 WTTT (E! S, T) - Wg}(fr S, T) = 0)
W 0,57)=0, Wi(s57)+ pLID uf(1,57)=0, Ir)=le"", (3.8)

m

W*(5,0,0)=Wp(&), W (£,0,0)+eW;(¢,0,0) = Wi(S),
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where 0 = ¢ <1 and s,7 > 0. Now let T'(s,7) X(&, 7) be a nontrivial solution of (3.8). The
general solution of (3.6) can be expanded in the following form (see Appendix B.3):

o0
W)=Y Tuls,1)sin(1,(1)8), (3.9)
n=1
where 1, (1) is the n-th positive root of
pLl(t) 1
An(T) '
and Ty(s,7) for k=1,2,3,..., s> 0,7 > 0 have to satisfy:

tan(d, (1)) = I(1) = lpe™?, (3.10)

Ti s+ A2 (1) Ti = =26 Ty 7 + £(wo — ol T = 2252 £ () gD T

215 evoch (D Tys+ X502, E—M(C‘;LC”") S @ T,, s

+£oa’ 2 (1)dy (1) sin(£2 (e€70° - 1), 1,7 =0,
Jo 00,0 Wy (&) sin(Ax (0)¢)dE

T 0,00 = JEo(0,6)sin? (A 0)&)dé =t

Ti5(0,0) + £ T £ (0,0) = —£ X2, T,,(0,0) La@ ) _, I
fola(O,é) W1 (&) sin( (0)§)d¢
J3 0(0,8)sin? (A1 (0)¢)dE
= Gy,

0(0,6)¢sin(A,(0)¢) cos(A;(0)¢)d¢
Jy 0(0,8)sin? (A (0)8)dé

(3.11)
where c (D), ¢ c, k(T), o k(T) and dg (1) are functions of 7, and are given by:

Jo 01,8 cos(A,(T)¢) sin(A(1)&)dE

1

k@ = Jh (@, & sin? A (1)) dE

2w - An(@) i 0(T,8) (& = 1) cos(Ap (1)E) sin(Ay (1)) dE
mwk f) o (,&)sin®(Ax (1)&)dE

s A2(1)sin(A, (1)) fy 0(7, ¢ sin(Ax(1)é)dé
Cn,k(T) =

[ o(x,&)sin® (A (1)¢)dE

1 .
, A d
Ao = Jo (1,8 sin(Ax(1)&) 5' 3.12)

Jo 0@, O sin? AemEdE

To simplify the formulas, we define a new dependent variable Ty (s) = Ti(s, 1), for k =
1,2,3,..., yielding:

Tess + A2 Ti = (v — ol (X)) Ty — 2252, £(cl @ P2 —voc2 | () Ty 6

+ Y0, e 3 ()T s+ capy lz(r)dk(r) sm(“’g (e™T - 1))
+0(e?),
Tk (0) = Fy,
Ty,s(0) = Gy,
(3.13)
where Fj. = O(g), Gy = O(¢), s = 0 and 7 = €s. In the next subsection we will use the

averaging method to detect resonance zones in problem (3.13), and to determine time-
scales which describe the solutions of (3.13) accurately.
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3.3.3. AVERAGING AND RESONANCE ZONES

The solution of the linear ordinary differential equation (3.13) with the slowly varying fre-
quencies 1 (7) as given by (3.10), can be approximated by using the averaging method.
In this section, by an interior layer analysis (including a rescaling and balancing proce-
dure), the slowly varying frequencies 1 (t) lead to a description of many resonance man-
ifolds and lead to time-scales which describe the solution of (3.13) sufficiently accurate.
For the sake of convenience let us introduce the following standard transformations:

§ - alo
br(s) =/ Ap(€$)ds and D= —(e"7"-1), (3.14)
0 €l

and according to an adapted version of the Lagrange variation of constants method, we
assume that T¢.(s), Tk, s(s) are described by Ay (s), Br(s) in the following way:

Ti(s) = Ag(s)sin(@g(s)) + Bi(s) cos(@r(s)),
Tis(s) = Ap(m)Ax(s) cos(pi(s)) — Ai(7) Br(s) sin(pi(s)). (3.15)

Then, by substituting (4.19) into problem (3.13), we obtain the following problem (where
the dot - represents differentiation with respect to s):

Ap = Ar(s) + e “ETAD (6in (@ + ) +sin(® — ),
Bie= Bi(9) + e LA (co5(@ + ) — cos(@ — ),
i=¢ (3.16)
& = alye'?,
b = Ak(1),
where
_ 1 .
Ar(s) = EE(V(] —col(1))[Ar(5)(cos(2¢pi(5)) + 1) — Bi.(s) sin(2¢p.(s))]
dAg(T) 1 .
+e ar m [Br(8) sin(2¢px(8)) — Ak (s)(cos(2¢(s)) +1)]
— &N,k (T)[A(8)(co8(2¢p1,(8)) + 1) — Br(s) sin(2¢(s))]
A
—2e ) A"(ﬂ N,k (T)[An () cos(py (s)) cos(Ppi(s)) — By (s) sin(¢, (s)) cos(¢pr(s)],
n#k k(T
- 1 -
Bi(s) = _55(’/0 —¢ol(7)) [Ak(s)sin(2¢py () — Bi(5) (1 — cos(2¢px(s)))]
dAg(r) 1 .
+e ar m [Ar () sin(2¢(s)) — Br(s)(1 — cos(2¢i(s)))]
+€N i,k (1) [Ar(5) sin(2¢p i (5)) — Br(s) (1 — cos(2¢r,,(s)))]
A
+2¢ ﬁnn,k(r)mn(s)cos«pn(snsin«pk(s))
nzk Ae(T)
=By, (s) sin(¢py, () sin(Pp (s))], (3.17)
and n,, (1) = c}l,k(r)% - voci,k(r) - %Ciyk(‘[). Resonance in (3.16), can be ex-

pected when d- (ﬁk ~ 0, or when @ + (ﬁk ~ 0. But since alpe”" and A (1) > 0, resonance
only will occur when
alge’’ = V(7). (3.18)
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pLlpe™” 1

A it follows that resonance

Since A (1) satisfies (3.10), that is, tan(Ai(r)) =
occurs when

L
A = arctan(p—) +k-Dn, k=1,2,.., (3.19)
am
corresponding to the manifold 7 around 74 with

1 1 1 arctan(ﬁ) +((k-1rm
Tr=—In(— ;) = —In( am ), Ar=zaly, k=1,2,.. (3.20)
Vo al() Vo alo

From (3.20), we can conclude that no matter what the frequency is, there will be many
resonance manifolds.

Outside the resonance manifold, we can average the right-hand side of the equations
in (3.16) over ¢y and ® while keeping Ay and B fixed [56, 57, 58]. Note that A (s) and
Bi.(s) are slowly varying, therefore they will not average out. The last terms of the first
and second equations in (3.16) is the fast varying terms outside the resonance manifolds,
therefore they will average out. Thus, the averaged equation for Ay and B now become

d/lk(T) m(co—Cuo) 3 (T) dllk(T) 1 ]Aa

A“—[ e(vg— col(r))—eckk(r) +£vocik(r)+e 2L €=4r 21%
d/l dA
Bf = [3e(wo - col(1) — £c} (1) k(”+su0ckk(r)+e—’"“2°pfw) & (1) —e LD L jga

3.21)
where the upper index a indicates that this is the averaged function. From the expression
for c}c >0 ci = —% and ci ¢ = 01in (3.12), we then obtain

Gy T
A%(s) = —& —fo C(Q)dé’ B%s)=F -h ((Q)dQ, 22
{0 =17G¢ “(s) = Fre (3.22)
with
1 d/lk(‘[) d/lk(‘[) 1
() = ECOI(T”CM(T) o T4 o (3.23)

and Gy = O(¢), Fx = O(¢) are given in (3.13). Hence, outside the resonance manifold the
solution of system (3.13) is given by

- Gk
) = 775 e Jo (e gin (. (5)) + Fre o C@de cos(, (s)), (3.24)
k
where s = O(%). Observe that outside the resonance zone Ty (s) remains order &.
To study the behavior of the solution in the resonance zone we introduce ¢ = ®(¢) -
¢y (1) and rescale T— 1y = 6(e)T with T = O(1) and 7 is given by (3.20). System (3.13) then
becomes:

. ~ 23 72
At = Ap(9) + e LL LD (sin(@ + ¢j0) + sinw),

Bi = Bi(s) +g%(cos(¢+¢“ —cos(y)), (3.25)
combined with the slow/fast variables
1= e,
= G)
d=2 (Tk)evoﬁ(s)f’ 3.26)
P = AT +6(e)T),

¥ = A1) 0O 4 (14 +6(6)7) = (Wodr(Tr) — Sk |,_;, )5(e)T + OE2(€)),
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where Ay (s) and By(s) are given by (3.17). By differentiating (3.10) with respect to 7, we
obtain
1 dAx()  pLuyl() ~ pLI(r) dA(r)
cos?(Ap(r) dr mAk(1) mAi(r) dr
dAr(@)  pLugl(r)Ax(1) cos® (A (1))

= = . 3.27
dr mAZ(1) + pLI(7) cos? (Ax (7)) (.20
This implies for yr (see (3.26)) that
. 2 muo Ay (Tx)
W =y6()T+06%(), 1= #0. (3.28)

mA%(ti) + pLI(Ti) cos? (Ax(7x))

It now follows from (3.26) and (3.28) that a balance in system (3.26) occurs by choosing
ﬁ = 6(¢), that is, 6(¢) = /€. This is the size of the resonance zone. So, together with
T—Tk = 0(e)7, it follows from (3.26) that

_ Tk

T=ve(s—sp), k= (3.29)

Further, from (3.28), we obtain y(s) = ¥ (sg) + %ye(s —s;)2. Hence, in the resonance zone,
we can write

sin(y(s) = sin(yets— 52 + 22 W% 1) (s, s = K, (3.30)
2 £V £

where 7 is given by (3.20). So, let us average system (3.25) over the fast variables. Then,

the averaged equations for A; and By become

sazﬁo 12 (1)dj.(1)
2, (T)

£a2ﬁ0 12 (1)d.(1)

o “
A= eC(T) AL+ 222 (0)

sin(y (s)), B = —e{(1)Bf - cos(y(s)),

(3.31)
where the upper index a indicates that this is the averaged function. It follows from (3.30)
and (3.31) that Az can be written as

G _qes
A4 = b Cle)dp
(o oM
cs S 12(e5)di(€5) _ [-e5 1
28 o= Jo ((e)dof 2 RESBEES) [0 ginl—ve(F — o2
+ea“Poe Y 2AcE9) e s1n[2y£(s Sk)

l
+ 220 (@05t — 1) — (5301 d,
EVg
where ( (1) is given by (3.23). For § = s + O(\/ig), T} = €Sk, we can observe that

P(e)dy(e3) _ 750 (0)de Pesp)diesy) _ 7% ¢(o)de
T © T ameso o OV

Then, it follows from (3.32) that

G _[es
A = okl
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ea?Bol?(Tr)dy(Ty)

24k (Tk)
+high order terms in €.

s 1 1
sin[=ye(5—sp)? + ﬂ(es"os" - 1) —pr(s)lds
0 2 EVo

By setting u = |/ $y€(5 - si) , we obtain

S
ef sin[— ys(s—sk) L - (egllsk - 1) — pr(sp)lds
0

\fﬁ(s S)
\/Edf ] sin(u? + 22 (e”"sk—l)—(pk(sk))du
~VEPsk €V

Vea sin(a—lo (€575 — 1) — b (sk)) Crr (8, Sk)
EVg

+Vea cos(%(e”"sk = 1) = pr(sK))Skr (S, S,
0

where v is given by (3.28), and where a = \/%, B= \/g and

) VEp(s—s) ) Tr
cos(u“)du, SFr(s,sk)zf . sin(u”)du, sp= e (3.32)

—VePsk

VEp(s=si)
Crr($,8¢) = f

—VePsk
Actually the presence of the Fresnel functions Cr,(s) and Sg,(s) cause resonance jumps
in the system. The integrals Cr,(s) and Sg,(s) are plotted in Figure 3.2 with ¢ = 0.01,
B =1, and s; = 100, respectively. B! can also be approximated in a similar expression as

16f

CFr
SFr

Figure 3.2: (a) Cr (s, si) has aresonance jump from O(v/€) to O(1) around s=100. (b) Sk, (s, s;) has a resonance
jump from O(y/€) to O(1) around s=100.

for AZ. So, in the resonance zone, the solution of T (s) for problem (3.13) is given by

Tr(s) = Ve Mk[(sm( (e”osk—1)—¢>k(sk))cpr(s,sk)

JrCOS(%(e”"S’C 1) — (1)) SEr (s, 55)) sin(Py(s)) — (cos( o0 (e“'osk -1

—Pr(sK)) Crr (s, Sg) — sin(; (€50 — 1) — i (sk)) SEr (8, Sk)) oS (P (5))]
0
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+0(¢),
where Cg, (s, sg) and Sk, (s, sg) are given in (3.32), and

_ aa?Bol? (i) di(tr)

3.33
2Ak(Ti) (3:33)

where @ is given in (3.32). Thus, the resonance always occurs for s near s and the size of
the resonance zone in s is of O(\/ig). For O(¢) initial conditions and for an O(¢) external,

harmonic excitation, an O(y/€) amplitude modal response will occur. And for a fixed fun-
damental excitation frequency @, many resonance manifolds arise. The solution (¢, s)
in (3.5) (see also Appendix B.3 (3.65)) is given by

_ X . aly £U0S aly VS
a,s) = Y VeMil(sin(— (€% —1))Cpy (s, sg) + cos(— (0%
k=1 E€Vp £V

S
~1))SFr (s, sk)) sin(f Ak(€5)ds) + (- COS(% (€50 — 1)) Crr (s, Sk)
Sk 0

+sin(§(e”‘”" —1))SFr(s, Sk)) COS(f Ak (€3)d3)]sin(Ag(e5)¢)
0 Sk

+0(e). (3.34)

In the next section, the timescales as found by using the averaging method in this section
will be used again to construct accurate approximations of the solutions for problem
(3.13) by using a three-timescales perturbation method.

3.4. FORMAL APPROXIMATION

3.4.1. ANALYSIS RESULTS BY USING A THREE-TIMESCALES PERTURBATION
METHOD

N this section the solution of problem (3.13) will be approximated by using a three-

timescales perturbation method. This method can be applied to construct more ac-
curate approximations of the solutions for problem (3.13) and can be applied to test the
accuracy of the analytical results as obtained in the previous sections. It will turn out
that the approximation as constructed in this section coincides up to order /€ with the
approximation as constructed in the previous section by using the averaging method.
The Liouville-Green transformation and the following standard transformations are in-
troduced (for fixed k) to study problem (3.13):

~ ) 3 A dAc(7) .
Tos= Mm@ Tepe  Trss = A0 Tepo + e# Thpe (3.35)
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where Ti(s) = Ti(¢r(s)) and ¢ (s) is given by (3.14). Substituting the transformations
(3.35) into (3.13), we obtain the following problem for Ty (¢):

Tepep + Tk = —sdldkrm ,1{( ) Thp +€Wo— ol (@) 2 ?Lk(r) Thpe +2X52 € UO; (,;gr) T,
_szzlgcn,km dlfr(ﬂﬁfnwfrz%ilgw p (T)/l @ ”<l>n
1 +ea?PBol2(1) ‘%’:g; Sin(Z42 (e ~ 1)) + 0(e?), £20,
T}(0) = Fy,
T, (0) = 7ok,

(3.36)
where 7 = €5 is a function of ¢. In the previous section, it was shown that (under cer-
tain conditions on the fundamental excitation frequency «) resonance can occur around
times s, for k = 1,2,.... In order to construct accurate approximations in the neighbor-
hood of si, we rescale s with s = §+ g, 7 = €5+ 7, and ¢r(s) = Pp(S+ s¢) = (ﬁk(§) =
ffsk Ak (T +£5)d3. So, problem (3.36) can be rewritten for the function Tj(¢y) in:

2
A o < V5 ) N N I 7 1 4 0o voc, (7)o )
Tede * Te= =870 2 Thge * €00 = I 3 Ty + 220 €60 @ ndn

) 1 dAx(@) 1 & _ oo . m(Co=Cuo) 3
_zznzl Ecn,k(ﬂ dr 1,() Tn,d)n + Zn=1 € oL (T) An (T) n Pn
1 +ea? Bol? (1) 4D sm(""0 €7 — 1))+ O(e?), t=0,

A2 (1)
T (0) = Fk,

15,0 = 1785

(3.37)
where 7 is a function of ¢;. Next we study problem (3.37) in detail. The application
of the straightforward expansion method to solve (3.37) will result in the occurrence of
so-called secular terms which cause the approximations of the solutions to become un-
bounded on long timescales. And it has been shown in the previous section that the O(¢)
excitation can produce timescale of O(y/€). Therefore, to avoid these secular terms, we
introduce three timescales $y = §, §; = /€5, § = €5, T = § + 1, and 50 .0, Pr.1, P » are
introduced as follows:

~ So - §1 - S
bk,0 :f Ak (T +€35)ds, bi,1 :fb ﬂ,k(Tk+\/E§)d5‘, bk,2 =f Ak (T + 5)ds,
a c

where a=—-s;, b=-y€s;, c¢=—esi. These scalings are based on the size of the reso-
nance zone (which has been found in the previous section), and on the natural scalings
for weakly nonlinear equations such as (3.37). By using the three timescales perturba-
tion method, the function T (¢y; v/€) is supposed to be a function of ¢y o, Px.1,Pr. 2, that
is,

Ti(Pi; VE) = wic(Pr0, Pr1> P2 VE). (3.38)
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By substituting (3.38) into (3.37), we obtain the following equations up to O(e/¢):

P wy P wy 6 0“wy P wy
LWk Ve o +£(26<Bkoa<7>k o, ) 2 Ve o

_ dAk(T) 1 dwy awk 25 720y ) alo (avot _
=el-Tg R @) 010 /lk(r) +a“Pol (T);Lz( ysin(z, (e 1))

a1 .
_2200 l(c k(T) n(‘l’) l/()C k(T) m(Copfua) 3k( ))/1 o 6(:’"0]

_d]Lk(‘r) 1 dwk 7 1 Owg
| tevel-=g @ o +Wo = cl(M) 15 s
“ar,, o Owp
—25% (el (@) (T)—vocn,k(r) PO ) o )
wy(0,0,0; \/_) Fy,

a“’k(ooo\/‘)Jr\/“’“’k(ooo\/‘)+ga”’k (0,0,0;/2) = 12k,

a¢>2
+(vo — ol (1))

(3.39)
where Fy = ¢F and Gy = eGy are O(e), and 7 is a function of ¢ ,. By using a three-
timescales perturbation method, the function wy (¢ 0, Pr.1, P 2; V) is approximated by
the formal asymptotic expansion

Wi Pr0, Pr1, P2 VE) = VEWko(Pro, Pr,1, Pr2s VE) + €Wk 1 (Pror Pr,1, Pr2s VE)
+EVEWN2 (Pr0, Pr1r Pr2s VE) + O(E2). (3.40)

By substituting (3.40) into problem (3.39), and after equating the coefficients of like pow-
ers in v/€, we obtain as:
the O(/¢)-problem:

62 ka() 611/]6,0
—— + Wi =0,wg0(0,0,00=0, ——(0,0,0)=0, (3.41)
a(pkyo a¢k,0
the O(¢g)-problem:
92 02 - d
il Wg1 = —2# +a?Bol? (1) IZC(T) s1n( (e”OT -1)),
6([) Ocpy, 05¢k1 (@) £V
we1(0,0,00 = Fy, 1(0,0,0) = m(0,0,0) L O (3.42)
th)ko 0bra Ak (0)
and the O(e\/€)-problem:
Pw P w w 0w ,
2wy = 2 R0 T 0 — ol (D)
097 001 00PK1  0Pio0dr2 0Py |
dAg(t). 1 OJOwkyp X 3 dA,(7) 5
- — -2 c (T —voc; (T
dr /lz(r) b0 ,,;[ nk(0) dr 067,k (7)
_ m(co— Cuo) 3 ( N 1 aWk,O
2pL An(T) 0ro’
0
We2(0,0,00 = 0, 22%2(0,0,0) = — 2% (9, 0,0) — 221 (0,0,0). (3.43)
kO k,2 k,1

The O(y/€)— problem has as solution

W0 @r,0, D1 P2 VE) = Cie1 (Pic1, P 2) Sin(@re,0) + Cr2 (P 1, Pie2) COS(Pro),  (3.44)
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where Cy,; and Cy,» are still unknown functions of the slow variables ¢.; and ¢y », and
they can be determined by avoiding secular terms in the solutions of the O(¢)— and the
O(e/€)— problems (see Appendix B.4). Before entering the resonance zone, the follow-
ing result is found:

Cr1(@r1,Pr2) =0, Cro(@r1,Pr2) =0, (3.45)

and inside of the resonance zone, to avoid secular terms in the solution wy,; and wy.», it
turns out that

Ci1(Pr1,Pr2) = aapo lz(r)

2)L [sm(f)(Sk))CFr (81) + cos(I(s)) Skr (51)],

k()
Ak (1)

aa’po lZ(T) [cos(O(sx))Crr (81) — sin(I(sg)) Skr(51)], (3.46)

Cr2(Pr,1,Pr2)
where v is given by (3.28), @ and ﬁ_ are given by (3.32),

9(sk)

I
=0 (€Y% — 1) — pr(sp),
€l

. B35 . psi
Crr(5) = f cos(u®)du, Spr(5) = f sin(u?)du. (3.47)
Bb Bb

Further, to obtain more accurate approximations of problem (3.39), the O(e)— prob-
lem and the O(e/€)— problem can also be solved by using a similar analysis as for the
O(y/€)— problem in Appendix B.4. At this moment, only the first term in the expansion
of the solution for the cable problem is important from the physical point of view. So, to
shorten the paper, we are not interested in high-order approximations.

