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Passive Earth Pressure in Narrow
Cohesive-Frictional Backfills

Chutian Li1; Fengwen Lai2; Jim Shiau3; Suraparb Keawsawasvong4; and Hanhui Huang5

Abstract: A narrow backfill zone is formed when retaining walls are built near existing stabilized structures (e.g., rock faces). In such cir-
cumstances, the classical passive earth pressure coefficient is no longer applicable, and a correction factor is required for the design. This paper
aims to develop analytical solutions for estimating the passive earth pressure problem of narrow cohesive-frictional backfills behind retaining
walls. The novel arched differential element method considers both effects of the horizontal shear stress in backfills and the soil arching, and it
is employed to estimate the passive earth pressure distribution along with wall depth. The solutions are compared against those published ex-
perimental data, analytical approaches, and finite-element limit analysis solutions. The factors influencing the distribution of passive earth pres-
sure are also undertaken using a series of parametric studies. To implement the derived solutions into a routine design, a modified practical
design equation is presented following the standard Coulomb’s solutions. This work provides a theoretical guideline for the initial design
of retaining walls with narrow soils, and it should be of great interest to practitioners. DOI: 10.1061/(ASCE)GM.1943-5622.0002639.
© 2022 American Society of Civil Engineers.

Author keywords: Passive earth pressure; Retaining structure; Narrow backfill; Soil arching effect; Arched differential element method;
Cohesive-frictional materials.

Introduction

Traditional Rankine’s and Coulomb’s earth pressure theories are
extensively used for the estimation of active or passive earth pres-
sure exerted by backfills against retaining walls. A fundamental and
indispensable postulation for both theories is that a triangular thrust
wedge would be developed in semi-infinite frictional backfills.
However, when retaining walls are constructed near rock faces
(Frydman and Keissar 1987; Fan and Fang 2010; Xie et al. 2020)
or existing stable structures [piles (Ni et al. 2018; Shakeel and
Ng 2018), basements (Lai et al. 2022b, c), diaphragm walls
(Chen et al. 2017; Li et al. 2017; Lai et al. 2020b, 2021, 2022a),
etc.], the width of retained backfills is limited (termed narrow back-
fills) (Fig. 1). Under this context, the full development of planar slip
surface from wall toe to backfill surface is unattainable, and the use
of traditional theories is constrained in practice.

Over the last few decades, there have been a few published exper-
imental works to investigate the distribution of active earth pressure

exerted onto retaining walls with narrow backfills (Frydman and
Keissar 1987; Take and Valsangkar 2001; O’Neal and Hagerty
2011; Yang and Tang 2017; Rui et al. 2020). The nonlinear dis-
tribution of earth pressure was observed in the measured results,
which could be mainly attributed to the soil arching effect (Handy
1985). Thereafter, numerical techniques, including the finite-
element method (FEM) (Fan and Fang 2010; Maleki and Imani
2022), discrete element method (Li et al. 2017; Yang and Deng
2019), and finite-element limit analysis (FELA) (Chen et al.
2019, 2020a, 2021a, b; Lai et al. 2020a; Lin et al. 2020), were
used to study the failure mechanisms (e.g., number and shape
of slip surfaces) and load transfer mechanisms (e.g., soil arching
effect).

For the establishment of design frameworks, some analytical
studies were carried out through the slip-line method (Liu and
Wang 2008; Liu et al. 2009), sliding-wedge method (Chen et al.
2019, 2020b; Lai et al. 2022b), and horizontal differential element
method (HDEM) (Cai et al. 2017; Chen et al. 2017, 2021b; Lin
et al. 2020). Among them, HDEM is the most popular one because
it considers the effect of soil arching. However, Lai et al. (2022c)
and Yang et al. (2022) pointed out that the horizontal shear stress
between adjacent elements is often neglected by some researchers
in the force analysis when using HDEM, unavoidably causing
some errors. Accordingly, they developed the arched differential el-
ement method (ADEM) and further utilized it to estimate the active
earth pressure of narrow cohesive backfills behind retaining walls
under the translational (T) mode (Lai et al. 2022b) and rotation
about the base (RB) mode (Lai et al. 2022c), respectively. It has
been proven that the ADEM method can possess higher accuracy
and provide a simpler derivation and solution process, in which
only the mechanical equilibrium equations are required. Moreover,
a lateral stress ratio at the wall using the average vertical stress
across a given differential element instead of the real vertical stress
on the wall has to be adopted in the HDEM to estimate the lateral
earth pressure. This unavoidably results in some deviations from
reality. This drawback has also been addressed in the ADEM, as
emphasized by Lai et al. (2022c) and Yang et al. (2022).
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Most of the previous studies focused on the active earth pressure
problem in narrow frictional materials behind retaining walls. Re-
cently, Chen et al. (2020b, 2021b) developed analytical approaches
to estimate the passive earth pressure of narrow cohesionless back-
fills under T and RB modes both using the HDEM. It explicitly
means that some deviations were still involved in their analytical
framework due to the imperfections of the HDEM used, as ex-
plained previously. In addition, the contribution of soil cohesion
was also neglected in their work. The research is, as a result, still
going on. In all, very few works were published in relation to the
passive earth pressure problem in backfill materials with limited
space, in particular in cohesive backfills. Studying the passive
earth pressure problem in narrow cohesive backfills is, therefore,
a significant extension to present a more complete design frame-
work of earth retaining structures from active to passive conditions.

