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�;�2�M�2�`���i�B�M�; �r���p�2�}�2�H�/�b �i�?���i �;�2�i �`�2�+�Q�`�/�2�/ �#�v �i�?�2 �`�2�+�2�B�p�2�`�b�X �h�?�2 �`�2�+�2�B�p�2�`�b �K���v �b�i���`�i
�`�2�+�Q�`�/�B�M�; �r�?�2�M�2�p�2�` �� �b�Q�m�`�+�2 �B�b ���+�i�B�p���i�2�/�- �Q�` �i�?�2�v �K���v �#�2 �`�2�+�Q�`�/�B�M�; �+�Q�M�i�B�M�m�Q�m�b�H�v�-
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�/�2�T�2�M�/�B�M�; �Q�M �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �i�v�T�2�X ���M �B�K�T�Q�`�i���M�i �/�2�+�B�b�B�Q�M �K���/�2 ���i �i�?�2 �T�H���M�M�B�M�;
�T�?���b�2 �B�b ���i �r�?�B�+�? �i�B�K�2 �B�M�b�i���M�i �2���+�? �Q�7 �i�?�2 �b�?�Q�i�b �b�?�Q�m�H�/ �#�2 �}�`�2�/�X �P�`�- �2�[�m�B�p���H�2�M�i�H�v�-
�?�Q�r �K�m�+�? �i�B�K�2 �Q�M�2 �K�m�b�i �r���B�i �#�2�i�r�2�2�M �2���+�? �i�r�Q �b�m�+�+�2�b�b�B�p�2 �b�?�Q�i�b�- �� �[�m���M�i�B�i�v �A �r�B�H�H
�`�2�7�2�` �i�Q ���b �b�?�Q�i �i�B�K�2 �B�M�i�2�`�p���H�X �h�?�2 ���M�b�r�2�` �r�B�H�H �m�b�m���H�H�v �/�2�T�2�M�/ �Q�M �Q�i�?�2�` �T���`���K�2�i�2�`�b
�Q�7 �i�?�2 ���+�[�m�B�b�B�i�B�Q�M�X �6�Q�` �2�t���K�T�H�2�- �B�M �� �K���`�B�M�2 �b�i�`�2���K�2�` �b�m�`�p�2�v �i�?�2 �b�?�Q�i �i�B�K�2 �B�M�i�2�`�p���H
�r�B�H�H �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �#�Q���i �b�T�2�2�/�- �i�?�2 ���B�`�;�m�M �`�2�+�?���`�;�2 �i�B�K�2 ���M�/ �i�?�2 �/�2�b�B�`�2�/ �b�?�Q�i
�/�2�M�b�B�i�v�X �6�Q�` �H���M�/ ���+�[�m�B�b�B�i�B�Q�M�b �i�?���i �m�b�2 �� �p�B�#�`���i�Q�`�v �b�Q�m�`�+�2�- �i�?�2 �b�r�2�2�T �i�B�K�2 �r�B�H�H �T�H���+�2
�� �H�Q�r�2�` �#�Q�m�M�/ �Q�M �i�?�2 �b�?�Q�i �i�B�K�2 �B�M�i�2�`�p���H�- �2�i�+�X

�q�?�2�M�2�p�2�` �� �b�?�Q�i �B�b �}�`�2�/�- �� �T�`�Q�T���;���i�B�M�; �r���p�2�}�2�H�/ �B�b �;�2�M�2�`���i�2�/ ���i �i�?�2 �b�?�Q�i �H�Q�+���i�B�Q�M�X
�A�M �+�Q�M�p�2�M�i�B�Q�M���H ���+�[�m�B�b�B�i�B�Q�M�- �i�?�2 �b�?�Q�i �i�B�K�2 �B�M�i�2�`�p���H �B�b �+�?�Q�b�2�M �i�Q �#�2 �H���`�;�2 �2�M�Q�m�;�?�- �b�m�+�?
�i�?���i �r�?�2�M �`�2�+�Q�`�/�B�M�; �i�?�2 �r���p�2�}�2�H�/ �7�`�Q�K �Q�M�2 �b�?�Q�i�- �i�?�2�`�2 �r�B�H�H �#�2 ���i �K�Q�b�i �K�B�M�B�K���H
�+�`�Q�b�b�i���H�F �U�B�X�2�X �#�2�H�Q�r �M�Q�B�b�2 �H�2�p�2�H�V �7�`�Q�K �i�?�2 �r���p�2�}�2�H�/�b �;�2�M�2�`���i�2�/ �#�v �i�?�2 �T�`�2�+�2�/�B�M�;
���M�/ �7�Q�H�H�Q�r�B�M�; �b�?�Q�i�b�- �7�Q�` �i�?�2 �/�m�`���i�B�Q�M �Q�7 �i�?�2 �b�?�Q�i �`�2�+�Q�`�/�X �1�b�b�2�M�i�B���H�H�v�- �i�?�2 �Q�#�D�2�+�i�B�p�2
�B�b �i�Q �`�2�+�Q�`�/ �i�?�2 �r���p�2�}�2�H�/ �/�m�2 �i�Q �2���+�? �b�?�Q�i �b�2�T���`���i�2�H�v �7�`�Q�K �i�?�Q�b�2 �/�m�2 �i�Q �i�?�2 �Q�i�?�2�`
�b�?�Q�i�b�X �� �b�2�B�b�K�B�+ ���+�[�m�B�b�B�i�B�Q�M ���/�?�2�`�B�M�; �i�Q �i�?�B�b �M�Q�M�@�B�M�i�2�`�7�2�`�2�M�+�2 �+�Q�M�/�B�i�B�Q�M �B�b �+���H�H�2�/ ���M
�m�M�#�H�2�M�/�2�/���+�[�m�B�b�B�i�B�Q�M�X ���M ���+�[�m�B�b�B�i�B�Q�M �r�?�2�`�2 �i�?�B�b �+�Q�M�/�B�i�B�Q�M �B�b �p�B�Q�H���i�2�/�- �B�X�2�X �r�?�2�`�2
�i�?�2 �`�2�+�2�B�p�2�`�b �`�2�+�Q�`�/ �� �b�m�T�2�`�T�Q�b�B�i�B�Q�M �Q�7 �r���p�2�}�2�H�/�b �;�2�M�2�`���i�2�/ �#�v �/�B�z�2�`�2�M�i �b�?�Q�i�b�- �B�b
�`�2�7�2�`�`�2�/ �i�Q ���b�#�H�2�M�/�2�/���+�[�m�B�b�B�i�B�Q�M �(�"�2�`�F�?�Q�m�i�- �k�y�y�3�)�- ���H�b�Q �F�M�Q�r�M ���b �b�B�K�m�H�i���M�2�Q�m�b�- �Q�`
�M�2���`�@�b�B�K�m�H�i���M�2�Q�m�b�- ���+�[�m�B�b�B�i�B�Q�M �(�"�2���b�H�2�v�- �k�y�y�3�c �>�Q�r�2 �2�i ���H�X�- �k�y�y�3�)�X �A�i�b �T�m�`�T�Q�b�2 �B�b �i�Q
�B�M�+�`�2���b�2 �i�?�2 �2�{�+�B�2�M�+�v �Q�7 ���+�[�m�B�b�B�i�B�Q�M �r�B�i�?�Q�m�i �b���+�`�B�}�+�B�M�; �i�Q�Q �K�m�+�? ���+�+�m�`���+�v �B�M �i�?�2
�}�M���H �T�`�Q�+�2�b�b�B�M�; �`�2�b�m�H�i�b �(���#�K�� ���M�/ �6�Q�b�i�2�`�- �k�y�k�y�)�X

�S�H���M�M�B�M�; �� �#�H�2�M�/�2�/ ���+�[�m�B�b�B�i�B�Q�M �`�2�[�m�B�`�2�b �K���F�B�M�; �� �7�2�r �/�2�+�B�b�B�Q�M�b �`�2�;���`�/�B�M�; �i�?�2 �b�Q�m�`�+�2�b�X
�J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�- �i�?�2 �H�Q�+���i�B�Q�M�- ���+�i�B�p���i�B�Q�M �i�B�K�2�- ���M�/ �b�B�;�M���i�m�`�2 �Q�7 �i�?�2 �b�Q�m�`�+�2 �K�m�b�i �#�2
�/�2�+�B�/�2�/ �7�Q�` �2���+�? �b�?�Q�i�X �h�?�2 �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2�b�2 �T���`���K�2�i�2�`�b �/�2�}�M�2�b �i�?�2�#�H�2�M�/�B�M�;
�+�Q�/�2�m�b�2�/ �7�Q�` �i�?�2 ���+�[�m�B�b�B�i�B�Q�M�X �E�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 �B�b ���H�K�Q�b�i ���H�r���v�b ��
�T�`�2�`�2�[�m�B�b�B�i�2 �7�Q�` �7�m�`�i�?�2�` �T�`�Q�+�2�b�b�B�M�; �#�H�2�M�/�2�/ �/���i���X �h�?�B�b �B�b �2�b�T�2�+�B���H�H�v �i�`�m�2 �r�?�2�M �i�?�2
�Q�p�2�`�H���T�T�B�M�; �r���p�2�}�2�H�/�b ���`�2 �i�Q �#�2 �2�t�T�H�B�+�B�i�H�v �b�2�T���`���i�2�/ �#�2�7�Q�`�2 �7�m�`�i�?�2�` �T�`�Q�+�2�b�b�B�M�;�- ��
�T�`�Q�+�2�b�b �m�b�m���H�H�v �`�2�7�2�`�`�2�/ �i�Q ���b�/�2�#�H�2�M�/�B�M�;�- �Q�` �b�Q�m�`�+�2 �b�2�T���`���i�B�Q�M �(���#�K�� ���M�/ �6�Q�b�i�2�`�-
�k�y�k�y�)�X �A �r�B�H�H �`�2�i�m�`�M �i�Q �i�?�2 �B�K�T�Q�`�i���M�i �b�m�#�D�2�+�i�b �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 ���M�/ �/�2�#�H�2�M�/�B�M�;
�B�M �+�?���T�i�2�` �k�X

�6�B�;�m�`�2 �R�X�k �b�?�Q�r�b �� �b�K���H�H �2�t���K�T�H�2 �Q�7 �/���i�� �7�`�Q�K ���M �m�M�#�H�2�M�/�2�/ ���M�/ �� �#�H�2�M�/�2�/ ���+�[�m�B�@
�b�B�i�B�Q�M�X �h�?�B�b �B�b ���M �2�t���K�T�H�2 �m�b�B�M�; �b�v�M�i�?�2�i�B�+ �/���i���- �;�2�M�2�`���i�2�/ �m�b�B�M�; �� �k�. �b�H�B�+�2 �7�`�Q�K
�� �K�Q�/�B�}�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�2 �a�1�:�f�1���:�1 �Q�p�2�`�i�?�`�m�b�i �p�2�H�Q�+�B�i�v �K�Q�/�2�H �(�6�`�2�/ ���K�B�M�x���/�2�?�-
�R�N�N�d�)�X �A�M �#�Q�i�? �F�B�M�/�b �Q�7 ���+�[�m�B�b�B�i�B�Q�M �i�?�2 �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �`�2�+�Q�`�/ �i�?�2 �r���p�2�}�2�H�/ �;�2�M�2�`���i�2�/
�#�v �� �b�?�Q�i ���ix = 4 �F�K ���M�/ �� �b�2�+�Q�M�/ �b�?�Q�i ���ix = 6 �F�K�- �7�Q�` �� �/�m�`���i�B�Q�M �Q�7 ���T�T�`�Q�t�B�K���i�2�H�v
2 �b�X �h�?�2 �r���p�2�}�2�H�/ �B�b �`�2�+�Q�`�/�2�/ ���i �i�?�2 �b�m�`�7���+�2 �Q�7 �i�?�2 �K�Q�/�2�H�- �#�v �`�2�+�2�B�p�2�`�b �7�Q�`�K�B�M�; ��
�i�Q�i���H ���T�2�`�i�m�`�2 �Q�73 �F�K�X �6�B�;�m�`�2 �R�X�k�� �/�B�b�T�H���v�b �i�?�2 �m�M�#�H�2�M�/�2�/ �/���i���X �1���+�? �+�Q�H�m�K�M �Q�7
�T�B�t�2�H�b �/�2�M�Q�i�2�b �� �b�2�B�b�K�B�+ �i�`���+�2 �`�2�+�Q�`�/�2�/ �#�v �� �`�2�+�2�B�p�2�` �B�M �i�B�K�2�- �i�?�2 �T�B�t�2�H �B�M�i�2�M�b�B�i�v �+�Q�`�`�2�@
�b�T�Q�M�/�B�M�; �i�Q �� �T�`�2�b�b�m�`�2 �K�2���b�m�`�2�K�2�M�i�X �"�2�+���m�b�2 �� �b�m�{�+�B�2�M�i�H�v �H���`�;�2 �b�?�Q�i �i�B�K�2 �B�M�i�2�`�p���H
�r���b �m�b�2�/�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �b�2�T���`���i�2�H�v �`�2�+�Q�`�/ �i�?�2 �r���p�2�}�2�H�/ �+�`�2���i�2�/ �#�v �2���+�? �Q�7 �i�?�2
�b�Q�m�`�+�2�b�X �h�?�2 �b�B�i�m���i�B�Q�M �+�?���M�;�2�b�- �?�Q�r�2�p�2�`�- �B�M �}�;�m�`�2 �R�X�k�#�X �>�2�`�2 �i�?�2 �b�?�Q�i �i�B�K�2 �B�M�i�2�`�p���H
�r���b0:3 �b�- �r�?�B�+�? �B�b �M�Q�i �2�M�Q�m�;�? �7�Q�` �`�2�+�Q�`�/�B�M�; �i�?�2 �i�r�Q �r���p�2�}�2�H�/�b �B�M�/�2�T�2�M�/�2�M�i�H�v�X �h�?�B�b
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�6�B�;�m�`�2 �R�X�k�,���V �h�r�Q �m�M�#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b � �̀2�+�Q� �̀/�2�/ �m�b�B�M�; �+�Q�M�p�2�M�i�B�Q�M���H ���+�[�m�B�b�B�i�B�Q�M�c �#�V �h�?�2
�b���K�2 �b�?�Q�i �;���i�?�2�`�b ���b �Q�M�2 �#�H�2�M�/�2�/ �;���i�?�2�`�X
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�K���F�2�b �i�?�2 �/���i�� �#�H�2�M�/�2�/�- ���M�/ �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �� �#�H�2�M�/�2�/ ���+�[�m�B�b�B�i�B�Q�M�X

�� �b�M���T�b�?�Q�i �Q�7 �i�?�2 �i�Q�i���H �r���p�2�}�2�H�/ �B�M�b�B�/�2 �i�?�2 �K�2�/�B�m�K ���it = 1 :0 �b �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2
�R�X�j�X �>�2�`�2 �i�?�2 �r���p�2�}�2�H�/ �B�b �7�`�Q�x�2�M �B�M �i�B�K�2�- �B�i�b �p���H�m�2�b �B�M �b�T���+�2 �b�?�Q�r�M �b�m�T�2�`�B�K�T�Q�b�2�/ �Q�M
�i�?�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H�X �6�B�;�m�`�2 �R�X�j�� �b�?�Q�r�b �i�?�2 �r���p�2�}�2�H�/ ���b �B�i �B�b �r�?�2�M �Q�M�H�v �Q�M�2 �b�Q�m�`�+�2 �B�b
���+�i�B�p���i�2�/�- ���b �B�b �i�?�2 �+���b�2 �B�M �+�Q�M�p�2�M�i�B�Q�M���H ���+�[�m�B�b�B�i�B�Q�M�X �A�M �}�;�m�`�2 �R�X�j�# �� �b�2�+�Q�M�/ �b�Q�m�`�+�2
�B�b ���+�i�B�p���i�2�/ �b�?�Q�`�i�H�v ���7�i�2�` �i�?�2 �}�`�b�i�- �H�2���/�B�M�; �i�Q �� �b�m�T�2�`�T�Q�b�B�i�B�Q�M �Q�7 �i�r�Q �r���p�2�}�2�H�/�b�X �L�Q�i�2
�i�?���i �B�M ���+�i�m���H ���+�[�m�B�b�B�i�B�Q�M�- �m�M�H�B�F�2 �i�?�2 �b�v�M�i�?�2�i�B�+ �+���b�2 �b�?�Q�r�M �?�2�`�2�- �r�2 �/�Q �M�Q�i �?���p�2
���+�+�2�b�b �i�Q �i�?�2 �T�`�2�b�b�m�`�2 �p���H�m�2�b �2�p�2�`�v�r�?�2�`�2 �B�M �i�?�2 �b�m�#�b�m�`�7���+�2�- �#�m�i �Q�M�H�v �Q�M �� �H�B�K�B�i�2�/
�M�m�K�#�2�` �Q�7 �H�Q�+���i�B�Q�M�b �r�?�2�`�2 �`�2�+�2�B�p�2�`�b ���`�2 �T�H���+�2�/�X ���M�Q�i�?�2�` �+�Q�K�T�H�B�+���i�B�Q�M �i�?���i �B�b �i�Q �#�2
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�i�?�2 �7�`�2�[�m�2�M�+�v�@�r���p�2�M�m�K�#�2�` �U�6�E�V �/�Q�K���B�M�- �m�T �i�Q �� �+�2�`�i���B�M �7�`�2�[�m�2�M�+�v �/�2�i�2�`�K�B�M�2�/ �#�v
�i�?�2 �b�?�Q�i �b�T���+�B�M�;�X �w�m �2�i ���H�X �(�k�y�R�e�#�) �B�M�p�2�b�i�B�;���i�2 �T�2�`�B�Q�/�B�+���H�H�v �p���`�v�B�M�; �/�2�H���v�b ���M�/ �b�?�Q�r
���M �2�t���K�T�H�2 �r�?�2�`�2 �i�?�2�v �H�2���/ �i�Q �� �#�2�i�i�2�` �/�2�#�H�2�M�/�B�M�; �`�2�b�m�H�i �i�?���M �`���M�/�Q�K �i�B�K�2 �/�2�H���v�b�X
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�� �+�`�m�+�B���H �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 �B�b �i�Q �K���F�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �B�M�+�Q�?�2�`�2�M�i�X �h�?�B�b
�B�b �m�b�m���H�H�v �/�Q�M�2 �#�v �b�Q�`�i�B�M�; �B�M �� �/�Q�K���B�M �Q�i�?�2�` �i�?���M �+�Q�K�K�Q�M �b�?�Q�i�- �2�X�;�X �+�Q�K�K�Q�M
�`�2�+�2�B�p�2�`�- �+�Q�K�K�Q�M �Q�z�b�2�i �Q�` �+�Q�K�K�Q�M �K�B�/�T�Q�B�M�i�X �a�B�M�+�2 �i�?�2 �b�B�;�M���H�- �B�M �;�2�M�2�`���H�- �r�B�H�H �#�2
�+�Q�?�2�`�2�M�i�- �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 �+���M �?�2�H�T �m�b �/�B�z�2�`�2�M�i�B���i�2 �#�2�i�r�2�2�M �b�B�;�M���H ���M�/ �M�Q�B�b�2�- ���b
�H�Q�M�; ���b �r�2 �?���p�2 �� �r���v �i�Q �}�H�i�2�` �Q�m�i �i�?�2 �B�M�+�Q�?�2�`�2�M�i �T���`�i �U�}�;�m�`�2 �R�X�8�V�X ���7�i�2�` �b�Q�`�i�B�M�;�-
�i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �r�B�H�H �?���p�2 ���M �B�K�T�m�H�b�B�p�2 �+�?���`���+�i�2�` �B�M �b�T���+�2�- �m�M�/�2�` �i�?�2 �2�z�2�+�i �Q�7 �i�?�2
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�}�H�i�2�`�b �i�?���i ���`�2 �`�Q�#�m�b�i ���;���B�M�b�i �/���i�� �Q�m�i�H�B�2�`�b�X �*���`�2�7�m�H ���T�T�H�B�+���i�B�Q�M �Q�7 �K�2�/�B���M �}�H�i�2�`�B�M�;
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�+�Q�M�i�B�M�m�B�i�v�X �.�m�2 �i�Q �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2�- �#�H�2�M�/�B�M�; �M�Q�B�b�2 �U� �̀2�/ ���`� �̀Q�r�V �B�b �M�Q�i �+�Q�?�2� �̀2�M�i ���M�/ �B�b
�b�Q�K�2�i�B�K�2�b �i� �̀2���i�2�/ �m�b�B�M�; �K�2�i�?�Q�/�b �/�2�b�B�;�M�2�/ �i�Q � �̀2�K�Q�p�2 �?�B�;�?�@���K�T�H�B�i�m�/�2 �Q�m�i�H�B�2�` �b���K�T�H�2�b �7� �̀Q�K
�b�2�B�b�K�B�+ �i� �̀��+�2�b�X

�b�B�;�M���H �i�?���i �K���v �2�`�`�Q�M�2�Q�m�b�H�v �#�2 �`�2�K�Q�p�2�/ ���b �M�Q�B�b�2 �#�v �i�?�2 �K�2�/�B���M �}�H�i�2�`�X �*�?�2�M �2�i ���H�X
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�7�m�`�i�?�2�` �M�Q�B�b�2 �b�m�T�T�`�2�b�b�B�Q�M�X �(�u�m �2�i ���H�X�- �k�y�R�d�) �+�Q�K�#�B�M�2 �L�J�P �+�Q�`�`�2�+�i�B�Q�M �r�B�i�? �}�H�i�2�`�B�M�; �B�M
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�+�Q�/�2 ���b �i�?�2 �Q�M�2 �m�b�2�/ �B�M �i�?�2 �}�2�H�/�- �i�?�2 �`�2�b�m�H�i �K���i�+�?�2�b �i�?�2 �`�2�+�Q�`�/�2�/ �#�H�2�M�/�2�/ �/���i���X
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�#�H�2�M�/�B�M�; �M�Q�B�b�2 �H�2���F���;�2 ���b �r�2�H�H ���b �K�B�M�B�K���H �b�B�;�M���H �?���`�K�X
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�R�e �A�M�i�`�Q�/�m�+�i�B�Q�M

�M�2�2�/ �7�Q�` ���M �2�t�i�`�� �b�m�`�7���+�2�@�`�2�H���i�2�/ �K�m�H�i�B�T�H�2 �2�H�B�K�B�M���i�B�Q�M �b�i�2�T�- �K���F�B�M�; �#�H�2�M�/�B�M�;�@���r���`�2
�� �T�`�2�2�t�B�b�i�B�M�; ���T�T�`�Q���+�? �i�Q �b�2�B�b�K�B�+ �B�K���;�B�M�; �(�q�?�B�i�K�Q�`�2 �2�i ���H�X�- �k�y�R�y�)�X

�R�X�9 �h�?�2�b�B�b �Q�#�D�2�+�i�B�p�2

�h�?�2 �K���B�M �Q�#�D�2�+�i�B�p�2 �Q�7 �i�?�B�b �i�?�2�b�B�b �B�b �i�Q �b�i�m�/�v �i�?�2 �7�2���b�B�#�B�H�B�i�v �Q�7 �/�2�#�H�2�M�/�B�M�; �K���`�B�M�2 �b�2�B�b�@
�K�B�+ �/���i�� �m�b�B�M�; ���M �B�M�p�2�`�b�B�Q�M�@�i�v�T�2 ���H�;�Q�`�B�i�?�K �#���b�2�/ �Q�M �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�X �J�Q�`�2�Q�p�2�`�-
�A �B�M�p�2�b�i�B�;���i�2 �i�r�Q �p���`�B���M�i�b �Q�7 �i�?�2 �K�2�i�?�Q�/�, �� �?�v�#�`�B�/ �7�Q�+���H�@�+�m�`�p�2�H�2�i �2�t�i�2�M�b�B�Q�M�- ���b �r�2�H�H
���b �� �K�Q�/�B�}�+���i�B�Q�M �i�Q �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K ���B�K�2�/ ���i �`�2�/�m�+�B�M�; �B�i�b �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i�X

�h�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �m�b�2�b ���M ���T�T�`�Q�t�B�K���i�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H �Q�7 �i�?�2 �b�m�#�b�m�`�7���+�2 ���M�/ �r���p�2�@
�}�2�H�/ �2�t�i�`���T�Q�H���i�B�Q�M �i�Q �i�`���M�b�7�Q�`�K �� �/���i���b�2�i �`�2�+�Q�`�/�2�/ ���i �i�?�2 �b�m�`�7���+�2 �B�M�i�Q �� �+�Q�H�H�2�+�i�B�Q�M �Q�7
�/���i���b�2�i�b �7�Q�+�m�b�2�/ ���i �+�?�Q�b�2�M �/�2�T�i�? �H�2�p�2�H�b �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H�X �h�?�2 �#�m�B�H�/�B�M�; �#�H�Q�+�F�b
�Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K ���`�2 �2�p�2�M�i�b �r�B�i�? �?�v�T�2�`�#�Q�H�B�+ �K�Q�p�2�Q�m�i�- �i�`���M�b�H���i�2�/ �B�M �b�T���+�2 ���M�/
�i�B�K�2�X �.�m�2 �i�Q �i�?�2 �?�v�T�2�`�#�Q�H�B�+ �K�Q�p�2�Q�m�i �i�?�2�v �2�t�?�B�#�B�i �+�m�`�p���i�m�`�2 �M�2���` �i�?�2 ���T�2�t�- �m�M�H�B�F�2
�Q�i�?�2�` �i�`���M�b�7�Q�`�K�b �i�?���i �m�b�2 �T�H���M�2 �r���p�2�b�- �+�m�`�p�2�H�2�i�b �Q�` �b�2�B�b�H�2�i ���i�Q�K�b�X �h�?�2�`�2 ���`�2 �i�?�`�2�2
�K���B�M �`�2���b�Q�M�b �i�?���i �K���F�2 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �T�Q�i�2�M�i�B���H�H�v ���i�i�`���+�i�B�p�2 �7�Q�` �/�2�#�H�2�M�/�B�M�;�,

�Ç �h�?�2 �/�B�z�2�`�2�M�i �#�2�?���p�B�Q�` �Q�7 �b�B�;�M���H ���M�/ �#�H�2�M�/�B�M�; �M�Q�B�b�2 �m�M�/�2�` �i�?�2 �7�Q�+�m�b�B�M�; �Q�T�@
�2�`���i�B�Q�M�X �h�?�B�b �T�`�Q�T�2�`�i�v �B�b �m�b�2�/ �i�Q �/�B�b�+�`�B�K�B�M���i�2 �b�B�;�M���H �7�`�Q�K �#�H�2�M�/�B�M�; �M�Q�B�b�2�-
���+�?�B�2�p�B�M�; �� �/�2�#�H�2�M�/�2�/ �`�2�b�m�H�i�X �a�T���`�b�B�i�v �+�Q�M�b�i�`���B�M�i�b ���`�2 �#�2 �� �F�2�v �+�Q�K�T�Q�M�2�M�i �i�Q
�i�?�B�b�X

�Ç �A�i �2�M���#�H�2�b �m�b �i�Q �#�`�B�M�; �T�`�B�Q�` �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �b�m�#�b�m�`�7���+�2 �B�M�i�Q �i�?�2 �T�`�Q�#�H�2�K
�B�M �Q�`�/�2�` �i�Q �+�Q�M�b�i�`���B�M �B�i�X

�Ç �E�m�i�b�+�?�� ���M�/ �o�2�`�b�+�?�m�m�` �(�k�y�R�k�) �/�2�K�Q�M�b�i�`���i�2�/ �B�i�b �2�z�2�+�i�B�p�2�M�2�b�b �Q�M �i�?�2 �`�2�H���i�2�/
�T�`�Q�#�H�2�K �Q�7 �b�2�B�b�K�B�+ �/���i�� �B�M�i�2�`�T�Q�H���i�B�Q�M�X

�6�Q�+���H �/�2�#�H�2�M�/�B�M�; �?���b �b�Q�K�2 �b�B�K�B�H���`�B�i�B�2�b �r�B�i�? �Q�i�?�2�` �/�2�#�H�2�M�/�B�M�; �K�2�i�?�Q�/�b �T�`�Q�T�Q�b�2�/ �B�M
�i�?�2 �H�B�i�2�`���i�m�`�2�X �h�?�2 ���T�2�t�@�b�?�B�7�i�2�/ �?�v�T�2�`�#�Q�H�B�+ �_���/�Q�M �i�`���M�b�7�Q�`�K �m�b�2�/ �#�v �A�#�`���?�B�K ���M�/
�a���+�+�?�B �(�k�y�R�j�- �k�y�R�8�) �B�b �b�B�K�B�H���` �i�Q �i�?�2 �b�B�M�;�H�2�@�b�B�/�2�/ �7�Q�+���H �i�`���M�b�7�Q�`�K ���+�i�B�M�; �Q�M �+�Q�K�K�Q�M
�`�2�+�2�B�p�2�` �;���i�?�2�`�b�X �h�?�2 �i�r�Q �i�`���M�b�7�Q�`�K�b ���`�2 �b�B�K�B�H���` �B�M �i�?���i �i�?�2�v �#�Q�i�? �B�M�+�Q�`�T�Q�`���i�2 �?�v�T�2�`�@
�#�Q�H�B�+ �K�Q�p�2�Q�m�i�b�- �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�B�M�; �i�?���i �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �m�b�2�b �r���p�2�}�2�H�/ �2�t�i�`���T�@
�Q�H���i�Q�`�b�X �A�M �T�`�B�M�+�B�T�H�2 �#�Q�i�? �K�2�i�?�Q�/�b �+�Q�m�H�/ �#�2 �K�Q�/�B�}�2�/ �i�Q ���H�b�Q �?���M�/�H�2 �M�Q�M�@�?�v�T�2�`�#�Q�H�B�+
�K�Q�p�2�Q�m�i�b�X �� �b�B�;�M�B�}�+���M�i �/�B�z�2�`�2�M�+�2 �2�t�B�b�i�b �r�?�2�M �+�Q�K�T���`�B�M�; �r�B�i�? �i�?�2 �/�Q�m�#�H�2�@�b�B�/�2�/ �7�Q�@
�+���H �i�`���M�b�7�Q�`�K�- �r�?�B�+�? �m�M�H�B�F�2 �i�?�2 �?�v�T�2�`�#�Q�H�B�+ �_���/�Q�M �i�`���M�b�7�Q�`�K�- �m�b�2�b �#�Q�i�? �i�?�2 �b�Q�m�`�+�2
���M�/ �`�2�+�2�B�p�2�` �/�B�K�2�M�b�B�Q�M�b �Q�7 �i�?�2 �/���i�� �b�B�K�m�H�i���M�2�Q�m�b�H�v�X

�G�2���/�2�` ���M�/ �"�B�Q�M�/�B �(�k�y�R�9�) �T�`�Q�T�Q�b�2 �m�b�B�M�; �� �+�H�Q�b�2�/�@�H�Q�Q�T �T�`�Q�+�2�b�b �#���b�2�/ �Q�M �K�B�;�`���i�B�Q�M
���M�/ �/�2�K�B�;�`���i�B�Q�M �b�i�2�T�b �7�Q�` �/�2�#�H�2�M�/�B�M�;�X �h�?�2 �7�Q�+�m�b�B�M�; ���M�/ �/�2�7�Q�+�m�b�B�M�; �Q�T�2�`���i�B�Q�M�b �Q�7
�7�Q�+���H �/�2�#�H�2�M�/�B�M�; ���`�2 �+�Q�M�+�2�T�i�m���H�H�v �p�2�`�v �b�B�K�B�H���`�X �h�?�2 �K���B�M �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2
�i�r�Q �K�2�i�?�Q�/�b �B�b �i�?���i �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �B�b �#���b�2�/ �Q�M �/�Q�r�M�r���`�/ �+�Q�M�i�B�M�m���i�B�Q�M ���M�/ �b�B�K�T�H�2
�L�J�P �p�2�H�Q�+�B�i�v �K�Q�/�2�H�b�X �G�2���/�2�` ���M�/ �"�B�Q�M�/�B �(�k�y�R�9�) �B�M�b�i�2���/ �m�b�2 �_�h�J ���M�/ �K�Q�`�2 ���+�+�m�`���i�2



�R�X�8 �h�?�2�b�B�b �Q�m�i�H�B�M�2 �R�d

�p�2�H�Q�+�B�i�v �K�Q�/�2�H�b�X �� �b�B�K�B�H���`�B�i�v �B�b �i�?���i �G�2���/�2�` ���M�/ �"�B�Q�M�/�B �(�k�y�R�9�) �m�b�2 ���M �2�t�i�2�M�/�2�/ �B�K���;�2
�/�Q�K���B�M�- �r�?�B�+�? �B�b �M�2�+�2�b�b���`�v �7�Q�` �?���M�/�H�B�M�; �p�2�H�Q�+�B�i�v �B�M���+�+�m�`���+�B�2�b�X �h�?�B�b �B�b ���M���H�Q�;�Q�m�b �i�Q
�i�?�2 �H�Q�+���H�@�Q�z�b�2�i �/�B�K�2�M�b�B�Q�M �Q�7 �7�Q�+���H �b�m�#�/�Q�K���B�M�b�X

�R�X�8 �h�?�2�b�B�b �Q�m�i�H�B�M�2

�h�?�2 �i�?�2�b�B�b �B�b �Q�`�;���M�B�x�2�/ ���b �7�Q�H�H�Q�r�b�,

�Ç �*�?���T�i�2�` �k�,�6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;�X �A �}�`�b�i �/�2�}�M�2 �i�?�2 �/���i��
�+�m�#�2 �b�i�`�m�+�i�m�`�2 ���M�/ �b�2�p�2�`���H �Q�T�2�`���i�B�Q�M�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �B�i�X �h�?�2 �/���i�� �+�m�#�2 �B�b
�m�b�2�/ �i�Q �b�Q�`�i �8�. �b�2�B�b�K�B�+ �/���i�� �b���K�T�H�2�b �B�M�i�Q �� �j�. ���`�`���v�X �A �i�?�2�M �/�2�b�+�`�B�#�2 �i�?�2
�#�H�2�M�/�B�M�; �Q�T�2�`���i�Q�`�- �m�b�B�M�; �� �7�Q�`�K�m�H���i�B�Q�M �i�?���i �B�b �b�m�B�i���#�H�2 �7�Q�` �B�K�T�H�2�K�2�M�i�B�M�; �K���M�v
�F�B�M�/�b �Q�7 �#�H�2�M�/�B�M�; �+�Q�/�2�b �i�?���i ���`�2 �`�2���H�B�b�i�B�+ �7�Q�` �}�2�H�/ ���+�[�m�B�b�B�i�B�Q�M�X �A �2�t���K�B�M�2 �K�Q�`�2
�+�H�Q�b�2�H�v �i�?�2 �b�T�2�+�B�}�+ �+���b�2 �Q�7 �`���M�/�Q�K �i�B�K�2 �/�2�H���v �+�Q�/�2�b�X �h�?�2 ���/�D�Q�B�M�i �Q�T�2�`���i�B�Q�M�-
�T�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�;�- �B�b ���H�b�Q �B�M�i�`�Q�/�m�+�2�/�X �6�B�M���H�H�v�- �A �/�B�b�+�m�b�b �� �;�2�M�2�`�B�+ �7�Q�`�K�m�H���i�B�Q�M
�Q�7 �/�2�#�H�2�M�/�B�M�; ���b ���M �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�X

�Ç �*�?���T�i�2�` �j�,�6�Q�+���H �/�2�#�H�2�M�/�B�M�;�X �h�?�2 �i�r�Q �p���`�B���M�i�b �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K ���`�2
�B�M�i�`�Q�/�m�+�2�/�X ���H�i�?�Q�m�;�? �i�?�2 ���B�K �Q�7 �#�Q�i�? �i�`���M�b�7�Q�`�K�b �B�b �i�Q �7�Q�+�m�b �b�m�`�7���+�2 �b�2�B�b�K�B�+
�/���i���- �i�?�2�v �/�Q �b�Q �B�M �� �/�B�z�2�`�2�M�i �K���M�M�2�`�X �� �+�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 �i�r�Q �i�`���M�b�7�Q�`�K�b �7�Q�H�@
�H�Q�r�b�, �2���+�? �Q�7 �i�?�2 �i�r�Q �i�`���M�b�7�Q�`�K�b �B�b �b�m�B�i���#�H�2 �7�Q�` �/�B�z�2�`�2�M�i ���+�[�m�B�b�B�i�B�Q�M �;�2�Q�K�2�i�`�B�2�b�-
�r�?�B�+�? �r�B�H�H �#�2 �B�K�T�Q�`�i���M�i �7�Q�` �+�?���T�i�2�` �9�X �A �i�?�2�M �T�`�2�b�2�M�i �i�?�2 �2�z�2�+�i �Q�7 �7�Q�+�m�b�B�M�;
�Q�M �#�H�2�M�/�B�M�; �M�Q�B�b�2�X ���b �i�?�2 �2�t�i�`���T�Q�H���i�B�Q�M �Q�T�2�`���i�Q�`�b �m�b�2�/ �7�Q�` �7�Q�+�m�b�B�M�; ���+�i ���b �6�E
�}�H�i�2�`�b�- �i�?�2�`�2 ���`�2 �`�2�b�i�`�B�+�i�B�Q�M�b �Q�M �r�?���i �F�B�M�/ �Q�7 �2�p�2�M�i�b �2���+�? �Q�T�2�`���i�Q�` �+���M �2�t�T�H���B�M�X
�A �b�i�m�/�v �i�?�B�b �2�z�2�+�i�- �r�B�i�? �7�m�`�i�?�2�` �/�B�b�+�m�b�b�B�Q�M ���#�Q�m�i �B�i �B�M �+�?���T�i�2�` �8�X �6�B�M���H�H�v�- �A
�/�B�b�+�m�b�b �i�?�2 �H�B�M�F �#�2�i�r�2�2�M �b�T���`�b�B�i�v �B�M �i�?�2 �i�`���M�b�7�Q�`�K �/�Q�K���B�M ���M�/ �#�H�2�M�/�B�M�; �M�Q�B�b�2
�H�2���F���;�2 �B�b�X