Thus, from (3.40), an approximation of the solution of Eq.(3.39) is given by w(¢, s) =
Yo VEwy, 0+ O0(e), where wy, g, is given by (3.44). It follows from (3.20), for a given value

arctan( )+(n 104
al

from O(¢) to O(y/€). For such a jump the inequality arctan( ) +(n—1)m = aly needs
to be satisfied. This implies that it might occur that the first few modes do not show this
jump, but all that the higher order modes do. Before entering the resonance zone for the
n-th oscillation mode w;, o = 0 and in the resonance zone the n-th oscillation mode wy, o
is given by

of a, that around 7 = 7, = il ( ) the n-th oscillation mode jumps up

wn O(J)n O,QBn l;J)n 25 VE)

= 2/5 P(y) ”Erni GSIn(O(57)) Crr (51) + o8 (O(5n)) Spr (51)]SIn(Br0)
n n

An(Tn) c‘z[cos(ﬁ(sn))cmsl) —sin(9(s,)) Srr (51)] cos(Pn,0)

An(T0)

= Mn[(sm( (e””" -1D)Crr(51) + cos(=2 - (e”"s" —1))SE,(81) sin(@n0 — Pnlsn))
0

__a ﬁOl—z(Tn)

+(- cos( (e“’"s" -1))Crr(51)
EVp

+s1n( (eg”‘)s” = 1))SE,(81)) cos(Pn,0 — Pnlsn))], (3.48)
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where ¢ o — P (sp) = fSSk Ak (€3)dS, v, @, 9(sy) , Crr(5)) and S, (31) are given by (3.28),
(3.32), (3.47) and M, is given by (3.33). The solution w,, in (3.48) implies a resonance
jump from O(¢g) to O(yv/€) around 7, in the n-th oscillation mode. Thus, the solution
(¢, s) in (3.5) (see also Appendix B (3.65)) is given by

a@,s) = Y Vewro@ro Pr,1, Pr2; VE) sin(Ar(es)¢) + Ole). (3.49)
k=1

The solution in (3.49) is in agreement with (3.34), that is, the one obtained by the aver-
aging method. All in all, introducing the following notation y(t) = 511/0 ln( l(” ), according
to the solution of (¢, s) in (3.49), we obtain as approximation for the solutlon i, ) of

problem (3.3)

ag,n = Z\f €Myl (sm( (e”“k—1))Cpr(\/5(x(t)—sk))

_ x(1)
+ cos(— (€% —1))Sp, (Ve(x (1) — sp) sin(f A (€3)d3)
Sk

+(- cos( - (ee"os’“—1))Cpr(\/5()((t)—$k))
0

_ x(1)
+s1n( o (e”"s"—1))SFr(\/?:(x(t)—sk)))COS( A (€5)dI)]sin(Ag(ex (1))

Sk

+0(¢), (3.50)

where s; = 2£ and 7 is given by (3.20), Cg,, Spr(51) are given by (3.47), M. is given by

£

(3.33)and & = li

3.4.2. NUMERICAL RESULTS

In this section we will present numerical simulations of the vibration response as com-
puted and based on the analytical expressions (3.50). The computations are performed
by using the following parameters:

€=001,1lh=3, v9=1,c0=2,cyo=1,p=1, m=10,L=10, fp=1, a=1. (3.51)
For simplicity, let us assume that only the initial displacement is prescribed, so that
ip(&) =esin(1.5¢), ©#1()=0, 0=¢=<1. (3.52)

It is worth mentioning that the following numerical results are computed based on O(¢)
approximations. Higher-order approximations are neglected due to their insignificant
and small contribution to the solution. By using (3.18), we see that the resonance occurs
around time instants s; satisfying

alge’™® =1, T=¢s. (3.53)
By using the Liouville-Green transformation w1th = ﬁ weobtainal(f) = Ay, (1) =
lp + evgt, which implies that
ﬂk - C(lo
=22 keN, (3.54)

ey
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where A is given by (3.19). From the analysis in section 4.1, we observe that the reso-
nance times depend on the mode numbers k. Resonance for the first oscillation mode
does not occur in this numerical example. For the second, third and forth oscillation
modes, resonance emerges for times , = 92.7, 3 = 406.8, f4 = 721.0, respectively. The
solution #(¢, ) in (3.50), and its corresponding energy are illustrated in Figure 3.3, re-
spectively.
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Figure 3.3: Perturbation method: (a) Displacements of the mid-point of the cable. (b) The energy of the cable.
The shadowed bands represent the resonance zones.

3.5. NUMERICAL APPROXIMATIONS

I N this section we will directly integrate problem (3.3) with a numerical method. To
solve (3.3) numerically, we first rewrite (3.3) as

gy — e = 3 &gy — gy — clip +O(€%), 0<E<1,1>0,
fge (1,0 + P2 (1, 1) = [(c - ) Pitgllg=r + O(€2),  @(0,1) = &(1) = Bsin(ar), >0,
u@,0)=1uo(), w/&0=mE), 0={=1.
(3.55)
By using the transformation (¢, ) = (¢, £) + Bsin(at) + cf:)"—Ll(c —¢y) U (1, 1), problem
(3.55) can be written as

- 1 ~
Urr — 7z Use

20(& — 1)iig, — cily + a? Psin(ar) - %aw(l,twowz),
0<é=<1,t>0,

e (1,0 + 22351, = 0(d), w0,0=0, >0,

(¢, 0)=1up&), u(0=1u(), 0=¢=1,

(3.56)

where 0 < ¢ <1 and ¢ > 0. For problem (3.56), we first discretize the partial differential
equation in (3.56) in the {— coordinate by using a central finite difference scheme. Then,
we rewrite the so-obtained discretized equation in a matrix form and use the numeri-
cal time integration method of Crank-Nicolson(see Appendix B.5). We will use the same
parameter values (3.51) and initial conditions (3.52) as for the analytic approximation,
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which is presented in the previous section (see also Figure 3.3). Figure 4.3 show the dis-
placements at ¢ = 0.5 and the vibratory energy of the cable, respectively, for times up to
t=850.

Comparison with Figure 3.3: both Figure 3.3 and Figure 4.3 illustrate that resonances
emerge at times #; = 92.7,f, = 406.8, 3 = 721.0. In the resonance zones the displace-
ments and the energy increase, and between these zones, stay constant (approximately).
Around the first resonance time f;, the displacement amplitudes jump up from O(e) to
0O(y/¢). Around the second resonance time #, and the third resonance time 3, the am-
plitudes change again at the O(,/¢) level, where ¢ is a small parameter with £ = 0.01.
Moreover, we can observe that, between the resonance times, the frequency ranges are
similar in Figure 3.3 and Figure 4.3, and the sizes of the resonance zones are of O(\/LE).
Thus, the numerical simulations in Figure 4.3 agree very well with the analytical results
as presented in Figure 3.3, respectively.

Figure 3.4: Numerical method: (a) Displacements of the mid-point of the cable. (b) The energy of the cable.
The shadowed bands represent the resonance zones.

3.6. CONCLUSIONS

In this chapter, the longitudinal vibrations and associated resonances in an elevator sys-
tem due to a harmonic excitation at one of its boundaries have been studied. The prob-
lem is described by a partial differential equation (PDE) on a time-varying spatial inter-
val with a small harmonic disturbance at one end and a moving nonclassical boundary
condition at the other end. By assuming that the small harmonic boundary disturbance
is of order € and by assuming that the initial values are also small and of order ¢, it is
shown in this paper that for a given arbitrary boundary disturbance frequency, many os-
cillation modes jump up from O(¢) to O(v/€). To obtain these results an adapted version
of the method of separation of variables is introduced and presented, and perturbation
methods, (such as averaging methods, singular perturbation techniques, and multiple
timescales perturbation methods) are used. Furthermore, explicit, and accurate approx-
imations of the solution of the initial-boundary value problem are constructed. These
approximations are valid on time-scales of order £~!. Also approximations of the solu-
tion of the initial-boundary value problem are computed by using a numerical method.
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These numerical approximations are in full agreement with the analytically obtained
approximations. The presented methods clearly indicate how more complicated prob-
lems can now be treated analytically. Also more complicated boundary conditions and
changes of cable length over time can be included in the analysis of these problems. Fi-
nally, it should be remarked that we intend to apply the presented analytical approach
to nonlinearly coupled transverse and longitudinal vibrations of axially moving cables.
For these problems the partial differential equations, the boundary conditions and the
nonlinear terms are expected to give challenges, which might be solved by applying the
approach as has been presented in this chapter.

APPENDIX B

APPENDIX B.1 THE DERIVATION OF MOTION (3.1)
According to Figure 3.1, the partial differential equation (PDE) can be derived by Hamil-
ton’s variational principle:

t
2(6Ek(t)—6E,g(t)+5Wc(t))dt:O. (3.57)

n

The Kinetic energy E(¢) can be represented as E(t) = prlm + v)2dx + %m(DD—Lt‘ +
v)?|x=1(), the Potential energy E, () can be expressed as Ej, () = ;EAfolm uddx

+ fo" Tuydx+ Egs— f3"” pgudx — mgul ., and

l(t)
SEp(t)—8E,(t) = pf (—+l/)6—dx+ m(—t+v)5 |x 10

l(t) (1)
—[EA[ ux6uxdx+f Toéu,dx
0 0
10

=), pgludx—mgoul,=ip], (3.58)

where the operator U is defined as D Y= ‘31: + Ug; = uy + vuy. The virtual work 6 W,
done by the d1str1buted and the lumped damping force is given by

I py Du
OW(t) =— c—oudx—cy—0uly=;(p. 3.59
¢ (2) L Dt u Dt Ix—l(t) ( )
By substituting the equations (3.58)-(3.59) into (3.57), we obtain

(1) D
f p(—u + v)6—dxdt+ m(—u + v)6 Ix 1pdt
fh JO n Dt

t plD) tz l(t) l(t)
—EA[ f UyOu,dxdr — f f Téuxdxdt+f pgdudxdt
0

13 el 173 Du
+ mgéulx:lmdt—f f c—5udxdt—f cu—0uly=;ndt = 0.(3.60)
5% 0 Dt nh Dt

n

By integrating by parts the integrals in (3.60) it then follows that (3.60) can be rewritten
in:

173 1(1)
f f [—p(Uer +2vUys + V2 Usy) + EAtlyy + Ty + pg —c(us+vuy)ldudxdt
0
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173
+ [=m(uy +2VUgs + VP lyy + atiy) — EAuy — T+ mg — ¢y (U + vux)duly=ypndt
31

2]
+/ [pv(u;+ vuyx+v)+ EAux+ T10uly=odt = 0.
n

So, the initial boundary value problem of the system can be obtained as

p(Ust+20Uyxt + vzuxx) —EAuy,—Tx—pg+clus+vuy) =0, 0<x<I(1), t>0, (3.61)
(M (tys+20Us + VP Uy) + EAUy + T — mg + ¢y (tty + vl =1 =0, £>0, (3.62)
EAux+T+pv(us+vuy+0)|x=0=0, ¢>0. (3.63)

Note that (3.62) and (3.63) are the natural boundary conditions. However, the natural
boundary condition (3.63) is not appropriate for our problem, since the cable at the top
has an assumed and prescribed displacement e(#), which is supposed to be generated
by the catenary system (consisting of drum, head sheave) in vertical direction. Thus,
the boundary condition is given by u(e(t), t) = e(t), ¢t = 0. By using the Taylor expansion
for u(x, t) in x for x = 0, and by assuming that e(¢) and u(x, t) are small, the boundary
condition

e(t) =ule(®), 1) =u,1)+ e(t)—z((), 1) +0(e* (1)

0
0
can be approximated by u(0, f) = e(t). Since the tension T'(x, f) is given by T'(x, t) = [m +
o) —x)1g, 0 < x < I(1), it then follows that the initial boundary value problem for the
axially moving hoisting rope is given by (3.1).

APPENDIX B.2 TRANSFORMATION TO A FIXED DOMAIN

By introducing a new time-like variable s(¢) with % =L =1 = loef?0s, All partial

~ 1
derivatives then become s = ﬁln(lg—;}), i = %as, ey = %L_tgs, = g — L, 8(1) =

12 i
,Bsin(%(e‘g v0S —1)), where (&, £) = @(¢, s). Substituting these derivatives into (3.3), we
obtain the following problem for @(¢, s):

figs — lgg = Vils + 208 g — 2vigs — clits+ O(€?), 0<E<1,5>0,
L_Lss(l,s)+p7]jl/_tsr(l,s)=[UZL_ts+2UfL_t§s—2Ul_4§5—Cuiﬂs]lgzl+O(£2), §>0,
(0, ) = Psin(42 (€S- 1)), 5>0,

u@,0) = f©), usc,0=g&), 0=¢{=l,

(3.64)

where [ = I(s), &) =1p(&) and g(&) = lpit; (£). By using the PDE, the boundary condition
at ¢ =1 can be rewritten and we obtain from (3.64) the following problem:

fiss — feg = Vilg + 208 flgg — 20T — clits + O(€?), 0<E<1,5>0,
fee (1,8) + %iag(l,s) = (c—cy)lits(1,5)+0(?), s>0,

(0, 5) = é(s) = Bsin(&2 (e™0° ~ 1)), 5>,

u,0=f©), us&0=g@), 0=¢=1.

(3.65)
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APPENDIX B.3 AN ADAPTED VERSION OF THE METHOD OF SEPARATION OF

VARIABLES
By substituting 7'(s, 7) X (¢, 7) into the partial differential equation in (3.8),we obtain

Xee (€,
Tss(S,T)+O(€)_ (&, T)

TG.1) = m, < 6 <1, s>0, 7>0. (3.66)

The O(1) part of the left-hand side of equation (3.66) is a function of s and 7, and the
right-hand side is a function of ¢ and 7. To be equal, both sides need to be equal to a
function of 7. Let this function be —A2(t) (which will be defined later), so we obtain from

(3.66) by neglecting terms of order &: % = X;‘E?T? = —A?(1), implying:

Xee D)+ A2 (MX(E1) =0, Tss(s,1)+A*(0)T(5,7)=0, 0=é<1,5>0,7>0. (3.67)

In accordance with the first equation for X(¢,7) in (3.67) and boundary conditions in
(3.8), a nontrivial solution X, (&, 1) is

Xn(&,7) = By (1) sin(A,(7)¢), (3.68)

where B, (1) is an arbitrary function of 7 only, and A,,(7) is given by (3.10). Assuming that
&mlo =1, the values of 1,(0) can be obtained in Figure 3.5. It should be observed that
the eigenfunctions X;,(¢,7) are orthogonal on 0 < ¢ < 1. And so, The general solution

i | v= {'.m{ A
| | | y= /A

Figure 3.5: For s=0, intersection points of y = tand and y = % are giving 1,(0).

of (3.7) - (3.8) can be expanded in the form in (3.9). By substituting Eq.(3.9) into the
nonhomogeneous governing equation and initial conditions in (3.6), we obtain

Y (Tnss +26Tn 50 + A7 (1) T) sin(A,, (1)€) + 268 M;T(” Ty,5 €081, (7)€)]
n=1

= Y elwo—col(@) T, SIN(An(1)E) +2(E = 1) oA (1) T €051 (T)E)
n=1

ey 2 ]
UL ;"zm"(m Ty Sin(L, ()] + 0@ (1) sin(% (e°9° 1)) + O(e?),
0
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Tn(O 0)sin(4,(0)§)] = Wo(S),

agl H[\’]8

[(Ty,5(0,0) + £ Ty,£(0,0)) sin(A,,(0)&)
n( )

3
Il
—_

+eT,(0,0) ¢cos(1,(0)8)] = Wi (&). (3.69)

Now, leto(7,&) =1+ where 6 (¢ — 1) is the Dirac delta

Ll( )
function (with §(é —1) =0for ¢ #1, and fo 0 -1dé= Z)- By multiplying the first equa-
tion in (3.69) by o(1,¢)sin(1x(7)¢), and the second and third equations in (3.69) with
0(0,¢) sin(1x(0)¢), by integrating the so-obtained equation from ¢ = 0 to £ = 1, and by
using the fact that the sin(1(7)¢) functions subject to the inner product with weight
function o (t,¢) are orthogonal on 0 < ¢ < 1, it follows that Ti(s,7) for k =1,2,3,..., and
s> 0,7 >0 have to satisfy (3.11).

APPENDIX B.4 THE CONSTRUCTION OF THE FUNCTIONS Cy; AND Cy 2

First of all, by using the initial conditions in Eq.(3.41), it follows that Cy.; (0,0) = C2(0,0) =
0. Then, we shall solve the O(¢)— problem (3.42). This problem (outside as well as inside
the resonance manifold) can be written as

0®wi, 0Ck,1 . 0Cx2 .
——+ Wi, = —2[—=—c0s(Po)— —=sin(Pgo)]
oz, 3y PR o Po
72 ( ) 0T
-1)), .
+a?Bol (T)/lz( )s1 (ev (e ) (3.70)
- Wi Wik.o _
wi,1(0,0,0) = Fy, = bl 0,0,0) = ———=(0,0,0) + Gg. (3.71)
bi0 k1

Outside of the resonance zone, it should be observed that the last term in Eq. (3.70)
does not give rise to secular terms in wy ;. To avoid secular terms outside the resonance
zone, it follows from (3.70) that Cy,; and C have to satisty the following conditions

ack,l _ OCk_2 _ . .
350 =0 55 =0, which has as solutions
Ci1 @1 Pr2) = Ci1(Pr2)s  Cr2(Pi1, Pr2) = Cie2(Pr2), (3.72)

where Cy.; and Cy.; are still unknown functions of the slow variable ¢, », and can be used
to avoid secular terms in the O(ey/€)— problem (3.43). Since Cy,1(0,0) = C2(0,0) = 0,
this implies that Cy(0) = Cy2(0) = 0. Now we consider the O(¢) equation inside the
resonance zone and observe that inside the resonance zone, the last term in Eq. (3.70)
gives rise to secular terms in wy,;. According to (3.30), we can write sin( ! al ° (e”oT 1)) =

sm(zys1 “lo (e”osk 1) = P (sp) + Pr.0), where y is given by (3.28). So we can rewrite Eq.
(3.70) 1ns1de the resonance zone as
62 wk,l aCk 1
+ W1 = [

o3, " T
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+a?Bol%(r) j%iri sin(%y&'f + liz (e°10% — 1) — i (s1))] cos(¢pr,0)
w226k
0dr, p l
z ©(7) 1 , «a
+a?Bol? (1) 2 cos(iysf + evz( e“"0% — 1) — P (sx))] sin(Py. ).

