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A B S T R A C T

When curved glulam beams are subjected to bending, tension perpendicular to grain is introduced.
In this work, Monte-Carlo analysis is conducted to study the influence of the annual-ring orientation of
individual board on stress concentration in the radial direction. A virtual cutting program is developed which
simulates the sawing processes of boards and yields a database of sawn boards, each with a characterized
material direction with respect to the pith location. Lamellas are randomly selected from the database to
construct curved glulam beams in FE models for Monte-Carlo simulation. Parameters including lumber diameter
distribution, taper function, orthotropic elastic properties are considered for four common wood genera in
Europe: spruce, pine, larch, and beech.

Statistical analysis shows that when the annual-ring effect is considered, the average radial stress in the
middle height area of the glulam beams can reach up 1.56 times (even higher on the middle width and height
area) compared to the common practice, where wood is usually simplified as transverse isotropic material. Such
stress concentration, which can trigger early damage of the structure, indicates an underestimation of stress
perpendicular to grain in common practice. Moreover, parameter studies show that the stress redistribution
depends not only on the mechanical properties of wood species but also on the width of the board layer.
1. Introduction

As a natural material used for engineered structures, wood generally
builds itself yearly according to the weather cycles, forming annual-
rings. Accordingly, wood can be considered cylindrical anisotropic
material. In engineering practice, transverse isotropy is commonly
considered for wood, that both directions perpendicular to grain are as-
signed with the same values, which are given for example by Eurocode
5 [1]. However, stiffness and strength are found to vary, for certain
species strongly, in radial and tangential directions [2,3]. Hence, the
legitimacy of the transverse isotropy assumption should be examined
for the structures where stresses perpendicular to grain need to be
verified, such as curved glulam.

Glued laminated timber (glulam), often in curved or cambered
shape, is widely applied in timber structures. Under bending, ten-
sile stress perpendicular to grain is induced to curved glulam beams
(Fig. 1), making the tensile strength perpendicular to grain one of the
decisive parameters in such structures [4,5]. Tensile strength, however,
is very low in this direction [2]. Consequently, many failure cases under
tension perpendicular to grain are observed in the summary work of
Franke et al. [6], and many reinforcement measures are designed for
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this stress, as shown in the works by Blaß et al. [7], Jönsson [8],
Fueyo et al. [9]. Extensive experiments on curved glulam beams under
short- and long-term loading, in combination with moisture variation
can be found in [10,11]. In addition, simulations are conducted to
analyze manufacturing stress [12], moisture induced stress [13], and
failure [14]. In the FE model by Zhou et al. [15], pith is considered to
be located in the bottom center of each board and the resultant stress
perpendicular to grain is found to have a saw-toothed pattern, where
the maximum stress is higher compared to the case when no annual-
ring orientation is implemented. In reality, however, the pith locations
of different layers have even higher degree of randomness due to the
variability in sawing process, relating to e.g. wood qualities and usages,
the variable saw types, and standard practices [16]. This uncertainty,
referred as annual-ring effect, is found by this work to cause a non-
uniform stress distribution and consequently stress concentrations in
curved glulam beams.

Analyzing of stress concentration is important for structural analy-
sis, as it may refer to the area where damage will be initiated. Besides
supports, connections, and notches [17,18], stress concentrations in
wood material, such as glulam, can also be caused by material in-
homogenity, such as the existence of knots [19–22]. To cover the
vailable online 13 June 2023
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Fig. 1. Elastic theory solutions of bending stresses in a curved beam.
influence from inhomogenity, on the one hand, a reduction factor
is suggested for estimating the glulam strength, based on e.g. the
Weibull’s Weakest-Link or Chain Model [23,24]. On the other hand,
stochastic models are developed to cover the variability of material
property using e.g. the Karlsruher Rechenmodel [25,26], weak zone
model [27], or Karhunen–Loève expansion [28]. In addition, uncertain-
ties on the level of finger joints [29], mechanical [30] and moisture
load [11] have also been discussed.