�Ç �*�?���T�i�2�` �9�,�.�2���H�B�M�; �r�B�i�? �j�. ���+�[�m�B�b�B�i�B�Q�M �m�b�B�M�; �b�K���`�i �b�m�#�b�2�i�b�X �a�2�B�b�K�B�+ �r���p�2�@
�}�2�H�/�b ���`�2 �`���`�2�H�v �r�2�H�H�@�b���K�T�H�2�/ �B�M ���H�H �/�B�K�2�M�b�B�Q�M�b�X �1�p�2�M �r�B�i�? �i�?�2 �B�M�2�p�B�i���#�H�2 �b�m�#�@
�b���K�T�H�B�M�; �i�?���i �b�i�2�K�b �7�`�Q�K �i�?�2 �`�2�[�m�B�`�2�K�2�M�i�b �Q�7 �T�`���+�i�B�+���H ���+�[�m�B�b�B�i�B�Q�M�- �i�?�2 �i�Q�i���H
�#�H�2�M�/�2�/ �/���i���b�2�i �K�B�;�?�i �#�2 �[�m�B�i�2 �H���`�;�2�X ���b �� �r���v �i�Q �T���`�i�B���H�H�v �Q�p�2�`�+�Q�K�2 �b���K�T�H�B�M�;
���M�/ �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �B�b�b�m�2�b�- �i�?�B�b �+�?���T�i�2�` �B�M�i�`�Q�/�m�+�2�b �i�?�2 �B�/�2�� �Q�7 �/�2�#�H�2�M�/�B�M�;
�b�m�B�i���#�H�2 �b�m�#�b�2�i�b �Q�7 �i�?�2 �/���i���b�2�i �B�M�/�2�T�2�M�/�2�M�i�H�v�X �A �`�2�/�2�}�M�2 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �m�b�B�M�;
�b�m�#�b�2�i�b �Q�7 �i�?�2 �K�m�H�i�B�@�b�i�`�2���K�2�` ���M�/ �i�?�2 �P�"�L ���+�[�m�B�b�B�i�B�Q�M �;�2�Q�K�2�i�`�B�2�b�X

�Ç �*�?���T�i�2�` �8�,�>�v�#�`�B�/ �/�2�#�H�2�M�/�B�M�; �b�Q�H�m�i�B�Q�M�b�X �A�M �i�?�B�b �+�?���T�i�2�` �A �m�b�2 �i�?�2 �7�Q�+���H ���M�/
�+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K�b �D�Q�B�M�i�H�v �7�Q�` �/�2�#�H�2�M�/�B�M�;�X �A �/�B�b�+�m�b�b �i�?�2 ���/�p���M�i���;�2�b ���M�/ �/�B�b���/�@
�p���M�i���;�2�b �Q�7 �m�b�B�M�; �i�?�B�b �?�v�#�`�B�/ �i�`���M�b�7�Q�`�K ���M�/ �A �T�`�2�b�2�M�i �+�Q�K�T���`�B�b�Q�M�b �Q�M �b�v�M�i�?�2�i�B�+
�/���i���X

�Ç �*�?���T�i�2�` �e�,�6�B�2�H�/ �/���i�� �2�t���K�T�H�2�b�X �h�?�B�b �+�?���T�i�2�` �b�?�Q�r�b �� �M�m�K�#�2�` �Q�7 �/�2�#�H�2�M�/�B�M�;
�2�t���K�T�H�2�b�- �m�b�B�M�; �M�m�K�2�`�B�+���H�H�v �#�H�2�M�/�2�/ �}�2�H�/ �/���i���X �h�?�2 �2�t���K�T�H�2�b ���`�2 �`�2�H���i�2�/ �i�Q
�i�?�2 �/�2�#�H�2�M�/�B�M�; �K�2�i�?�Q�/�b �T�`�Q�T�Q�b�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �+�?���T�i�2�`�b�X



�R�3 �A�M�i�`�Q�/�m�+�i�B�Q�M

�Ç �*�?���T�i�2�` �d�,�*�Q�M�+�H�m�b�B�Q�M�b ���M�/ �/�B�b�+�m�b�b�B�Q�M�X �A�M �i�?�B�b �}�M���H �+�?���T�i�2�` �A �T�`�2�b�2�M�i �F�2�v
�+�Q�M�+�H�m�b�B�Q�M�b �7�Q�H�H�Q�r�2�/ �#�v �T�`�Q�T�Q�b���H�b �7�Q�` �7�m�`�i�?�2�` �`�2�b�2���`�+�?�X

�Ç ���T�T�2�M�/�B�t ���,�6�Q�+���H �/�2�#�H�2�M�/�B�M�; ���b �� �"�S�.�L �T� �̀Q�#�H�2�K�X �A�M �i�?�B�b ���T�T�2�M�/�B�t �A �`�2�+���b�i
�i�?�2 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �7�Q�`�K�m�H���i�B�Q�M ���b �� �+���M�Q�M�B�+���H �#���b�B�b �T�m�`�b�m�B�i �/�2�M�Q�B�b�B�M�; �U�"�S�.�L�V
�T�`�Q�#�H�2�K�- ���b �/�2�}�M�2�/ �#�v �(�p���M �/�2�M �"�2�`�; ���M�/ �6�`�B�2�/�H���M�/�2�`�- �k�y�y�3�)�X

�Ç ���T�T�2�M�/�B�t �"�,�a�S�:�G�R �7�Q�` �7�Q�+���H �/�2�#�H�2�M�/�B�M�;�X �h�?�B�b ���T�T�2�M�/�B�t �+�Q�M�i���B�M�b �� �#�`�B�2�7
�/�B�b�+�m�b�b�B�Q�M �Q�7 �i�?�2 �a�S�:�G�R �b�Q�H�p�2�`�- �m�b�2�/ �i�Q �;�2�M�2�`���i�2 �i�?�2 �/�2�#�H�2�M�/�B�M�; �`�2�b�m�H�i�b �b�?�Q�r�M
�B�M �i�?�B�b �i�?�2�b�B�b�X

�Ç ���T�T�2�M�/�B�t �*�,�h�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �Q�T�2� �̀��i�Q�`�X �A�M �i�?�2 �H���b�i ���T�T�2�M�/�B�t �A �/�2�}�M�2 �i�?�2
�#�H�2�M�/�B�M�; �M�Q�B�b�2 �Q�T�2�`���i�Q�` ���M�/ �/�B�b�+�m�b�b �b�Q�K�2 �Q�7 �B�i�b �T�`�Q�T�2�`�i�B�2�b�X �q�?�2�M ���T�T�H�B�2�/
�i�Q �m�M�#�H�2�M�/�2�/ �/���i���- �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �Q�T�2�`���i�Q�` �T�`�Q�/�m�+�2�b �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2
�+�Q�K�T�Q�M�2�M�i �7�Q�m�M�/ �B�M �i�?�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �/���i���X

�P�`�B�;�B�M���H �+�Q�M�i�`�B�#�m�i�B�Q�M�b �7�Q�m�M�/ �B�M �i�?�B�b �r�Q�`�F ���`�2 �H�B�b�i�2�/ �#�2�H�Q�r�,

�Ç �h�?�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �U�b�2�+�i�B�Q�M �j�X�8�V�X

�Ç �h�?�2 �+�Q�M�+�2�T�i �Q�7 �/�2�#�H�2�M�/�B�M�; �b�m�#�b�2�i�b �Q�7 �b�2�B�b�K�B�+ �/���i�� �m�b�B�M�; �7�Q�+���H �i�`���M�b�7�Q�`�K�b ���M�/
�;�`�B�/�b �i���B�H�Q�`�2�/ �i�Q �i�?�2 �i�v�T�2 �Q�7 ���+�[�m�B�b�B�i�B�Q�M�- �7�Q�` �i�Q�r�2�/ �b�i�`�2���K�2�` ���+�[�m�B�b�B�i�B�Q�M�b �U�b�2�+�@
�i�B�Q�M �9�X�k�V ���M�/ �P�"�L ���+�[�m�B�b�B�i�B�Q�M�b �U�b�2�+�i�B�Q�M �9�X�j�V�X

�Ç �h�?�2 �?�v�#�`�B�/ �7�Q�+���H�@�+�m�`�p�2�H�2�i �/�2�#�H�2�M�/�B�M�; �b�i�`���i�2�;�v �U�8�X�j�V ���M�/ ���b�b�Q�+�B���i�2�/ �2�t���K�T�H�2�b
�Q�M �b�v�M�i�?�2�i�B�+ �/���i�� �U�8�X�9�V�X

�Ç �h�?�2 �/�2�K�Q�M�b�i�`���i�B�Q�M�b �r�B�i�? �}�2�H�/ �/���i�� �2�t���K�T�H�2�b �U�+�?���T�i�2�` �e�V�X

�*�?���T�i�2�`�b ���M�/ �b�2�+�i�B�Q�M�b �M�Q�i �K�2�M�i�B�Q�M�2�/ �B�M �i�?�B�b �H�B�b�i ���`�2 �T�`�B�Q�` �r�Q�`�F �b�Q�m�`�+�2�/ �7�`�Q�K �i�?�2 �+�B�i�2�/
�`�2�7�2�`�2�M�+�2�b�- �B�M�+�H�m�/�2�/ �B�M �i�?�B�b �i�?�2�b�B�b �7�Q�` �+�Q�K�T�H�2�i�2�M�2�b�b ���M�/ ���b ���M ���B�/ �i�Q �i�?�2 �`�2���/�2�`�X



�k

�6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;

�k�X�R �h�?�2 �/���i�� �+�m�#�2 ���M�/ �M�Q�i���i�B�Q�M �+�Q�M�p�2�M�i�B�Q�M�b

�6�Q�` �i�?�2 �T�m�`�T�Q�b�2�b �Q�7 �i�?�B�b �i�?�2�b�B�b �A ���/�Q�T�i �i�?�2 �+�Q�M�p�2�M�i�B�Q�M �Q�7 �`�2�T�`�2�b�2�M�i�B�M�; �`�2�+�Q�`�/�2�/ �b�2�B�b�K�B�+
�/���i�� ���b �� �/���i�� �+�m�#�2�- �B�X�2�X �� �j�. ���`�`���v �Q�7 �M�m�K�#�2�`�b�- �7�Q�H�H�Q�r�B�M�; �+�H�Q�b�2�H�v �i�?�2 �+�Q�M�p�2�M�i�B�Q�M�b
�B�M�i�`�Q�/�m�+�2�/ �B�M �"�2�`�F�?�Q�m�i �(�R�N�3�k�)�X �G�2�iptrue (r ; s; t) �#�2 �i�?�2 �p���H�m�2 �Q�7 �� �T�`�2�b�b�m�`�2 �}�2�H�/�-
�;�2�M�2�`���i�2�/ �#�v �� �b�Q�m�`�+�2 ���i �+�Q�Q�`�/�B�M���i�2�bs = ( xs; ys; zs) ���M�/ �`�2�+�Q�`�/�2�/ �#�v �� �`�2�+�2�B�p�2�` ���i
�+�Q�Q�`�/�B�M���i�2�br = ( x r ; yr ; zr )�- ���i �i�B�K�2 �B�M�b�i���M�it �X �A�M �� �T�`���+�i�B�+���H ���+�[�m�B�b�B�i�B�Q�Mptrue (r ; s;
t) �B�b �M�Q�i �F�M�Q�r�M �2�p�2�`�v�r�?�2�`�2�- �#�m�i �Q�M�H�v ���i �b�T�2�+�B�}�+ �+�Q�Q�`�/�B�M���i�2�b �i�?���i ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v
�i�?�2 ���+�[�m�B�b�B�i�B�Q�M �;�2�Q�K�2�i�`�v�X �6�Q�m�` �m�b�2�7�m�H �b�2�i�b �+���M �#�2 �/�2�}�M�2�/�,

�Ç �h�?�2 �b�2�i �Q�7 ���H�H �m�M�B�[�m�2 �+�Q�Q�`�/�B�M���i�2�b �r�?�2�`�2 �b�Q�m�`�+�2�b �r�2�`�2 �T�H���+�2�/�-S = f s1; s2; : : : ;
sn s g�- �r�?�2�`�2ns = jSj �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �m�M�B�[�m�2 �b�Q�m�`�+�2 �U�Q�` �b�Q�m�`�+�2 ���`�`���v�V �+�Q�Q�`�/�B�@
�M���i�2�b�X

�Ç �h�?�2 �b�2�i �Q�7 ���H�H �m�M�B�[�m�2 �+�Q�Q�`�/�B�M���i�2�b �r�?�2�`�2 �`�2�+�2�B�p�2�`�b �r�2�`�2 �T�H���+�2�/�-R = f r 1; r 2; : : : ;
r n r g�- �r�?�2�`�2nr = jRj �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �m�M�B�[�m�2 �`�2�+�2�B�p�2�` �U�Q�` �`�2�+�2�B�p�2�` ���`�`���v�V
�+�Q�Q�`�/�B�M���i�2�b�X

�Ç �h�?�2 ���+�[�m�B�b�B�i�B�Q�M �b�2�iA �Q�7 ���H�H �b�Q�m�`�+�2�@�`�2�+�2�B�p�2�` �Q�`�/�2�`�2�/ �T���B�`�b(r ; s) �i�?���i �r�2�`�2 �`�2�@
���H�B�x�2�/ �B�M �i�?�2 ���+�[�m�B�b�B�i�B�Q�M�X

�Ç �h�?�2 �b���K�T�H�B�M�; �i�B�K�2 �b�2�iT = f 0�t; 1�t; 2�t; : : : ; (nt � 1)�t g�- �r�?�2�`�2�t �B�b �i�?�2
�i�B�K�2 �b���K�T�H�B�M�; �B�M�i�2�`�p���H ���M�/nt = jT j �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �b���K�T�H�2�b �`�2�+�Q�`�/�2�/ ���i
�2�p�2�`�v �b�Q�m�`�+�2�@�`�2�+�2�B�p�2�` �H�Q�+���i�B�Q�M �T���B�`�X �h�?�2 ���b�b�m�K�T�i�B�Q�M �B�b �i�?���i�t ���M�/nt �`�2�K���B�M
�+�Q�M�b�i���M�i �7�Q�` ���H�H �i�?�2 ���+�[�m�B�b�B�i�B�Q�M�X



�k�y �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;

�J�Q�`�2 �Q�7�i�2�M �i�?���M �M�Q�i�-A 6= R � S �- �#�2�+���m�b�2 �M�Q�i ���H�H �T�Q�b�b�B�#�H�2 �T���B�`�b �Q�7 �+�?�Q�b�2�M �b�Q�m�`�+�2 ���M�/
�`�2�+�2�B�p�2�` �+�Q�Q�`�/�B�M���i�2�b ���`�2 �`�2���H�B�x�2�/ �B�M �i�?�2 ���+�i�m���H ���+�[�m�B�b�B�i�B�Q�M�X

�l�b�B�M�; �i�?�2 �b�2�i�b �/�2�}�M�2�/ ���#�Q�p�2�- �r�2 �+���M �/�2�}�M�2 �� �M�2�r �T�`�2�b�b�m�`�2 �}�2�H�/�-

p(r ; s; t) =

(
ptrue (r ; s; t); �B�7(r ; s) 2 A ���M�/t 2 T ;
0; �Q�i�?�2�`�r�B�b�2�X

�U�k�X�R�X�R�V

�h�?�B�b �2�z�2�+�i�B�p�2�H�v �K�2���M�b �i�?���i �}�2�H�/ �p���H�m�2�b �i�?���i �r�2�`�2 �M�Q�i �`�2�+�Q�`�/�2�/ ���`�2 �i�`�2���i�2�/ ���b �B�7 �i�?�2�v
�?���p�2 �i�?�2 �p���H�m�2 �x�2�`�Q�X �"�v �b���K�T�H�B�M�;p(r ; s; t)�- �i�B�K�2 �b�H�B�+�2�b �Q�7 �i�?�2 �/���i�� �+�m�#�2 �+���M �#�2
�+�Q�M�b�i�`�m�+�i�2�/�X �6�Q�` �b�B�K�T�H�B�+�B�i�v �A ���b�b�m�K�2 �i�?���i �i�?�2 �b�Q�m�`�+�2�b ���M�/ �`�2�+�2�B�p�2�`�b �H�B�2 �Q�Mx � y
�T�H���M�2�b ���i �+�Q�M�b�i���M�i �/�2�T�i�?�bzs ���M�/zr �- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�M �i�?�2 �i�B�K�2 �b�H�B�+�2 ���i �i�B�K�2t 2 T
�B�b �;�B�p�2�M �#�v

P(zr ; zs; t) =

2

6
6
6
6
6
4

p(r 1; s1; t) p(r 1; s2; t) � � � p(r 1; sn s ; t)

p(r 2; s1; t) p(r 2; s2; t)
�X�X�X

�X�X�X
�X�X�X

�X�X�X
p(r n r ; s1; t) � � � � � � p(r n r ; sn s ; t)

3

7
7
7
7
7
5

; �U�k�X�R�X�k�V

�r�B�i�?
r m = ( x r m ; yr m ; zr ); r m 2 R ; m = 0 ; 1; : : : ; nr ;
sn = ( xsn ; ysn ; zs); sn 2 S; n = 0 ; 1; : : : ; ns:

�L�Q�i�2 �i�?���i �A �+�Q�M�b�i�`�m�+�i �2���+�? �i�B�K�2 �b�H�B�+�2 �#�v �2�p���H�m���i�B�M�;p(r ; s; t) ���i �2�p�2�`�v �+�Q�Q�`�/�B�M���i�2
�+�Q�K�#�B�M���i�B�Q�M �B�MR � S �X �"�2�+���m�b�2 �Q�7 �i�?�2 �r���vp(r ; s; t) �r���b �/�2�}�M�2�/ �B�M �2�[�m���i�B�Q�M �U�k�X�R�X�R�V�-
P(zr ; zs; t) �+�Q�M�i���B�M�b �x�2�`�Q�b �7�Q�` �b�Q�m�`�+�2�@�`�2�+�2�B�p�2�` �+�Q�K�#�B�M���i�B�Q�M�b �i�?���i �r�2�`�2 �M�Q�i �`�2���H�B�x�2�/ �B�M
�i�?�2 �}�2�H�/�XP(zr ; zs; t) �+���M ���+�+�Q�K�Q�/���i�2 �b�Q�m�`�+�2�b ���M�/ �`�2�+�2�B�p�2�`�b �Q�M ���Mx � y �T�H���M�2 �U�j�.
�b�2�B�b�K�B�+ �/���i���V�- ���b �r�2�H�H ���b �i�?�2 �b�T�2�+�B���H �+���b�2 �r�?�2�`�2 �b�Q�m�`�+�2�b ���M�/ �`�2�+�2�B�p�2�`�b �H�B�2 �Q�M �� �H�B�M�2 �B�M
�i�?���i �T�H���M�2 �U�k�. �b�2�B�b�K�B�+ �/���i���V�X �� �+�Q�M�p�2�M�i�B�Q�M �7�Q�` �b�Q�`�i�B�M�; �i�?�2 �b���K�T�H�2�b �B�M�i�QP(zr ; zs; t)
�B�b �i�Q �b�Q�`�i �}�`�b�i �Q�p�2�` �i�?�2y �+�Q�Q�`�/�B�M���i�2 ���M�/ �i�?�2�M�- �7�Q�` �2���+�? �H�Q�+���i�B�Q�M �r�B�i�? �i�?�2 �b���K�2y
�+�Q�Q�`�/�B�M���i�2�- �i�?�2 �b���K�T�H�2�b ���`�2 �b�Q�`�i�2�/ �Q�p�2�` �i�?�2x �+�Q�Q�`�/�B�M���i�2 �(�E�B�M�M�2�;�B�M�; �2�i ���H�X�- �R�N�3�N�)�X ��
�b�+�?�2�K���i�B�+ �2�t���K�T�H�2 �B�b �b�?�Q�r�M �B�M �}�;�m�`�2 �k�X�R�X

�J���M�v �Q�T�2�`���i�B�Q�M�b �Q�M �i�?�2 �/���i�� �+�m�#�2�- �b�m�+�? ���b �#�H�2�M�/�B�M�; �Q�` �7�Q�+�m�b�B�M�;�- �r�B�H�H �B�M�p�Q�H�p�2 �+�Q�M�p�Q�@
�H�m�i�B�Q�M�b ���H�Q�M�; �i�?�2 �i�B�K�2 ���t�B�b�X �A�i �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v ���/�p���M�i���;�2�Q�m�b �i�Q �+���`�`�v �Q�m�i �i�?�Q�b�2
�Q�T�2�`���i�B�Q�M�b �B�M �i�?�2 �7�`�2�[�m�2�M�+�v�@�b�T���+�2 �U�6�s�V�- �`���i�?�2�` �i�?���M �i�?�2 �i�B�K�2�@�b�T���+�2 �U�h�s�V �/�Q�K���B�M�X
�A�M �i�?�2 �6�s �/�Q�K���B�M �i�?�2 �/���i�� �+�m�#�2 �+�Q�M�b�B�b�i�b �Q�7 �K�Q�M�Q�+�?�`�Q�K���i�B�+ �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b �`���i�?�2�`
�i�?���M �i�B�K�2 �b�H�B�+�2�b�X �� �/���i�� �+�m�#�2 �B�M �i�?�2 �h�s �/�Q�K���B�M �+���M �#�2 �2���b�B�H�v �+�Q�M�p�2�`�i�2�/ �i�Q �i�?�2 �6�s
�/�Q�K���B�M �#�v �+���H�+�m�H���i�B�M�; �i�?�2 �/�B�b�+�`�2�i�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �U�.�6�h�V �Q�7 �2���+�? �Q�7 �i�?�2 �i�`���+�2�b�,

P(zr ; zs; ! ) =
n t � 1X

n =0

P(zr ; zs; t)e� j!n�t ; �U�k�X�R�X�j�V



�k�X�R �h�?�2 �/���i�� �+�m�#�2 ���M�/ �M�Q�i���i�B�Q�M �+�Q�M�p�2�M�i�B�Q�M�b �k�R

2

4

3

5

2

4

3

5

2

4

3

5

2

4

3

5

2

4

3

5

2

4

3

5

� � �

�X�X�X
�X�X�X

�X�X�X
�X�X�X

�X�X�X

� � � � � �

xs

x r

ys

yr

P(zr ; zs; t) =

�6�B�;�m�`�2 �k�X�R�,�a�Q�`�i�B�M�; �/���i�� �b���K�T�H�2�b �B�M�i�Q �� �i�B�K�2 �b�H�B�+�2�- �r�?�2�M �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �B�b �/�Q�M�2 �Q�Mx � y
�T�H���M�2�b�X �q�?�2�M �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �B�b �Q�M �� �H�B�M�2�-P (zr ; zs ; t ) �+�Q�M�b�B�b�i�b �Q�M�H�v �Q�7 �i�?�2 �b�m�#�K���i�`�B�tyr = 0
�K ���M�/ys = 0 �K �U�B�M �;� �̀2�2�M�V�- ���b�b�m�K�B�M�; �i�?���i �r�2 �?���p�2 � �̀Q�i���i�2�/ �+�Q�Q� �̀/�B�M���i�2�b �b�m�+�? �i�?���i �i�?�2
���+�[�m�B�b�B�i�B�Q�M �H�B�M�2 �H�B�2�b �Q�M �i�?�2x�@���t�B�b�X

�r�B�i�?j =
p

� 1�-! 2 
 �-


 = f l�! : lmin � l � lmax g;

lmin = � b (nt � 1)=2c;

lmax = bnt =2c; �U�k�X�R�X�9�V

l �B�M�i�2�;�2�` ���M�/�! = 2 � (nt �t ) � 1�X �h�?�2 �.�6�h �B�b �2�p���H�m���i�2�/ ���i �� �i�Q�i���H �Q�7nt �/�B�b�+�`�2�i�2
�7�`�2�[�m�2�M�+�B�2�b�- �2�[�m���H �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �i�B�K�2 �b�H�B�+�2�b�X �h�?�2 �+�m�#�2 �+���M �#�2 �i�`���M�b�7�Q�`�K�2�/ �#���+�F
�i�Q �i�?�2 �h�s �/�Q�K���B�M �p�B�� �i�?�2 �B�M�p�2�`�b�2 �.�6�h�-

P(zr ; zs; t) =
1
nt

l maxX

l = l min

P(zr ; zs; ! )ejl�!t : �U�k�X�R�X�8�V

�P�7�i�2�M�- �i�?�2�`�2 �B�b �� �M�2�2�/ �i�Q �`�2�7�2�` �i�Q �i�?�2 �/���i�� �+�m�#�2 ���b �� �r�?�Q�H�2�- �`���i�?�2�` �i�?���M �i�Q �b�T�2�+�B�}�+
�i�B�K�2 �Q�` �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b�X �h�Q �`�2�7�2�` �i�Q �i�?�2 �r�?�Q�H�2(nr � ns � nt ) �+�m�#�2�- �A �m�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;
�M�Q�i���i�B�Q�M�,

�Ç P̂ (zr ; zs) �7�Q�` �� �/���i�� �+�m�#�2 �i�?���i �B�b �� �+�Q�M�+���i�2�M���i�B�Q�M �Q�7 �i�B�K�2 �b�H�B�+�2�b ���M�/

�Ç P(zr ; zs) �7�Q�` �� �/���i�� �+�m�#�2 �i�?���i �B�b �� �+�Q�M�+���i�2�M���i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b�X



�k�k �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;

�a�2�p�2�`���H �Q�T�2�`���i�B�Q�M�b �+���M �#�2 �/�2�}�M�2�/ �Q�M �� �/���i�� �+�m�#�2�X �6�B�`�b�i�- �A �/�2�}�M�2 ���M ���/�/�B�i�B�Q�M���H �b�2�i
�Q�7 �+�Q�Q�`�/�B�M���i�2�bU�- �Q�M �i�?�2 �T�H���M�2z = zu �- �r�B�i�?nu = jUj�- ���M�/ �7�Q�m�` ���m�t�B�H�B���`�v �/���i�� �+�m�#�2�b�,

�A�M�/�B�p�B�/�m���H �a�2�i �Q�7 �a�2�i �Q�7 �.���i�� �+�m�#�2
�.���i�� �+�m�#�2 �2�H�2�K�2�M�i �`�2�+�2�B�p�2�`�b �b�Q�m�`�+�2�b �/�B�K�2�M�b�B�Q�M�b
F1(zr ; zs) f 1(r ; s; ! ) R S (nr � ns � nt )
F2(zr ; zs) f 2(r ; s; ! ) R S (nr � ns � nt )
F3(zr ; zu ) f 3(r ; u ; ! ) R U (nr � nu � nt )
F4(zu ; zs) f 4(u ; s; ! ) U S (nu � ns � nt )

�h�?�2 ���m�t�B�H�B���`�v �/���i�� �+�m�#�2�bF1 �i�QF4 �K���v �`�2�T�`�2�b�2�M�i �/�B�z�2�`�2�M�i �b�2�i�b �Q�7 �`�2�+�Q�`�/�2�/ �/���i��
�Q�` �H�B�M�2���` �Q�T�2�`���i�Q�`�b �U�2�X�;�X �7�Q�+�m�b�B�M�; ���M�/ �#�H�2�M�/�B�M�;�V ���M�/ �7�Q�+���H �b�m�#�/�Q�K���B�M�b�- �i�Q �#�2 �B�M�i�`�Q�@
�/�m�+�2�/ �H���i�2�` �Q�M�X �6�Q�` �b�B�K�T�H�B�+�B�i�v �A ���K �m�b�B�M�; �b�2�i�bR ���M�/S �i�Q �+�Q�M�b�i�`�m�+�i �i�?�2 �õ�b�Q�m�`�+�2�ö
���M�/ �õ�`�2�+�2�B�p�2�`�ö �/�B�K�2�M�b�B�Q�M�b �Q�7 �i�?�2 �+�m�#�2�b �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�t���K�T�H�2�b�X �P�i�?�2�` �+�Q�Q�`�/�B�M���i�2
�b�2�i�b �K���v �T�H���v �i�?���i �`�Q�H�2 �i�Q�Q �Q�M �Q�+�+���b�B�Q�M�- �/�2�T�2�M�/�B�M�; �Q�M �r�?���i �i�?�2 �+�m�#�2 �`�2�T�`�2�b�2�M�i�b�-
�r�?�B�+�? �b�?�Q�m�H�/ �#�2 �+�H�2���` �7�`�Q�K �+�Q�M�i�2�t�i�X ���M �2�t���K�T�H�2 �r�Q�m�H�/ �#�2 �b�2�i�b �Q�7 �7�Q�+���H �;�`�B�/�T�Q�B�M�i
�+�Q�Q�`�/�B�M���i�2�b ���+�i�B�M�; ���b �i�?�2 �õ�b�Q�m�`�+�2�ö ���M�/ �õ�`�2�+�2�B�p�2�`�ö �/�B�K�2�M�b�B�Q�M �B�M �� �7�Q�+���H�@�b�m�#�/�Q�K���B�M �/���i��
�+�m�#�2�X

�A �H�B�b�i �� �M�m�K�#�2�` �Q�7 �K���i�?�2�K���i�B�+���H �Q�T�2�`���i�B�Q�M�b �Q�M �/���i�� �+�m�#�2�b�- ���M�/ �i�?�2 �+�Q�M�/�B�i�B�Q�M �i�?���i
�K�m�b�i �#�2 �?�2�H�/ �7�Q�` �2���+�? �2�H�2�K�2�M�if 0(r ; s; ! ) �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; �/���i�� �+�m�#�2F0(zr ; zs)�- �7�Q�`
�2�p�2�`�vr �-s�-! �X

�*�Q�M�D�m�;���i�B�Q�M�,

F0(zr ; zs) = F1(zr ; zs) � ) f 0(r ; s; ! ) = f 1(r ; s; ! ) � :

�h�`���M�b�T�Q�b�B�i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b�,

F0(zs; zr ) = F1(zr ; zs)T ) f 0(s; r ; ! ) = f 1(r ; s; ! ):

�*�Q�M�D�m�;���i�2 �U�>�2�`�K�B�i�B���M�V �i�`���M�b�T�Q�b�B�i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b�,

F0(zs; zr ) = F1(zr ; zs)H ) f 0(s; r ; ! ) = f 1(r ; s; ! ) � :

���/�/�B�i�B�Q�M�,

F0(zr ; zs) = F1(zr ; zs) + F2(zr ; zs) )

f 0(r ; s; ! ) = f 1(r ; s; ! ) + f 2(r ; s; ! ):

�J�m�H�i�B�T�H�B�+���i�B�Q�M �r�B�i�? �� �b�+���H���`� �,

F0(zr ; zs) = � F1(zr ; zs) )

f 0(r ; s; ! ) = �f 1(r ; s; ! ):



�k�X�R �h�?�2 �/���i�� �+�m�#�2 ���M�/ �M�Q�i���i�B�Q�M �+�Q�M�p�2�M�i�B�Q�M�b �k�j

�a�H�B�+�2�@�#�v�@�b�H�B�+�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M�,

F0(zr ; zs) = F3(zr ; zu )F4(zu ; zs) )

f 0(r ; s; ! ) =
X

u

f 3(r ; u ; ! )f 4(u ; s; ! ):

�A ���H�b�Q �/�2�}�M�2 �i�r�Q �M�Q�`�K�b �i�?���i �r�B�H�H �#�2 �7�`�2�[�m�2�M�i�H�v �m�b�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�?���T�i�2�`�b�- �M���K�2�H�v
�i�?�2 �6�`�Q�#�2�M�B�m�b �M�Q�`�K�-

jjF(zr ; zs)jjF =
s X

r

X

s

X

!

jf (r ; s; ! )j2;

���M�/ �i�?�2 �b�m�K �M�Q�`�K�-

jjF(zr ; zs)jjS =
X

r

X

s

X

!

jf (r ; s; ! )j :

�h�?�2 �6�`�Q�#�2�M�B�m�b ���M�/ �b�m�K �M�Q�`�K�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2`2�@ ���M�/`1�@�M�Q�`�K �Q�7 �i�?�2 �p�2�+�i�Q�`�B�x�2�/
�/���i�� �+�m�#�2�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �Q�T�2�`���i�B�Q�M�b ���M�/ �M�Q�`�K�b �H�B�b�i�2�/ ���#�Q�p�2 ���`�2 �/�2�}�M�2�/ �B�M ���M
���M���H�Q�;�Q�m�b �r���v �7�Q�` �/���i�� �+�m�#�2�b �B�M �i�?�2 �h�s �/�Q�K���B�M�X

P(zr ; zs; t) �B�b �#�m�B�H�i �r�B�i�? �� �+�2�`�i���B�M �b�i�`�m�+�i�m�`�2�- �#�2�+���m�b�2 �Q�7 �i�?�2 �r���v �B�i�b �2�H�2�K�2�M�i�b ���`�2
�Q�`�;���M�B�x�2�/�X ���b �+���M �#�2 �b�2�2�M �B�M �2�[�m���i�B�Q�M �U�k�X�R�X�k�V�- �2���+�? �+�Q�H�m�K�M �Q�7 �� �b�H�B�+�2 �B�b ���b�b�Q�+�B���i�2�/
�r�B�i�? �� �m�M�B�[�m�2 �b�Q�m�`�+�2 �+�Q�Q�`�/�B�M���i�2�c �2���+�? �`�Q�r �r�B�i�? �� �m�M�B�[�m�2 �`�2�+�2�B�p�2�` �+�Q�Q�`�/�B�M���i�2 ���M�/
�2���+�? �2�H�2�K�2�M�i �r�B�i�? �� �T���B�` �Q�7 �m�M�B�[�m�2 �b�Q�m�`�+�2�@�`�2�+�2�B�p�2�` �+�Q�Q�`�/�B�M���i�2�b�X �"�2�H�Q�r �A �/�2�}�M�2 �� �7�2�r
�/���i�� �+�m�#�2 �b�m�#�b�2�i�b �i�?���i �A �m�b�2 �Q�7�i�2�M �B�M �i�?�2 �/�B�b�+�m�b�b�B�Q�M�b �B�M �i�?�B�b �i�?�2�b�B�b�X

�Ç �h�?�2�i� �̀��+�2�, �� �i�`���+�2 �B�b �7�Q�`�K�2�/ �#�v �2�t�i�`���+�i�B�M�; �i�?�2 �2�H�2�K�2�M�i �T�2�`�i���B�M�B�M�; �i�Q �i�?�2 �b�Q�m�`�+�2�@
�`�2�+�2�B�p�2�` �T���B�`(r m ; sn ) �7�`�Q�K ���H�H �i�B�K�2 �b�H�B�+�2�b�- ���M�/ �i�?�2�M �+�Q�M�+���i�2�M���i�B�M�; �i�?�2 �B�M�/�B�p�B�/�@
�m���H �2�H�2�K�2�M�i�b �B�M�i�Q �� �p�2�+�i�Q�` �U�}�;�m�`�2 �k�X�k���V�X

�Ç �h�?�2�+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�`�, �� �+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�` �B�b �7�Q�`�K�2�/ �#�v �2�t�i�`���+�i�B�M�; �i�?�2
�+�Q�H�m�K�M �T�2�`�i���B�M�B�M�; �i�Q �� �b�Q�m�`�+�2 ���isn �7�`�Q�K ���H�H �i�B�K�2 �b�H�B�+�2�b�- ���M�/ �i�?�2�M �+�Q�M�+���i�2�M���i�B�M�;
�i�?�2 �B�M�/�B�p�B�/�m���H �+�Q�H�m�K�M�b �B�M�i�Q �� �K���i�`�B�t �U�}�;�m�`�2 �k�X�k�#�V�X

