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deformed Hecke-von Neumann algebras and von Neumann
algebras of quantum orthogonal groups.
© 2023 Elsevier Inc. All rights reserved.

1. Introduction

The story of the group-theoretic Haagerup property began in a celebrated article [28]
by Haagerup, who noted that the free group admits a sequence of positive-definite func-
tions vanishing at infinity which pointwise converges to a constant function equal to 1;
in other words, the free group von Neumann algebra admits a sequence of unital com-
pletely positive Herz-Schur multipliers which are in a sense ‘small’ and yet converge to
the identity operator. Soon after that Choda gave in [18] a definition of the Haagerup
property for a von Neumann algebra M equipped with a faithful normal trace in terms
of existence of abstract approximating maps on M, which behave well with respect to
the trace in question. Later Jolissaint proved in [32] that the property does not depend
in fact on the choice of a trace as above, and Bannon and Fang showed in [5] that some of
the requirements concerning the approximating maps can be weakened. For several years
the study focused on finite von Neumann algebras, mainly as the motivating examples
came from discrete groups. This changed with the articles [10], [19], which established the
Haagerup property for the von Neumann algebras of certain discrete quantum groups,
and the paper [21], which introduced and studied the analogous property for quantum
groups themselves. Soon after that Okayasu and Tomatsu on one hand, and two authors
of this paper on another, gave a definition of the Haagerup property for an arbitrary von
Neumann algebra equipped with a faithful normal semifinite weight and proved that in
fact the notion does not depend on the choice of the weight in question (see [15], [16],
[36] as well as [14] and references therein). In all the cases above the Haagerup property
should be thought of as a natural weakening of amenability /injectivity, which permits ap-
plying several approximation ideas and techniques beyond the class of amenable groups
or algebras. The class of discrete groups enjoying the Haagerup property has good per-
manence properties, among which we would like to stress the fact that it is closed under
taking free products amalgamated over finite subgroups ([17, Section 6]).

In several group-theoretic and operator algebraic contexts it is important to con-
sider also relative properties; for example relative Property (T) is key to showing that
Z? x SLy(Z) does not have the Haagerup property — which in turn has several von
Neumann algebraic consequences, studied among other places in [30]. In the context of
finite von Neumann algebras the relative Haagerup property appeared first in [8] in the
study of Jones’ towers associated with irreducible finite index subfactors, and was later
applied in [41] as a key tool to obtain deep structural results about algebras admitting
a certain type of Cartan inclusion (i.e. maximal abelian subalgebras with a ‘sufficiently
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rich’ normalizer). Such Cartan inclusions are deeply related to von Neumann algebras
of equivalence relations by the celebrated results of Feldman and Moore in [23]. The
case of Cartan subalgebras was also the first in which a definition of a relative Haagerup
property was proposed beyond finite von Neumann algebras [48], [1]. Notably the lat-
ter developments took place even before the usual Haagerup property for arbitrary von
Neumann algebras was well understood.

The study in [48] and [1] was focused on the special case of Cartan subalgebras. In
this paper we undertake a systematic investigation of a von Neumann algebraic relative
Haagerup property for a unital inclusion N C M equipped with a faithful normal con-
ditional expectation En : M — N. Again we first define it in terms of a fixed faithful
normal state (preserved by Ex) but then quickly show that it depends only on the con-
ditional expectation in question. Much more can be said in the case where N is assumed
to be finite; here we obtain the following theorem, which is one of the main results of the
paper. Relevant definitions can be found in Section 2; essentially for a triple (M, N, E )
to have the relative Haagerup property we require the existence of completely positive,
normal, N-bimodular maps on M which are E y-decreasing, L?-compact (in the sense
determined by the conditional expectation E ), uniformly bounded and converge point-
strongly to the identity, see Definition 3.2.

Theorem A. Suppose that N C M is a unital, expected inclusion of von Neumann al-
gebras and assume that N is finite. Then the relative Haagerup property of the triple
(M,N,ExN) does not depend on the choice of a faithful normal conditional expectation
Eny : M — N. Moreover if (M,N,Ey) has the relative Haagerup property and we are
given a fized state T € N, we can always assume that the approximating maps are unital
and 7 o E y-preserving.

The key idea of the proof once again, as in [15], uses crossed products by modular
actions and the passage to the semifinite setting that (Takai-)Takesaki duality permits.
However, the relative context makes the technical details much more demanding and
makes adapting the earlier methods — including those developed in [5] — significantly
more complicated. On the other hand, allowing non-trivial inclusions allows us to sig-
nificantly broaden the class of examples fitting into our framework and yields certain
facts which are new even in the context of the standard Haagerup property of finite von
Neumann algebras. This is exemplified by the next key result of this work and its corol-
lary (which also requires proving a general theorem on the relative Haagerup property
of amalgamated free products).

Theorem B. Suppose that N C M is a unital inclusion of von Neumann algebras equipped
with a faithful normal conditional expectation B : M — N and assume that N is finite-
dimensional. Then the relative Haagerup property of the triple (M, N,Ex) is equivalent
to the usual Haagerup property of M.
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Corollary C. Suppose that N C M7 and N C Ms are unital inclusions of von Neumann
algebras equipped with respective faithful normal conditional expectations. If N is finite-
dimensional and both My, Ms have the Haagerup property, then the amalgamated free
product My xny My also has the Haagerup property.

We illustrate our results with examples coming on one hand from the class of ¢-
deformed Hecke-von Neumann algebras of (virtually free) Coxeter groups, and on the
other hand from discrete quantum groups.

Of particular interest is also the elementary case of M = B(H) which provides us
with both triples (B(H), N, E ) that do and do not have the relative Haagerup property.
This is rather surprising as it gives examples of co-amenable inclusions of von Neumann
algebras in the sense of [39] (see also [6]) without the relative Haagerup property.

The detailed plan of the paper is as follows. After this introduction we recall some
facts regarding von Neumann algebras, their modular theory and completely positive
approximations in Section 2, and introduce (certain variants of) the definition of the
relative Haagerup property in Section 3. The latter section also contains the initial dis-
cussion of the independence of our notion of various ingredients, mainly in the semifinite
setting. Section 4, the most technical part of the paper, introduces the crossed product
arguments allowing us to reduce the general problem to the semifinite case. Section 5
contains the main general results of the paper; in particular the above Theorem A is a
combination of Theorem 5.4 and Theorem 5.5. In Section 6 we briefly describe the known
examples of Haagerup inclusions related to Cartan subalgebras. Here we also study the
case M = B(H) which leads to very interesting counterexamples. In Section 7 we show
that in the case of a finite-dimensional subalgebra the relative Haagerup property is
equivalent to the Haagerup property of the larger algebra and prove Theorem B above
(which is Theorem 7.6). In Section 8 we discuss the behaviour of the relative Haagerup
property with respect to the amalgamated free product construction and show Corol-
lary C (i.e. Corollary 8.2). In Section 8 we also discuss briefly a consequence of these
results for the Hecke-von Neumann algebras associated to virtually free Coxeter groups.
Finally in a short Section 9 we present an example of a Haagerup inclusion coming from
quantum groups, which in fact is even strongly of finite index.

Acknowledgement. MC and GV are supported by the NWO Vidi grant ‘Non-commutative
harmonic analysis and rigidity of operator algebras’, VI.Vidi.192.018. MK was supported
by the NWO project ‘The structure of Hecke-von Neumann algebras’, 613.009.125. MW
was supported by the Research Foundation — Flanders (FWO) through a Postdoctoral
Fellowship and by long term structural funding - Methusalem grant of the Flemish Gov-
ernment. AS was partially supported by the National Science Center (NCN) grant no.
2020/39/1/ST1/01566.
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2. Preliminaries and notation
2.1. General notation
We write N := {1,2,...}, C(R) denotes the continuous functions R — C and let

C.(R) denote the functions in C(R) with compact support. For f,g € L'(R) we define
the convolution and involution by

(Fr9)s) = [ fgls =~ () =T seR.
R

The bounded operators on a Hilbert space H will be denoted by B(#H) and ® is the
von Neumann algebraic tensor product or the tensor product of Hilbert spaces, as will
be clear from the context. Hilbert space inner products are linear on the left side.

2.2. General von Neumann algebra theory

For standard results on the theory von Neumann algebras we refer to [44], [45], [46],
[2]. For the theory of operator spaces and completely bounded maps we refer to [22], [38].
For several results on approximation properties and the Haagerup property we refer to
1], [17].

Assumption. We will assume throughout that the von Neumann algebras we study are
o-finite, i.e. they admit faithful normal states.

Let M C B(H) be a von Neumann algebra. A self-adjoint (possibly unbounded)
operator h on H is said to be affiliated with M if for all k € N the corresponding
spectral projection E[_j, ;)(h) is an element of M. Equivalently, h is affiliated with M if
and only if h commutes with all unitaries in the commutant M’ C B(H).

We will always assume inclusions of von Neumann algebras N C M to be unital in
the sense that 1,; € N, and conditional expectations to be faithful and normal. We will
usually repeat these conditions throughout the text. For a functional ¢ € M, in the
predual of M and elements a,b € M we denote by apb € M, the normal functional
given by (apbd)(x) := ¢(bra), x € M, and further write ap for apl and @b for 1¢b. If
¢ € M, is faithful, normal and positive, we write L2(M, ¢) for the GNS Hilbert space
associated with ¢ and €2, for the corresponding cyclic vector. We will usually identify
M with its image under the GNS representation, so M C B(L?(M, ¢)). We further write
Iz, = o(z*x)'/? for x € M or, if ¢ is clear from the context, ||z[|2 := ||2|2,,.

An action R A M of the group R on a von Neumann algebra M is a group homo-
morphism « : R — Aut(M), t — «; such that for every € M the map ¢ — ay(x) is
strongly continuous. We denote the corresponding crossed product von Neumann algebra
by M x4 R.
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The following lemma is standard.

Lemma 2.1. Let ¢ be a faithful normal state on a von Neumann algebra M. Then, on
bounded subsets of M the strong topology coincides with the topology induced by the norm
[2ll2p = p(z*2)"/?, = € M.

Proof. Recall that by [45] we may assume M C B(L*(M, ¢)) and that on bounded sets
the strong topology of M does not change under the choice of a faithful representation.
Now if (2;)er is a net in M converging strongly to x, then ||z;—z||2,, = ||(z;—x)Q0|| — 0.
Conversely, suppose that (z;);cr is a bounded net in M such that ||z; — z||2,, = ||(z; —
x)Qy|| — 0. Then for a € M analytic for the modular group o (see Section 2.3) we
have by [46, Lemma 3.18 (i)] that

(i — 2)ade || < llofy(a)llll(zi — 2)Q |l — 0.

Since by [46, Lemma VIII.2.3] such elements af,, a € M are dense in L*(M, ) and
(1)iecr is bounded, we conclude by a 2e-estimate that x; — x strongly. O

Note that one implication above naturally does not require the uniform boundedness
assumption, provided that we assume that M is represented on its standard Hilbert
space L2(M, ).

2.8. Tomita-Takesaki modular theory

Let M be a von Neumann algebra with a faithful normal positive functional ¢ € M,.
We let S, be the closure of the operator

L*(M,p) — L*(M, ) : 2Qy — 2*Q,,  x € M.

Let S, = JWA;/ * be the (anti-linear) polar decomposition where J, is the modular
conjugation and A, the modular operator. We have the modular automorphism group
of (x) = ALz A", Then (M, L*(M, @), J,, L*(M, )T ) is the standard form of M, where
the positive cone is given by

L*(M, )" = {x(Jz)Q, | x € M} C L*(M, ).

The standard form is uniquely determined up to a unique (unitarily implemented) iso-
morphism. For x € M and & € L*(M, ¢) we write x := J,a*J,€. An element z € M
is called analytic for o% if the function R 3 ¢t — of(z) € M extends to a (necessarily
unique) analytic function on the complex plane C. In this case we write o?(z) for the
extension at z € C.

The centralizer of a von Neumann algebra with respect to a faithful normal state ¢
is the set M¥ :={x € M | Vyemp(zy) = p(yz)}, by [46, Theorem VIII.2.6] equivalently
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described as {# € M | 6f(x) =z, t € R}. We will often consider the situation where
N C M is a unital embedding, equipped with a faithful normal conditional expectation
Eny : M — N, 7 € N, is a faithful tracial state, and ¢ = 7 o Ey. Then an easy
computation shows that N C M*®.

2.4. Completely positive maps

Let A, B be von Neumann algebras with faithful normal positive functionals ¢ and
respectively. For a linear map ® : A — B we say that its L?-implementation ®® (with
respect to ¢ and ) exists if the map 22, — ®(z)fy extends to a bounded operator
®2) : L2(A,p) — L*(B,). This is the case if and only if there exists a constant C' > 0
such that for all z € A,

P(@(2)*@(2)) < Cop(a" ).

In particular, if ® is 2-positive with ) o ® < ¢, the Kadison-Schwarz inequality implies
that ®2) exists with ||®®)|| < ||®(1)||*/2. Indeed, for z € A

12(2)Q4 3 = »(@(2)*@(2)) < [D(1)][$(P(a"2))
< [le(W)lle(z*2) = [@D)][l2|3-

This implies that if ® is contractive then so is ®(2).

The general principle of the following lemma was used as part of a proof in [15]
and [32] a number of times. Here we present it separately. We will also need several
straightforward variations of this lemma. Because they can be proved in a very similar
way, we shall not state them here. The essence of the result is that, given two nets of
maps with suitable properties that strongly converge to the identity, the composition of
these maps gives rise to a net that also converges to the identity in the strong operator
topology.

Lemma 2.2. Let (A, ) and (B,v;), j € N be pairs of von Neumann algebras equipped
with faithful normal states. Consider a normal completely positive map m : A — B, a
bounded sequence of normal completely positive maps (¥; : B — A)jen and for every
j € N a bounded net of completely positive maps (2 : B — B)rek,. Assume that for
all j € N, k € K; the inequalities pjom < ¢, poV; < p; and @; 0@, < ¢; hold, that
U, om(xz) = x strongly in j for every x € A and that for every j € N, x € B we have
®, x(x) = x strongly in k. Then there exists a directed set F and a function (;, E) cF =
{(:k) | j € Nk € Kj}, F s (j(F), k(F)) such that W5 0 ®s 5o 0 w(a) — @
strongly in F for every x € A.

Proof. For j € N and k € K; write

7-(-;2) : 1;2(147 (p) — LQ(B, @])axQKP = Tr(x)Q‘Pj7
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U L2(B,g)) = L2(A,9), 2, = k()0

(I)EZIE : L*(B,gj) = L*(B,9)), 1, = ®j1(2)Q,

for the corresponding L2-implementations with respect to ¢ and ;. Let C > 1 be a
bound for the norms of (¥;);ecn and hence for the norms of (Wéz))jeN. We shall make
use of the fact that on bounded sets the strong topology coincides with the L2-topology
determined by a state see Lemma 2.1. Therefore we have strong limits \1152) ) 5 1in

B(L?*(A, ¢)) and <I> ) s 1in B(L2(B, ¢;)). Now let F C L2(A, @) be a finite subset. We
may find j = j(F) 6 N such that for all £ € F,

197 Pe — g, < ||
In turn, we may find k = E(j, F) = E(F) such that for all £ € F,
lof7m e - miPelle < [FI7"

From the triangle inequality and by using that the operator norm of \1'5»2) is bounded by
c,

1ePeR)rPe — ¢y < 9P 0D rPe — wPxPe|ly + | wPxPe — ¢,
< ||w<2>||\|<1>J Ve —aPelly + 0P rPe — ¢y
<(1+0)FI

o (2) (2 () . 2 .
This implies that U=~ (F)CI)J(F) k(F)ﬂ'J(F) — 1 strongly in B(L*(A,¢)) where the net is
indexed by all finite subsets of L?(A, o) partially ordered by inclusion. Using once more
Lemma 2.1, one sees that for z € A we have that \I/j( F)° d- FF)E(F) © m(x) — x strongly.

The claim follows. O
3. Relative Haagerup property

In this section we introduce the relative Haagerup property for inclusions of general
o-finite von Neumann algebras and consider natural variations of the definition. For this,
fix a triple (M, N, ¢) where N C M is a unital inclusion of von Neumann algebras and
where ¢ is a faithful normal positive functional on M whose corresponding modular
automorphism group (o7 )icgr satisfies of (N) C N for all ¢t € R. To keep the notation
short, we will often just write (M, N, ¢) and will implicitly assume that the triple satisfies
the mentioned conditions. By [46, Theorem IX.4.2] the assumption o (N) C N, t € R is
equivalent to the existence of a (uniquely determined) p-preserving (necessarily faithful)
normal conditional expectation E%, : M — N. If the corresponding functional ¢ is clear,
we will often just write Ey instead of E%, (compare also with Subsection 3.2).
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3.1. First definition of relative Haagerup property
For a triple (M, N, ¢) as before define the Jones projection
2
e? =K : L2(M, ) — L*(M, o)

which is the orthogonal projection onto L?(N,¢) C L?(M,p) and let (M,N) C
B(L*(M, ¢)) be the von Neumann subalgebra generated by €% and M. This is the Jones
construction. We will usually write ex instead of e%; if there is no ambiguity. Further set

ICOO(Mv N7 ‘P) = Span{xeNy | z,y € M} g B(L2<M7 (p))

and
K(M, N, ) :=Koo(M, N, ).