This work focuses on studying the uncertainty on the level of the
annual-ring setups in different boards of a glulam beam, which has
received comparatively little attention so far. A Monte-Carlo analysis
is conducted to study the annual-ring effect on distributing the tensile
stress to the radial and tangential directions in curved glulam members.
In Section 3, a virtual cutting program is generated using PYTHON. The
program simulates the sawing processes of logs and yields a database
of sawn boards, each with a characterized pith location relative to
its board center. This information is implemented into the FE models
to generate the material direction of each board through the user
subroutine ORIENT of the software ABAQUS in Section 4. Statistical
approaches (Section 5) in combination with parameter analysis (Sec-
tion 6) are adopted to assess the stress concentration level in different
species, location inside the glulam, and board dimension.
2

2. Mechanism of stress concentration caused by material direction
uncertainty

Different from straight beams, when a curved beam is subjected to
bending load (Fig. 1a), besides the stress in the longitudinal direction
(𝜎𝐿 = 𝜎𝑍 ), a perpendicular stress 𝜎𝑌 is triggered, which is in the Y
direction of the corresponding cross-section (Fig. 1c). The cause of this
stress is that the length of each infinitesimal element is greater in the
upper part than in the is lower part due to the beam curvature (Fig. 1b).
Consequently, the neutral axis lower than the centroid axis (Fig. 1d),
and the largest 𝜎𝑌 occurs below the neutral axis (Fig. 1e).

In order to explain the mechanism of how the 𝜎𝑌 can vary inside
the board, Fig. 2 takes 5 layers of boards from the glulam in Fig. 1 as
a example, each 𝑖𝑡ℎ layer with a randomly assigned material rotation
angle (𝜃𝑖). Due to the bending load, each 𝑖𝑡ℎ layer exhibits a stress in
global Y direction (𝜎𝑌𝑖,𝑔𝑙 ), which consequently results in strains in global
X and Y direction (𝜖𝑌𝑖,𝑔𝑙 , 𝜖𝑋𝑖,𝑔𝑙

in Fig. 2b), as can be calculated by Eq. (1):

{𝜖𝑖,𝑔𝑙} = [𝑇𝜖𝑖 ][𝑆][𝑇𝜎𝑖 ]
−1{𝜎𝑖,𝑔𝑙} 𝑖 = 1, 2, 3... (1)

where [𝑆] is the material compliance tensor, [𝑇𝜖𝑖 ] and [𝑇𝜎𝑖 ] are the
transformation tensors which are functions of the material rotation
Fig. 2. Illustration of stress concentration caused by annual-ring effect using 5 exemplative board layers from Fig. 1.
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angles 𝜃𝑖 (in accordance to annual-rings) of each layer, as shown in
Fig. 2a.

Since the rotation angle varies in different layers, the strain in global
X direction (𝜖𝑋𝑖,𝑔𝑙

) varies, as shown in Fig. 2b. Yet, due to the constraint
provided by the adhesives between boards, the strain 𝜖𝑋𝑖,𝑔𝑙

difference
in neighboring layers is expected to get mitigated, which results in
the distributed strain denoted as 𝜖′𝑋𝑖,𝑔𝑙

in Fig. 2c. Consequently, the
distributed global stress 𝜎′𝑖,𝑔𝑙 can be calculated by means of Eq. (2):

{𝜎′𝑖,𝑔𝑙} = [𝑇𝜎𝑖 ][𝐶][𝑇𝜖𝑖 ]
−1{𝜖′𝑖,𝑔𝑙} (2)

where [𝐶] is the material stiffness tensor. Since the distributed strain
𝜖′𝑖,𝑔𝑙 differs from the initial strain 𝜖𝑖,𝑔𝑙 due to the mitigating effect from
the adhesive layers, the distributed stress 𝜎′𝑖,𝑔𝑙 naturally differs from the
initial stress 𝜎𝑖,𝑔𝑙 as well, both in the global Y and X directions, as shown
in Fig. 2d.