To this end, a calculation model allowing soil arching effect and
horizontal shear stress is considered in this paper for an inclined
rock face (or stable retaining structures). The calculation of passive
earth pressure in narrow cohesive backfills is then formulated using
the ADEM. A series of parametric studies considering the effects of
important design variables on the distribution of passive earth pres-
sure are further conducted. Finally, for the practical design, we pre-
sented a fitted equation for estimating a correction factor in a more
concise form to correlate with the standard Coulomb’s solution.

Calculation Models and Basic Assumptions

A plane-strain calculation model is set up based on the previously
reported failure mechanisms and load transfer mechanisms (Cao
et al. 2019a, b; Chen et al. 2021b; Lai et al. 2022c), as shown in
Fig. 2. Some basic assumptions are made for simplification, as
follows:
1. A vertical rigid retaining wall is constructed around the firm and

natural rock face with an inclined angle β between the rock face
and the horizontal. The cohesive-frictional soils with cohesion c
and friction angle ϕ are used as backfill materials. The formed
trapezoid backfilling zone has a bottom width of B and a total
height of H.

2. To reach a limit state of the model, the well-embedded retaining
wall is assumed to be subjected to a lateral force, hence trigger-
ing the passive failure of rotating about the base (RB). For ex-
ample, in practice, vibrations resulting from the construction
activities and some unforeseen circumstances such as ship col-
lisions and rock falling may occur upon bridge abutment or
quay wall. RB mode may also be involved for the bridge

abutment undergoing impact force from bridge deck (pavement)
due to vehicle load, for diaphragm walls or sheet piles below ex-
cavation base, etc.

3. Both the wall back and the rock face are rough with various in-
terface friction angles, defined as δ1 and δ2, respectively. Two
factors of μ1= (tan δ1/tanϕ) and μ2= (tan δ2/tanϕ) are intro-
duced to quantificationally characterize the interface roughness
of the wall–soil interface (rotated one) and rock–soil interface
(stationary one) (Lai et al. 2022c). The backfills and wall–soil
interface, as well as the rock–soil interface, follow the Mohr–
Coulomb (MC) failure criterion.

4. The wall is passively rotated to develop one planar failure sur-
face with an inclined angle αf, which can be well estimated
using Coulomb’s theory (Chen et al. 2021b; Lai et al. 2022c)
as follows:

αf = arctan
1

A +
��������������
A( cotϕ + A)

√ (1)

where A= tan (ϕ+ δ1).
5. The upper and lower zones are bounded by Coulomb’s failure

surface, with heights of H1 and H2, respectively. Considering
the geometric relationships, height H2 of the lower zone can
be thus obtained as follows:

H2 =
B tan β tan αf
tan β − tan αf

(2)

An equation of H1=H−H2 can be further presented.

(a) (b)

Fig. 1. Examples of the narrow backfill problem in practice: (a) highway; and (b) abutment.

Fig. 2. Calculation model for upper and lower zones.

© ASCE 04022262-2 Int. J. Geomech.

 Int. J. Geomech., 2023, 23(1): 04022262 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

T
ec

hn
is

ch
e 

U
ni

ve
rs

ite
it 

D
el

ft
 o

n 
11

/2
5/

22
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



Therefore, this paper mainly focuses on a retaining wall with
narrow backfills in which H2 <H. It should be noted that, in both
upper and lower zones, the rotation of the major principal stress
could be postulated under the soil arching effect following a well-
accepted circular-arc trajectory (Xie and Leshchinsky 2016; Lai
et al. 2018; Xu et al. 2019; Cao et al. 2020).

Analytical Derivation

Stress State and Principal Stress Rotation

The stress state of backfilled soil and wall–soil/rock–soil interfaces
will be changed at the limit state under the soil arching effect. It is
essential to theoretically formulate the mechanism of load transfer
in the retaining wall system.

For the points ofA1 and A
′
1, consideringMC failure criterion, we have

σw + c cotϕ = (σ1 + c cotϕ) cos2 θ′w + (σ3 + c cotϕ) sin2 θ′w (3)

where σw= horizontal earth pressure; and θ′w = rotation angle of
major principle stress σ1 in Mohr’s circle (Fig. 3).

Further, according to the geometrical relations of Mohr’s circle,
we obtain

[(σw + c cotϕ) − (σ3 + c cotϕ)] tan θ′w = (σw + c cotϕ) tan δ1 (4)

where δ1= friction angle of the wall–soil interface.
Combining Eqs. (3) and (4) to give

tan θ′w =
N + tan2θ′w

N − 1
tan δ1 (5)

where N= coefficient obtained by the MC failure criterion, which
can be defined as follows:

N =
σ1 + c cotϕ

σ3 + c cotϕ
= tan2

ϕ

2
+
π

4

( )
(6)

Therefore, we can solve the stress rotation angle θ′w

θ′w = arctan
N − 1 −

�����������������������
(N − 1)2 − 4N tan2δ1

√
2 tan δ1

( )
(7)

Similarly, the rotation angle θr of major principal stress of the
rock–soil interface in Mohr’s circle can be described as follows:

θr = arctan
N − 1 −

�����������������������
(N − 1)2 − 4N tan2δ2

√
2 tan δ2

( )
(8)

where δ2= friction angle of the rock–soil interface.