Then Koo(M, N, ¢) is a (not necessarily closed) two-sided ideal in (M, N) whose elements
are called the finite rank operators relative to N. Similarly, (M, N, ¢) is a closed two-
sided ideal in (M, N') whose elements are called the compact operators relative to N. Note
that if N = C1yy, then ey is a rank one projection and the operators in (M, N, @) are
precisely the compact operators on L%(M, ).

Remark 3.1. In the following it is often convenient to identify a finite rank operator
aenb € Koo(M, N, ), a,b € M with the map aEn(b-) : M — M. The latter does not
depend on ¢ (but only on the conditional expectation E ), and the notation is naturally
compatible with the inclusion M C L?(M, ). We will often write aExb := aEn (b ).

Definition 3.2. Let NV C M be a unital inclusion of von Neumann algebras and let ¢ be a
faithful normal positive functional on M with o (N) C N for all ¢ € R. We say that the
triple (M, N, ) has the relative Haagerup property (or just property (rHAP)) if there
exists a net (®;);c; of normal maps ®; : M — M such that

(1) ®; is completely positive and sup, | ®;|| < oo for all ¢ € I;
(2) ®; is an N-N-bimodule map for all i € I;

(3) ®;(x) — = strongly for every © € M;

(4) po®; < pforalliel;

(5) For every i € I the L?-implementation

‘1)52) : LQ(Ma 50) - Lz(Ma (p)va@ = q)l(x)ﬂ%h

is contained in (M, N, ¢).
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Remark 3.3. (1) In many applications ¢ will be a faithful normal state, but for notational
convenience we shall rather work in the more general setting. Note that we may always
normalize ¢ to be a state and that the definition of the relative Haagerup property does
not change under this normalization.

(2) Note that in [41] (see also [33]) a different notion of relative compactness is used
to define the relative Haagerup property. It coincides with ours in case N' N M C N.
However, the alternative notion is not very suitable beyond the tracial situation since it
requires the existence of finite projections; we will return to this issue in Subsection 6.1.
(3) In the case where N = C1j; Definition 3.2 recovers the usual definition of the (non-
relative) Haagerup property, see [15, Definition 3.1].

There is a number of immediate variations of Definition 3.2. For instance, one may
replace the condition (1) by one of the following stronger conditions:

(1') For every i € I the map ®; is contractive completely positive.
(1) For every i € I the map ®; is unital completely positive.

We may also replace the condition (4) by the following condition:

(4) po®; = .

One of the results that we shall prove is that if the subalgebra N is finite, then condition
(4) is redundant. We will further prove that in this setting the approximating maps ®;,
i € I can be chosen to be unital and state-preserving implying that all the variations
of the relative Haagerup property from above coincide. To simplify the statements of
the following sections, let us introduce the following auxiliary notion, which is a priori
weaker (see Section 2).

Definition 3.4. Let N C M be a unital inclusion of von Neumann algebras and let ¢ be
a faithful normal positive functional on M with of (N) C N for all ¢ € R. We say that
the triple (M, N, ¢) has property (rHAP)™ if there exists a net (®;);e; of normal maps
®, : M — M such that

(1) @, is completely positive for all i € I;

(2) ®; is an N-N-bimodule map for all i € I;
(3) |®i(x) — x[|2,, — O for every x € M;

(4) For every i € I the L?-implementation

P L2(M, p) — L2(M, ), 29, > ®;(2)Q,

exists and is contained in (M, N, ¢).
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3.2. Dependence on the positive functional: reduction to the dependence on the
conditional expectation

Let N € M be a unital inclusion of von Neumann algebras which admits a faithful
normal conditional expectation Ey : M — N. Recall that for every faithful normal
positive functional ¢ on M with ¢ o Exy = ¢ the corresponding modular automorphism
group (o7 )icr satisfies of (N) C N for all ¢ € R. Note that such a functional always
exists, as it suffices to pick a faithful normal state w € N, (which exists by our standing
o-finiteness assumption) and set ¢ = w o Ex. In this subsection we will examine the
dependence of the relative Haagerup property of (M, N, ) on the functional ¢. We shall
prove that the property rather depends on the conditional expectation Ey than on ¢.

Lemma 3.5. Let ® : M — M be N-N-bimodular. Then the following statements are
equivalent:

(1) ENo® <Epn (resp. Eyo® =Epn).

(2) For all ¢ € M with p o Ex = ¢ we have po® < ¢ (resp. po® = p).

(8) There exists a faithful functional ¢ € M with o o Ex = o such that o ® < ¢
(resp. po @ = ).

Further, the following statements are equivalent:

(4) There exists C > 0 such that Ex(®(x)*®(x)) < CEn(z*x) for allz € M.

(5) There exists C > 0 such that for all p € M with poExn = ¢ and x € M we have
()" ®(x)) < Cpla"a),

(6) There exists C > 0 and a faithful functional o € M with p o Ex = ¢ such that for
all x € M we have p(®(z)*®(x)) < Co(z*z).

In particular, if the L?-implementation of ® with respect to ¢ exists, then it exists with
respect to any other ¢ with ¥ o En = 1.

Proof. We prove the statements for the inequalities; the respective cases with equalities
follow similarly. The implications (1) < (2) = (3) of the first three statements are trivial.
For the implication (3) = (1) take ¢ as in (3). For € N consider the positive functional
x*px € M which again satisfies (z*px) o Ex = 2*pz. Then, for y € M+

(z"pr) o En o ®(y) = poEn o ®(zyz™) < g o En(wyx™) = (z"px) 0 En(y)-

Since the restrictions of functionals x*px, x € N to N are dense in N we conclude that
EN od S EN.
The equivalence of the statements (4), (5) and (6) follows in a similar way. O
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The following lemma shows that in good circumstances compactness of the L2-
implementations does not depend on the choice of the state.

Lemma 3.6. Let p,v € M be faithful with p o Exy = ¢ and ¢ o Ex = 1. Let further
®: M — M be a completely positive N-N-bimodule map whose L?-implementation @592)

with respect to ¢ exists (hence, by Lemma 3.5, the L*-implementation @fz) of ® with
respect to v exists as well). Then, @502) € K(M, N, ) if and only if @Ef) € K(M, N,).

Proof. Let U be the unique unitary mapping the standard form (M, L?(M, ¢), J,, P,)
to the standard form (M, L*(M,%), Jy, Py), see [26, Theorem 2.3]. It restricts to
the unique unitary map between the standard forms (N, L?(N, ©)s Jyoins Pply) and
(N, LA(N, ), Jyjx» Pyl )- Indeed, for all 2 € M, p(z) = (@UQ,, UQ,) and by [26,
Lemma 2.10], UQ, is the unique element in L?(M, 1)) satisfying this equation. On the
other hand, applying [26, Lemma 2.10] to ¢|x implies the existence of a unique vector
€ € L?(N, %) such that p(x) = (z€,€) for all z € N. By approximating & by elements in
NQ, and by using the assumptions ¢ o Exy = ¢ and ¢ o Ex = 9 one deduces that for

allz e M,

p(r) =poEn(z) = (En(2)¢, &) = (2€,8)

and hence UQ, = ¢ € L?(N,4). This implies U(NQ,) C L?(N,v) and therefore (by
density and symmetry) U(L?(N,v)) = L?(N,). Finally, using that of (N) = N and
hence Jo |, = (Jy)|2(n,p) (and similarly Jy . = (Jy)|r2(n,e)) it is straightforward to
check that the restriction of U satisfies the other properties of the unique unitary mapping
between the standard forms (N, L2(N, ¢), Joins Pply) and (N, L?(N, 1), Jyns Poln)-
Since €% = (E£)® is the orthogonal projection of L?(M, ) onto L?(N,¢) and
el = (EX)® is the orthogonal projection of L2(M,1) onto L2(N,), we see that
U*e%U = €% Hence, for every map A of the form A = aEnb with a,b € M the L*-

implementation Aff) with respect to ¢ and the L2-implementation Aif) with respect to

¥ exist with A2 = aefb = U*aebU = U*Agf)U.

Now assume that @502) € K(M, N, ). Then there exists a sequence (&) : M — M)pen
of maps of the form &, = ZZV:’H a; pEnb; ), with N, € N and a1, b1, ..., an, k> N,k €
M whose L2-implementations @ff; € Koo(M, N, ) (with respect to ) norm-converge
to @&2). By the above, U@,(C%LU* € Koo(M, N, 1) is given by zQy, — @y (x)y, for z € M.
We claim that the sequence (U@,(CQ’LU*)%N C Koo(M, N,) norm-converges to @Ei).
Indeed, by the density of the set of all elements of the form z(¢|y)z*, z € N in N} we
find a net (x;);e;r € N such that z;(p|n)z; — ¥|n. In combination with p o Ex = ¢
and 9 o En = 9 this also implies z;p2; — ¢. For y € M and k € N,

(@5 — USZLU" )y 13,4, = (®(y) — P4 ()13
= lim |(@(y) — ®u(y)z: %3,
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= ]1?1 ||((pr2) - q)k Lp)ysz ||2 N7

<lim |2 — @i |*p(eiy ya:)
2 *

= [|o@ — o) |2u(y*y),

where in the third step we used the N-N-bimodularity of ® and the right N-modularity
of ®;. Now, <I>§€220 — <I>(2) and (U(I>(2 U*)ren is a Cauchy sequence, hence the above
inequality leads to U@,&%LU* <I>1(p2) as claimed. In particular, <I>1(p2) € K(M, N, ) which

finishes the proof. 0O

Theorem 3.7. Let N C M be a unital inclusion of von Neumann algebras which admits a
faithful normal conditional expectation Ex : M — N. Further, let p,vp € M be faithful
normal positive functionals with poEn = ¢ and p oEx = 1. Then the triple (M, N, )
has property (rHAP) (resp. property (rHAP)™ ) if and only if the triple (M, N,v) has
property (rHAP) (resp. property (rHAP)™ ). In particular, property (rHAP) (resp. prop-
erty (rHAP)™ ) only depends on the triple (M, N,Ey).

Proof. It follows from Lemma 3.5 and Lemma 3.6 that if (®,),cs is a net of approx-
imating maps witnessing the relative Haagerup property of (M, N, ) (resp. property
(rtHAP)™ of (M, N, )), then it also witnesses the Haagerup property of (M, N, ) (resp.
property (tHAP)™ of (M, N,v)) and vice versa. O

We will later see that in the case where the von Neumann subalgebra N is finite
the statement in Theorem 3.7 can be strengthened: in this case property (rHAP) (and
equivalently property (rHAP)™) does not even depend on the choice of the conditional
expectation E .

Motivated by Theorem 3.7 we introduce the following natural definition.

Definition 3.8. Let N C M be a unital inclusion of von Neumann algebras which admits a
faithful normal conditional expectation Ey : M — N. We say that the triple (M, N, E )
has the relative Haagerup property (or just property (rHAP)) if (M, N, ) has the relative
Haagerup property for some (equivalently any) faithful normal positive functional ¢ €
M with ¢ o Exy = ¢. The same terminology shall be adopted for property (rHAP)™

3.3. State preservation, contractivity and unitality of the approximating maps in a
special case

In this subsection we will prove that the relative Haagerup property of certain triples
(M, N,Ex) may be witnessed by approximating maps that satisfy extra conditions, such
as state-preservation, contractivity and unitality. This will play a crucial role in Section 5.
The approach is inspired by [5, Section 2], where ideas from [32] were used.
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Lemma 3.9. Let M be a von Neumann algebra, ¢ € M, a faithful normal state and
ye M. Ifyp =y (ie.y € M?¥), then yQd, = Quy.

Proof. As mentioned in Section 2.3, by [46, Theorem VIII.2.6] we have that o7 (y) =y
for all t € R. But then y is analytic and moreover afi/Q (y) = y. Hence

Qoy = Joy"J,Q, = Jwafim(y*)Jwa = JsoAqla/zy*A;l/QJwa = 5oy 50y = y Q.
The claim follows. O

Proposition 3.10. Let N C M be a unital inclusion of von Neumann algebras that admits
a faithful normal conditional expectation Ep. Assume that N is finite and let T € N, be
a faithful normal tracial state that we extend to a state p := T oEN on M. Let further
®: M — M be a normal, completely positive, N-N -bimodular map for which there exists
d >0 such that ¢ :== ®(1) < 1—0 and o ® < (1—0)p. Then one can find a,b € N'NM
such that a > 0, Ex(a) =1, aEx(b*b) = Ex(b*b)a =1 — ¢ and bpb* = ¢ — p o .

Proof. The complete positivity of ® implies that 0 < [|®] = ||®(1)]] = |l¢|| £ 1 =4,
hence the map ® must be contractive. It is clear that ¢ = ®(1) > 0. Further, since

En(1—c¢) > En(0) = 4, the element E 5 (1—c¢) € N is boundedly invertible. Additionally,
the N-N-bimodularity of ® implies that for every n € N,

so ¢ € N’ N M. The latter two observations imply that for
a:=(1-¢)(Ex(1l—-c) !

we have a € NN M, a>0and Ex(a) = 1.

Consider the positive normal functional ¢ — ¢ o ® € M,. By [26, Lemma 2.10] there
exists a unique vector £ € L?(M, )" such that (¢ — ¢ o ®)(z) = (x&,€) for all z € M.
Note that {J,28, | * € M} is dense in L?(M, ¢) and define the linear map

b: LA(M, ) — L*(M, ¢), J,aQy = J,a€.
It is contractive since
(T2 Q)15 = | Tp2€]I3 = 28|13 = (0 — ¢ 0 @) (z"2) < p(a*z) = [|2Qy |3 = | T2 I3
for all x € M. Further, for z,y € M,
bJoxd,(J,ySdy) = bJ,ayQdy, = Joayé = Jord,Joyé = Joaxd,b(J,yQd,).

It hence follows that b and J,xJ, commute and therefore that b € (J,MJ,) = M" = M.
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We claim that a and b from above satisfy the required conditions. It remains to show
that b e N' N M, bpb* = p — ¢ o ® and aEn(b*b) = En(b*bla=1—c.

e be N'Nn M: By the assumption we have ¢ — ¢ o ® > dp and therefore ¢ — p o ® is
a faithful normal functional. For x € M, n € N the N-N-bimodularity of ® and the
traciality of ¢ on N (implying that n is contained in the centralizer of ¢) imply that
0 B(an) = @(B(x)n) = $(n®(x)) = ¢ o B(na), hence np — o ®) = (p — o H)n.
The unique isomorphism between the standard forms induced by ¢ and ¢ — @ o @
maps ¢ to the canonical cyclic vector in L?(M, ¢ — ¢ o ®). Hence, from Lemma 3.9
applied to ¢ — o @ we get né = &n for all n € N, which, together with the fact that
Jonfd, = n*Ql,, implies that for x € M

bn(J,28y,) = bJ,xJ,nQ, = byan™Q, = Joan™€
= Joatn® = Joxd,nd,§ = ndyaxé = nb(J,x0Q,),

so b€ N'N M by the density of {J,z8, | z € M} in L3(M, ).
e bpb* =9 — o ®: For every x € M the equality

(bpb™)(x) = (2b€p, by) = (€, &) = (¢ — p 0 P)()

holds, i.e. bpb* = p — o .
o aEpn(b*b) = En(b*b)a =1—c: For x € M we find by b € N'NM and bpb* = ¢ —po®
that

P(xEn (b°b)) = p(En(2)0b) = o(b"En (2)b) = (¢ — ¢ 0 ®)(En(2))
= ¢(En(z)) = 0(En(2)2(1)) = () = p(zEn(2(1))) = @(En (1 = ¢))

and hence Ex(1 — ¢) = En(b*b). It follows by the definition of a that o 5 (b*b) =
aEn(1 —c¢) =1—cand similarly, as a € N'N M, we have Ex(b*b)a=1—c. O

Lemma 3.11. Let N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation Ep. Assume that N is finite and let T € N, be
a faithful normal tracial state that we extend to a state ¢ ;=T oE N on M. Let further
x € N'NM be an element which is analytic for o¥. Then En(yz) = En(of (x)y) for all
ye M.

Proof. For n € N we have by the traciality of ¢ on N (implying that n is contained in
the centralizer of ¢) that

nof(z) = o?(n)of(x) = cf(nx) = o?(xn) = o (x)o?(n) = o (x)n,

for all z € C. Therefore, 0¥ (x) € N'N M and in particular o (z) € N’ N M. One further
calculates that for y € M,
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(en)(En(yz)) = ¢(En(nyx)) = ¢(nyz) = (o] (x)ny)
= @(nof (z)y) = (en)(En(of (x)y)).

Since the set of all functionals of the form ¢n, n € N is dense in N, we find that
En(yz) = En(of(2)y), as claimed. O

Lemma 3.12. Let N C M be a unital inclusion of von Neumann algebras that admits a
faithful normal conditional expectation E . Assume that N is finite and let 7 € N, be a
faithful normal tracial state that we extend to a state p :=ToEyN on M. Let hi,hos € M
and let hg,hy € N' N M be analytic for o¥. Suppose that ® : M — M is a normal map
such that @g) € K(M,N,p) and define the map ® := hy®(hy - hs)hy. Then we also
have that éff) € K(M,N, ).