In addition to the global stresses, the distributed local stress (Fig. 2e)
can be derived as shown in Eq. (3):

{𝜎′𝑖,𝑙𝑜𝑐} = [𝑇𝜎𝑖 ]
−1{𝜎′𝑖,𝑔𝑙} (3)

Since the material directions R and 𝑇 inside each board vary, the
distributed stress is also not uniform inside each board. Therefore,
stress is much higher in certain locations, which can be considered as
stress concentration. The goal of this paper is to use a stochastic FE
approach to figure out:

• How severe can be the influence of stress concentration on the
mechanical response of the glulam beam?

• At which location does the stress concentration occur and why?
• What are the principal parameters influencing the level of stress

concentration?

3. Generating material direction uncertainty by virtual cutting
program

In order to analyze how the material direction influences the stress
distribution in curved glulam, Monte-Carlo simulations are to be per-
formed. For this purpose, the material direction is to be taken as
the uncertainty (random variable) and assigned to each individual
board. Following the concentric annual-ring assumption, the material
direction (𝜃) of each point (x,y) inside a board can be computed as a
function of its relative position to the pith (𝑥𝑝𝑖𝑡ℎ, 𝑦𝑝𝑖𝑡ℎ), as shown in
Eq. (4). Taking the pith as origin, i.e. 𝑥𝑝𝑖𝑡ℎ = 𝑦𝑝𝑖𝑡ℎ = 0, the random
variable to be identified becomes the coordinate of the board center
(𝑥𝑏𝑐 , 𝑦𝑏𝑐). Hence, in this section, the method of using a virtual cutting
program to obtain the distribution of this random variable will be
explained.

𝜃 = 𝑎𝑟𝑐𝑡𝑎𝑛
𝑦 − 𝑦𝑝𝑖𝑡ℎ
𝑥 − 𝑥𝑝𝑖𝑡ℎ

(4)

Fig. 3. Illustration of: (a) relative pith location; (b) sawing pattern.

Since boards are engineer products, the distribution of the variable
(𝑥𝑏𝑐 , 𝑦𝑏𝑐) depends highly on the manufacturing process (Fig. 4), includ-
ing the distribution of the harvested tree size, the distribution of the
log diameter, and the sawing patterns.
3

To simulate this process, a virtual cutting program is developed
using Python. Following the four stages indicated in Fig. 4, the program
takes the breast-height-diameter (DBH) of harvested trees as the input
data, saws them into logs with standard length and classifys them
into different classes according to their diameters. A sawing pattern is
designed for each class to saw boards out of the logs. Finally, a database
of boards is generated, where each board is with a characterized
coordinate of its center (𝑥𝑏𝑐 , 𝑦𝑏𝑐) relative to the pith.

Fig. 4. The process of board production.

Stage 1: Getting the DBH distribution of the harvested trees
Third National Forest Inventory [31] provides the data on the

harvest volume of eight different DBH classes of several common har-
vestable wood genera in Germany from 2002 to 2012. Four of the most
commonly applied genera for structural uses in Germany are selected
here: spruce, pine, larch, and beech. According to the Kolmogorov–
Smirnov test, the data is found to be best fitted with beta distribution
and is shown in Fig. 5(a). Accordingly, 10 000 harvested trees are
generated as input for the virtual cutting program. The original and
simulated data can be seen in Table A.1.

Stage 2: Getting the diameter distribution of logs and classifying
In this stage, each harvested tree sample (with DBH between 100

mm to 500 mm) is sawn into several logs of length 4 or 5 m. The
length is defined in the virtual cutting program as a uniform random
variable between 4 and 5 m. The program then calculates for each log
its smallest diameter along the log length, as the diameter along each
log is not a uniform value but follows an assumed taper. According to
the smallest diameter along the length, logs get classified into different
classes.