In order to remove secular terms, it follows that Cy; and Cy» have to satisfy

0Cx,1
-2 a?Bo l'z(r) di (T )sln(lysffw(sk)) = 0
(I’k,l ( )
0
p9Ck2 | 2. HUE ’“( D@ ook Y0 = 0,
0Pi.1 ( )
where 9(sg) = alo (eg”osk = 1) — i (sp) and Aklm %CS'Z’ ,i=1,2. Thus,
Cer@india) = Cor@ra)+ 502hoP (@ Akii Sin(yy% +9(s)ds
o = Ck1(¢k2)+F(31,T),
Cr2@r1,Pr2) = Cio2(Pr2)—GG1LT), (3.73)
where
FG,1) = aa’Bol*(n) k(())[sm(ﬁ(Sk))CFr(sl)+cos(19(8k))SFr(sl)],
GG1,1) = ad?Bol(x) /1(())[COS(ﬁ(Sk))CFr(Sl)_Sln(lc)(sk))SFr(sl)], (3.74)

and where Cy,; and Cy» are still unknown functions of the slow variables ¢y ». The un-
determined behaviour with respect to ¢y, can be used to avoid secular terms in the
O(e+/€)— problem (3.43). Taking into account the secularity conditions, the general so-
lution of wy is given by

wi1 Pr0,Pr1, Pr.2; VE) = D1 (Pr1, Pr.2) Sin(Pr.0) + D2 (P 1, Pr2) cos(Pro),  (3.75)

where Dy 1 (g1, Pr2) and Dy (Px,1,Px,2) are unknown functions of ¢y, and Py». By
using the initial conditions in Eq.(3.42), the values of Dy ; (0,0) and Dk,z (0,0) are given by

G 0Crp
K(ko) 3 -—==(0,0), D2(0,0) =

The O(e+/€)— problem (3.43) outside and inside the resonance manifold can be writ-
ten as

the following equations Dy ;(0,0) =

0? wy» k1 - 0Dy » .
——+ W2 = —2[—==cos(Pio)— —=sin(Pyp)l
0p% 0i,1 0bi,
oC, - oC -
—21—=2L cos(r.o) - k2 sin(¢r,o)]
0Py 0P
3 Crr 2Cra -
== sin(P,o) + cos(¢r,0)]
0dy, 1
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dﬂk(‘l/’)] 1
dr " A2(n)

+[(vo — col Ak (1) —

dAg(7)
—2[cp (T )T—vocik(r)

m(co — Cyo) &3

[Ck,1 €08(Pk,0) — Ck.2 Sin(r0)]

_2pL Cr k(T ()[Cklcos(d’ko) Cr.25in(Pr,0)]
d/l
=2 Z e nk( 7) @_ Uocnyk(T)
n#k
m(co— Cuo) o
_ ;pL uo) 3 k( 7)] 1, ( )[Cnlcos((pn 0) — Cp,2sin(¢hy,.0)]
Wk,2 k,0 wk,l
wi2(0,0,0) = 0, —==(0,0,0)==—=2(0,0,0) = —=—=(0,0,0). (3.76)
k,0 k2 k1

To avoid secular terms in the solution wy » of Eq.(3.76), outside the resonance zone, it
follows from (3.76) that Dy 1, Dg 2, Ck,1, and Cy» have to satisfy:

OD 6C 0D oC
2Bl o= bl Py G =0, 22242 R2 g ) Cra =0, BT
a(Pkl a(sz Ak( ) 0br1 0Py

@ 1 L +2u0ckk(r)+2—m“° Cuo) 03 (7). If

where {(7) = (vo — col(7)) — =47 "o —ZCkk(T) 3oL Chk

we solve Eqgs. (3.77) for Dy ; and Dy » and 1ntegrate Eqgs.(3.77) with respect to gbk 1, we
observe that the solutions will be unbounded in ¢y,; due to terms which are only de-
pending on ¢y ». Therefore, to have secular-free solutions, the following conditions have

to be imposed independently

0Cr1 1. 1 - 0Cro 1. i}
k1 _ i Cr1=0, —2_"fx Cro = O (3.78)
0pr2 27 " Ar(m) 0pro 27 " Ar(@)
For 9%kt = 19kt j = 1,5, we obtain Cp1 = Cr,1 (0)eld 2{@%, Gy, = Crp(0)eli 2@,

b, Ak(®) _552
Since Cy,1(0) = Cr2(0) = 0 and A (1) is bounded, it follows from Eq. (3.78) that outside
the resonance zone

Ci1 (Pr1,Pr2) =0,  Cia(Pr1,Pr2) =0. (3.79)

Inside the resonance zone, to avoid secular terms in the solution wy» of Eq.(3.76),
the following conditions have to be imposed

aD,Cl 0Cr1 _O0F(5,71) 1 8%G(5)

B By Sy S +¢ Cra+F(51,1)=0, (3.80
a(l)k 1 a(,bk,Z 6(pk,2 /li(‘[) 65‘% {(1) /1]6('[)( k,1 (81,7)) ( )
oD oC G (5 2E(5) - ) -

5 ~k,z +2 ~k,z _266(~sl,r) 3 21 0 F~(zsl) i) 1 Crz- GG T) =0. G8D)
0pr1 0Py Opra  A(x) 0% Ar(7)

If we solve Egs. (3.80) and (3.81) for Dy ; and Dy, and integrate respect to (I’k,l’ we ob-
serve that the solutions will be unbounded in ¢; due to terms which are only depend-
ing on ¢y . Therefore, to have secular-free solutions, the following conditions have to
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be imposed independently

oC 1- 1
k2 _ =C(7)

0Cr1 1. 1 .
— = —((1) Crq1, ——=
¢ S gk, 20 @

_ Cro. (3.82)
Opra 2 Ax(r) k2

Since Cy,1(0) = Cy2(0) = 0, it follows from Eq. (3.82) that inside the resonance zone

Ck,l@k,z) =0, Clk,z(d;k,z) =0, )
Cr1(Pr1,Pr2) = F(51,7), Ci2(Pr1,Pr2) = G(51,71), (3.83)

where F(5;,7) and G(51,7) are given by (3.74). Thus, we obtain the functions of
Cr1(Pk,1,Pr2) and Cr1 (Px,1, Pk,2) in (3.79) and (3.83). Similarly, we also can obtain the
solution wy,; of O(¢) problem and the solution wy, of O(ev/€) problem by using the
above analysis. In order to shorten the paper, this derivation is omitted.

APPENDIX B.5 DISCRETIZATION AND ENERGY
To solve (3.56) numerically, it is convenient to rewrite the second order partial differen-
tial equation as a system of two coupled first-order partial differential equations:

mé(c—cy)
pLl

1 2v
=V, V=il +£[TO(§— D)V — co¥ + a®Bsin(at) -

12 Ver(1, 0], (3.84)

Next, letususe mesh grids §; = (j—1)A¢ for j = 1,2,..., n, n+1with nA¢ = 1. By introduc-

. . « 41— 20+ j— X —Vl+ —Vj-
ing the differences, i (¢ j, 1) = MJI(A—LS;MJI + O((Af)z), Vel 1) = V; ;AZ‘/] LS O((Af)z),
Ve, 1) = Vi ‘(i‘g;"ﬂ +0((A&)?), it follows how system (3.84) can be discretized, yield-
ing:
%(f]r 1= i//]r
&)y D) = r(ljer =200+ ij-1) + qj(Vjo1 = Vjo1) =€V} + PV = PjVn-1
+ea’Bysin(at),
evpEi-1) em(co—cuo)é; .
where r = zui{)z’ qj= OlA]f »Pj= pL(20+AE)0AfJ forj=1,2,...n. Further,
—2r r 0 0
r -2r r 0
2pL
rR=1| : .. o - : e[R"x”,wherec:+,and

: . . . . : I2m+ pLIAOAE

0 r =2r r

0 0 c -c

—-£co  q1 0 0 -pP1 p1

—q2 —&C G 0 P2 bz

p=| R : : eR™",
0 0 —gn-2 —€C0 Gn-2—pPn-—2 Pn-2
0 0 0 —qn-1 —€C0—Pn-1 Yqn-11Pn-1

0 e e e 0 dn_qn_pn e, —EC
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where d,, = ganlngle”é’ 0= meﬁme + pyu. The four matrices @, I, R and P compose the
system matrix M:

_¢ I 2nx2n
M—(R P)(—:[R ,

where @ is the zero matrix, and I is the identity matrix. In addition, let us introduce

the following vector: w = (u1 (€1, 1), Uz (€2, 1), eeey Un &y 1), VI (V1, 1), V2 (62, 1), ooy Vi (1, D) T

s=1(0,0,...,0,5,5,...,5) T, where 5§ = £a2,60 sin(af). So, system (3.84) can be written in the
N N —

ntimes ntimes
following matrix form: ‘fi—';’ = Mw + s. In order to perform a time integration, we apply
the Crank-Nicolson method. Introducing the mesh grid in time, ;. = kAt for k=1,2,...,n,
we obtain

At At
wk+1 — Dwk+ 7(1_ 7]wk+1)—1(sk+1 +Sk), (3.85)

where I is the identity matrix and I € R2M21 and D= (I — %M"“)‘l(l + %Mk).
The total mechanical energy of the problem (8) is given by

1(1)
E() = %f lo(us + vuy)® + EAu]dx + %[ut(l(t), 0+ vu, (15, D>
0

Using the dimensionless quantities, we rewrite the energy in a dimensionless form:

EAm
2p

1)
E() = %EAL[ (1 + vuy)® + ulldx + (LD, D) + v (L(), D).
0

In order to define the energy on the interval (0,1), we obtain problem (10) by using the
following transformation ¢ = T"t):

_ EAL ! . _ 2, =2
E(®) = T(t)fo [@a+QQ-8vig) +u£]df
EAm

_— il _ i 2
+2plz(t)[l(t)ut(1,t)+(1 Oviig (1, 01%. (3.86)






TRANSVERSE AND LONGITUDINAL
RESONANCES FOR AN ELEVATOR
SYSTEM

4.1. INTRODUCTION

Head sheave

r'ew(t) z=e,(t) |
Drum eu(t)
w(z,t)
wlzd) v=1[(t)
cla Cq
E = g =) | ,
C“

Figure 4.1: Coupled transverse-longitudinal vibrating cable with time-varying cable length.

N chapter 3, we considered the longitudinal vibrations in an axially moving cable with
time-varying length subject to a small harmonic boundary excitation at one end of the

7
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cable and a moving loading mass at the other end. Due to boundary excitation and load-
ing conditions, the nonlinear interactions between transverse and longitudinal string
motions may influence the vibration behavior in two directions when the elevator con-
veyance is moving up or down. Some research has been conducted on similar types of
problems by using numerical simulations. Crespo et al. in [59] introduced a stationary
high-rise elevator cable system model and presented its numerical simulations. Wang et
al. in [60] studied the dynamic behavior of the multi-cable double drum winding hoister
with unbalance factors, the conveyance eccentricity and the drum radius inconformity
by simulation. Cao et al. in [61] analysed coupled vibrations of rope-guided hoisting
system with tension difference between two guiding ropes by simulations. Wang et al.
in [46] investigated a coupled dynamic model for a flexible guiding hoisting system and
presented the response of the system by numerical simulations. For more information
on numerical results for coupled transverse and longitudinal dynamics of axially moving
continua, the reader is referred to [62, 63, 64, 65, 66].

In this chapter, we will construct analytical approximate solutions for the nonlinear
coupled transverse and longitudinal vibration string problem with time-varying length.
The elevator system considered in this chapter is described by a vertically translating
string with a time-varying length and a mass attached at one of the ends of the string.
The time-varying length of the string is given by I(¢) = [y + vy t, where [ and v, are con-
stants, and where ¢ is a dimensionless small parameter. It is assumed that the axial veloc-
ity of the string is small compared to nominal wave velocity, and that the string mass is
small compared to cage mass. The system is excited at the upper end by small displace-
ments in the horizontal and vertical directions from its equilibrium position caused by,
for instance, wind forces (see Figure 4.1). By Hamilton’s principle, the model can be writ-
ten as a coupled system of nonlinear wave equations (in transverse and longitudinal di-
rections) on a slowly time-varying spatial domain. The string is excited at a boundary by
two harmonic functions in the horizontal and in the vertical directions. The main objec-
tive of this chapter is to study how the boundary excitations and nonlinear interactions
between the two motion-directions influence the vibration behavior in the transverse
and in the longitudinal directions for the moving string. In contrast to previous research,
where only the transverse or the longitudinal vibration behavior was studied the (reader
is referred to [67, 68, 69, 70]), the coupled model is more accurate. However, the appear-
ance of nonlinear and coupled terms increases the complexity of the system analysis.
In order to deal with this difficulty, perturbation methods and an internal layer analysis
are used in this chapter to approximate the vibrations and the resonances, including de-
termining the resonance-amplitudes and the size of the resonance zones. Based on this
analysis, solutions of the coupled initial-boundary value problem for the transverse and
the longitudinal motions can be predicted analytically. To the best of our knowledge, the
results about analytical approximations of the solutions have not been proposed for the
coupled transverse and longitudinal vibrations of the moving cable system until now.

The remaining part of this chapter is organized as follows. In section 4.2 the problem
is formulated. In section 4.3 the problem is reformulated from a partial differential equa-
tions formulation to an ordinary differential equations formulation by using the method
of separation of variables. Many resonance manifolds for the transverse and longitudi-
nal motions are detected by an inner layer analysis. In section 4.4 approximate solutions
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are constructed analytically for the transverse and longitudinal motions by using a three
time-scales perturbation method. In section 4.5 some numerical approximations are
presented by using a central finite difference scheme to validate the theoretical results
from section 4.4. Finally, in the last section we draw some conclusions.

4.2. FORMULATION OF THE PHYSICAL SYSTEM

In this section the mathematical model of the elevator system is described and the equa-
tions for the transverse and the longitudinal motions of the system are derived and ex-
plained.

Nomenclature:
w(x, ) the transverse displacement
u(x,t) the longitudinal displacement
1(1) the length of the elevator cable
v=I the longitudinal velocity of the elevator cable
a=1(t the longitudinal acceleration of the hoisting cable
o the linear density of the elevator cable
m the mass of the elevator conveyance
EA the longitudinal stiffness,
E Young’s elasticity modulus, A the cross-sectional area
T(x,t) the spatiotemporally varying tension in elevator cable
1, C2 transverse and longitudinal viscous damping coefficients
in elevator cable
g the standard gravity
Egs initial gravitational potential energy
Cu longitudinal viscous damping coefficient in elevator conveyance
eyw(D), ey(t) the transverse and longitudinal fundamental excitations
at the top of the elevator cable
ew(t) =pPrcos(wrt+a), ey(t)=pP2cos(wat)
B1, B2 the amplitudes of the transverse
and longitudinal fundamental excitations
a primary phase of the transverse fundamental excitation

By using Hamilton’s principle, the mathematical problem for the vibrating cable (Fig-
ure 4.1) can be written as an initial boundary value problem for the transverse vibration
(see also Appendix C.1):

P(Wer +2VWyt + Pwyye+awy) — (Twy) g + c1(wp + vwy) — EA(zwy) x = 0,
Bocos(wat) <x<I(2), t>0,

w(l(t), =0, t=0,

w(facos(w2t),t) = frcos(wit+a), t=0,

w(x,0)=wy(x), w;(x,0=wi(x), P2<x<lp,
4.1)
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and as an initial boundary value problem for the longitudinal vibration:

p(Ues +20Uyx + V2 Uy + atiy + a) + co (U + vity) — EAzy =0,
Bacos(wat) <x<I(1), t>0,
[m(uss +2vuUys + vzuxx +auyx+a)+cy(us+vuy) + EAz]l| =1 =0, =0,
u(Bacos(wz 1), t) = Bacos(wet), t=0,
u(x,0) = up(x), u(x,0)=u1(x), Pa<x<ly,
4.2)

- 1.2
where z = uy + ; wy and

T(x,t)=[m+p(®)-x)g, B2cos(wzt)<x=I1(2). (4.3)

In this paper, we use the following assumptions for the parameters and functions:

* The longitudinal velocity v is small compared to the wave velocities ,/EPA and

‘/%, thatis, v = evp;

* The nominal wave velocities ,/ % and ,/ % are of the same order of magnitude,

EA [EA : EA _ .
that i is, =2 = =0(), mg 451, and £4 mg 4 jsnotnear 1, i.e., mg 1>> O(e);

* The cable mass pL is small compared to the car mass m (L is the maximum length

of the cable), that s, u = % = Elp;

* The viscous damping parameters ¢, ¢», and c, are small, that is, ¢c; = €c19,¢2 =

€C2,0)Cy = ECy,0;

* The fundamental excitations at the top of the elevator rope are small, and the lon-

gitudinal excitation is smaller than the transverse excitation, thatis, f; = €f1,0, f2 =
2
£ 2,05

* The initial conditions wq(x) = €ho(x), w1 (x) = €hy (%), up(x) = €2hy(x) and u; (x) =

e2h3(x);

 For convenience we only consider a non-accelerating cable, that is, the cable length

I(t) = lp + vt and a = 0, where [j is the initial string length.

In the above assumptions, vy, Ko, €1,0, €2,0, Cu,0, B1,0, B2,0, @ M, p, W1, w2, L and [y are
positive constants and are of order 1, the functions hy(x), k1 (x), h2 (x), h3(x) are of order
1, and ¢ is a small parameter with 0 < e << 1.

To put the equations (4.1) and (4.2) into non-dimensional forms, the following di-
mensionless variables and parameters are used:

*

w
w=—,u =
L

=l

P X / / ﬁl 8 _ P2
, X _L ﬁl L’
L
,c;:c — , 0] = Loy :—O uy = —ul,
mgp mg L’
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l L L
" = ,p—p C; =C———, w, =Lw, L, wa‘:ﬂ, wf:‘liwl.
m mgp mg L mg

The initial boundary value problem for the transverse motion in non-dimensional form
becomes:

Wit + 20 Wyt + V2 Wy — Wik —p(l(t) = X)Wy + YWy + 1 (W + VW) — %(wa)x =0,
Bacos(wat) <x<I(1), £>0,

w((n), =0, =0,

w(Pscos(wzt),t) = Picos(wit+a), t=0,

w(x,0)=wy(x), wi(x,0)=wi(x), P2<x<lp,

(4.4)
and the initial boundary value problem for the longitudinal motion in non-dimensional
form becomes:

Ut +2VUxr + VP Uy + Co (U + V) — m_guxx_ —(2 W)y =
B2 cos(wg HN<x<lI(),t>0,
(Upr + 20Uyt + V2 uxx+cu(ut+vux)+ ]|x =0, t=0,
u(Bacos(wyt),t) = frcos(wyzt), t= 0,
u(x,0) =up(x), us(x,0=u(x), P2<x<ly,
(4.5)

where the asterisks (indicating the dimensionless variables and parameters) are omitted
in the problems (4.4) and (4.5) for convenience.

In order to convert the time-varying spatial domain [f; cos(w; #), [(#)] for x to a fixed
domain [0,1] for ¢, anew independent spatial coordinate ¢ = M, in which h(t) =

(D)
1(#) — B2 cos(w2 1), is introduced. After this spatial transformation, the equation for the

transverse motion becomes:
Wy + %wgt—#mw&—%(1—5)w&+%wg€+qwt—%(a,gwf)f
o G — s Wer = O W), 0<E<1, 1>0,
w(l,t) =0, t=0,
w(0,1) = fycos(w t+a), t=0,
w(E,0)=we(8), w:(,0=uw(), 0<&<l,

(4.6)
where Wy (&) = wo (€l + B2(1 - (f)) and w, (&) = wi (&l + B2(1 = ¢&)). Tt should be observed
that the order of the term — Tm(uf wWe)¢ in (4.6) is unknown a priori due to possibly

occurring resonances. So, we keep this term explicitly in the equation, and analyse it
later. The equation for the longitudinal motion then becomes:

EA EA - -

2t mgh2(t}5355— mgh () WeWee — h(t) o =0(%H), 0<&<1, >0,
4 - Iz -2 _ 2 -

mgh(r) Ug + 2mgh?(r) wcf]"f:l =0, 120,

(0, 1) = Bocos(w2t), t=0,

u(&,0)=1up), u,0)=u(), 0<i<l,

_ 2w - _
Urr + mu5t+02ut—

[L_tt[ +cy il +

4.7)
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where i1y (&) = uy(Elp + B2(1 —&)) and @) (&) = uy (Elp + B2(1 = &)). The orders of the term
—% wWe wee and the term % II)?(I, t) in (4.7) are unknown a priori due to possi-
ble resonances. So, we keep these terms in the equation, and analyse them later.
Further, we also introduce the Liouville-Green transformation (as used in the WKB]
method) Wlth l(t)’ and a transformation to eliminate the non-homogenous terms
in the boundary conditions (see Appendix C.2 for details). Then, the initial boundary

value problem in the transverse direction becomes:

Wes— Wee = Vs — 20 Weg — cllws l

3
w{)g

+2véw5s+ﬁ1(1 cf)w izcos(ng(s)+a)
EA Ve +EWeel + hoot,, 0<E<1, s3>0,

w(l,s)=0, s= 0,

w(0,s)=0, s=0,

w(E,0) = w(E,0) —pf1(1—¢)cos(a), ws(&,0) = ws(S,0) + frwilp(1 - sin(a), 0< <1,
(4.8)

where according to the initial condition assumptions, the terms in "h.o.t.", consisting of

O(en), O(e2 W), O(ew?), O(eiriv) and O(ew?), can not influence the lowest order of the

solution of problem (4.8) on time-scales of O( %).