The rotation angles θw and θr1 of σ1 with the horizontal for the
wall–soil interface and rock–soil interface (Fig. 2) can be thus
given as follows:

θw =
π

2
− θ′w (9)

θr1 = β + θr (10)

For Eqs. (7) and (8), we can find that both the rotation angles of
σ1 are independent of depth. That is, angles θw and θr1 are constant
along the two lateral boundaries of A1A

′
1 and E1E′

1 in the upper or
lower zones. Nonetheless, the rotation angle of the principal stress
at any points with any depths inside the differential element would
change under the effect of gravity. To characterize its effect and
quantitatively formulate the soil arching effect and consider the
horizontal shear stress in backfill materials, we establish an arched
differential element A1A

′
1E1E

′
1, following a circular-arc-shaped tra-

jectory of major principal stress rotation. The rationality of this as-
sumption was stated in Lai et al. (2022c).

In the differential element A1A
′
1E1E

′
1, there is no shear stress di-

rectly acting on the upper and lower boundaries. However, com-
pared to a horizontal element without the consideration of
horizontal shear stress, the effect of shear stress has been inherently
involved for an arched element following a principal stress rotation
trajectory. Such simplification yields excellent convenience in the
following derivation process. It can be assumed that the minor prin-
cipal stress on the boundary A1E1 linearly increases with the height
difference Δz between point A1 and the arbitrary point i. Namely,

σi3 = σ03 + γΔz (11)

where σ03 =minor principal stress at point A1; and σi3 =minor prin-
cipal stress at arbitrary point i.

From Fig. 2, we can present a geometric relationship as follows:

Δz = RA1E1 ( sin θw − sin θ) (12)

Determination of the Geometrical Parameters

It is fundamental for the force analysis to determine the geometrical
parameters involved in the arched differential element A1A

′
1E1E

′
1.

According to the geometric relationships in Fig. 2, we have

∠A1OE1 = θr1 − θw (13)

∠OA1A
′
1 = θw +

π

2
(14)

Combining Eqs. (13) and (14) yields

∠E1A1A
′
1 =

θw + θr1
2

(15)

Similarly, we obtain

∠A1E1E
′
1 =

π

2
+ β −

θw + θr1
2

(16)

Therefore,

lA1E1 =
H − z + B tan β

sin
θw + θr1

2

( ) (17)

where z= buried depth of the arched element calculated.
It should be again noted that the rotation trajectory of σ1 is con-

sidered to be the circular arc; the radius RA1E1of the circular arc is
Fig. 3. Mohr circle of stress for narrow cohesive backfills.
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thus calculated using

RA1E1 =
H − z + B tan β

2 tan β sin
θw + θr1

2
sin

θr1 − θw
2

(18)

The height of the element A1A
′
1E1E′

1 can be represented as
follows:

hA1A
′
1E

′
1E1

= sin
θw + θr1

2

( )
dz (19)

where dz= thickness of the arched element.
By observing Fig. 2, we obtain a geometrical relationship, as follows:

lE1E
′
1
=

hA1A
′
1E′

1E1

sin∠A1E1E
′
1

(20)

Substituting Eqs. (16) and (19) into Eq. (20) to get

lE1E′
1
=

sin
θw + θr1

2

( )
dz

sin
π

2
+ β −

θw + θr1
2

( ) (21)

In addition, Fig. 2 also indicates that

S1 = S
A1E1

⌢ − SΔOA1E1 = R2
A1E1

θr1 − θw −
sin (θr1 − θw)

2

[ ]
(22)

S2 = S
A′

1E
′
1

⌢ − SΔO′A′
1E′

1
= R2

A′
1E

′
1
θr1 − θw −

sin (θr1 − θw)

2

[ ]
(23)

SA1A
′
1E′

1E1
=
(lA1E1 + lA′

1E′
1
) sin∠E1A1A

′
1

2
dz =

H − z + B tan β

tan β
dz

(24)

Force Analysis of the Element

The forces on the arched differential element A1A
′
1E1E

′
1 are derived in

this section. The gravity of the element can be first calculated as follows:

G1 = γ(SA1A
′
1E′

1E1
+ S2 − S1) (25)

Substituting Eqs. (22)–(24) into Eq. (25) to yield

G1 = γ(H − z+ B tan β)
1

tan β
− 2D2

1 θr1 − θw −
sin (θr1 − θw)

2

[ ]{ }
dz

(26)

where

D1 = −
1

2 tan β sin
θw + θr1

2
sin

θr1 − θw
2

(27)

The horizontal and vertical forces acting on the lateral boundary
A1E1 of the element are

FA1E1
x =

∫θr1
θw

σi3RA1E1 cos θdθ = σ03RA1E1 t1 +
1

2
γR2

A1E1
t1 (28)