In the assumed tree taper functions, the diameter (𝑑ℎ) at a certain
height (ℎ) of the tree can be calculated by DBH, the total height of the
tress (𝐻), and the height (ℎ). Moreover, the unknown total tree height
can be estimated according to the 𝐻 − 𝐷𝐵𝐻 relationship (Fig. 6(a))
provided in literature [32–34]. Afterwards, the tree taper can be gen-
erated for each simulated tree, according to its DBH (given in Stage 1)
and the tree taper function (Fig. 6(b)) provided in literature [35–37].

As a result, 20 000+ (exact value depends on how many logs can
be sawn from each tree according to 𝐻 − 𝐷𝐻𝐵 relation) logs from
the 10 000 harvested tree samples are generated and classified into 20
classes (Table A.2). The diameters of the logs (measured at the end of
smaller cross-section) in each class lie between [𝑑𝑐 , 𝑑𝑐 + 20) mm, where
𝑑𝑐 is the characteristic diameter of a class.

The fitted beta distributions of log diameter measured at the smaller
end are shown in Fig. 5(b). As a result, the mean diameters of all logs
measured at the middle height are 251 mm, 233 mm, 221 mm, and
257 mm for spruce, pine, larch, and beech, respectively. The simulated
data matches well with a site survey, where the mean log diameters
measured at the middle height for spruce, pine, and larch are found to
be 246 mm, 225 mm, and 222 mm, respectively.

Stage 3: Designing sawing pattern for each log class
Boards are sawn out of the logs according to specific sawing pat-

terns, which determine the relative pith location of each board. It is
unattainable to cover all possible sawing patterns as they can vary
especially in small sawmills from one to another, due to the varying
saw types, standard practices, wood qualities and usages [16]. Hence,
this work adopts one of the most common sawing patterns, cant-
sawing (Fig. 3(b)), which is nowadays being used in large sawmills with
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Fig. 5. Distribution of: (a) DBH of harvested trees [31] from Stage 1; (b) diameter of the logs from Stage 2.
Fig. 6. Tree shape: (a) H-DBH relation; (b) tree taper function: example of DBH = 30 cm.
automatic sawing systems. In principle, this approach consists of two
steps:

• Step 1: saw one or two layers of sideboards, whose dimensions
are usually smaller than the targeted boards, out of the four sides,
leaving a rectangle middle block;

• Step 2: saw the main boards with targeted dimensions out of the
rectangle middle block from the previous step.

With respect to this method, a Python program is developed to
automatically generate the optimal (in terms of maximum yield) cutting
pattern for each class according to the targeted board dimension. The
following selecting criteria are adopted:

• the kerf (thickness of the saw) is assumed to be 5 mm thick;
• only the main boards of the targeted dimension are considered;
• when there are multiple sawing patterns, the one with the maxi-

mum yield of the targeted boards is chosen;
• for each board dimension, the log classes for sawing are selected

by:

– the yield area should not be smaller than 50% of the log
cross-section;

– the diameter of the log should not be larger than 2 times
the targeted board width.

As a result, Table A.3 shows the selected appropriate classes for
nine exemplative board dimensions and the corresponding optimal
sawing-pattern.

Stage 4: Generating the database of boards
In this stage, for each wood genus and board dimension, logs

generated at Stage 2 are sawn according to the patterns designed for
each class. As a result, a database of 60 000+ boards with characterized
relative pith locations is generated.
4

As the log diameters in each class lie between [𝑑𝑐 , 𝑑𝑐 + 20) mm,
the cutting pattern of the class needs to be designed according to
characteristic diameter 𝑑𝑐 , so as to be operable to all logs in this class.
Consequently, for all the boards in this class with a diameter (𝑑) larger
than 𝑑𝑐 , the cutting pattern can be shifted in any direction by a distance
of 𝑑 − 𝑑𝑐 . This then results in a shift of pith location for all boards
from this log. Therefore, a random shift is added in the virtual cutting
program when sawing each log. The shift is assumed to be a vector with
the length of 𝑑−𝑑𝑐 and the angle 𝛼, 𝛼 being a uniform random variable
between [0, 𝜋].