�Ç �h�?�2�+�Q�K�K�Q�M � �̀2�+�2�B�p�2�` �;���i�?�2�`�, �� �+�Q�K�K�Q�M �`�2�+�2�B�p�2�` �;���i�?�2�` �B�b �7�Q�`�K�2�/ �#�v �2�t�i�`���+�i�B�M�;
�i�?�2 �`�Q�r �T�2�`�i���B�M�B�M�; �i�Q �� �`�2�+�2�B�p�2�` ���ir m �7�`�Q�K ���H�H �i�B�K�2 �b�H�B�+�2�b�- ���M�/ �i�?�2�M �+�Q�M�+���i�2�@
�M���i�B�M�; �i�?�2 �B�M�/�B�p�B�/�m���H �`�Q�r�b �B�M�i�Q �� �K���i�`�B�t �U�}�;�m�`�2 �k�X�k�+�V�X �6�Q�` �i�Q�r�2�/ �b�i�`�2���K�2�`
���+�[�m�B�b�B�i�B�Q�M �� �+�Q�K�T�H�B�+���i�B�Q�M ���`�B�b�2�b �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �i�?�2 �`�2�+�2�B�p�2�`�b ���`�2 �M�Q�i
�b�i���i�B�Q�M���`�v ���M�/ �i�?�2�B�` �H�Q�+���i�B�Q�M�b ���`�2 �M�Q�i �`�2�T�2���i���#�H�2 �2�t���+�i�H�v�X �h�?�B�b �+���M �H�2���/ �i�Q
�+�Q�K�K�Q�M �`�2�+�2�B�p�2�` �;���i�?�2�`�b �r�B�i�? �p�2�`�v �7�2�r �i�`���+�2�b�X �� �T���`�i�B���H �`�2�K�2�/�v �B�b �i�Q �i�`�2���i
�`�2�+�2�B�p�2�`�b �r�B�i�?�B�M �� �b�K���H�H �`���/�B�m�b ���b �?���p�B�M�; �i�?�2 �b���K�2 �H�Q�+���i�B�Q�M�- ���i �i�?�2 �+�Q�b�i �Q�7
�B�M�i�`�Q�/�m�+�B�M�; �i�`���p�2�H�i�B�K�2 �2�`�`�Q�`�b�X



�k�9 �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;
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�6�B�;�m�`�2 �k�X�k�,�1�t���K�T�H�2�b �Q�7 �/���i�� �/���i�� �+�m�#�2 �b�m�#�b�2�i�b�c ���V �� �b�2�B�b�K�B�+ �i� �̀��+�2�- �#�V �� �+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�`�-
�+�V �� �+�Q�K�K�Q�M � �̀2�+�2�B�p�2�` �;���i�?�2�`�- �/�V �� �i�B�K�2 �b�H�B�+�2�X



�k�X�k �"�H�2�M�/�B�M�; �k�8

�k�X�k �"�H�2�M�/�B�M�;

���b �/�2�b�+�`�B�#�2�/ �B�M �+�?���T�i�2�` �R�- �r�2 �`�2�7�2�` �i�Q �i�?�2 �b�B�i�m���i�B�Q�M �r�?�2�`�2 �K�m�H�i�B�T�H�2 �b�Q�m�`�+�2�b �}�`�2 �r�B�i�?�B�M
�i�?�2 �b���K�2 �`�2�+�Q�`�/�B�M�; �r�B�M�/�Q�r ���b �#�H�2�M�/�B�M�;�X �J���i�?�2�K���i�B�+���H�H�v�- �#�H�2�M�/�B�M�; �+���M �#�2 �b�2�2�M ���b
�� �i�r�Q�@�b�i�2�T �T�`�Q�+�2�b�b�X �h�?�2 �}�`�b�i �b�i�2�T �B�b �i�Q �2�M�+�Q�/�2 �2���+�? �b�?�Q�i �;���i�?�2�` �r�B�i�? �i�?�2 �+�Q�/�2
���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�Q�m�`�+�2�X �h�?�2 �b�2�+�Q�M�/ �b�i�2�T �B�b �i�Q �+�`�2���i�2�#�H�2�M�/�2�/�b�?�Q�i
�;���i�?�2�`�b�- �#�v �b�i���+�F�B�M�; �U�b�m�K�K�B�M�;�V �2�M�+�Q�/�2�/ �+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�`�b�X �a�Q�K�2 �T���`���K�2�i�2�`�b �Q�7
�i�?�2 �+�Q�/�2 �K���v �M�Q�i �#�2 �T�`�2�/�2�i�2�`�K�B�M�2�/�- �2�X�;�X �r�?�2�M �m�b�B�M�; �� �`���M�/�Q�K �i�B�K�2 �/�2�H���v �+�Q�/�2�- �i�?�2
���+�i�m���H �i�B�K�2 �/�2�H���v�b �K���v �#�2 �F�M�Q�r�M �Q�M�H�v ���7�i�2�` �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �?���b �i���F�2�M �T�H���+�2�X �q�?���i
�B�b �B�K�T�Q�`�i���M�i �B�b �i�?���i�- ���7�i�2�` ���+�[�m�B�b�B�i�B�Q�M�- ���H�H �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 �b�?�Q�m�H�/ �#�2
�F�M�Q�r�M ���b ���+�+�m�`���i�2�H�v ���b �T�Q�b�b�B�#�H�2�X �h�?�B�b �B�b �2�b�T�2�+�B���H�H�v �i�`�m�2 �7�Q�` �B�M�p�2�`�b�B�Q�M�@�#���b�2�/ �K�2�i�?�Q�/�b�-
�b�m�+�? ���b �i�?�2 �Q�M�2 �/�B�b�+�m�b�b�2�/ �B�M �i�?�B�b �i�?�2�b�B�b�X

�h�?�2 �+�Q�/�2 �K���v ���b�b�m�K�2 �K���M�v �/�B�z�2�`�2�M�i �7�Q�`�K�b�- �#�m�i �/�m�2 �i�Q ���+�[�m�B�b�B�i�B�Q�M �H�B�K�B�i���i�B�Q�M�b�- �M�Q�i
���H�H �Q�7 �i�?�2�K ���`�2 �T�?�v�b�B�+���H�H�v �`�2���H�B�x���#�H�2 �7�Q�` �}�2�H�/ ���+�[�m�B�b�B�i�B�Q�M�X �>�2�`�2 �A �`�2�b�i�`�B�+�i �i�?�2 �/�B�b�+�m�b�b�B�Q�M
�i�Q �+�Q�/�2�b �i�?���i ���`�2 �U�+�B�`�+�m�H���`�H�v�V�R�+�Q�M�p�Q�H�m�i�B�Q�M���H �B�M �i�B�K�2�- �B�X�2�X ���M �2�M�+�Q�/�2�/ �i�`���+�2 �B�b �+�`�2���i�2�/
�#�v �U�+�B�`�+�m�H���`�H�v�V �+�Q�M�p�Q�H�p�B�M�; ���M �m�M�2�M�+�Q�/�2�/ �i�`���+�2 �r�B�i�? �� �+�Q�/�B�M�; �b�B�;�M���H�X �J�Q�b�i �T�`���+�i�B�+���H
�#�H�2�M�/�B�M�; �+�Q�/�2�b �#�2�H�Q�M�; �i�Q �i�?�B�b �+���i�2�;�Q�`�v�X

�h�?�2 �+�Q�M�p�Q�H�m�i�B�Q�M �i�?�2�Q�`�2�K �7�Q�` �i�?�2 �.�6�h�- �i�?�2�M�- �/�B�+�i���i�2�b �i�?���i �2�M�+�Q�/�B�M�; �+���M �#�2 �+���`�`�B�2�/
�Q�m�i �B�M �i�?�2 �6�s �/�Q�K���B�M �#�v �2�H�2�K�2�M�i�r�B�b�2 �K�m�H�i�B�T�H�v�B�M�; �2���+�? �i�`���+�2 �r�B�i�? �i�?�2 �i�`���M�b�7�Q�`�K�2�/
�+�Q�/�B�M�; �b�B�;�M���H�X �G�2�i (s; b; ! ) �#�2 �� �7�`�2�[�m�2�M�+�v �b���K�T�H�2 �Q�7 �i�?�2 �+�Q�/�2 �m�b�2�/ �i�Q �2�M�+�Q�/�2 ��
�b�?�Q�i ���is �r�?�2�M �i�?���i �b�?�Q�i �B�b �m�b�2�/ �7�Q�` �;�2�M�2�`���i�B�M�; �i�?�2 �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`b�X �h�?�2�M�- �i�?�2
�#�H�2�M�/�2�/ �i�`���+�2 �b���K�T�H�2 ���i ���M�;�m�H���` �7�`�2�[�m�2�M�+�v! �`�2�+�Q�`�/�2�/ �#�v �� �`�2�+�2�B�p�2�` ���ir �B�b �;�B�p�2�M �#�v

pbl (r ; b; ! ) =
X

s

p(r ; s; ! ) (s; b; ! ): �U�k�X�k�X�e�V

�h�?�2 �b�m�K �`�m�M�b �Q�p�2�` ���H�H �b�?�Q�i �H�Q�+���i�B�Q�M�b�- �#�m�i �r�2 �+���M �2���b�B�H�v �2�t�+�H�m�/�2 �b�?�Q�i�b �7�`�Q�K �#�H�2�M�/�2�/
�;���i�?�2�`�b �#�v �b�2�i�i�B�M�; (s; b; ! ) = 0 �7�Q�` �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�K�#�B�M���i�B�Q�M�b �Q�7s ���M�/b�X
���H�b�Q �M�Q�i�2 �i�?���ipbl (r ; b; ! ) �B�b �M�Q�i ���b�b�Q�+�B���i�2�/ �r�B�i�? ���M�v �b�B�M�;�H�2 �b�?�Q�i �+�Q�Q�`�/�B�M���i�2 ���M�v�@
�K�Q�`�2�c �i�Q �?�B�;�?�H�B�;�?�i �i�?�B�b �A �`�2�T�H���+�2 �i�?�2 �b�?�Q�i �+�Q�Q�`�/�B�M���i�2 �r�B�i�? ���M �B�M�i�2�;�2�`b 2 B �- �r�B�i�?
B = f 1; 2; : : : ; nbl g�- �i�?���i �b�B�K�T�H�v �B�M�/�2�t�2�b �i�?�2 �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�X �h�?�2 �M�m�K�#�2�` �Q�7
�`�2�+�Q�`�/�2�/ �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b �B�b �;�B�p�2�M �#�vnbl �X �L�Q�i�2 �i�?���i �7�Q�`pbl (r ; b; t) �i�Q �#�2 �T�m�`�2�H�v
�`�2���H �7�Q�` �2�p�2�`�vt 2 T �-

 (s; b; ! ) =  (s; b; � ! ) � ; ! 2 
 ; �U�k�X�k�X�d�V

�r�?�2�Mnt �B�b �Q�/�/�X �q�?�2�Mnt �B�b �2�p�2�M ���M�/ �i�?�2 �L�v�[�m�B�b�i �7�`�2�[�m�2�M�+�v �B�b �T�`�2�b�2�M�i�-

 (s; b; ! ) =  (s; b; � ! ) � ! 2 
 nfbnt =2c�! g;

 (s; b; ! ) =  (s; b; ! ) � ! = bnt =2c�!; �U�k�X�k�X�3�V

�R�*�B�`�+�m�H���` �+�Q�M�p�Q�H�m�i�B�Q�M �+���M �#�2 �+�Q�M�p�2�`�i�2�/ �i�Q �H�B�M�2���` �+�Q�M�p�Q�H�m�i�B�Q�M �#�v �x�2�`�Q�@�T���/�/�B�M�; �i�`���+�2�b�- �+�B�`�+�m�H���`�H�v
�+�Q�M�p�Q�H�p�B�M�; �i�?�2�K�- ���M�/ �i�`�m�M�+���i�B�M�; �i�?�2 �`�2�b�m�H�i�X



�k�e �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;

�Q�`�- �B�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �L�v�[�m�B�b�i �+�Q�K�T�Q�M�2�M�i �K�m�b�i �M�Q�i �?���p�2 ���M �B�K���;�B�M���`�v �T���`�i�- �B�7
�T�`�2�b�2�M�i�X �q�?�2�M �+�Q�M�/�B�i�B�Q�M�b �U�k�X�k�X�d�V �Q�` �U�k�X�k�X�3�V ���`�2 �K�2�i�- (s; b; ! ) �b���i�B�b�}�2�b �i�?�2 �+�Q�M�D�m�;���i�2
�b�v�K�K�2�i�`�v �Q�7 �i�?�2 �.�6�h�X

�� �M�m�K�#�2�` �Q�7 �7���K�B�H�B���` �+�Q�/�2�b �+���M �#�2 �B�K�T�H�2�K�2�M�i�2�/ �#�v �/�2�}�M�B�M�; (s; b; ! ) �B�M �/�B�z�2�`�2�M�i
�r���v�b�,

�Ç �a�?�Q�i � �̀2�T�2�i�B�i�B�Q�M �+�Q�/�2�b�, �i�?�2�b�2 ���`�2 �+�Q�/�2�b �r�?�2�`�2 �� �b�?�Q�i �B�b �`�2�T�2���i�2�/nrep �i�B�K�2�b�-
nrep > 1�X �h�?�2�M�-

 (s; b; ! ) =
n repX

i =1

 i (s; b; ! );

�r�?�2�`�2 �2���+�? �`�2�T�2���i�2�/ �b�?�Q�ii �B�b ���b�b�B�;�M�2�/ �+�Q�/�2 i (s; b; ! )�X �l�b�m���H�H�v�- i (s; b; ! )
�i���F�2�b �i�?�2 �7�Q�`�K �Q�7 �� �/�2�H���v �+�Q�/�2 �U�/�B�b�+�m�b�b�2�/ �#�2�H�Q�r�V�- �r�?�2�`�2 �i�?�2 �/�2�H���v�b ���`�2 �Q�T�i�B�K�B�x�2�/
�7�Q�` �+�Q�/�2 �Q�`�i�?�Q�;�Q�M���H�B�i�v�X

�Ç ���K�T�H�B�i�m�/�2�@�T�?���b�2 �+�Q�/�2�b�, �i�?�2�b�2 �+�Q�/�2�b ���`�2 �T���`���K�2�i�2�`�B�x�2�/ �#�v �i�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2
�b�Q�m�`�+�2�-a(s; b)�- ���M�/ �� �T�?���b�2 �7�m�M�+�i�B�Q�M�-� (s; b; ! )�- �b�m�+�? �i�?���i

 (s; b; ! ) = a(s; b)ej� (s; b; ! ) :

���H�H �i�?�2 �+�Q�/�2�b �H�B�b�i�2�/ �#�2�H�Q�r ���`�2 �b�T�2�+�B���H �+���b�2�b �Q�7 �i�?�2 ���K�T�H�B�i�m�/�2�@�T�?���b�2 �+�Q�/�2�X

�Ç �6� �̀2�[�m�2�M�+�v �b�r�2�2�T �+�Q�/�2�b�, �� �b�T�2�+�B���H�B�x���i�B�Q�M �Q�7 ���K�T�H�B�i�m�/�2�@�T�?���b�2 �+�Q�/�2�b �r�?�2�`�2 �i�?�2
�B�M�b�i���M�i���M�2�Q�m�b �7�`�2�[�m�2�M�+�v �+�?���M�;�2�b ���+�+�Q�`�/�B�M�; �i�Q �� �T���i�i�2�`�M�X ���M �2�t���K�T�H�2 �Q�7 �i�?�B�b
�B�b �i�?�2 �i���T�2�`�2�/ �H�B�M�2���` �7�`�2�[�m�2�M�+�v �b�r�2�2�T �+�Q�/�2 �r�B�i�?

a(s; b) =

8
<

:

� 0 (s;b)
2�t

q
2�T sw (s;b)

! 2 (s;b) � ! 1 (s;b) ;
�B�7 �i�?�2 �b�?�Q�is �B�b �T�`�2�b�2�M�i �B�M
�#�H�2�M�/�2�/ �;���i�?�2�`b�-

0; �Q�i�?�2�`�r�B�b�2�-

� (s; b; ! ) = �
Tsw(s; b)

2
! 2 � ! 2

1(s; b)
! 2(s; b) � ! 1(s; b)

:

Tsw(s; b) �B�b �i�?�2 �b�r�2�2�T �H�2�M�;�i�?�-! 1(s; b) �B�b �i�?�2 �b�i���`�i�B�M�; �7�`�2�[�m�2�M�+�v�-! 2(s; b) �B�b �i�?�2
�2�M�/�B�M�; �7�`�2�[�m�2�M�+�v ���M�/� 0(s; b) �i�?�2 �b�Q�m�`�+�2 ���K�T�H�B�i�m�/�2 �(�J�2�m�M�B�2�`�- �k�y�R�R�)�X

�Ç �h�B�K�2 �/�2�H���v �+�Q�/�2�b�, �� �b�T�2�+�B���H�B�x���i�B�Q�M �Q�7 ���K�T�H�B�i�m�/�2�@�T�?���b�2 �+�Q�/�2�b�- �r�B�i�?

a(s; b) =

(
1; �B�7 �i�?�2 �b�?�Q�is �B�b �T�`�2�b�2�M�i �B�M �#�H�2�M�/�2�/ �;���i�?�2�`b�-
0; �Q�i�?�2�`�r�B�b�2;

� (s; b; ! ) = � !� d(s; b); �U�k�X�k�X�N�V

� d(s; b) �#�2�B�M�; �� �i�B�K�2 �/�2�H���v�X �h�?�B�b �+�Q�/�2 �b�?�B�7�i�b �i�`���+�2�b �B�M �i�B�K�2 �#�2�+���m�b�2 �T�?���b�2 �B�b
�T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �7�`�2�[�m�2�M�+�v�X

�Ç �_���M�/�Q�K �i�B�K�2 �/�2�H���v �+�Q�/�2�b�, �i�B�K�2 �/�2�H���v �+�Q�/�2�b �r�?�2�`�2� d(s; b) �B�b �`���M�/�Q�K�X



�k�X�k �"�H�2�M�/�B�M�; �k�d

�Ç ���T�T���`�B�i�B�Q�M �+�Q�/�2�b�, �i�B�K�2 �/�2�H���v �+�Q�/�2�b �r�?�2�`�2� d(s; b) �7�Q�H�H�Q�r�b �� �T���i�i�2�`�M �i�?���i ���H�i�2�`�@
�M���i�2�b �#�2�i�r�2�2�M �}�t�2�/ �/�2�H���v �p���H�m�2�b�X �h�?�2 �T�2�`�B�Q�/�B�+ �T���i�i�2�`�M �K�Q�/�m�H���i�2�b �i�?�2 �#�H�2�M�/�B�M�;
�M�Q�B�b�2 �b�m�+�? �i�?���i �T���`�i �Q�7 �B�i �+���M �#�2 �T�2�`�7�2�+�i�H�v �`�2�K�Q�p�2�/ �(�_�Q�#�2�`�i�b�b�Q�M �2�i ���H�X�- �k�y�R�e���)�X
���T�T���`�B�i�B�Q�M �+�Q�/�2�b ���`�2 ���H�b�Q �T�Q�b�b�B�#�H�2 �i�Q �B�K�T�H�2�K�2�M�i �m�b�B�M�; ���K�T�H�B�i�m�/�2 �K�Q�/�m�H���i�B�Q�M�X

�h�?�B�b �i�?�2�b�B�b �r�B�H�H �7�Q�+�m�b �K�Q�b�i�H�v �Q�M �`���M�/�Q�K �i�B�K�2 �/�2�H���v �+�Q�/�2�b�- �r�B�i�? �i�?�2 ���/�/�B�i�B�Q�M���H �+�Q�M�@
�b�i�`���B�M�i �i�?���i �2���+�? �b�?�Q�i �b�?�Q�m�H�/ �T���`�i�B�+�B�T���i�2 �B�M �Q�M�H�v �Q�M�2 �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�c �i�?�2�`�2�7�Q�`�2

X

b

a(s; b) = 1 ; 8s 2 S; �U�k�X�k�X�R�y�V

�F�2�2�T�B�M�; �B�M �K�B�M�/ �i�?���ia(s; b) 2 f 0; 1g �7�Q�` �T�m�`�2�H�v �/�2�H���v�@�#���b�2�/ �+�Q�/�2�b�X �h�?�B�b �2�t�i�`��
�+�Q�M�b�i�`���B�M�i �B�M �+�Q�/�2 �b�i�`�m�+�i�m�`�2 �r�B�H�H �#�2 �i�?�2�`�2 �i�Q �K���F�2 �#�H�2�M�/�B�M�; �+�Q�/�2�b �K�Q�`�2 �`�2���H�B�b�i�B�+�- ���b
�B�i �B�b �`���i�?�2�` �m�M�H�B�F�2�H�v �i�?���i �i�?�2 �b���K�2 �+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�` �r�B�H�H �#�2 ���+�[�m�B�`�2�/ �K�Q�`�2 �i�?���M
�Q�M�+�2 �b�Q �i�?���i �B�i �+���M �+�Q�M�i�`�B�#�m�i�2 �i�Q �K�Q�`�2 �i�?���M �Q�M�2 �#�H�2�M�/�2�/ �;���i�?�2�`�b�X �h�?�B�b �B�b �2�b�T�2�+�B���H�H�v
�i�`�m�2 �7�Q�` �K���`�B�M�2 ���+�[�m�B�b�B�i�B�Q�M�- �r�?�2�`�2 �i�?�2 �b�Q�m�`�+�2�b ���`�2 �B�M �+�Q�M�b�i���M�i �K�Q�i�B�Q�M�X

�"�H�2�M�/�B�M�;�- ���b �/�2�}�M�2�/ �B�M �2�[�m���i�B�Q�M �U�k�X�k�X�e�V �B�b �� �H�B�M�2���` �Q�T�2�`���i�B�Q�M �i�?���i �+���M �#�2 �B�K�T�H�2�K�2�M�i�2�/
���b �K�m�H�i�B�T�H�B�+���i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b �Q�7 �i�?�2 �m�M�#�H�2�M�/�2�/ �/���i�� �r�B�i�? �� �#�H�2�M�/�B�M�; �Q�T�2�`���i�Q�`
� (zs) �(�"�2�`�F�?�Q�m�i�- �k�y�y�3�)�- �i�?���i �?���b �i�?�2 �b���K�2 �7�Q�`�K ���b �� �/���i�� �+�m�#�2�X �l�b�B�M�; �i�?�2 �M�Q�i���i�B�Q�M
�7�Q�` �b�H�B�+�2�@�#�v�@�b�H�B�+�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M�-

P bl (zr ; zs) = P(zr ; zs)� (zs); �U�k�X�k�X�R�R�V

�r�B�i�? �b�H�B�+�2�b

P bl (zr ; zs; ! ) =
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pbl (r 1; 1; ! ) pbl (r 1; 2; ! ) � � � pbl (r 1; nbl ; ! )

pbl (r 2; 1; ! ) pbl (r 2; 2; ! )
�X�X�X

�X�X�X
�X�X�X

�X�X�X
pbl (r n r ; 1; ! ) � � � � � � pbl (r n r ; nbl ; ! )
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���M�/

� (zs; ! ) =
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 (s1; 1; ! )  (s1; 2; ! ) � � �  (s1; nbl ; ! )

 (s2; 1; ! )  (s2; 2; ! )
�X�X�X

�X�X�X
�X�X�X

�X�X�X
 (sn s ; 1; ! ) � � � � � �  (sn s ; nbl ; ! )
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7
7
7
7
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; �U�k�X�k�X�R�k�V

���M�v �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �/�2�#�H�2�M�/�B�M�; �T�`�Q�#�H�2�K �K�m�b�i �b���i�B�b�7�v �2�[�m���i�B�Q�M �U�k�X�k�X�R�R�V�X �h�?�2 �#�H�2�M�/�B�M�;
�Q�T�2�`���i�B�Q�M �7�Q�` �K�Q�M�Q�+�?�`�Q�K���i�B�+ �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b �B�b �/�2�T�B�+�i�2�/ �B�M �}�;�m�`�2 �k�X�j�- �7�Q�` �i�?�2 �+���b�2
�r�?�2�`�2 �2���+�? �#�H�2�M�/�2�/ �`�2�+�Q�`�/ �B�b �7�Q�`�K�2�/ �#�v �b�m�K�K�B�M�; �i�r�Q �m�M�#�H�2�M�/�2�/ �b�?�Q�i �`�2�+�Q�`�/�b�X

�6�Q�` �� �#�H�2�M�/�2�/ �/���i���b�2�i�- �r�2 �+���M �K���F�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �Q�#�b�2�`�p���i�B�Q�M�b �`�2�;���`�/�B�M�; �i�?�2 �+�Q�@
�?�2�`�2�M�+�v �Q�7 �b�2�B�b�K�B�+ �2�p�2�M�i�b �r�?�2�M �`���M�/�Q�K �i�B�K�2 �/�2�H���v �+�Q�/�2�b ���`�2 �m�b�2�/�,



�k�3 �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;
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P bl (zr ; zs ; ! ) P (zr ; zs ; ! ) � (zs ; ! )

�6�B�;�m�`�2 �k�X�j�,�a�+�?�2�K���i�B�+ � �̀2�T� �̀2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �Q�T�2� �̀��i�B�Q�M �7�Q�` �� �b�B�M�;�H�2 �K�Q�M�Q�+�?� �̀Q�K���i�B�+
�7� �̀2�[�m�2�M�+�v �b�H�B�+�2�X �a�B�t �+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�`�b ��� �̀2 �#�H�2�M�/�2�/ �i�Q �T� �̀Q�/�m�+�2 �i�?� �̀2�2 �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b�X
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�6�B�;�m�`�2 �k�X�9�,�h�r�Q �;���i�?�2�`�b �2�t�i� �̀��+�i�2�/ �7� �̀Q�K �� �#�H�2�M�/�2�/ �/���i���b�2�i�X ���V �� �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�- �#�V ��
�#�H�2�M�/�2�/ �+�Q�K�K�Q�M � �̀2�+�2�B�p�2�` �;���i�?�2�`�X �� �i�B�K�2 �/�2�H���v �+�Q�/�2 �r���b �m�b�2�/ �7�Q�` �#�H�2�M�/�B�M�;�X

�@ �A�M �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b �U�}�;�m�`�2 �k�X�9���V�- ���H�H �2�p�2�M�i�b ���`�2 �+�Q�?�2�`�2�M�i�X �h�?�B�b �?���T�T�2�M�b
�#�2�+���m�b�2 ���H�H �i�`���+�2�b �Q�7 �2���+�? �+�Q�M�i�`�B�#�m�i�B�M�; �m�M�#�H�2�M�/�2�/ �;���i�?�2�` �?���p�2 �#�2�2�M �b�?�B�7�i�2�/ �B�M
�i�B�K�2 �#�v �i�?�2 �b���K�2 ���K�Q�m�M�i�X

�@ �A�M �#�H�2�M�/�2�/ �+�Q�K�K�Q�M �`�2�+�2�B�p�2�` �;���i�?�2�`�b �U�}�;�m�`�2 �k�X�9�#�V�- �i�?�2�`�2 �B�b �M�Q �2�p�2�M�i �+�Q�?�2�`�2�M�+�v�X
�1�p�2�`�v �#�H�2�M�/�2�/ �i�`���+�2 �B�b �i�?�2 �b�m�K �Q�7 �i�`���+�2�b �`�2�H���i�2�/ �i�Q �/�B�z�2�`�2�M�i �b�Q�m�`�+�2�b�- �r�?�B�+�? �r�B�H�H
�#�2 ���b�b�B�;�M�2�/ �/�B�z�2�`�2�M�i �i�B�K�2 �b�?�B�7�i�b�- �B�M �;�2�M�2�`���H�X
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P ps (zr ; zs ; ! ) P bl (zr ; zs ; ! ) P (zr ; zs ; ! )

� (zs ; ! )H

� (zs ; ! )� (zs ; ! )H

�6�B�;�m�`�2 �k�X�8�,�a�+�?�2�K���i�B�+ � �̀2�T� �̀2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�; �Q�T�2� �̀��i�B�Q�M �7�Q�` �� �b�B�M�;�H�2
�K�Q�M�Q�+�?� �̀Q�K���i�B�+ �7� �̀2�[�m�2�M�+�v �b�H�B�+�2�X �h�?� �̀2�2 �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b �2�t�T���M�/ �B�M�i�Q �b�B�t �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/
�+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�`�b�X

�k�X�j �S�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�;

�S�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�; �B�b �i�?�2 ���/�D�Q�B�M�i �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �Q�T�2�`���i�B�Q�M�X �J���i�?�2�K���i�B�+���H�H�v�- �B�i �B�b
���H�b�Q �B�K�T�H�2�K�2�M�i�2�/ ���b �� �K���i�`�B�t�@�K���i�`�B�t �K�m�H�i�B�T�H�B�+���i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�v �b�H�B�+�2�b �Q�7 �i�?�2 �#�H�2�M�/�2�/
�/���i�� ���M�/ �i�?�2 �>�2�`�K�B�i�B���M �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �Q�T�2�`���i�Q�`�-

P ps(zr ; zs) = P bl (zr ; zs)� (zs)H

= P(zr ; zs)� (zs)� (zs)H : �U�k�X�j�X�R�j�V

�S�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�; �+���M �#�2 ���H�b�Q �p�B�2�r�2�/ ���b �� �i�r�Q�@�b�i�2�T �T�`�Q�+�2�b�b�X �h�?�2 �}�`�b�i �b�i�2�T �B�b �i�Q
�;�2�M�2�`���i�2 ���b �K���M�v �+�Q�T�B�2�b �Q�7 �� �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�` ���b �i�?�2 �M�m�K�#�2�` �Q�7 �b�Q�m�`�+�2�b �i�?���i
���`�2 �#�H�2�M�/�2�/ �B�M �B�i �U�}�;�m�`�2 �k�X�8�V�X �h�?�B�b �b�i�2�T �2�t�T���M�/�b �2���+�?(nr � nbl ) �7�`�2�[�m�2�M�+�v �b�H�B�+�2
�B�M�i�Q ��(nr � ns) �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �7�`�2�[�m�2�M�+�v �b�H�B�+�2�- �i�?���i �?���b �i�?�2 �b���K�2 �/�B�K�2�M�b�B�Q�M�b ���b
�m�M�#�H�2�M�/�2�/ �/���i���X �h�?�2 �b�2�+�Q�M�/ �b�i�2�T �B�b �/�2�+�Q�/�B�M�;�- �B�M �r�?�B�+�? �2�p�2�`�v �+�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�`
�B�b �K�m�H�i�B�T�H�B�2�/ �r�B�i�? �i�?�2 �+�Q�K�T�H�2�t �+�Q�M�D�m�;���i�2 �Q�7 �i�?�2 �+�Q�/�B�M�; �b�B�;�M���H ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2
�b�Q�m�`�+�2�X

�a�2�p�2�`���H �m�b�2�7�m�H �`�2�K���`�F�b �+���M �#�2 �K���/�2 ���#�Q�m�i �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �+�?�Q�b�2�M �+�Q�/�2�- �#�v
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�k�X�9 �.�2�#�H�2�M�/�B�M�; ���b ���M �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K �j�j

g1 = [ � 1; � 1; � 1; � 1; � 1; � 1; � 1; +1 ; � 1; � 1; � 1; +1 ; +1 ; � 1; +1 ; +1 ;

� 1; � 1; � 1; � 1; +1 ; +1 ; � 1; � 1; +1 ; +1 ; +1 ; � 1; � 1; +1 ; +1] T ;

g2 = [ + 1 ; +1 ; � 1; � 1; � 1; +1 ; +1 ; +1 ; +1 ; +1 ; +1 ; +1 ; � 1; � 1; � 1; +1 ;

� 1; � 1; � 1; +1 ; +1 ; +1 ; +1 ; � 1; � 1; � 1; +1 ; � 1; +1 ; � 1; � 1]T :

�a�m�+�? �+�Q�/�2�b ���`�2 �+�Q�K�K�Q�M�H�v �m�b�2�/ �B�M �i�2�H�2�+�Q�K�K�m�M�B�+���i�B�Q�M�b �i�Q �/�B�b�i�B�M�;�m�B�b�? �i�?�2 �i�`���M�b�K�B�b�@
�b�B�Q�M�b �Q�7 �B�M�/�B�p�B�/�m���H �m�b�2�`�b �#�`�Q���/�+���b�i�B�M�; �Q�M �i�?�2 �b���K�2 �+�?���M�M�2�H �(�_���Q ���M�/ �.�B���M���i�- �k�y�y�8�)�X
�>�2�`�2 �#�H�2�M�/�B�M�; �r�B�H�H �#�2 �/�Q�M�2 �B�M �� �/�B�z�2�`�2�M�i �K���M�M�2�` �i�?���M �r�?���i �?���b �#�2�2�M �/�2�b�+�`�B�#�2�/ �b�Q
�7���` �B�M �i�?�B�b �+�?���T�i�2�`�X �A�M �i�?�B�b �+���b�2 �B�i �B�b �2���b�B�2�` �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �#�H�2�M�/�B�M�; �T�`�Q�+�2�b�b �B�M �i�2�`�K�b
�Q�7 �2���+�? �B�M�/�B�p�B�/�m���H �b���K�T�H�2�- �`���i�?�2�` �i�?���M �7�Q�` �i�?�2 �/���i�� �+�m�#�2 ���b �� �r�?�Q�H�2�X �"�H�2�M�/�B�M�; �i�r�Q
�b���K�T�H�2�bp(r ; s1; t) ���M�/p(r ; s2; t) �v�B�2�H�/�b �� �p�2�+�i�Q�` �Q�7 �b���K�T�H�2�b

pbl (r ; b; t) = p(r ; s1; t)g1 + p(r ; s2; t)g2:

�S�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�; �� �b���K�T�H�2 �+���M �#�2 �/�Q�M�2 �#�v �+���H�+�m�H���i�B�M�; ���M �B�M�M�2�` �T�`�Q�/�m�+�i �Q�7 �i�?�2
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �:�Q�H�/ �+�Q�/�2 ���M�/ �i�?�2 �#�H�2�M�/�2�/ �p�2�+�i�Q�` �Q�7 �b���K�T�H�2�b

pps(r ; s1; t) = gT
1 pbl (r ; b; t) = p(r ; s1; t)gT

1 g1 + p(r ; s2; t)gT
1 g2:

�a�+���H�B�M�; �i�?�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �b���K�T�H�2 �#�v1=gT
1 g1 �v�B�2�H�/�b

1
gT

1 g1
pps(r ; s1; t) = p(r ; s1; t) + p(r ; s2; t)

gT
1 g2

gT
1 g1

:

�A�i �B�b �2���b�v �i�Q �p�2�`�B�7�v �i�?���igT
1 g2=gT

1 g1 = 1=31�- �i�?�2�`�2�7�Q�`�2 �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �r�B�H�H �#�2
���i�i�2�M�m���i�2�/ �#�v �� �7���+�i�Q�` �Q�731�- �b�B�K�T�H�v �#�v ���T�T�H�v�B�M�; �i�?�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�; �Q�T�2�`���i�B�Q�M
�U�}�;�m�`�2�b �k�X�d���@�+�V�X �.�2�T�2�M�/�B�M�; �Q�M �i�?�2 ���K�Q�m�M�i �Q�7 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �i�?���i �+���M �#�2 �i�Q�H�2�`���i�2�/ �7�Q�`
�i�?�2 �M�2�t�i �b�i���;�2�b �Q�7 �T�`�Q�+�2�b�b�B�M�;�- �i�?�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �/���i�� �K���v �M�Q�i �M�2�2�/ ���M�v �7�m�`�i�?�2�`
�/�2�#�H�2�M�/�B�M�;�X �h�?�B�b �r���b �� �i�Q�v �2�t���K�T�H�2�- �#�m�i �B�i �/�2�K�Q�M�b�i�`���i�2�b �i�?�2 �B�K�T�Q�`�i���M�i �2�z�2�+�i �i�?���i
�i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 �+���M �?���p�2 �Q�M �i�?�2 �/�2�#�H�2�M�/�B�M�; �2�z�Q�`�i�X

�k�X�9 �.�2�#�H�2�M�/�B�M�; ���b ���M �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K

�A�M �i�?�2 �B�/�2���H �b�B�i�m���i�B�Q�M�- �� �/�2�#�H�2�M�/�2�/ �/���i�� �+�m�#�2P debl (zr ; zs) �b�?�Q�m�H�/ �b���i�B�b�7�v �i�?�2 �#�H�2�M�/�B�M�;
�2�[�m���i�B�Q�M �U�k�X�k�X�R�R�V�- �i�?�2�`�2�7�Q�`�2

P bl (zr ; zs) = P debl (zr ; zs)� (zs) �U�k�X�9�X�k�k�V

�b�?�Q�m�H�/ �?�Q�H�/�X �a�Q�H�p�B�M�; �7�Q�` �i�?�2 �/�2�#�H�2�M�/�2�/ �/���i�� �+�m�#�2 �B�b �m�b�m���H�H�v �+���b�i�2�/ ���b ���M �Q�T�i�B�K�B�x���i�B�Q�M
�T�`�Q�#�H�2�K �Q�7 �i�?�2 �;�2�M�2�`���H �7�Q�`�K

P debl (zr ; zs) = arg min
P (zr ; zs )

f dist (P bl (zr ; zs); P(zr ; zs)� (zs))g ; �U�k�X�9�X�k�j�V



�j�9 �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;
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�6�B�;�m�`�2 �k�X�d�,�*�Q�K�T���`�B�b�Q�M �Q�7 �m�M�#�H�2�M�/�2�/ ���M�/ �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �/���i�� �U�m�b�B�M�; �:�Q�H�/ �+�Q�/�2�b �7�Q�`
�#�H�2�M�/�B�M�;�V�X �*�Q�K�K�Q�M �b�?�Q�i �;���i�?�2�` �Q�7 ���V �i�?�2 �U�b�+���H�2�/�V �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �/���i���- �#�V �i�?�2 �m�M�#�H�2�M�/�2�/
�/���i���- �+�V �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2�X