The initial boundary value problem in the longitudinal direction then becomes:

Ogs — EAugg—vus—2vu53—02lus+21/fu +(cz—cu)iﬁs(1,s)—i—guiag(l,s)

+’”2‘ £4 e (1,9) - £ (cr— c)litgge (1,5) + O(E2 )

+—Aw¢“ 55——Aw5(1 S)Wege(1, s)

1 ——[wfgrg(l S)Wee (1, 8) + We Weeee (1, 9)] ——w(gs(l 8)Wees(1, $)+ O(e?)

ﬁl cos(wy x(8) + @) Wee + —,61 cos(wy x(s) + a) e (1, 8)

Zl i’;ﬂlcos(a)l)((s)+a)w&& (1,8 — ézﬁla)lsm(a)lx(s)+a)w555(1 s)

+0(2W) + ,Bga)zlz cos(wax(s)) +0(®), 0<é<1,s5>0,

4.9)
and

Qee(1,8) = O(%), =0,

7(0,8)=0, s=0,

- _ & 7= mg 7~ ) 1~ -

a(,0) = u(s‘,O)—7[—Mlu¢(1,0)+ﬁ(Cz—cu)lus(l,O)—gwgr(l,O)—7w(:(1,0)wa(1,0)]
+0(e3),

i15(&,0) = 5(¢,0) — & [—plie,(1, 0)+ £ (c2 — ) lTige (1,0) — i (1,0) e (1,0)
— 1 Wes (1, O)wgg(l 0) - wg(l 0)Wees(1,0)] +O(e), 0<é<]1,

(4.10)
where according to the initial condition assumptions, the terms in O(e1?), O(e2 1),
O(e?1), and O(e®) can not influence the lowest order of the solution #(¢, s) in problem
(4.9) on time-scales of O(%), so they can be neglected in the further analysis. In the fol-
lowing sections, the solutions of (¢, s), @i(¢, s) in problem (4.8) and (4.9) will be approx-
imated by using an interior layer analysis and a three time-scales perturbation method.
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4.3. INNER LAYER ANALYSIS

It will be shown that an interior layer analysis (including a rescaling and balancing proce-
dure) leads to a description of an (un-)expected resonance manifold and leads to time-
scales which describe the solutions of the partial differential equations (4.8) and (4.9)
sufficiently accurately. To derive the solutions (¢, s) and (¢, s) in problem (4.8) and
(4.9), firstly the method of separation of variables is employed. In accordance with the
method of separation of variables, the general solution of the transverse problem (4.8)
can be expanded in the following form:

W)=Y Tu(s)sin(nné), 4.11)

n=1

and the general solution of the longitudinal problem (4.9) can be expanded in the fol-
lowing form:

A&, s) =) Yu(s)sin(nmué). 4.12)
n=1

Substituting (4.11) into the initial boundary value problem (4.8), and substituting (4.12)
into problem (4.9), further by multiplying the obtained equations with sin(kn¢), and by
integrating with respect to ¢ from ¢ = 0 to ¢ = 1, and by using the orthogonality properties
of the sin-functions on 0 < ¢ < 1, we obtain the following ordinary differential equations
for Ty (s) (with k =1,2,3,...) in the transverse direction:

Tie,ss + K7 Tie = R(5), (4.13)
where
x(s)
A oo A 2 oo 2 A
= evTrs—€c1olTes— Y. sc,llykuol(mr) Tp+ ). Cp 1 (—2v0n7 Ty s — prol N Ty)
1 =1
(e} 3 ! EA7'[3 (e} " k-1
+£Z cn‘kZUOnnTn,s+ ~ Z kp(k—p)Ypr_k— Z kp(k—p)Yka_p]
n=1 2mgl p=k+1 p=1
EAnm® & 3EA "™pPI®
- -y kp(k+p)YpTisp + —— Y nprtk—n-p)TaTyTpsp-i
2mgl p=1 8mgl? i p=k+1

3EA "Rk
+ —[ Y npr’k—n+p)TnTpTensp
8mgl? n-p=-co

(o]
+ Y. npr(k+n+p)TnTp Tetnep)
n,p=1
3EA Pkl
— [ Z npﬂB(k+n—p)TnTka+n_p
8mgl? p-n=-co
p—n=o0o
- Y apnP(p-k-mTyTpTp__nl
p—n=k+1
3EA n+p=k-1
+ = 2 npr®(k=n—-p)TpnTpTe—n—p
Smgl n+p=2
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n—p=o00
+ Y npn(k—n+p)TyTpTn-pil
n—-p=k+1
+eﬁ2,0dkw§iz cos(wax(s) + @) + h.o.t.,
1. .
Wo (&) sin(kné)d
T;.(0) = {0. 0(©)sin Od g
Jo sin(kmé) sin(kné)dé
1. .
(&) sin(kné)d
Tt,s(0) = {0‘ & : DA (4.14)
Jo sin(km&) sin(kné)dé

where Fi = O(¢) and Gy = O(e). ¢ ,, ¢ ,, ¢ ,_and dj, are given by:

o _ fol(l - & sin(nné) sin(kné)dé
mk Sk sin? (kmé)de
2 fol cos(nmé)sin(kné)dé
mk i sin?(kné)dé
P I 5cols(7‘17ré) sin(kné)dcf’ = f01(11—.<f) sin(kné)dfl 4.15)
' Jo sin?(kné)dé Jo sin?(kn&)dé

Further, the differential equation (4.13) can be written as:
Ty ss+ K2 Ty

(0] [e.e]
= elvoTis—c1,0lTk,s— Z czvk,uol(nn)zTn+ Z Ci,k(—zvonﬂTn,s—ﬂglnﬂTn)
n=1 n=1

- EAn® &
+Z cfl,kZUOnnTn,s+ - Z kp(k—p)Yy Ty
n=1 2emgl pi1
EAn® K]
Z kp(k— P)Yka p
Zemg p=
EAm® &
Z kp(k+ p)Yp T p + Prodiwi cos(iy(s) + @) + hoo.t.,  (4.16)
Zemg p=

where Ty (0) and Ty, s(0) are given by (4.14), ¢, |, ¢ |, ¢, , and dy. are given by (4.15). Note
that the term "h.o.t."(including T, T, T in (4.13)) can not influence the lowest order of
the solution of the differential equation (4.16) on time-scales of O(%). This can be seen as
follows. When the addition or subtraction of the three subscripts in T, T, T; equals to k
or —k, then for the given initial conditions of O(¢), T, T, Tj leads to 0O(£2) contributions in
the solution of the differential equation (4.16) on time-scales of O(%); otherwise, T, T, T;
will leads to contributions of O(e%) in the solution of the differential equation (4.16) on
time-scales of O(%).

Similarly, we obtain the following differential equations for Y (with k=1,2,3,...) in
the longitudinal direction:

EA
Yiess + — K2m2 Ve
mg
(o]

~ o) EA .
= eWwo—c20D)Yis+ ) Zevonnd}lkanys— > m—gulnndf’lkan

n=1 n=1
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k-1 [eS) [es)
4 4 L 4 ) .
+3 di_j i Te-jTj+ Xk: di_r;Ti-«Tj Zl dirjTiskT]
j: +1 j:

j=1
+ﬁ1d§,ka cos(wix(s)+a) + ﬂgwgizdl,k cos(w2x(8)) + h.o.t.,
1 .
kné&)d
Y (0) = 1fo.uo(é’)sm.( n)dé _f
Jo sin(kné)sin(kné)dé
14 .
kn&)d
Yi,s(0) = Jo i@ sin(kn)de = gk, (4.17)

- fol sin(kné)sin(kné)dé -

where fi = O(£2) and gk = 0(&?). di o df‘l o dfl It ai ks dé o are given by:

P ) € 1) cos(nrd) sin(kmé)dé B S+ W10 cos(n) sin (k) dé
mkeo i sin? (kn&)dé& Lok i sin? (kn&)dé
EAnj?n’ g fysin(kné)dé ., EA

at. = L 4= . dy = ——k*n°. (4.18)
mJ 2mgl T flsin?knoyas’ T mgl

Before approximately solving the ordinary differential equations (4.16) and (4.17),
according to an inner layer analysis process (see also chapter 3), we can make the fol-
lowing remarks beforehand. For the given initial conditions for Y} (which are of O(e%),
the terms in the right side of equation (4.17) can lead to different contributions in the
solution Y; on time-scales of O(%). The first three terms in the right side of equation
(4.17) only lead to contributions of O(e?). The coupled, nonlinear terms including TpT;
can lead to contributions up to O(% Ty Tj), and the term with frequency w; lead to con-
tributions up to O(v/Ty). The term with frequency w; can lead to contributions up to
O(ev/€). Since Ty may increase from the initial state order of O(e) to lower orders, the
orders of the terms including T}, T; determine that of the solution Yj. Therefore, the so-
lution of equation (4.17) can be approximated as Y; = O(% TpT;). Similarly, we obtain
that for the given initial conditions for T} (which are of O(¢)), terms in the right side of
equation (4.16) can also have different contributions to the solution T} on time-scales
of O(%). The first five terms in the right side of equation (4.16) only can lead to contri-
butions of O(e). Based on the fact that Y} = O(% T, Tj), terms including Y, T; can lead
to contributions up to O(¢), and the last term with frequency w; can lead to contribu-
tions up to O(v/€). This implies that in equation (4.16) only the external forcing with
frequency w; produces resonance, and leads to a jump in the solution T} from O(¢) to
O(v/¢). Further, it follows from equation (4.17) that the coupled terms including TpT;
produce maximum amplitude responses, and the amplitude responses are depend on
the solution T} of equation (4.16).

After the above made observations, to obtain the (un-)expected resonance manifolds
which describe the solutions of ordinary differential equations (4.16) and (4.17) suffi-
ciently accurately, the following standard transformations are introduced:

Ti(s) = Ajx(s)sin(kms)+ By i(s) cos(kms),
Trs(s) = kmAyi(s)cos(kms)—knBy i(s)sin(kms),

Yi(s) = Cyi(s)sin(Ags) + Dy () cos(Ags),
Yis(8) = AkCypr(s)cos(Ars) — AxD1 i (s)sin(Axs),
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where 1y =/ i—‘z, kr. The transverse problem (4.16) can now be rewritten in the follow-
ing form (where the dot - represents differentiation with respect to s):

A = s(vo—cl,olA)Al'kcosz(kns)—z—:(vo—clyolA)Bl,ksin(kns)cos(kns)

o nem nm
+e ) [(—c}l,kuol—ml,w (Zci,kvO—)Bl,n

n=1
n2n
N
_(Ci,k“OZE)Al n (ch Vo—— )31 nl sin(nms) cos(kms)
[ R 2
+e Y [(-c) kuol—)Bl,n + (ch U0 Ay,
n=1 ' k ' k
,  an s n’m
_(Cn,kﬂolE)Bl'n + (ch,k”OT)Al'n] cos(nms)cos(kms)
EAn? & ) .
+ - Z plk—p)ICypA1p—k sin(Ays)sin((p - k)7s)
2mgl p=in

+Cy,pB1,p-ksin(Aps) cos((p — k)7s)
+D1,p A1, p-k COS(Aps)sin((p — k)7s)
+D1,pB1,p-k C0O8(Aps) cos((p — k)ms)] cos(kms)

EA 2 k-1
-3 lz pk—p)[C1p A k-psin(A,s)sin((k — p)ms)
mgl p=

+Cy,pB1,k—psin(Aps) cos((k — p)ms)
+D1,p A1 k—pCOs(Aps)sin((k — p)7s)
+D1,pB1,k—p c0Os(Aps) cos((k — p)ms)] cos(kms)

EA® 2 oo
p— Z plk+ p)[CypALp+ksin(dps)sin((p + k)7s)
mgl p=

+C1,pBLp+k sin(A,s) cos((p + k)ms)

+D1,p A1, p+k COS(ApS)sin((p + k)7 s)

+D1,pB1,p 1k COS(Aps) cos((p + k)ms)] cos(kms)
dr?1?

+61

Bl,k = —E(Uo —c, Ol)A1 kcos(kns) sin(kms) +e(vyg— 1 ol)Bl,k sinz(kns)
2
—€ Z (= C,, k,uol—)Al nt (20,, kVO_)Bl n

n=1

[cos(kms+ w1 x(s) + a) + cos(kns —wy x(s) — )] + h.o.t, (4.19)

2,
nem
—(cn kpol—)Al n— (2cn ka—)B1 nlsin(nms) sin(kms)
2n n2n
—eZ (- cnkuol—)BlnHchkvo %) A,

n=
2

—(cn kpol—)BLn + (ch’kvon—)Bl,n] cos(nms)sin(kms)
EAnm? °°

- Y. plk—p)CypAip-rsin(dps)sin((p — k)ms)
ngl p=k+1

+C1,pBy,p- ksin(Aps)cos((p — k)ms)
+D1,pA1p-k cos(Aps)sin((p — k)ms)
+D1,pB1,p—k €0O8(Ap ) cos((p — k)ms)] sin(kms)
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EA]TZ k-1
+ = Z p(k— p)[Cy,p A1 k—psin(Ays)sin((k - p)7s)
2mgl p=1
+Cy,pB1 k—psin(Aps) cos((k — p)7s)
+D1,p A1 k—p cos(Aps)sin((k — p)ms)
+D1,pB1 k- p cOs(Aps) cos((k — p)ms)] sin(kms)

EAn* & -
+ =Y plk+ p)Cyp A1 psisin(d,s) cos((p + k)ms)
ngl p:]

+C1,pB1,prk sin(A,s) cos((p + k)ms)

+D1,p A1 prk cos(Aps)sin((p + k)ms)

+D1,pBi,p+k €O8(Aps) cos((p + k)ms)] sin(kns)
dsziz

e

[sin(kms+w;x(s)+a) +sin(kns — w1 y(s) — @)l + h.o.t. (4.20)

Large transverse amplitude responses in (4.19) and (4.20), due to the external forcing
with frequency w;, can be expected when km —w; ¥(s) = 0, or km + w; §(s) = 0. But since
kn >0 and w; y(s) > 0, resonance only will occur when

w1 lpef?* = k. 4.21)

So, transverse resonances are expected for times s around s* with

1 kn
sB = —In(—), krzwily, k=1,2,.. 4.22)
EVy w1 lo
To study the situation in the transverse resonance zone, we introduce time-like vari-
ables
T=¢€s, Pr(s)=kns, @) =wix()+a, Wi(s)=di(s)—(s),

and rescale 7 — 7F = §(e)7 with # = O(1) and 7 = es® = Vio ln(ﬁ). Then

¢ = w0y lpe T+ (4.23)

voa®+8(e)1) _

. (k)
Vi = km—wilpe 08wl voe”oT T,

and A i (s), By (s) are given by (4.19). It now follows that a balance in system (4.23)
occurs when %8) = f(¢), and this implies that in the transverse resonance zone that

6(g) = V¢, i.e., the size of transverse resonance zone is O(\/ig) for times s. So, together
with 7 — %) = §(&)%, it follows from (4.23) that

£ =e(s—s®). (4.24)

. (k) .
Further, from (4.23), we obtain ¥ (s) = wk(s(k)) + %wl lovpe¥"  e(s— s*N2 Hence, in the
transverse resonance zone, we can write

1
sin(yi(s) = sin(iwllovoe”"’(k)s(s—s(k’)z+1//k(s("))),
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cos(yi(s) = cos(%wl Iy voe""’(k)e(s —sy2 4 wk(s(k))), (4.25)

where . (s®) = krs® — etk _ 4

It was analysed that the resonance responses for Y in (4.17) are depend on the terms
including T, T}, and the resonance responses for Ty in (4.16) are depend on the terms
with frequency w;. So, based on the inner layer analysis, the size of the emerged reso-
nance zones has been established, and this size will also be used as a new asymptotic
scale to introduce a three-timescale perturbation method in the next section to study
problems (4.16) and (4.17) in detail and construct asymptotic approximations of the so-
lutions of the initial-boundary value problems (4.8) and (4.9).

4.4. THREE-TIMESCALES PERTURBATION METHOD

In the previous section, it was shown that (under certain condition on the external fre-
quency w;) resonances in the transverse direction can occur around time s = EIVO ln( o lo ),
and that resonances in the longitudinal direction depend on the solutions Ty of equa-
tion (4.16). For this reason, we rescale s by defining s = §+ —— L In(-£2). Thus, problem

. ; EVp u)ll
(4.16) can be rewritten in § as follows:
55t ]CZT[Z Tk

oo o0
= elvoTrs—c10lTrs— ), c,ll’k,uol(nn)zTn+ > cfl,k(—ZUOnnTn,g—uolnnTn)
n=1 n=1

00 3 EA7[3 o)
+Z Cn,kzv()l’lﬂTn,g-i-—A Z kplk—p)YpTp—k
=1 2emgl p:k+1
EAm® k2]
- Z kptk—p)YpTi—p — Tesp
2emgl = 2emgl p=
1 km
+p1, Odkw 2 cos(wl)((s+—ln(—))+a)]+h o.t.,
EVg w1l0
Tk(——ln(—))—Fk, Tk, s(__ln(_))—ka (4.26)
EVy w1l EVo w1ly
and problem (4.17) can be rewritten in § as follows:
ijg‘l‘ﬂ,iYk
R [e.0] 1 [e.°] EA R 3
= e(wo—co0D)Yis+ ), 2evonnd, , Yos— Y. —plnnd, Yy,
n=1 ’ n=1 M§ ’
k-1
+de ]]Tk ]T]+ Z d] k] kTJ Zd]+k] ]+kT]

j=k+1

1 km
+ﬁ1 k. kacos(wlx(s+ —ln(—)) +a)
EVg 1l0

. 1 km
+Bow21?dy . cos(way G+ — In(—)) + &
Paws 7 dy ;. cos(w2x( o (w1lo)) )
+h.o.t.,
1 km 1 kn
Yi(-——In(—-) = fi, Yis(——In(—)) = g. (4.27)
EVo wllo EVy w110
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Next, we study problems (4.26) and (4.27) in detail under the assumption that w; is
such that a resonance zone exits for the k’" oscillation mode. The application of the
straightforward expansion method to solve (4.26) and (4.27) will result in the occurrence
of so-called secular terms which cause the approximations of the solutions to become
unbounded on long timescales. For this reason, to remove secular terms, and to ob-
tain approximations which are valid on long timescales, we introduce three timescales
So = §, $1 = V€S, s» = €5. The time-scale s; = /€5 is introduced because of the size of
the resonance zone which has been found in the previous section, and the other two
time-scales are the natural scalings for nonlinear equations such as (4.26) and (4.27). By
using the three time-scales perturbation method, the functions T (5; v/€) and Y (5; v€)
are supposed to be functions of sy, s; and s,

Ty (3;v/€) = Tr(s0,51,52),  Yi(5;v/€) = Yi(so, 51,52).