Proof. Note first that by [46, VIIL.3.18(i)] (and its proof) ® has a bounded L>-
implementation, with H(i)g) I < C’H(I)g) I, with the constant C' > 0 depending on
hi, ha, hs, ha. It thus suffices to show that the passage ® — ® preserves the property of
having a finite-rank implementation. Let then a,b € M so that aenb is in Koo (M, N, ¢).
So for x € M we have by Lemma 3.11,

hl(aer>(h2(L‘h3)h4QLP = hlah4€N<Uf(h3)bh2$)Q¢,
and so this map is in Koo(M, N, p). O

We are now ready to formulate the main result of this subsection. In combination
with Lemma 3.14 it will later allow us to deduce that the relative Haagerup property
of a triple (M, N,Ey) with finite N may be witnessed by unital and state-preserving
maps. Its proof is inspired by [5, Section 2].

Theorem 3.13. Let N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation E . Assume that N is finite, let T € N, be a
faithful normal tracial state that we extend to a state ¢ := 7ol on M and suppose that
the triple (M, N, ) has property (rHAP) witnessed by contractive approximating maps.
Then, if all the elements of M are analytic with respect to the modular automorphism
group of ¢ — for example if there exists a boundedly invertible element h € M™ with
of (x) = h'xh=% for allt € R, x € M, property (rHAP) of (M, N, ) may be witnessed
by unital and state-preserving approrimating maps, i.e. we may assume that (1) and

(') hold.

Proof. Let (®;);cs, be a net of contractive approximating maps witnessing property
(rtHAP) of the triple (M, N, ) and choose a net (J;);cs, with §; — 0. We now set
J = J1 x Jy with the product partial order and for j = (j1,j2) € J we set &; = ®;, and
0; = 0j,. Then for all j € J,
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cji=01-0;)9;(1)<1-6; and  (1-6;)(po®;) < (1—7d;)p
In particular, we may apply Proposition 3.10 to (1—4;)®; to find elements a;,b; € N'NM
with Qj > O, IEN(aj) = 1, ajIEN(bjbj) = ]EN(b;k-bj)aj =1- Cj and bj(pb;f = @ — (1 —
9;)(¢ o ®;). For j € J define
\I/j M — ]\47 \IJJ<.’E) = (1 — (Sj>q)j($) + ajIEN(b;mbj).
It is clear that ¥; is normal completely positive and /N-N-bimodular. Further,
;1) =(1—-6;)P;(1) + a;En(bjbj) =cj + (1 —¢j) =1

and for any x € M

poU;(z) = (1-10;)p(®;(x)) + pla;En(bjzbs))
(1= 05)p(®;(x)) + p(En(a;)b;xd;)
= (1= 3d;)¢(®;(z)) + (bjb])(x)
= (1= 0;)e(®;(z)) + o(x) — (1 = 6;)0(P;(x))

so the ¥, are unital and ¢-preserving.
For the relative compactness note that by the assumption that every element in M is
analytic for 0¥, Lemma 3.11 implies that for all x € M

Vj(x) = (1= 0;)®;(x) + a;En (o (bj)bj),

hence,
TP = (1-6)0P +aeno? (b)) K(M,N,p
J ( J) J ajen z(])]e ( 4T )

It remains to show that for every x € M, ¥;(z) — « strongly. For this, estimate for
z >0,

(U; — (1 - 8;)®,)(z) = o) *En (bjab;)a)/?

1/2 * 1/2
< ||lzlla}*En (b%b;)a}/

J
= [lz[[(1 = ¢;).
Since ¢; = (1 —§;)®,(1) = 1 and (1 — §,)®,(x) — = strongly it then follows that
Vj(e) = (Y5(2) = (1= 6;)®;(x)) + (1 = 6;)@5(z) = @

strongly for every x € M. This completes the proof. O
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Another important statement that was proved in [16] in case of the usual (non-relative)
Haagerup property is the following lemma. It will later ensure the contractivity of certain
approximating maps and allow us to apply Theorem 3.13 in a suitable setting.

Lemma 3.14. Let M be a finite von Neumann algebra equipped with a faithful normal
tracial state T € M, and let N C M be a unital inclusion. Assume that h € N' N M
is a boundedly invertible self-adjoint element and define ¢ € M, by ¢(x) := 7(hzh)
for x € M. Then, if (M,N,p) has property (rHAP), the approximating maps (®;)icr
witnessing property (rHAP) may be chosen contractively, i.e. we may assume that (1')
holds.

Proof. The proof is given in [16, Lemma 4.3]. One only needs to check that the condition
h € N' N M ensures that the maps @}, (I>§f and ¥, defined there are N-N-bimodule
maps that are compact relative to N. Let us comment on this.

In Step 1 of the proof of [16, Lemma 4.3] it is shown that the approximating maps
¥}, witnessing the Haagerup property may be chosen such that supy, ||Px|| < co. In the
current setup of (rHAP) this is automatic (see Definition 3.2) and so we may skip this
step.

We now turn to Step 2 in the proof of [16, Lemma 4.3]. Let &}, be the approximating
maps witnessing the (rHAP) for (M, N,¢). In particular ®; is N-N-bimodular and
<I>§€2) € K(M, N, ). By [46, Theorem VIII.2.211] we have of (z) = hi'zh~ " t € R,z €
M. Now recall the map defined in [16, Lemma 4.3] given by

o) =i [ @ o

7 ., o
= l—/e_t /lh”@k(h_”xh”)h_”dt.
T

Since h € N’ N M this map is N-N-bimodular. Since of (h**) = h'®,s,t € R it follows
from Lemma 3.12 that the L2-implementation of

(3.1)

z s of (Br(0%, (7)) = 0y (K xh™ )R, teR, (3.2)

exists and is compact, i.e. contained in K (M, N, ¢). By assumption h is boundedly invert-
ible and so t — h' depends continuously (in norm) on t. Hence the map (3.2) depends
continuously on ¢ and it follows that (3.1) is compact.

Next, in the proof of [16, Lemma 4.3] the following operators were defined:

9k = ®5(1), = Falgh),

where F,(z) = e =D 2 ¢ C,n € N. Since ®! is N-N-bimodular it follows that
gl € N’ N M. Therefore also f;"' € N’ N M. Then the proof of [16, Lemma 4.3] defines
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for suitable n(j),k(j),1(j) € N,e; > 0 depending on some j in a directed set the map
U, : M — M via the formula:

1 n(i).1G) gy n(i).0)
Vi) = G o ) (i)

Since fg(%)’l(j) € N'Nn M it follows that ¥; is both N-N-bimodular and compact, i.e.

\I/f) € K(M, N, p). The last part of the proof of [16, Lemma 4.3] shows that \115-2) -1
strongly and this holds true here as well with the same proof. By Lemma 2.1 this shows
that for every € M we have ¥;(x) — x strongly. O

4. For finite N: translation into the finite setting

Let again N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation Ep. Assume moreover that N is a general
o-finite von Neumann algebra, though in many of the statements below we shall add
the assumption that N is finite. The aim of this section is to characterise the relative
Haagerup property (resp. property (rHAP)™) of the triple (M, N,Ey) in terms of the
structure of certain corners of crossed product von Neumann algebras associated with
the modular automorphism group of some faithful ¢ € M} with ¢ o Exy = ¢. These
statements will play a crucial role in Section 5.

4.1. Crossed products

Let us first recall some of the theory of crossed product von Neumann algebras and
their duality for which we refer to [46, Section X.2]. For this, fix an action R ~* M on
M C B(H), define the corresponding fized point algebra

Y={reM|wux)==1foralteR}

and let M x, R C B(H ® L?(R)) = B(L*(R,H)) be the corresponding crossed product
von Neumann algebra. It is generated by the operators m,(z), © € M and A; := A,
t € R where

(ma(2)§)(t) = a(x)6(t)  and  (A&)(s) =&(s — 1)

for s,t € R, 2 € M, £ € H® L*(R); we will also occasionally use A to denote the
left regular representation on L?(R), which should not cause any confusion. Recall that
this construction does not depend on the choice of the embedding M C B(H) and that
M = 7,(M). For notational convenience we will therefore omit the faithful normal
representation 7, in our notation and identify M With 7ra( ) and N with 7 (N). Note

that 7 (2) = 2 ® 1 for all x € M. Set further A(f) := [ f(t)\dt for f € L'(R) and
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LR):={Xf) | f e L'R)}" = {\s | s € R} C B(H ® L*(R)).

Remark 4.1. For f € L*(R) we denote by

fls) = / f(tetdt € I=(R),
R

its Fourier transform. Let 7y : L2(R) — L2(R) : f > (27)~2 f be the unitary Fourier
transform operator on L?(R). Then Fo\(f)F5 is the multiplication operator with f. We
shall occasionally extend our notation in the following way. Let f € L?(R) be such that
its Fourier transform f is in L°(R). We shall write A(f) for F5 fF> where we view f
as a multiplication operator. This is naturally compatible with the earlier notation for
feL'(R)

Let R % M x4 R be the dual action determined by
a(z) =z, and a(As) = exp(—ist)As, (4.1)
for x € M, s,t € R and recall that its fixed point algebra is given by

M = (M x4 R)?, (4.2)

The expression

Ts(z) := [ as(x)ds, T € (M x,R)T,
!

defines a faithful normal semi-finite operator valued weight on M x, R which takes
values in the extended positive part of M. Choose f € L'(R) N L?(R) with ||f]l2 = 1
such that the support of the Fourier transform fequals R. We keep f fixed throughout
the whole section. One has Tz (A(f)*A(f)) = ||f]|3 = 1, hence we may define the unital
normal completely positive map

Tpi=Tra: M xaR — M,z Ta(Af) zA(f)).

By Lemma 2.1 T} is strongly continuous on the unit ball. For a given map ® : M xR —
M x4 R and a positive normal functional ¢ € M, we further define

;M — M, ®p(x)="Td(x)),
and

(ﬁf:MNaR%C, Qf(a:):ga(Tf(x)).
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The functional @y is normal and positive. It is moreover a state if ¢ is a state. Since
we assumed the support of f to be equal to R, by Remark 4.1 the support projection of
A(f) equals 1. It follows that @ is faithful if and only if ¢ is faithful.

Lemma 4.2. Assume that N C M®. Then Ty is N-N-bimodular, meaning that for xz,y €
N, a € M x4 R we have Tf(zay) = xTf(a)y.

Proof. As N C M* we have that N and \(f) commute. From the definition of Ty and
(4.2) we get that for z,y € N and a € M x4, R,

Ta(A(f) zayA(f)) = Ta(@A(f) aA(f)y) = aTa(A(f)"aA(f))y-
This concludes the proof. O

We recall the following formula which was proved in [15, Lemma 5.2] (which extends
[27, Theorem 3.1 (c)]) in case k = g; the general case then follows from the polarization
identity. For k,g € L?(R) such that k,§ € L*°(R) we have:

T\ 0\9) = [ FDaBai(a)dt, o€ M. (4.3)
R

We shall need the following consequence of it. For g € L*(R) define g*(t) := g(—t), which
is the involution for the convolution algebra L!(R).

Lemma 4.3. Let h € C.(R) and let x € M. Then, for k,g € L*(R) N L*(R) and a =
A(h)x,

T2 (A(k) aA(g)) = / / K ($)g(t)h(—s — tar_ (x)dsdt,
R R

and

Ta(A(k)*A(g)a) = //k*(s)g(t)h(—s—t)mdsdt.
R R

Proof. We have A(k)*a = A(h* % k)*z. The equality (4.3) then implies
Ts(A(k)*aX(g)) = Ta(A(R™ = k)" z\(g))

~ [ BTt

R

://k*(s)g(t)h(—s—t)a,t(x)dsdt.

R R



22 M. Caspers et al. / Advances in Mathematics 421 (2023) 109017

This concludes the proof of the first formula. The second formula follows from the first
after observing that T5(A(k)*A(g9)a) = Ta(A(k)*A(g)A(R))z. O

4.2. Passage to crossed products

Let us now study the stability of the relative Haagerup property with respect to
certain crossed products. The setting is the same as in Subsection 4.1.

Proposition 4.4. Let ® : M x, R — M x4, R be a linear map and fir f € L*(R) N L?(R)
as before. Then the following statements hold:

(1) If ® is completely positive then so is :ISf.
(2) Assume that N C M*. If ® is an N-N-bimodule map then ®5 is an N-N-bimodule
map.

In the remaining statements let o € M be a faithful normal positive functional with
poEN =y and poa, = ¢ for allt € R. Then:

(3) If Gro® < By (resp. $yo® = Py) then po &y < ¢ (resp. o by = ).
(4) If the L*-implementation of ® with respect to py exists, then the L*-implementation
of ®; with respect to ¢ exists as well.

Now, if NC M*, Exoa; =Ey forallt € R and f is continuous, then:

(5) If ® € Koo (M xo R, N, By), then &1 € Koo(M, N, ).
(6) If & € (M x4 R, N,3;), then &5 € K(M, N, ).

Proof. (1) is straightforward from the constructions and (2) follows from Lemma 4.2.
(3): If §f o ® < Hy we have for x € M, using (4.3) and the a-invariance of ¢,

po®s(z) = p(Tf(2(x))) = 37(P()) < §y(x)

— o(Ta (M) 2A () = / O Polas(@))dt = o(z).

R

Moreover, if o ® = &y then the inequality above is actually an equality.
(4): Assume that there exists a constant C' > 0 such that @7 (®(x)*®(z)) < Cpr(a*x)
for all x € M. Then, by the Kadison-Schwarz inequality and (4.3),

P(85(2) @y (2)) = (T (B(2)) Ty (B(x))) < 35(2(2)"B(2)) < CPf(x"z) = Cipla"z)

for all z € M, where we use the fact (proved above) that ¢ and ¢ coincide on M. This
implies that the L?-implementation of ®; with respect to ¢ exists.
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(5): By Lemma 4.2 and the discussion before, Fy = Ey o T} is the unique faithful
normal @y-preserving conditional expectation of M X, R onto N. Let a,b € M x4 R.
By N C M* we have for x € M,

—_~—

(aIFNb)f(x) = Tf(aIFN(bx)) = Tf((l)FN(bZL’) (44)

We shall show that Fy (bz) = E (bz) for all z € M, where b := T5(A(f)*A(f)b). For this
it suffices to consider the case where b = A(h)y for some compactly supported function
h € C.(R) and y € M, since such elements span a o-weakly dense subset of M x, R
and the map b — b is o-weakly continuous. Using Lemma 4.3 twice and the fact that
Exoa; =Ep for all t € R one has

IFN(bx) = ]EN o Tf(bx)

=Exn //f*(s)f(t)h(fs —t)a_(yx)dsdt

R R

= [ [ £ )10h(-s ~ Ex (o) dsi
R R

as claimed. Combining this equality and (4.4) we get that (aEnb); = Tf(a)IFNZ. By
considering linear combinations of such expressions one gets that if ® € Koo(M X,
R, N, $y) then also &)f € Koo(M, N, ). This proves (5).

_(6): The statement follows directly from (5) by approximation and the fact that
sl < @]l O

In the following we will direct our attention to certain choices of functions f € L*(R)N

L?(R) with || f|l2 = 1 whose support of the Fourier transform f equals R. For this, define
for j € N the L?-normalized Gaussian

o\ 1/4
fi:R—=R, fi(s) = <;7r> exp(—j52/2).

Further set for a given map ® : M x, R — M x, R and a positive normal functional
p € M,



24 M. Caspers et al. / Advances in Mathematics 421 (2023) 109017

Theorem 4.5. Let N C M be a unital inclusion of von Neumann algebras with a faithful
normal conditional expectation Eyx : M — N. Let further o € M be a faithful normal
positive functional with p o Exy = ¢ and R ~* M be an action such that N C M®.
Finally assume that Ey o oy = En (or, equivalently under the earlier assumptions, that
p=poay) forall t € R. Then the following statements hold:

(1) If for all j € N the triple (M xo R,N,p;) has property (rHAP) (resp. property
(rHAP)™ ), then (M, N, ) has property (rHAP) (resp. property (rHAP)™ ).
2) If for all j € N property (rHAP) of (M xR, N, $;) is witnessed by unital (resp. p;-
j j
preserving) approximating maps (see (1) and (4 ) in Section 3), then also property
(rHAP) of (M, N, @) may be witnessed by unital (resp. p-preserving) approzimating
maps.

Proof. (1): For fixed j € N let (®;x)rex, be a bounded net of normal completely posi-
tive maps witnessing the relative Haagerup property of (M x, R, N, $;). In particular,
®; — 1 in the point-strong topology in k. Set 53-,;6 =Ty, 0 Pjp. As s > as(x) is
strongly continuous for x € M and f; is L?-normalized with mass concentrated around
0, Lemma 4.3 shows that for x € M,

Ty, (2) = / 1F(5) Pas(2)ds —
R

as j — oo in the strong topology. Lemma 2.2 then shows that we may find a directed

set F and a function (j,k) : F — {(j,k) | j € N,k € K,;}, F = (j(F),k(F)) such
that the net (EIV)}(F),E(F))FG}- converges to the identity in the point-strong topology. By
Proposition 4.4 these maps then witness the relative Haagerup property for (M, N, ¢).
In the same way, using a variant of Lemma 2.2, we can deduce that if (M x, R, N, J;)
has property (rHAP)™, then (M, N, ¢) has property (rHAP)™ as well.