FA1E1
z =

∫θr1
θw

σi3RA1E1 sin θdθ = σ03RA1E1 t2 + γR2
A1E1

t3 (29)

where

t1 = sin θr1 − sin θw (30)

t2 = cos θw − cos θr1 (31)

t3 =
θr1 − θw

2
−
sin 2θr1 + sin 2θw

4
+ cos θr1 sin θw (32)

Similarly, we can get the horizontal and vertical forces on the
boundary A′

1E
′
1, as follows:

FA′
1E′

1
x = σ03Rt1 +

1

2
γR2

A1E1
t21 + σ03D1t1dz + γD1RA1E1 t

2
1dz

+ t1RA1E1dσ
0
3 (33)

FA′
1E

′
1

z = σ03RA1E1 t2 + γR2
A1E1

t3 + σ03D1t2dz + 2γD1RA1E1 t3dz

+ t2RA1E1dσ
0
3 (34)

As emphasized previously, there is only normal stress on the upper
and lower boundaries of the element. The total normal forces can be de-
composed as the horizontal and vertical forces on the two boundaries:

FA1A
′
1

x = (σ0w + c cotϕ)dz

= [(σ03 + c cotϕ)(Ncos2θ′w + sin2θ′w) − c cotϕ]dz (35)

F
A1A′

1
z = (σ0w + c cotϕ) tan δ1dz

= (σ03 + c cotϕ)(Ncos2θ′w + sin2θ′w) tan δ1dz (36)

FE1E
′
1

x = −lE1E′
1
σr( tan δ2 cos β + sin β) − lE1E′

1
c cos β (37)

FE1E′
1

z = lE1E
′
1
(σr(tan δ2 sin β − cos β)) + lE1E

′
1
c sin β (38)

Formulations of the Passive Earth Pressure and Thrust

Now, we have derived all the force components imposed on the el-
ement A1A

′
1E1E

′
1. Thereafter, two horizontal and vertical mechani-

cal equilibrium equations can be established, as follows:

FA1A
′
1

x − FA1E1
x + FA′

1E′
1

x + FE1E′
1

x = 0 (39)

FA′
1E′

1
z − FA1E1

z − FA1A
′
1

z − FE1E′
1

z − G1 = 0 (40)

Substituting the nine force components written in Eqs. (26)–(28),
(32), (33), and (35)–(38) into Eqs. (39) and (40) to output

D2(H − z + B tan β)dσ03 + D3σ
0
3dz + D4(H − z + B tan β)dz

+ D5dz + D6σrdz = 0 (41)

D7(H − z + B tan β)dσ03 + D8σ
0
3dz + D9(H − z + B tan β)dz

+ D10dz + D11σrdz = 0 (42)

where
D2 = −t1D1 (43)

D3 = t1D1 + N cos θ′2w + sin θ′2w (44)

D4 = −t21γD
2
1 (45)

D5 = c[cotϕ(N cos θ′2w + sin θ′2w − 1) − D12 cos β] (46)

D6 = −D12( sin β + tanϕ cos β) (47)

D7 = −t2D1 (48)

D8 = t2D1 − (N cos θ′2w + sin θ′2w ) tan δ1 (49)

© ASCE 04022262-4 Int. J. Geomech.

 Int. J. Geomech., 2023, 23(1): 04022262 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

T
ec

hn
is

ch
e 

U
ni

ve
rs

ite
it 

D
el

ft
 o

n 
11

/2
5/

22
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



D9 = −γ 2t3D
2
1 − 2D2

1 θr1 − θw −
sin (θr1 − θw)

2

[ ]
+

1

tan β

( )
(50)

D10 = −c[cotϕ(N cos θ′2w + sin θ′2w ) tan δ1 + D12 sin β] (51)

D11 = −D12( tanϕ sin β − cos β) (52)

D12 =
sin

θw + θr1
2

( )

sin
π

2
+ β −

θw + θr1
2

( ) (53)

Further combining Eqs. (41) and (42) to obtain a governing
equation, which can be expressed as follows:

D13(H − z + B tan β)dσ03 + D14σ
0
3dz

+ D15(H − z + B tan β)dz + D16dz = 0 (54)

where

D13 = D2D11 − D7D6 (55)

D14 = D3D11 − D8D6 (56)

D15 = D4D11 − D9D6 (57)

D16 = D5D11 − D10D6 (58)

Eq. (54) can be rewritten as follows:

dσ03
dz

+
D17

(H − z + B tan β)
σ03 + D18 +

D19

(H − z + B tan β)
= 0 (59)

where

D17 =
D14

D13
(60)

D18 =
D15

D13
(61)

D19 =
D16

D13
(62)

Solving Eq. (59) to give

σ03 = D20(H − z + B tan β)D17 + D21(H − z + B tan β) − D22 (63)

where

D21 =
D15

D13 − D14
(64)

D22 =
D19

D17
(65)

where D20= undetermined constant, which can be ensured consid-
ering σ03 at z= 0. Therefore,

D20 =
D22 − D21(H + B tan β)

(H + B tan β)D17
(66)