�r�?�2�`�2dist ( �; �) �B�b �� �+�?�Q�b�2�M �/�B�b�i���M�+�2 �7�m�M�+�i�B�Q�M�X �h�?�2 �K���B�M �/�B�{�+�m�H�i�v �Q�7 �b�Q�H�p�B�M�; �U�k�X�9�X�k�j�V
�B�b �i�?���i �i�?�2 �b�Q�H�m�i�B�Q�M �B�b �M�Q�M�@�m�M�B�[�m�2 �r�?�2�Mnbl < n s �X �q�2 �+���M ���b�b�Q�+�B���i�2 �� �M�m�H�H �b�T���+�2 �r�B�i�?
�i�?�2 �#�H�2�M�/�B�M�; �Q�T�2�`���i�B�Q�M�- �B�X�2�X �i�?�2 �b�2�i

N (� (zs)) = f P null (zr ; zs) : P null (zr ; zs)� (zs) = 0n r � n bl � n t g; �U�k�X�9�X�k�9�V

�r�?�2�`�20n r � n bl � n t �B�b ��(nr � nbl � nt ) �/���i�� �+�m�#�2 �Q�7 �x�2�`�Q�b�X �A�7nbl = ns ���M�/ �2���+�?
�7�`�2�[�m�2�M�+�v �b�H�B�+�2 �Q�7� (zs) �B�b �7�m�H�H �`���M�F�-P null (zr ; zs) = 0n r � n bl � n t ���M�/ �i�?�2�`�2 �B�b �� �m�M�B�[�m�2
�b�Q�H�m�i�B�Q�M�X �A�M �i�?�B�b �?�v�T�Q�i�?�2�i�B�+���H �b�+�2�M���`�B�Q �2���+�? �7�`�2�[�m�2�M�+�v �b�H�B�+�2 �Q�7� (zs) �B�b �B�M�p�2�`�i�B�#�H�2 ���M�/
�/�2�#�H�2�M�/�B�M�; ���K�Q�m�M�i�b �i�Q ���T�T�H�v�B�M�; �i�?�2 �B�M�p�2�`�b�2 �i�Q �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �7�`�2�[�m�2�M�+�v �b�H�B�+�2 �Q�7
�i�?�2 �#�H�2�M�/�2�/ �/���i���X �6�Q�` �� �`�2���H�B�b�i�B�+ �#�H�2�M�/�2�/ ���+�[�m�B�b�B�i�B�Q�M�- �?�Q�r�2�p�2�`�- �r�?���i �r�Q�m�H�/ �?���p�2 �#�2�2�M
�i�r�Q �Q�` �K�Q�`�2 �B�M�/�2�T�2�M�/�2�M�i �b�?�Q�i �;���i�?�2�`�b �B�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �m�M�#�H�2�M�/�2�/ ���+�[�m�B�b�B�i�B�Q�M�-
�+�Q�M�i�`���+�i �B�M�i�Q �Q�M�2 �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�X �h�?�2�`�2�7�Q�`�2�- �7�Q�` �}�2�H�/ �#�H�2�M�/�B�M�;�-nbl < n s �X �h�?�B�b
�B�K�T�H�B�2�b �i�?���i �i�?�2�`�2 �2�t�B�b�i �B�M�}�M�B�i�2 �M�Q�M�x�2�`�Q �/���i�� �+�m�#�2�bP null (zr ; zs) 2 N (� (zs)) �7�Q�`
�r�?�B�+�?P debl (zr ; zs) + P null (zr ; zs) �B�b �� �p���H�B�/ �b�Q�H�m�i�B�Q�M �i�Q �U�k�X�9�X�k�j�V�- �B�7P debl (zr ; zs) �B�b
���H�b�Q �� �p���H�B�/ �b�Q�H�m�i�B�Q�M�X �A�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �i�?���i�- �7�Q�` �T�?���b�2�@�Q�M�H�v �+�Q�/�2�b �r�?�2�`�2 �2���+�? �b�Q�m�`�+�2
�T���`�i�B�+�B�T���i�2�b �B�M �Q�M�H�v �Q�M�2 �#�H�2�M�/�2�/ �;���i�?�2�`�- �� �b�+���H�2�/ �p�2�`�b�B�Q�M �Q�7P ps(zr ; zs)�- �B�b �T���`�i �Q�7
�i�?�2 �b�Q�H�m�i�B�Q�M �b�2�i ���b �r�2�H�H �(�J���?�/���/ �2�i ���H�X�- �k�y�R�R�)�X

�h�?�2 �T�m�`�T�Q�b�2 �Q�7 �/�2�#�H�2�M�/�B�M�; �B�b �i�Q �`�2�+�Q�p�2�`P debl (zr ; zs) = P ideal (zr ; zs)�XP ideal (zr ; zs)
�B�b �i�?�2 �õ�;�`�Q�m�M�/ �i�`�m�i�?�ö�- �Q�`�- �B�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �/���i�� �i�?���i �r�Q�m�H�/ �?���p�2 �#�2�2�M �`�2�+�Q�`�/�2�/ �B�M
�i�?�2 �B�/�2���H �+���b�2 �Q�7 �M�Q �#�H�2�M�/�B�M�;�X �*�H�2���`�H�v�- �r�?�2�Mnbl < n s �- �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �#�H�2�M�/�2�/ �/���i��
���M�/ �i�?�2 �#�H�2�M�/�B�M�; �+�Q�/�2 ���H�Q�M�2 �/�Q�2�b �M�Q�i �b�m�{�+�2 �i�Q �;�m���`���M�i�2�2 �`�2�+�Q�p�2�`�v �Q�7P ideal (zr ; zs)�X



�k�X�9 �.�2�#�H�2�M�/�B�M�; ���b ���M �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K �j�8

�_�2�b�i�`�B�+�i�B�M�; �i�?�2 �b�2�i �Q�7 �b�Q�H�m�i�B�Q�M�b �+���M �#�2 �/�Q�M�2 �#�v ���/�/�B�M�; �+�Q�M�b�i�`���B�M�i�b �i�Q �U�k�X�9�X�k�j�V�- ���M�/�f�Q�`
�#�v �m�b�B�M�; �b�Q�K�2 �7�Q�`�K �Q�7 �`�2�;�m�H���`�B�x���i�B�Q�M�X �h�?�B�b �B�b �� �r���v �i�Q �#�`�B�M�; ���/�/�B�i�B�Q�M���H �B�M�7�Q�`�K���i�B�Q�M
�B�M�i�Q �i�?�2 �T�`�Q�#�H�2�K�- �i�?���i �?�Q�T�2�7�m�H�H�v �b�i�2�2�`�b �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �� �b�Q�H�m�i�B�Q�M �i�?���i �+�Q�M�i���B�M�b
�K�B�M�B�K���H �#�H�2�M�/�B�M�; �M�Q�B�b�2 �H�2���F���;�2�X �q�?���i �b�2�T���`���i�2�b �i�?�2 �/�B�z�2�`�2�M�i �B�M�p�2�`�b�B�Q�M�@�#���b�2�/ �K�2�i�?�@
�Q�/�b �B�b �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2 �7�m�M�+�i�B�Q�M ���M�/ �i�?�2 �2�t�i�`�� �+�Q�M�b�i�`���B�M�i�b �Q�` �`�2�;�m�H���`�B�x���i�B�Q�M
�i�2�`�K�b �i�?�2�v �B�M�i�`�Q�/�m�+�2 �B�M�i�Q �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�X

�6�Q�` �M�m�K�2�`�B�+���H �#�H�2�M�/�B�M�; �2�t�T�2�`�B�K�2�M�i�b�-P̂ ideal (zr ; zs) �B�b �F�M�Q�r�M �#�2�7�Q�`�2�?���M�/�- �r�?�B�+�? �K���F�2�b
�B�i �T�Q�b�b�B�#�H�2 �i�Q �[�m���M�i�B�7�v �i�?�2 �[�m���H�B�i�v �Q�7 �i�?�2 �/�2�#�H�2�M�/�2�/ �`�2�b�m�H�i�X �6�Q�` �i�?�B�b �T�m�`�T�Q�b�2�- �A ���/�Q�T�i
�i�?�2 �K�2�i�`�B�+

QdB = 10 log10
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�j�e �6�Q�`�K�m�H���i�B�Q�M �Q�7 �#�H�2�M�/�B�M�; ���M�/ �/�2�#�H�2�M�/�B�M�;



�j

�6�Q�+���H �/�2�#�H�2�M�/�B�M�;

���M �B�M�i�2�;�`���H �T���`�i �Q�7 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �B�b �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�X �h�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K
�m�b�2�b ���M ���T�T�`�Q�t�B�K���i�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H �Q�7 �i�?�2 �b�m�#�b�m�`�7���+�2 ���M�/ �r���p�2�}�2�H�/ �`�2�/���i�m�K�B�M�;
�i�Q �i�`���M�b�7�Q�`�K �� �/���i���b�2�i �`�2�+�Q�`�/�2�/ ���i �i�?�2 �b�m�`�7���+�2 �B�M�i�Q �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �/���i���b�2�i�b ���T�T�`�Q�t�B�@
�K���i�2�H�v �7�Q�+�m�b�2�/ ���i �+�?�Q�b�2�M �/�2�T�i�? �H�2�p�2�H�b�X �h�?�2 �7�Q�+�m�b�B�M�; �Q�T�2�`���i�B�Q�M ���H�H�Q�r�b �m�b �i�Q �B�K�T�H�B�+�B�i�H�v
�i���F�2 ���/�p���M�i���;�2 �Q�7 �i�?�2 �+�Q�?�2�`�2�M�+�v �Q�7 �i�?�2 �b�B�;�M���H �i�Q �#�2 �2�t�i�`���+�i�2�/ ���M�/�- �r�B�i�? �i�?�2 �?�2�H�T �Q�7
�� �b�T���`�b�B�i�v�@�T�`�Q�K�Q�i�B�M�; �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�- �/�B�b�+�`�B�K�B�M���i�2 ���;���B�M�b�i �B�M�+�Q�?�2�`�2�M�i �#�H�2�M�/�B�M�;
�M�Q�B�b�2�X �h�?�2 �7�Q�+�m�b�B�M�; �T�`�Q�+�2�b�b �B�b �#���b�2�/ �Q�M ���M �L�J�P �p�2�H�Q�+�B�i�v �K�Q�/�2�H�X

�A�M �i�?�B�b �+�?���T�i�2�` �i�r�Q �p���`�B���M�i�b �Q�7 �i�?�2 �i�`���M�b�7�Q�`�K ���`�2 �2�t���K�B�M�2�/�X �h�?�2 �}�`�b�i �B�b �i�?�2 �/�Q�m�#�H�2
�7�Q�+���H �i�`���M�b�7�Q�`�K�- �B�M �r�?�B�+�? �b�+���i�i�2�`�B�M�; ���M�/ �T�`�Q�T���;���i�B�Q�M ���`�2 �b�2�T���`���i�2�/�X �"�2�`�F�?�Q�m�i ���M�/
�o�2�`�b�+�?�m�m�` �(�k�y�R�y�) �m�b�2�/ �i�?�B�b �p�2�`�b�B�Q�M �Q�7 �i�?�2 �i�`���M�b�7�Q�`�K �7�Q�` �/���i�� �/�2�M�Q�B�b�B�M�;�X �E�m�i�b�+�?��
���M�/ �o�2�`�b�+�?�m�m�` �(�k�y�R�k�) �H���i�2�` �T���B�`�2�/ �B�i �r�B�i�? �T���`�b�B�K�Q�M�B�Q�m�b �Q�T�i�B�K�B�x���i�B�Q�M �7�Q�` �b�2�B�b�K�B�+ �/���i��
�B�M�i�2�`�T�Q�H���i�B�Q�M�X �h�?�2 �b�B�M�;�H�2�@�b�B�/�2�/ �7�Q�+���H �i�`���M�b�7�Q�`�K �B�b �i�?�2 �b�2�+�Q�M�/ �p���`�B���M�i�X �A�i �m�b�2�b �i�r�Q�@
�r���v �Q�T�2�`���i�Q�`�b �i�?���i �+�Q�K�#�B�M�2 �#�Q�i�? �b�+���i�i�2�`�B�M�; ���M�/ �T�`�Q�T���;���i�B�Q�M�X �A�i �B�b �#���b�2�/ �Q�M ���M
�2���`�H�B�2�` �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �#�v �"�2�`�F�?�Q�m�i ���M�/ �o�2�`�b�+�?�m�m�` �(�k�y�y�e�) �m�b�2�/ �7�Q�`
�/�2�M�Q�B�b�B�M�; �T�`�2�b�i���+�F �/���i���X

�"�Q�i�? �p���`�B���M�i�b �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K ���`�2 �+�Q�M�+�2�T�i�m���H�H�v �H�B�M�F�2�/ �i�Q �� �b�B�K�T�H�B�}�2�/ �p�2�`�@
�b�B�Q�M �Q�7 �q�_�q�R �K�Q�/�2�H�B�M�;�- �+�Q�K�K�Q�M�H�v �m�b�2�/ �7�Q�` �B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �/�2�K�B�;�`���i�B�Q�M �b�i�2�T �B�M
�H�2���b�i�@�b�[�m���`�2�b �T�`�2�b�i���+�F �/�2�T�i�? �K�B�;�`���i�B�Q�M�X �A�M �i�?�2 �}�`�b�i �T���`�i �Q�7 �i�?�B�b �+�?���T�i�2�` �i�?�2 �i�r�Q �p���`�B�@
���M�i�b �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K ���`�2 �/�2�`�B�p�2�/ �7�`�Q�K ���+�Q�m�b�i�B�+ �q�_�q �K�Q�/�2�H�B�M�; �Q�7 �T�`�B�K���`�B�2�b�X
�.�2�#�H�2�M�/�B�M�; �r�B�H�H �2�M�i�2�` �i�?�2 �T�B�+�i�m�`�2 ���;���B�M �B�M �i�?�2 �H���b�i �T���`�i �Q�7 �i�?�B�b �+�?���T�i�2�`�X

�R�h�?�2 �M���K�2 �q�_�q �K�Q�/�2�H�B�M�; �b�i�2�K�b �7�`�Q�K �i�?�2 �7���+�i �i�?���i �b�2�B�b�K�B�+ �/���i�� �B�b �K�Q�/�2�H�2�/ �#�v �� �+�Q�K�T�Q�b�B�i�B�Q�M
�Q�7 �T�`�Q�T���;���i�B�Q�M ���M�/ �`�2�~�2�+�i�B�Q�M �Q�T�2�`���i�Q�`�b�- �i�?�2 �7�Q�`�K�2�` �m�b�m���H�H�v �/�2�M�Q�i�2�/ �#�v �b�Q�K�2 �p���`�B���M�i �Q�7 �i�?�2 �H�2�i�i�2�`
W ���M�/ �i�?�2 �H���i�i�2�` �#�v �� �p���`�B���M�i �Q�7R�X �h�?�2 �T�`�Q�+�2�b�b �B�b �/�B�b�+�m�b�b�2�/ �H���i�2�` �B�M �i�?�2 �+�?���T�i�2�`�X



�j�3 �6�Q�+���H �/�2�#�H�2�M�/�B�M�;

�j�X�R �q�_�q �K�Q�/�2�H�B�M�;

�h�?�2 �q�_�q �K�Q�/�2�H�B�M�; �i�?���i �r�B�H�H �#�2 �/�B�b�+�m�b�b�2�/ �?�2�`�2 �B�b �#���b�2�/ �Q�M �r���p�2�}�2�H�/ �2�t�i�`���T�Q�H���i�B�Q�M
�m�b�B�M�; �i�?�2 �_���v�H�2�B�;�? �A�A �B�M�i�2�;�`���H �(�"�2�`�F�?�Q�m�i�- �R�N�3�k�)�X �h�?�2 �#���b�B�+ �+�Q�M�+�2�T�i �#�2�?�B�M�/ �i�?�B�b
�7�Q�`�K �Q�7 �K�Q�/�2�H�B�M�; �B�b �i�Q �b�2�T���`���i�2�H�v �?���M�/�H�2 �T�`�Q�T���;���i�B�Q�M ���M�/ �b�+���i�i�2�`�B�M�;�X �h�?�B�b �K���F�2�b
�B�i �/�B�z�2�`�2�M�i �7�`�Q�K �Q�i�?�2�` �T�Q�T�m�H���` �K�Q�/�2�H�B�M�; �b�i�`���i�2�;�B�2�b �i�?���i �/�Q �M�Q�i �/�2�+�Q�m�T�H�2 �b�+���i�i�2�`�B�M�;
���M�/ �T�`�Q�T���;���i�B�Q�M�- �b�m�+�? ���b �}�M�B�i�2 �/�B�z�2�`�2�M�+�2�f�}�M�B�i�2 �2�H�2�K�2�M�i �K�2�i�?�Q�/�b �r�Q�`�F�B�M�; �/�B�`�2�+�i�H�v
�r�B�i�? �i�?�2 �r���p�2 �2�[�m���i�B�Q�M �U�b�2�2 �2�X�;�X �E�2�H�H�v �2�i ���H�X �(�R�N�d�e�)�V�X �.�2�+�Q�m�T�H�B�M�; �b�+���i�i�2�`�B�M�; ���M�/
�T�`�Q�T���;���i�B�Q�M ���H�H�Q�r�b �m�b �i�Q �T���`���K�2�i�2�`�B�x�2 �K�Q�/�2�H�B�M�; �B�M �i�2�`�K�b �Q�7 �� �`�2�~�2�+�i�B�p�B�i�v �K�Q�/�2�H �U�7�Q�`
�i�?�2 �b�+���i�i�2�`�B�M�; �T���`�i�V ���M�/ �� �p�2�H�Q�+�B�i�v �K�Q�/�2�H �U�7�Q�` �i�?�2 �T�`�Q�T���;���i�B�Q�M �T���`�i�V�X

�A ���b�b�m�K�2 �i�?���i �� �p�2�H�Q�+�B�i�v �K�Q�/�2�H �B�b ���p���B�H���#�H�2 ���b �� �T�`�B�Q�`�B �F�M�Q�r�H�2�/�;�2 ���M�/ �}�`�b�i �+�Q�M�b�B�/�2�`
�i�?�2 �b�B�K�T�H�2�b�i �+���b�2�- �r�?�B�+�? �B�b �K�Q�/�2�H�B�M�; �� �b�B�M�;�H�2 �`�2�~�2�+�i�B�Q�M �2�p�2�M�i�X �� �b�2�B�b�K�B�+ �b�Q�m�`�+�2�- �Q�`
���`�`���v �Q�7 �b�Q�m�`�+�2�b�- �H�Q�+���i�2�/ ���i �i�?�2 �b�m�`�7���+�2z = z0�- �;�2�M�2�`���i�2�b �� �r���p�2�}�2�H�/�- �m�b�B�M�; �� �F�M�Q�r�M
�r���p�2�H�2�i�X �h�?�B�b �r���p�2�}�2�H�/ �T�`�Q�T���;���i�2�b �/�Q�r�M�r���`�/�b �m�M�i�B�H �B�i �`�2���+�?�2�b �i�?�2 �T�H���M�2z = zm �-
�r�?�B�+�? �+�Q�M�i���B�M�b �b�Q�K�2 �b�+���i�2�`�`�2�`�b�X �� �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �r���p�2�}�2�H�/ �B�b �i�?�2�M �b�+���i�i�2�`�2�/ ���M�/
�b�i���`�i�b �T�`�Q�T���;���i�B�M�; �m�T�r���`�/�b�X �q�?�2�M �B�i �`�2���+�?�2�b �i�?�2 �b�m�`�7���+�2 �B�i �B�b �`�2�+�Q�`�/�2�/ �2�B�i�?�2�` �#�v
�B�M�/�B�p�B�/�m���H �`�2�+�2�B�p�2�`�b�- �Q�` �#�v �`�2�+�2�B�p�2�` ���`�`���v�b�X �h�?�2 �b�Q�m�`�+�2 �i�?�2�M �K�Q�p�2�b �i�Q �� �/�B�z�2�`�2�M�i
�H�Q�+���i�B�Q�M ���M�/ �i�?�2 �b���K�2 �T�`�Q�+�2�/�m�`�2 �B�b �`�2�T�2���i�2�/�X �h�Q�r���`�/�b �i�?�2 �2�M�/ �Q�7 �i�?�B�b �b�2�+�i�B�Q�M �i�?�B�b
�b�B�K�T�H�2 �K�Q�/�2�H �r�B�H�H �#�2 �2�t�T���M�/�2�/ �i�Q �;�2�M�2�`���i�2 �T�`�B�K���`�v �`�2�~�2�+�i�B�Q�M �2�p�2�M�i�b �7�Q�` �K�Q�`�2 �i�?���M
�Q�M�2 �/�2�T�i�? �H�2�p�2�H�X

�h�?�B�b �K�Q�/�2�H�B�M�; �b�+�?�2�K�2 �+�Q�m�H�/ �#�2 �7�m�`�i�?�2�` �2�t�i�2�M�/�2�/ �i�Q �B�M�+�H�m�/�2 ���H�H �Q�`�/�2�`�b �Q�7 �b�m�`�7���+�2�@
�`�2�H���i�2�/ ���M�/ �B�M�i�2�`�M���H �K�m�H�i�B�T�H�2 �b�+���i�i�2�`�B�M�; �(�"�2�`�F�?�Q�m�i�- �k�y�R�9�c �.���p�v�/�2�M�F�Q ���M�/ �o�2�`�b�+�?�m�m�`�-
�k�y�R�3�)�X �A�i �+���M ���H�b�Q �#�2 �2�t�i�2�M�/�2�/ �i�Q �?���M�/�H�2 �2�H���b�i�B�+ �K�Q�/�2�H�b �(�q���T�2�M�����`�- �R�N�3�9�) ���M�/
���M�B�b�Q�i�`�Q�T�v �(���H�b�?�m�?���B�H �2�i ���H�X�- �k�y�R�9�)�- �2���+�? �2�t�i�2�M�b�B�Q�M �K���F�B�M�; �i�?�2 �K�Q�/�2�H�2�/ �r���p�2�}�2�H�/
�K�Q�`�2 �`�2���H�B�b�i�B�+�X �h�?�2�b�2 �K�Q�`�2 ���/�p���M�+�2�/ �7�2���i�m�`�2�b �+���M �#�2 �B�K�T�Q�`�i���M�i �7�Q�` �T�`�Q�+�2�b�b�2�b �b�m�+�?
���b �K�B�;�`���i�B�Q�M ���M�/ �p�2�H�Q�+�B�i�v �K�Q�/�2�H �B�M�p�2�`�b�B�Q�M�- �#�m�i �i�?�2 �b�B�K�T�H�2�- �T�`�B�K���`�v�@�Q�M�H�v �p�2�`�b�B�Q�M �7�Q�`
���+�Q�m�b�i�B�+ �K�2�/�B�� �r�B�H�H �b�m�{�+�2 �7�Q�` �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�X �h�?�2�`�2�7�Q�`�2�- �b�m�+�? �7�m�`�i�?�2�` �2�t�i�2�M�b�B�Q�M�b
�r�B�H�H �M�Q�i �#�2 �/�B�b�+�m�b�b�2�/�X

�h�?�2 �b�B�M�;�H�2�@�`�2�~�2�+�i�Q�` �K�Q�/�2�H�B�M�; �b�+�2�M���`�B�Q �/�2�b�+�`�B�#�2�/ ���#�Q�p�2 �B�b �+�Q�K�T�`�B�b�2�/ �Q�7 �}�p�2 �b�i�2�T�b�,

�(�R�)�q���p�2�}�2�H�/ �;�2�M�2�`���i�B�Q�M

�(�k�)�.�Q�r�M�r���`�/ �2�t�i�`���T�Q�H���i�B�Q�M

�(�j�)�_�2�~�2�+�i�B�Q�M

�(�9�)�l�T�r���`�/ �2�t�i�`���T�Q�H���i�B�Q�M

�(�8�)�q���p�2�}�2�H�/ �/�2�i�2�+�i�B�Q�M�f�`�2�+�Q�`�/�B�M�;

�q�2 �r�B�H�H �M�Q�r �2�t�T�H�Q�`�2 �2���+�? �Q�7 �i�?�2�b�2 �b�i�2�T�b �B�M �K�Q�`�2 �/�2�i���B�H�X



�j�X�R �q�_�q �K�Q�/�2�H�B�M�; �j�N

�j�X�R�X�R �a�i�2�T �R�, �q���p�2�}�2�H�/ �;�2�M�2�`���i�B�Q�M

�6�Q�` �i�?�2 �r���p�2�}�2�H�/ �;�2�M�2�`���i�B�Q�M �b�i�2�T �A �/�2�}�M�2 �i�?�2 �b�2�i �Q�7 �b�Q�m�`�+�2 �H�Q�+���i�B�Q�M�bS = f s1; s2; : : : ;
sn s g�X ���H�H �i�?�2�b�2 �b�Q�m�`�+�2�b �H�B�2 �Q�M �i�?�2 �b�m�`�7���+�2�- �B�X�2�Xsi = ( xs i ; ys i ; z0)�X �6�Q�` �T�Q�B�M�i �b�Q�m�`�+�2�b�-
�2���+�?si �`�2�T�`�2�b�2�M�i�b �� �T�?�v�b�B�+���H �b�Q�m�`�+�2 �H�Q�+���i�B�Q�M�X �6�Q�` �b�Q�m�`�+�2 ���`�`���v�bsi �B�b ���M �ó�2�z�2�+�i�B�p�2�ô
�H�Q�+���i�B�Q�M �Q�7 �i�?�2 �b�Q�m�`�+�2 ���`�`���v�- �m�b�m���H�H�v �i���F�2�M �i�Q �#�2 �B�i�b �K�B�/�T�Q�B�M�i�X �h�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i
���H�H �b�Q�m�`�+�2�b ���`�2 �H�Q�+���i�2�/ ���i �i�?�2 �b�m�`�7���+�2 �B�b �� �+�Q�M�p�2�M�i�B�Q�M�- �+�?�Q�b�2�M �7�Q�` �+�Q�M�p�2�M�B�2�M�+�2�X �q�2
�+�Q�m�H�/ �b�m�#�b�i�B�i�m�i�2 �i�?�2 �b�m�`�7���+�2 �r�B�i�? �� �/�B�z�2�`�2�M�i �/���i�m�K �B�7 �i�?���i �r�2�`�2 �K�Q�`�2 �+�Q�M�p�2�M�B�2�M�i�X
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�� �M�m�K�#�2�` �Q�7 ���T�T�`�Q���+�?�2�b�- �b�m�+�? ���b �`���v�i�`���+�B�M�; �(�Ì�2�`�p�2�M�w ���M�/ �>�`�Q�M�- �R�N�3�y�)�- �:���m�b�b�B���M
�#�2���K�b �(�Ì�2�`�p�2�M�w �2�i ���H�X�- �R�N�3�k�) ���M�/ �}�M�B�i�2�@�/�B�z�2�`�2�M�+�2�b �(�E�2�H�H�v �2�i ���H�X�- �R�N�d�e�c �P�T�2�`�i�Q �2�i ���H�X�-
�k�y�y�d�) �7�Q�` �� �b�K�Q�Q�i�? �p�2�`�b�B�Q�M �Q�7 �i�?�2 �B�M�?�Q�K�Q�;�2�M�2�Q�m�b �K�2�/�B�m�K�X �6�Q�` �H���i�2�`���H�H�v �B�M�p���`�B���M�i �Q�`
�b�K�Q�Q�i�?�H�v �p���`�v�B�M�; �K�2�/�B���- �� �+�Q�M�p�2�M�B�2�M�i �Q�T�i�B�Q�M �B�b �`�2�+�m�`�b�B�p�2 �2�t�i�`���T�Q�H���i�B�Q�M �(�"�2�`�F�?�Q�m�i�-
�R�N�3�k�c �:���x�/���; ���M�/ �a�;�m���x�x�2�`�Q�- �R�N�3�9�c �h�?�Q�`�#�2�+�F�2 �2�i ���H�X�- �k�y�y�9�)�X �A�M �i�?�2 �b�T�2�+�B���H �+���b�2 �Q�7
�� �K�2�/�B�m�K �p���`�v�B�M�; �Q�M�H�v ���H�Q�M�; �i�?�2z�@���t�B�b�- �i�?�2 �:�`�2�2�M�ö�b �7�m�M�+�i�B�Q�M �#�2�i�r�2�2�Ms0

j ���M�/uk

�/�2�T�2�M�/�b �Q�M�H�v �Q�M �i�?�2�B�` �/�B�b�i���M�+�2�- �B�X�2�X�-w+ (uk ; s0
j ; ! ) = w+ (uk � s0

j ; 0; ! ) �(�q���T�2�M�����`�-
�R�N�3�9�- �*�?���T�i�2�` �8�X�8�X�R�)�X �h�?�2�M�- �2�[�m���i�B�Q�M �U�j�X�R�X�k�V �#�2�+�Q�K�2�b �� �b�T���i�B���H �+�Q�M�p�Q�H�m�i�B�Q�M �B�M �i�?�2
�7�`�2�[�m�2�M�+�v�@�b�T���+�2 �/�Q�K���B�M�- �Q�` �2�H�2�K�2�M�i�@�#�v�@�2�H�2�K�2�M�i �K�m�H�i�B�T�H�B�+���i�B�Q�M �r�B�i�? �� �T�?���b�2�@�b�?�B�7�i
�Q�T�2�`���i�Q�` �B�M �i�?�2 �7�`�2�[�m�2�M�+�v�@�r���p�2�M�m�K�#�2�` �/�Q�K���B�M �(�"�2�`�F�?�Q�m�i�- �R�N�3�k�)�X

�6�Q�` �K�2�/�B�� �r�B�i�? �?�Q�K�Q�;�2�M�2�Q�m�b �p�2�H�Q�+�B�i�v�- ���M���H�v�i�B�+ �2�t�T�`�2�b�b�B�Q�M�b �+���M �#�2 �/�2�`�B�p�2�/ �7�Q�`w+ (uk ;
s0

j ; ! )�X �h���#�H�2 �j�X�R �H�B�b�i�b �7�Q�`�K�m�H���2 �7�Q�` �i�r�Q�@ ���M�/ �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �K�2�/�B���X �h�?�2 �/�2�`�B�p���@
�i�B�Q�M�b �Q�7 �i�?�2�b�2 �2�t�T�`�2�b�b�B�Q�M�b �+���M �#�2 �7�Q�m�M�/ �B�M �:�B�b�Q�H�7 ���M�/ �o�2�`�b�+�?�m�m�` �(�k�y�R�y�)�X

�a�T���+�2 �j�. �/�B�T�Q�H�2 �k�. �/�B�T�Q�H�2

�1�t���+�i �b�Q�H�m�i�B�Q�M zm (1+ j!� )
� r 3 e� j!� � j!� zm

c� r H (2)
1 (!� )

�6���` �}�2�H�/ ���T�T�`�Q�t�B�K���i�B�Q�Mj! zm
c� r 2 e� j!� zm

q
2�j!
� r 3 e� j!�

� r = jjs0
j � uk jj2; � = � r=c

�h���#�H�2 �j�X�R�,���M���H�v�i�B�+ �2�t�T� �̀2�b�b�B�Q�M�b �7�Q�` �i�?�2 �p�2�`�i�B�+���H �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�2 �:� �̀2�2�M�ö�b �7�m�M�+�i�B�Q�M �7� �̀Q�Ks0
j �i�Q

u k �Q�7 �� �K�2�/�B�m�K �r�B�i�? �?�Q�K�Q�;�2�M�2�Q�m�b �p�2�H�Q�+�B�i�vc�X �>�2� �̀2H (2)
1 (�) �B�b �� �}�`�b�i �Q� �̀/�2�` �>���M�F�2�H �7�m�M�+�i�B�Q�M

�Q�7 �i�?�2 �b�2�+�Q�M�/ �F�B�M�/�X

�6�Q�` �2���+�? �7�`�2�[�m�2�M�+�v! �r�2 �+���M �+�Q�M�b�i�`�m�+�i �� �7�`�2�[�m�2�M�+�v �b�H�B�+�2 �Q�7W +
m (zm ; z0)�- �#�v �T�H���+�B�M�;

w+ (uk ; s0
j ; ! ) ���b �i�?�2(k; j )�@�i�? �2�H�2�K�2�M�i �Q�7 �i�?�2 �b�H�B�+�2�X �1���+�? �b�H�B�+�2 �i�?�2�M �?���b �/�B�K�2�M�b�B�Q�M�b

(nu � n0
s)�X �h�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �i�?���i �B�b �;�2�M�2�`���i�2�/ �#�v �i�?�2 �2�t�i�`���T�Q�H���i�B�Q�M �7�Q�` ���H�H



�9�k �6�Q�+���H �/�2�#�H�2�M�/�B�M�;
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�1�t�i�`���T�Q�H���i�2 �7�`�Q�K �H�Q�+���i�B�Q�Ms0

�6�B�;�m�`�2 �j�X�k�,�h�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �B�b �2�t�i� �̀��T�Q�H���i�2�/ �7� �̀Q�Kz0
0 �i�Qzm �X �h�?�B�b �B�b �+���`�`�B�2�/ �Q�m�i �#�v

W +
m (zm ; z0)�X �a�?�Q�r�M �?�2� �̀2 �B�b �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �?�B�;�?�H�B�;�?�i�2�/ �+�Q�H�m�K�M �Q�7W +

m (zm ; z0)�X �h�?�2
�b�i� �̀��B�;�?�i � �̀2�/ �H�B�M�2�b �/�2�K�Q�M�b�i� �̀��i�2 �2�t�i� �̀��T�Q�H���i�B�Q�M �b�+�?�2�K���i�B�+���H�H�v ���M�/ ��� �̀2 �M�Q�i �K�2���M�i �i�Q � �̀2�T� �̀2�b�2�M�i
���+�+�m� �̀��i�2 � �̀��v�T���i�?�b�X

�b�Q�m�`�+�2�b �+���M �#�2 ���H�b�Q �T�H���+�2�/ �B�M�i�Q ��(nu � ns) �/���i�� �+�m�#�2P + (zm ; z0)�- �m�b�B�M�;p+ (uk ; si ;
! ) ���b �i�?�2(k; i )�@�i�? �2�H�2�K�2�M�i�X �h�?�2 �i�r�Q ���`�2 �H�B�M�F�2�/ �#�v

P + (zm ; z0) = W +
m (zm ; z0)S+ (z0): �U�j�X�R�X�j�V

�1���+�? �+�Q�H�m�K�M �Q�7P + (zm ; z0) �+�Q�M�i���B�M�b �i�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �;�2�M�2�`���i�2�/ �#�v �b�Q�m�`�+�2�b
���i �/�B�z�2�`�2�M�i �H�Q�+���i�B�Q�M�b�X �� �/�2�T�B�+�i�B�Q�M �Q�7 �i�?�2 �2�t�i�`���T�Q�H���i�B�Q�M �T�`�Q�+�2�b�b �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2
�j�X�k�X �6�Q�` �i�?�2 �T�m�`�T�Q�b�2�b �Q�7 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; ���b �/�2�b�+�`�B�#�2�/ �H���i�2�` �Q�M �A ���T�T�`�Q�t�B�K���i�2 �i�?�2
�F�B�M�2�K���i�B�+�b �Q�7 �T�`�Q�T���;���i�B�Q�M �#�2�i�r�2�2�Mz0 ���M�/zm �m�b�B�M�; �� �?�Q�K�Q�;�2�M�2�Q�m�b �p�2�H�Q�+�B�i�v �K�Q�/�2�H
���M�/ �+�Q�M�b�i�`�m�+�iW +

m (zm ; z0) �m�b�B�M�; �i�?�2 �2�t���+�i ���M���H�v�i�B�+ �2�t�T�`�2�b�b�B�Q�M�b �7�Q�m�M�/ �B�M �i���#�H�2 �j�X�R�X