Fig. 7. Distribution of the board-center coordinate relative to pith location.

As shown in Table A.3, different log classes and sawing patterns are
adopted for each targeted board dimension. Hence, different board di-
mensions will have different distributions of the board center (𝑥 , 𝑦 ).
𝑏𝑐 𝑏𝑐
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Fig. 8. Model information: (a) FEM model; (b) loading and boundary condition; (c) an example of growth ring direction.
n

As a result, the 3D histograms in Table A.4 summarize the distribution
of nine exemplative dimensions of the four wood genera, while Fig. 7
shows the distribution of the relative board center (𝑥𝑏𝑐 , 𝑦𝑏𝑐) of 150 ×
40 mm spruce boards. Since the distribution is symmetric, only areas
of 𝑦 > 0 are plotted. Two main characteristics of the distribution can
be observed:

• two main peak regions of the probability density can be iden-
tified. The difference in probability density between the two
regions becomes subtler as the board thickness decreases.

– Peak Region 1: [𝑥 ≈ 0 , 𝑦 ≈ (𝑛 − 1)𝑡] , 𝑛 = 1, 2, 3...
– Peak Region 2:

[

𝑥 ≈ 0 , 𝑦 ≈ (𝑛 − 1
2 )𝑡

]

, 𝑛 = 1, 2, 3...
where 𝑡 is the thickness of the board.

• the board centers are concentrated around the line where 𝑥 = 0,
except for the ones from far ends in Y directions. These exceptions
(marked as Scatters in Fig. 7) come from the side boards and have
a relatively low occurrence.

Moreover, despite the apparent difference of log-diameter-distributio
(Fig. 5(b)) between species for the full diameter range, the log-diameter-
distribution inside the range differs not much, neither does the board-
center-distribution (Table A.4). This is because that for each targeted
board dimension, not all log classes are selected for sawing but only
those whose diameter is inside the range that meets the selecting
criteria given in Stage 3, as can be seen also in Table A.3.

4. Parametric FE models

As shown in Section 2, the material direction of the board is essen-
tial information for curved glulam modeling and can have a significant
5

impact on stress distribution. In this section, boards are randomly
selected from the database generated in Section 3 to construct glulam
beams for stochastic FE analysis. By means of Monte-Carlo simula-
tion, the influence of the distribution of pith location on the stress
concentration can then be analyzed. 3D FEM models are developed
using ABAQUS. Fig. 8 shows the model of the Test Problem, where a
curved glulam beam with the inner radius of curvature 𝑅 = 2862.5 mm
(Fig. 8b) made of 9 layers of 150 × 30 mm board is constructed.
The beam is subjected to a four-point bending test. Only half of the
beam is modeled due to the symmetry, with a roller support at one
end and a symmetrical boundary condition at the apex cross-section.
The constraining effect of the adhesives is assumed as tie connection,
and the mechanical behavior of the component is studied in the linear
elastic range. To avoid the shear-locking under bending, the eight-node
brick element with reduced integration (C3D8R) is chosen. Four layers
of elements along the thickness direction are assigned for each board
layer.

Material parameters of different genera are obtained from litera-
ture [38–50] as shown in Table 1.

Besides the Test Problem, to study the influence of dimension, dif-
ferent test setups are generated using different combinations of:

• board width: 150 mm, 200 mm, 250 mm;
• board thickness and number of layers: 20 mm × 13 layers, 30 mm
× 9 layers, 40 mm × 7 layers;

• material parameters: in Table 1.

For each test setup, a Monte-Carlo analysis is conducted with 300
simulations. The main random variable of each simulation is the pith
locations of the boards, which is realized by randomly selecting boards
from the database generated in the previously described Stage 4. The
Table 1
Material parameters of different wood species from literature.