Substituting Eq. (6) into Eq. (63) to give the lateral passive earth
pressure exerted onto the wall in the upper zone, as follows:

σuw = [D20(H − z + B tan β)D17 + D21(H − z + B tan β)

−D22 + c cotϕ](Ncos2θ′w + sin2θ′w) − c cotϕ (67)

The foregoing derivations have obtained the formulation of pas-
sive earth pressure in the upper zone. In reality, the force analysis
for the element of A2A

′
2E2E

′
2 is similar to that for the element of

A1A
′
1E1E

′
1. The main difference lies in that the lateral boundary

of E2E
′
2 is a Coulomb failure surface in backfills, whereas E1E

′
1

is a rock–soil interface. That is, they only have various inclined an-
gles at various buried depths due to the existence of a slip surface.
To formulate the passive earth pressure in the lower zone, we need
to replace H− z+B tan β written in all the previously related equa-
tions as H− z to replace θr1 as θs and to replace β and αf.

It needs to be noted that θs is the rotation angle of σ1 in the slip
surface, which can be obtained using the geometrical relationships
in Fig. 2, as follows:

θs =
π

4
+
ϕ

2
+ αf (68)

Repeating the aforementioned derivation process to solve the
passive earth pressure in the lower zone, as described by

σlw = [D′
20(H − z)D

′
15 + D′

21(H − z) − D′
22 + c cotϕ]

(Ncos2θ′w + sin2θ′w) − c cotϕ (69)

Assuming σuw = σlw at H=H1, we give

D′
20 =

D20(H − H1 + B tan β)D17 + D21(H − H1 + B tan β) − D22 + D′
22 − D′

21(H − H1)

(H − H1)
D′

17
(70)

where the determinations of the variables in the previous equation
can be found in the Appendix.

To provide a more intuitive parameter to assess the stability
against overturning of retaining structures, equations for calculat-
ing total trust of narrow soil are given as follows:

Ep =
∫H1

0
σuwdz +

∫H
H1

σuwdz (71)

Eq. (71) can be normalized by the resulting geostatic stress in
the dimensionless form

Kp =
Ep

0.5γH2
(72)

where Kp= earth thrust coefficient, also called as earth pressure co-
efficient according to traditional earth pressure theories.

Implementation of Calculation Framework

The whole analytical derivation process has been shown above. To
clearly show the required steps to estimate the distribution of the
passive earth pressure and the passive thrust, a calculation
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framework is illustrated in Fig. 4. In the flowchart, several main di-
mensionless design parameters (i.e., B/H, c/γH, ϕ, μ1, μ2, and β) are
the input variables, while σuw in the upper zone and σlw in the lower
zone and Kp for the whole system are the output variables. To obtain
the solutions, the calculation flowchart is executed by running an the
calculation flowchart is executed by using a mathematical solver.

Comparison of Results

Taking a new analytical framework into practice necessitates a per-
suasive validation against experimental data and numerical solu-
tions. To the best of the authors’ knowledge, most of the
published experimental works were focused on passive earth pres-
sure in semi-infinite backfills. Very little can be found for narrow
backfills. As a result, numerical solutions are mainly used as a
benchmark for comparison and experimental data are provided
for indirect comparison whenever possible.

Two numerical comparisons in purely frictional and cohesive-
frictional materials are made in this section, respectively. The first
comparison is shown in Fig. 5, where the relationship between the nor-
malized earth pressure σw/γH and the wall depth ratio z/H is presented
for purely frictional backfill materials. In this figure, the proposed so-
lutions are compared with those of the traditional Coulomb’s solution,
FELA solution, FEM solution, and published experimental data and
analytical solutions. The FELA and FEM models using Optum G2
(Academic Version) and Plaxis 2D (Version 2021) under the RB

mode were established both based on a published model test by
Ying et al. (2016) in which the model parameters were given: c/γH
=0, B/H = 0.8, ϕ=35°, β=90°, μ1=μ2= 0.3. The more numerical
model details are omitted here and can refer to Lai et al. (2022c).
The test by Ying et al. (2016) measured the passive earth pressure dis-
tribution of Fujian sand with a limited width behind the retaining wall
under Tmode. Fang et al. (1994) presented the normalized experimen-
tal results of passive earth pressure in semi-infinite soils under RB
mode. It should be noted that because the scenarios of model tests cho-
sen are somewhat different from the basic assumptions in this study,
they only served as indirect comparisons. Moreover, Chen et al.
(2020b) studied the passive earth pressure problem in narrow cohe-
sionless backfills using the HDEM.

It follows from Fig. 5 that although the different modes of move-
ment (T and RB modes) produce slight deviation with experimental
data in narrow cohesionless backfills, the better agreement between
the proposed solution and FELA solutions and FEM solution under
RB mode is encouraging. This has greatly improved the confidence
in using the current proposed solution. Interestingly, Coulomb’s sol-
ution is presented based on an assumption of semi-infinite backfilling
space, and it significantly underestimates the passive earth pressure
exerted by narrow frictional backfills, as confirmed by the testing
data in narrow backfills. This is because narrow backfills would be
subjected to a stronger constraint effect than semi-infinite backfills
under passive thrust. Noting that the horizontal shear force could re-
sist the passive earth pressure in narrow backfills, but the horizontal
shear force between adjacent elements was always neglected in the
HDEM such that the obtained magnitude of σw/γH at a given depth
from the HDEM is much lower than the proposed solution employing
the ADEM. The comparison confirms that the proposed solution is
accurate and can be used in practice with great confidence.