(2): Note that if ®; 5, is unital for all k£ € N, then ®, ;, is unital as well and if ®; j, is
@j-preserving for all k € N, then ®; ; is p-preserving, cf. Proposition 4.4. O

We will now apply this theorem to the modular automorphism group ¥ of ¢ as well
as its dual action.

Theorem 4.6. Let N C M be a unital inclusion of von Neumann algebras with a faithful
normal conditional expectation E : M — N. Assume that N is finite and let T € N, be
a faithful normal tracial state. Further define the faithful normal (possibly non-tracial)
state o :=To KN on M. Then the following statements hold:

(1) If for all j € N the triple (M %, R,N,p;) has property (rHAP) (resp. property
(rHAP)™ ), then (M, N, ) has property (rHAP) (resp. property (rHAP)™ ).
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(2) If for all j € N property (rHAP) of (M Xs¢ R, N,$;) is witnessed by unital (resp.
@j-preserving) approximating maps, then also property (rHAP) of (M, N, ) may be
witnessed by unital (resp. p-preserving) approximating maps.

Proof. This is Theorem 4.5 for « = o%; the assumptions are satisfied, as follows from
the fact that N C M¥. O

We will also prove the converse of Theorem 4.6 by using crossed product duality. We
first recall the following lemma which is well-known. We will use the fact that every
function g € L>°(R) may be viewed as a multiplication operator on L?(R).

Lemma 4.7. For g,h € C,(R)N L?(R) we have that g\(h) € B(L*(R)) is Hilbert-Schmidt
with

Tr((gA(h))"gA(R)) = llgllZlI7l3-

Proof. Let S3(H) denote the Hilbert-Schmidt operators on a Hilbert space H. We have
linear identifications H ® H ~ Sy(H) where £ ® 7 corresponds to the rank 1 operator

v = En*(v). We identify L?(R) with L2(R) linearly and isometrically through the pairing
(€.m) = [ &(s)n(s)ds. Therefore we have isometric linear identifications

S>(L*(R)) ~ L*(R) ® L*(R) ~ L*(R?), (4.5)

where the rank 1 operator {n* corresponds to the function (s, t) — £(s)n(t).

Now, gA(h) is an integral operator on L?(R) with a square-integrable kernel K (x,y) :
g(z)h(x — y). Then gA(h) is Hilbert-Schmidt and corresponds to K € L?(R?) in (4.5),
so that [[gA(h)lls, = [ K2 = llgll2/[All2- O

Further recall that for j € N the Gaussian f; was defined by f;(s) := j/4n~1/4 x
exp(—js%/2), s € R and ]/”; denotes its Fourier transform. Both these functions are
L?-normalized by definition and the Plancherel identity. Define for i, j € N a positive
linear functional v; ; on B(L?*(R)) by

Vi (@) = Te((FAS)) T i (f5)).

It is a state by Lemma 4.7. We will need the following elementary lemma for which we
give a short non-explicit proof following from the results in [15].

Lemma 4.8. For all i,j € N the pair (B(L*(R)),; ;) has the Haagerup property in
the sense that the triple (B(L*(R)), C,; ;) has the relative Haagerup property, see [15,
Definition 3.1]. Moreover, the approximating maps may be chosen to be unital and 1; ;-
preserving.
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Proof. According to [15, Proposition 3.4], (B(L?(R), Tr) has the Haagerup property. By
[15, Theorem 1.3] the Haagerup property does not depend on the choice of the faithful
normal semi-finite weight and hence (B(L*(R)),; ;) has the Haagerup property for all
i,7 € N. In [16, Theorem 5.1] it was proved that the approximating maps may be taken
unital and state preserving. This finishes the proof. O

As before, let N C M be a unital inclusion of von Neumann algebras which admits a
faithful normal conditional expectation E y and fix a faithful normal state ¢ on M with
@ =poEpn. Let 0¥ be the corresponding modular automorphism group, M X,» R the
crossed product von Neumann algebra and let

:=0?: R~ Mx,oR

be the dual action as defined in (4.1). Define for j € N the state @; := ¢ o T}, o on
M x40 R as before and recall that M (hence also N) is invariant under . We may in
turn consider the double crossed product which admits an isomorphism of von Neumann
algebras (i.e. a bijective x-homomorphism, which is automatically normal by Sakai [43,
Theorem 1.13.2]),

(M x50 R) g R = M ® B(L*(R)). (4.6)

Let us describe what this isomorphism looks like. For g € L (R) write u(g) := 1y Qg €
M ®B(L*(R)) for the multiplication operator acting in the second tensor leg. The double
crossed product above is generated by M X, R and the left regular representation of
the second copy of R, denoted here by \?, ¢+ € R. Under the isomorphism, M x,. R
is identified as a subalgebra of M ® B(L?(R)) via inclusion. Further, \¢ is identified
for every t € R with p(er) = 1p ® er where e:(s) := exp(—ist) for s € R. Under this
correspondence, \?(f;) = u(fj) We find that for x € M ® B(L?(R)),

(90 Tp,00Ty, 3)(@) = o (To (M) Ty ((F) 2u(F) A1)
= ¢ (T (T (M) n(F) 2n(FIN)) ) ) -

By [46, Theorem X.2.3] and the fact that ¢ o 6f = ¢ we have that (formally, being
imprecise about domains) the normal semi-finite faithful weight ¢ o Ty o Tj coincides
with ¢ ® Tr. Hence, for 4,7 € N we have equality of states

poTp 0Ty 5=¢@Yij.

The following theorem now provides a passage to study the relative Haagerup property
on the continuous core of a von Neumann algebra, which is semi-finite.



M. Caspers et al. / Advances in Mathematics 421 (2023) 109017 27

Theorem 4.9. Let N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation B and assume that N is finite with a faithful

normal tracial state T € N,. Set p = ToEyN € M,. Then the following two statements
hold:

(1) The triple (M, N, @) has property (rHAP) (resp. property (rHAP)™ ) if and only if
(M x50 R,N,3;) has property (rHAP) (resp. property (rHAP)™ ) for all j € N.

(2) If property (rHAP) of (M, N, ) is witnessed by unital (resp. @-preserving) maps,
then for all j € N property (rHAP) of (M X,+ R, N, p;) is witnessed by unital (resp.
@j-preserving) maps, and vice versa.

Proof. The if statements were proven in Theorem 4.6. For the converse of (1) assume
that (M, N, ¢) has the relative Haagerup property. (B(L?(R)),C,1; ;) has the relative
Haagerup property for all ¢, 7 € N, see Lemma 4.8. Therefore by a suitable modification of
[15, Lemma 3.5], we see that (M ® B(L*(R)), N ® C, ¢ ®1); ;) has the relative Haagerup
property for all 7,7 € N. It follows from Theorem 4.5 and the discussion above that
(M x,¢ R, N, ;) has the relative Haagerup property.”

The statements in (2) and the statement about property (rHAP)™ follow in the same
way. O

4.3. Passage to corners of crossed products

In the last subsection we characterised the relative Haagerup property of the triple
(M, N, ) for finite N with a faithful normal tracial state 7 € N, and p :=70EyN € M,
in terms of the crossed product triples (M xo R,N,®;), j € N. In the following we
will pass over to suitable corners of these crossed products which allows to translate
our investigations into the setting of finite von Neumann algebras. In this setting the
following lemma will be useful.

Lemma 4.10. Let N C M be a unital inclusion of finite von Neumann algebras, let T € M,
be a faithful normal tracial state and let Ex : M — N be the unique T-preserving faithful
normal conditional expectation onto N. Further, let h € N’ N M be self-adjoint and
boundedly invertible. For a linear completely positive map ® : M — M set

®"(z) = h'®(hzh)h 1.
Then, the L?-implementation ®2) of ® with respect to T exists if and only if the L?-

implementation (®")2) of ®" with respect to hth exists. Further, ®?) € K(M,N, ) if
and only if (®")2) € KK(M, N, hth).

3 Note that in the picture above 7(z) =  ® 1 and hence 7(N) = N ® C since ¢ is tracial on N. This is
used implicitly in the identifications of N in the double crossed product isomorphism (4.6).
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Proof. Note first that the assumptions on h imply that Ex(h?) is a positive boundedly
invertible element of the centre Z(N) of N. Indeed, we have for all n € N the equality
nEx(h?) = Ex(nh?) = Ex(h?n) = Ex(h?)n, and if h is boundedly invertible, then
h? > ¢l for some ¢ > 0, hence En(h?) > clyy.

The map E% : 2 +— Ex(h?)"Y2Ey(hah)Ex(h?)~1/2 is the unique normal hrh-
preserving conditional expectation onto N. Indeed, we can verify it is an idempotent,
normal, ucp map with image equal to N and for any x € M we have

(hTh)(E% (2)) = 7(RE N (h?) Y 2E n (hah)Ex (h?)~Y/2h)
(h*En(h?)"'E N (hah))

(En (R*En(h?)~'En(hazh)))
T(Ex(h*)En(h*) " En(hzh))
(En(h
7(

|
\\'

I
Bl

T(En :L’h))

hzxh)
= (h7h)(x).

Now assume that the L2-implementation ®2) of ® with respect to 7 exists, i.e. that
there exists a constant C' > 0 such that 7(®(x)*®(z)) < Cr(z*x) for all x € M. Then

(hrh)(®"(z)*®"(z)) = 7(®(ha*h)h @ (hah)) < ||h 2| 7(®(ha*h)®(hah))
< C||n72|| (ha*hhah) < C||h72|| ||B?| 7(ha*zh) = C ||h 72| || k%] (hrh)(z*z)

for all 2 € M, so the L?-implementation (®")(?) exists as well.
The converse implication follows, as ® = (®")" .
For elements a, b,z € M the equality

(aEnb)"(x) = h~YaE x (bhah)h ™
= h™YaE N (h?)Y?ER (h~'bha)E N (b)Y 2R~
= (h *aEN(R*)h™ ) h(h~tbha)
= (h"YaE N (P2 ER h=1bh) (z)
implies by taking linear combinations and approximation that if ®® € KC(M,N, ),

then (®")() € K(M, N, hth). The converse statement follows as before, which finishes
the proof. O

Now, for a triple (M, N, ) let h be the unique (possibly unbounded) positive self-
adjoint operator affiliated with M x4+ R such that h¥* = )\, for all ¢t € R. If we further
assume that N C M?” (which implies that N is finite with a tracial state ¢|x) we have
for x € N that \yz\f = of (z) = z and hence \; € N' N (M x,» R). This implies that
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h is affiliated with N/ N (M x4+ R) and so its finite spectral projections are elements in
N'N (M x50 R). Set for k € N

Pr = Xx-1,k(h) and hi = hpg.

Here x[-1 ;) denotes the indicator function of [k~ k] C R and p;, is the corresponding
spectral projection. Then, for every k € N, hy is boundedly invertible in the corner
algebra pr(M X,» R)py and we write h,;l for its inverse which we view as an operator
in M Xg¢ R.

Denote by @ := ¢ o Ty the dual weight of ¢ and let 7, be the unique faithful normal
semi-finite weight on M x,+R whose Connes cocycle derivative satisfies (D@/ D7y ); = ht
for all t € R (we refer to [29, Lemma 5.2]; the proofs below stay within the realm of
bounded functionals). It is a trace on M X, R which is formally given by

Tw(2) = poTy(h 2zh™2),  z € (M xge R)*.
By construction we have
1 1
Oj(prapr) = T (REA(f5) 2 A(f)RE), x €M Xgo R, (4.7

for all j € N, where @; and f; are defined as in Subsection 4.2. Further note that the
operators A(f;) and hj commute.

Remark 4.11. Following Remark 4.1, for £ € N the operators py and hi can be de-
scribed in terms of multiplication operators conjugated with the Fourier unitary Fo.
Indeed, Fo\F3 is the multiplication operator on L?(R,H) with the function (s > €%*)
and therefore (under proper identification of the domains) FahFy coincides with the
multiplication operator with (s — e®). It follows that for all k € N, FopiFy is the
multiplication with (I : s = X[ log(k) log(k)] (5)) and FahpFy is the multiplication with
(Jr : 8 7> X[=log(k),log(k)] (8)€°). Therefore, by Remark 4.1,

~

pr=AL),  h=AR),  and A =AY,
where J,;l is the function (s = X[—1og(k),log(k)€”"). We also have that
AUk = AEDMITR) = Mfj * Ti) = F3 Fi P, (4.8)

where we view the product ]?ij as a multiplication operator. Since the Fourier transform
of f; is Gaussian we see that F3 f;JiF2 is positive and boundedly invertible in the corner
algebra pr(M % R)pg. Further, by (4.3) and the Plancherel identity,

—_—

Ty(hpt) = ToAJy NI ) = 10213 = 10 P13 = k= ko
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It follows that

T (pr) = @(To(h ™2 peh™2)) = o(Ty(hy ') =k — k"

In particular, 74 (px) < co. Since T4 is tracial we also have for © € M x,¢ R,

T (prapr) = ¢ o Ty(hy; ' pewpr). (4.9)

In the next statements it is notationally more convenient to work with property
(rHAP) (resp. property (rHAP)™) for general faithful normal positive functionals in-
stead of just states, see Remark 3.3. Note that py@;pg, j € N is not a state, but a
positive scalar multiple of a state.

We shall use the fact that the unique faithful normal @;-preserving conditional ex-
pectation Ef; of M x4+ R onto N is given by Efﬁ = En oTy,. This fact was used in the
proof of Proposition 4.4 already.

Lemma 4.12. For every k € N, j € N there is a faithful normal py@p;p-preserving
conditional expectation of pr(M Xgse R)pr onto ppNpi given by

z = g pREN (T, (2)pr = 1y 'pRER (2)pr (4.10)

where pg 2= Tf,(Pr) = || [5X[= 10g(k),log(k)] 3. In particular, Ty, (px) is a scalar multiple of
the identity.

Proof. First note that by Remark 4.1 and Remark 4.11 the operator pyA(f;) coincides
with A(g;r) where g; 1 is the inverse Fourier transform of the function f;X[— 10g(k),10g(k)]-
The equality (4.3) then implies that

Ty, (k) = To(A(f5) prA(f5)) = To(A(g5.1)* Mgi k) = llgskll3 = b (4.11)

is a multiple of the identity.
For x € pr(M Xs¢ R)pg expand

(px301) (PRET (2)p1) = 65 (RER (2)p)
= (@ o Ty,)(pkEn (T}, (x))pk)
= (@ o To)(A(f5) PREN (T}, (2))prA(f5))-

Since N C M?” we see that

(0k@30%) (PREZ (2)pr) = (¢ 0 To) (En (T, (2)Af5) pEA(f;))
= o(En(Ty; (2))T, (pr))-

With (4.11) we can continue as follows:
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(px20) (PRER (2)p1) = 1t (En(Ty, () = o (Ty, (@) = p@y(x) = 1@ (prapr,).-

This proves that (4.10) is prp@;pr-preserving, as claimed. For x € N C M°” we have
that x and p, commute. Therefore, using the N-module property of the maps involved,

PEN (T, (prepr))pe = prepEn (T, (Pr)) = HrPrTDk-

This shows that the map = u,;lpk]EN(Tfj (x))pr is a unital (the unit being py) normal
completely positive projection onto py Npj, (see [11, Theorem 1.5.10]). O

Lemma 4.13. Let N C M be a unital inclusion of von Neumann algebras which admits a
faithful normal conditional expectation Epn. Assume that N is finite and let T € Ny be a
faithful normal tracial state that we extend to a state ¢ :==ToEN on M. Then we have
En(Ty,(za)) = En(Ty,(ax)) and En(Ty(za)) = En(Ty(ax)) for every j € N, a € L(R)
and x € M X0 R.

Proof. We first prove that En(Ty,(za)) = En(Ty,(ax)). Suppose a = A(k) and = =

yA(g) for y € M, k € L'(R) and g € C.(R). Let us first compute 7%, (za) and T, (ax).
By the formula (4.3) we have

7y, (00) = [ £7(-0lgxh £)(0)0% ()t
R
By a similar computation we get

Ty, (ax) = / (7 % k) () (g * ;) (D)0 ().
R

We now apply Eyx to these expressions and use the fact that N is contained in the
centralizer of ¢, so Ex(c7,(y)) = En(y). It therefore suffices to prove the equality

of the integrals [p f(—t)(g * k * f;)(t)dt and [p(f; * k)(—=t)(g * f;)(t)dt. Using the
commutativity of the convolution on R, we can rewrite the first one as

//fj )(g * fi)(t — s)k(s)dsdt

and the second one is equal to
[ [ 5= 9mea = fy(oydsat.
R R

In the second integral we can introduce a new variable ¢’ := ¢ + s and it transforms into
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//f;(_t/)(g * f;)(t' = s)k(s)dsdt’,
R R

which is equal to the first one. For arbitrary a € L(R) and z € M X,» R we can
find bounded nets (a;);er and (x;);er formed by linear combinations of elements of the
form discussed above that converge strongly to a and x, respectively, as a consequence
of Kaplansky’s density theorem. As multiplication is strongly continuous on bounded
subsets, we have strong limits lim;¢; a;7; = ax and lim;e 2;a;. As both Ey and T}, are
strongly continuous on bounded subsets, we may conclude.

