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ABSTRACT
Spectral line shape models can successfully reproduce experimental Rayleigh-Brillouin spectra, but they need knowledge about the bulk
viscosity ηb. Light scattering involves GHz frequencies, but since ηb is only documented at low frequencies, ηb is usually left as a free para-
meter, which is determined by a fit of the model to an experimental spectrum. The question is whether models work so well because of
this freedom. Moreover, for light scattering in air, spectral models view “air” as an effective molecule. We critically evaluate the use of ηb
as a fit parameter by comparing ηb obtained from fits of the Tenti S6 model to the result of Direct Simulation Monte Carlo (DSMC) for
a mixture of Nitrogen and Oxygen. These simulations are used to compute light scattering spectra, which are then compared to experi-
ments. The DSMC simulation parameters are cross-checked with a molecular dynamics simulation based on intermolecular potentials. At
large values of the uniformity parameter y, y ≈ 4, where the Brillouin contribution to spectra is large, fitted ηb are 20% larger than the ones
from DSMC, while the quality of the simulated spectra is comparable to that of the Tenti S6 line shape model. At smaller y, the difference
between fitted and simulated ηb can be as large as 100%. We hypothesize the breakdown of the bulk viscosity concept to be the cause of this
fallacy.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0136837

I. INTRODUCTION

When light is scattered off a gas, the spectral line shape has
a Rayleigh-Brillouin profile, with “Brillouin” indicating the influ-
ence of coherent spontaneous density fluctuations (sound). Together
with the wavelength of the incident light and the scattering angle,
the spectral line shape depends on pressure and temperature. It is
parameterized by transport coefficients that characterize the trans-
port of momentum and energy in the gas. When the gas is dilute,
those transport coefficients depend only on temperature. Knowledge
of the line shape and thus knowledge of the transport coefficients
are important to infer the temperature of the gas, which is used in
LIDAR (light detection and ranging).1

Line-shape models provide an analytic representation of the
spectrum. They are based on the Boltzmann equation with an

approximated collision integral. A popular model is the Tenti model,
where this approximation is such that the effective transport coef-
ficients of the gas are reproduced.2,3 Vice versa, the Tenti model
uses known values of the transport coefficients as input. The Tenti
S6 model2 is based on an expansion of the velocity distribution
function into six eigenmodes of the linearized collision operator;
possibly due to resummation, it is superior to the S7 model.3 The
Tenti model involves the diagonalization of a small matrix and the
evaluation of a special function, all of which can be done extremely
quickly.

Of relevance for the spectral line shape are the translational
and internal degrees of freedom of the molecules, as quantified by
the shear viscosity ηs, the thermal conductivity λth, and the bulk
viscosity ηb. The bulk viscosity depends on the relaxation time
of the internal degrees of freedom.4,5,29 It is documented at low
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(ultrasound) frequencies, but not at the high frequencies (O(GHz))
relevant for light scattering. At GHz frequencies, vibrational degrees
of freedom are frozen, and only rotational degrees of freedom con-
tribute. For example, for CO2, this leads to a dramatic frequency
dependence of ηb.6 The value of ηb at these GHz frequencies may
be determined from a least-squares fit of a model spectrum to an
experimental Rayleigh-Brillouin spectrum. Lack of knowledge of ηb
has led to the widespread practice of using it as a free parameter in
spectral line shape models.6–8

The spectral line shape is also determined by the precisely-
known scattering wavevector ks [as set by the wavelength λ of the
incident light and the scattering angle θ, ks = (4π/λ)sin(θ/2)] and
by thermodynamic properties, such as specific heat, density, and
speed of sound, which are usually known with good accuracy.

Models for light scattering in air are of great practical relevance,
but no line-shape models exist that treat air properly. Air is a mixture
of polyatomic molecules with complex inter- and intra-species inter-
actions; however, the Tenti model views air as consisting of effective
“air” molecules. Naturally, the bulk viscosity as a fit parameter may
then not reflect its true physical value, as such an effective medium
approach may not be adequate. Recent experiments show that the
Tenti S6 model adequately reproduces light scattering spectra in air.8
The question is whether the Tenti model works so well because of
the freedom offered by varying ηb. Another question is whether the
found temperature dependence of ηb is genuine or merely an artifact
of the modeling approach.