The second comparison is presented in Fig. 6 for narrow
cohesive-frictional backfill materials. It should be noted that there
is no other published experimental data that we can use to compare
narrow cohesive-frictional backfill materials. To improve the con-
fidence in the produced results of cohesive-frictional backfill mate-
rials, upper bound (UB) and lower bound (LB) FELA and FEM
solutions were undertaken for comparison here. Fig. 6 shows the
relationship between the normalized earth pressure σw/γH and the
wall depth ratio z/H. Numerical comparisons in Fig. 6 show a
fair to good agreement between the numerical solutions and the
proposed solutions. This provides a good level of confidence in

Fig. 4. Calculation flowchart. Fig. 5. Comparison of results (narrow purely frictional backfills).
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the current solutions. It further strengthens the importance of con-
sidering the horizontal shear force between adjacent elements, soil
arching effect, and soil cohesion in the estimation of passive earth
pressure in narrow cohesive-frictional backfills.

Parametric Studies

Thoroughly understanding the factors that influence the earth pres-
sure distribution is indispensable for the development of an accu-
rate practical design methodology. A series of parametric studies,
accounting for the effects of sensitive design parameters (e.g., as-
pect ratio B/H, the inclined angle of the rock face, backfills’
strength parameters, and wall–soil/rock–soil interface roughness)
on the distribution of passive earth pressure in narrow cohesive-
frictional backfills, are thus conducted in this section. The effects
of these parameters are discussed in the following sections for a
base case of the aspect ratio of B/H= 0.8, the inclined angle of
the rock face of β= 60°, the soil strength parameters (c/γH= 0.1

and ϕ= 35°), and the wall–soil/rock–soil interface roughness fac-
tors (δ1=ϕ/3, δ2= 2ϕ/3; hence μ1≈ 0.3, μ2≈ 0.6).

Effect of Aspect Ratio B/H

Fig. 7 shows the variation in normalized earth pressure σw/γH with
wall depth z/H under various aspect ratios B/H. The difference be-
tween the narrow soils and the semi-infinite soils lies in the boun-
dary condition of B/H< cotαf. Therefore, the aspect ratio has a
significant effect on the distribution of passive earth pressure. For
a narrow backfill problem, the backfills are greatly constrained by
the two sides of rigid walls. Such a constraint effect will be strength-
ened with the passive movements of retaining walls. This is also
more obvious when reducing the backfill width, i.e., the retaining
walls are closer to the rock faces. Theoretical results in Fig. 7
have shown that the normalized passive earth pressure σw/γH at a
given depth increases with a decrease in B/H. It can therefore be
concluded that the retaining structure with narrower backfills is sub-
jected to greater passive resistance than that with semi-infinite ones.

Effect of Inclined Angle of the Rock Face β

Fig. 8 shows the distribution of normalized earth pressure σw/γH
along wall depth z/H for the various inclined angle of the rock
face (β). In a similar way to the H/B ratio, changing the angle β
would affect the boundary condition. Although a steeper rock
face results in less volume of soil to contribute to the shear stress
developed for the passive earth thrust, the changes in the direction
of soil movement do provide extra passive resistance in the narrow
backfill problem. Accordingly, as shown in Fig. 8, the larger the β,
the greater the σw/γH. However, it should be noted that this chang-
ing law is insensitive when the inclined angle reduces to a certain
degree, such as 60°, i.e., a critical angle under which the inclined
angle of the rock face is less than the sliding angle αf. In such
cases, the backfill can be assumed to be semi-infinite as the full tri-
angular thrust wedge is formed.

Effect of Backfills’ Strength Parameters (c/γH and ϕ)

Figs. 9 and 10 present the variations in σw/γH with z/H for the var-
ious normalized soil cohesion c/γH and the soil friction angle ϕ,

Fig. 6. Comparison of results (narrow cohesive-frictional backfills).

Fig. 7. Variation in normalized passive earth pressure with wall depth
(various B/H values).

Fig. 8. Variation in normalized passive earth pressure with wall depth
(various β values).
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respectively. Both the cohesion ratio and the friction angle repre-
sent the backfills’ shear strength. The larger the soil cohesion and
the soil friction angle, the greater the shear resistance. For a retain-
ing structure subject to passive rotation, the shear stress must resist
the passive earth pressure. Hence, as shown in Figs. 9 and 10, the
passive earth pressure for a given depth increases with increasing
c/γH and/or ϕ. In addition, the figures show that the rate of increase
of the passive earth pressure with wall depth is greater as the soil
strength parameters are larger. A possible reason for this is that
an increase in soil strength parameters may enhance the soil arching
effect. Therefore, greater passive earth pressure is expected to be
transferred to retaining structures in light of Handy’s soil arching
theory (Handy 1985).