The equality Enx(Ty(za)) = En(Ty(ax)) follows by a similar computation. 0O

The ideas appearing in the proof of the next statements are of a similar type.

Proposition 4.14. Let N C M be a unital inclusion of von Neumann algebras which
admits a faithful normal conditional expectation Ey. Assume that N is finite and let
T € N, be a faithful normal tracial state that we extend to a state p :=ToEN on M.
Then, for every j € N, the following statements hold:

(1) The triple (M %o R,N,p;) satisfies property (rHAP) if and only if the triple
(Pk(M X R)pr, 6 Npr, pr@;pr) satisfies property (rHAP) for every k € N. More-
over, the (THAP) may be witnessed by contractive maps, i.e. we may assume that
(1') holds.

(2) If for every k € N the property (rHAP) of the triple (pi,(M X oe R)pi, p NDk, P P;Pk:)
is witnessed by unital ppQ;pr-preserving approzimating maps, then the relative
Haagerup property of (M e R, N, ;) is witnessed by unital $;-preserving maps.

(8) If the triple (M x4+ R, N, @;) satisfies property (tHAP)™ then the triple (pr(M Xse
R)pr, p Npi, pp;pr) satisfies property (rHAP)™ as well for every k € N.

Proof. First part of (1): For the “=” direction assume that (M x,» R, N, ;) satisfies
property (rHAP), that it is witnessed by a net of maps (®;);cr and fix k € N. We
will show that (pp®;( - )pk)icr is a net of approximating maps witnessing the relative
Haagerup property of (px(M Xge R)pr, pr. Npr, pxP;pr):

It is clear that for every ¢ € I the map pp®;( - )px is completely positive, that the net
(p®;( - )pk)ier admits a uniform bound on its norms and that pi®;( - )pr — id in the
point-strong topology in ¢ as maps on pg(M Xge R)py.

By our assumptions, N € M?" and hence p, and N commute. Hence for a,b € N,
x € pp(M Xge R)pp we have

kP (Prapraprbpr)pr = Pe®Pi(apraeprb)pr = pra®; (Prepr)bpr = PraprP; (Prrpr)PrbPk,

which shows that pr®;( - )pr is a pr Npr-pr Npg-bimodule map for every i € I.
We have by [46, Theorem VIIL.3.19.(vi)], [46, Theorem X.1.17.(ii)] and the fact that
pr and A(f;) commute that
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o7 (pk) = M) o ()AL T = M) oA (f5) ™ = pr
Therefore by [15, Lemma 2.3], for x € pp(M X,» R)py positive,
(Pr@ipn) (Pe®i(x)pr) = 05 (Pe@i(x)pr) < ;(Pi(x)) < @5(x) = (Pe@jpr) (),

ie. (pr@jpk) o (pr®i( - )pk) < PrPjpr- R

Now, for every map ® on M X, R of the form ® = aEY/ (-)b with a,b € M 0 R
and z € pr(M x,¢ R)pi, we have, using Lemma 4.13 (recalling that EY/ = Ex oTy,) and
the fact that py commutes with IV, that

Pr®(2)pr = pkaE%(bpkzpk)pk = pka]E%(pkbpw)Pk = (pkapk)Eﬁj(Pkbpkz)-

Lemma 4.12 then implies that (pr®(-)px)® € Koo(pr(M X s¢ R)py, ok Npi, pr@;pr)- By
taking linear combinations and approximating we see that if ® is a map on M X,» R
with ®2) € K(M %+ R, N, ;) then (pr®(-)pr)® € K(pr(M x»¢ R)pr, pi Nk, px@ipr)-
Therefore for the approximating maps ®;, i € I we conclude that

(pr®i (- )pr)® € K(px(M X e R)pr, Dk Nk, DEP; Dk )-

This shows that (pr®;( - )pr)ier indeed witnesses the relative Haagerup property of the
triple (pr.(M Xoe R)pr, px NPk, PrD;pk)-

(3): Note that if (M %+ R,N,p;) has property (rHAP)™ witnessed by the net
(®4)ier, then property (rHAP) ™ of (px(M Xoe R)pr, pNpi, pr@jpx) follows in a very
similar way as above. The only condition that remains to be checked is that the L?-
implementation (pp®;( - )p)? exists. For this, assume that there exists C' > 0 with
9 (®i(2)*®i(z)) < Cpj(z*x) for all x € M x,» R. Then, using again [15, Lemma2.3]
for the second inequality,

i (01 ®i (2 ) pp®i(7)pr)

(px®i(z")p
(Pe®i(2)" @i (2)ps)
(i(z)" ®i(7))

Il
)

(Pe@5pr) (PrPi(2)pr)”* (Pr P (€)pr))

IN
)

)

J

IA
S

J
Coj(x
C(prpjpr)(z*z)

*

IN

x)

for all € pr(M X5 R)pi. The claim follows.

Second part of (1): For the “<” direction assume that for every k € N the triple
(pk (M X 5o R)pr, Dk Npr, pr@;pr) satisfies property (rHAP) witnessed by approximating
maps (P ;)icr,. We wish to apply Lemma 3.14 for which we check the conditions. By
N C M°” we have that N and \; commute for every t € R and hence so do N and
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hi. In particular, hy € (pxNpg)' Npr(M Xe R)pg. By (4.8) and the remarks after it, it
follows that A(f;)hy is positive and boundedly invertible. Now, from (4.7) we see that
the conditions of Lemma 3.14 are fulfilled and this lemma shows that the maps of the
net (®y;)icr, can be chosen contractively, i.e. we may assume that (1’) holds.

We shall prove that (®g;(pr - Pk))keN,icr, induces a net witnessing property (rHAP)
of (M xse R, N, ;). This in particular shows that we may assume (1’).

By the contractivity of the @y ; it is clear that the maps @ ;(pr - px) are completely
positive with a uniform bound on their norms.

Since N and p; commute we see that for a,b € N and x € M X, R

i (praxbpy) = Pr i (praprrprbpr)
= prapr Py i (PrTDk ) PrbPK
= ap®r,i(przpr)prb
= a®y, i (prrpr)b.

Therefore @y ;(pr - px) is an N-N-bimodule map for every k € N, i € Ij.
We have, using again [15, Lemma 2.3], that for x € (M X, R)*

D5(Pr,i(prpr)) = 0 (prPr,i (PrTPr)PE)
= (px®;pr)(Pr.i (PrpK))
< (p®ipr) (PETPE)
= @j(prpr) < §j(x).
Le. @jo®ri(pr - pr) < @5
We claim that (®;(pr - pe))? € K(M g0 R, N, @;) for all k € N, i € I;. Indeed,
take an arbitrary map @ of the form ®(x) = praprEn (T}, (prbprr)) for x € M x5 R
where a,b € M x4+ R. The L2-implementations of such operators span Koo (pi(M X e

R)pk, p Npk, pp;pr) by Lemma 4.12. Lemma 4.13 and the fact that p, and N commute
show that for x € M x,¢ R,

O (prrpr) = praprEn (T, (prbprepr)) = praprEN (T, (prbprx)).

Then, since Ey o Ty, is the faithful normal @;-preserving conditional expectation of
M x4+R onto N, this implies that (®(pg-pi))? € Koo(M xR, N, ©;). By taking linear
combinations and approximation we see that if ®) € KC(py, (M X5+ R)py, PN DL, PkP;Dk),
then (®(py, - pr))? € K(M x°" R, N, ;). We conclude that

(Pri(pr - pr)® € K(M x7" R, N, 3)).
Now, for x € M X, R we see that

Jim Jim B (prape) =
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in the strong topology. Then a variant of Lemma 2.2 shows that there is a directed

set F and a function (k,7) : F — {(k,i) | k € N,i € I}, F — (k(F),i(F)) such
(<I>%(F) Z(F))Fe]: witnesses the relative Haagerup property of (M X, R, N, 3;).

(2): Tt only remains to show that if for every k € N the property (rHAP) of the triple
(pk (M X 5e R)pr, p NPk, PP, pk) is witnessed by unital py@;pr-preserving approximating
maps, then the relative Haagerup property of (M %, R, N, ®;) is witnessed by unital
@;-preserving maps. For this, assume that the maps (®j;)ics from before are unital
and pr@;pr-preserving and choose a sequence (ex)reny € (0,1) with € — 0. Recall
that pr € N’ N (M x,» R) and note that IE%'(I — (1 — €x)pr) > €. We then have
EY (1 — (1 —ex)pr) € NN N’, the inverse (Ef{(l — (1 —ex)pr))™' € NN N’ exists
and ay == (1 — (1 — ex)pi)(ER (1 — (1 — ex)pr))~* € N’ N (M x40 R) is positive. Set
bi :=1— (1 — €x)px > 0. Define the maps

Bri(-) = (1— ex)®hilpr - i) + akEZ (0 - bi/?).

Obviously 5;€7i is normal, completely positive and N-N-bimodular. We may finish the
proof as in Theorem 3.13 now; since the statement of that theorem is not directly appli-
cable here we will give the complete proof for the convenience of the reader.

We have

Dy (1) = (1 — ex)Pri(pr) + akEij(bk) =(l—e)pr+(1—1—ex)pr) =1.

Now, since @y ; is prpP;pr-preserving we have that @; o @y ;(przpr) = @; (prrpr) for all
x € M X0 R, and hence with Lemma 4.13 we deduce that
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By the fact that (@ ;(px - ) € K(M g0 R, N, ©;) and by Lemma 4.13, we have
) = (1= e)(Ppi(pr - pi)® 2 € K(M %y R,N,3;
ki ( Ek)( k,l(pk pk:)) taken o € ( Nge IR, 7(00])'
Further, for every z € (M Xy¢ R)y,

B i(x) — (1 — e)Ppi(proapr) = axEY (0, %2b,/)
< |lzll akER (bx)

= |lz[| (1 = (1 — ex)pr),
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from which we deduce that limpcr EI;E(F) i) = idarw,.r- This implies that the net

(&)E( ) F)) rer of unital @j—preserving maps witnesses the relative Haagerup property
Of (M HNge R7N7§5]) O

We are now ready to formulate the key statement of this section. Note that for every
k € N the von Neumann algebra pi(M X,» R)py is finite with a faithful normal tracial
state prTx k-

Theorem 4.15. Let N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation Ep . Assume that N is finite and let T € N, be
a faithful normal tracial state that we extend to a state ¢ := T oEN on M. Then the
following statements are equivalent:

(1) The triple (M, N, ) has property (rHAP);
(2) (M x50 R,N,®;) has property (rHAP) for every j € N;
(3) (pu(M Xge R)pr, pe Npi, PTxpk) has property (rHAP) for every k € N.

Further, the following statement holds:

(4) 1f the triple (M, N, @) has property (rHAP)", then (px(M X e R)pr, p Npr, Pk TPk )
has property (rHAP)™ for every k € N.

Proof. The equivalence “(1) < (2)” was proved in Theorem 4.9.

“(2) = (3)”: Assume that for j € N the triple (M x5+ R, N, ;) has property (rHAP)
and fix & € N. Then by Proposition 4.14, the triple (pr(M Xoe R)pr, pk NDr, D6@;0k)
also has the property (rHAP). Let (®;);c1 be a net of suitable approximating maps and
define the self-adjoint boundedly invertible operator A, := A(f;)hy> € (peNpk)' N
(pk(M X0 R)pi). By (4.7) for every © € pr(M x50 R)pi the equality

(Pe@ipr)(2) = T (A] k2 Aj 1) = (AjrpeTspr Az x) (2)

holds and hence Lemma 4.10 implies that the L2-implementation of the map ®/( - ) :
Aj,kCI)i(A;; . A;;)Aj,k exists and is contained in K(px(M Xz R)pg, ppNDk, DETx Dk )-
Similarly to the proof of Proposition 4.14 one checks that the net (®});c; witnesses
property (rtHAP) of (pr,(M Xge R)pk, pk NPk, DkTx Dk ). We omit the details.

“(2) <= (3)” Now assume that the triple (pr(M Xy R)pi, pk Npk, DpTxpr) has
property (rHAP) for every k € N. It suffices to show that the triple (pr(M Xy
R)pk, p Npk, prp;pi) has property (rHAP) as it implies the desired statement by Propo-
sition 4.14. So let (®;);c; be a net that witnesses property (rHAP) of (pr(M Xge
R)pk, p NPk, prT«pi) and set ) := A;iCDi(Aj,k . Ajvk)A;,i. Lemma 4.10 and (4.7) im-
ply that for every i € I the L?-implementation (®/)) of ® with respect to the positive
functional pp;py is contained in K(pi (M X e R)pr, pr Npk, pe@;pr ). Again, similarly to
the proof of Proposition 4.14 one checks that the net (®});c; witnesses property (rHAP).
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It remains to show (4). The statement easily follows from Proposition 4.9, Proposi-
tion 4.14 and the arguments used in the proof of the implication “(2) = (3)”. O

5. Main results

After the main work has been done in Section 4 we can now put the pieces together.
This allows us to show that in the case of a finite von Neumann subalgebra the notion
of relative Haagerup property is independent of the choice of the corresponding faithful
normal conditional expectation, that the approximating maps may be chosen to be unital
and state-preserving and that property (rHAP) and property (rHAP)™ are equivalent.
The general notation will be the same as in Section 4.

5.1. Independence of the conditional expectation

Let N C M be a unital inclusion of von Neumann algebras for which IV is finite with
a faithful normal tracial state 7 € N,. Let further Ex,Fy : M — N be two faithful
normal conditional expectations and extend 7 to states p :=70Ey and ¥ :=70FxN on
M. In this subsection we will prove that the triple (M, N,Ex) has property (rHAP) if
and only if the triple (M, N,Fy) does, i.e. the relative Haagerup property is an intrinsic
invariant of the inclusion N C M. Let us first introduce some notation.

As in Section 4 consider the crossed product von Neumann algebra M X,. R which
contains the projections pr, € N' N (M X,¢ R), k € N and carries the canonical normal
semi-finite tracial weight 7y which we will from now on denote by 7y ;. For t € R write
A/ for the left regular representation operators in M x4+ R. Similarly, we write 7 o for
the canonical normal semi-finite tracial weight on M x4 R and denote the corresponding
left regular representation operators by )\g’, t e R.

For ¢t € R let u; := (Dy/Dv), € M be the Connes cocycle Radon-Nikodym derivative,
so in particular w0 (us) = usys and o7 (2) = ufof (z)us hold for all s,¢ € R. Then (see
[46, Proof of Theorem X.1.7]) there exists an isomorphism p : M X v R — M x40 R of
von Neumann algebras which restricts to the identity on M and for which p()\f’) = w A}
for all t+ € R. This implies that the dual actions ¥ and #¥ of 0¥ and o¥ respectively
are related by the equality 87 o p = po 02”, t € R. Further, 741 0 p = 742 (see the
footnote®). Denote by hy, the unique unbounded self-adjoint positive operator affiliated
with M x, R such that hif = A}’ for all £ € R and set

4 This is well-known to specialists, but it seems that the statement does not appear explicitly in [46]. The
argument goes as follows. Firstly, as p intertwines the dual actions on M X+ R and M X, R we find that
@ o p is the dual weight of ¢ in the crossed product M x,» R. Let t € R. By [46, Theorem X.1.17] we have

Connes cocycle derivative (%) = ut = p(ut). Then by the chain rule [46, Theorem VIII.3.7],
t

D D D3 D
< Tx,2 ) :< ’7'><A,2> Aw ( Gop ) =%, p L (wA?) = L.
Dty10p/, Dy ), \Deop) \Drtx10p/,

Hence 75,1 0p = 7y 2.
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Dok i= X[k—l,k](hw) and qk = p(Py.k)-

for £ € N. Further, define

hy k= p(X(k—1.1) (hg ) ) = p(Dy i hp)-

Recall that for all k € N and ¢ € R we write h* = A7, pi, := x[x—1 4 (h), and hy := pyh.
The following statement compares to Lemma 4.12.

Lemma 5.1. For every k € N there is a (unique) faithful normal py7« 1pk-preserving
conditional expectation Eq j : pp(M Xge R)pr — pNpi given by

@ = vy prE N (Tge (hy; ' ))pr (5.1)

where vy = Tyo(h; ') = k — k1. In particular, Ty-(h;") is a scalar multiple of the
identity.