By substituting T (50, 51, 52) and Yi.(so, 51, 52) into the differential equation (4.16), we ob-
tain the following equations up to O(ev/€):

02 0° Tk T Tk
+ KPP Ty +2 € +2¢
050 \/_ 0681 080082 631 \/_081682

. 0Ty - B Ty . -
= el(vo-cr0)=— - Z ch cbol(nm)* Ty + Y. & (—2vonm—— — polna Ty)
5o ’ n=1 0so

6T
+ Z 3 2V NI —— 2

n=1 0 So
Ty & 0T, & oT,
2 n 3 n

+evel(vg _CI’OI)E +nz::1 cn’k(—Zvonﬂa—s1 +n;1 cn,kZUOnna—Sl]

EAn® X EAR3 k=1

=Y kplk-p) YTy ——— Y kplk—p)Y,Tip
2mgl p=fi 2mgl p=1
_EAn® &
Z kp(k+ p)Yy Tisp
2mgl p

+/31dkw1l cos(w x(so — a) + a),

Tk(a bC,\/_) Fi= EFk,
0Ty

K(a bc,\/_)+\/_—(a,h c,\/_)+£—(a b,c;Ve)=Gr=¢Gr,  (4.28)

where F = O(1) and G = 0(1). Similarly, by substituting Tk(so, $1,52), ?k(so, $1,$2) into
the differential equation (4.17), we obtain the following equations up to O(ev/€):

0°Y; %Y, 0%Y Yk
+)L2Y +2 + + +2¢
SO k \/_ 0081 € 680682 os 2 \/_081682
Yy 0y, X EA
= 5[“’0_6201)6_80+n;12”0n”dnk6 —nz m—g,uolnndnkYn

+B1, odé o Te cos(wlx(so —a)+a)

oYy 0
\/_[(v0—0201)6—81+ Z 2v0nndnka

Yk]
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k-1 o) o]
4 T T 4 T T 4 T T
+ ) dp i Teej T+ Y dig TioTi= ) djyy i Tisr Ty
j=1 j=k+1 j=1
Yi(a,b,c;Ve) = fiu =€ fi,

0Yy

aY, aY,
—K(a,b,c;vE) +VE—L(a,b,c;vVE) +e—=(a, b, ¢; Vo) = g = €281, (4.29)
0so 0s1 0s2

where A = i—‘;kn, fk =0(1), §x = 0(1), and

1 kn € 94
a= Ly o Ve o Lk, (4.30)
EVg w1l0 EVg w110 Vo w110
Since the functions T} and Yj can increase in s from the initial state orders to O(y/€)
as has been shown in the previous section, a three-timescales perturbation method will

be used, and Ty (sp, 51, 52) and Yi.(so, s1, s2) will be approximated by the following formal
asymptotic expansions:

Te(s0,51,8) = VeETko(so,51,52) + €Tk 1(50,51,82) +VE Tk 2(50, 51, 52) + O?),(4.31)
Vi (50, 81, 52) VEY10(50,51,82) + €Yk, 1 (S0, 51, 52) + €VE YV 2(50, 51, 52) + O(€?), (4.32)

where T, Ti.1, T2, Yi0, Vi1, Yi2 are all functions of O(1).In the transverse direction,
by substituting (4.31) and (4.32) into problem (4.28), and after equating the coefficients
of like powers in /€, we obtain :

the O(v/€)-problem:

o°T .
N T
asg
- oT
Tko(a, b,c) =0, “9 (a,b,¢) =0, (4.33)
S0
the O(g)-problem:
0°T .
M P Ty 2
50 050631
EAn® & _ EAn3 k=1 _
= = 2, kpk=p)YpoTp-ro———= ) kpk=p)¥poTr-po
2mgl pirn 2mgl p=1
EAn® &2 . 5
- =Y kplk+p) Yo Tiespo + Prodrwi I* cos(w x(so — a) + ),
2mgl p=1
. o 0T0 )
Ti1(a, b, c) = Fy, —(a,b,c)+ ——(a,b,c) =Gy, (4.34)
68() 081

the O(e/€)-problem:

0°Tr.2 JETIES S ?Tey 0°Tro 0%Tro
as2 k2T e 55008, | 05005, as?
L 0Ty & . ~ o oT, .
= (vo—c1ol) 3 0 Y ol polinm)® Tuo+ Y. 2 (~2vpnm 0 — wolnm Ty p)
o p=1 7 n=1 0so
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e oT

3 n,0

+) ¢, x2vonm P
n=1 0

0T
—(a,b,c)=0. (4.35)
682

. 0Tk 0Tk
Tk‘,z(a) br C) = 0) - (a) br C) + - (ar b) C) +
650 S1

0

The solution of the O(y/€)-problem (4.33) can be written as:
Tr0(S0, $1,52) = Ak (51, 52) cos(k7so) + Bi(s1, s2) sin(k7sp), (4.36)

where A (b, c) =0, Br(b, c) =0, and where A (s1, $2), Br(s1,52) can be obtained explicitly
by solving the O(g)-problem (4.34) and the O(e+/€)-problem (4.35). We will study these
problems later in this section.

In the longitudinal direction, by substituting (4.31) and (4.32) into problem (4.29),
and after equating the coefficients of like powers in &, we obtain :
the O(y/€)-problem:

Yo oo
W + Ak Yk,() = 0,
0
- 0y,
Teolab,o)=0,  —2(a,b,e)=0, (4.37)
0
the O(g)-problem:
Vi1 oo Yo
—+ A7 Y +2 :
02 TR 55008
k-1 . [e) . [e) A
= [Zl di_j i Ti-joTjo+ Xk: 1 d;_i;iTj-koTjo~ Zl dir i TivkoTjol,
Jj= Jj=k+ Jj=
- Vi1 Yk
Yi1(a, b,0) =0, 3s (a,b,c) + 35 (a,b,c)=0, (4.38)
0 1

and the O(e+/€)-problem:

0° Vi 120,42 0?Yi1 0*Yio 0°Yio
T2 tkTk2

a5 0s00s1  0sodsy s

L0V & L Vo & EA . o
= (vo—c200) 35 + n;l 2vp I’l]‘[dn’k 3% - n;l m_g:uol””dn,kynﬂ

+B10dy . Tro cos(wr x(so - @) + ),

~ OYk 2 (317]C 1 a?k 0

YkZ(ar b) C) :0; _,(a’ b; C) + _,(ar b) C)+ - (ﬂ, b) C) :0, (439)

' 050 0s1 0sy
where Ay = i—gkﬂ.
The solution of the O(y/€)-problem (4.37) can be written as:
Yio(s0,81,82) = Ci(s1,52) cos(Ax o) + Di(s1, $2) sin(Ax o), (4.40)

where Ci(s1, s2) and Dy (s, s2) are still unknown functions in the slow variables s; and s,
and these functions can be determined by avoiding secular terms in the O(g)— problem
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(4.38) and in the O(ey/€)— problem (4.39). By using the initial conditions in (4.37), it
follows that Cy(b,c) = Dy(b,c) = 0. Now, we shall solve the O(¢)— problem (4.38). By
using (4.36) for Tk,oy and by using d,i’ k= an, which is given in (4.18), problem (4.38)
can be written as:

s 2 + /12 Yk 1
6C 0D
= ZAk—k sin(Agsg) — 2/1k—k cos(Asg)
681 631
1 k-1 )
+§ ; d]éfj,j[(Ak—jAj — Bk—ij) COS(kﬂSo) + (Ak—ij + Bk_jAj)Sll’l(kﬂ'So)

+(Ak_jAj+Bk_ij)COS((k—2j)T[S())+(Ak_ij—Bk_jAj)Sin((k—Zj)T[SQ)]
1 &

+— Z - k][(A] kAj+ Bj_iBj)cos(kmso) + (Aj_gBj— Bj_xAj)sin(kmsg)
Jj=k+1

+(A] kA] ] kBj) COS((Zj — k)]'[So) + (Aj—kBj +Bj—kAj) sin((2j - k)JTSQ)]

Z dk+” (A1jAj+ By jBj)cos(kmso) + (AjBjyx — BjAjrg) sin(kmsy)

+(Ak+]A] By jBj)cos((k+2)mso) + (AjBjsx+ BjAj i) sin((k +2)ms0)],

- 0Y;, 0Yy o

Y41(00,0,0) =0, —(0,0,0) + —(0,0,0)=0. (4.41)

’ 681 682

Itis obvious that the right-hand side of (4.41) contains resonant terms, such that sin(A so)
and cos(ASp), the term in the right-hand side of (4.41) involving sin((2 j — k) sg), cos((2 j -
k)msy), sin((k +2j)msg),cos((k+2j)msp) is also a resonant term when there exist k, ji, j2,

s.t., 2% =, / + 1+ 0O(¢) or 21162 = 51_2 —1+ O(e). Actually, for any fixed parameter value

of i—‘;‘, Wlth assumptions ,/i—‘g = 0(1) and 51—2, —1 > O(¢), there always exist k s.t.
i i L 0y Bk Bk
h-/E g+1+O(e) or £ = ,/i—‘g—l+0(£)w1th]1 = —5"%— and j, = %—.
Therefore, to avoid secular terms in (4.41) the functions of Ci.(sy, s2) and Dy (s, s2) have
to satisfy the following:

* When k does not satisfy the conditions that there always exist ji, j2 s.t. 2% =

V2 +1+O(£) or 22 2” = ,En—’;—1+0(£),then:

% =0 @ =0 (4.42)
651 o 081 o '
and Ci(sy, s2) and Dy (s, sp) are given by:
Ci(s1,52) = Ci(s2), Dpl(s1,$2) = Di(s2). (4.43)

* When £k satisfies the conditions that there always exist ji, j» s.t. 2% =4/ 51—‘2 +1+

O(¢) or 2% = 51—’2, —1+ O(¢), then:
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4

dC 4~k

s an, An-kBi+Bj-kAp)
4

k+j:
+ ]2 J2

(AjyBjp+k + Bjy Ajy+i) = Py (s1,2),
4

0Dy djl—kvjl

Os - Tanp AnekAn Bi-eBi)
4
k+jo,jo

YR (Ak+j,Ajy — B+ jo Bjy) = Qa(s1, 52), (4.44)

and Cy(sy, s2) and Dy (s1, s2) can be obtained as:
N ~ _ N - _
Ci(s1,52) =fb Py(T,5)dT + Ci(s2), Dy(s1,52) =fb Q2(7,52)dT + Di(s2),  (4.45)

where Ek(Sg) and Ek(s;g) in (4.43) and (4.45) are still unknown functions in the slow vari-
able s;. By Ci(b,c) = 0 and D (b, c) = 0, we obtain that Ci(c) = 0 and Dy (c) = 0. The
undetermined behaviour with respect to s, can be used to avoid secular terms in the
solution of the O(¢1/€)— problem (4.39).

According to (4.41), taking into account the secularity conditions, the general solu-
tion of the O(e)— problem (4.38) is given by

Yi1(S0, $1, 52; VE) = Ex (o, 81, $2) c0s(A g So) + H (S0, $1, $2) sin(A o), (4.46)
where
0Yro
Ek(a, by C) :0’ Hk(ﬂ, br C) = : (ay b) C)- (447)
1
Then the O(ey/€)— problem (4.39) can be written as:
02V ) -
952 + A’k Yk 2
0%E; O0H; 0Dy  0°Cy
= [-2 — 2 = 2A e — —
2 asos M as, Moy, 052

R EA .
+(vo— €20 A Dy +2v0kﬂd,1C Dy — —,uolkndz «Crlcos(Aso)
mg '

0% Hy OE} 0Cy 0°Dy
+ 20—k 4 2A —E
dsodsi FasFos,  os?

[-2

X EA .
—(vo — 2,0 A Cx —2v0n7rdk,k/1ka - %“Olk”di,ka] sin(Ag o),

+B1,0dy, ([Ak cos(kmso) + B sin(knso)] cos(w1 x(so — a) +a),

_ 0%k

Yi2(a,b,c) =0, 3s (a,b,c) = (a b, )— (a b,c). (4.48)
0

Note that in the analysis of section 3, the last term including cos(w; y (so — a) + @) in (4.48)

can not affect the function Yk o0- So, to avoid secular terms in the solution Yk 2 in equation

(4.48), the following different cases have to be considered:
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* When k does not satisfy the conditions that there always exist ji, j2 s.t. 2% =
5i
,/51—’2+1+O(£)0r%: rEn—’;—1+O(£),then:

0%Ey 0Hj

B 650_031 k 081

682
0°H, OF
k +2 k—k
68()6_81 081

oD S = Do+ A0 C
= 2M—— — (vo - cp,0 DA D — 2voknd} ; Ak Dy + m—g,uolkndikak,

-2

acC A —  EA _
= —z/lkgz"+(uo—cz,ol)/lkck+2u0knd,§,k/1kck+m—gpolknd,ika. (4.49)

* When £k satisfies the conditions that there always exist ji, j» s.t. 2% =/E 1+

mg
O(¢e) or 2% = 51_2 —1+ O(¢), then:
0%E 0H 0 /3! Qa(7,52)dT 0P, R ST
2k —Z)Lk—k—ZAkM——2+(vo—02,olef 0o(%, 55)d7T
680681 681 682 681 0

) s _ EA . s (9o .
+2v0kndkykltkj(; Qz(T,Sg)dT—m—g/Jolkﬂdk'k A Py(7,80)dT

oD N = — EA . _
= Z/Ik_k—(1/0—Cz,()l)/lka—ZUokﬂdllck/lka+—[Jolkﬂdikck,
632 ) mg :
0°H 0F 8 [ Py(f,s)dT 40 . s
—2 k +2Ak K +2Aku_&—(l/0—02()l)lkf Pz(‘f,SZ)d‘L_'
0s00s; 0s; 0sy 0s; ’ 0

2uokndy A fslﬁ(‘ )dt EA ikndd fslé(' )dT

—2vokn k 7,8)dT — — T T,8)dT

0 _k,k o 2 2 mgIJO kk | 2 2
aC - _ EA . _

= —mka—"+(uo—cz,ozmkcwzl;oknd}ckakcﬁ—pozknd;kpk. (4.50)
S2 ’ mg ’

Solving (4.49) and (4.50) for E; and Hj, we observe that the solution will be unbounded
in sp and s;, due to terms which are only depending on s,. Therefore, to have secular-free
solutions for Ex and Hy, the following conditions have to be imposed independently:

dD R — EA . _
Z;Lkd_k_(,,0_Cz‘om,cpk_zuoknd}ckakpk+—uolknd,ikck = 0,
$2 ’ mg ’
dc R _  EA . _
—Z/Ikd—sk+(Vo—Cz,ol)/lkck+2V0kﬂdllc,k/lkck+m_gﬂolk”dl?é,ka = 0. (451
2

2 _ 1 . ..
Due to dk’k = =g we then obtain from (4.61):

1

_ . _ EAuglknd?
Crlsy) = e 22012 9 (¢) cos(——— =&

2mgly
EAuolknd;
W(Sz -o)l,

(s2—10))

—Bk(c) sin(
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_ ; _ EAuglknd?
Di(s)) = e 2209 [T (0)sin(——— (5, - ¢))
2mghig
_ EApolkndi v
+Dp.(c) cos(—————=(s2 — ).
2mghg
Since Ci(c) = 0 and D (c) = 0, this implies that
Cils2) =0, Di(sy)=0. (4.52)

Now, all unknown functions in (4.40) can be determined, and the solution of the O(y/¢)-
problem (4.37) can be written as:

Yio(s0,51,52) = Ci(s1,52) cos(Asp) + Di(s1,52) sin(Asp), (4.53)

where C(s1, s2) and D (sy, s2) are given by (4.43), (4.45) and (4.52).
Now, substituting (4.36) and (4.5 5) into the O(¢)-problem (4.34) for Ty, together
with c,C k= ;, ci K= =0 and ck = an in (4.15), problem (4.34)becomes a nonlinear

ordlnary differential equation without coupling term:

0%T,
¢+k2 2Tk1
Oso

0A 0B
= 2k7‘[—k cos(kmsg) — an—k cos(kmsg)
0s1 081

EAnd & Ap-kDp+Bp-Cp
= Y kptk— p I sin(Ay, + (p - K)m) s0)
2mgl p=k 2

N Ap-xCp—Bp_kDp

cos((Ap + (p — k)m)so)
+ Ap-kDp — Bp-kCp

sin((Ap — (p — k)7) o)

A, +Cy+B,_ D
+=P ”2 PP cos((Ap — (p = K)m)so)]
EAnS3 k=1 Ag-pDp + Br—pCp

kp(k—
ngpz pk—p)l 5

, AepCp = BepDy

sin((A, + (k= p)m) so)

cos((Ap + (k- p)m)so)
, A-pDp = Bi=pCy

sin((Ap — (k- p)7) so)
Ak—pcp + Br-pDp

cos((Ap — (k- p)m)sp)]

BAn® & Dy + Byt pC
s Z kphc+ p) D * Biesp 2 sin((A + (k + p))so)
ng p= 2

+Ak+,,c,, BrspDp

cos((Ap + (k+ p)m) so)
Ak+pr - Bk+pcp
2

sin((Ap — (k + p)7) o)
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N Ak+pCp + Bi+pDp
2

cos((Ap = (k+ p)m)so)]

-

I
+Brodrw? P cos(wiy(so— @) + @), (4.54)

~~

11

where C, and D, are given by (4.43) and (4.45). The right-hand side of equation (4.54)
contains resonant terms: for instance, at least one of the I terms is a resonant term when
there exist k, p1, p2 s.t. i—’l‘ = \/51:‘2+ 1+ O(¢g) or ;—’2‘ = \/i:’z,— 1+ O(¢). The II term with w;
can be resonant when krm —w; ¥(s) = 0 or kx + w1 ¥ (s) = 0. Obviously, the terms in (4.54)
involving sin(k7msg) or cos(kmsp) are resonant.

Outside the resonance zone (or equivalently the resonance manifold), the corre-
sponding timescales are sp = § and s, = £€§ (without s; = 1/€5), so to avoid secular terms
in (4.54), A and By have to satisfy the following equations depending on the parameter
values:

0A 0B
2k _o 2k

) ) 4.55
681 081 ¢ )

which implies that:
Ar(s1,2) = Ar(s2), Bi(s1,52) = Br(s2), (4.56)

where Zk (s2) and Ek (s2) are still unknown functions in the slow variable s,. Since A (b, ¢)=
0 and By (b, ¢) = 0, we obtain that Zk(c) =0and Ek(c) = 0. The undetermined behaviour
with respect to s, can be used to avoid secular terms in the O(e/€)— problem (4.35). Ac-
cording to (4.54), taking into account the secularity conditions, the general solution of
the O(g)— problem (4.34) can be written as

Ty1 (S0, 51, 52; VE) = Lic (80, 81, 2) cos(kmso) + My (o, 51, 52) sin(kmso), (4.57)
where
0T o
Li(a,b,c)=F,, M(a,b,c)=—- 3 —(a, b, c) + Gg. (4.58)
S1
Then, together with ¢} , =}, ¢2, =0 and ¢} , = -5} in (4.15), the O(¢y/)— problem
(4.35) can be written as
2 Thn -
652 2+(k7'[) Tk'z , ) )
0°Ly O0M; 0By 0°Ag N Lol(km)
= [-2 —2kn—— —2kn——— —c19lknB, — ————— A ] cos(kms
[ ds90s; 0s; dsy  0s? Lo k 2 k] cos(kso)
0% M. ALy 0Ar 0°Bg . pol(km)?
+[-2 +2km—% 4 2km—* - 22K 4 o) oD kmAp — F2= Byl sin(krso),
2y sas T oy, T, o2 M Jkm Ay = =5 Bilsin(k70)
_ 0Yio
Y1 2(0,0,0) =0, ~—~(0,0,0) =0. (4.59)

0s
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To avoid secular terms in Ty, in equation (4.59), the following conditions have to be
imposed

%L oM 0B - Ttkem?—

2 0Lk oMk 5y OBKGD B sy + P S 6,
680681 631 682 ’ 2
%M, oL A A Ttkem)??—

2 IMi o OBk _ o QAR k() + P R (o) 60)
680081 681 082 ’

By solving (4.60) for Ly and M}, we observe that the solution will be unbounded in s
and s;, due to terms which are only depending on s,. Therefore, to have secular-free
solutions for Ly and My, the following conditions have to be imposed independently

2k 4B | c10lAeBr(s2) + Mzm) = 0
_okn deS(ZSZ) — crol Ak Ak (s2) + @Ek(sﬁ _— 4.61)
we then obtain
Apls) = e beole9[Z, (o) cos(H Oz(sz—c)) B0 sin(H Oi(sz—c))],
Bilsy) = e deole9[Z, (o) sin(H Oi(sz—c))+§k(c) cos( K Oi(sz—c))]. (4.62)

Since Ag(c) = 0 and By (c) = 0, together with (4.62), this implies that
Ap(s2)=0, Bi(sz) =0. (4.63)

Now, outside the resonance zone, all these unknown functions in (4.36) have been de-
termined in (4.56), so the solution of the O(+/€)-problem (4.33) is Tkyo(so, $1,52) =0.