�j�X�R�X�j �a�i�2�T �j�, �_�2�~�2�+�i�B�Q�M

�l�T �i�Q �i�?�B�b �T�Q�B�M�i �i�?�2 �r���p�2�}�2�H�/ �?���b �#�2�2�M �i�`���p�2�H�B�M�; �7�`�Q�Kz0 �i�Qzm �r�B�i�?�Q�m�i �2�M�+�Q�m�M�i�2�`�B�M�;
���M�v �b�+���i�i�2�`�B�M�;�- ���M�/ �i�?�2�`�2�7�Q�`�2 �B�i �?���b �#�2�2�M �T�m�`�2�H�v �/�Q�r�M�;�Q�B�M�;�X �A�M �i�?�2 �i�?�B�`�/ �b�i�2�T�- �i�?�B�b
�+�?���M�;�2�b ���b �i�?�2 �r���p�2�}�2�H�/ �M�Q�r �2�M�+�Q�m�M�i�2�`�b �b�+���i�i�2�`�2�`�b �T�`�2�b�2�M�i �Q�M �i�?�2z = zm �T�H���M�2�X
�h�?�2 �b�+���i�i�2�`�2�`�b �T���`�i�B���H�H�v �+�Q�M�p�2�`�i �i�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �B�M�i�Q �� �`�2�~�2�+�i�2�/�- �m�T�;�Q�B�M�;
�r���p�2�}�2�H�/ �U�}�;�m�`�2 �j�X�j�V�X �h�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2 �`�2�~�2�+�i�2�/ �r���p�2�}�2�H�/ ���i �� �b�+���i�i�2�`�2�` �H�Q�+���i�B�Q�M
�B�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �`�2�~�2�+�i�B�p�B�i�v �Q�7 �i�?���i �b�+���i�i�2�`�2�`�- �r�?�B�+�? �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���+�Q�m�b�i�B�+
�B�K�T�2�/���M�+�2 �+�Q�M�i�`���b�i �#�2�i�r�2�2�M �i�?�2 �b�+���i�i�2�`�2�` ���M�/ �i�?�2 �#���+�F�;�`�Q�m�M�/ �K�2�/�B�m�K�- ���b �r�2�H�H ���b
�i�?�2 ���M�;�H�2 �Q�7 �B�M�+�B�/�2�M�+�2 �Q�7 �i�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �(�"�2�`�F�?�Q�m�i�- �R�N�3�k�c �/�2 �"�`�m�B�M �2�i ���H�X�-
�R�N�N�y�)�X �h�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �+���M �#�2 �i�?�Q�m�;�?�i �Q�7 ���b �� �b�m�T�2�`�T�Q�b�B�i�B�Q�M �Q�7 �T�H���M�2 �r���p�2�b�-
�2���+�? �Q�7 �r�?�B�+�? �?���b �� �r�2�H�H �/�2�}�M�2�/ ���M�;�H�2 �Q�7 �B�M�+�B�/�2�M�+�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �M�Q�`�K���H ���i �i�?�2
�b�+���i�i�2�`�2�` �H�Q�+���i�B�Q�M�X �1���+�? �Q�7 �i�?�2�b�2 �T�H���M�2 �r���p�2�b �B�b �i�?�2�M �b�+���H�2�/ �#�v �� �/�B�z�2�`�2�M�i �`�2�~�2�+�i�B�p�B�i�v
�+�Q�2�{�+�B�2�M�i�- �/�2�T�2�M�/�B�M�; �Q�M �B�i�b ���M�;�H�2�X �h�?�2 �b�m�T�2�`�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �`�2�~�2�+�i�2�/ �T�H���M�2 �r���p�2�b
�B�b �i�?�2 �i�Q�i���H �m�T�;�Q�B�M�; �r���p�2�}�2�H�/�X �>�2�`�2 �i�?�2 �+�Q�K�#�B�M���i�B�Q�M �Q�7 �T�H���M�2�@�r���p�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M�-
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0 �_�2�~�2�+�i�B�p�B�i�v �b�+���H�B�M�; ���iu

�6�B�;�m�`�2 �j�X�j�,�h�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ ���izm �U� �̀2�/ ���`� �̀Q�r�b�V�- �B�b �+�Q�M�p�2�`�i�2�/ �B�M�i�Q ���M �m�T�;�Q�B�M�; �r���p�2�@
�}�2�H�/ �U�;� �̀2�2�M ���`� �̀Q�r �7�Q�` �i�?�2 �7�Q�m�`�i�? �7�Q�+���H �;�`�B�/ �T�Q�B�M�i�V �#�vR (zm ; zm )�X �h�?�2 �Q�T�2� �̀��i�B�Q�M �B�b �M�Q�M�H�Q�+���H�c
�2���+�? �m�T�;�Q�B�M�; �}�2�H�/ �b���K�T�H�2 �B�b �;�B�p�2�M ���b ���M �B�M�M�2�` �T� �̀Q�/�m�+�i �Q�7 �i�?�2 �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ ���i �2���+�? �7�Q�@
�+���H �;�`�B�/ �T�Q�B�M�i �r�B�i�? �� � �̀2�~�2�+�i�B�Q�M �Q�T�2� �̀��i�Q�` �U�?�2� �̀2 �+�Q�`� �̀2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �7�Q�m�`�i�? � �̀Q�r �Q�7R (zm ; zm )�V�X
�h�?�2 �Q�z�@�/�B���;�Q�M���H �2�H�2�K�2�M�i�b �Q�7R (zm ; zm ) �;�B�p�2 �`�B�b�2 �i�Q ���M�;�H�2�@�/�2�T�2�M�/�2�M�i � �̀2�~�2�+�i�B�p�B�i�v�X

���M�;�H�2�@�#���b�2�/ �b�+���H�B�M�;�- ���M�/ �T�H���M�2�@�r���p�2 �b�m�T�2�`�T�Q�b�B�i�B�Q�M �B�b �+���`�`�B�2�/ �Q�m�i ���b �Q�M�2 �b�B�M�;�H�2 �b�i�2�T
�B�M �i�?�2 �b�T���+�2 �/�Q�K���B�M �#�v �K�2���M�b �Q�7 �� �M�Q�M�@�b�i���i�B�Q�M���`�v �+�Q�M�p�Q�H�m�i�B�Q�M�X

�A�M �Q�`�/�2�` �i�Q �+���T�i�m�`�2 �i�?�2 ���M�;�H�2�@�/�2�T�2�M�/�2�M�i �M���i�m�`�2 �Q�7 �i�?�2 �`�2�~�2�+�i�B�p�B�i�v�- �2���+�? �b�+���i�i�2�`�2�` ���i
�;�`�B�/ �T�Q�B�M�iu0
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�/�2�T�2�M�/�B�M�; �Q�M �r�?�2�i�?�2�` �i�?�2 �`�2�+�Q�p�2�`�2�/ �`�2�~�2�+�i�B�p�B�i�v �B�b �i�Q �#�2 ���M�;�H�2�@�/�2�T�2�M�/�2�M�i�X �6�B�;�m�`�2
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R̂ (zm ; zm ) ���i t = 0 �b�X �L�Q�i�2 �i�?���i �"�2�`�F�?�Q�m�i �(�k�y�R�9�) �/�2�b�+�`�B�#�2�b �� �T�`�Q�+�2�b�b �B�M �r�?�B�+�?�- �m�b�B�M�;
�i�?�2 �b���K�2 �#�m�B�H�/�B�M�; �#�H�Q�+�F�b�- �K�m�H�i�B�T�H�2 �b�+���i�i�2�`�B�M�; �+���M ���H�b�Q �#�2 �B�M�+�H�m�/�2�/�X �>�Q�r�2�p�2�`�- �7�Q�`
�Q�m�` �T�m�`�T�Q�b�2 �i�?�B�b �B�b �M�Q�i �`�2�H�2�p���M�i�X �A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �K�m�H�i�B�T�H�2�b �r�B�H�H
�;�2�M�2�`���H�H�v �#�2 �2�t�T�H���B�M�2�/ ���b �}�+�i�B�i�B�Q�m�b �T�`�B�K���`�v �2�p�2�M�i�b�X

�j�X�k �A�M�p�2�`�b�2 �2�t�i�`���T�Q�H���i�B�Q�M ���M�/ �7�Q�+�m�b�B�M�;

�h�?�2 �q�_�q �K�Q�/�2�H�B�M�; �2�M�;�B�M�2 �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M �m�b�2�b �i�r�Q �7�Q�`�r���`�/ �2�t�@
�i�`���T�Q�H���i�B�Q�M �b�i�2�T�b �U�}�;�m�`�2 �j�X�e�- �H�2�7�i�V�X �h�?�2 �}�`�b�i �2�t�i�`���T�Q�H���i�2�b �i�?�2 �r���p�2�}�2�H�/ �7�m�`�i�?�2�` ���r���v
�7�`�Q�K �i�?�2 �b�Q�m�`�+�2�- �i�Q�r���`�/�b �i�?�2 �B�M�i�2�`�B�Q�` �Q�7 �i�?�2 �K�2�/�B�m�K�X �h�?�2 �b�2�+�Q�M�/ �2�t�i�`���T�Q�H���i�2�b �i�?�2
�`�2�~�2�+�i�2�/�- �m�T�;�Q�B�M�; �r���p�2�}�2�H�/ ���r���v �7�`�Q�K �i�?�2 �`�2�~�2�+�i�Q�`�X

���i �i�?�2 �?�2���`�i �Q�7 �K�B�;�`���i�B�Q�M�- �`�2�/���i�m�K�B�M�; ���M�/ �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�- �B�b �i�?�2 ���#�B�H�B�i�v �i�Q
�+���`�`�v �Q�m�i �i�?�2 �B�M�p�2�`�b�2 �T�`�Q�+�2�b�b�- �F�M�Q�r�M ���b�B�M�p�2�`�b�2 �2�t�i� �̀��T�Q�H���i�B�Q�M�X �h�?�B�b �Q�T�2�`���i�B�Q�M �2�t�@
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i (z0; zi )H �X �h�?�2�b�2



�j�X�k �A�M�p�2�`�b�2 �2�t�i�`���T�Q�H���i�B�Q�M ���M�/ �7�Q�+�m�b�B�M�; �9�d

0

1

2

3

4

5

T
im

e 
(s

)

-1000 0 1000
Offset (m)

0

500

1000

1500

2000

2500

3000

3500

D
ep

th
 (

m
)

500 1000 1500
x (m)

�6�B�;�m�`�2 �j�X�8�,�G�2�7�i�, �� �b�v�M�i�?�2�i�B�+�- �T� �̀2�b�i���+�F �b�?�Q�i �;���i�?�2�`�X �_�B�;�?�i�, �i�?�2 �B�K���;�2 ���7�i�2�` �K�B�;� �̀��i�B�Q�M�X �h�?�2
�K�B�;� �̀��i�B�Q�M �T� �̀Q�+�2�b�b �U� �̀2�/ ���`� �̀Q�r�V �K���T�b �� �T� �̀2�b�i���+�F �/���i�� �+�m�#�2 �i�Q �� � �̀2�~�2�+�i�B�p�B�i�v �B�K���;�2�X �.�2�K�B�;� �̀��@
�i�B�Q�M�- �2�X�;�X �q�_�q �K�Q�/�2�H�B�M�;�- �K���T�b �� � �̀2�~�2�+�i�B�p�B�i�v �B�K���;�2 �i�Q �b�m�`�7���+�2 �/���i���X

z0

zi

z0

zi

�6�B�;�m�`�2 �j�X�e�,�G�2�7�i�, �7�Q�`�r��� �̀/ �2�t�i� �̀��T�Q�H���i�B�Q�M�X �_�B�;�?�i�, �B�M�p�2�`�b�2 �2�t�i� �̀��T�Q�H���i�B�Q�M�X �"�H�m�2 ���`� �̀Q�r�b �/�2�M�Q�i�2
�i�?�2 �/�B� �̀2�+�i�B�Q�M �Q�7 �i�?�2 �r���p�2�}�2�H�/ �T� �̀Q�T���;���i�B�Q�M ���M�/ �#�H���+�F ���`� �̀Q�r�b �i�?�2 �/�B� �̀2�+�i�B�Q�M �Q�7 �i�?�2 �2�t�i� �̀��T�Q�H���i�B�Q�M�X

�Q�T�2�`���i�Q�`�b �`�2�K�Q�p�2 �T�`�Q�T���;���i�B�Q�M �2�z�2�+�i�b�- �r�B�i�?�Q�m�i ���i�i�2�K�T�i�B�M�; �i�Q �`�2�+�Q�p�2�` �i�?�2 �2�p���M�2�b�+�2�M�i
�r���p�2�}�2�H�/�X �q�?�2�M ���T�T�H�B�2�/ �i�QP(z0; z0)�- �i�?�2�v �`�2�K�Q�p�2 �i�`���M�b�B�2�M�i �T�`�Q�T���;���i�B�Q�M �2�z�2�+�i�b
�m�T �i�Q �/�2�T�i�? �H�2�p�2�Hzi �X �S�`�Q�p�B�/�2�/ �i�?���i �i�?�2 �Q�T�2�`���i�Q�`�b ���`�2 �F�B�M�2�K���i�B�+���H�H�v ���+�+�m�`���i�2�- �i�?�B�b
���+�i�B�Q�M�7�Q�+�m�b�2�b�i�?���i �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �/���i���b�2�i �r�?�B�+�? �B�b �i�?�2 �`�2�b�m�H�i �Q�7 �`�2�~�2�+�i�B�Q�M �i�?���i
�Q�+�+�m�`�2�/ ���i �/�2�T�i�? �H�2�p�2�Hzi �X �h�?�B�b �7�Q�+�m�b�B�M�; �B�b �p�B�b�B�#�H�2 �B�M �i�?�2 �i�B�K�2�f�b�m�#�b�m�`�7���+�2�@�Q�z�b�2�i �/�Q�@



�9�3 �6�Q�+���H �/�2�#�H�2�M�/�B�M�;

�K���B�M�X �h�?�B�b ���+�i�B�Q�M �#�`�B�M�;�b �i�?�2 �2�M�i�B�`�2 �`�2�~�2�+�i�Q�` �B�M�i�Q �7�Q�+�m�b�- �T�`�Q�p�B�/�2�/ �i�?���i �Q�M�2 �2�t�B�b�i�b ���izi

���M�/ �i�?���i �i�?�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H �B�b �b�m�{�+�B�2�M�i�H�v ���+�+�m�`���i�2�X ���b �r���b �i�?�2 �+���b�2 �7�Q�` �i�?�2 �7�Q�`�r���`�/
�2�t�i�`���T�Q�H���i�B�Q�M �Q�T�2�`���i�Q�`�b�- �i�?�2�b�2 �B�M�p�2�`�b�2 �2�t�i�`���T�Q�H���i�B�Q�M �Q�T�2�`���i�Q�`�b ���`�2 �b�+���i�i�2�`�B�M�;�@�7�`�2�2�X

�:�B�p�2�M �� �/���i���b�2�iP(z0; z0)�- �7�Q�+�m�b�B�M�; ���izi �i���F�2�b �i�?�2 �7�Q�`�K

XXX D
i (zi ; zi ) = W �

i (z0; zi )H P(z0; z0) W +
i (zi ; z0)H

= W �
i (z0; zi )H

h
D (z0)

MX

m =1

W �
m (z0; zm )R (zm ; zm )�

� W +
m (zm ; z0)S+ (z0)

i
W +

i (zi ; z0)H

= W �
i (z0; zi )H

h
I

MX

m =1

W �
m (z0; zm )R (zm ; zm )�

� W +
m (zm ; z0)

�
S(! )I

� i
W +

i (zi ; z0)H

= W �
i (z0; zi )H

h MX

m =1

W �
m (z0; zm )

�
S(! )R (zm ; zm )

�
�

� W +
m (zm ; z0)

i
W +

i (zi ; z0)H :

�L�Q�i�2 �i�?���i �?�2�`�2 �A �?���p�2 ���b�b�m�K�2�/ �i�?���iS+ (z0) = S(! )I ���M�/D (z0) = I �- �B�X�2�X �M�Q
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�1�[�m���i�B�Q�M �U�j�X�k�X�R�9�V �+���M �#�2 �b�T�H�B�i �B�M�i�Q �� �+�Q�M�i�`�B�#�m�i�B�Q�M �7�`�Q�K �i�?�2 �`�2�~�2�+�i�Q�` ���izi ���M�/ ��
�+�Q�M�i�`�B�#�m�i�B�Q�M �7�`�Q�K �i�?�2 �`�2�b�i �Q�7 �i�?�2 �`�2�~�2�+�i�Q�`�b�-



�j�X�k �A�M�p�2�`�b�2 �2�t�i�`���T�Q�H���i�B�Q�M ���M�/ �7�Q�+�m�b�B�M�; �9�N

XXX D
i (zi ; zi ) =

MX

m =1

Q � (zi ; zm )
�
S(! )R (zm ; zm )

�
Q+ (zm ; zi )

= Q � (zi ; zi )
�
S(! )R (zm ; zm )

�
Q+ (zi ; zi )

| {z }
�6�Q�+�m�b�2�/ �2�p�2�M�i

+

+
MX

m =1
m 6= i

Q � (zi ; zm )
�
S(! )R (zm ; zm )

�
Q+ (zm ; zi )

| {z }
�l�M�7�Q�+�m�b�2�/ �2�p�2�M�i�b

:

���M �2�t���K�T�H�2 �b�H�B�+�2 �Q�7XXX D
i (zi ; zi ) �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �Q�M�2 �H���i�2�`���H �T�Q�b�B�i�B�Q�Mx �B�b �b�?�Q�r�M �B�M

�}�;�m�`�2 �j�X�d�- �r�?�2�`�2 �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �� �8�@�`�2�~�2�+�i�Q�` �K�2�/�B�m�K�X �q�2 �+���M �+�H�2���`�H�v �b�2�2
�i�?�2 �/�B�z�2�`�2�M�+�2 �B�M �+�?���`���+�i�2�` �#�2�i�r�2�2�M �i�?�2 �i�r�Q �+�Q�M�i�`�B�#�m�i�B�M�; �+�Q�K�T�Q�M�2�M�i�b�X �h�?�2 �/���i���b�2�i
�b�?�Q�r�M �B�M �}�;�m�`�2 �j�X�d �r���b �7�Q�+�m�b�2�/ ���iz3�X �A�i �r���b �K�Q�/�2�H�2�/ �m�b�B�M�; �i�?�2 �q�_�q �K�Q�/�2�H�B�M�;
�/�2�b�+�`�B�#�2�/ �T�`�2�p�B�Q�m�b�H�v�- ���M�/ ���+�+�m�`���i�2 �2�t�i�`���T�Q�H���i�B�Q�M �Q�T�2�`���i�Q�`�b �r�2�`�2 �m�b�2�/ �7�Q�` �i�?�2 �7�Q�+�m�b�B�M�;
�T�`�Q�+�2�b�b�X �l�M�H�B�F�2 �i�?�2 �Q�i�?�2�` �7�Q�m�` �2�p�2�M�i�b�- �i�?�2 �`�2�~�2�+�i�B�Q�M �7�`�Q�Kz3 �?���b �#�2�2�M �7�Q�+�m�b�2�/ ���i �i�B�K�2
�x�2�`�Q ���M�/ �Q�z�b�2�i �x�2�`�Q�X �h�?�2 �i�B�K�2 �b�H�B�+�2 ���i �i�B�K�2 �x�2�`�Q �+���M �#�2 �i�?�Q�m�;�?�i �Q�7 ���b �� �K�B�;�`���i�2�/
�B�K���;�2 �b���K�T�H�2�/ ���i �/�2�T�i�?zi �X
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�6�B�;�m�`�2 �j�X�d�,�G�2�7�i�, �� �;���i�?�2�` �r�B�i�? �}�p�2 �2�p�2�M�i�b�- �K�Q�/�2�H�2�/ �m�b�B�M�; �q�_�q �K�Q�/�2�H�B�M�;�X �_�B�;�?�i�, �� �;���i�?�2�`
�7� �̀Q�K �i�?�2 �b���K�2 �/���i���b�2�i�- �7�Q�+�m�b�2�/ ���i �i�?�2 � �̀2�~�2�+�i�Q�` �T� �̀Q�/�m�+�B�M�; �i�?�2 �i�?�B� �̀/ �T�`�B�K���`�v �2�p�2�M�i�X �h�?�2
�M�m�K�#�2�`�b �K���i�+�? �2�p�2�M�i�b �r�B�i�? �i�?�2�B�` �+�Q�m�M�i�2�`�T���`�i�b �B�M �i�?�2 �7�Q�+�m�b�2�/ �;���i�?�2�`�X

�a�2�p�2�`���H �T�`���+�i�B�+���H �H�B�K�B�i���i�B�Q�M�b �T�`�2�p�2�M�i �i�?�2 �7�Q�+�m�b�B�M�; �Q�T�2�`���i�B�Q�M �7�`�Q�K �2�t�T�Q�b�B�M�; �i�?�2 �i�`�m�2



�8�y �6�Q�+���H �/�2�#�H�2�M�/�B�M�;

�`�2�~�2�+�i�B�p�B�i�v �Q�T�2�`���i�Q�`�X �h�?�2 �}�`�b�i �B�b �i�?���i�- �/�m�2 �i�Q �i�?�2 �H���+�F �Q�7 �i�?�2 �2�p���M�2�b�+�2�M�i �T���`�i�-
Q � (zi ; zi ) 6= I ���M�/Q+ (zi ; zi ) 6= I �X �h�?�2 �+�Q�K�#�B�M�2�/ �2�z�2�+�i �Q�7Q � (zi ; zi ) ���M�/Q+ (zi ; zi )
���+�i�b ���b �� �T�Q�B�M�i �b�T�`�2���/ �7�m�M�+�i�B�Q�M �i�?���i �/�B�b�i�Q�`�i�b �i�?�2 �`�2�~�2�+�i�B�p�B�i�v �Q�T�2�`���i�Q�`�j �X �h�Q�;�2�i�?�2�` �r�B�i�?
�i�?�2 �T�`�2�b�2�M�+�2 �Q�7S(! )�- �i�?�2 �T�Q�B�M�i �b�T�`�2���/ �7�m�M�+�i�B�Q�M �T�H���+�2�b ���M �m�T�T�2�` �H�B�K�B�i �Q�M �i�?�2 �b�T���i�B���H
���M�/ �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M �Q�7XXX D

i (zi ; zi )�X ���M ���/�/�B�i�B�Q�M���H �H�B�K�B�i���i�B�Q�M �B�b �i�?�2 �}�M�B�i�2 ���T�2�`�i�m�`�2
�Q�7 �i�?�2 ���+�[�m�B�b�B�i�B�Q�M�X �6�Q�` �}�2�H�/ �/���i���- ���H�B���b�B�M�; �Q�7�i�2�M �B�b ���M �B�b�b�m�2�- ���b �b���K�T�H�B�M�; �B�b �`���`�2�H�v �}�M�2
�2�M�Q�m�;�? �B�M ���H�H �/�B�K�2�M�b�B�Q�M�b�X �.�2�b�T�B�i�2 �i�?�2�b�2 �b�?�Q�`�i�+�Q�K�B�M�;�b�- �B�i �B�b �+�H�2���` �7�`�Q�K �}�;�m�`�2 �j�X�d �i�?���i
�i�?�2 �T�`�B�K���`�v �2�p�2�M�i �?���b �� �b�B�;�M�B�}�+���M�i �`�2�/�m�+�i�B�Q�M �B�M �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �2�t�i�2�M�i �r�?�2�M
�7�Q�+�m�b�2�/�X �q�2 �r�B�H�H �K���F�2 �m�b�2 �Q�7 �i�?�B�b �T�`�Q�T�2�`�i�v �7�Q�` �/�2�#�H�2�M�/�B�M�; �H���i�2�` �Q�M�X

�j�X�j �h�?�2 �K�m�H�i�B�@�H�2�p�2�H �/�Q�m�#�H�2 �7�Q�+���H �i�`���M�b�7�Q�`�K

�"�m�B�H�/�B�M�; �Q�M �i�?�2 �K���i�2�`�B���H �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �+�?���T�i�2�` �r�2 �+���M �M�Q�r �/�2�}�M�2 �i�?�2 �/�Q�m�#�H�2 �7�Q�+���H
�i�`���M�b�7�Q�`�K�X �h�?�2 �#���b�B�b �7�Q�` �/�2�}�M�B�M�; �i�?�2 �i�`���M�b�7�Q�`�K �B�b �q�_�q �K�Q�/�2�H�B�M�;�- �r�B�i�? �� �7�2�r
���/�D�m�b�i�K�2�M�i�b�,

�Ç �h�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �m�b�2�bK �/�2�T�i�? �H�2�p�2�H�b�-zk �-k = 1 ; 2; : : : ; K �- �r�B�i�?K � M �X
�l�M�H�B�F�2 �B�M �K�B�;�`���i�B�Q�M�- �i�?�2�b�2 ���`�2 �;�2�M�2�`���H�H�v �7�2�r�- �M�Q�i �2�[�m�B�b�T���+�2�/ ���M�/zk+1 � zk �B�b
�H���`�;�2�` �i�?���M �r�?���i �r�Q�m�H�/ �#�2 �i�v�T�B�+���H�H�v �m�b�2�/ �B�M �� �K�B�;�`���i�B�Q�M �b�+�?�2�K�2�X �A�i �B�b ���H�b�Q
�T�Q�b�b�B�#�H�2 �i�Q �m�b�2 �M�Q�M�@�~���i �H�2�p�2�H�bzk (x; y)�X

�Ç �h�?�2 �`�2�~�2�+�i�B�p�B�i�v �+�m�#�2 �B�b �`�2�T�H���+�2�/ �#�v ���7�Q�+���H �b�m�#�/�Q�K���B�MX D
k (zk ; zk )�- ���b�b�b�Q�+�B�@

���i�2�/ �r�B�i�? �/�2�T�i�?zk �X �h�?�2 �B�K�T�Q�`�i���M�i �/�B�z�2�`�2�M�+�2 �B�b �i�?���i�- �m�M�H�B�F�2 �� �`�2�~�2�+�i�B�p�B�i�v
�+�m�#�2�- �� �7�Q�+���H �b�m�#�/�Q�K���B�M �B�b �M�Q�i �`�2�b�i�`�B�+�i�2�/ �i�Q �?���p�2 ���M�v �Q�i�?�2�` �T���`�i�B�+�m�H���` �b�i�`�m�+�@
�i�m�`�2�XX D

k (zk ; zk ) �/�B�z�2�`�b �7�`�Q�KXXX D
k (zk ; zk ) �B�M�i�`�Q�/�m�+�2�/ �2���`�H�B�2�`�X �h�?�2 �H���i�i�2�` �B�b �i�?�2

�`�2�b�m�H�i �Q�7 ���T�T�H�v�B�M�; �� �b�B�M�;�H�2 �B�M�p�2�`�b�2 �2�t�i�`���T�Q�H���i�B�Q�M �b�i�2�T�- �r�?�2�`�2���b �i�?�2 �7�Q�`�K�2�` �B�b
�m�b�2�/ �7�Q�` �i�?�2 �`�2�b�m�H�i�b �Q�7 �B�M�p�2�`�b�B�Q�M�- �Q�` �r�?�2�M �b�v�M�i�?�2�b�B�x�B�M�; �b�m�`�7���+�2 �/���i�� �7�`�Q�K �7�Q�+���H
�b�m�#�/�Q�K���B�M�b�X

�Ç �h�?�2 �2�t�i�`���T�Q�H���i�B�Q�M �Q�T�2�`���i�Q�`�bW �
k (z0; zk ) ���M�/W +

k (zk ; z0) ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ ���b�@
�b�m�K�B�M�; �� �?�Q�K�Q�;�2�M�2�Q�m�b�- �B�b�Q�i�`�Q�T�B�+ ���+�Q�m�b�i�B�+ �K�2�/�B�m�K �r�B�i�? ���+�Q�m�b�i�B�+ �p�2�H�Q�+�B�i�vck �X
�h�?�B�b �p�2�H�Q�+�B�i�v �+���M �#�2 �i�?�Q�m�;�?�i �Q�7 ���b ���M ���p�2�`���;�2 �p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �b�m�#�b�m�`�7���+�2 �H���v�2�`�b
�#�2�i�r�2�2�Mz0 ���M�/zk �X �A �r�B�H�H �`�2�7�2�` �i�Q �i�?�2�b�2 ���b�7�Q�+���H�Q�T�2�`���i�Q�`�b�X �h�?�2�b�2 �p�2�H�Q�+�B�i�B�2�b ���`�2
�+�Q�M�b�B�/�2�`�2�/ �T�`�B�Q�` �F�M�Q�r�H�2�/�;�2�X �A�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �m�b�2 ���M �B�M�?�Q�K�Q�;�2�M�2�Q�m�b �p�2�H�Q�+�B�i�v
�K�Q�/�2�H ���b �r�2�H�H�- �#�m�i �B�M ���M�v �+���b�2 �i�?�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H �B�b �M�Q�i ���b�b�m�K�2�/ �i�Q �#�2 ���+�@
�+�m�`���i�2�X �A�7 �� �H���v�2�`�2�/ �p�2�H�Q�+�B�i�v �K�Q�/�2�H �B�b ���p���B�H���#�H�2�- �i�?�2�M �K�Q�`�2 ���+�+�m�`���i�2 �Q�T�2�`���i�Q�`�b
W +

k (zk ; z0) ���M�/W �
k (z0; zk ) �+���M �#�2 �+�Q�M�b�i�`�m�+�i�2�/ �#�v �+�Q�K�T�Q�b�B�M�; �Q�T�2�`���i�Q�`�b �7�Q�`

�2���+�? �?�Q�K�Q�;�2�M�2�Q�m�b �H���v�2�`�- �2�X�;�XW +
k (zk ; z0) =

Q k
i =1 W + (zi ; zi � 1)�X

�Ç �6�Q�` �i�?�2 �/�Q�m�#�H�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �/�B�b�+�m�b�b�2�/ �?�2�`�2�-D (z0) = I ���M�/S+ (z0) = I �- �B�X�2�X
�r�2 �/�Q �M�Q�i ���b�b�m�K�2 �T�`�B�Q�` �F�M�Q�r�H�2�/�;�2 �Q�7 �i�?�2 �b�Q�m�`�+�2 ���M�/ �`�2�+�2�B�p�2�` �+�?���`���+�i�2�`�B�b�i�B�+�b�X

�j ���M ���M���H�v�i�B�+ �2�t�T�`�2�b�b�B�Q�M �7�Q�` �?�Q�K�Q�;�2�M�2�Q�m�b ���+�Q�m�b�i�B�+ �K�2�/�B�� �B�b �/�2�`�B�p�2�/ �B�M �q���T�2�M�����` �(�R�N�3�9�)�X



�j�X�j �h�?�2 �K�m�H�i�B�@�H�2�p�2�H �/�Q�m�#�H�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �8�R

�h�?�2�b�2 ���/�D�m�b�i�K�2�M�i�b �+�Q�K�2 �7�`�Q�K �T�`���+�i�B�+���H �+�Q�M�b�B�/�2�`���i�B�Q�M�b�X �h�?�2 �K���B�M �B�/�2�� �#�2�?�B�M�/ �i�?�2
�7�Q�+���H �i�`���M�b�7�Q�`�K �B�b �i�Q �?���p�2 �� �/���i�� �T�`�2�T�`�Q�+�2�b�b�B�M�; �i�Q�Q�H �i�?���i �H�2�p�2�`���;�2�b�- �i�Q �b�Q�K�2 �2�t�i�2�M�i�-
�i�?�2 �T�?�v�b�B�+�b �Q�7 �r���p�2 �T�`�Q�T���;���i�B�Q�M�X ���i �i�?�2 �}�`�b�i �b�i���;�2�b �Q�7 �T�`�Q�+�2�b�b�B�M�; �B�M�7�Q�`�K���i�B�Q�M �b�m�+�?
���b �/�2�i���B�H�2�/ �p�2�H�Q�+�B�i�v �K�Q�/�2�H�b ���M�/ �r���p�2�H�2�i �b�?���T�2�b ���`�2 �;�2�M�2�`���H�H�v �M�Q�i ���p���B�H���#�H�2�- �b�Q �A �Q�T�i
�M�Q�i �i�Q �m�b�2 �b�m�+�? �B�M�7�Q�`�K���i�B�Q�M�X

�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �r�?�2�M �b�m�+�? �2�t�i�`�� �B�M�7�Q�`�K���i�B�Q�M �B�b ���p���B�H���#�H�2 �B�i �+���M �#�2 �B�M�+�Q�`�T�Q�`���i�2�/
�B�M �i�?�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �i�`���M�b�7�Q�`�K�X �h�?�B�b �+���M �?���T�T�2�M�- �7�Q�` �2�t���K�T�H�2�- �B�M �i�?�2 �+���b�2 �Q�7
�� �9�. �K�Q�M�B�i�Q�` �b�m�`�p�2�v�- �r�?�2�`�2 �K�m�+�? �B�M�7�Q�`�K���i�B�Q�M �r�B�H�H �#�2 ���p���B�H���#�H�2 �7�`�Q�K �T�`�Q�+�2�b�b�B�M�; �i�?�2
�#���b�2 �b�m�`�p�2�v�X ���i �i�?�2 �H�B�K�B�i�- �r�?�2�M �m�b�B�M�; �i�?�2 �2�t���+�i �p�2�H�Q�+�B�i�v �K�Q�/�2�H ���M�/ �/�2�M�b�2�H�v �b���K�T�H�2�/
�/�2�T�i�? �H�2�p�2�H�b�- �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �#�2�+�Q�K�2�b �� �K�B�;�`���i�B�Q�M�f�K�Q�/�2�H�B�M�; ���H�;�Q�`�B�i�?�K �i�?���i �?���b
�#�2�2�M �`�2�T�m�`�T�Q�b�2�/�X

�j�X�j�X�R �h�?�2 �B�M�p�2�`�b�2 �i�`���M�b�7�Q�`�K

���T�T�H�v�B�M�; �i�?�2 ���#�Q�p�2 ���/�D�m�b�i�K�2�M�i�b �i�Q �U�j�X�R�X�R�k�V �;�B�p�2�b �m�b �i�?�2�B�M�p�2�`�b�2�7�Q�+���H �i�`���M�b�7�Q�`�K�,

P(z0; z0) =
KX

k=1

W �
k (z0; zk )X D

k (zk ; zk )W +
k (zk ; z0): �U�j�X�j�X�R�8�V

�a�B�M�+�2 �U�j�X�j�X�R�8�V �i���F�2�b �m�b �7�`�Q�K �i�?�2 �i�`���M�b�7�Q�`�K �/�Q�K���B�M�- �i�?���i �B�b �i�?�2 �+�Q�M�i�2�M�i �Q�7X D
k (zk ; zk )�-

k = 1 ; 2; : : : ; K �- �i�Q �i�?�2 �/���i�� �/�Q�K���B�M�- �r�?�B�+�? �?�2�`�2 �B�bP(z0; z0)�- �A �/�2�}�M�2 �B�i ���b �i�?�2 �B�M�p�2�`�b�2
�i�`���M�b�7�Q�`�K�- �B�M ���M���H�Q�;�v �i�Q �Q�i�?�2�` �i�`���M�b�7�Q�`�K�b�- �b�m�+�? ���b �6�Q�m�`�B�2�`�- �r���p�2�H�2�i�- �2�i�+�X �L�Q�i�2 �i�?���i
�U�j�X�j�X�R�8�V �B�b �� �b�B�K�T�H�B�}�2�/ �p�2�`�b�B�Q�M �Q�7 �7�Q�`�r���`�/ �K�Q�/�2�H�B�M�;�X

�j�X�j�X�k �h�?�2 �7�Q�`�r���`�/ �i�`���M�b�7�Q�`�K

�*���H�+�m�H���i�B�M�; �i�?�2 �7�Q�`�r���`�/ �7�Q�+���H �i�`���M�b�7�Q�`�K �T�`�2�b�2�M�i�b �� �/�B�{�+�m�H�i�v�- �r�?�2�M �7�Q�+�m�b�B�M�; �Q�M �K�m�H�@
�i�B�T�H�2 �/�2�T�i�? �H�2�p�2�H�b�X �6�Q�+���H �b�m�#�/�Q�K���B�M�b �m�b�m���H�H�v �?���p�2 �� �b�B�x�2 �+�Q�K�T���`���#�H�2 �i�Q �i�?�2 �Q�`�B�;�B�M���H
�/���i���X �q�?�2�M �K�m�H�i�B�T�H�2 �b�m�#�/�Q�K���B�M�b ���`�2 �m�b�2�/�- �i�?�2 �7�Q�`�r���`�/ �7�Q�+���H �i�`���M�b�7�Q�`�K �i�2�M�/�b �i�Q
�#�2�+�Q�K�2 ���M �m�M�/�2�`�/�2�i�2�`�K�B�M�2�/ �T�`�Q�#�H�2�K�X �6�Q�` �i�?�2 �T�m�`�T�Q�b�2�b �Q�7 �i�?�B�b �i�?�2�b�B�b �A �/�2�}�M�2 �i�?�2
�7�Q�`�r���`�/ �7�Q�+���H �i�`���M�b�7�Q�`�K ���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�,

n
X̂ D

rec;1(z1; z1); X̂ D
rec;2(z2; z2); : : : ; X̂ D

rec;K (zK ; zK )
o

=

arg min
X̂ D

k (zk ; zk )
k=1 ;:::;K

(
X

t

KX

k=1

�
�
�
�
�
�X̂ D

k (zk ; zk )
�
�
�
�
�
�
S

)

�b�m�#�D�2�+�i �i�Q

X

!
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�
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�
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�
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�
P (z0; z0) �

KX

k=1

W �
k (z0; zk )X D

k (zk ; zk )W +
k (zk ; z0)

�
�
�
�
�

�
�
�
�
�
F

� �: �U�j�X�j�X�R�e�V

�L�Q�i�2 �i�?���i �i�?�2 �?���i �/�B���+�`�B�i�B�+ �K�2���M�b �i�?���iX̂ D
rec;k (zk ; zk ) �B�b �B�M �i�?�2 �i�B�K�2 �/�Q�K���B�M�X �h�?�2

�Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �U�j�X�j�X�R�e�V �v�B�2�H�/�b �7�Q�+���H �b�m�#�/�Q�K���B�M�bX̂ D
rec;k (zk ; zk ) �r�B�i�? �i�?�2 �b�K���H�H�@



�8�k �6�Q�+���H �/�2�#�H�2�M�/�B�M�;

�2�b�i �i�Q�i���H �b�m�K �M�Q�`�K�- �b�m�+�? �i�?���i �i�?�2 �i�Q�i���H �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �K�B�b�}�i �B�b �#�Q�m�M�/�2�/ �#�v� �X �h�?�2
�i�Q�i���H �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �K�B�b�}�i �B�b �i�?�2 �+�Q�M�b�i�`���B�M�i �B�M �U�j�X�j�X�R�e�V ���M�/ �m�b�2�b �i�?�2 �6�`�Q�#�2�M�B�m�b �M�Q�`�K
���b �� �K�2���b�m�`�2 �Q�7 �/�B�b�i���M�+�2�X

�A�i �b�?�Q�m�H�/ �#�2 �K�2�M�i�B�Q�M�2�/ �i�?���i �/�2�}�M�B�M�; �i�?�2 �7�Q�`�r���`�/ �7�Q�+���H �i�`���M�b�7�Q�`�K ���b �B�M �U�j�X�j�X�R�e�V �B�b
�M�Q�i �i�?�2 �Q�M�H�v �T�Q�b�b�B�#�B�H�B�i�v�X �A�M �7���+�i�- ���M�v �/�2�}�M�B�i�B�Q�M �i�?���i �7�m�H�}�H�H�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�`�B�i�2�`�B�Q�M
�+�Q�m�H�/ �#�2 �� �+���M�/�B�/���i�2�,

dist

 

P(z0; z0);
KX

k=1

W �
k (z0; zk )X D

k (zk ; zk )W +
k (zk ; z0)

!