Effect of Interface Roughness Factor μ1

The effect of the interface roughness factor on the passive earth
pressure is examined in this section. The main difference between

wall–soil and rock–soil interfaces is the magnitude of the roughness
factors in the proposed analytical model. Consequently, we only
change the roughness factor of the wall–soil interface (μ1) in this
brief study. Fig. 11 presents the distribution of the normalized pas-
sive earth pressure σw/γH along wall depth z/H with the varying
roughness factor of the wall–soil interface (μ1). Fig. 11 shows
that a higher μ1 yields a larger passive earth pressure at a given
depth. This can be explained by the fact that the larger interface
shear stress contributes to an increase in the passive earth pressure.
In addition, a more stable stress arching is formed in narrow back-
fills as the wall–soil interface (μ1) increases, thus mobilizing greater
passive earth pressure.

Practical Design Equation

The proposed solutions subtly consider the soil arching effect and
horizontal shear stress in narrow cohesive-frictional backfills be-
hind retaining walls by using ADEM. It requires the aid of

Fig. 9. Variation in normalized passive earth pressure with wall depth
(various c/γH values).

Fig. 10.Variation in normalized passive earth pressure with wall depth
(various ϕ values).

Fig. 11.Variation in normalized passive earth pressure with wall depth
(various μ1 values).

Fig. 12. Comparison of correction factor between the practical design
equation and the proposed solution.
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computer programming, which is not always available to practical
geotechnical engineers. To overcome the challenge, it was sug-
gested by Lai et al. (2022b) to present a simple design equation
for practical uses. It is recommended in this paper to use the
earth pressure coefficient Kp to correlate the standard Coulomb’s
solution Kp,Coulomb that is widely used in practice. A correction fac-
tor η is introduced here and can be defined as follows:

η =
Kp

Kp,Coulomb
(73)

To generate a data set covering a wide range of practical cases,
729 groups of calculated η in narrow cohesive-frictional backfills
are calculated with the proposed solutions. The 729 groups consist
of the aspect ratio (H/B= 0.4, 0.6, and 0.8), soil cohesion (c/γH=
0.00, 0.02, and 0.04), soil friction angle (ϕ= 25°, 35°, and 45°),
wall–soil interface roughness factor (μ1= 0.4, 0.6, and 0.8),
rock–soil interface roughness factor (μ2= 0.4, 0.6, and 0.8), and in-
clined angle of the rock face (β= 60°, 70°, and 80°). Subsequently,
a practical design equation is further developed with the aid of the
method of curve fitting. The closed-form approximation can be ex-
pressed as follows:

η = p1 + p2 tan
2 φ + p3μ

2
1 + p4μ

2
2 + p5

B

H

( )2

+p6
c

γH

( )2

+p7 tan2 β

(74)

where p1–p7= constant coefficients. These are given in Table 1.
A comparison between the calculated η from the proposed solu-

tions and the predicted η from the fitted Eq. (74) is shown in
Fig. 12. It follows from Fig. 12 that a high coefficient of determi-
nation (R2= 90.5%) can be found, giving greater confidence for
practical uses in estimating the earth pressure at any wall depths
in narrow cohesive-frictional backfills behind retaining walls
using the following equation:

σw = ηKp,Coulombγz (75)

Conclusions

The ADEM proposed by Lai et al. (2022b) for estimating active
earth pressure in narrow c–ϕ soils has been successfully extended
to formulate the distribution of passive earth pressure along the
wall depth in this paper. In particular, the proposed solutions con-
sider the effects of soil cohesion, soil arching, and horizontal shear
stress, where a retaining wall was constructed near inclined rough
rock faces (or other stable retaining structures). Some shortcomings
of the HDEM have been well considered, and the solutions have
been improved by using the ADEM. The comparisons have
shown that the novel solutions are in good agreement with pub-
lished experimental data, existing analytical approaches, and
FELA solutions in both purely frictional and cohesive-frictional
materials.

A series of parametric studies are further carried out to examine
the factors influencing the magnitude and distribution of the pas-
sive earth pressure. It is found that the magnitude of passive
earth pressure is governed by the constraint effect and shear resis-
tance provided by backfills and interfaces. An interesting

phenomenon is that the retaining structure with narrower backfills
is subjected to greater passive resistance than that with semi-infinite
ones. The study results indicate that the passive earth pressure
would decrease with a reduction in the inclined angle of the rock
face, wall–soil/rock–soil interface roughness factors, and soil
strength parameters. An increase in the backfill width aspect ratio
would also result in a decrease in the passive earth pressure. In ad-
dition, the larger the soil arching effect, the greater the soil strength
parameters and the interface roughness.

To facilitate the use of the proposed solutions in geotechnical
engineering applications, a corrected factor of the passive earth
pressure coefficient from Coulomb’s theory is proposed. Further-
more, a simplified, yet accurate, design equation to evaluate such
a corrected factor is also developed based on a data set involving
a wide range of practical cases. Although the paper is an extension
for passive earth pressure in narrow cohesive backfills, some sim-
plified assumptions (e.g., a planar slip surface and MC failure cri-
teria) are necessary for obtaining the solutions. In some cases, the
multi- and/or curved slip surface may be formed such that using
Coulomb’s theory unavoidably could yield conservative results.
In addition, the MC failure criteria cannot capture the nonlinear be-
havior of wall–soil interfaces. More future works need to be thus
conducted to address these imperfections in the future. Finally, ex-
perimental works concerning the passive earth problem in narrow
backfills under various movement modes can be conducted in the
future.