Inside the resonance zone around s = s© (or equivalently, in the resonance mani-
fold), according to the inner analysis in section 4.3, and to avoid secular terms in (4.54),
Ay, Bg have to satisfy the following equations:

° When k does not satisfy the conditions that there always exist p;, p; s.t. i—’f =
,/fn—’;+1+0(e)or;—’2‘= fn—’;‘,—1+0(£),then:
0A ﬁl,odkwfl? 1 k) &
e = Tsm(gwllovoe”‘” s2+ (s,
0B ﬁl'odsz j2 )
a_sf - _Tl cos(Gwrlovoe” s2+yi(sDy), (4.64)
which implies that
\/zﬁl,odk(uziz -
A(s1,82) = Tlsin(u/k(s(k)))cﬁ(sl)
a
ﬁﬁl,odkwiiz )y, & —
+———=——cos(Yi(s))Skr(s1) + Ak(s2),

va
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Bi(s1,2) = —%Wcos(wk(sm))émm
+\/§ﬁ%?w%l? sin(y (s Spr (s1) + Bi(s2), (4.65)
where @ = w1y voe”‘”(k), and
Crr(s) =f\/;bscos(x2)dx, and Sgr(s) =f\/§bssin(x2)dx, (4.66)
z z

which are the well-known Fresnel integrals. The presence of Fresnel functions Cr;(s1)
and Sg,(s;) cause resonance jumps in the system. In (4.65) , Ax(s2) and Bj(sp) are still
unknown functions in the slow variable s,. Since A (b, c) = 0 and By (b, c) = 0, we obtain
that A(c) = 0 and Bi(c) = 0. The undetermined behaviour with respect to s, can be
used to avoid secular terms in the solutions of the O(e/€)— problem (4.35). Following
the derivation of (4.57)-(4.52) together with (4.65), we obtain

Ar(s2) =0, Bi(sz) =0. (4.67)
° When £k satisfies the conditions that there always exist p1, p; s.t. p1 =,/ %’; +1+
% =, /EA_ ist v = k. j, = kP1L _ 2h _ [EA
O(g) or &= = g 1+ O(¢), then there exist j; =k, j» = " =0ks.t. o= mg +
1+ O(e) or ijf = mg —1+ O(¢e); and there exist j; = ”12 =9k, j» = k s.t. %1 =
,/ mg 4 11+ 0() or zpjzz = ,/i—’; — 1+ O(g). Then, the functions of Ag(s1,s») and
By (s1, $2) have to satisfy:
0A EA®3 D By C
k _ (1- 9)9’63 Agi p1(k) — DOk“py (k)
081 amgl 2
And AgrD — BgiC
4mgl 2
drw??
ﬁl’”% sinwilovoe™™ st +yi(sP),
0B EAJT AgiC + Bgi. (1) D
051 mg 2
EA AgrC + BgiD
”A(ﬁ 1)19](?3 9k “pa (k) Ik pa (k)
4amgl 2
drwsl
—'Bl’o+cos(§wllo voe"™ " s + i (s, (4.68)
where
1 4 4 o =
Cntr = (g i) fh (Ap (D B (D) + By @ Ax (D) dF,
P

1 51 _
Dpyy = a, (dé,ek—dgk,k)fb (Agx (T) A (T) — Bor (T) Bx () dT,
1
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S1
Crty = 41 (@ -l ) fb (A (F) Boy (7) + By (7) Ao (0,
1 s1 _
Dpy = m(dgk,k—d;ﬁk) fb (A (D) At (@ - Bu@Bor )7, (4.69)
2

k) = _ Vi i
» P2 7’ y U=
1+, / fn‘; 1+,/ fn‘g
By noting that Agy = 0 and ng = 0 inside the resonance zone around s®, it follows
that system (4.68) can be written as

and p; (k) =

0Ar  _ EAH3(1_0)9k3A8kDp1(k)_BBkal(k)
ds1 4amgl 2

ﬁl,Odkw%lAz . wilgvge’oTr
sin(

ST+ WE(sK),

0B, _ EAR® 1—0)0k AgkCp, k) + BokDp, (k)
081 mgA 2
ﬁl,Odkw l w110 ervork
— > 1 cos( s% + Y (SK), (4.70)
where Cp, k) (s1,$2) and Dy, k) (s1, $2) are given by (4.69). For any mode k satisfying the
conditions that there exist p;, p2 s.t. ’2[]—]16 = / + lor i’; P g — 1, we can always find

k (k; is an integer), s.t. 0" 1k = ky, and G”k is not an integer, n = 1,2,... From that,
we get a mode sequence (ky,9k1,9%k1, ... k, 9" k1, ...). We firstly solve the ordinary dif-
ferential equations (4.70) for mode ki, which can be rewritten as (4.64) (here the mode
ky is denoted by k), and it can be solved as in (4.65). For the mode k; in (4.70), k = kp,
Agy. = Ay, and Byy. = By, thereby inside the resonance zone around s*?), we can obtain
the solutions Ay, and By, from (4.70). Next, by using an iterative method we can pre-
dict and obtain the functions A and Bj. Note that (4.70) is a nonlinear perturbation
problem. It is hard to obtain the analytical, explicit solution, but we can find proper-
ties of Ay and By by the above analysis, which can be used to describe the behaviors of
the solution Ty, (s, 51, 52) of O(y/€)-problem (4.33). Moreover, the solution of (4.70) can
be obtained by numerical calculations. Now, inside the resonance zone around s%® in
(4.22), the solution of the O(y/€)-problem (4.33) is given by (4.65) and (4.70).
To summarize, the solution w(¢, s) of equation (4.8) readily follows:

WEs) = Y [Ap(Vels—s™),e(s—s"™)) cos(nm(s—s"™))

n=1

+B,(Ve(s—s"™), e(s — s")) sin(na(s — s")) | sin(nné) + Oe), (4.71)

where s is given by (4.22), and A,, and B, are given by (4.56), (4.63), (4.65) and (4.70).
In the longitudinal direction, according to the analysis of (4.40)-(4.53), Y ¢ in equa-
tion (4.40) can be approximated as:

Vio(s0,51,82) = Cils1,52) cos(Agso) + Di(s1, 52) sin(Agso). (4.72)
* When k does not satisfy the conditions that there always exist jj, j» s.t. 2% =

A +1+O(£) or 2 2]2 = i—‘;—l+0(£),then:
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Ci(s1,82) = Di(s1,82) =0, (4.73)
which follows from (4.43) and (4.52).

° When £k satisfies the conditions that there always exist ji, j» s.t. 2% =4/ 51—‘2, +1+

O(¢g) or 2% = 572 —1+ O(¢), then:

51 d?l*k h
fb - (Aj-kBj, +Bj,—Aj)

Cr(sy,s =
1 (51, 82) P
4
k+jo,j2 _
+ g (Aj,Bjp+k + Bjy Ajpi)dT,
S1 d4 .
]l_k,jl
Di(s1,8) = fb i (Aji-xAjy = Bji-kBj)
a
+J2,])2 _
— 4Ak (Ak+j2Aj2—Bk+szj2)dT, (4.74)

which follows from (4.45) and (4.52). And inside the resonance zone around s*, A; and
By are given by (4.65) and (4.70); outside the resonance zone, Ay and By are given by
(4.56) and (4.63).

The solution (¢, s) of equation (4.9) readily follows:

o0

ag,s) = Y [Cu(Vels—s™),e(s—s"™)) cos(nm(s—s"™))

n=1

+D,(Ve(s—s"™),e(s— s")) sin(nn (s — s")) sin(nmé) + Oe), (4.75)

where s™ is given by (4.22), C,, and D, are given by (4.73) and (4.74).

By the three time-scales perturbation method, we obtained that for special frequen-
cies in the boundary excitations and for certain parameter values of the longitudinal
stiffness and the conveyance mass, the transverse solution w(¢, s) of equation (4.8) jump
up from O(e) to O(v/€), and the longitudinal solution (¢, s) of equation (4.9) jump up
from O(e?) to O(y/€). We can not (always) construct formal approximations of the so-
lutions but we can get properties and predictions of solution behaviors analytically on
time-scales of O(%). Based on the properties and equations in the analysis, the approx-
imated solutions for transverse and longitudinal motions will be computed by using an
iterative method as well as by using a numerical method in the next section. Also the
approximations will be computed by using a central finite difference scheme in the next
section to verify the analytical results in this section.

4.5. NUMERICAL RESULTS

Since the nonlinear initial-boundary value problems for the transverse motion (4.8) and
for the longitudinal motion (4.9) are coupled, we can not construct formal explicit ap-
proximations of the solutions, but we can reduce the problems to ordinary differential
equations in the transverse and in the longitudinal directions. So, on the one hand, we
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can compute the transverse and the longitudinal motions of the cable for (4.8) and (4.9)
by computing numerically the solutions of the ordinary differential equation (4.71) and
(4.75). On the other hand, we can compute numerically the solutions of the problem
(4.8) and the problem (4.9) straight-forwardly by applying a finite difference method.

4.5.1. ANALYTICAL APPROXIMATIONS

The numerical results simulating the transverse and the longitudinal vibration responses
are computed based on the analytical expression (4.71) for (¢, s) and the expression
(4.75) for @1(¢, s). The computations are performed by using the following parameters:

EA
v=0.01, — =9, u=0.01, ¢, =0.01, ¢; =0.01, ¢, =0.01,
mg
B1=0.0001, B, =0.01, w; =0.67, wp =0.57, l[p=1,6=0.01, (4.76)

and the initial conditions are taken to be:

w(,0) 0.01sin(1.5¢), ws(,0) =0,
a(f’ 0) = 0.0001 Sln(15§)y 123(6,0) =0, 0< (f <1. 4.77)

By using the Liouville-Green transformation with % = Tlt)’ we obtain that the resonance
zones (in the transverse direction) are located around the times

lpe"sk — ] k I
f = e "7 _ kT _0, (4.78)
v WV U

where the resonance time depends on the mode number k. For the first three oscillation
modes, resonance emerges at times #; = 100, £, = 300, #3 = 500. The displacements of the
first and third mode are given by (4.65) and (4.71), the displacements of the second mode
are given by (4.70) and (4.71). They are all illustrated in Figure 4.2(a). The displacements

w(0.25,1) “(["55‘ )
ok . : . , v

015 | 115

008 |

| l 1]
(At
|| || i 1" :‘ 205
I (I

Figure 4.2: (a) Transverse displacements w(0.25, t). (b) Longitudinal displacements ©(0.25, t).

of the longitudinal motion are given by (4.75), which are illustrated in Figure 4.2(b).
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4.,5.2, NUMERICAL APPROXIMATIONS

In this subsection, the finite difference method is applied in both the time and the space
domain for both PDEs and boundary conditions in (4.6) and (4.7) with space grid size
dé =5x 1072, and time step dt =5 x 1073, We rewrite the so-obtained discretized equa-
tion (4.6) and (4.7) in matrix forms and use as numerical time integration method, the
Crank-Nicolson method (see Appendix C.3). Note that the same parameter values as for
the analytic approximations in section 4.5.1 are used here for the computations. In Fig-

u(U 5 ,0) E(1)

6 . nazs — . — — pa—
0z}

nis ||| | } 0.2 f
a1 | |||||| 1

008 | || T PI||||||I|

“.NW'. |l ||.""| il
005 | ” |||| |||||| fl . .III. 'I1I.all 1
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1] 00 200 0 400 5 s 1

Figure 4.3: (a) Transverse displacements w(0.25, ). (b) Transverse vibratory energy.

ure 4.3 the transverse displacements and the vibratory energy of the cable up to the first
three oscillation modes on timescales up to t = 600 are presented. In Figure 4.3, one can
see that the transverse resonances emerge around times #; = 100, f, = 300 and #3 = 500.
In the resonance zones the displacements and the energy increase, and in between these
zones, stay constant (approximately). Around the first resonance time #;, the displace-
ment amplitudes jump up from O(¢) to O(y/€). Around the second resonance time f,
and the third resonance time t3, the amplitudes change again at the O(v/€) level, where
€ is a small parameter with € = 0.01. In Figure 5.2 the longitudinal displacements and

u(0.25,1) E(®)

0.04

0035

o 100 200 ) A ] B a 100 200 ang 400 L] [ETS

Figure 4.4: (a) Longitudinal displacements ©(0.25, ). (b) Longitudinal vibratory energy.

the vibratory energy of the cable on timescales up to t = 600 are given. In Figure 5.2, one
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Figure 4.5: (a) The total mechanical energy based on analytical results. (b) The total mechanical energy based
on numerical results.

can see that the longitudinal displacements increase from O(?) to O(y/€), and that the
vibratory energy increases from O(e*) to O(e). In Figure 4.5 compare the total mechani-
cal energy (see also Appendix C.4 for definations) based on the analytical results and the
total energy based on the numerical results can be compared. Based on the Figures 4.2,
4.3, 5.2, and 4.5, we can draw the conclusion that the general dynamic behavior of the
solution as approximated by direct numerical integration of the problem is in agreement
with the analytic approximations as obtained by applying perturbation methods.

4.6. CONCLUSIONS

In this chapter, we studied the coupled transverse and longitudinal vibrations and asso-
ciated resonances induced by boundary excitations in a elevator system. The problem
is described by nonlinear coupled partial differential equations on a time-varying spa-
tial interval with small harmonic disturbances at one end and a moving nonclassical
boundary condition at the other end. Assuming that the transverse harmonic bound-
ary disturbances and the corresponding initial values are of order ¢, and the longitudi-
nal harmonic boundary disturbances and the corresponding initial values are of order
€2, it is shown in this chapter that for special frequencies in the boundary excitations
and that for certain parameter values of the longitudinal stiffness and the conveyance
mass, many large oscillations arise in transverse and longitudinal directions. The os-
cillation modes for transverse motion jump up from O(¢) to O(y/€), and the oscillation
modes for longitudinal motion jump up from 0(e?) to O(v/€). To obtain these results the
method of separation of variables is presented, and perturbation methods, (such as aver-
aging methods, and singular perturbation techniques) are used. Furthermore, since the
initial-boundary value problems for the transverse motion and the longitudinal motion
are nonlinearly coupled, we can not (always) construct formal approximations of the so-
lutions but we can get properties and predictions of solution behaviors analytically on
time-scales of order £~!. Furthermore, approximations of the solutions are computed
by using an iterative method as well as by using a numerical method. Also approxima-
tions of the solutions of the initial-boundary value problems are computed by using a
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central finite difference scheme. The numerical approximations are in agreement with
the analytically obtained approximations.

APPENDIX C

APPENDIX C.1 THE DERIVATION OF THE EQUATIONS (4.1) AND (4.2)
According to Figure 1, the partial differential equation (PDE) can be derived by the ex-
tended

Hamilton’s principle:

t
2(é‘Ek(l‘)—é'E,g(t)+5WC(t))dt=0. (4.79)

n

The kinetic energy E(¢) can be represented as

1 I pu I pw
Ek(t)=5p[f (—+v) dx+f (——)?dx] + [(—+v) | = z(r)+( ) lx=10],
ey e

w Dt un Dt
(4 80)
where the o erator U js defined as = 0uy ,0u U; + viy, and the operator 2 Dr W jg
P =Gt v P
defined as %’” = %"t’ + v%’;’ = w; + vwy. The potential energy E, () can be expressed as

1 1(1) ) () (1)
Ey(0)= —EAf z dx+f Tzdx+Egs—f pgudx—mguly=ip), (4.81)
2 eu(n) eu(t) eu(n)

_ 1,2
where z = uy + 5 W, and

1(1) Du
OEp(t)=0E,(t) = p (—+v)6—dx+ (—+v)5 |x 1(r)
eu(? Dt
0 Dw Dw
—_— 6—d —_— 6
+p e,,(r)(Dt) + ( t) Ix 10)

(0 10 l(t)

—[EAf z5zdx+[ Tﬁzdx—f pgéudx
ey (1) ey(1) ey(1)

—mgoulx=ipl. (4.82)

The virtual work 6 W, done by the distributed and the lumped damping force is given as

10 pu 10 pw Du
oW, (1) = —f cz—6udx—f c—owdx— cu 5u|x 10 (4.83)
eny Dt ey Dt

By substituting equation (4.80)-(4.83) into (4.79), we obtain
Bl 2 Du
f f p(— + v)5—dxdt+ m(— + 0)5 |x ndt
n Jey(r) n Dt
l(t)
f f (—)5—dxdt+ m(_t)6 |x 1ndt
5% e

u(1) n

D
10 t l(t) o)
—EAf f zézdxdt—f f T6zdxdt+f f pgéudxdt
f Jeyu(r) 3l eu(t) eu(t)

173 (1)
+ mgoul = pdt— f f 2—6udxdt f 6u|x ndt
e i

5] u(1)
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tr 1(1)
f f cl—6wdxdt = 0.(4.84)
n e

u(t)

By integrating by parts it follows from (4.84) that

G)

f f [—p(us +2vUys + vzuxx+aux+a)+EAzx
t Jeyu(n)

+Ty+pg—co(us+vuy)ldudxdt

f flm [—p(wsr +2vWwys + v? Wyx + AlWy)
FEAGUS (Twy)s — et (wy + vy S wdxdr
+ * [—m(uss +2vUy; + v? Uyxx +alUy + a)
—EAtlz— T+mg—cu(ur+vu)louly=ypndt

2]
+/ [—m(we +2VWyt + yzwxx +awy) —EAzwy — Twxldwlx=jpndt
5]

2]
+/ [pv(ur+vuy+v)+ EAz+ T10Uly=¢,(ndt
t

1

%3
+f €u(W)p(Us+ vy + V)0 Ul x=¢,ndt
n

17}
+f [—pv(w;+ vwy) + EAzwy + Twxl0 Wlx=e,ndt
n

17}
+f EuDp(Wi+vwy)dWly=e,ndt = 0.
1

1

So, the governing equations of motion are given by

p(u”+2vuxt+vzuxx+aux+a)—EAzx—Tx—pg+02(ut+vux) = 0,
e ,(H<x<I(), t>0, (4.85)

p(We +2vWwyxs + vzwxx+awx) —EA(zwy)x— (Twy)x+ 1w +vwy,) = 0,
e ,(H<x<I(), t>0. (4.86)

The corresponding boundary conditions on the upper end at x = e, () are given by:

[—pv(us+vuy+v)+EAz+ T+ ey (D) p(us + vy + V)llx=e,y = 0, =0,
[—pv(we+ vwy) + EAzwy + Twy + €, (1) p (Wi + vw)llx=e, ) 0, t=0, (4.87)

and the boundary conditions at x = I(#) are given by:

[m(uss +2vUyr + vzuxx +aux+a)+EAz+T—mg+ cy(us + vuy)llx=1(n =0,
[m(wer +2vWy s + v? Wyx+aWy) + EAzwy + Twyllx=1p =0, t=0. (4.88)

Note that (4.87) and (4.88) are the natural boundary conditions. But (4.87) is not appro-
priate for our problem, since the string is excited at the top boundary with the funda-
mental excitations e, (#) and e, (f). Thus, the correct boundary condition at the upper
end are:

uley (1), 1) =eyu(1), wley(r),1)=ey(t), =0, (4.89)
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where e, () and e, () are given in Nomenclature in section 4.2, and at the bottom bound-
ary, the string is assumed to be fixed in horizontal direction. Thus, the corresponding
transverse boundary condition at x = I(f) is:

w(l(r),t)=0, t=0. (4.90)

Considering
Tx,t)=Im+pl(t)-x)]g, eut)<x<I(D), (4.91)

together with the governing equations given in (4.85) and in (4.86), the boundary exci-
tations conditions given in (4.88), (4.89) and (4.90), we obtain the initial boundary value
problem (4.1) for the transverse vibration and (4.2) for the longitudinal vibration.

APPENDIX C.2 SIMPLIFICATION OF THE PROBLEMS (4.1) AND (4.5)

In order to convert the time-varying spatial domain [, cos(w2 1), [(1)] for x to a fixed do-
main [0,1] for ¢, a new independent spatial coordinate ¢ = %, where h(t) =
I(t) — B2cos(w2 1), is introduced. After this spatial transformation, new dependent vari-
ables w(¢, 1) = w(x, 1), (¢, 1) = u(x, t), and all the partial derivatives have to be rewritten

as follows:

vé w>(1-&)sin(wz1)

& = ) + B2 H ,

3 v2E w%(l—ﬁ)cos(wgt) vwo(1-28)sin(wat) zwg(l—f)Sinz(wzt)
b = gy TP h(1) - R2(1) ohe 2 (1) ’
wy = wifr + Wy, W= leff(ft)z +2We Sy + Welpe + Wy,
Wy = mlj]g, Wxx = hz_(t)w{&
ug = ﬂflft +iy U= llf{(fr)z + 208y + Uy + Uy,
Uy =

mug, Uxx = _]’lz(t) Ugg.

So, the initial boundary value problem for the transverse motion is given by (4.6), and
the initial boundary value problem for the longitudinal motion is given by (4.7).