Proof. The proof is essentially the same as that of Lemma 4.12. First note that by
Remark 4.11 the operator hi coincides with )\(j;) where Ji(8) = X[— log(k),log(k)) ¢ and
that v, = Ty (h,;l) =k — k™1 is a multiple of the identity. For = € pi(M X, R)p; one
checks using (4.9) for the second and last equality, that

(Pr750,108) (PRE N (Toe (hyg ') )p1e) = 7,1 (PRE N (Toe (B, ' 2))pi)
= ¢ 0o Tye (prhy, "En(Toe (hy '2))pr)
= ¢ o Tye(hy "En(Tpe (hy, '2)))
= ¢ (Tpe (i VEN(Tye (hy '2)))
= v (En(The (b}, '2)))
= vpp 0 Ty (hy; ')
= VkTx,1 (PkTPk),
hence E; j is indeed py7Tx,1pr-preserving. Here we used in the fourth line that N is
invariant under the dual action #¥ and in the fifth line that Tye (h,;l) is a multiple of

the identity.
From Lemma 4.13 we see that

v BN (Toe (" ))px = v 'prBEn (Toe (h % 0 ?))pie,

and from the right-hand side of this expression it is clear that (5.1) is completely positive.
The remaining statements (i.e. that Eqj is a unital faithful normal pyNpg-prNpi-
bimodule map) are then easy to check. 0O
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The following lemma provides the analogous statement for the functional ¢r7« 19k
and the inclusion ¢z Ngi C qi(M Xge R)gr. We omit the proof.

Lemma 5.2. For every k € N there is a (unique) faithful normal qiTx 1qi-preserving
conditional expectation Eq j : (M e R)qy — quNgr given by

z = v BN (Toe (hy .0)) g,
where vy, ==k — k™! as before.

Proposition 5.3. Let N C M be a unital inclusion of von Neumann algebras for which
N s finite with a faithful normal tracial state T € N,. Let further En,Fn : M — N
be two faithful normal conditional expectations and extend T to states ¢ := T o En and
Y : =710y on M. Then the following statements are equivalent:

(1) For every k € N the triple (pi(M Xge R)pr, Dk NPk, DkTx 1Pk) has property (rHAP).
(2) For every k € N the triple (qx(M Xoe R)qk, NGk, qxTx,1q%) has property (rHAP).

Proof. By symmetry it suffices to consider the direction “(2) = (1)”. For this, fix k,l € N
and let (®;;)ic1, be a net of maps witnessing the relative Haagerup property of the triple
(@ (M Xpe R)qr, aaNq, i7x1q1), which we can assume to be contractive by Lemma 3.14.
Define for i € I; the normal completely positive contractive map

D ri s Pe(M Xge R)pr = pr(M Xge R)py = @ = pp®y i (qeq)pr.

As N C M°” and N C M"w, N commutes with both ¢; and pg. Thus we have that for
2 € pp(M %o R)pr and a,b € N

Dy 1.0 (Praprepebpr) = pr®ri(@prapezprbpra)pe = PrPui(qaxbg)py
= pe®ri(qaqzqba)pr = praiaq®ii(qrq)@bapk
= pra®yi(qrq)bpe = prape®ii(@rq)prbpy
= prapr®), ;i (x)prbpr,

ie. <I>§€7l,i is pr Npg-pr N pg-bimodular. Further, (pr7x 10k) o<1>;€7l,i < prTx, 1Pk since for all
positive x € pr(M Xg¢ R)pr we have

(PeTa1pk) © Dy (1) = T, (PR Pri (PR PRG)DPE) < Toa 1 (Pri(@prTPRA))
= T, 1 (@®Pri(@prrpra) @) < T, (@PREPEG)
< (PeTx10k) ().

For every map ® on ¢;(M x4+ R)g of the form ® = aEq ;b with a,b € ¢(M X+ R)q
and = € pp(M X,0 R)p, we have by Lemma 5.2 that
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pe@(qxq)pr = praEa (bgixq)pr
= v ' praqiEn (Tye (hy ibaiar))qip

= vy praprEn (Toe (hy ibqizqr)).

Now we may use the isomorphism p and apply Lemma 4.13 to M x4 R to get

pr®(@xq)pe = vy ' praprBn (Tys (.ahy p~ (0)pyap™ (@)py.1)
= v pkapkEN (Tyu (ot o7 (O)pyip™ ()
= Vlilpk@PkEN(Tew (qlh;}lbqlx)).

Then by Lemma 4.13 applied to M x,+ R for the second equality and Lemma 5.1 for
the last equality, we find

pe®(qrq)pr = v praprE N (Toe (mh;}lbquk))
= v ' praprEn (Toe (hy; t (haihyy jbai)))pr
= vy praB gk ((heqihy 1ba) ).

Thus (pe®(qi - @)pk)® € Koo(pr(M X ge R)py, piNpr, pr7x,1px). By taking linear com-
binations and approximation we see that if ®3 e K(g(M xoe R)g,aiNqi, aimx 1q1),
then also px®(q - @)pk)® € K(pr(M xge R)pr, pkNpk, piTs1pk). In particular,
(<I>;€7l7i)(2) € K(pr(M X5e R)pi, Dk NP, DETw 10k) for k,1 € N and ¢ € I.

For every € pi(M %0 R)ps we have that

. . 7 _
lim lim @}, ,(z) ==
lsooi€l;

in the strong topology. A variant of Lemma 2.2 then shows that there is a di-
rected set F and an increasing function (1,i) : F — {(l,i) | k¥ € N,i € L},

~ /
F — (I(F),i(F)) such that ((I)k,T(F),'{(F))

of (p(M Xge R)pr, Dk NPk, PkTx,1Pk). O

Fer witnesses the relative Haagerup property

Theorem 5.4. Let N C M be a unital inclusion of von Neumann algebras with N finite.
Let En,Fy : M — N be two faithful normal conditional expectations. Then the triple
(M,N,Ex) has (rHAP) if and only if the triple (M, N,Fx) has (rHAP).

Proof. Assume that the triple (M, N,Ey) has the relative Haagerup property. Let 7
be a faithful normal tracial state on N that we extend to a state ¢ := 70 Exn on M.
Theorem 4.15 implies that for every k € N the triple (pr(M Xse R)pr, kNP, PuTx 1Pk)
has the (rHAP). With Proposition 5.3 we get that for every k € N the triple (qi(M Xqe
R) gk, gk Nak, @ Tx,1qx) has the (tHAP). The isomorphism p restricts to an isomorphism
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Gk (M X R)gr = py (M %40 R)py . which maps g Ngi onto py xNpy, ,, and for which
(qrTx1qK) 0P = Dup kTx,2Py,k- Combining this with Theorem 4.15 implies that (M, N,Fy)
has the (tHAP). O

5.2. Unitality and state-preservation of the approrimating maps

The following theorem states that for triples (M, N, ¢) with N finite the approximat-
ing maps may be assumed to be unital and state-preserving. The proof combines the
passage to suitable crossed products and corners of crossed products from Section 4 with
the case considered in Subsection 3.3.

Theorem 5.5. Let N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation En. Assume that N is finite. Let T € N, be
a faithful normal (possibly non-tracial) state that we extend to a state ¢ := T oEpn on
M and assume that the triple (M, N, ) has property (rHAP). Then property (rHAP)
may be witnessed by a net of unital and p-preserving approrimating maps, i.e. we may
assume (1") and (4').

Proof. First assume that 7 is tracial. Since the triple (M, N, ¢) has property (rHAP) we
get with Theorem 4.9 and Proposition 4.14 that for all j € N, k € N the triple (pg (M X5
R)pr, e Npi, p@;pr) has property (rHAP) as well and that it may be witnessed by a net
of contractive approximating maps. As we have seen before, for every k € N the element
h,lc/Q)\(fj) € pr(M X,0 R)pg is positive and boundedly invertible in pg(M X, R)pg.
Further, by (4.7) and [46, Theorem VIII.2.11] the equality

o_fk@?k (z) = (hi/Q)\(fj))itx(hi/QA(fj))_it

holds for all € pg(M Xy¢ R)pg, t € R. Theorem 3.13 then implies that property (rHAP)
of (pr,(M X 5e R)pr, p Npi, pr@;pr) may for every j, k € N be witnessed by a net of unital
(pk®P;pk)-preserving maps. By applying the converse directions of Proposition 4.14 and
Theorem 4.9 we deduce the claimed statement.

Now we show that we may replace 7 by any non-tracial faithful state in N,. Let still
T € N, be a faithful tracial state. Let (®;);c; be approximating maps witnessing the
(rHAP) for (M, N,7 o Ex) which by the previous paragraph may be taken unital and
7o & y-preserving. The proof of Theorem 3.7, exploiting Lemmas 3.5 and 3.6 shows that
(®;);cr also witness the (rtHAP) for (M, N, poE y) for any faithful state ¢ € N,. Further
Lemma 3.5 shows that ®; is ¢ o E y-preserving and we are done. O

5.3. Equivalence of (rHAP) and (tHAP)™

In [5] among other things Bannon and Fang prove that for triples (M, N, 1) of finite
von Neumann algebras with a tracial state 7 € M, the subtraciality condition in Popa’s
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notion of the relative Haagerup property is redundant. It is easy to check that their proof
translates into our setting, which leads to the following variation of [5, Theorem 2.2].

Theorem 5.6 (Bannon-Fang). Let M be a finite von Neumann algebra equipped with a
faithful normal tracial state T € M, and let N C M be a unital inclusion of von Neumann
algebras. If the triple (M, N,T) has property (rHAP)™, then it has property (rHAP).
Further, property (rHAP) may be witnessed by unital and trace-preserving approzimating
maps.

In combination with Theorem 5.5 the following theorem provides a generalisation of
Theorem 5.6.
Theorem 5.7. Let N C M be a unital inclusion of von Neumann algebras which admits
a faithful normal conditional expectation En. Assume that N is finite. Let T € N, be
a faithful normal state that we extend to a state ¢ := T o Ex on M. Then the triple
(M, N, ) has property (rHAP) if and only if it has property (rHAP)™ .

Proof. By Theorem 3.7 we may without loss of generality assume that 7 is tracial on
N. Tt is clear that property (rHAP) implies property (rHAP)™ . Conversely, if the triple
(M, N, ) has property (tHAP)™, then we deduce from Theorem 4.15 that for every
k € N the triple (pr(M Xoe R)pr, Pk NDi, PrTx,10x) has property (rHAP)™ as well.
Recall that pr(M X,. R)py is finite since pp7ypk is a faithful normal tracial state. We
can hence apply Theorem 5.6 to deduce that (pr(M Xse R)pr, 0 NDk, PkTx 1Pk) has
(rtHAP) for every k € N. In combination with Theorem 4.15 this implies that the triple
(M, N, ) has property (tHAP). O

We finish this subsection with an easy lemma which will be needed later on. It could
be formulated in a greater generality, but this is the form we will use in Section 8.

Lemma 5.8. Let N C My C M be a unital inclusion of von Neumann algebras with N
finite. Assume that we have faithful normal conditional expectations Eq : M7 — N and
Fy: M — M; and a faithful tracial state T € N,. Set o = T oEq o F1. Then if the triple
(M, N, ) has property (rHAP) then the triple (M1, N, ¢|r, ) also has property (rHAP).

Proof. Suppose that (®;);cr is a net of approximations (unital, ¢-preserving maps on
M) satisfying the conditions in the property (rHAP) for the triple (M, N, ). For each
i € I define U, := Ty o ®;|5,. Our conditions guarantee that Fy is p-preserving, so ¥, is
a normal, ucp, N-N-bimodular, ¢|ps, preserving map on M;. Due to the last theorem,
we need only to check that (U;);cr satisfy the conditions in the property (rHAP)™ (for
the triple (M7, N, ®|ar,)). Condition (iii) holds as for z € M; we have ¥,(x) — z =
Fy(®;(2) — 2) and F\? is the orthogonal projection from L2(M, ) onto L(My,¢|ar, ).

To verify the last condition we assume first that ®; is of the form a(E; oFy)b for some
a,b € M. But then for z € My we have
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Vi(z) = Fi(a(E1 o Fy)(bz))) = F1(a)(E1 0 F1)(b2))) = F1(a)E1 (F1(b)z),

so we get that \Ill(-z) € Koo(M1, N, ©|ar, ). Taking linear combinations and approximation
ends the proof. O

6. First examples

In this section we first put our definitions and main results in concrete context,
discussing examples of the Haagerup (and non-Haagerup) inclusions arising in the frame-
work of Cartan subalgebras, as studied in [32], [48] and [1], and then present the case of
the big algebra being just B(H). The examples related to the latter situation show that
the relative Haagerup property is not implied by coamenability as defined in [39].

6.1. Ezamples from equivalence relations and groupoids

In this subsection we will discuss examples of inclusions of von Neumann algebras
which satisfy the relative Haagerup property and have already appeared in the literature.
As mentioned in the introduction, the notion of the Haagerup property regarding the
von Neumann inclusions beyond the finite context first appeared in the study of von
Neumann algebras associated with groupoids/equivalence relations.

The first result here is due to [32], still in the finite context. Note that Jolissaint uses
the definition of the Haagerup inclusion N C M due to Popa in [41], namely the one
using the larger ideal of ‘generalised compacts’ than the one employed in this paper, but
also note that due to [41, Proposition 2.2] both notions coincide if NN M C N, so for
example if N is a maximal abelian subalgebra in M, which is the case of interest for the
result below.

Theorem 6.1 ([32, Theorem 2.1]). Let R be a measure preserving standard equivalence
relation on a set X (with the measure v on R induced by the invariant probability measure
won X). Then the following are equivalent:

(i) R has the Haagerup property, i.e. it admils a sequence of positive-definite functions

(pn : R = C)pen which are bounded by 1 on the diagonal, converge to 1 v-almost
everywhere and satisfy the ‘vanishing property’: for everyn € N and € > 0 there is

v({(z,y) € R : |pn(z,y)| > €}) < o0;

(it) the von Neumann inclusion (of finite von Neumann algebras)
L>(X,p) € L(R)

has the relative Haagerup property.
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The definition beyond the finite case has first been considered in [48]; a more detailed
study has been conducted by Anantharaman-Delaroche in [1]. Note that both these
papers use the notion of the relative Haagerup property for arbitrary (expected) von
Neumann inclusions identical to the one studied here. We will now describe the setup.

Let G be a measured groupoid with countable fibers, equipped with a quasi-invariant
probability measure x on the unit space G(%) (note that a measure preserving standard
equivalence relation as considered above is one source of such examples). Again p induces
a measure v on G; we further obtain a (not necessarily finite) von Neumann algebra
L(G) € B(L?*(G,v)). The following result holds.

Theorem 6.2 ([1, Theorem 1]). Let G be a measured groupoid with countable fibbers, as
above. Then the following conditions are equivalent:

(i) G has the Haagerup property, i.e. it admits a sequence of positive-definite functions
(F, : G — C),en which are equal to 1 on GO, converge to 1 v-almost everywhere
and satisfy the ‘vanishing property’: for every n € N and € > 0 there is

v({g € G : |enlg)] > €}) < o0;

(i) the von Neumann inclusion
LG, p) C L(G)
has the relative Haagerup property.

Ueda shows in [48, Lemma 5] (and then Anantharaman-Delaroche reproves it in [1,
Theorem 3]) that a property of a groupoid as above called treeability implies the Haagerup
property. [1, Theorem 5] also shows that for ergodic measured groupoid with countable
fibbers the Haagerup property is incompatible with Property (T); we are however not
aware of explicit examples of such Property (T) groupoids leading to von Neumann
algebras which are not finite, and a general intuition regarding Property (T) objects says
that these should naturally lead to finite von Neumann algebras (for example discrete
property (T) quantum groups are necessarily unimodular, see [24]).

6.2. Ezamples and counterexamples with M = B(H)

We end this section with the example where M = B(H) and study which triples
(B(H), N,Ex) have (rHAP). Since the conditional expectation Ey is assumed to be
normal it follows by a result of Tomiyama from [47] that N must be a direct sum of type
I factors, so N ~ @;cB(K;) for some index set I. Note that each B(K;) may occur in
B(H) with a certain multiplicity m; € N U {oco}. In general, we have that N is spatially
isomorphic to @;e;B(K;) ® C1,,, where 1,,, is the identity acting on a Hilbert space
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of dimension m;. For simplicity in the examples below we assume that all multiplicities
m; equal 1 and ignore the spatial isomorphism. In that case the normal conditional
expectation of B(H) onto ;e B(K;) is unique and determined by En(z) = >, ; pixp;
where p; is the projection onto ;. Therefore, in this case we can speak not only of the
Haagerup property of the inclusion N C B(H), but also about maps being compact and
of finite index relative to this inclusion.

Theorem 6.3. Assume that H is a separable Hilbert space, that H = @,;¢;
I is an index set and that the dimension of K; does not depend on i € I. Put N =
D, B(Ki) € B(H). Then the triple (B(H), N,En) has the property (rHAP).

ICi, where

Proof. We may assume that I; = K for a single (separable) Hilbert space K. The
inclusion N C B(H) is then isomorphic to the inclusion £>°(I)®@ B(K) C B(¢*(I)) @ B(K).
In the case where I is finite ¢>°(I) C B(¢*(I)) is a finite dimensional inclusion which
clearly has (rHAP). In the case where I is infinite we may assume that I = Z and
the inclusion ¢°°(Z) C B(¢*(Z)) has the (tHAP) with approximating maps given by the
(Fejér-)Herz-Schur multipliers T,, with

To((@i)sez) = WG = d)reghses W) = max(i — )

Since W = %(X[O,n])* * X[0,n] 18 positive definite and converges to the identity pointwise
it follows that T,, is completely positive and T? converges to the identity strongly.
Further 7,2 is finite rank relative to ¢>=(Z), so certainly compact. In both cases (I

being finite or infinite), we tensor the approximating maps with Idg) and find that
(I ® B(K) € B(f?(I)) ® B(K) has (tHAP). O

With a bit more work Theorem 6.3 could be proved in larger generality by relaxing
the assumption that the multiplicities are trivial and that the dimension is constant (as
opposed to say for example uniformly bounded). However, we cannot admit just any
subalgebra N as the following counterexample shows.