Appendix. Variables in Eq. (70)

All the related variables that appeared in Eq. (70) are given here. It
should be noted that some of the variables are simple replacements
for the variables used in the derivation process of earth pressure in
the upper zone. Please refer to the associated variables.

D′
13 = D′

2D
′
11 − D′

7D
′
6 (76)

D′
14 = D′

3D
′
11 − D′

8D
′
6 (77)

D′
15 = D′

4D
′
11 − D′

9D
′
6 (78)

D′
16 = D′

5D
′
11 − D′

10D
′
6 (79)

D′
2 = −t′1D

′
1 (80)

D′
3 = t′1D

′
1 + N cos θ′2w + sin θ′2w (81)

D′
4 = −t′21 γD

′2
1 (82)

D′
5 = c[cotϕ(N cos θ′2w + sin θ′2w − 1) − D′

12 cos αf ] (83)

D′
6 = −D′

12(sin αf + tanϕ cos αf ) (84)

D′
7 = −t′2D

′
1 (85)

D′
8 = t′2D

′
1 − (N cos θ′2w + sin θ′2w ) tan δ1 (86)

Table 1. Optimal value of constant coefficients for closed-form approximation

p1 p2 p3 p4 p5 p6 p7

3.335786 −2.66671 −4.83389 −0.94438 0.477478 0.108782 −0.78829
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D′
9 = −γ 2t′3D′2

1 − 2D
′2
1 θs − θw −

sin (θs − θw)

2

[ ]
+

1

tan αf

( )
(87)

D′
10 = −c[cotϕ(N cos θ′2w + sin θ′2w ) tan δ1 + D′

12 sin αf ] (88)

D′
11 = −D′

12(tanϕ sin αf − cos αf ) (89)

D′
12 =

sin
θw + θs

2

( )

sin
π

2
+ αf −

θw + θs
2

( ) (90)

t′1 = sin θs − sin θw (91)

t′2 = cos θw − cos θs (92)

t′3 =
θs − θw

2
−
sin 2θs + sin 2θw

4
+ cos θs sin θw (93)
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Notation

The following symbols are used in this paper:
B = bottom width of narrow soils behind retaining

wall (m);
c = soil cohesion (kPa);

D1−D22 = abbreviations used in the derivation process;
D′

1 − D′
22 = abbreviations used in the derivation process;
dz = thickness of the arched element (m);
Ep = passive earth thrust acting on rotating retaining

wall (kN);
FA1A

′
1

x , FE1E′
1

x
= horizontal forces at the wall–soil interface
involved in the element in the upper zone (kN);

FA1E1
x , FA′

1E′
1

x = horizontal forces on upper and lower boundaries
of the element in the upper zone (kN);

FA1A
′
1

z , FE1E′
1

z = vertical forces at the wall–soil interface involved
in the element in the upper zone (kN);

FA1E1
z , FA′

1E
′
1

z = vertical forces on upper and lower boundaries of
the element in the upper zone (kN);

G1 = gravity of arched differential element in the upper
zone (kN);

H = retaining wall height (m);
H1 = height of the upper zone (m);
H2 = height of the lower zone (m);
Kp = passive thrust coefficient;

Kp,Coulomb = passive earth pressure coefficient calculated by
Coulomb’s theory;

lA1E1 = length of A1E1 (m);
lE1E′

1
= curve length of E1E1

′ (m);
N = ratio of major to minor principal stresses;

p1− p7 = optimal constant coefficients;
RA1E1 = radius of major principal stress trajectory (m);

z = buried depth of arched element (m);
Δz = vertical distance between points A1 and i (m) ;
αf = sliding angle of the slip surface (°);
β = angle of the slope (°);
γ = unit weight (kPa);
δ1 = wall–soil interface friction angle (°);
δ2 = slope–soil interface friction angle (°);
η = correction factor;
θr = rotation angle of major principal stress of the

rock–soil interface in Mohr’s circle (°);
θr1 = rotation angle of minor principal stress on slope

surface to the horizontal (°);
θs = rotation angle of minor principal stress on the slip

surface to the horizontal (°) ;
θw = rotation angle of minor principal stress at the

wall–soil interface to the horizontal (°);
θ′w = rotation angle of minor principal stress at the

wall–soil interface to the vertical (°);
ϕ = soil friction angle (°);
μ1 = interface roughness factor of the wall;
μ2 = interface roughness factor of the slope;
σ03 = minor principal stresses at the wall–soil interface

(kPa);
σi3 = minor principal stress at arbitrary point i on upper

boundary of the element (kPa);
σ0w, σ

u
w, σ

l
w = lateral earth pressure exerted in upper and lower

zones (kPa);
σr, τr = normal and shear stresses on the rock–soil surface

(kPa); and
σs, τs = normal and shear stresses on the slip surface in

backfills (kPa).
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