� � < 1 ; �U�j�X�j�X�R�d�V

�7�Q�` �b�Q�K�2 �+�?�Q�B�+�2 �Q�7 �/�B�b�i���M�+�2 �7�m�M�+�i�B�Q�Mdist ( �; �)�X ���M�v �M�m�K�#�2�` �Q�7 ���/�/�B�i�B�Q�M���H �+�Q�M�b�i�`���B�M�i�b
�K���v �#�2 �T�H���+�2�/ �Q�MX D

k (zk ; zk )�X �h�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �/�B�b�i���M�+�2 �7�m�M�+�i�B�Q�M�- �i�?�2 �p���H�m�2 �Q�7�
���M�/ ���/�/�B�i�B�Q�M���H �+�Q�M�b�i�`���B�M�i�b �Q�M �i�?�2 �b�Q�H�m�i�B�Q�M �b�T���+�2 ���`�2 �B�M�~�m�2�M�+�2�/ �#�v �i�?�2 ���T�T�H�B�+���i�B�Q�M
�7�Q�` �r�?�B�+�? �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �B�b �i�Q �#�2 �m�b�2�/�X �S�`���+�i�B�+���H �+�Q�M�b�B�/�2�`���i�B�Q�M�b�- �b�m�+�? ���b �i�?�2
���p���B�H���#�B�H�B�i�v ���M�/ �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �Q�7 �M�m�K�2�`�B�+���H �b�Q�H�p�2�`�b �7�Q�` �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K
�K���v ���H�b�Q �T�H���v �� �`�Q�H�2 �B�M �i�?�2 �/�2�+�B�b�B�Q�M�X

�h�?�2 �7�Q�`�K�m�H���i�B�Q�M �U�j�X�j�X�R�e�V �T�Q�b�2�b �i�?�2 �7�Q�`�r���`�/ �7�Q�+���H �i�`���M�b�7�Q�`�K ���b �� �#���b�B�b �T�m�`�b�m�B�i �/�2�@
�M�Q�B�b�B�M�; �U�"�S�.�L�V �T�`�Q�#�H�2�K�X �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i ���7�i�2�` �p�2�+�i�Q�`�B�x���i�B�Q�M�- �U�j�X�j�X�R�e�V �+���M �#�2
�`�2�r�`�B�i�i�2�M �B�M �i�?�2 �7�Q�`�K

x rec = arg min
x

fjj x jj1g �b�m�#�D�2�+�i �i�Qjjp � �x jj2 � �; �U�j�X�j�X�R�3�V

�r�?�B�+�? �B�b ���M ���H�i�2�`�M���i�B�p�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �"�S�.�L �T�`�Q�#�H�2�K�9 �(�p���M �/�2�M �"�2�`�; ���M�/ �6�`�B�2�/�@
�H���M�/�2�`�- �k�y�y�3�)�X �>�2�`�2p ���M�/x ���`�2 �p�2�+�i�Q�`�B�x���i�B�Q�M�b �Q�7 �i�?�2 �/���i�� ���M�/ �7�Q�+���H �b�m�#�/�Q�K���B�M�b�-
�`�2�b�T�2�+�i�B�p�2�H�v�- �B�M �i�?�2 �i�B�K�2 �/�Q�K���B�M�X� �B�b �� �i�B�K�2�@�/�Q�K���B�M �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �B�M�p�2�`�b�2
�7�Q�+���H �i�`���M�b�7�Q�`�K�X �h�?�2 �T�`�Q�Q�7 �+���M �#�2 �7�Q�m�M�/ �B�M ���T�T�2�M�/�B�t ���X

�"���b�B�b �T�m�`�b�m�B�i �/�2�M�Q�B�b�B�M�; �B�b �� �T�Q�T�m�H���` �i�Q�Q�H �7�Q�` �b�B�;�M���H �T�`�Q�+�2�b�b�B�M�; ���T�T�H�B�+���i�B�Q�M�b �(�*�?�2�M
���M�/ �.�Q�M�Q�?�Q�- �R�N�N�3�c �a���`�/�v �2�i ���H�X�- �k�y�y�R�c �w�?���M�; �2�i ���H�X�- �k�y�R�8�)�X �:�B�p�2�M �K�2���b�m�`�2�/ �/���i��p
�i�?���i �B�b �B�M �b�Q�K�2 �r���v �M�Q�M�@�B�/�2���H�- �2�X�;�X �+�Q�`�`�m�T�i�2�/ �#�v �M�Q�B�b�2�- �m�M�/�2�`�b���K�T�H�2�/ �2�i�+�X �"�S�.�L
�T�`�Q�/�m�+�2�b ���M �2�b�i�B�K���i�2

p rec = �x rec ; �U�j�X�j�X�R�N�V

�i�?���i ���T�T�`�Q�t�B�K���i�2�b �i�?�2 �B�/�2���H �p�2�`�b�B�Q�M �Q�7 �i�?�2 �/���i���-

p ideal = �x ideal : �U�j�X�j�X�k�y�V

�h�?�2 �F�2�v ���b�b�m�K�T�i�B�Q�M �i�?���i �"�S�.�L �K���F�2�b �B�b �i�?���i �7�Q�` �i�?�2 �+�?�Q�b�2�M�

jjx ideal jj1 < jjx jj1 ; 8 x 6= x ideal ; �U�j�X�j�X�k�R�V

�B�X�2�X �i�?�2 �B�/�2���H �b�Q�H�m�i�B�Q�M �r�B�H�H �?���p�2 �i�?�2 �b�K���H�H�2�b�i`1�@�M�Q�`�K�X �h�?�2`1�@�M�Q�`�K �B�b �m�b�2�/ �?�2�`�2 ���b ��
�9�h�?�2 �"�S�.�L �T�`�Q�#�H�2�K �r���b �B�M�i�`�Q�/�m�+�2�/ �#�v �*�?�2�M �2�i ���H�X �(�k�y�y�R�) �B�M �i�?�2 �7�Q�`�Kx opt =

arg min x
�

jj p � �x jj 2 + � jj x jj 1

	
�X �>�2�`�2�- �A �7�Q�H�H�Q�r �p���M �/�2�M �"�2�`�; ���M�/ �6�`�B�2�/�H���M�/�2�` �(�k�y�y�3�) ���M�/ �/�2�}�M�2

�"�S�.�L ���b �B�M �U�j�X�j�X�R�3�V�X



�j�X�j �h�?�2 �K�m�H�i�B�@�H�2�p�2�H �/�Q�m�#�H�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �8�j
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���V �#�V �+�V

�/�V �2�V �7�V

�6�B�;�m�`�2 �j�X�3�,�h�Q�T � �̀Q�r�, �7�Q�+���H �b�m�#�/�Q�K���B�M�b �r�?�2�M �K�B�M�B�K�B�x�B�M�; �i�?�2 �b�m�K�@�M�Q�`�K�- ���V �}�`�b�i�- �#�V �b�2�+�Q�M�/�-
�+�V �i�?�B� �̀/ �7�Q�+���H �b�m�#�/�Q�K���B�M�X �"�Q�i�i�Q�K � �̀Q�r�, �7�Q�+���H �b�m�#�/�Q�K���B�M�b �r�?�2�M �K�B�M�B�K�B�x�B�M�; �i�?�2 �6� �̀Q�#�2�M�B�m�b�@
�M�Q�`�K�- �/�V �}�`�b�i�- �2�V �b�2�+�Q�M�/�- �7�V �i�?�B� �̀/ �7�Q�+���H �b�m�#�/�Q�K���B�M�X �l�b�B�M�; �i�?�2 �b�m�K�@�M�Q�`�K �H�2���/�b �i�Q �� �b�T���`�b�2�`
� �̀2�T� �̀2�b�2�M�i���i�B�Q�M �B�M �i�?�2 �7�Q�+���H �/�Q�K���B�M�X

�+�Q�M�p�2�t ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2`0�@�T�b�2�m�/�Q�M�Q�`�K�8 �(�.�Q�M�Q�?�Q�- �k�y�y�e�)�X �"�Q�i�? �?���p�2 �i�?�2 �2�z�2�+�i
�Q�7 �T�`�Q�K�Q�i�B�M�; �b�T���`�b�2 �b�Q�H�m�i�B�Q�M�b �(�6�Q�m�+���`�i ���M�/ �_���m�?�m�i�- �k�y�R�d�- �*�?���T�i�2�` �j�X�R�)�- �#�m�i �b�Q�H�p�B�M�;

min
x

fjj x jj0g �b�m�#�D�2�+�i �i�Qjjp � �x jj2 � �; �U�j�X�j�X�k�k�V

�B�b �F�M�Q�r�M �i�Q �#�2 ���M �L�S�@�?���`�/�- �+�Q�K�#�B�M���i�Q�`�B���H �T�`�Q�#�H�2�K �(�.�Q�M�Q�?�Q�- �k�y�y�e�)�- �?�2�M�+�2 �B�i �B�b �B�K�@
�T�`���+�i�B�+���H �7�Q�` �T�`�Q�#�H�2�K�b �r�?�2�`�2x �?���b �K���M�v �2�H�2�K�2�M�i�b�X

�8�h�?�2̀ 0 �@�T�b�2�m�/�Q�M�Q�`�K �+�Q�m�M�i�b �i�?�2 �M�Q�M�x�2�`�Q �2�H�2�K�2�M�i�b �Q�7 �p�2�+�i�Q�`�X �a�i�`�B�+�i�H�v �b�T�2���F�B�M�;�- �B�i �+���M�M�Q�i �#�2
�+���H�H�2�/ �� �M�Q�`�K�- �b�B�M�+�2jj ax jj 0 6= jaj jj x jj 0 �- �r�?�2�Ma 6= 0 �- �B�X�2�X �i�?�2 ���#�b�Q�H�m�i�2 �?�Q�K�Q�;�2�M�2�B�i�v �T�`�Q�T�2�`�i�v �Q�7 ��
�M�Q�`�K �B�b �p�B�Q�H���i�2�/�X



�8�9 �6�Q�+���H �/�2�#�H�2�M�/�B�M�;
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�/�V �2�V

�6�B�;�m�`�2 �j�X�N�,�h�Q�T � �̀Q�r�, ���V �Q�`�B�;�B�M���H �/���i���- �#�V � �̀2�+�Q�M�b�i�`�m�+�i�2�/ �/���i�� �#�v �K�B�M�B�K�B�x�B�M�; �i�?�2 �b�m�K�@�M�Q�`�K�-
�+�V �/�B�z�2� �̀2�M�+�2 �#�2�i�r�2�2�M ���V ���M�/ �#�V�X �G�Q�r�2�` � �̀Q�r�, �/�V � �̀2�+�Q�M�b�i�`�m�+�i�2�/ �/���i�� �#�v �K�B�M�B�K�B�x�B�M�; �i�?�2
�6� �̀Q�#�2�M�B�m�b�@�M�Q�`�K�- �2�V �/�B�z�2� �̀2�M�+�2 �#�2�i�r�2�2�M ���V ���M�/ �/�V�X �h�?�2 �Q�`�B�;�B�M���H �/���i�� �B�b �2�t�T�H���B�M�2�/ �B�M �#�Q�i�?
�+���b�2�b�X

�a�T���`�b�B�i�v �;�B�p�2�b �m�b �� �/�B�z�2�`�2�M�i �r���v �i�Q �B�M�i�2�`�T�`�2�i �U�j�X�j�X�k�R�V�X �G�Q�Q�b�2�H�v �b�T�2���F�B�M�;�- �B�i �B�K�T�H�B�2�b
�i�?���ip ideal �+���M �#�2 �+�Q�K�T�Q�b�2�/ �#�v �b�+���H�B�M�; ���M�/ �b�m�K�K�B�M�; �� �7�2�r �+�Q�H�m�K�M�b �Q�7� �- �m�M�H�B�F�2
�+�Q�`�`�m�T�i�2�/ �p�2�`�b�B�Q�M�bp�- �r�?�B�+�? �r�B�H�H �`�2�[�m�B�`�2 �K�Q�`�2�X �h�?�m�b�- �i�?�2 �B�/�2���H �b�Q�H�m�i�B�Q�M �B�b ���b�b�m�K�2�/
�i�Q �2�t�B�b�i �B�M �� �b�K���H�H �b�m�#�b�T���+�2 �Q�7 �i�?�2 �+�Q�H�m�K�M �b�T���+�2 �Q�7� �X �h�?�2 �#���b�B�b �T�m�`�b�m�B�i ���H�;�Q�`�B�i�?�K
�/�B�b�+�Q�p�2�`�b �i�?�B�b �b�m�#�b�T���+�2�- �r�?�B�+�? �K�Q�i�B�p���i�2�b �B�i�b �M���K�2�X �"�v �`�2�b�i�`�B�+�i�B�M�; �i�?�2 �b�m�#�b�T���+�2�- �B�i
�/�B�b�+�`�B�K�B�M���i�2�b ���;���B�M�b�i �p�2�+�i�Q�`�b

f x : jjp � �x jj2 < � g; �U�j�X�j�X�k�j�V



�j�X�9 �h�?�2 �K�m�H�i�B�H�2�p�2�H �b�B�M�;�H�2�@�b�B�/�2�/ �7�Q�+���H �i�`���M�b�7�Q�`�K �8�8

�B�X�2�X �b�Q�H�m�i�B�Q�M�b �7�Q�`x �i�?���i �2�t�T�H���B�M �i�?�2 �/���i�� �r�B�i�? �i�?�2 �`�2�[�m�B�`�2�/ �}�/�2�H�B�i�v�- �#�m�i �r�?�B�+�? ���`�2
�H�2�b�b �b�T���`�b�2 ���M�/ �?�2�M�+�2 �K�Q�`�2 �H�B�F�2�H�v �i�Q �#�2 �+�Q�`�`�m�T�i�2�/�X �h�?�2 �T���`���K�2�i�2�`� �+�Q�M�i�`�Q�H�b �i�?�2
�/���i�� �K�B�b�}�i�- �7�Q�` �+���b�2�b �r�?�2�M �B�i �B�b �M�Q�i �/�2�b�B�`���#�H�2 �i�Q �T�2�`�7�2�+�i�H�v �}�i �i�?�2 �B�M�T�m�i �/���i��p�- �2�X�;�X
�r�?�2�Mp �+�Q�M�i���B�M�b �M�Q�B�b�2�X

�q�?�2�M �b�i�`�B�+�i�H�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �T�`�Q�#�H�2�K �Q�7 �2�t�T�H���B�M�B�M�;P(z0; z0) �B�M �i�?�2 �7�Q�+���H �/�Q�K���B�M�- �B�M
�T�`�B�M�+�B�T�H�2� = 0 ���M�/ �i�?�2�`�2 �B�b �M�Q �+�H�2���` �K�Q�i�B�p���i�B�Q�M �7�Q�` �K�B�M�B�K�B�x�B�M�; �i�?�2 �b�m�K�@�M�Q�`�K �Q�7 �i�?�2
�7�Q�+���H �b�m�#�/�Q�K���B�M�b�- ���b �B�M �T�`�B�M�+�B�T�H�2 ���M�v �b�Q�H�m�i�B�Q�M �B�b �2�[�m���H�H�v �;�Q�Q�/�- �b�T���`�b�2 �Q�` �M�Q�i�X �6�B�;�m�`�2
�j�X�3 �/�2�T�B�+�i�b �b�H�B�+�2�b �Q�7 �7�Q�+���H �b�m�#�/�Q�K���B�M�b �i�?���i �r�?�2�`�2 ���+�[�m�B�`�2�/ �#�v �b�Q�H�p�B�M�; �U�j�X�j�X�R�e�V�- ���b �r�2�H�H
���b �� �p�2�`�b�B�Q�M �Q�7 �U�j�X�j�X�R�e�V �r�?�2�`�2 �i�?�2 �b�m�K�@�M�Q�`�K �?���b �#�2�2�M �`�2�T�H���+�2�/ �r�B�i�? �i�?�2 �6�`�Q�#�2�M�B�m�b
�M�Q�`�K�X �h�?�2 �b�m�K�@�M�Q�`�K �b�Q�H�m�i�B�Q�M �B�b �B�M�/�2�2�/ �b�T���`�b�2�`�- �v�2�i �#�Q�i�? �b�Q�H�m�i�B�Q�M�b �2�t�T�H���B�MP(z0; z0)
�2�[�m���H�H�v �r�2�H�H�- ���b �/�2�K�Q�M�b�i�`���i�2�/ �B�M �}�;�m�`�2 �j�X�N�X

�h�?�2 �T�`�2�7�2�`�2�M�+�2 �7�Q�` �� �b�T���`�b�B�i�v �T�`�Q�K�Q�i�B�M�; �7�m�M�+�i�B�Q�M���H �#�2�+�Q�K�2�b �K�Q�`�2 �+�H�2���`�H�v �K�Q�i�B�p���i�2�/
�r�?�2�M �/�2���H�B�M�; �r�B�i�? �� �+�Q�`�`�m�T�i�2�/ �p�2�`�b�B�Q�M �Q�7P(z0; z0)�X �h�?�2 �"�S�.�L ���T�T�`�Q���+�? �r���b �T�`�Q�@
�T�Q�b�2�/ �#�v �E�m�i�b�+�?�� �(�k�y�R�9�)�- �r�B�i�? �i�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7 �b�2�B�b�K�B�+ �/���i�� �B�M�i�2�`�T�Q�H���i�B�Q�M�X �A�M �i�?�2
�B�M�i�2�`�T�Q�H���i�B�Q�M �T�`�Q�#�H�2�K�- �i�?�2 �B�/�2���H �/���i�� �B�b �+�Q�`�`�m�T�i�2�/ �#�v �m�M�/�2�`�b���K�T�H�B�M�;�X �h�?�2 �b�m�K�@
�M�Q�`�K �?�2�H�T�b �b�m�T�T�`�2�b�b ���H�B���b�B�M�; ���`�i�B�7���+�i�b �B�M �i�?�2 �7�Q�+���H �b�m�#�/�Q�K���B�M�- �v�B�2�H�/�B�M�; ���M �B�M�i�2�`�T�Q�@
�H���i�2�/ �`�2�b�m�H�i �r�?�2�`�2 ���H�B���b�B�M�; �2�z�2�+�i�b ���`�2 �`�2�/�m�+�2�/�X �a�B�K�B�H���`�H�v �B�M �i�?�2 �/�2�#�H�2�M�/�B�M�; �T�`�Q�#�H�2�K�-
�m�M�#�H�2�M�/�2�/ �/���i�� �B�b �+�Q�`�`�m�T�i�2�/ �#�v �#�H�2�M�/�B�M�; ���M�/ �i�?�2 �b�m�K�@�M�Q�`�K �B�b �B�M�b�i�`�m�K�2�M�i���H �B�M �b�m�T�@
�T�`�2�b�b�B�M�; �#�H�2�M�/�B�M�; �M�Q�B�b�2 �B�M �i�?�2 �7�Q�+���H �/�Q�K���B�M�X �a�2�+�i�B�Q�M �j�X�8 �/�B�b�+�m�b�b�2�b �7�Q�+���H �/�2�#�H�2�M�/�B�M�;
�B�M �K�Q�`�2 �/�2�T�i�?�X

�6�Q�` �b�Q�H�p�B�M�; �U�j�X�j�X�R�e�V �i�?�2 �b�T�2�+�i�`���H �T�`�Q�D�2�+�i�2�/ �;�`���/�B�2�M�i �G�R �U�a�S�:�G�R�V �b�Q�H�p�2�` �B�b �m�b�2�/ �(�p���M �/�2�M
�"�2�`�; ���M�/ �6�`�B�2�/�H���M�/�2�`�- �k�y�y�d�)�X �� �b�m�K�K���`�v �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �+���M �#�2 �7�Q�m�M�/ �B�M ���T�T�2�M�/�B�t
�"�X ���M ���H�i�2�`�M���i�B�p�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �i�?���i �m�b�2�b �� �;�`�2�2�/�v �b�Q�H�p�2�` �+���M �#�2
�7�Q�m�M�/ �B�M �*���Q �2�i ���H�X �(�k�y�R�N�)�X �l�b�B�M�; �� �;�`�2�2�/�v �b�Q�H�p�2�` �r���b �K�Q�`�2 �2�{�+�B�2�M�i �r�?�2�M �B�i �+���K�2 �i�Q
�M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b�- ���i �i�?�2 �+�Q�b�i �Q�7 �� �b�H�B�;�?�i�H�v �r�Q�`�b�2 �/�2�#�H�2�M�/�B�M�; �`�2�b�m�H�i�X

�j�X�9 �h�?�2 �K�m�H�i�B�H�2�p�2�H �b�B�M�;�H�2�@�b�B�/�2�/ �7�Q�+���H �i�`���M�b�7�Q�`�K

�h�?�2 �/�Q�m�#�H�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�- ���b �T�`�2�b�2�M�i�2�/ �2���`�H�B�2�`�- �m�b�2�b �i�r�Q �Q�M�2�@�r���v �Q�T�2�`���i�Q�`�b �i�Q
�?���M�/�H�2 �m�T�;�Q�B�M�; ���M�/ �/�Q�r�M�;�Q�B�M�; �r���p�2�}�2�H�/ �2�t�i�`���T�Q�H���i�B�Q�M�- �7�`�Q�K �i�?�2 �b�m�`�7���+�2 �i�Q �2���+�?
�+�?�Q�b�2�M �/�2�T�i�? �H�2�p�2�H�X ���M�Q�i�?�2�` �T�Q�b�b�B�#�B�H�B�i�v�- �r�?�B�+�? �A �2�t�T�H�Q�`�2 �?�2�`�2�- �B�b �i�Q �m�b�2 �Q�M�2 �i�r�Q�@�r���v
�Q�T�2�`���i�Q�` �i�?���i �2�t�i�`���T�Q�H���i�2�b �7�`�Q�K �i�?�2 �b�m�`�7���+�2 �i�Q �b�Q�K�2 �/�2�T�i�? �H�2�p�2�Hzk ���M�/ �#���+�F �i�Q �i�?�2
�b�m�`�7���+�2�X �h�?�B�b �B�K�T�H�B�2�b �i�?���i �i�?�B�b �M�2�r �2�t�i�`���T�Q�H���i�B�Q�M �Q�T�2�`���i�Q�` �K�m�b�i �B�M�+�H�m�/�2 �b�+���i�i�2�`�B�M�;
�B�M �b�Q�K�2 �7�Q�`�K�- �m�M�H�B�F�2 �i�?�2 �+���b�2 �Q�7 �i�?�2 �Q�M�2�@�r���v �Q�T�2�`���i�Q�`�b�X �h�?�2 �+�Q�M�+�2�T�i �Q�7 �m�b�B�M�; �i�r�Q�@
�r���v �Q�T�2�`���i�Q�`�b �B�b ���H�Q�M�; �i�?�2 �i�?�B�M�F�B�M�; �7�Q�m�M�/ �B�M �"�2�`�F�?�Q�m�i ���M�/ �o�2�`�b�+�?�m�m�` �(�k�y�y�e�) ���M�/ ���M
���T�T�H�B�+���i�B�Q�M �Q�M �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �B�b �/�2�b�+�`�B�#�2�/ �B�M �E�Q�M�i���F�B�b �2�i ���H�X �(�k�y�R�e�)�X



�8�e �6�Q�+���H �/�2�#�H�2�M�/�B�M�;

�j�X�9�X�R �h�?�2 �B�M�p�2�`�b�2 �i�`���M�b�7�Q�`�K

�q�2 �#�2�;�B�M ���;���B�M �7�`�Q�K �q�_�q �K�Q�/�2�H�B�M�;�,

P(z0; z0) = D (z0)
MX

m =1

[W �
m (z0; zm )R (zm ; zm )W +

m (zm ; z0)]S+ (z0):

�a�2�i�i�B�M�;D (z0) = I �-R (zm ; zm ) = I ���M�/S+ (z0) = X S
k (z0) �7�Q�K̀ �/�2�T�i�? �H�2�p�2�H�b �r�2 �;�2�i

P(z0; z0) =
KX

k=1

[W �
k (z0; zk )W +

k (zk ; z0)]X S
k (z0)

=
KX

k=1

W �
k (z0; z0)X S

k (z0): �U�j�X�9�X�k�9�V

W �
k (z0; z0) �B�b �T�2�`�?���T�b �i�?�2 �b�B�K�T�H�2�b�i �T�Q�b�b�B�#�H�2 �i�r�Q�@�r���v �Q�T�2�`���i�Q�`�X �A�i �K�Q�/�2�H�b �T�`�Q�T���;���@

�i�B�Q�M �i�?�`�Q�m�;�? �� �?�Q�K�Q�;�2�M�2�Q�m�b �?���H�7�b�T���+�2�- �/�2�}�M�2�/ �#�v �� �H�Q�+���H�H�v�@�`�2���+�i�B�M�; �~���i �`�2�~�2�+�i�Q�` ���i
zk �r�B�i�? �m�M�B�i �`�2�~�2�+�i�B�p�B�i�v �2�p�2�`�v�r�?�2�`�2�XX S

k (z0) �+���M �#�2 �m�M�/�2�`�b�i�Q�Q�/ ���b �� �p�B�`�i�m���H �b�Q�m�`�+�2
���`�`���v �i�?���i �;�2�M�2�`���i�2�b �� �b�B�;�M���H �i�?���i �T�`�Q�T���;���i�2�b �B�M �i�?�2 �?���H�7�b�T���+�2 �K�2�/�B�m�K ���M�/ �;�2�M�2�`�@
���i�2�b �� �+�Q�K�T�Q�M�2�M�i �Q�7P(z0; z0)�X ���T���`�i �7�`�Q�K �?���p�B�M�; �� �b�2�T���`���i�2 �i�r�Q�@�r���v �Q�T�2�`���i�Q�`�- �2���+�?
�/�2�T�i�? �H�2�p�2�H �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �� �/�B�z�2�`�2�M�i �p�B�`�i�m���H �b�Q�m�`�+�2 ���`�`���v�X �h�?�2 �i�Q�i���HP(z0; z0) �B�b
�;�B�p�2�M �#�v �b�m�K�K�B�M�; ���H�H �+�Q�K�T�Q�M�2�M�i�b�X �A �b�?���H�H �`�2�7�2�` �i�Q �i�?�B�b �7�Q�`�K �Q�7 �i�?�2 �b�B�M�;�H�2�@�b�B�/�2�/ �7�Q�+���H
�i�`���M�b�7�Q�`�K ���b �i�?�2�b�Q�m� �̀+�2�@�b�B�/�2�7�Q�+���H �i�`���M�b�7�Q�`�K�- �b�B�M�+�2 �i�?�2 �b�m�#�/�Q�K���B�M�bX S

k (z0) �i���F�2 �i�?�2
�T�H���+�2 �Q�7 �i�?�2 �b�Q�m�`�+�2�X

�*�?�Q�Q�b�B�M�;D (z0) = X R
k (z0)�-R (zm ; zm ) = I ���M�/S+ (z0) = I �v�B�2�H�/�b ���M�Q�i�?�2�` �7�Q�`�K �Q�7
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N (z0) � (� (z0)� (z0)H � I )� (z0); �U�j�X�e�X�9�N�V

�� �K�Q�/�B�}�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�; �Q�T�2�`���i�Q�`�-� (z0)� (z0)H �X �.�m�2 �i�Q �i�?�2
�7���+�i �i�?���i �i�?�2 �/�B���;�Q�M���H �2�H�2�K�2�M�i�b �Q�7N (z0) ���`�2 �2�[�m���H �i�Q �x�2�`�Q �7�Q�` �2�p�2�`�v �7�`�2�[�m�2�M�+�v �b�H�B�+�2�-
�i�?�2 �T�`�Q�/�m�+�iP(z0; z0)N (z0) �T�`�Q�/�m�+�2�b �Q�M�H�v �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �+�Q�K�T�Q�M�2�M�i�X �h�?�B�b �B�b
�m�M�H�B�F�2 �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�B�M�;�- �r�?�B�+�? �T�`�Q�/�m�+�2�b �� �K�B�t�i�m�`�2 �Q�7 �#�Q�i�? �/���i�� ���M�/ �#�H�2�M�/�B�M�; �M�Q�B�b�2�X
�1���+�? �7�`�2�[�m�2�M�+�v �b�H�B�+�2 �Q�7� (z0) �B�b �i�?�2 �b���K�2 �/�B���;�Q�M���H �K���i�`�B�t�X �A�i�b �T�m�`�T�Q�b�2 �B�b �i�Q ���T�T�H�v ��
�M�Q�`�K���H�B�x���i�B�Q�M �Q�M �i�?�2 �+�Q�H�m�K�M�b �Q�7� (z0)� (z0)H � I �i�?���i ���+�+�Q�m�M�i�b �7�Q�` �i�?�2 �T�Q�i�2�M�i�B���H�H�v
�/�B�z�2�`�2�M�i �M�m�K�#�2�` �Q�7 �m�M�#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b �b�m�K�K�2�/ �i�Q �T�`�Q�/�m�+�2 �� �;�B�p�2�M �#�H�2�M�/�2�/ �b�?�Q�i
�;���i�?�2�`�X �h�?�2 �T�`�Q�T�2�` �/�2�}�M�B�i�B�Q�M �Q�7� (z0) �+���M �#�2 �7�Q�m�M�/ �B�M ���T�T�2�M�/�B�t �*�X ���M �B�K�T�Q�`�i���M�i
�T�`�Q�T�2�`�i�v �Q�7N (z0) ���b �/�2�}�M�2�/ ���#�Q�p�2 �B�b �i�?���i

N (z0)� (z0) = � (z0): �U�j�X�e�X�8�y�V

�h�?�2 �T�`�Q�Q�7 �Q�7 �i�?�B�b �T�`�Q�T�2�`�i�v �B�b ���H�b�Q �+�Q�M�i���B�M�2�/ �B�M ���T�T�2�M�/�B�t �*�X

�6�Q�` �� �;�B�p�2�M �m�M�#�H�2�M�/�2�/ �/���i��P (z0; z0) ���M�/ �� �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�- �r�2 �+���M
�b�T�H�B�iP(z0; z0) ���b �i�?�2 �b�m�K �Q�7 �i�r�Q �+�Q�K�T�Q�M�2�M�i�b�-

P(z0; z0) = P R (z0; z0) + P �R (z0; z0): �U�j�X�e�X�8�R�V

P R (z0; z0) �B�b �i�?�2 �+�Q�K�T�Q�M�2�M�i �r�?�B�+�? �B�b �B�M �i�?�2 �`���M�;�2 �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K ���M�/
P �R (z0; z0) �B�b �i�?�2 �+�Q�K�T�Q�M�2�M�i �r�?�B�+�? �B�b�M�ö�i�X ���H�i�?�Q�m�;�? �#�v ���b�b�m�K�T�i�B�Q�MP �R (z0; z0) �B�i�b�2�H�7
�+���M�M�Q�i �#�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/ �#�v �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�- �B�i �+�Q�m�H�/ �#�2 �i�?���i �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2
���b�b�Q�+�B���i�2�/ �r�B�i�? �B�i�-P �R (z0; z0)N (z0) �B�b �B�M �i�?�2 �`���M�;�2 �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�X �q�?�2�M
�i�?���i �B�b �i�?�2 �+���b�2�- �i�?�2�`�2 �2�t�B�b�iX D

R ;0(z0; z0) ���M�/X D
N;m (zm ; zm ) �b�m�+�? �i�?���i

P R (z0; z0) =
MX

m =1

W �
m (z0; zm )X D

R ;m (zm ; zm )W +
m (zm ; z0);

P �R (z0; z0)N (z0) =
MX

m =1

W �
m (z0; zm )X D

N;m (zm ; zm )W +
m (zm ; z0): �U�j�X�e�X�8�k�V
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�6�B�;�m�`�2 �j�X�R�d�,�_�2�+�Q�M�b�i�`�m�+�i�B�Q�M �m�b�B�M�; �i�?�2 �7�Q�+���H �i� �̀��M�b�7�Q�`�K�, �i�?�2 �Q�`�B�;�B�M���H �b�v�M�i�?�2�i�B�+ �/���i�� �B�M �i�?�2 ���V
�h�s �/�Q�K���B�M�- �#�V �6�E �/�Q�K���B�M�c �i�?�2 � �̀2�+�Q�M�b�i�`�m�+�i�2�/ �/���i�� �B�M �i�?�2 �+�V �h�s �/�Q�K���B�M�- �/�V �6�E �/�Q�K���B�M�c �i�?�2
�/�B�z�2� �̀2�M�+�2 �Q�7 �i�?�2 �Q�`�B�;�B�M���H �7� �̀Q�K �i�?�2 � �̀2�+�Q�M�b�i�`�m�+�i�2�/ �/���i�� �B�M �i�?�2 �2�V �h�s �/�Q�K���B�M�- �7�V �6�E �/�Q�K���B�M�X
�A�M�/�B�+���i�2�/ �r�B�i�? � �̀2�/ ���`� �̀Q�r�b �B�b �i�?�2 �T���`�i �Q�7 �i�?�2 �/�B� �̀2�+�i �r���p�2 �i�?���i �?���b �M�Q�i �#�2�2�M � �̀2�+�Q�M�b�i�`�m�+�i�2�/�X



�j�X�e �a�T���`�b�B�i�v ���M�/ �#�H�2�M�/�B�M�; �M�Q�B�b�2 �H�2���F���;�2 �d�R

�A ���H�b�Q �/�2�}�M�2

P 0(z0; z0) = P R (z0; z0) + P �R (z0; z0)N (z0): �U�j�X�e�X�8�j�V

�L�Q�i�2 �i�?���i �#�2�+���m�b�2N (z0) 6= I �-P 0(z0; z0) 6= P(z0; z0)�X �A�i �B�b �M�Q�r �2���b�v �i�Q �b�?�Q�r �i�?���i
P 0(z0; z0) ���H�b�Q �b���i�B�b�}�2�b �i�?�2 �#�H�2�M�/�B�M�; �2�[�m���i�B�Q�M�-

P 0(z0; z0)� (z0) = [ P R (z0; z0) + P �R (z0; z0)N (z0)]� (z0)

= P R (z0; z0)� (z0) + P �R (z0; z0)N (z0)� (z0)

= P R (z0; z0)� (z0) + P �R (z0; z0)� (z0)

= [ P R (z0; z0) + P �R (z0; z0)]� (z0)

= P(z0; z0)� (z0)

= P bl (z0; z0): �U�j�X�e�X�8�9�V

�h�?�2 ���#�Q�p�2 �/�B�b�+�m�b�b�B�Q�M �+���M �#�2 �b�m�K�K���`�B�x�2�/ ���b �7�Q�H�H�Q�r�b�X �q�?�2�M �m�b�B�M�; �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�-
�i�?�2 �/�2�#�H�2�M�/�2�/ ���M�b�r�2�` �+���M �M�2�p�2�` �#�2 �i�?�2 �/�2�b�B�`�2�/P(z0; z0)�- ���b�b�m�K�B�M�;P �R (z0; z0) 6= 0�X
�h�?�B�b �B�b �#�2�+���m�b�2 �B�M �i�?���i �+���b�2P bl (z0; z0) 6= P R (z0; z0)� (z0)�X �P�M �i�?�2 �+�Q�M�i�`���`�v�- �i�?�2
�M�Q�B�b�2�@�+�Q�M�i���B�M�B�M�;P 0(z0; z0) �/�Q�2�b �b���i�B�b�7�v �i�?�2 �#�H�2�M�/�B�M�; �2�[�m���i�B�Q�M�- ���M�/ ���b �b�m�+�? �B�b �� �+���M�@
�/�B�/���i�2 �b�Q�H�m�i�B�Q�M ���b �H�Q�M�; ���b ���VP �R (z0; z0)N (z0) �B�b �B�M �i�?�2 �`���M�;�2 �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K
���M�/ �#�V ���/�/�B�i�B�Q�M���H �+�Q�M�b�i�`���B�M�i�b �/�Q �M�Q�i �T�`�Q�?�B�#�B�i �B�i�X �6�`�Q�K �i�?�2�b�2 �r�2 �+���M �+�Q�M�+�H�m�/�2 �i�?���i
P �R (z0; z0) �+���M �Q�M�H�v �#�2 �2�t�T�H���B�M�2�/ ���b �#�H�2�M�/�B�M�; �M�Q�B�b�2�X �.�m�2 �i�Q �i�?�2 �r�B�/�2�#���M�/ �M���i�m�`�2
�Q�7 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �B�M �i�?�2 �6�E �/�Q�K���B�M�- �m�b�m���H�H�v �Q�M�H�v �T���`�i �Q�7P �R (z0; z0)N (z0) �r�B�H�H �#�2
�r�B�i�?�B�M �i�?�2 �`���M�;�2 �Q�7 �i�?�2 �7�Q�+���H �Q�T�2�`���i�Q�`�b�X �A�M �i�?���i �+���b�2�- �Q�M�H�v �i�?�2 �T���`�i �i�?���i �B�b �r�B�i�?�B�M
�i�?�2 �`���M�;�2 �r�B�H�H �#�2 �2�t�T�H���B�M�2�/ ���M�/ �i�?�2 �`�2�b�i �r�B�H�H �b�i���v �B�M �i�?�2 �`�2�b�B�/�m���H�- �B�X�2�X �i�?�2 �/�B�z�2�`�2�M�+�2
�#�2�i�r�2�2�M �i�?�2 �Q�#�b�2�`�p�2�/ �#�H�2�M�/�2�/ �/���i�� ���M�/ �i�?�2 �`�2�#�H�2�M�/�2�/ �B�M�p�2�`�b�B�Q�M �`�2�b�m�H�i�X