Theorem 6.4. Let H = K1 ® Ko, where K1, Ko are Hilbert spaces such that dim(K;) < oo
and dim(Ky) = oo. Set N = B(Ky) @ B(Kz). Then the triple (B(H), N,Ey) does not
have the property (rHAP).

Proof. Let p be the projection of H onto KCy. Let ® : B(H) — B(H) be a normal linear
map. The proof is based on two claims.

Claim 1: If ® is an N-N-bimodule map then B(H)p is an invariant subspace. Moreover,
the restriction of ® to B(H)p lies in the linear span of the two maps zp — pxp and
ap = (1 —p)ap.
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Proof of Claim 1. Note that p is contained in N from which the first statement follows.
For the second part let E};J be matrix units with respect to some basis of IC;. Then for
x € B(H) we have ®(E}, yxE} ) = Ej ,®(x)E}, , so that E} , B(H)E}, , is an eigenspace of
® (i.e. ¥ is a Herz-Schur multiplier). Moreover (E}, Bl ) = B o O(EL wxEp ) EL,
so that the eigenvalues of these spaces only depend on 4. This in particular implies the
claim.

Claim 2: If ® is compact relative to the inclusion N C B(H) then B(#H)p is an invariant
subspace. Moreover, the restriction of ® to B(H)p is compact (in the non-relative sense).

Proof of Claim 2. By approximation it suffices to prove Claim 2 with ‘compact’ replaced
by ‘finite rank’ So assume that ® = aE b with a,b € B(H). Note that p € N N N’
and therefore o y (baxp) = apE y(bx)p = alE n(pbxp). The first of these equalities shows
that B(H)p is invariant. Further x — (pxp) is finite rank as p projects onto a finite
dimensional space. This proves the claim.

Remainder of the proof. Suppose that ® is both N-N-bimodular and compact relative
to N. By Claim 1 we know that there are scalars A1, \a € C such that ®(ap) = Ay pxp +
Ao(1 — p)ap. If Ay # 0 then the associated L?-map is not compact (in the non-relative
sense) since (1 — p) projects onto an infinite dimensional Hilbert space. This contradicts
Claim 2 because the restriction of ® to B(H)p is compact. We conclude that Ay = 0 for
any normal map ® : M — M that is N-N-bimodular and compact relative to N. But
then we can never find a net of such maps that approximates the identity map on B(H)
in the point-strong topology. Hence the inclusion N C B(H) fails to have ({HAP). O

Remark 6.5. Recall that a unital inclusion of von Neumann algebras N C M is said to be
co-amenable if there exists a (not necessarily normal) conditional expectation from N’
onto M’, where the commutants are taken with respect to any Hilbert space realization
of M. Theorem 6.4 shows — surprisingly — that a co-amenable inclusion in general need
not have (rHAP).

Note that this also means that a naive extension of the definition of relative Haagerup
property in terms of correspondences, modelled on the notion of strictly mizing bimodules
[37, Theorem 9] valid for the non-relative Haagerup property, cannot be equivalent to
the definition studied in our paper. Indeed, the last fact, together with the examples
above, would contradict [6, Theorem 2.4].

7. Property (RHAP) for finite-dimensional subalgebras

In this section we consider the case of finite-dimensional subalgebras and show equiva-
lence of the relative Haagerup property and the non-relative Haagerup property. For this,
we fix a unital inclusion N C M of von Neumann algebras and assume that it admits a
faithful normal conditional expectation E . Assume that N is finite-dimensional and let
7 € N, be a faithful normal tracial state on N that we extend to a state ¢ := 7oK N on
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M. We will prove that the triple (M, N, ¢) has property (rHAP) if and only if (M, C, ¢)
does. Recall that by Theorem 3.7 the Haagerup property of (M, N, ) does not depend
on the choice of the state 7.

Denote by z1, ..., z, € Z(N) the minimal central projections of N. There exist natural

numbers ny, ...,n; € N such that 2z N = M, (C) for k =1,...,n. Let (fikhgignk be an

orthonormal basis of C™*, write Effj, 1 <14,j < ng for the matrix units with respect to

this basis and set EF := Elkl for the diagonal projections. We have that Eﬁjflk =d,.fF
forall k € N, 1 < i,5,0 <nyand Y p_ S " EF =1.Set d := Y ,_, ny, choose an
orthonormal basis (fx,i)1<k<n, 1<i<n, Of C® with corresponding matrix units €(k,i),(1,5) €
My(C) where 1 < k1 <n,1<i<ng, 1<j<n; and define

pi= ZE{C (7.1)

For a general linear map ®: pMp — pMp we may define a linear map d: M — M by
O(Ef2El) = BN O(Bf 2B} ) EL (7.2)

forall 1<k, l<n,1<i<ng 1<j<n andx € M.
Let us study the properties of ®.

Lemma 7.1. Let ® : pMp — pMp be a linear map. Define
n  ng n  ng
Ui=> Y ewnw @B, e My(C)oM, V=) Y fi;®Ef, eC'® M.

k=11i=1 k=1i=1

Then,
O(z) = V*(idgr2(n.y) @ ) (U (1@ 2)U) V.

Proof. We have for x € z; Mz, with 1 < k,l < n that

ng ng
U*(l ® a:)U = Z Z €(k,i),(L,5) X Ef,i'rEé',l
i=1 j=1
so that
Nk ny
V*(idg2(n,ry) @ @) (U (1@ 2)U)V =Y Y EF ®(Ef 2E})E .
i=1 j=1

By definition this expression coincides with ®(z). The claim follows. O
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Lemma 7.2. If ®: pMp — pMp is a unital normal completely positive map, then ® s
contractive, normal and completely positive.

Proof. The normality and the complete positivity follow from Lemma 7.1. We further
have

@] = (ZZE") i EF ®(Ef)EY,

k=11=1 k=111=1
n Nk n ng
k k k __
<Y D EREf; =) ) Ei=
k=11i=1 k=1 1=1

i.e.  is contractive. O
Lemma 7.3. Let ®: pMp — pMp be a linear map. Then ® is an N-N-bimodule map.

Proof. Let z € M. For 1 <l,km<nand1<rs<n;,1<i<ng1<j5<n, we
have

EL ®(EfzE!) = E. (EF | ®(Ef 2B ) B,
= 6,0,k B} (B} jwE ) ETY
= B} \®(EY .E. EfxET"E]} )BT

We hence find that for y € EfxE}", Eﬁsi(y) = &)(Eﬁsy) The linearity of ® then implies
that it is a left N-module map. A similar argument applies to the right-handed case. O

Proposition 7.4. Define the map

n
EkyEE
Diag: pMp — pMp, x — Z —('0( lxk 1) T
1 o(EY)

Then Dfigg =Eyn.

Proof. It is clear that the map Diag is linear unital normal and completely positive.
Hence, by Lemma 7.2 and Lemma 7.3, lji?xjg is contractive normal completely positive
and N-N-bimodular. It is easy to check that ]/)_i\a/g is even unital. In particular, ]/)_i\a/g
restricts to the identity on N. It is further clear that ]Sia\/g is faithful and that it maps M
onto N, so ﬁiag; is a faithful normal conditional expectation. For x € M and 1 < k,l < n,
1<i<ng, 1 <j5<n; we have

¢ o Diag(EfzE}) = ¢ (E; | Diag(EY ;aE} ) EY ;)
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Z”: @ Ei"Efszé )
m=1 1 )
@(EE El JED)

‘P(Ei ‘rEl,l)
, (7)j<ﬁ(EzllEi])

(p(El 2Bl )
:5&1#7( f,j)-
7(E7)

¢ (B EEL )

But then, since 7 is tracial,

p o Diag(EF3EL) = 6, 0010(E} ;0 B! ) = 61 ;0517 (En (B} 2B ,))
=6 j0ku7(EL En(2)E} ) = 7(EfEn(z)E})
= o(EfzE}),

——

i.e. Diag is ¢-preserving. Since E y is the unique faithful normal @-preserving conditional
expectation onto IV, we get that Diag=Ey. O

Lemma 7.5. Let ®: pMp — pMp be a normal completely positive map with ¢ o ® < ¢
and assume that the L?-implementation ®2) of ® with respect to Olpmp s a compact
operator. Then @ satisfies p o ® < ¢ and (&) € K(M, N, ).

Proof. For 1 < k1l <n,1<i<ng 1<j<n and x € M positive we have by the
traciality of 7,

¥ o i(Efl"E;) =@ (Ezk,l(I)(El szl 1)E1 g)
=1 (EF\En (®(EY 2B} L)) EY )
= 0i,jO0kT (Ef]EN< (Elszzkl))) )

so in particular ¢ o 5(EfxE]l) > 0. We get (as N is contained in the centralizer M%)

¢ o ®(EFzEL) = 6 ;05,7 (EYEN (D(EY 2 EF,)))
< 0i,j0k,T (EN(¢(E{€,¢$E§1)))
< 6i,;0k0(EY ;aEfy)
= p(EfzEj).

This implies that ® indeed satisfies po ® < . In particular, the L2-implementation of
® with respect to ¢ exists.
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It remains to show that (ZI;)@) € K(M, N, ). For this, let U: pMp — pMp be a
map with U = gech where a,b € pMp and ec denotes the rank one projection
(@lparp()p) @ € B(L2(pMp, ¢lparp)). For 1 < k1 <mn, 1 <i < ng, 1 <j <mn and
x € M we then have

‘T’(EzkxE]l) Ek1a<P(bE1 ﬂfEl 1)E1 g Ekﬂ‘?(bEl ﬂfEl 1)E1E1 g

Note that by Proposition 7.4,

En(bE} 2E! ) ZIEN EJbEY xE ) ZDlag EbEY aE' )
r=1 r=1

= EjDiag(EbE} aE! ) E}

r=1

" E’”ETbE’“ 2Bl B

r=1m=1
B gp(EibEfl:EEgl) i B ga(bEfixEé-)l) .
= o pl - gl
e(E1) e(E1)

where in the last equality we again used that 7 is tracial. Hence
\T!(EzkxEé) = <P(E1) 1aEN(bE1 #CEZ 1)Ei,j = w(Ei)E{fla]EN(bEfiEfxEé). (7.3)

Fix now suitable tg, jo, ko, lop and x € M and compute the following expression:

n ng
(Z > 3 w(E))Ef aElen ETbE] t) (EfezEYRQ,)
k=11=1r=1t=1

n n

=Y @(E)Ef aB{E N (E[bEY, zER)Q,
=1 r=1

n
k k l !
= @B Ey aBEN (0B o Byl 1) B Q,
=1

Now the equality (7.3) implies that the value of the conditional expectation appearing
in the last formula is a scalar multiple of Ei", so the whole expression equals

P(EP)E° aEn (bEY, 2E)Q, = U(EfzEY)Q,.

Hence we arrive at

n n Nk

=333 @B EFaElen ETDEY , € Koo(M, N, ¢).

k=11=1r=1t=1
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By taking linear combinations this implies that for every map ¥ with ¥ ¢
Koo(pMp, C, ) the L2 -implementation of ¥ is contained in Koo(M, N, ¢). Via approxi-
mation we then see that (®)2) € K(M,N,¢). O

We are now ready to prove the main theorem of this section.

Theorem 7.6. Let N C M be a unital inclusion of von Neumann algebras and assume
that it admits a faithful normal conditional expectation Enx: M — N. Assume that N
is finite-dimensional and let 7 € N, be a faithful state on N that we extend to a state
¢ :=T10EN on M. Then M has the Haagerup property (in the sense that the triple
(M, C, ) has the relative Haagerup property) if and only if the triple (M, N, @) has the
relative Haagerup property.

Proof. By Theorem 3.7 we may assume without loss of generality that 7 is tracial.

“«<” Assume that the triple (M, N, ) has the relative Haagerup property and let
(®;)ier be a net of normal completely positive maps witnessing it. Since N is finite
dimensional, ey is a finite rank projection. In particular, Koo (M, N, ) consists of finite
rank operators and hence (M, N, ¢) C K(M,C,p). In particular, <I>§2) € K(M,C,p)
for every i € I. Further, ®,(x) — x strongly for every x € M. This implies that the net
(®;);ecr also witnesses the relative Haagerup property of the triple (M, C, ¢).

“=" Assume that M has the Haagerup property. Recall that the projection p was
defined in (7.1). By [15, Lemma 4.1] the triple (pMp,C, ¢|pmp) also has the relative
Haagerup property and by Theorem 5.5 we find a net (®;);c; of unital normal completely
positive ¢-preserving maps witnessing it. By Lemma 7.2, Lemma 7.3 and Lemma 7.5
we find that &)1 is a contractive normal completely positive N-N-bimodule map with
od < pand (&))(2) € K(M, N, o) for every i € I.1t follows directly from the prescription
(7.2) that ®;(z) — x strongly for every = € M. It follows that the net (®;);c; witnesses
the relative Haagerup property of the triple (M, N, ). O

8. The relative Haagerup property for amalgamated free products

In this section we study the notion of the relative Haagerup property in the context of
amalgamated free products of von Neumann algebras. We will further apply our results
to the class of virtually free Hecke-von Neumann algebras.

8.1. Preservation under amalgamated free products

The following theorem demonstrates that in the setting of Section 5 the relative
Haagerup property is preserved under taking amalgamated free products (for details on
operator algebraic amalgamated free products see [50] or also [11]). For finite inclusions
of von Neumann algebras this has been proved in [8, Proposition 3.9].
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Theorem 8.1. Let N C My and N C My be unital embeddings of von Neumann algebras
which admit faithful normal conditional expectations By : My — N, Eo : My — N
and for which N is finite. Denote by M := (M7, E1) xn (Ma,E3) the amalgamated free
product von Neumann algebra of My and Ms with respect to the expectations Eq, Eo and
let En be the corresponding conditional expectation of M onto N. Then (My, N,E1) and
(M3, N, Es) have the relative Haagerup property if and only if the triple (M, N,Ex) has
the relative Haagerup property.

Proof. “=” Assume that both (M, N,E;) and (Ms, N, Es) have the relative Haagerup
property, let 7 € N, be a faithful normal tracial state and set ¢ := 70 Eq, o =
7oEs. Then the triples (M1, N, 1) and (Ma, N, ¢2) have the relative Haagerup property.
Without loss of generality we can assume that the corresponding nets (®;1);e; and
(®i2)ier Witnessing the relative Haagerup property are indexed by the same set I. By
Theorem 5.5 we can also assume that the maps are unital with ¢ 0®; 1 = 1, p20P; 2 =
@ for all ¢ € I, which then implies that ®; 1|y = ®; 2|y = idy and that E; 0 ®; 1 = Eq,
E; 0 ®; 9 = Eo. Choose a net (€;);er (we can use the same indexing set, modifying it
if necessary) with ¢; — 0 and define unital normal completely positive N-N-bimodular
maps (I)g,l = ﬁgi(@ivl + eiEl)a @2’2 = 1_&761((1)272 + Ei]EQ).

In the following we will need to work with certain sets of multi-indices: for each n € N
set Jn = {j = (1,---ydn) : gk € {1,2} and jy # jrq1 for k = 1,...,n — 1}; put also
J = UneN j’n

Set ¢ := ToEp, let ¥U; := ®;; %« ;20 M — M be the unital normal completely
positive map with U;|y = idy and ¥;(z1...x,) = ®;j, (21)...9; 5, () for j € J,, and
r € Mj, Nker(Ej, ) for k =1,...,n (see [7, Theorem 3.8]) and define W} := &} | * &},
analogously. We claim that the net (U});c; witnesses the relative Haagerup property of
the triple (M, N, ). Indeed, it is clear that the maps satisfy the conditions (1), (2) and
(4) of Definition 3.2. It remains to show that W(xz) — x strongly for every x € M and
that the L2-implementations ()2 are contained in (M, N, ).

Define for n € N and j € 7, the Hilbert subspace

H; := Span {x1..7,Q | 21 € ker(E;,), ..., 2, € ker(E;, )} C L*(M, )

and let P; € B(L?(M, ¢)) be the orthogonal projection onto ;. Note that these Hilbert
subspaces are pairwise orthogonal for different multi-indices ji,jo € J, orthogonal to
NQ, C L?*(M, ), one has inclusions \111(.2)7-[j C H;, (U1)PH; C H; and the span of the
union of all H; (j € J) with N€Q,, is dense in L*(M, ¢).