In this letter, we will answer these questions on the basis of
Direct Simulation Monte Carlo (DSMC) simulations of air as a
binary mixture of N2 and O2 molecules, both considered rigid rota-
tors. This is in accordance with the high characteristic vibration
temperatures of O2 and N2: at room temperatures, the vibrational
levels remain unpopulated.

At atmospheric pressures and visible light wavelengths,
the number of molecules needed is well manageable.9–12 The

DSMC simulations can generate light scattering spectra from first
principles, using collision parameters as the only input. They can
also provide the values of transport coefficients, which can be
compared to those obtained from fits of the Tenti model.

In DSMC, molecular distribution functions are represented by
a number of particles whose individual physical states are character-
ized by spatial position, center of mass velocity, and internal rota-
tional energy. Molecular states are advanced in time by a fractional
time step method in which the first stage consists in a collisionless
molecular motion across the spatial domain whereas in the second
stage molecules belonging to the same spatial cell collide pairwise.
Unlike deterministic Molecular Dynamics (MD) simulations, both
the selection of collision partners and the outcome of collisions are
the result of a stochastic process.

This stochastic process is described using simple phenomeno-
logical collision models containing parameters to be adjusted to
match gas transport properties. In these simulations, N2–N2, O2–O2,
and N2–O2 binary collisions are described by the Variable Soft
Sphere (VSS) model as far as the scattering cross section is con-
cerned.13 Rotational-translational energy exchanges are described
by the Borgnakke-Larsen model.14 The used parameters and further
simulation details are listed in the Appendix.

In order to increase confidence about their input data, both
DSMC and MD simulations have been performed. MD simulations
are based on interatomic potentials and were done using the large-
scale atomic/molecular massively parallel simulator (LAMMPS).15

The transport coefficients of a binary mixture of N2 and O2 were
computed in microcanonical (NVE) ensembles corresponding to
the temperatures and pressures of Table I and Figs. 1 and 2. The
transport coefficients were obtained from 20 independent simula-
tions of 800 ns, where equations of motion are integrated with a
timestep of 5 fs. To improve statistics, the on-the-fly calculation
of transport properties (OCTP) plugin11 is used to sample the comp-
onents of the pressure tensor according to the order-n algorithm.16

TABLE I. Experiment conditions and transport coefficients. The shear viscosity ηs and bulk viscosity ηb are in
10−5 kg m−1 s−1, and the thermal conductivity is in 10−2 W m−1 K−1. We have indicated the laser wavelength and the
scattering angle θ in degrees, p is the pressure in bar, and y is the uniformity parameter. The shear viscosity ηs and thermal
conductivity λth used in the Tenti model,2 were found in Pierce,22 while the bulk viscosity was determined in a least squares
procedure. The shear viscosity and thermal conductivity used in the DSMC simulation of spectra were determined from the
DSMC simulations using Green-Kubo relations; the bulk viscosity was computed from the DSMC parameters in Table II. All
transport coefficients corresponding to the MD simulation were computed using the Einstein relations.11

Green, λ = 532.22 nm, θ = 55.7○

Tenti S6 DSMC MD

p T ηs ηb λth ηs ηb λth ηs ηb λth y

3.01 273.2 1.72 0.99 2.41 1.73 0.96 2.40 1.72 0.97 2.52 4.0
3.01 333.2 2.00 1.49 2.87 1.98 1.30 2.80 2.02 1.14 2.81 3.1

Blue, λ = 366.65 nm, θ = 90○

Tenti S6 DSMC MD

P T ηs ηb λth ηs ηb λth ηs ηb λth y

2.81 278.0 1.74 1.48 2.45 1.74 0.99 2.42 1.74 0.93 2.52 1.7
3.31 337.7 2.00 2.47 2.91 2.02 1.33 2.84 2.04 1.19 2.92 1.5
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FIG. 1. (a) Comparing the bulk vis-
cosity ηb obtained from fits of the
Tenti model to the values computed
using molecular dynamics simulations.
These experiments are in green light
(λ = 532.22 nm). Filled and open circles:
fitted ηb using the Tenti S6 model at
p = 2 and 3 bars, respectively. Full line:
ηb directly computed from the DSMC
simulation parameters in Table II. Open
circles with error bars: ηb from MD sim-
ulations. (b) Fits using the Tenti model
seek a minimum of the χ2 difference
between experiment and model (blue
lines and round dots). The triangles and
gray line indicate ηb from the DSMC
simulation at T = 333.2 K, and the cor-
responding χ2 differences. In (a) and
(b), ηb is in kg m−1 s−1. (c) and (d)
the Rayleigh-Brillouin spectrum of air
measured with green light (black lines),
compared to the DSMC prediction (cyan
lines). (e) and (f): Difference between
experiment and model spectra. Blue
lines denote the Tenti model, black lines
the DSMC spectrum.