�h�?�B�b �i�v�T�2 �Q�7 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �H�2���F���;�2 �B�b �M�Q�i �T���`�i�B�+�m�H���` �i�Q �7�Q�+���H �/�2�#�H�2�M�/�B�M�;�X �A�M �T�`�B�M�+�B�T�H�2
�B�i �+���M �Q�+�+�m�` �B�M ���M�v �K�2�i�?�Q�/ �i�?���i �+���M�M�Q�i �7�m�H�H�v �2�t�T�H���B�M �i�?�2 �m�M�#�H�2�M�/�2�/ �/���i���X �h�?���i �#�2�B�M�;
�b���B�/�- �i�?�2 �}�H�i�2�`�B�M�; ���+�i�B�Q�M �Q�7 �i�?�2 �7�Q�+���H �Q�T�2�`���i�Q�`�b ���H�b�Q �?���b �� �T�Q�b�B�i�B�p�2 �2�z�2�+�i�, ���M�v �#�H�2�M�/�B�M�;
�M�Q�B�b�2 �r�?�B�+�? �B�b �Q�m�i�b�B�/�2 �Q�7 �i�?�2 �õ�T�`�Q�T���;���i�B�Q�M �+�Q�M�2�ö �Q�7 �i�?�2 �7�Q�+���H �Q�T�2�`���i�Q�` �+���M�M�Q�i �#�2 �T���`�i
�Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�- �i�?�2�`�2�7�Q�`�2�- �B�i �+���M �Q�M�H�v �#�2 �2�t�T�H���B�M�2�/ ���b �b�B�;�M���H �Q�` �b�i���v �B�M �i�?�2 �`�2�b�B�/�m���H�X

�6�B�;�m�`�2 �j�X�R�3 �b�?�Q�r�b ���M �2�t���K�T�H�2 �Q�7 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �H�2���F���;�2�X �h�?�2 �B�M�T�m�i �/���i�� ���M�/ �7�Q�+���H
�Q�T�2�`���i�Q�`�b �m�b�2�/ ���`�2 �i�?�2 �b���K�2 ���b �i�?�Q�b�2 �Q�7 �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�t�T�2�`�B�K�2�M�i �/�B�b�+�m�b�b�2�/
�2���`�H�B�2�`�X �h�?�2 �#�H�2�M�/�2�/ �/���i�� �+���M �#�2 �b�2�2�M �B�M �i�?�2 �h�s ���M�/ �6�E �/�Q�K���B�M�b �B�M �}�;�m�`�2�b �j�X�R�3��
���M�/ �j�X�R�3�#�X �h�?�2 �/�2�#�H�2�M�/�B�M�; �`�2�b�m�H�i �b�?�Q�r�M �B�M �}�;�m�`�2�b �j�X�R�3�+ ���M�/ �j�X�R�3�/ �b�?�Q�r�b �� �T�Q�b�B�i�B�p�2
�+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�?�2 �}�H�i�2�`�B�M�; �2�z�2�+�i �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�X �"�H�2�M�/�B�M�; �M�Q�B�b�2 �Q�m�i�b�B�/�2
�i�?���i �7���H�H�b �B�M �i�?�2 �2�p���M�2�b�+�2�M�i �`�2�;�B�Q�M �Q�7 �i�?�2 �Q�T�2�`���i�Q�` �/�Q�2�b �M�Q�i �#�2�+�Q�K�2 �T���`�i �Q�7 �i�?�2
�/�2�#�H�2�M�/�2�/ �`�2�b�m�H�i�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/ �i�?�Q�m�;�?�- �i�?�2 �/�2�#�H�2�M�/�2�/ �`�2�b�m�H�i �B�b �M�Q�i �+�Q�K�T�H�2�i�2�H�v
�M�Q�B�b�2�@�7�`�2�2�- ���b �+���M �#�2 �r�B�i�M�2�b�b�2�/ �B�M �}�;�m�`�2�b �j�X�R�3�2 ���M�/ �j�X�R�3�7�X �h�?�B�b �M�Q�B�b�2 �B�b �r�B�i�?�B�M �i�?�2
�T�`�Q�T���;���i�B�M�; �T���`�i �Q�7 �i�?�2 �7�Q�+���H �Q�T�2�`���i�Q�` ���M�/ �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �T���`�i �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �M�Q�B�b�2
�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �/�B�`�2�+�i �r���p�2�X ���b �i�?�2 �/�B�`�2�+�i �r���p�2 �+���M�M�Q�i �#�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/�- �i�?�2
�Q�M�H�v �r���v �i�Q �`�2�K�Q�p�2 �B�i�b �+�Q�M�i�`�B�#�m�i�B�Q�M �i�Q �i�?�2 �`�2�b�B�/�m���H �B�b �i�Q �2�t�T�H���B�M �B�i ���b �#�H�2�M�/�B�M�; �M�Q�B�b�2�-
�r�?�B�+�? �H�2���/�b �i�Q �i�?�2 �#���M�/�T���b�b�@�}�H�i�2�`�2�/ �#�H�2�M�/�B�M�; �M�Q�B�b�2 �b�2�2�M �B�M �}�;�m�`�2 �j�X�R�3�7�X
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�#�2�2�M �b�i�m�/�B�2�/ �2�t�i�2�M�b�B�p�2�H�v ���M�/ �K�m�H�i�B�T�H�2 �+�`�B�i�2�`�B�� �7�Q�` �2�t���+�i �`�2�+�Q�p�2�`�v �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/�X
�h�?�2�v �H�B�M�F �+�2�`�i���B�M �T�`�Q�T�2�`�i�B�2�b �Q�7A �i�Q �i�?�2 �K���t�B�K�m�K �M�m�K�#�2�` �Q�7 �M�Q�M�x�2�`�Q �2�H�2�K�2�M�i�b ��
�b�Q�H�m�i�B�Q�Mx �+���M �?���p�2 �U�B�X�2�Xjjx jj0�V ���M�/ �b�i�B�H�H �#�2 �T�2�`�7�2�+�i�H�v �`�2�+�Q�p�2�`�2�/�X �1�t���K�T�H�2�b �Q�7 �b�m�+�?
�T�`�Q�T�2�`�i�B�2�b ���`�2 �K���i�`�B�t �+�Q�?�2�`�2�M�+�2 �(�.�Q�M�Q�?�Q ���M�/ �1�H���/�- �k�y�y�j�c �:�`�B�#�Q�M�p���H �2�i ���H�X�- �k�y�y�3�)�-
�i�?�2 �`�2�b�i�`�B�+�i�2�/ �B�b�Q�K�2�i�`�v �T�`�Q�T�2�`�i�v �(�*���M�/���b ���M�/ �h���Q�- �k�y�y�8�- �k�y�y�e�) ���M�/ �i�?�2 �M�m�H�H�b�T���+�2
�T�`�Q�T�2�`�i�v �(�*�Q�?�2�M �2�i ���H�X�- �k�y�y�N�)�X �l�b�B�M�; �b�m�+�? �+�`�B�i�2�`�B�� �i�Q �T�`�Q�p�B�/�2 �T�2�`�7�2�+�i �b�2�T���`���i�B�Q�M
�;�m���`���M�i�2�2�b �7�Q�` �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �B�b�- �m�M�7�Q�`�i�m�M���i�2�H�v�- �M�Q�i �� �p�2�`�v �7�`�m�B�i�7�m�H ���T�T�`�Q���+�?�X �h�Q
�/�2�K�Q�M�b�i�`���i�2 �i�?�B�b�- �A �7�Q�+�m�b �Q�M �i�?�2 �H�Q�r �K���i�`�B�t �+�Q�?�2�`�2�M�+�v �+�`�B�i�2�`�B�Q�M �7�Q�` �2�t���+�i �`�2�+�Q�p�2�`�v�X

�h�?�2 �+�Q�?�2�`�2�M�+�2� (A ) �Q�7 �� �K���i�`�B�tA �B�b �/�2�}�M�2�/ ���b �7�Q�H�H�Q�r�b �(�.�Q�M�Q�?�Q ���M�/ �1�H���/�- �k�y�y�j�c
�h�`�Q�T�T�- �k�y�y�9�)�,

� (A ) = max
1� i 6= j � N

�
ja�>

i aj j
jjai jj2 jjaj jj2

�
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�A�M �Q�i�?�2�` �r�Q�`�/�b�- �B�i �B�b �i�?�2 �K���t�B�K�m�K �Q�z�@�/�B���;�Q�M���H �2�H�2�K�2�M�i �Q�7j �A H �A j�- �r�?�2�`�2�A �B�bA



�d�e �6�Q�+���H �/�2�#�H�2�M�/�B�M�;

�r�B�i�? �B�i�b �+�Q�H�m�K�M�b �b�+���H�2�/ �b�m�+�? �i�?���i �i�?�2�v �?���p�2 �m�M�B�i`2�@�M�Q�`�K�X �h�?�2 �+�Q�?�2�`�2�M�+�2 �+�`�B�i�2�`�B�Q�M
�7�Q�` �2�t���+�i �`�2�+�Q�p�2�`�v �B�b �;�B�p�2�M �#�v �(�.�Q�M�Q�?�Q ���M�/ �1�H���/�- �k�y�y�j�c �h�`�Q�T�T�- �k�y�y�9�)

jjx jj0 <
1
2

�
1 + � (A ) � 1�

: �U�j�X�e�X�8�e�V

���b �H�Q�M�; ���b �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �B�/�2���H �m�M�#�H�2�M�/�2�/ �/���i�� �B�M �i�?�2 �7�Q�+���H �/�Q�K���B�M �b���i�@
�B�b�}�2�b �U�j�X�e�X�8�e�V�- �B�i �B�b �� �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M ���M�/ �#���b�B�b �T�m�`�b�m�B�i �b�?�Q�m�H�/ �}�M�/ �B�i�X �J���i�`�B�+�2�bA
�r�B�i�? �H�Q�r�2�` �+�Q�?�2�`�2�M�+�2 ���`�2 �T�`�2�7�2�`���#�H�2�- ���b �i�?�2�v ���H�H�Q�r �7�Q�` �2�t���+�i �`�2�+�Q�p�2�`�v �Q�7 �H�2�b�b �b�T���`�b�2
�b�Q�H�m�i�B�Q�M�b�X �A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �U�j�X�e�X�8�e�V �;�m���`���M�i�2�2�b �`�2�+�Q�p�2�`�v �Q�7 ���M�vn�@�b�T���`�b�2 �b�Q�@
�H�m�i�B�Q�M �Un = jjx jj0�V�- �r�B�i�?�Q�m�i �B�K�T�Q�b�B�M�; ���M�v �T���`�i�B�+�m�H���` �b�i�`�m�+�i�m�`�2 �Q�M �M�Q�M�x�2�`�Q �2�H�2�K�2�M�i�b
�Q�7x�X

�*���H�+�m�H���i�B�M�;� (A ) �7�Q�` �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �+���M �#�2 �� �/���m�M�i�B�M�; �i���b�F ���b �B�i �2�M�i���B�H�b �+���H�+�m�H���i�B�M�;
�i�?�2 �B�M�M�2�` �T�`�Q�/�m�+�i �Q�7 ���H�H �m�M�B�[�m�2 �+�Q�K�#�B�M���i�B�Q�M�b �Q�7 �i�r�Q ���i�Q�K�b�- �7�`�Q�K �� �/�B�+�i�B�Q�M���`�v �Q�7
�K�B�H�H�B�Q�M�b �Q�7 ���i�Q�K�b�X �6�Q�` �Q�m�` �T�m�`�T�Q�b�2�b �B�i �b�m�{�+�2�b �i�Q �2�t���K�B�M�2 �� �b�K���H�H �b�m�#�b�2�i �Q�7 ���i�Q�K�b�X
�A �2�t�i�`���+�i �� �i�r�Q �b�2�i�b �Q�7 ���i�Q�K�b�X �h�?�2 �}�`�b�i ���i�Q�K �Q�7 �i�?�2 �}�`�b�i �b�2�i �B�b �;�2�M�2�`���i�2�/ �#�v �b�2�i�i�B�M�;
�� �7�Q�+���H �b�m�#�/�Q�K���B�M �2�[�m���H �i�Q �� �E�`�Q�M�2�+�F�2�` �/�2�H�i�� �7�m�M�+�i�B�Q�M�- �i���F�B�M�; �i�?�2 �B�M�p�2�`�b�2 �7�Q�+���H
�i�`���M�b�7�Q�`�K ���M�/ �#�H�2�M�/�B�M�; �i�?�2 �`�2�b�m�H�i�X �6�Q�` �i�?�2 �`�2�b�i �Q�7 �i�?�2 ���i�Q�K�b �Q�7 �i�?�2 �}�`�b�i �b�2�i�- �i�?�2
�E�`�Q�M�2�+�F�2�` �/�2�H�i�� �B�b �b�?�B�7�i�2�/ �B�M �i�B�K�2 �B�M �b�i�2�T�b �Q�7�t = 4 �K�b ���M�/ �i�?�2 �b���K�2 �T�`�Q�+�2�b�b
�B�b �`�2�T�2���i�2�/�X �6�Q�` �i�?�2 �b�2�+�Q�M�/ �b�2�i �Q�7 ���i�Q�K�b�- �i�?�2 �E�`�Q�M�2�+�F�2�` �/�2�H�i�� �B�b �b�?�B�7�i�2�/ �B�M �b�T���+�2
�B�M�b�i�2���/�- �B�M �b�i�2�T�b �Q�7�x = 2 :5 �K�X �L�Q�i�2 �i�?���i �i�?�2�b�2 �b�?�B�7�i�b ���`�2 �`�2�H���i�2�/ �i�Q �i�?�2 �7�Q�+���H
�/�Q�K���B�M �b���K�T�H�B�M�; �B�M �i�B�K�2 ���M�/ �b�T���+�2 ���M�/ �M�Q�i �i�Q �#�H�2�M�/�B�M�; �b�?�B�7�i�b ���M�/ �b�Q�m�`�+�2�f�`�2�+�2�B�p�2�`
�b�T���+�B�M�;�X �A�M �#�Q�i�? �+���b�2�b�- �A �+���H�+�m�H���i�2 �i�?�2 �B�M�M�2�` �T�`�Q�/�m�+�i �Q�7 �i�?�2 �}�`�b�i ���i�Q�K �Q�7 �2���+�? �b�2�i �r�B�i�?
�i�?�2 �`�2�b�i �Q�7 �i�?�2 �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �b���K�2 �b�2�i�X �h�?�2 �b�B�M�;�H�2�@�b�B�/�2�/ �7�Q�+���H �i�`���M�b�7�Q�`�K �U�b�Q�m�`�+�2
�b�B�/�2�V �r���b �m�b�2�/�- �/�2�}�M�2�/ �#�v �Q�M�2 �7�Q�+���H �b�m�#�/�Q�K���B�M �r�B�i�? �p�2�H�Q�+�B�i�vc = 1489 �K �b� 1 ���M�/
�/�2�T�i�?z = 410 �K�X �h�?�2 �`�2�b�m�H�i�b �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2 �j�X�k�R�X

�h�?�2 �}�`�b�i �p���H�m�2 �B�M �#�Q�i�? �T�H�Q�i�b �B�b �2�[�m���H �i�Q �R�- ���b �B�i �B�b �i�?�2 �B�M�M�2�` �T�`�Q�/�m�+�i �Q�7 ���M ���i�Q�K �r�B�i�?
�B�i�b�2�H�7�X �h�?�2�b�2 ���`�2 �M�Q�i �i���F�2�M �B�M�i�Q ���+�+�Q�m�M�i �r�?�2�M �+���H�+�m�H���i�B�M�;� (A )�X �6�Q�` �i�?�2 �`�2�b�i �Q�7 �i�?�2
�p���H�m�2�b�- �i�?�2 �B�b �� �M�Q�i�B�+�2���#�H�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �i�B�K�2 ���M�/ �i�?�2 �b�T���+�2 �+���b�2�- �i�?�2 �H���i�i�2�`
�i���T�2�`�B�M�; �Q�z �K�m�+�? �b�H�Q�r�2�` �i�?���M �i�?�2 �}�`�b�i�X �h�?�B�b �B�K�T�H�B�2�b �i�?���i �i�?�2 ���i�Q�K�b �Q�7 �i�?�2 �b�T���+�2 �b�2�i
���`�2 �+�H�Q�b�2�` �i�Q �#�2�B�M�; �+�Q�H�H�B�M�2���` �r�B�i�? �i�?�2 �}�`�b�i ���i�Q�K �Q�7 �i�?�2 �b�2�+�Q�M�/ �b�2�i�X �6�`�Q�K �� �;�2�Q�K�2�i�`�B�+���H
�T�Q�B�M�i �Q�7 �p�B�2�r�- �B�i �B�b �2���b�v �i�Q �b�2�2 �r�?�v �i�?�B�b �B�b �i�?�2 �+���b�2�X �h�r�Q �b�T���i�B���H�H�v �T�`�Q�t�B�K���H �T�Q�B�M�i�b
�B�M �i�?�2 �7�Q�+���H �/�Q�K���B�M �;�2�M�2�`���i�2 �2�p�2�M�i�b �r�B�i�? ���H�K�Q�b�i �+�Q�B�M�+�B�/�B�M�; �i�`���p�2�H�i�B�K�2�b�- �2�b�T�2�+�B���H�H�v
���`�Q�m�M�/ �i�?�2 ���T�2�t �H�Q�+���i�B�Q�M�X �h�?�2�b�2 �2�p�2�M�i�b ���`�2 �i�?�2�M �#�H�2�M�/�2�/�- �r�?�B�+�? �T�`�Q�/�m�+�2�b �i�?�2 ���i�Q�K�b
�Q�7 �i�?�2 �/�B�+�i�B�Q�M���`�v�X �h�?�2�b�2 ���i�Q�K�b �r�B�H�H �#�2 ���H�K�Q�b�i �B�/�2�M�i�B�+���H ���M�/ �?�2�M�+�2 �?���p�2 �� �H���`�;�2 �B�M�M�2�`
�T�`�Q�/�m�+�i�X �h�r�Q �M�2���`�#�v �T�Q�B�M�i�b �B�M �i�B�K�2�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �r�B�H�H �H�2���/ �i�Q ���i�Q�K�b �i�?���i
���`�2 ���H�b�Q �b�?�B�7�i�2�/ �B�M �i�B�K�2 �`�2�H���i�B�p�2 �i�Q �2���+�? �Q�i�?�2�`�X �P�r�B�M�; �i�Q �i�?�2 �?�B�;�? �#���M�/�r�B�/�i�? �Q�7 �i�?�2
�;�2�M�2�`���i�2�/ �2�p�2�M�i�b�- �i�?�2 �Q�p�2�`�H���T �#�2�i�r�2�2�M �i�r�Q ���i�Q�K�b �B�b �p�2�`�v �H�B�i�i�H�2�- �2�p�2�M �7�Q�` �b�K���H�H �b�?�B�7�i�b�-
�H�2���/�B�M�; �i�Q �H�Q�r �p���H�m�2�b �7�Q�` �i�?�2 �B�M�M�2�` �T�`�Q�/�m�+�i�X

�h�?�2 �H���`�;�2�b�i �p���H�m�2 �7�Q�` �i�?�2 �B�M�M�2�` �T�`�Q�/�m�+�i �Q�7 �i�r�Q �/�B�z�2�`�2�M�i ���i�Q�K�b �B�M �}�;�m�`�2 �j�X�k�R �B�b �y�X�N�j�X
�S�H�m�;�;�B�M�; �B�M�i�Q �U�j�X�e�X�8�e�V �r�2 �;�2�i �i�?���i

jj x jj0 < 1:037: �U�j�X�e�X�8�d�V
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�6�B�;�m�`�2 �j�X�k�R�,���V �L�Q�`�K���H�B�x�2�/ �B�M�M�2�` �T� �̀Q�/�m�+�i�b �Q�7 ���i�Q�K�b �i�?���i �+�Q�`� �̀2�b�T�Q�M�/ �i�Q �7�Q�+���H �/�Q�K���B�M �2�H�2�K�2�M�i�b
�+�H�Q�b�2 �B�M �i�B�K�2�- �#�V �M�Q�`�K���H�B�x�2�/ �B�M�M�2�` �T� �̀Q�/�m�+�i�b �Q�7 ���i�Q�K�b �i�?���i �+�Q�`� �̀2�b�T�Q�M�/ �i�Q �7�Q�+���H �/�Q�K���B�M
�2�H�2�K�2�M�i�b �+�H�Q�b�2 �B�M �b�T���+�2�X

�K�m�b�i �?�Q�H�/ �7�Q�` �2�t���+�i �`�2�+�Q�p�2�`�v�X �1�b�b�2�M�i�B���H�H�v �i�?�B�b �K�2���M�b �i�?���i �i�?�2�`�2 ���`�2 �M�Q �T�`���+�i�B�+���H
�;�m���`���M�i�2�2�b �`�2�;���`�/�B�M�; �2�t���+�i �`�2�+�Q�p�2�`�v�- �/�m�2 �i�Q �i�?�2 �?�B�;�? �+�Q�?�2�`�2�M�+�2 �Q�7A �i�?���i �b�i�2�K�b
�7�`�Q�K �i�?�2 �T�?�v�b�B�+�b �Q�7 �r���p�2 �T�`�Q�T���;���i�B�Q�M�X �h�?���i �#�2�B�M�; �b���B�/�- �� �/�2�#�H�2�M�/�B�M�; �`�2�b�m�H�i �+���M �#�2
�m�b�2�7�m�H �2�p�2�M �B�7 �i�?�2 �r���p�2�}�2�H�/ �b�2�T���`���i�B�Q�M �B�b �M�Q�i �T�2�`�7�2�+�i ���M�/ �� �#���b�B�b �T�m�`�b�m�B�i ���T�T�`�Q���+�?
�+���M �b�i�B�H�H �#�2 �p�2�`�v �2�z�2�+�i�B�p�2 �B�M �#�H�2�M�/�B�M�; �M�Q�B�b�2 �`�2�K�Q�p���H�- ���b �r�B�H�H �#�2 �b�2�2�M �B�M �i�?�2 �}�2�H�/ �/���i��
�2�t���K�T�H�2�b �Q�7 �+�?���T�i�2�` �e�X �A�i �B�b �B�M�i�2�`�2�b�i�B�M�; �i�Q �M�Q�i�2 �i�?���i �2�t���+�i �`�2�+�Q�p�2�`�v �+�`�B�i�2�`�B�� �?���p�2
�#�2�2�M �m�b�2�/ �i�Q ���B�/ ���+�[�m�B�b�B�i�B�Q�M �/�2�b�B�;�M�- �#�v �2�t�T�H�Q�B�i�B�M�; �i�?�2 �7���+�i �i�?���i �i�?�2�`�2 �B�b �Q�7�i�2�M �b�Q�K�2
�7�`�2�2�/�Q�K �B�M �/�2�b�B�;�M�B�M�; �i�?�2 �K�2���b�m�`�2�K�2�M�i �K���i�`�B�t	 �X �h�?�2 �/�2�b�B�;�M �+���M �#�2 �Q�T�i�B�K�B�x�2�/ �i�Q
�K���t�B�K�B�x�2 �b�B�;�M���H �`�2�+�Q�p�2�`���#�B�H�B�i�v�- �;�B�p�2�M �� �F�M�Q�r�M� �X �a�m�+�? ���M ���T�T�`�Q���+�? �r���b �T�`�Q�T�Q�b�2�/
�B�M �*���K�T�K���M �2�i ���H�X �(�k�y�R�d�)�X



�d�3 �6�Q�+���H �/�2�#�H�2�M�/�B�M�;
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�.�2���H�B�M�; �r�B�i�? �j�. ���+�[�m�B�b�B�i�B�Q�M �m�b�B�M�; �b�K���`�i
�b�m�#�b�2�i�b

�9�X�R �J�Q�i�B�p���i�B�Q�M

�h�?�2 �7�Q�`�r���`�/ �/�Q�m�#�H�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�- ���b �B�M�i�`�Q�/�m�+�2�/ �B�M �+�?���T�i�2�` �j�X�j�- �K���T�b �i�?�2 �2�M�@
�i�B�`�2 �/���i�� �+�m�#�2P(z0; z0) �i�Q �B�i�b �7�Q�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�X �A�M �T�`�B�M�+�B�T�H�2�- �2�p�2�`�v �i�`���+�2 �B�b �B�M�@
�p�Q�H�p�2�/ �B�M �i�?�2 �+���H�+�m�H���i�B�Q�M�X �6�Q�` �i�?�2 �B�/�2���H�- ���H�B���b�B�M�;�@�M�Q�B�b�2�@�7�`�2�2 �+���b�2�- �i�?�2 �r���p�2�}�2�H�/ �b�i�Q�`�2�/
�B�MP(z0; z0) �b�?�Q�m�H�/ �#�2 �r�2�H�H�@�b���K�T�H�2�/ �B�M �#�Q�i�? �b�Q�m�`�+�2 ���M�/ �`�2�+�2�B�p�2�`(x; y)�@�/�B�K�2�M�b�B�Q�M�b�-
�r�?�B�+�? �B�K�T�H�B�2�b �+���`�T�2�i �+�Q�p�2�`���;�2 �Q�7 �i�?�2 ���+�[�m�B�b�B�i�B�Q�M ���`�2�� �r�B�i�? �b�Q�m�`�+�2�b ���M�/ �`�2�+�2�B�p�2�`�b�X
���H�i�?�Q�m�;�? �?���p�B�M�; �b�m�+�? �� �/�2�M�b�2�H�v �b���K�T�H�2�/ �r���p�2�}�2�H�/ ���p���B�H���#�H�2 �B�b �/�2�b�B�`���#�H�2 �7�`�Q�K �� �T�`�Q�@
�+�2�b�b�B�M�; �T�Q�B�M�i �Q�7 �p�B�2�r�- �i�?�2 ���b�b�Q�+�B���i�2�/ �/���i�� ���+�[�m�B�b�B�i�B�Q�M �+�Q�b�i�b ���`�2 �T�`�Q�?�B�#�B�i�B�p�2�- ���i �H�2���b�i
�7�Q�` �2�t�T�H�Q�`���i�B�Q�M �T�m�`�T�Q�b�2�b�X �q�?���i �?���T�T�2�M�b �B�M �T�`���+�i�B�+�2 �B�b �i�?���i �Q�M�2 �Q�7 �i�?�2 �b�Q�m�`�+�2 �Q�`
�`�2�+�2�B�p�2�` �/�B�K�2�M�b�B�Q�M�b �B�b �b�m�#�b���K�T�H�2�/ �+�Q�K�T���`�2�/ �i�Q �i�?�2 �Q�i�?�2�`�- ���b �� �`�2�b�m�H�i �Q�7 �� �i�`���/�2�Q�z
�#�2�i�r�2�2�M ���+�[�m�B�b�B�i�B�Q�M �+�Q�b�i�- �T�`�Q�+�2�b�b�B�M�; �`�2�[�m�B�`�2�K�2�M�i�b�X �A�M �b�Q�K�2 �+���b�2�b �i�2�`�`���B�M �/�B�{�+�m�H�i�B�2�b
�U�2�X�;�X�- �T�`�2�b�2�M�+�2 �Q�7 �Q�z�b�?�Q�`�2 �T�H���i�7�Q�`�K�b�V�- �Q�` �H�B�K�B�i���i�B�Q�M�b �Q�7 �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �b�2�i�m�T �U�2�X�;�X�-
�K���t�B�K�m�K �+���#�H�2 �H�2�M�;�i�? �B�M �b�i�`�2���K�2�` ���+�[�m�B�b�B�i�B�Q�M�V �T�H���+�2 �H�B�K�B�i�b �Q�M �?�Q�r �i�?�2 �r���p�2�}�2�H�/ �B�b
�i�Q �#�2 �b���K�T�H�2�/�X �A�M �+���b�2�b �Q�7 �b�2�p�2�`�2 �m�M�/�2�`�b���K�T�H�B�M�; �Q�7 �i�?�2 �b�Q�m�`�+�2 �Q�` �`�2�+�2�B�p�2�` �/�B�K�2�M�@
�b�B�Q�M�- �Q�M�2 �Q�7 �i�?�2 �b�B�M�;�H�2�@�b�B�/�2�/ �p���`�B���M�i�b �Q�7 �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �K���v �#�2 �#�2�i�i�2�` �b�m�B�i�2�/ �7�Q�`
�/�2�#�H�2�M�/�B�M�;�X

�A�M �i�?�B�b �+�?���T�i�2�` �A �B�M�p�2�b�i�B�;���i�2 �i�?�2 �B�/�2�� �Q�7 �/�2�#�H�2�M�/�B�M�; �B�M�/�2�T�2�M�/�2�M�i�H�v �b�m�#�b�2�i�b �Q�7 �i�?�2 �j�.
�/���i���X �h�?�2 �b�m�#�b�2�i�b ���M�/ �i�v�T�2 �Q�7 �7�Q�+���H �i�`���M�b�7�Q�`�K ���`�2 �i���B�H�Q�`�2�/ �i�Q �i�?�2 �i�v�T�2 �Q�7 ���+�[�m�B�b�B�@
�i�B�Q�M�X �>�2�`�2 �A �/�B�b�+�m�b�b �i�?�2 �+���b�2�b �Q�7 �i�Q�r�2�/ �b�i�`�2���K�2�` �(�E�Q�M�i���F�B�b ���M�/ �o�2�`�b�+�?�m�m�`�- �k�y�R�e�) ���M�/
�P�"�L ���+�[�m�B�b�B�i�B�Q�M �(�E�Q�M�i���F�B�b ���M�/ �o�2�`�b�+�?�m�m�`�- �k�y�R�d���)�X �h�?�2 �b�v�M�i�?�2�i�B�+ �/���i�� �m�b�2�/ �B�M �i�?�2
�2�t���K�T�H�2�b �r�2�`�2 �T�`�Q�/�m�+�2�/ �m�b�B�M�; �j�. ���+�Q�m�b�i�B�+ �}�M�B�i�2�@�/�B�z�2�`�2�M�+�2 �K�Q�/�2�H�B�M�; �Q�M �� �8 �F�K� �8
�F�K� �k�X�8 �F�K �p�Q�H�m�K�2 �2�t�i�`���+�i�2�/ �7�`�Q�K �i�?�2 �a�1���J �Q�p�2�`�i�?�`�m�b�i �K�Q�/�2�H�- �Q�M �r�?�B�+�? �� �j�y�y



�3�y �.�2���H�B�M�; �r�B�i�? �j�. ���+�[�m�B�b�B�i�B�Q�M �m�b�B�M�; �b�K���`�i �b�m�#�b�2�i�b

�K �r���i�2�` �H���v�2�` �r���b �T�`�2�T�2�M�/�2�/�X �h�?�2 �/�2�M�b�B�i�v �K�Q�/�2�H �r���b �;�2�M�2�`���i�2�/ �7�`�Q�K �i�?�2 �p�2�H�Q�+�B�i�v
�K�Q�/�2�H �m�b�B�M�; �:���`�/�M�2�`�ö�b �`�2�H���i�B�Q�M�X �h�r�Q �b�H�B�+�2�b �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H ���`�2 �b�?�Q�r�M �B�M �}�;�m�`�2
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�6�B�;�m�`�2 �9�X�R�,�h�r�Q �b�H�B�+�2�b �Q�7 �i�?�2 �+�Q�K�T� �̀2�b�b�B�Q�M���H �p�2�H�Q�+�B�i�v �K�Q�/�2�H �m�b�2�/ �7�Q�` �i�?�2 �b�v�M�i�?�2�i�B�+ �2�t���K�T�H�2�b
�b�?�Q�r�M �B�M �i�?�B�b �+�?���T�i�2�`�X ���V ��y�@�b�H�B�+�2 �Q�7 �i�?�2 �p�2�H�Q�+�B�i�v �K�Q�/�2�H ���iy = 2 :7 �F�K�c �#�V ���Mx�@�b�H�B�+�2 �Q�7 �i�?�2
�p�2�H�Q�+�B�i�v �K�Q�/�2�H ���ix = 2 �F�K�X

�9�X�k �h�?�2 �b�i�`�2���K�2�` �+���b�2

�J�m�H�i�B�@�b�i�`�2���K�2�` ���+�[�m�B�b�B�i�B�Q�M�b�- �b�m�+�? ���b �i�?�2 �Q�M�2 �b�?�Q�r�M �B�M �}�;�m�`�2 �9�X�k�- ���`�2 �j�. ���M�/ ���`�2 �+�?���`�@
���+�i�2�`�B�x�2�/ �#�v �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �`�2�H���i�B�p�2�H�v �� �r�2�H�H�@�b���K�T�H�2�/ �B�M�H�B�M�2 �/�B�`�2�+�i�B�Q�M ���M�/ �� �K�Q�`�2
�+�Q���`�b�2�H�v�@�b���K�T�H�2�/ �+�`�Q�b�b�H�B�M�2 �/�B�`�2�+�i�B�Q�M�X �.�2�T�2�M�/�B�M�; �Q�M �?�Q�r �/�2�#�H�2�M�/�B�M�; �B�b �T�2�`�7�Q�`�K�2�/�-
�i�?�2 �+�`�Q�b�b�H�B�M�2 �/�B�K�2�M�b�B�Q�M �K���v �`�2�[�m�B�`�2 �Q�M�@�i�?�2�@�~�v �B�M�i�2�`�T�Q�H���i�B�Q�M �i�Q �+�Q�K�#���i �m�M�/�2�`�b���K�@
�T�H�B�M�;�X �1�p�2�M �r�?�2�M �B�M�i�2�`�T�Q�H���i�B�Q�M �+���M �#�2 ���p�Q�B�/�2�/�- �T�`�Q�+�2�b�b�B�M�; ���H�H �i�?�2 �/���i�� �D�Q�B�M�i�H�v �+���M �#�2
�� �+�Q�M�b�B�/�2�`���#�H�2 �+�Q�K�T�m�i���i�B�Q�M���H �#�m�`�/�2�M�- �;�B�p�2�M �i�?�2 ���K�Q�m�M�i �Q�7 �+�Q�M�p�Q�H�m�i�B�Q�M�f�+�Q�`�`�2�H���i�B�Q�M
�Q�T�2�`���i�B�Q�M�b �B�M�p�Q�H�p�2�/ �B�M �+���`�`�v�B�M�; �Q�m�i �i�?�2 �7�Q�+�m�b�B�M�;�f�/�2�7�Q�+�m�b�B�M�; �b�i�2�T�b�X �6�Q�`�i�m�M���i�2�H�v�- �r�2
�+���M �i���F�2 ���/�p���M�i���;�2 �Q�7 �;�Q�Q�/ �B�M�H�B�M�2 �b���K�T�H�B�M�;�- �#�v �i�`�2���i�B�M�; �i�?�2 �7�m�H�H �j�. �T�`�Q�#�H�2�K ���b ��
�b�2�i �Q�7 �T�b�2�m�/�Q�@�k�. �T�`�Q�#�H�2�K�b�- �2���+�? �B�M�p�Q�H�p�B�M�; �� �b�B�M�;�H�2 �b�i�`�2���K�2�` ���M�/ �K�m�H�i�B�T�H�2 �p�2�b�b�2�H�b
�b�?�Q�Q�i�B�M�; �B�M �� �#�H�2�M�/�2�/ �7���b�?�B�Q�M�X