For the strong convergence it suffices to show that ||\I/Z(.2)§ —¢|l2 — 0 for all £ € H;,
jeJ. SoletneN, je Ty, x1 € ker(Ej,),..., z,, € ker(E;,). Then,

()P (@1.200) = 1|2 = |9 5, (@1)-- @ 5 (20)2p — 122 Q2
S ||((I)7, jl(wl) (IJ1)<I>Z ]2( ) (P; Jn (xn)QLPHQ
+ [l 5, (w2) .. @5 5, (20)Qp — T2 Q|2
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< (@G, (1) — 21) @ 4, (22)-.@ 5 (20) Q12
+ |21 [[I[(D7 , (w2) — 22)®; ;, (23)... D] 5 (24) Q|2

+ ot o flen 1 [[195 5, (20)Qp — 2nQpll2 — 0.

7.7’71/(

This implies that indeed ¥;(z) — « strongly for every z € M.
To treat the relative compactness, express the operators (<I>;,1)<2> € K(My,N,¢1),
(@;72)(2) € K(Ma, N, p2) as norm-limits

(7, 1) N (E2)
J

(@;1 ®) = lim Z al(czll) wlb“) and (@2’2)(2) - ll_l>r<r>lo al(cll2 }fﬁbff,’f)

l—o0
k=1

for suitable N"! N(Z ? eN, ,;ll ,b(Z Ve My and a,(jlg),b "2 e M.

Claim. For n € N, j € J,, we have

Jopon < (r2e) =

and

W=, S e e
ky,...k

where the convergence is in norm.
Proof of the claim. For z1 € ker(Ej,),..., z,, € ker(E;,) one calculates
(V) D Py(1...2,0p) = ¥ (21)...9}  (2)Q

,J1

1 n
= < > ®; 5, (1) @i, (T0) 20

1+¢

1 " 2)
(1+€i> \IIE (@1...0p )

and hence (V) Py = (1 +¢;)~ "W§2)Fﬁ. By the unitality of ®;; and ®; 5 the inequality
(8.1) then follows frorn

n
Jovon| = (=) el < () [+
1+¢ 1+4+€
1 n 1 n
< || = .
- <1+61> ” || <1+61>

We proceed by induction over n. For n = 1 the equality (8.2) is clear. Assume that
the equality (8.2) holds for j € J,—1 and let j, € {1,2} with j, # in-1, ' = (,Jn)-




54 M. Caspers et al. / Advances in Mathematics 421 (2023) 109017

One easily checks that the left- and right-hand side of (8.2) both vanish on the orthog-
onal complement of Hj. Further, for z; € ker(Ej,),..., , € ker(E;,), we get by the
assumption

(\I/;)(Q) (21..2,0) = \Ilg(xl...xn,l)q);,jn () = \Ilg(ml...xn,l)(q)’i’jn)@) (2,9)

_ : (iajl) (ivjnfl) (7;7jn71) (74‘7‘7‘1)
= lim g iy .“akn—lyln—l]EN bkn_l,ln_l‘“bkl,ll Tl Tyy—1
ll,...7ln*>00
klvn-:knfl

(i) 3 (iin)
X (Z g i, enbp | Tl
k'VL

Since the ®; ; and ®; , are N-N-bimodular, we have ((I%,jn,)@) € N'N(N, M) and hence

— 3 (%Jl) (ivjn) (ivjvz) (‘7.741)
= lim E gy "'ak”,lnEN blc,,“l”'"bkl,ll 1.7y ) Qyp,
ll,...,ln—mok o
n

C1geeny

(U@ (2...2,0,)

ie.

Z a’(€i17?111)"'a§€i7j2:3 6Nb§€ii‘{;!?.'.bl(<:il7flll) - (\Il/)@)

"oy T
E1yeikn

strongly in Iy, ...,l,. The second part of the claim, i.e. (8.2), then follows from noticing
that

(4,91) (%y9n) (4,9n)  3.(3,91)
Z Aty g1 ENO by
llv'”;ln

is a Cauchy sequence (compare with [8, Section 3]).
The (in)equalities (8.1) and (8.2) in particular imply that (/) can be expressed as
a norm limit
(W)@ = ey + lim > vPp

n—oo
JE€ETn

and hence (¥})?) € (M, N, ¢) for all i € I. This finishes the direction “=".

“«<” Tt suffices to prove the result for M;. Note first that [7, Lemma 3.5] shows that
we have a normal conditional expectation Fy : M — M; such that E; o Fy = E . Hence
Lemma 5.8 ends the proof. 0O

In combination with Theorem 7.6, Theorem 8.1 leads to the following corollary. This
generalizes a result by Freslon [25, Theorem 2.3.19] who showed this corollary in the
realm of von Neumann algebras of discrete quantum groups, and the analogous property
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for classical groups was first shown in [31] (see also [17, Section 6]). To the authors’
best knowledge even for inclusions of finite von Neumann algebras the statement of the
following corollary is new.

Corollary 8.2. Let N C My and N C My be unital embeddings of von Neumann al-
gebras which admit faithful normal conditional expectations By : M; — N, Eq
Ms — N and assume that N is finite-dimensional. Assume moreover that M, and My
have the Haagerup property. Then the amalgamated free product von Neumann algebra
(M, Eq) *n (M3, Ey) has the Haagerup property as well.

8.2. Haagerup property for Hecke-von Neumann algebras of virtually free Cozeter
groups

Let us now demonstrate the application of Corollary 8.2 in the context of virtually
free Hecke-von Neumann algebras.

A Cozeter system (W, S) consists of a set S and a group W freely generated by S
with respect to relations of the form (st)™=t = e where my; € {1,2,...,00} with mgss = 1,
mg > 2 for all s # t and mg = mys. By mg = 0o we mean that no relation of the form
(st)™ = e with m € N is imposed, i.e. s and t are free with respect to each other; and
the system is said to be right-angled if mg € {2,00} for all s,¢t € S, s # t. The system
is of finite rank if the generating set S is finite. A subgroup of (W, S) is called special if
it is generated by a subset of S.

With every Coxeter system one can associate a family of von Neumann algebras,
its Hecke-von Neumann algebras, which can be viewed as g-deformations of the group
von Neumann algebra L£(W) of the Coxeter group W. For this, fix a multi-parameter
q:=(¢s)ses € ]Rio with ¢s = ¢; for all s,t € S which are conjugate in W. Further, write
ps(q) == (¢s — 1)/\/qs for s € S. Then the corresponding Hecke-von Neumann algebra
Ny (W) is the von Neumann subalgebra of B(¢*(W)) generated by the operators T S(q),
s € S where TV : B(e2(W)) — B(£2(W)) is defined by

75 — Osw , if [sw] > |w] '
' dsw +ps(Q)0w , if [sw| < |w]

Here || denotes the word length function with respect to the generating set S and
(Ow)wew C £2(W) is the canonical orthonormal basis of £2(W). For a group element
w € W which can be expressed by a reduced expression of the form w = s;...s,, with
S1y..ySpn € S we set Tévq) = Ts(f)...Ts(Z) € N, (W). This operator does not depend on
the choice of the expression si...s, and the span of such operators is dense in Ny (W).
Further, the von Neumann algebra N, (W) carries a canonical faithful normal tracial
state 7, defined by 7,(z) := (2d.,d.) for & € Ny(W). For more details on Hecke-von
Neumann algebras see [20, Chapter 20].
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The aim of this subsection is to study the Haagerup property of Hecke-von Neu-
mann algebras of virtually free Coxeter groups. We will approach this by decomposing
these Hecke-von Neumann algebras as suitable amalgamated free products over finite-
dimensional subalgebras. In the case of right-angled Hecke-von Neumann algebras the
Haagerup property has been obtained in [12, Theorem 3.9].

Fix a finite rank Coxeter system (W,S). A subset T C S is called spherical if the
special subgroup W C W generated by T is finite. (W, S) is called spherical if S is a
spherical subset.

If W is an arbitrary group which decomposes as an amalgamated free product W =
W1 sw, Wa where (W7,51), (Wa, Sa) are Coxeter systems with Wy = W1 NWs and Sy :=
S1NSy generates Wy, then (W, S1US2) is a Coxeter system as well. We may now define the
class of virtually free Coxeter systems as the smallest class of Coxeter groups containing
all spherical Coxeter groups and which is stable under taking amalgamated free products
over special spherical subgroups. Note that the original definition of virtually free Coxeter
systems is different, but by [20, Proposition 8.8.5] equivalent to the one used here.

Now, for a multi-parameter ¢ := (gs)ses € ]Rio as above we have a natural unital
embedding N, (W) € Ny (W) (see [20, 19.2.2]). Let Ep, (wy) : Ng(W) — Ny(Wo) be the
unique faithful normal trace-preserving conditional expectation onto Ny(Wy). Then, for
w € W the equality

(q) :
E v (T37)) = { R
holds.

Let us show that the amalgamated free product decomposition of a Coxeter group
translates into the Hecke-von Neumann algebra setting. Note that the arguments using
the (iterated) amalgamated free product description of Hecke-deformed Coxeter group
C*-algebras appear for example in [42], exploiting the earlier work on operator algebraic
graph products in [13].

Proposition 8.3. Let (W, S) be a finite rank Cozeter system that decomposes as W =
W1 xw, Wa where (W1, S1), (Wa, Sa) are Cozeter systems with S = S1USs, Wy = WiNW,
such that Sy := S1 N Sa generates Wy. For a multi-parameter ¢ = (¢s)ses with gs = q
for all s,t € S which are conjugate in W the corresponding Hecke-von Neumann algebra
Ny(W) decomposes as an amalgamated free product of the form

Ng(W) = Ngy (Wh) a7, (wi) Noo (W2),
where qo = (qs)seSes 91 = (¢s)sesy and gz = (qs)ses,. Here the decomposition

is taken with respect to the restricted conditional expectations (E Nq(Wo))| Ny (W) and
(B, (o)) [, (w2) -
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Proof. We will use the multi-index notation from the proof of Theorem 8.1. By the
uniqueness of the amalgamated free product construction in combination with our pre-
vious discussion, it suffices to show that Ex, w,)(a1...an) =0 for all n € N, j € J,, and
ar € Ny, (Wj,))Nker(Enr, (wy))- Let Ny, (W;)1 denote the unit ball of Ny, (W;). Let Span
denote the strong closure of the linear span. By Kaplansky’s density theorem,

Nay (Wh)1 Nker (B, (wy)) = Ng, (W1)1 N Span{T{) | w € Wy \ Wp},
and
qu (Wg)l n ker(]ENq(WO)) = Nq2 (Wz)l n Span{T‘qu) | w e Wsy \ WO}.

By [34, Remark 4.3.1] the element a;...a,, can hence be approximated strongly by a
bounded net of linear combinations of reduced expressions of the form T‘qul)...T‘i?g with
wyi € W, \ Wy. But this expression coincides with T‘qul)mw" where wy..w,, € W\ W, is
non-trivial, so Exr, (wy)(a1...a,) = 0 since Ep;, is normal and hence weakly continuous
on bounded sets. O

The following corollary is an example of an application of Corollary 8.2 in a setting
which is not covered by the results in [25].

Corollary 8.4. Let (W, S) be a finite rank Cozxeter system, let ¢ = (qs)ses € Rio be
a multi-parameter with q; = q¢ if s,t € S are conjugate in W and assume that W
is virtually free. Then the corresponding Hecke-von Neumann algebra Ny(W) has the
Haagerup property.

Proof. This follows from a combination of [12, Theorem 3.9], Proposition 8.3 and Corol-
lary 8.2. O

9. Inclusions of finite index

In this section we will discuss finite index inclusions for not necessarily tracial von
Neumann algebras defined in [3]. We will pick one of the (possibly nonequivalent) defini-
tions, which is most suitable in our context, and then we will illustrate this notion using
certain compact quantum groups, namely free orthogonal quantum groups.

Definition 9.1. Let N C M be an inclusion of von Neumann algebras with a faithful
normal conditional expectation Ex : M — N. We say that a family of elements (m;);cs
is an orthonormal basis of the right N-module L*(M)y if

(1) for each i,j € I we have En(mjm;) = d;;p;, where p; is a projection in N’
(2) XjemiN = L*(M).
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We say that the inclusion N C M is strongly of finite index if it admits a finite orthonor-
mal basis.

Lemma 9.2. If an inclusion N C M 1is strongly of finite index then it has the Haagerup
property.

Proof. Let mq,..., m, be a finite orthonormal basis for our inclusion. It suffices to show
that z = >, m;En(m}z) for each z € M. Indeed, this would show that the identity
map on L?(M) is relatively compact with respect to N, so clearly the triple (M, N, Ey)
satisfies the relative Haagerup property. The equality z = Y ., m;En(m}z) has been
already observed by Popa (see [40, Section 1]) in a more general context. O

9.1. Free orthogonal quantum groups

We will now present a certain inclusion arising in the theory of compact quantum
groups that has the relative Haagerup property. For information about compact quantum
groups we refer the reader to the excellent book [35].

Definition 9.3 (//9]). Let n > 2 be an integer and let F' € M,,(C) be a matrix such that
FF = cl for some ¢ € R\ {0}. Let Pol(O}) be the universal *-algebra generated by the
entries of a unitary matrix U € M, (Pol(O}.)), denoted u;;, subject to the condition U =
FUF~1, where (U);; := (ui;)* for all 4,j = 1,...,n. Then the unique *-homomorphic
extension of the map A(u;;) = > j_, uix ® uk; makes Pol(O}) into a Hopf *-algebra,
whose universal C*-algebra completion yields a compact quantum group.

Remark 9.4. As every compact quantum group admits a Haar state, we can use the GNS
construction to construct a von Neumann algebra LOO(O;).

In [4] Banica classified irreducible representations of the compact quantum group
O;. He showed that they are indexed by natural numbers, U*, where U° is the trivial
representation and U! = U is the fundamental representation U. Moreover, the fusion
rules satisfied by these representations are the following:

Ur@U' ~ U U2 ...UM kleN,

just like for the classical compact group SU(2). From the fusion rules one can infer that
the coefficients of representations indexed by even numbers form a subalgebra. Further,
one can use the defining relation U = FUF~! to show that they form a *-subalgebra.

Definition 9.5. Let M := L*°(O}). We define the even subalgebra N to be the von
Neumann subalgebra of M generated by the elements (w;;ur)1<i,jki<n- It is equal to
the von Neumann algebra generated by the coefficients of the even representations; in
fact it is related to the projective version of O;, usually denoted PO;.
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Remark 9.6. It has been shown by Brannan in [9] that N C M is a subfactor of index 2
in case that F' =1 (it is then an inclusion of finite von Neumann algebras).

We now roughly outline Brannan’s argument and then mention why it cannot im-
mediately be translated into our setting. There is an automorphism ® of M such that
®(u;;) = —u;j; ® can be first defined on Pol(O}) by the universal property but it also
preserves the Haar state, so can be extended to an automorphism of LOO(O}'). The fixed
point subalgebra of ® is equal to the even subalgebra N and therefore Ey := %(Id + D)
is a conditional expectation onto N that preserves the Haar state. As a consequence
Ey — %Id is a completely positive map, so one can use the Pimsner-Popa inequality,
which works for II;-factors, to conclude that the index of N C M is at most 2. On the
other hand, any proper inclusion has index at least 2, so the result follows. Unfortunately
in the non-tracial case it is not clear if the condition that Ey — %Id is completely positive
implies that the inclusion N C M is strongly of finite index; so far it is only known that
it implies being of finite index in a weaker sense (see [3, Théoréme 3.5]). Fortunately in
our case it is possible to explicitly define a finite orthonormal basis.

Proposition 9.7. Let n > 2 be an integer and let F' € M, (C) be a matriz such that
FF =cl for some c € R\ {0}. Let M := L>(O}) and let N be the even von Neumann
subalgebra of M. Then the inclusion N C M is strongly of finite index. Moreover, one
can find an orthonormal basis consisting of at most n? 4+ 1 elements.

Proof. One can verify by an explicit computation that N is left globally invariant by the
modular automorphism group of the Haar state h of LW(O;), so we do have a faithful
normal h-preserving conditional expectation Ep : M — N. We start with n?+1 elements
of M, namely 1 and all the u;;’s. Since we have all the coefficients of the fundamental
representation, it follows from the fusion rules of O; that N @ ZZ’ j—1 wij N is a dense
submodule of L?(M)y.

Note that all the elements u;; are odd, i.e. ®(u;;) = —u;; for ¢,5 =1,...,n. Suppose
that we have a family x1, ..., x; of odd elements. Then we can perform a Gram-Schmidt
process to make this set orthonormal. To do it, first notice that x}z; is an even element,
hence so is |z;| — we conclude that the partial isometry in the polar decomposition
x; = vilz;| is odd as well. Our process works as follows: we first replace z; by the
corresponding partial isometry vi. Then we define Zs := x2 — viv]z2. Because v; is a
partial isometry, we get v]Ze = vire —vivivizs = 0. We then define vo to be the partial
isometry appearing in the polar decomposition of Zo; it still holds that v, is odd and
vive = 0. We can continue this process just like the usual Gram-Schmidt process and
obtain an orthonormal set of odd partial isometries v; such that Ele ;N C Zle ;N
note that the projections v v; belong to N. If we apply this procedure to the family
(uij)1<i,j<n, We obtain a finite orthonormal basis for the inclusion N C M. O

Corollary 9.8. The inclusion N C M := L* (O;) has the relative Haagerup property.
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