The simulation box contains 1600 N2 and 400 O2 molecules.
The molecular bonds are kept fixed by using the SHAKE algo-
rithm17 at 1.097 and 1.208 Å for nitrogen and oxygen molecules,
respectively. The intermolecular interactions between atoms are
computed from the 12-6 Lennard-Jones potentials with well
depth ϵij = 47.2kB, 48.0kB and atom diameter σij = 3.17 Å, 3.006 Å
for N and O atoms, respectively. They are based on liquid-phase
experiments (O, Perng et al.18) and on experiments on shock
waves (N, Valentini, Zhang, and Schwartzentruber,19 Robben, and
Talbot20). Interactions of dissimilar atoms are considered via the
Lorentz–Berthelot mixing rule.17 A cutoff radius of 12 Å is used, and
analytic tail corrections for the energy and pressure terms are added
for interactions beyond this cutoff.

In summary, both molecular simulations approximate gas
kinetics relevant for light scattering, but at the expense of a judi-
cious choice of the collision parameters. For the computation of
spectra, the advantage of the DSMC method over MD is the much
greater speed of the simulation. Since collisions are stochastic in
DSMC, its larger freedom of parameter choice was checked against
MD.

In the DSMC simulations of light scattering spectra, the fluc-
tuating number density is sampled on a one-dimensional discrete
spatial domain; its space–time Fourier transform is the scattered
light spectrum. Statistical accuracy is reached by ensemble averaging
many independent runs and allowance is made for the instrument
function.
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FIG. 2. (a) Comparing the bulk viscosity
ηb obtained from fits of the Tenti model
to the values computed using molecu-
lar dynamics simulations. These experi-
ments are in blue light (λ = 366.65 nm).
Notice the change in the vertical scale
compared to Fig. 1(a). Line connect-
ing open circles: fitted ηb from the blue
experiments using the Tenti S6 model.
Full line: ηb directly computed from the
DSMC simulation parameters in Table II,
open circles with error bars: ηb from
MD simulations. (b) Fits using the Tenti
model seek a minimum of the χ2 dif-
ference between experiment and model
(blue lines and round dots). The trian-
gles and gray lines indicate ηb from the
DSMC simulation and the correspond-
ing χ2 differences. At T = 337.7 K, the
solid dot is the prediction of the Tenti
model, and the solid triangle is computed
using the DSMC simulation. The open
symbols are for T = 278.0 K. (c) and
(d) the Rayleigh-Brillouin spectrum of air
measured with blue light (black line),
compared to the DSMC prediction (cyan
lines). (e) and (f): Difference between
experiment and model spectra. Notice
the change in vertical scale compared to
Figs. 1(c) and 1(d). Blue lines indicate
the Tenti model, black lines indicate the
DSMC spectrum.

We will compare two sets of highly accurate experimental
Rayleigh-Brillouin scattering spectra to DSMC simulations and to
the Tenti S6 spectral model. In both sets, spectra are registered as
a function of temperature. The wavelength and scattering geometry
are different for these two sets. At the shorter wavelength, the exper-
iments are in the kinetic regime, while continuum effects are more
strongly expressed at the longer wavelength. For the Tenti S6 line
shape model, we will find the temperature-dependent bulk viscosity
ηb(T) that minimizes the (normalized) squared difference with the
experiment.

In atmospheric LIDAR, spectral line-shape models are used
as a tool to retrieve the temperature from a fit of a model spec-
trum to a measured spectrum.1 In the Tenti model, the tempera-
ture also emerges in the used values of the transport coefficients.
Specifically, if ηb is used as a fit parameter, its apparent tempera-
ture dependence may be different for different scattering geometries,

wavelengths, and even pressures. Therefore, a check against first-
principles molecular simulations, as is done here, is of great practical
value.