�h�?�B�b �K�Q�/�B�}�+���i�B�Q�M �+�Q�M�p�2�`�i�b �i�?�2 �T�`�Q�#�H�2�K �B�M�i�Q �� �T�b�2�m�/�Q�@�k�. �T�`�Q�#�H�2�K�- �B�M �r�?�B�+�? �2�p�2�`�v
�b�i�`�2���K�2�` �B�b �?���M�/�H�2�/ �B�M�/�2�T�2�M�/�2�M�i�H�v�X �h�?�2 �`�2�+�2�B�p�2�`�b �Q�M �� �T���`�i�B�+�m�H���` �b�i�`�2���K�2�` ���H�Q�M�;
�r�B�i�? �i�?�2 �b�?�Q�i �H�Q�+���i�B�Q�M�b �/�2�}�M�2 �� �b�2�i �Q�7 �K�B�/�T�Q�B�M�i�b �i�?���i �+���M �#�2 �m�b�2�/ �i�Q �+�Q�M�b�i�`�m�+�i ��
�b�2�i �Q�7 �7�Q�+���H �;�`�B�/ �T�Q�B�M�i�b�X �6�Q�` �i�?�2 ���+�[�m�B�b�B�i�B�Q�M �B�M �}�;�m�`�2 �9�X�k�- �i�r�Q �b�2�T���`���i�2 �;�`�B�/�b ���`�2
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�6�B�;�m�`�2 �9�X�k�,�q�B�/�2 ���x�B�K�m�i�? �b�i� �̀2���K�2�` ���+�[�m�B�b�B�i�B�Q�M�X �h�?�2 � �̀2�/ �t �b�v�K�#�Q�H�b � �̀2�T� �̀2�b�2�M�i �b�?�Q�i�b �+���`�`�B�2�/
�Q�m�i �#�v �i�r�Q �p�2�b�b�2�H�b�- �K���`�F�2�/ �R ���M�/ �k�- � �̀2�b�T�2�+�i�B�p�2�H�v�X �a�i� �̀2���K�2�`�b ��� �̀2 �/�2�T�B�+�i�2�/ ���b �#�H���+�F �H�B�M�2�b�X �h�?�2
�b�i� �̀2���K�2�` �B�M�/�B�+���i�2�/ �#�v �i�?�2 �#�H�m�2 ���`� �̀Q�r �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �b�?�Q�i�b �7� �̀Q�K �i�?�2 �i�r�Q �p�2�b�b�2�H�b �7�Q�`�K�b �i�?�2
�b�m�#�b�2�i �i�?���i �r�B�H�H �#�2 �/�2�#�H�2�M�/�2�/�X �h�?�2 �T�Q�B�M�i�b �B�M �;� �̀2�2�M �/�2�}�M�2 �i�r�Q �7�Q�+���H �;�`�B�/�b�X

�m�b�2�/�- �2���+�? �r�B�i�? �i�?�2�B�` �Q�r�M ���b�b�Q�+�B���i�2�/ �7�Q�+���H �b�m�#�/�Q�K���B�M�b ���M�/ �7�Q�+���H �Q�T�2�`���i�Q�`�b�- �+�2�M�i�2�`�2�/
���`�Q�m�M�/ �i�?�2 �b�m�#�b�2�i �K�B�/�T�Q�B�M�i�b�X �h�?�2 �T�m�`�T�Q�b�2 �Q�7 �2���+�? �7�Q�+���H �b�m�#�/�Q�K���B�M �B�b �i�Q �2�t�T�H���B�M �i�?�2
�r���p�2�}�2�H�/ �+�`�2���i�2�/ �#�v �2���+�? �Q�7 �i�?�2 �b�Q�m�`�+�2�b�X �*�Q�M�}�M�B�M�; �i�?�2 �;�`�B�/�b �i�Q �H�B�2 ���`�Q�m�M�/ �K�B�/�T�Q�B�M�i�b
�`�2�/�m�+�2�b �i�?�2 �M�m�K�#�2�` �Q�7 ���`�B�i�?�K�2�i�B�+ �Q�T�2�`���i�B�Q�M�b �M�2�2�/�2�/ �7�Q�` ���T�T�H�v�B�M�; �i�?�2 �7�Q�+���H �Q�T�2�`���i�Q�`�b�-
�#�m�i �+�Q�K�2�b ���i �i�?�2 �+�Q�b�i �Q�7 �`�2�/�m�+�2�/ �7�Q�+�m�b�B�M�; �7�Q�` �`�2�~�2�+�i�B�Q�M�b �i�?���i �/�Q �M�Q�i �Q�`�B�;�B�M���i�2 �7�`�Q�K
�H�Q�+���i�B�Q�M�b �+�H�Q�b�2 �i�Q �i�?�2 �K�B�/�T�Q�B�M�i�b ���i �2���+�? �+�?�Q�b�2�M �/�2�T�i�? �H�2�p�2�H�X �h�?�B�b �?���T�T�2�M�b �#�2�+���m�b�2
�i�?�2 �K�Q�p�2�Q�m�i �Q�7 �i�?�2 �7�Q�+�m�b�B�M�; �Q�T�2�`���i�Q�`�b �r�B�H�H �M�Q�i �K���i�+�? ���b �+�H�Q�b�2�H�v �i�?�2 �K�Q�p�2�Q�m�i �Q�7 �2�p�2�M�i�b
���r���v �7�`�Q�K �i�?�2 �7�Q�+�m�b�B�M�; �T�Q�B�M�i�b�- �/�m�2 �i�Q �+�`�Q�b�b�@�H�B�M�2 �p���`�B���i�B�Q�M�b �B�M �i�?�2 �K�2�/�B�m�K�X

�A�M �;�2�M�2�`���H�- �r�?�2�M �m�b�B�M�;n�;�` �;�`�B�/�b�- �i�?�2 �/�2�#�H�2�M�/�B�M�; �T�`�Q�#�H�2�K �7�Q�` �2���+�? �Q�7 �i�?�2 �b�i�`�2���K�2�`
�b�m�#�b�2�i�b �#�2�+�Q�K�2�b
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W �
k;j (z0; zk )X D

k;j (zk ; zj )W +
k;j (zk ; z0): �U�9�X�k�X�k�V
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�>�2�`�2P �b�i�`
bl (z0; z0) �B�b �i�?�2 �#�H�2�M�/�2�/ �/���i�� �`�2�+�Q�`�/�2�/ �#�v �i�?�2 �b�2�H�2�+�i�2�/ �b�i�`�2���K�2�` ���M�/� �b�i�`(z0)

�i�?�2 �T���`�i �Q�7 �i�?�2 �#�H�2�M�/�B�M�; �Q�T�2�`���i�Q�` �i�?���i �T�`�Q�/�m�+�2�b �B�i �7�`�Q�K �m�M�#�H�2�M�/�2�/ �/���i���XP j (z0; z0)
�B�b �i�?�2 �/���i�� �b�v�M�i�?�2�b�B�x�2�/ �#�v �/�2�7�Q�+�m�b�B�M�; �i�?�2 �7�Q�+���H �b�m�#�/�Q�K���B�M�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2j �@�i�?
�;�`�B�/�-X D

k;j (zk ; zj )�-k = 1 ; 2; : : : ; K �- �7�Q�H�H�Q�r�2�/ �#�v �b�i���+�F�B�M�; �i�?�2 �/�2�7�Q�+�m�b�2�/ �/���i�� �+�m�#�2�b�X

�h�?�2j �@�i�? �;�`�B�/ ���H�b�Q �?���b �`�2�H���i�2�/ �7�Q�+���H �Q�T�2�`���i�Q�`�bW � =+
k;j (z0; zk ) �7�Q�` �2���+�? �Q�7 �i�?�2K �/�2�T�i�?

�H�2�p�2�H�b�X

�6�Q�` �i�?�2 �2�t���K�T�H�2 �B�M �}�;�m�`�2 �9�X�k�- �i�?�2 �b���B�H �H�B�M�2 �+�Q�M�b�B�b�i�b �Q�7 �R�R �b�i�`�2���K�2�`�b�- �r�B�i�? �� �+�`�Q�b�b�H�B�M�2
�b�T���+�B�M�; �Q�7 �R�y�y �K�X �1���+�? �b�i�`�2���K�2�` �?���b �8�y �`�2�+�2�B�p�2�`�b �r�B�i�? �k�8 �K �B�M�H�B�M�2 �b�T���+�B�M�;�- �7�Q�` ��
�i�Q�i���H �b�i�`�2���K�2�` �H�2�M�;�i�? �Q�7 �R�X�k�8 �F�K�X �� �i�Q�i���H �Q�7 �8�y �#�H�2�M�/�2�/ �b�?�Q�i �;���i�?�2�`�b ���`�2 ���+�[�m�B�`�2�/�-
���T�T�`�Q�t�B�K���i�2�H�v �2�p�2�`�v �k�8 �K�X �h�?�2 ���B�`�;�m�M�b �}�`�2 �r�B�i�? �`���M�/�Q�K �i�B�K�2 �/�2�H���v�b �`���M�;�B�M�; �7�`�Q�K
�y �b �i�Q �y�X�8 �b�- �B�M �� �#�H�2�M�/�2�/ �7���b�?�B�Q�M�X �h�?�`�2�2 �+�Q�K�K�Q�M �`�2�+�2�B�p�2�` �;���i�?�2�`�b �Q�7 �m�M�#�H�2�M�/�2�/ ���M�/
�T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ �/���i�� �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2 �9�X�j�� ���M�/ �9�X�j�#�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�.�2�#�H�2�M�/�B�M�; �B�b �/�Q�M�2 �m�b�B�M�; �i�?�2 �i�r�Q �7�Q�+���H �;�`�B�/�b �/�2�T�B�+�i�2�/ �B�M �}�;�m�`�2 �9�X�k�X �h�?�2 �b�T���+�B�M�;
�m�b�2�/ �B�b �k�8 �K ���H�Q�M�; �#�Q�i�? �i�?�2 �B�M�H�B�M�2 ���M�/ �+�`�Q�b�b�H�B�M�2 ���t�2�b�X �1���+�? �;�`�B�/ �+�Q�p�2�`�b ���M ���`�2�� �Q�7
���T�T�`�Q�t�B�K���i�2�H�v �j�y�y �K� �8�j�8�y �K�X �G�Q�+���H �b�m�#�b�m�`�7���+�2 �Q�z�b�2�i�b �2�t�i�2�M�/ �7�`�Q�K �@�j �F�K �i�Q �Y�j
�F�K ���H�Q�M�; �i�?�2 ���t�B�b �T���`���H�H�2�H �i�Q �i�?�2 �b�i�`�2���K�2�`�b�X �a�2�p�2�M �7�Q�+���H �Q�T�2�`���i�Q�`�b �r�2�`�2 �+�Q�M�b�i�`�m�+�i�2�/
�r�B�i�? �p�2�H�Q�+�B�i�B�2�b �`���M�;�B�M�; �7�`�Q�K �R�9�N�j �K �b� 1 �i�Q �R�e�k�R �K �b� 1�- ���M�/ �/�2�T�i�?�b �`���M�;�B�M�; �7�`�Q�K �j�y�y
�K �i�Q �k�y�k�j �K�X �h�?�2 �M�m�K�#�2�` �K���t�B�K�m�K �M�m�K�#�2�` �Q�7 �a�S�:�G�R �B�i�2�`���i�B�Q�M�b �r���b �b�2�i �i�Q �R�y�y�y�X
�h�?�`�2�2 �/�2�#�H�2�M�/�2�/ �+�Q�K�K�Q�M �`�2�+�2�B�p�2�` �;���i�?�2�`�b ���M�/ �i�?�2 �/�B�z�2�`�2�M�+�2 �7�`�Q�K �i�?�2 �m�M�#�H�2�M�/�2�/
�/���i�� �+���M �#�2 �b�2�2�M �B�M �}�;�m�`�2�b �9�X�9�� ���M�/ �9�X�9�#�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �;���i�?�2�`�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q
�i�?�Q�b�2 �Q�7 �}�;�m�`�2 �9�X�j�X �h�`���+�2�b �7�`�Q�K �i�?�2 �}�`�b�i�- �i�?�B�`�/ ���M�/ �}�7�i�? �7�Q�+���H �b�m�#�/�Q�K���B�M ���`�2 �b�?�Q�r�M
�B�M �}�;�m�`�2�b �9�X�8���@�+�X �q�?�B�H�2 �b�Q�K�2 ���K�Q�m�M�i �Q�7 �+�Q�K�T�`�2�b�b�B�Q�M �+���M �#�2 �Q�#�b�2�`�p�2�/�- �B�i �B�b �H�B�F�2�H�v
�i�?���i �i�?�2 �7�Q�+���H �;�`�B�/�b �/�Q �M�Q�i �?���p�2 �2�M�Q�m�;�? �2�t�i�2�M�i�- �Q�` ���`�2 �M�Q�i �Q�T�i�B�K���H�H�v �T�H���+�2�/�- �i�Q �#�2
���#�H�2 �i�Q ���/�2�[�m���i�2�H�v �2�t�T�H���B�M �i�?�2 �b�i�`�Q�M�; �b�2���#�2�/ �K�m�H�i�B�T�H�2�b �i�?���i �/�Q�K�B�M���i�2 �i�?�2 �B�M�T�m�i �/���i���X
�h�?�B�b �+���M �i�?�2�M �H�2���/ �i�Q �i�?�2 �B�M�+�`�2���b�2�/ ���K�Q�m�M�i �Q�7 �#�H�2�M�/�B�M�;�@�M�Q�B�b�2 �H�2���F���;�2 �b�2�2�M �B�M �i�?�B�b
�`�2�b�m�H�i�X

�a�B�M�+�2 �B�M �i�?�B�b �T���`�i�B�+�m�H���` �+���b�2 �i�?�2 �`�2�b�B�/�m���H �r���b �M�Q�M�x�2�`�Q�- �B�i �r���b �T�b�2�m�/�Q�@�/�2�#�H�2�M�/�2�/ ���M�/
���/�/�2�/ �#���+�F �i�Q �i�?�2 �/�2�#�H�2�M�/�2�/ �`�2�b�m�H�i�-

P �b�i�`
�/�2�#�H�Y�`�2�b(z0; z0) = P �b�i�`

debl (z0; z0) + P �b�i�`
�`�2�b(z0; z0)� �b�i�`(z0)H ; �U�9�X�k�X�j�V

�r�?�2�`�2

P �b�i�`
�`�2�b(z0; z0) = P �b�i�`

bl (z0; z0) � P �b�i�`
debl (z0; z0)� �b�i�`(z0) �U�9�X�k�X�9�V

�B�b �i�?�2 �`�2�b�B�/�m���H�X �h�?�B�b �B�b �� �+�Q�K�K�Q�M�H�v �m�b�2�/ �K�2�i�?�Q�/ �i�Q ���/�/ �#���+�F �+�Q�?�2�`�2�M�i �2�M�2�`�;�v �i�?���i
�K���v �?���p�2 �`�2�K���B�M�2�/ �B�M �i�?�2 �`�2�b�B�/�m���H�- �m�b�m���H�H�v ���i �i�?�2 �+�Q�b�i �Q�7 ���H�b�Q �B�M�+�`�2���b�B�M�; �i�?�2 ���K�Q�m�M�i
�Q�7 �#�H�2�M�/�B�M�; �M�Q�B�b�2 �B�M �i�?�2 �`�2�b�m�H�i�X �h�?�B�b �+���M �#�2 �T���`�i�B���H�H�v �K�B�i�B�;���i�2�/ �#�v ���H�b�Q �/�Q�B�M�; �b�Q�K�2
�2�t�i�`�� �/�2�M�Q�B�b�B�M�; �#�2�7�Q�`�2 ���/�/�B�M�; �#���+�F�X �6�Q�` �i�?�2 �`�2�b�m�H�i �b�?�Q�r�M �?�2�`�2�- �i�?�2 �b�B�;�M���H�@�i�Q�@�#�H�2�M�/�B�M�;
�M�Q�B�b�2 �`���i�B�Q ���7�i�2�` �/�2�#�H�2�M�/�B�M�; ���M�/ ���/�/�B�M�; �#���+�F �i�?�2 �`�2�b�B�/�m���H �#�2�+�Q�K�2�b �R�d�X�N�/�"�X
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�/���i���X �h�?�2 �b�?�Q�i�b �Q�`�B�;�B�M���i�2 �7� �̀Q�K �i�?�2 ���B� �̀;�m�M �Q�7 �p�2�b�b�2�H �R �U�H�2�7�i �b�B�/�2�V ���M�/ �p�2�b�b�2�H �k �U�`�B�;�?�i �b�B�/�2�V�-
� �̀2�b�T�2�+�i�B�p�2�H�v�X
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�6�B�;�m�`�2 �9�X�9�,�h�?� �̀2�2 �+�Q�K�K�Q�M � �̀2�+�2�B�p�2�` �;���i�?�2�`�b �b�?�Q�r�B�M�; ���V �/�2�#�H�2�M�/�2�/ �/���i���- �#�V �/�B�z�2� �̀2�M�+�2 �Q�7
�/�2�#�H�2�M�/�2�/ �7� �̀Q�K �m�M�#�H�2�M�/�2�/ �/���i���X �h�?�2 �b�?�Q�i�b �Q�`�B�;�B�M���i�2 �7� �̀Q�K �i�?�2 ���B� �̀;�m�M �Q�7 �p�2�b�b�2�H �R �U�H�2�7�i �b�B�/�2�V
���M�/ �p�2�b�b�2�H �k �U�`�B�;�?�i �b�B�/�2�V�- � �̀2�b�T�2�+�i�B�p�2�H�v�X
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�9�X�j �h�?�2 �P�"�L �+���b�2

�A�M �P�"�L ���+�[�m�B�b�B�i�B�Q�M�b �i�?�2 �7�2�r �`�2�+�2�B�p�2�` �M�Q�/�2�b ���`�2 �B�M�b�i���H�H�2�/ ���i �i�?�2 �b�2���#�2�/�- �m�b�m���H�H�v �B�M ��
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�H���`�B�x���i�B�Q�M�f�B�M�i�2�`�T�Q�H���i�B�Q�M �(�>�2�M�M�2�M�7�2�M�i �2�i ���H�X�- �k�y�R�y�)�- �/�2�#�H�2�M�/�B�M�; �(�E�m�K���` �2�i ���H�X�- �k�y�R�8�c �w�m
�2�i ���H�X�- �k�y�R�e�#�)�- �K�B�;�`���i�B�Q�M �(�.�Q�m�K�� ���M�/ �/�2 �>�Q�Q�T�- �k�y�y�d�c �*�?���m�`�B�b ���M�/ �L�;�m�v�2�M�- �k�y�y�3�)�- ���M�/
�b�m�`�7���+�2 �K�m�H�i�B�T�H�2 �2�b�i�B�K���i�B�Q�M�f�`�2�K�Q�p���H �(�>�2�`�`�K���M�M �2�i ���H�X�- �k�y�y�3�c �.�Q�M�M�Q �2�i ���H�X�- �k�y�R�y�)�X

�8�X�j �h�?�2 �?�v�#�`�B�/ �7�Q�+���H�@�+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K

�� �`�2�H���i�B�p�2�H�v �b�i�`���B�;�?�i�7�Q�`�r���`�/ �r���v �i�Q �2�t�i�2�M�/ �7�Q�+���H �/�2�#�H�2�M�/�B�M�; �i�Q �B�i�b �7�Q�+���H�@�+�m�`�p�2�H�2�i
�?�v�#�`�B�/ �7�Q�`�K �B�b �i�Q �`�2�/�2�}�M�2 �i�?�2 �/�2�#�H�2�M�/�B�M�; �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �j�X�8�X�j�e ���b

x fc; debl = arg min
x f c

�
jj x fc jj1

	
�b�m�#�D�2�+�i �i�Qjjpbl � 	� fc x fc jj2 � �; �U�8�X�j�X�R�V



�8�X�j �h�?�2 �?�v�#�`�B�/ �7�Q�+���H�@�+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K �N�j

���V �#�V �+�V

�/�V �2�V �7�V

�6�B�;�m�`�2 �8�X�R�,�h�?� �̀2�2 �+�m�`�p�2�H�2�i �2�H�2�K�2�M�i�b �B�M �i�?�2 �h�s ���M�/ �6�E �/�Q�K���B�M�b�, ���V �}�`�b�i �b�+���H�2�- �h�s �/�Q�K���B�M�c
�#�V �b�2�+�Q�M�/ �b�+���H�2�- �b�B�t�i�? �Q�`�B�2�M�i���i�B�Q�M�- �h�s �/�Q�K���B�M�c �+�V �i�?�B� �̀/ �b�+���H�2�- �}�`�b�i �Q�`�B�2�M�i���i�B�Q�M�- �h�s �/�Q�K���B�M�c
�/�@�7�V �6�E �i� �̀��M�b�7�Q�`�K �Q�7 �i�?�2 �+�m�`�p�2�H�2�i �2�H�2�K�2�M�i�b � �̀2�H���i�2�/ �i�Q ���@�+�V�X �h�?�2 � �̀2�/ �H�B�M�2�b �/�2�K��� �̀+���i�2 �i�?�2
��� �̀2�� �Q�+�+�m�T�B�2�/ �#�v �2���+�? �+�m�`�p�2�H�2�i �2�H�2�K�2�M�i�X

�r�B�i�?

� fc = [ � f j � c] ���M�/ x fc =

"
x f

x c

#

: �U�8�X�j�X�k�V

�>�2�`�2 �A �?���p�2 ���;���B�M �m�b�2�/ �i�?�2 �p�2�+�i�Q�`�B�x�2�/ �7�Q�`�K �Q�7 �i�?�2 �T�`�Q�#�H�2�K �i�Q �F�2�2�T �i�?�2 �K���i�?�2�K���i�B�+���H
�2�t�T�`�2�b�b�B�Q�M�b �+�Q�M�+�B�b�2�X� f ���M�/� c ���`�2 �H�B�M�2���` �Q�T�2�`���i�Q�`�b �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �7�Q�+���H �U�7�Q�` ���H�H
�/�2�T�i�?�b�V ���M�/ �i�?�2 �+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K �m�b�2�/ �B�b
�i�?�2 �k�. �p�2�`�b�B�Q�M ���T�T�H�B�2�/ �Q�M�i�Q �+�Q�K�K�Q�M �`�2�+�2�B�p�2�` �;���i�?�2�`�b�- �i�Q �i���F�2 ���/�p���M�i���;�2 �Q�7 �#�H�2�M�/�B�M�;
�M�Q�B�b�2 �B�M�+�Q�?�2�`�2�M�+�2�X �h�?�2 �p�2�+�i�Q�`�bx f ���M�/x c �?�Q�H�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�`���M�b�7�Q�`�K �/�Q�@
�K���B�M �+�Q�2�{�+�B�2�M�i�b�X �h�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�B�b ���M�/ �7�Q�`�K�m�H���i�B�Q�M �U�j�X�8�X�j�e�V �7�`�Q�K �+�?���T�i�2�`
�j�X�8 �B�b �i�?�2 �/�B�+�i�B�Q�M���`�v�,� fc �B�b �7�Q�`�K�2�/ �#�v �+�Q�M�+���i�2�M���i�B�M�; �i�?�2 ���i�Q�K�b �Q�7 �i�r�Q �/�B�z�2�`�2�M�i
�/�B�+�i�B�Q�M���`�B�2�b�X �h�?�B�b ���T�T�`�Q���+�? �?���b �b�Q�K�2 ���/�p���M�i���;�2�b�,

�Ç �q�2 �M�Q�r �?���p�2 ���M �2�t�i�2�M�/�2�/ �/�B�+�i�B�Q�M���`�v�- �r�B�i�? �� �b�m�#�b�2�i �Q�7 �B�i�b ���i�Q�K�b �7�Q�`�K�B�M�; ��
�#���b�B�b�X



�N�9 �>�v�#�`�B�/ �/�2�#�H�2�M�/�B�M�; �b�Q�H�m�i�B�Q�M�b

�Ç �"�2�+���m�b�2 �i�?�2�`�2 �B�b �� �;�`�2���i�2�` �p���`�B�2�i�v �Q�7 ���i�Q�K�b �r�B�i�? �/�B�z�2�`�2�M�i �õ�b�?���T�2�b�ö�- �7�2���i�m�`�2�b
�Q�7 �i�?�2 �b�B�;�M���H �i�?���i �r�Q�m�H�/ �M�2�2�/ �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �K���M�v ���i�Q�K�b �Q�7 �Q�M�2 �Q�7
�i�?�2 �i�`���M�b�7�Q�`�K�b�- �K���v �b�Q�K�2�i�B�K�2�b �#�2 �2�t�T�H���B�M�2�/ �m�b�B�M�; �Q�M�H�v �� �7�2�r ���i�Q�K�b �Q�7 �i�?�2
�2�t�i�2�M�/�2�/ �/�B�+�i�B�Q�M���`�v�- �H�2���/�B�M�; �i�Q �� �b�T���`�b�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M�X

�A�i �B�b�- �?�Q�r�2�p�2�`�- �� �b�Q�H�m�i�B�Q�M �r�B�i�? �B�i�b �Q�r�M �+�?���H�H�2�M�;�2�b�,

�Ç �h�?�2 �Q�p�2�`���H�H �+�Q�?�2�`�2�M�+�2 �Q�7 �i�?�2 �i�Q�i���H �/�B�+�i�B�Q�M���`�v �;�Q�2�b �m�T�- ���b �r�2 ���`�2 �+�Q�M�+���i�2�M���i�B�M�;
�i�?�2 ���i�Q�K�b �Q�7 �i�?�2 �+�m�`�p�2�H�2�i �/�B�+�i�B�Q�M���`�v�- �r�?�B�+�? �Q�M �i�?�2�B�` �Q�r�M �7�Q�`�K �� �#���b�B�b�- �r�B�i�?
�i�?�2 �7�Q�+���H �/�B�+�i�B�Q�M���`�v�X �h�?�B�b �B�M�+�`�2���b�2�b �i�?�2 �b�T���`�b�B�i�v �`�2�[�m�B�`�2�K�2�M�i�b �7�Q�` �;�m���`���M�i�2�2�/
�T�`�2�7�2�+�i �`�2�+�Q�p�2�`�v �U�b�2�2 �/�B�b�+�m�b�b�B�Q�M �B�M �b�2�+�i�B�Q�M �j�X�e�X�R�V�X

�Ç �h�?�2 �`�2�H���i�B�p�2 �b�+���H�B�M�; �Q�7 �i�?�2 ���i�Q�K�b �#�2�+�Q�K�2�b �B�K�T�Q�`�i���M�i�X �A�7 �i�?�2 ���i�Q�K�b ���`�2 �M�Q�i
�M�Q�`�K���H�B�x�2�/�- �Q�M�2 �Q�7 �i�?�2 �i�r�Q �i�`���M�b�7�Q�`�K�b �K�B�;�?�i �2�M�/ �m�T �?���p�B�M�; �K�Q�`�2 �?�B�;�? ���K�T�H�B�@
�i�m�/�2 �+�Q�K�T�Q�M�2�M�i�b �B�Mx fc �- �T�m�`�2�H�v �/�m�2 �i�Q �b�+���H�B�M�; �`�2���b�Q�M�b�X �h�?�B�b �K���v �H�2���p�2 �i�?�2
�Q�i�?�2�` �i�`���M�b�7�Q�`�K �+�Q�M�i�`�B�#�m�i�B�M�; �p�2�`�v �H�B�i�i�H�2 �i�Q �i�?�2 �b�Q�H�m�i�B�Q�M�X �� �T�Q�b�b�B�#�H�2 �`�2�K�2�/�v �B�b
�i�Q �2�M�b�m�`�2 �i�?���i ���H�H ���i�Q�K�b �?���p�2 �m�M�B�i �M�Q�`�K �#�v �T�`�2�b�+���H�B�M�; �i�?�2�K�,

� fc = [ � f � f j � c� c� c] ; �U�8�X�j�X�j�V

�r�?�2�`�2� f ���M�/� c ���`�2 �/�B���;�Q�M���H �K���i�`�B�+�2�b �i�?���i �b�+���H�2 �i�?�2 ���i�Q�K�b �Q�7 �i�?�2 �i�r�Q �i�`���M�b�@
�7�Q�`�K�b �i�Q �m�M�B�i �M�Q�`�K�X �h�?�2 �i�m�M�B�M�; �T���`���K�2�i�2�`� c �+�Q�M�i�`�Q�H�b �i�?�2 �Q�p�2�`���H�H �õ�B�K�T�Q�`�i���M�+�2�ö
�Q�7 �i�?�2 �+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K �`�2�H���i�B�p�2 �i�Q �i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K �B�M �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M�X
�A�M �+���b�2�b �r�?�2�`�2 �i�?�2 �/�B�+�i�B�Q�M���`�B�2�b ���`�2 �;�B�p�2�M �B�M �2�t�T�H�B�+�B�i �K���i�`�B�t �7�Q�`�K�- �i�?�B�b �b�+���H�B�M�;
�M�2�2�/�b �i�Q �#�2 ���T�T�H�B�2�/ �Q�M�H�v �Q�M�+�2 �i�Q �i�?�2 �K���i�`�B�t ���b �� �T�`�2�T���`���i�B�Q�M �b�i�2�T�X �>�Q�r�2�p�2�`�-
�B�7 �i�?�2 �i�`���M�b�7�Q�`�K�b ���`�2 �B�K�T�H�2�K�2�M�i�2�/ ���b �K���i�`�B�t�@�7�`�2�2 �Q�T�2�`���i�Q�`�b�- �i�?�B�b �b�+���H�B�M�; �?���b
�i�Q �#�2 ���T�T�H�B�2�/ ���b �� �b�2�T���`���i�2 �Q�T�2�`���i�B�Q�M �2�p�2�`�v �i�B�K�2 �i�?�2 �7�Q�`�r���`�/ �Q�` ���/�D�Q�B�M�i ���`�2
�+���H�+�m�H���i�2�/�X �"�Q�i�? �i�`���M�b�7�Q�`�K�b �B�M �Q�m�` �+���b�2 �?���p�2 �K���i�`�B�t�@�7�`�2�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M�b�X

�Ç �h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �B�M�+�`�2���b�2�b ���b �i�r�Q �i�`���M�b�7�Q�`�K�b �?���p�2 �i�Q �#�2 ���T�T�H�B�2�/ �2�p�2�`�v
�i�B�K�2 �i�?�2 �7�Q�`�r���`�/ �Q�` ���/�D�Q�B�M�i �Q�T�2�`���i�B�Q�M �B�b �m�b�2�/ �B�M �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �b�+�?�2�K�2�X

�A�M�b�i�2���/ �Q�7 �+�Q�M�+���i�2�M���i�B�M�; �i�r�Q �/�B�+�i�B�Q�M���`�B�2�b�- ���b �B�M �U�8�X�j�X�k�V�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �+�Q�K�T�Q�b�2
�i�?�2�K�- �B�X�2�X� fc = � f � c�X �A�M �i�?�B�b �r���v �i�?�2 �7�Q�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �/���i�� �+�Q�m�H�/
�#�2 �7�m�`�i�?�2�` �+�Q�K�T�`�2�b�b�2�/ �#�v �i�?�2 �+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K�X �h�?�B�b ���T�T�`�Q���+�? �?���b �i�r�Q �K���B�M
�/�`���r�#���+�F�b�X �h�?�2 �}�`�b�i �B�b �i�?�2 �B�M�+�`�2���b�2�/ �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i�- ���b �i�?�2 �+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K
�r�Q�m�H�/ �?���p�2 �i�Q �#�2 ���T�T�H�B�2�/ �Q�M �i�?�2 �7�Q�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �/���i���- �r�?�B�+�? �+���M �#�2
�b�2�p�2�`���H �i�B�K�2�b �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �Q�#�b�2�`�p�2�/ �/���i���X �h�?�2 �b�2�+�Q�M�/ �B�K�T�Q�`�i���M�i �/�`���r�#���+�F �B�b �i�?���i
�i�?�2 �+�m�`�p�2�H�2�i �i�`���M�b�7�Q�`�K �r�Q�m�H�/ �M�Q�i �#�2 ���#�H�2 �i�Q �?�2�H�T �Q�p�2�`�+�Q�K�2 �i�?�2 �`���M�;�2 �H�B�K�B�i���i�B�Q�M�b �Q�7
�i�?�2 �7�Q�+���H �i�`���M�b�7�Q�`�K�X

���M�Q�i�?�2�` �7�Q�`�K�m�H���i�B�Q�M �i�?���i �+�Q�m�H�/ �#�2 �m�b�2�7�m�H �B�M �+�2�`�i���B�M �b�B�i�m���i�B�Q�M�b �B�b �i�Q �b�2�i

� fc = [ M f � f j M c� c] : �U�8�X�j�X�9�V



�8�X�9 �1�t���K�T�H�2�b �Q�M �b�v�M�i�?�2�i�B�+ �/���i�� �N�8

�"�Q�i�?M f ���M�/M c ���`�2 �/�B���;�Q�M���H �K���i�`�B�+�2�b �i�?���i ���+�i ���b �r�B�M�/�Q�r�b �i�?���i �b�T�H�B�i �i�?�2 �b�2�B�b�K�B�+
�/���i�� �B�M �b�2�T���`���i�2 �`�2�;�B�Q�M�b�- �T�Q�b�b�B�#�H�v �r�B�i�? ���M �Q�p�2�`�H���T �i�Q �`�2�/�m�+�2 �2�/�;�2 �2�z�2�+�i�b�X �1���+�?
�i�`���M�b�7�Q�`�K �i�?�2�M �B�b �i���b�F�2�/ �r�B�i�? �2�t�T�H���B�M�B�M�; �� �/�B�z�2�`�2�M�i �T���`�i �Q�7 �i�?�2 �/���i���- �2�X�;�X �i�?�2 �7�Q�+���H
�i�`���M�b�7�Q�`�K �+�Q�m�H�/ �?���M�/�H�2 �i�?�2 �M�2���`�@�Q�z�b�2�i �T���`�i ���M�/ �H�2���p�2 �i�?�2 �7���`�@�Q�z�b�2�i �T���`�i �7�Q�` �+�m�`�p�2�H�2�i�b�X
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�7�Q�`� c = 0 :33�c �7�V �.�B�z�2� �̀2�M�+�2 �7� �̀Q�K �m�M�#�H�2�M�/�2�/ �/���i�� �7�Q�`� c = 0 :33�c �;�V �6�Q�+���H �+�Q�M�i�`�B�#�m�i�B�Q�M �7�Q�`
� c = 0 :07�c �?�V �*�m�`�p�2�H�2�i �+�Q�M�i�`�B�#�m�i�B�Q�M �7�Q�`� c = 0 :07�c �B�V �.�B�z�2� �̀2�M�+�2 �7� �̀Q�K �m�M�#�H�2�M�/�2�/ �/���i�� �7�Q�`
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�L�Q�`�i�? �a�2�� �#�v �a���:�� �S�2�i�`�Q�H�2�m�K ���X�a�- �+�m�`�`�2�M�i�H�v �T���`�i �Q�7 �1�[�m�B�M�Q�`�X �h�?�2 �/���i���b�2�i �+�Q�M�b�B�b�i�b
�Q�7 �R�8�R �b�Q�m�`�+�2�b ���M�/ �`�2�+�2�B�p�2�`�b �B�M �� �}�t�2�/�@�b�T�`�2���/ �+�Q�M�}�;�m�`���i�B�Q�M�- ���7�i�2�` �b�Q�K�2 �T�`�2�T�`�Q�+�2�b�b�B�M�;
���b �2�t�T�H���B�M�2�/ �H���i�2�`�- �r�B�i�? �� �b�Q�m�`�+�2�f�`�2�+�2�B�p�2�` �b�T���+�B�M�; �Q�7 �k�8 �K�X �h�?�2 �K���t�B�K�m�K �Q�z�b�2�i �B�b
�j�d�8�y �K�X �h�?�2 �i�B�K�2 �b���K�T�H�B�M�; �B�M�i�2�`�p���H �B�b �3 �K�b�X �a�Q�K�2 �T�`�2�T�`�Q�+�2�b�b�B�M�; �?���/ ���H�`�2���/�v �#�2�2�M
�T�2�`�7�Q�`�K�2�/ �Q�M �i�?�2 �/���i���b�2�i �B�M �Q�`�/�2�` �i�Q �K�B�K�B�+ �� �k�. �H�B�M�2�- �M���K�2�H�v �_���/�Q�M �B�M�i�2�`�T�Q�H���i�B�Q�M
�i�Q �}�H�H �B�M �i�?�2 �M�2���` �Q�z�b�2�i�b �(�E���#�B�` ���M�/ �o�2�`�b�+�?�m�m�`�- �R�N�N�8�) ���M�/ �/���i�� �/�m�T�H�B�+���i�B�Q�M �m�b�B�M�; �i�?�2
�`�2�+�B�T�`�Q�+�B�i�v �T�`�B�M�+�B�T�H�2 �i�Q �;�2�M�2�`���i�2 �M�2�;���i�B�p�2 �Q�z�b�2�i�b�X �J�Q�`�2�Q�p�2�`�- �b�m�`�7���+�2�@�`�2�H���i�2�/ �K�m�H�i�B�T�H�2�b
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�6�Q�+���H �Q�T�2�`���i�Q�`�b ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ �m�b�B�M�; �i�?�2 �p�2�H�Q�+�B�i�v���/�2�T�i�? �T���B�`�b ���M�/ �i�?�2 �2�t�T�`�2�b�b�B�Q�M�b
�7�Q�m�M�/ �B�M �i���#�H�2 �j�X�R�X �h�?�2 �7�Q�+���H �;�`�B�/ �7�Q�` �2���+�? �Q�T�2�`���i�Q�` �B�b ���H�b�Q �� �k�. �H�B�M�2 ���i �2���+�? �/�2�T�i�?
�H�2�p�2�H �#�2�H�Q�r �i�?�2 ���+�[�m�B�b�B�i�B�Q�M�- �r�B�i�? �� �b�T���+�B�M�; �Q�7 �k�8 �K�X �6�Q�` �2���+�? �T�Q�B�M�i �Q�7 �i�?�2 �7�Q�+���H
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