In order to eliminate the time-variable coefficients in h+ wee and in k4 lgg in
(1) mgh?(t)
the initial boundary problems (4.6) and (4.7), the Liouville-Green transformation (see

also the WKBJ method) is introduced with % = ﬁ In accordance with a new time

variable s, all the partial derivatives have to be rewritten as follows:

1 l t A l eEVOS_l
s = —ln(ﬁ), 1(1) = 1(s) = [pet™°, x(s)= u,
evo eV
_ 1 _ _ 1 _ 1 v o
we = ?Ws, Wer = ?Wfs, Wer = i wss—i—zws,
- 1_ 1_ _ 1 v
Ur = ?us' uft_?ufs’ utt—z_zuss_i_zus

Substituting these derivatives into the problem (4.6), the initial boundary value problem
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for the transverse motion becomes:
Wss — Weg = Vs —201¢s — 1 105 — 30
+20EWes + O(E* W), 0<é<1, s>0,
w(l,s)=0, s=0,
w(0,s) =pPicoswrx(s)+a), s=0,
w(E,0)=wo(S), ws(,0)=1lw(), 0<i<I.
(4.92)
The initial boundary value problem for the longitudinal motion becomes:
figs — i Uc = Vlls = 205 ~ coliis+ E—AAL’l:}fl:D{r +20¢is+ O(E%), 0<E<1,s>0,
_ EAI . E
figs(1,8) = [ 505 fig + vitg — ey lils = 50 WFle=1 + O(€°0),  $20,
i1(0,s) = Bacos(w2x(s)), s=0,
ag,0)=1ip(8), us&,0 =10, 0<{<l.
(4.93)

The initial boundary value problem (4.93) can further be rewritten as

E—gl e Wee +2vEdgs + O(€%0), 0<E<1,s>0,

fge(1,8) = [- plu§+ (cz cu)iﬂs w? li}gw§§]|§ 1+O(£ i), s=0,
(0, ) = Bacos(w2x(s)), s=0,
i(&,0)=ip(&), ©s(&,0) =1l (&), 0<&<I.

figs — i U = Vil = 205 — o5 +

(4.94)
In order to eliminate the non-homogenous terms in the boundary conditions in (4.92)
and in (4.94), the following transformations are used:

W(E,s) = Pr(l-Ecos@iy(s) +a)+ W), -
i 2 mg ) Sl
u(f,s) — u(f S)+_[ ulu€+E—(CZ—Cu)lus_§wE]|{ 1+?[ 7 wff]lf 1
2 2 mg
+Zu[w§5 + e egelle=1 = 7 o (€2 = Cu) [ies Weg + We Wegslle=1
5 2
+—(’r Hh cos(1x(s) + @) We(1,s) + ; '[?1 cos(@1x(s) + W (1, 9)
2
_%ﬂ(cz—cu)ﬂl (i Isin(@ix(s) + @) i (1, ) = cos(@1 () + @) egs (L, 9)]
2
& Zﬁ- cos(wy ¥ (s) + @) Wege (1, 8) + P2 cos(wax (), (4.99

Thus, in the transverse direction, we obtain the initial boundary value problem (4.8), and
in the longitudinal direction, we obtain the initial boundary value problem (4.9).

APPENDIX C.3 DISCRETIZATION AND TIME INTEGRATION
To solve (4.8) numerically, it is convenient to rewrite the second order partial differential
equation as a system of two coupled first-order partial differential equations:

wt = ()
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. 1 2 y .
(o= llpl-Olwg + 7“(5—1)(5—@(— %wg
+(1 = &)ws B cos(wa £+ ). (4.97)

Next, let us use the mesh grids ¢; = (j — 1)A¢ for j = 1,2,...,n,n+ 1 with nA{ = 1. By
V.+ _2", V._ v V.+ _v._
DB T 1 0((A), £ (€0 = L +
O((A&)?), it follows how system (4.97) can be discretized, yielding:
FAGILES
L0 =rjjn —20)+ i)+ q; e~ o) = a1l — plbjr — Wj)
+(1—E)w§ﬁ2 cos(wat+a),

introducing the differences, e (¢, 1) =

1+pl(1-¢;) v(¢;-1) .
where r; = lz(Af)Zj qj= lif ,p:zfif for j=1,2,..,n. Further,
_2rl rl_p 0 e e 0
rp+p —2rp r—-p 0
R=| 1 . |er™, and
0 Tn-1+p —2rp-1 Tp1—p
0 0 m+p —2rp
- ql 0 0
_qz —C1 qz 0
p=| : Do eR™,
0 ot —=(qp-1 —C1 (n-1
O 0 _qn -

The four matrices @, I, R, and P compose the system matrix M:

_ o 1 2nx2n
M= ( R P) eR )
where @ is the zero matrix, and I is the identity matrix. In addition, let us introduce the
following
vectors: w = (wl (fl) t)y w» (62) t); o Wp (énr t)) Cl (61! t)) (2 (62) t)r aeey (n(‘fn: t)) T)
§=1(0,0,..,0,51,5,...,5,) 7, where §; = (1 - {;)w3 B2 cos(w, t + @). So, system (4.97) can be

—_— ———

n times n times

written in the following matrix
form: %} = Mw+s. In order to perform a time integration, we apply the Crank-Nicolson
method. Introducing the mesh grid in time, #; = kAf for k=1,2,...,n, we obtain

At At
w*l = pwk+ =1 -=
2 2
Where wk = (wl (é‘l) tk)) w2(€2) tk))"-y Wn (é‘nr t‘k)r[l(flr tk')y(Z(EZr tk)r"w C}'l (é‘nr tk))T)
sk = (0,0,...,0, §{c, §§,..., §’,j)T with 55‘ =(1- Ei)wgﬁz cos(w ty + a), I is the identity matrix
N—— —_—

Mk+1)_l(sk+l +sk), (4.98)

n times n times
and T € R¥"*2" and D = (I - %M’“”)’l(1+ %M’C). Similarly, we can also directly inte-
grate problem (4.7) with the above numerical scheme.
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APPENDIX C.4 ENERGY
The mechanical energy of the initial-boundary value problem (4.2) related to the trans-
verse motion is given by

1 1(1)
Ei(f) = 5/ lo(w; + vwy)?* + Tw?ldx,
0

where T is given by (4.3). Using the dimensionless quantities, we rewrite the energy in a
dimensionless form:

1 rl®
El(t)=5f0 [(Wt+wa)2+(1+ﬂ(l(l)—x))w;zc]dx-

In order to define the energy on the interval (0,1), we change the variables by using the
following transformation ¢ = Txt):

E1(t)—21()f[(l(t)wt+(1 E e + 1+ 1()p(l - 5))11/5 ds. (4.99)

The mechanical energy of the initial-boundary value problem (4.1) related to the longi-
tudinal motion is given by

1 i@ m
Ex(t) = Ef [o(u; + vuy)? + EAuZldx + 5 [ 10, D+ v (), 012
0
Using the dimensionless quantities, we rewrite the energy in a dimensionless form:

[ (1(2), £) + vuy (1(0), 1%

1 1o EAm
Eo(8) = 5EAL[ (1 + vug)® + ul]dx +
0

In order to define the energy on the interval (0,1), we change the variables by using the
following transformation ¢ = 775 ( 5

_ EAL ! ~ ~ 2 =2
E (1) = T(t)f (@) a+ (1 -vig)” + igldé
o lZ(t) (a1, 0+ (1= vitg(1, D)% (4.100)

The total mechanical energy is now given by

_ 1 ! - . iy
E(®) = T(t)f [+ (1 - vwe) +(1+l(t)p(l—f))w5]dcf

Zl(t)f [+ (1= &)viig)* + 1t ] das

2 12 )[l(t)ut(l YD+ =Ovigg(1, D12 (4.101)







OUTPUT FEEDBACK STABILIZATION
OF AN AXTALLY MOVING STRING

5.1. INTRODUCTION

He previous chapters showed resonances and vibrations in moving cables. In this
T chapter we study, the vibration stabilization of an axially moving string with con-
stant speed on a finite spatial domain subject to a spring-mass-dashpot attached at one
end, which is shown in Figure 5.1. This model arises from conveyor belts, cranes or el-
evators devices for suppressing large vibrations. For more information on this model,
the reader is referred to [71, 72, 73, 74, 75]. The objective of the chapter is to design an
observer-based output feedback controller at the nature boundary to stabilize the sys-
tem. There are many methods to achieve the vibration stabilization of axially moving
strings or beams. One of the most useful methods for boundary controller is based on
Lyapunov method, by which control laws to reduce vibration energy to zero are derived
using Lyapunov function candidates constructed by the total mechanical energy of the
moving system. Nguyen and Hong [76] investigated an adaptive boundary control based
on Lyapunov’s method for an nonlinear axially moving string. Nguyen and Hong [77]
presented simultaneous controls of longitudinal and transverse vibrations of an axially
moving string with velocity tracking. Tebou [78] studied the boundary stabilization of an
axially moving Euler-Bernoulli beam. In the literature, the controllers are required to fol-
low the end causing vibration excitation, which is sometimes difficult to achieve in the
practical implementation due to the inconvenient installation. Hence, the control sys-
tem where control is applied at the end opposite to the instability is necessary to study.
This is a more challenging task than the classical collocated "boundary damper" feed-
back control (Krstic et al, [79]). Backstepping approach, which is proposed by Krstic,
can deal with the proposed non-collocated stabilization problem. Ren et al.[80] anal-
ysed boundary stability of an ODE-Schrddinger cascade. Krstic [81] provided an explicit

A slightly varied version of this chapter have been received in Internal Journal of Control (Published online: 14
Jun 2022).
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feedback law that compensates the wave PDE dynamics at the input of an LTI ODE and
stabilizes the overall system. In Susto and Krstic [82], a ODE-PDE cascade system was
extended from the Dirichlet type interconnections to Neumann type interconnections.
Wang et al.[83] designed an obsever-based output-feedback control law for the stability
of the axial vibration in the ascending mining cable elevator. For more information on
vibration suppression problems of axially moving strings, the reader is referred to (Zhu
et al.[84], He et al.[85] and He et al.[36]).

The remaining part of this chapter is organized as follows. Section 5.2 formulates
the problem by extended Hamilton’s principle. Section 5.3 designs a controller based
state feedback to stabilize the system exponentially. Section 5.4 concludes the output
feedback law based observer. Section 5.5 presents some numerical approximations by
using a central finite difference scheme to validate the theoretical results, and in the last
section we draw some conclusions.

Figure 5.1: An axially moving string with a spring-mass-dashpot boundary.

5.2. FORMULATION OF THE PROBLEM
5.2.1. MODELING OF THE PHYSICAL SYSTEM

Nomenclature:
u(x,r) the transverse displacement of the string
at the coordinate x and the time ¢
the distance between two boundary ends
the traveling speed of the moving string
the mass density of the string
the mass of the spring-mass
the uniform tension of the string
the stiffness of the spring

~N3IT <~

According to Figure 5.1, we can obtain the partial differential equation (PDE) for the
moving string by applying Hamilton’s principle in the following form :

t;
2(6Ek(t)—6Ep(t)+5W(t))dt=0. (5.1)
n
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The Kinetic energy Ex(?) is given by

1 ! 2 1 2
Ek(t)ZEPf (us + vuy)“dx + Emut(o, 1), (5.2)
0

where u;+ vu, is the instantaneous transverse velocity of a material particle. The poten-
tial energy E, () is given by

1! 1
Ep(0)= —f Tuddx+~ku?(0, 1),
2 Jo 2

(5.3)
and the difference of 6 Ex.(r) and 6 E, (1) is
1
OE(t)—0Ey(t) = pf (ur + vuy)d(us + vuy)dx + mus(0, ) us (0, 1)
0
1
—[f Tu,0uydx+ ku(0, )ou(0, ). (5.4)
0
The virtual work 6 W (¢) is written as
OW()=U®)du(l,1). (5.5)
Substituting the equations (5.4)-(5.5) into (5.1) yields:
17 1 )
f f p(us+ vuy)d(us+ vuy)dxde + mu; (0, 1)0u (0, H)dt
0
173 " 1 173 i 17
—f f Tu,du,dxdr— ku(0, 1) u(o, t)dt+f Umoull,pydt = 0. (5.6)
h 0 31 5]

Integrating (5.6) by parts with respect to the spatial variable (refer to Chen et al., [16])
yields:

p(Uss +20Uyxt + Vi) = Tuge=0,0<x<1,t>0,

mug(0, 1) + Tuy (0, 1) + ku(0, £) + pvus (0, £) — pv?u,(0,1) = 0, t >0, (5.7)
Tuy(l, 1)+ pvu (L, 1) — pv?uy(l, £) = U(1), t > 0.

To simplicity, we introduce the following dimensionless parameters: u* = 7, x*
t /T
WE v =/t

=% "=
I L, m*= ﬁ, k* = %, U* = % The problem (5.7) then becomes:
Up + 20U + (V2 = Duyy =0, 0<x<1, t>0,
mu (0, 1) — (V2 - Duy(0,8) + ku0, ) + vu,0,6) =0, >0, (5.8)
1-vu(1,0)+vu1,0=U(), t>0,

where the asterisks are omitted in problem (5.8) for convenience, and 0 < v < 1.
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5.2.2. SIMPLIFIED MODEL FOR CONTROLLER DESIGN
Define the control force as

U =vu,(1,0+0-0v2)Us(1), (5.9)
where U, (?) is a new control. Then, problem (5.8) can be rewritten as

Upp 420Uy + (V2 =Dty =0, 0<x<1, £>0,
mug0,1) — (V2 = Duyg(0, 1) + ku0, ) + vuy0,£) =0, >0, (5.10)
ux(l;t):UZ(t), t>0)

Notice that the axially moving problem (5.10) is a wave PDE with a second-order deriva-
tive in time boundary condition, we introduce new variables x; () and x»(?):

x1(0=u0,8, x2(8)=u:0,1), (5.11)

Substituting (5.11) into the boundary condition at x = 0 in problem (5.10), we have

X1(8) X (1),

. -1 k v

Xp(1) = ux(0,8) — —u0, 1) + —us0,1). (5.12)
m m m

Let X () € R?*! be a state variable:
X0 = [0, 0], (5.13)
then we rewrite problem (5.10) as the following coupled ODE-PDE system:

X(t) = AX(8) + Bux(0,), t>0,
Ut + 20Ut + (VP = Dugy =0, 0<x<1, t>0,

(5.14)
u(0,1)=CX(1), t>0,
ux(lr t) = UZ(’:)) r> Or
where
0 1 0
A=( k V), B=(Uz_1), C=(1,0). (5.15)
“m m m

5.3. STATE FEEDBACK CONTROL
In this section, we construct an invertible transformation to make the system (5.14)
equivalent to a ODE-PDE cascade target system. For the target system, we present the
well-posedness and stability results in a suitable space.

First, we consider the backstepping transformation of the form (Krstic et al., [81, 87]):

X X
w(x, 1) = u(x, t)—fo b(x,y)u(y, t)dy—f0 cx, Yu(y, dy —y(x) X (1), (5.16)



5.3. STATE FEEDBACK CONTROL 115

where the kernel functions b(x, y) € R, c(x,y) € R and y(x) € R'*2 need to be chosen to
transform the system (5.14) into the system of ODE-PDE cascade
X(t)=(A+BK)X(t) + Bw,(0,1), t>0,
Wi+ 20wy + (W= Dwye =0, 0sx<1, 1>0,
w(,1)=0, >0,
wy(1,5)=0, >0,

(5.17)

where K = (ky, k») is chosen to make A+ BK Hurwitz (which implies that system Xt =
(A+ BK) X () is asymptotically stable), and

Us(t) = b(L,Du@,0+cl,Du1,0+y 1)X(0)
1 1
+f0 bx(l,y)u(y,t)aly+/0 cx(Lyus(y, 0)dy. (5.18)

5.3.1. KERNELS OF b(x, y), c(x, y) AND y(x)
In this subsection, we compute the kernels of b(x;, y), c(x, y) and y(x). Differentiate (5.16)
with respect to ¢ and to x, we get

Wi+ 2V Wyt + (1/2 — 1D Wiy

d X
= 2(1- vz)(d—xb(x,x))u(x, H+1-v% fo (bxx(x,y) = byy (x, ) uly, Hdy
X
—2vf0 (bx(x,y) + by (x5, M ue(y, DAy
d X
+2(1- vz)(a c(x, X)) ug(x, ) + (1 - vz)[0 (Cxx (X, ¥) = Cyy (X, Y ue (y, DAy

X
—2vf0 (cx (X, y) + ¢y (x, Y ug (3, Ay
+[-2 vy'(x)B +1-1v*)b(x,0)-2vb(x,0)CB — Y(x)AB
—(1- vz)cy(x, 0)CB—-2vc(x,0)CAB]u,(0,1)
+[=y(x)B—-2vc(x,0)CB+ (1 - vz)c(x, 0)]uy (0, 1)
+H-y A% + (1 - v¥)y"(x) - 20y (x) A- 20D (x,0)CA - (1 — v*) by (x,0)C
—(1-v*)cy(x,00CA—2vc(x,00CA*]1 X (1) =0, (5.19)

which together with CB = 0 yields

%Io(x, x)=0, %c(x, x)=0,

byx(x, V) - byy(x’ N=0, cxx(x,)— ny(x’ »=0,

byx(x, )+ by(x,¥) =0, cx(x,y)+cy(x,y) =0,

—-20y'(x)B + (1 - v*)b(x,0) —y(x) AB—2vc(x,0)CAB =0, (5.20)
—y(x)B—2vc(x,0)CB+ (1 - v*)c(x,0) =0,

—y(x) A%+ (1 - vH)y"(x) - 2vy' (x) A— 2vb(x,0)CA

—(1=v*)by(x,0)C - (1 - v¥)cy (x,00CA—2vc(x,0)CA* = 0.

A

Substitute the transformation (5.16) into the first and third equations of system (5.17),
we derive

Y@ = C
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y'(0) = K-b(0,00C-c(0,0)CA, (5.21)

for which, the solutions b(x, y), c(x, y) and y(x) of (5.20) can be presented as follows

D IZXZ
y(x) = [y0),y'0)le x(ozxz);
b(x,y) 2v "( )B + ( )AB + 2v (x—y)BCAB
X, = x— x-— ——y(x— ,
y 1_027 y l—UZY y (l_vg)zy y
cx,y) = 1_Vz“r(x—y)B (5.22)
where
y@©) = (1,0),
1+2vk
YO = (k+—2 k),
0 0 1+3v% 2v
m(1-v?) 1-v2
0 0 2kmv+v(1-5v%) 1-312
D = m2(1-v?) m(1-v2)
1 0 _km+2v2 _ v
m2(1-v? m(1-v?)
0 1 —kmu+2v v’—mk
m3(1-v?) m2(1-v?)

In the same deduction, we seek the inverse transformation w(x, r) — u(x, t):

X X
u(x, ) = w(x, t)—fO e,y w(y, t)dy—f0 Alx, Yw(y, )dy — a(x) X (1), (5.23)

with
Zx IZXZ
a(-x) = [_Cv_K]e (02)(2)!
2v
P(x,y) TR YA A+ BB+ a'(x—-y)B,
Alx,y) = alx-y)B,
0 0 kP =k —k ko v’ —ko+v
m(1-v?) m(1-v2)
0 0 (k]l)z—kl—k)(kzl}z—k2+l/) (kgl/z—k2+ll)2
7 = m?(1-v?) m?(1-v?)
10 0 =22
0 1 20k v —k1—k) 20(kp v’ =k +v)
m(1-v?) m(1-v?)

5.3.2. STABILITY OF TARGET SYSTEM
Firstly, let us reformulate target system (5.17) in an appropriate Hilbert state space /.
Let /€ be the following space:

A =R*xV1(0,1)x [%(0,1), VK(©0,1)={eH"0,1)I¢0) =0}, (5.24)
equipped with an inner product, for (X7, wy, w), (Xo, 1, W») € A-

(X7, w1, wa), (Xp, w1, wo))
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1 1
= X!Xo+ f (wWo + vwy ) (W2 + vy )dx+ f w5 W1, cdx, (5.25)
0 0

Define a linear operator «f : D(«/) ¢ A — A as follows:

(X, fi, f2) = (A+ BK)X(1) + Bf{(0), fo, —2vf + 1= v*) f]), (5.26)
D(«) ={(X, fi, f) € R* x H?(0,1) x V'(0,1)| f; (1) = 0}. '
Then, system (5.17) can be written as an evolution equation in #:
d
E(X(t)) W(', t)) wt(') t)) = -d(X(t)) LU(', t); wt(’) t)) (527)

Lemma5.3.1 Letf and /€ be defined as before. of generates a Cy semigroup of contrac-
tions on A .