II. RESULTS
The light scattering experiments have been documented in

Gu et al.7 and Wang et al.8 They were done at two wavelengths, in
green light,8 λ = 532.22 nm, with a scattering angle θ = 55.7○ and
in blue light,7 λ = 366.65 nm, θ = 90○. These experiments are cur-
rently state of the art in terms of a precisely defined scattering
geometry and statistical accuracy of the spectra. The experimental
conditions are listed in Table I.

The main difference between the green and blue experiments
is the value of the uniformity parameter y, which is the ratio of
the scattering wavelength, 2π/k, over the mean free path between
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collisions.21 For the experiments in green, y ≈ 4 and continuum fluc-
tuations are more important than for the experiments in blue, where
y ≈ 2. For large y, sound is more prominent, and the spectral line
shape depends more sensitively on the volume viscosity ηb. The vari-
ation of wavelength and geometry results in a relatively large range
of uniformity parameters at the same pressure.

The difference between experimental and model spectra,
Ie( fi) and Im( fi), respectively, is quantified by the χ2 error,
χ2
= N−1

∑
N
i=1 Δ2

( f i). The normalized difference at discrete frequen-
cies fi, i = 1, . . . , N is Δ( fi) = [Im( fi) − Ie( fi)]/σ( fi), with the mea-
surement error σ( fi) estimated from Poissonian photon counting
statistics. In the case of a perfect spectral model and only statistical
errors, χ2

= 1. In that case, an estimate of the uncertainty of the fitted
ηb follows from the curvature of χ2

(ηb) at χ2
= 1. Although the

greater sensitivity of χ2 to the variation of ηb at larger values of y is
evident in Fig. 1(b), an estimate of the uncertainty of ηb should
clearly involve systematic errors.

The Tenti model needs values for the shear viscosity ηs and
the thermal conductivity λth. We have used the experimental val-
ues documented in Pierce;22 their temperature dependence was
computed from a Sutherland-type formula. Using an Eucken expres-
sion, the heat conductivity of air λth was corrected for the absence
of vibrational relaxation;23 as expected, this leads to a negligible
change in λth. Naturally, the values of ηs and λth computed with
the DSMC and MD models should match the experimental values.
The largest difference (4%) was found for λth computed with MD
at T = 273.2 K. This owes itself to the larger statistical fluctuations
from run to run in the Green-Kubo correlations. The bulk viscosity
is a direct expression of rotational relaxation. In the DSMC simu-
lations, the relaxation number Z, which is the number of collision
times in a relaxation time, was computed using analytical models
from Parker24 and Lordi.25 At the highest temperature, there is a 15%
difference from the MD result.

In Fig. 1, we compare the measured spectra at T = 273.3 and
333.2 K and pressures p = 2 and 3 bars with the spectra from the
DSMC simulations and with the spectra from the Tenti model. Both
the Tenti model and the DSMC simulation reproduce measured
spectra very well.

The bulk viscosities from fits of the Tenti S6 model are shown
in Fig. 1(a). They are almost the same as those already documented
by Wang et al.8 A small difference is due to the different treatment of
dark counts.26 The bulk viscosities at p = 2 bars in Fig. 1(a) are larger
than those computed from the p = 3 bars spectra. As viscosities do
not depend on pressure, this is an artifact of the fitting method. Most
important, there is a significant difference between the ηb computed
from DSMC and that from a fit of the Tenti model, which can be as
large as 20%.

The fit of the Tenti model finds an approximate linear depen-
dence of ηb on temperature; the trend dηb/dT agrees with the
DSMC prediction. Remarkably, the results in Fig. 1(h) show that the
residues of the Tenti model, with fitted ηb = 1.49 × 10−5 kg m−1 s−1,
are very similar to those of the DSMC simulation (at ηb = 1.35
× 10−5 kg m−1 s−1). Assuming that both offer an effective way to
reproduce light scattering spectra, it is well possible that the residues
are caused by imperfections in the experiment.

The results of the experiments in blue are shown in Fig. 2.
Because of the relatively small uniformity parameter, we only

analyzed the p ≈ 3 bars case. At T = 338 K, there is almost a factor
2 between the DSMC values and the ηb derived from a fit of the
Tenti model. On the other hand, both the DSMC simulation and
the Tenti model reproduce the experimental spectrum very well;
with χ2

≈ 2, the Tenti model fit is almost perfect. We also notice
that the frequency-dependent residues between model and exper-
iment are very similar between the Tenti model and the DSMC
simulation.

The success of the Tenti model is the perfect fit of the experi-
ment. The failure of the model is the necessity to use an erroneous
value of the bulk viscosity. This failure is surprising, as the model
derives from the Boltzmann equation, which should hold in the
kinetic regime (y ≲ 3). We will comment on this remarkable finding
in Sec. III.

III. CONCLUSION
A spectral line-shape model has been used to find the

temperature-dependent bulk viscosity ηb(T) from experiments—
information needed for temperature retrieval. At large uniformity
parameters y ≳ 4, we found values ηb(T) that differ by 20% from
DSMC results. Apparently, while the Tenti model has been derived
for a single-component gas, it can treat “air” as an effective molecule.

We believe that the failure of the Tenti model to reproduce
the spectra in blue with the correct ηb at small y ≈ 2 points to the
failure of the bulk viscosity concept when the rotational relaxation
is no longer rapid compared to the experiment characteristic time
τe = 1/ks v0, with ks the scattering wavevector and v0 the thermal
velocity.

For gases consisting of molecules with internal degrees of free-
dom, two temperatures exist: a kinetic temperature and a tempera-
ture related to the internal motion. When the collisional relaxation
of internal motion is fast, the internal temperature can be elimi-
nated, and a bulk viscosity emerges. This is the context of the Tenti
model. However, when the relaxation is slow, the concept of bulk
viscosity fails, and a two-temperature description is needed. These
cases are treated in Bruno and Giovangigli,27 both analytically and
in molecular simulations.

The rotational relaxation time τR is related to the mean free
time between collisions τc as τR = Zτc, with Z ≈ 6 for N2–N2 and
O2–O2 collisions. The ratio τR/τe then is Z/y, with y being the uni-
formity parameter. It is not small, Z/y ≈ 2, for the blue spectrum,
and the concept of bulk viscosity no longer applies. Possibly, the
Tenti model tries to compensate for this by requiring unrealistically
large values of ηb.

While light scattering spectra can be well reproduced with
DSMC, molecular dynamics is not an alternative for spectral line
shape models. These models are needed for retrieving physical
parameters such as temperature from measured spectra.
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APPENDIX: DSMC PARAMETERS

The collision parameters of the DSMC simulations are listed in
Table II, they are chosen to reproduce the recommended viscosity-
type and diffusion-type collision integrals.30 Since information on
the relaxation times in mixed collisions is lacking, rotational relax-
ation numbers are assumed to be independent of the collision
partner.

The rotational relaxation times, and thus the bulk viscosity, can
be computed directly from the table entries of d0 i,j and ωi,j. At a given
temperature T, the collision frequency between pairs i, j is

νi,j = 2π1/2d2
0 i,j nj(

2 kBT
mr i,j

)

1/2
, (A1)

where ni are the partial densities, with total density n = nN2 + nO2

and mri,j = mimj/(mi +mj) the reduced masses. The single-species
relaxation times are12

1
τN2

=
ZN2N2

νN2N2

+
ZN2O2

νN2O2

and
1

τO2

=
ZO2O2

νO2O2

+
ZO2N2

νO2N2

, (A2)

and the total relaxation τR time is the harmonic average using the
composition of air

1
τR
=

0.8
τN2

+
0.2
τO2

. (A3)

For linearly rotating molecules, the bulk viscosity is

ηb =
4

25
n kB T τR. (A4)

In the DSMC simulation of Raleigh Brillouin spectra, the length
of the simulation domain is four times the scattering wavelength,
8π/ks ≈ 10−6 m. In accordance with standard DSMC practice, a
variable number of spatial cells is used such that the cell width is
always smaller than one third of the equilibrium mean free path,
the timestep is smaller than one tenth of the mean collision time
(<5 ps), and the simulation duration is about 103 mean collision
times (≈50 ns). A minimum of 40 simulated particles per cell are
used, i.e., about 40 000 particles for the large y cases (green light,
3 bars) and about 15 000 for the blue light cases. For all simulations,
1000 independent runs are averaged.
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