Proof. Define an equivalent inner product:

((Xlr wi, wz)) (X2y wl) wz))l

1 _ - 1 .
= uX{PiXo+ f (W + vwy, ) (W + Vil ) dx + f wy Wy dx,  (5.28)
0 0

where

V(1 = v*) Amin(Q1)
0<ps —— oo = (5.29)

and the matrix P = PIT > ( is the solution to the equation:
Pi(A+BK)+(A+BK) P, =-0Q, (5.30)

for some Q; = Q] > 0. For any z = (X(1), w(, 1), w,(-, 1)) € D(«/), a straight forward
calculation yields
R z,2)1
1-v?)

_ _gmeQlX(t) +uX(0)T Py Bwy(0, 1) - %w%(l, n-2 w2(0, 1).

According to Young’s inequality ab < 5212 + g, we obtain
Rz, 21
HAmin (Q1) 2 ,U|PIB|2 v(l-v?) 2 vV o
s X" = |- + wi(0,1) - -w;(1,1) <0,
4 Amin(Q1) 2 * 2t

where p is given by (5.29). Hence, & is dissipative in #. Moreover, let (Y, g1, 82) € A,
and solve o/ (X, f1, fo) = (Y, g1, &) for (X, f1, f>) € D(&/), that is,

(A+BK)X(1) + Bf{(0) = Y,

=8,
—2vf;+ Q=) f' =g,
fi(0) =0, f{(l) =0.

(5.31)
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A direct computation gives the unique solution

f2=81,
f==J5 ;25 (g2(0) +2vg] (o) dgdé, (5.32)
X()=(A+BK)'Y - [—folﬁ(gz(cHng{(c))dc (A+BK)™'B.

Hence, we get the unique solution (X, f1, f2) € D(«/) and &/ ~1 exists. The Sobolev em-
bedding theorem (Adams et al., [88]) implies that </ ! is compact on .. Therefore, the
Lumer-Phillips theorem asserts that «/ generates a Cy semigroup of contractions on /.
The proofis complete.

Lemma 5.3.2 For any initial values (X(¢), w(x,0), w(x,0)), which belong to #, the tar-
get system (5.17) is exponentially stable in 7 .

Proof. Define
E10) = Nwed)+vwe O + lwe (D1 + X (D). (5.33)
Let V1 be a Lyapunov function written as
Vi) =X PLX (1) + a1 Ey (1), (5.34)

where the matrix P is given by (5.30). The positive parameter a, is to be chosen later
and function E (¢) is defined by

1
lw () + vw (D17 + lwy (D)%

E() = > [ 1
+61f0 L+ ws(y, 0 [we(y, 1) + vwi(y, 1] dy, (5.35)
We observe that
011E1(1) = V1 (1) = 012541 (D), (5.36)

where
. a
01 = mln{]tmm(Pl), ?1[1 —251]},
a
612:maX{Amax(Pl),?lll'f‘z(SI]}. (537)

We choose 0 < < %

-X(OTQ X (1) +2X(O T PLBw,(0,1) + a1 By (1)
= - XOTQX(0)+2X0TPiBw.(0,1)
5
+ay —31«1—v2)||wx||2+||wt||2+<1—v2>|wx(o,t)|2)
2
)

i(1)

v(l-v

wO,t2
) |wy (0, )]

—(%—61)|wt(1,t)|2—



5.4. OBSERVER AND OUTPUT FEEDBACK CONTROL 119

Ami 2|P, B2 1-1? §51(1-v?
< _ mm(Ql)|X(t)|2— _ |P1B| +alV( U)+al 1( V) wa(O,t)lz
2 Amig(Ql) 2 2
v a
—aug—mnwALnF—Jghu—v%hww+uwm%. (5.38)
To have V; (£) < 0 we choose
4|P; BJ? v
a, = > 5 , 0<d;=—. (5.39)
[V(l_v )+61(1-v )]Amin(Ql) 2

We now have

- Amin(Q1) 5 arb(1- v?) 2 2
N s— X0 —————(lwel“ + lws + vw =-mW@), (6.40
(1) 51X 2u+ﬂ+wwxn lwe + vwyl®) < =mWi(r), (5.40)
where
s Amin(Q1) 11151(1—1'2)
min { &gl (A2
m = { 2 2(1+ve+v) } (5.41)
012
Thus, we arrive at
Vi() < e MV (0). (5.42)

The proof is complete.

Theorem 5.3.3 For initial value (X(0), u(x,0), u;(x,0)), which belongs to A, the closed-
loop system (5.14) with state feedback control law U, (¢t) in (5.18) admits a unique solution
(X(0), u(x, 1), ut(x, ) that decays to zero exponentially in € as time t goes to infinity.

Proof. The equivalent well-posedness and stability property between the target system
(5.17) and the closed-loop system (5.14) are ensured due to the invertibility of the back-
stepping transformation. Then by Lemma 5.3.1 and Lemma 5.3.2, the proof is complete.

5.4. OBSERVER AND OUTPUT FEEDBACK CONTROL

In this section we consider an observer-based output feedback control law, and the ob-
servation output is given as

Yout(£) = CX (1), (5.43)

where C and & are given by (5.15) and (5.26), and (<, C) is observable.

5.4.1. OBSERVER DESIGN
Design the observer of system (5.14):

X(1) = AX(8) + Bitg (0, ) + LC(X(£) — X(2)), t>0,
= =200+ (1=, 0<x<1, >0,
4(0,) = CX(1), t>0,

ay(1,0)=Us(t), t>0.

(5.44)
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The observer gain L = (I3,1»)" is chosen to make A — LC Hurwitz. Define the observer
error as

ax, t) = ulx, t) - a(x, 1), X(0)=X0-X({). (5.45)
Then the observer error system can be written as
X(1) = (A-LOX (1) + Bty (0, 1), t>0,
dpe=—200x+(1- )iy, 0sx<1, t>0,
#0,)=0, >0,
ix(1,5)=0, ¢>0.

(5.46)

Let us reformulate error system (5.46) in Hilbert state space #, equipped with inner
product in (5.25). Define a linear operator «f : D(«) c A/ — A as follows:

A (X, fi, ) = (A= LOX(1) + Bf](0), fo,—2vfy + A= vA) f), (5.47)
D() ={(X, fi, ) eRZ x H?(0,1) x V1(0,1)| f{ (1) = 0} '
Then, system (5.46) can be written as an evolution equation in ./
d . .
%(X(t), a, ), (-, 1) =4 (X(@), 4, 1), U (-, 1). (5.48)

Theorem 5.4.1 For initial value (X (0), ii(x,0), i, (x,0)), which belongs to 7, the error sys-
tem (5.46) admits a unique solution (X(t), 1i(x, t), ii;(x, t)) that decays to zero exponen-
tially in € as time t goes to infinity.

Proof. The proofs are similar to the proofs for Lemma 5.3.1 and 5.3.2, so we omit the
details here.

5.4.2. OUTPUT FEEDBACK CONTROL
Based on the state feedback controller (5.18) and observer (5.44), we can naturally design
the following output-feedback controller:

1 1
Uz(t)=b(l,l)ft(l,t)+}"(1)X(t)+f0 bx(l,y)ft(y,t)dy+f0 cx(Ly)a(y, dy, (5.49)

which leads to the closed-loop system of (5.14):

X(t) = AX(t) + Buy(0, 1),

Upr + 20Uy + (V2 = Dty =0,

u(0, 1) = CX(1),

ue(1,0) = b1, Dad, 0 +y' WX @ + fy be(, ) aly, Ody+ fy cx(1, P iy, Ddy,
X(6) = AR (0 + Bitx (0, 1) + LC(X (1) — X (1)),

Qi =—200+(1— 130y, O0<x<1,

4(0,1) = CX (1),

(1,0 = b1, Dad, ) +y WX @) + fy bx(L, Py, Ddy+ [y cx(1, Yy, Ddy.
(5.50)
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Theorem 5.4.2 Forany initial state (X (0), u(x,0), u;(x,0), X(0), 2(x,0), 4, (x,0)) € #2, the
closed-loop system (5.50) admits a unique solution (X (1), u(x, t), u;(x, t), X (1), il(x, 1),
0;(x, 1)) that decays to zero exponentially in /€ as time t goes to infinity.

Proof. By using the transformation (5.16), the closed-loop system (5.50) can be con-
verted to the following equivalent system:

X(t)=(A+BK)X(t) + Bw,(0,1), t>0,

Wi+ 20wy + (W = Dwyee =0, 0<sx<1, t>0,
w(0,5)=0, t>0,

we(l,8) =F X, i, i),

X() = (A-LO)X (1) + Bl (0, 8), >0,

Qi = =2V + (1= V?)ilyy, 0<x<1, t>0,
i0,)=0, t>0,

ic(1,0)=0, t>0,

(5.51)

where operator & : # — R defined by & (X (1), ii(-, 1), @i, (-, £)) = b(1, 1) ia(1, £) +y' (1) X (£) +
fol by, )a(y, Hdy + fol cx(1,y)i;(y, t)dy. The proof will be completed if we can prove
that (5.51) has a unique solution and is exponentially stable in ..

The closed-loop system (5.51) can be written as the following evolution equations:

%Y(t) = AYW+BFY®), (5.52)
d . o
EY(I) = J4Y(), (5.53)

where «f and <f are given by (5.26) and (5.47), Y (¢) = (X(8), w(-, 1), w; (-, 1)) € S, Yt =
(X(t)) a(’ t)) ﬁt(') t)) € %) and

BFY(1)=[0,0,6(x-1)FY (1] (5.54)

with & is Dirac function. The operator < and < generate Cy semigroup of contractions
e?! and e’ on # respectively. Notice that B is an unbounded operator, we will show
that B is admissible to the Cy semigroup e,

Lemma 5.4.3 B is admissible to the Cy semigroup e”".
Proof. As </* is defined by

(X, fi, ) = ((A+ BK)X (D), - fo,2vf; - 1 - v)) f]),
(X, f1, f2) eR? x H?(0,1) x H'(0, 1),

* 25 £! (5.55)
D(*)=4 1-vI)fi)-vf(1)=0, )
1-vH)@f0) + £00) -BTX* =0.
the dual system of (5.52) can be written as
%(X*(t))_w* (‘) t)y w; ('7 t)) = 'Qf*(X* (t)) _w*('r t)) w: ('r t)))
D * * * * wi(1,1) (5.56)
y(@) =B (X*(1),—-w™ (-, 1), w; (-, 1)) = 1’_U2 ,
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which means

X*()=(A+BK)X* (), t>0,
wi-2vwk, + (W -Dwk, =0, 0<x<1, >0,

2 (5.57)
Q1-vHw;1, 0 +vw;(1,0)=0, t>0,
1 -v?)(—vwi(0,0+w;(0,0)-BTX*=0, ¢>0.
The energy function of system is defined by
* 1 * T y* 1 ! * *12 1 ! *2
Eft)==-X"(0)'X (t)+—f (w; —vwy) dx+—f wy dx. (5.58)
2 2 Jo 2 Jo
Let
* X s T * 1 ! * 42 1 ! *2
Ef()=2X"(1)' 1 X (t)+—f (w; —vwy) dx+—f wy dx, (5.59)
2 2 Jo 2Jo
where P; is given by (5.30), and f is given by
2|BJ?
(5.60)

= .
2= = 02 A QD)

A simple computation for the derivative of Ej (f) with respect to t along the solution to
(5.57) gives

ok * * * * V *
Ef(t) = —%X OTQX* (1 -BTX* (w0, H-5lw; a, nl?
vdl-v?) v, val-vH)
—Tm»x(l,mz—5|wt(0,t)|2——|wx(o,t)|2
Amin(Q1)  _ . |B|? v(1-1?) N
< HAmin@Qu) 2, - w0, O
4 27(/1min(Q1) 2
v % V(l_ 14 ) % v *
- lwi (1,t>|2——|wx(1,t)|2—5|wt o, ). (5.61)
Hence, E {‘ () =< Ei" (0). Define
1
p(t):f x(wy —vwi)widx. (5.62)
0
Then p(¢) < E; (¢) for V £ = 0. Noticing that
'(t)—;w*(l t)|2—1f1(1—u2)w*2dx—lflw*zdx (5.63)
P =sa—my'e'® 2 Jo x 2 ), W r :

we have that

T T 1
f w1, tdt 2(1-17) [p(T)—p(O)]+(1—v2)f U Q- w*+wdx|dt
0 0 0

2
40-v%) + ra-vy

IA

E;(0)
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T(1-1v?

< |aa-vH+ n*E*(0), (5.64)

where 1* = max{y A4 (P1),1}. A direct calculation shows that

&)

B*d*_l Yr ’ = - )
(Y, 81,82) 11— 2

V(YrglrgZ)Et;fv (565)

which tells us that B* «#*~! is bounded. This together with (5.64) yields that B* is admis-
sible for e !, which means that B is admissible for e*. The proof is completed.
To prove the stability of the closed-loop system (5.51), define

V() =X P X (1) + arEx (1), (5.66)
The matrix P, = PZT > 0 is the solution to the equation:
Py(A-LCO)+(A-LO)TPy=-Qy, (5.67)

for some Q, = QZT > 0. Function E;(#) is defined by

1
E (D = z(||atm+vax(r)||2+||ax(t)u2)
1
+62f0 L+ iy, 0 (a:(y, 0 + vite(y, 1) dy. (5.68)
By choosing
4|P,B? v
a = , 0<dy=—, (5.69)
27 =02 48501 12)] Amin(Q2) 272

and according to the proof the stability of the target system in subsection 3.2, we arrive
at

V() <e ™V (0), (5.70)
where

[ Amin(Q2)  apd3(1-1?)

min T
N2 = { v } (5.71)

022
Let V be a Lyapunov function written as

V() =Vi0)+pV(), (5.72)

-XOTQ X)) +2X(OTP1Bw,(0, 1) + a1 Ey (1) + BV ()
= -X(OTQX(®+2X(t)" PiBw,(0, 1)

9
ta —31((1—v2)||wx||2+||wt||2+(1—vz)lwx(o,t)lz)

1- 2
~( ~oulw, o2 - L

1405

|, (0, 1)




124 5. OUTPUT FEEDBACK STABILIZATION OF AN AXIALLY MOVING STRING

+ay (61 + g)(l — ) wy (L, O + a1 (1 - v wi (1, Dw, (1, ) + BV (1)
. 2 _ 2 _ 1,2
_Amm(Ql)|X(t)|2_ _2APBl  avd-vY) @613 -v7)
2 Amin(Q1) 2 2
2 v o1 2
+a;(1-v7)(01 + ) + ;)|wx(1, Dl

IA

[, (0, )]

) 5
—al(g oD w1, 0% - % (A=) wel® + lwel?] - B2 V(D). (5.73)

From the second boundary condition in the closed-loop system (5.51), we obtain
lwe(, 0P < P, Dlad, ol + ' ’1XmP?

1 2 2
+(f0 by (1, ) i(y, t)dy) +

1
focx(l,y)ﬂt(y,t)dy . (5.74)

According to Agmon's inequality and Poincaré inequality, we obtain
@) 1? <210, O + 4l (DI, 1@, 1)1* < 310, £)1* + 5l i (DI, (5.75)

Thus, by choosing f big enough and

a = 4P BP , 0<61<2, (5.76)
(V1= v2) + 61 (1= )] Amin(Q1) 4
there exits 173 such that
V(1) < -n3V (1), (5.77)
Thus, we arrive at
V()< e BV (0). (5.78)

Thus, the closed-loop system of (5.51) admits a unique solution and decays to zero ex-
ponentially in # as time ¢ goes to infinity. The proof is complete.

5.5. NUMERICAL SIMULATIONS

In this section, we give some numerical simulation results for the system (5.8). The finite
difference method is adopted in both the time and the space domain for both PDEs and
boundary conditions in (5.8). In the numerical scheme, we choose the space grid size
N =200, time step dt = 5 x 10~2. The parameter values are set to be

v=01,k=1m=1, K=[k, k] =1[1,1], L= I}, L] = [-1,0.5], (5.79)
and the initial conditions are taken to be
u(x,0) =0.1sin(1.5x), u:(x,00=0, 0=<¢é<1. (5.80)

Figure 5.2 show that the displacement of the open-loop system (5.8) is not convergent
to zero. Figure 5.3 show that the displacement of the closed-loop system (5.8) with state
feedback controller (5.18) converges to zero. It can be seen that the output feedback
controller can make the closed-loop system exponentially stable.
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Figure 5.2: The state of system (5.8) when U(¢) = 0. (a) The responses for the whole space domain (0, 1). (b)
The responses at the midpoint.
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Figure 5.3: The state u(x, t) of closed-loop system (5.8) with full-state feedback controller (5.18). (a) The re-
sponses for the whole space domain (0, 1). (b) The responses at the midpoint.
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5.6. CONCLUSIONS

In this chapter, we have presented a control design to stabilize an unstable moving string
subject to a spring-mass-dashpot boundary, where the control actuator is located at the
other nature boundary. Firstly, by constructing an invertible backstepping transforma-
tion, we design a state feedback controller to stabilize the system. Next, we present an
observer to estimate the states of the system, and based on the estimated states, we de-
sign an output-feedback controller. It is shown that by using boundary measurements
only, the output feedback can make the closed-loop system exponentially stable. Finally,
the simulation results illustrate that the proposed control law can efficiently suppress the
axial vibrations of the moving string system.



CONCLUSION

In this thesis four initial-boundary value problems are studied. These problems describe
the motion of axially moving continua, which may be regarded in reality as models de-
scribing the transverse or longitudinal vibrations of mechanical elastic structures such
as conveyor belts, elevator cables and hoisting ropes.

Chapter 2 starts with a simple model for transverse vibrations of a string on a bounded,
fixed interval with a slowly time-varying Robin boundary condition. We showed how to
(approximately) solve initial-boundary value problems with different choices of time-
dependent coefficients k(#) in Robin boundary conditions. Different values for k(z) lead
to different difficulties in the analysis. So, we tackle these problems by using the method
of d’Alembert, averaging and singular perturbation techniques, and by using a three
time-scales perturbation method, respectively. It turns out that small order excitations
can lead to large responses when the frequency of the external force satisfies certain con-
ditions, and these results are valid on time-scales of order %, where ¢ is a dimensionless
small parameter.

Chapter 3 continues with the longitudinal vibrations and associated resonances in
a practical elevator system due to a harmonic excitation at one of its boundaries. We
analyse this problem by an adapted version of the method of separation of variables and
perturbation methods, (such as averaging methods, singular perturbation techniques,
and multiple timescales perturbation methods). Based on the analysis, explicit, and ac-
curate approximations of the solution of the initial-boundary value problem are con-
structed, and these approximations are valid on time-scales of order % It turns out that
for a given boundary disturbance frequency, many oscillation modes jump up from or-
der £ amplitudes to ordery/ amplitudes.

Chapter 4 extends the study in chapter 3 and analyses transverse as well as longitu-
dinal oscillations and resonances in an elevator system due to boundary excitations. Itis
shown in this chapter that for special frequencies in boundary excitations and for certain
parameter values of the longitudinal stiffness and the conveyance mass, many large os-
cillations arise in transverse and longitudinal directions. The oscillation modes for trans-
verse motion jump up from O(¢) to O(y/¢), and the oscillation modes for longitudinal
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motion jump up from O(e?) to O(y/€). To obtain these results the method of separation
of variables is presented, and perturbation methods, (such as averaging methods, sin-
gular perturbation techniques) are used. Furthermore, since the initial-boundary value
problems for transverse motion and longitudinal motion are nonlinear, we can not al-
ways construct formal approximations of the solutions but we can get properties and
predictions of solutions analytically on time-scales of order % And approximations of
the solutions are computed by using an iterative method analytically together with nu-
merical methods.

Chapter 5 presents a control design to stabilize an unstable moving string subject
to a spring-mass-dashpot boundary, where the control actuator is located at the other
boundary of the string. Firstly, by a transformation for the boundary condition, the
problem can be convert to a coupled ODE-PDE system. Secondly, by an invertible back-
stepping transformation, the coupled ODE-PDE system is equivalent to a target system
of ODE-PDE cascades, which is shown to be exponentially stable in a suitable Hilbert
space. Thirdly, we design the observer-based output feedback controller. It is shown that
by using boundary measurements only, the output feedback can make the closed-loop
system exponentially stable.

Also approximations of the solutions of the above four initial-boundary value prob-
lems are computed by using central finite difference schemes. The numerical approxi-
mations are in agreement with the analytically obtained results.

The analytical schemes in this thesis can be extended to study other, and more com-
plicated types of moving cable systems.
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