Speciesa 𝐸𝐿 (e4 MPa) 𝐸𝑅 (e2 MPa) 𝐸𝑇 (e2 MPa) 𝜈𝐿𝑅 (–) 𝜈𝐿𝑇 (–) 𝜈𝑅𝑇 (–) 𝐺𝐿𝑅 (e2 MPa) 𝐺𝐿𝑇 (e2 MPa) 𝐺𝑅𝑇 (e2 MPa) 𝜅𝐺b (e–3 1/MPa) 𝜅𝜃b (–)

(European) Beech 1 [38] 1.4 19 6.1 0.86 0.28 0.23 13 8.9 4.9 1.1 2.0

(Scots) Pine 1 [39] 1.4 7.0 5.5 0.03 0.04 0.38 12 8.0 5.0 2.4 1.6
(Scots) Pine 2 [40] 1.0 14 8.1 0.40 0.62 1.1 13 13 7.4 2.2 3.0
Pine 3 [41] 0.69 4.5 2.7 0.38 0.39 0.46 3.5 2.6 0.34 22 9.7
(Scots) Pine 4 [42] 1.5 7.6 5.3 0.60 0.74 0.69 10 9.0 1.1 4.4 3.3

Spruce 1 [43] 1.4 9.1 4.9 0.45 0.54 0.56 7.4 5.1 0.33 26 24
(Norway) Spruce 2 [44] 1.6 7.0 4.0 0.019 0.013 0.24 6.3 7.8 0.37 22 16
(Norway) Spruce 3 [45] 1.2 8.3 4.9 0.041 0.033 0.35 7.0 6.6 0.66 11 9.2
(Norway) Spruce 4 [46] 1.2 8.2 4.2 0.056 0.035 0.31 7.4 6.2 0.42 20 16
(Norway) Spruce 5 [41] 1.3 6.3 4.0 0.36 0.45 0.33 6.2 5.9 0.53 14 8.6

(Western) Larch 1 [47] 1.3 10 8.4 0.36 0.28 0.39 8.1 8.9 0.90 8.2 8.3
(Chinese) Larch 2 [48] 0.76 7.7 3.6 0.22 0.30 0.77 4.3 3.9 4.5 3.8 3.0
(Chinese) Larch 3 [49] 0.99 8.5 4.8 0.41 0.023 0.41 6.3 2.3 7.7 2.9 2.5
(Dahurian) Larch 4 [50] 1.7 12 11 0.37 0.49 0.53 6.2 3.4 0.55 16 19

aConsidering the measuring accuracy, all numbers are rounded to 2 scientific digits.
b𝜅𝐺 and 𝜅𝜃 are calculated based on the 9 engineering constants and are explained in Section 6.
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material directions (radial 𝑅, tangential 𝑇 , and longitudinal 𝐿) of each
layer are implemented using a user subroutine, ORIENT, such that:

• the longitudinal direction follows the length direction of each
board;

• the radial and tangential directions of each layer are determined
by the relative location of the board center to the pith;

• with respect to the common practice, the boards are flipped so
that except for the top layer, the relative pith locations of all other
layers are below their respective board centers.

5. Result interpretation method

5.1. Qualititive overview

Fig. 9 shows five simulation examples of the Test Problem using the
material parameters of Spruce 1 in Table 1. The white lines indicate
the annual rings of each board. Simulation number 0 (abbreviated as
Sim0) is the Standard Case where for all the layers, the global Y and
X directions are considered as local radial and tangential directions,
respectively. Sim1 to Sim4 are four examples where the boards are
randomly selected from the generated database in Section 2 Stage 4.

In Fig. 9(a), for the Standard Case (Sim0), the simulated local radial
stress 𝜎′

𝑅 with the maximum value 1.12 MPa at around middle height
(marked with X in the figures) is consistent with the analytical solution
of 𝜎𝑌 , since the local R direction and the global Y direction coincide in
Sim0.
6

After assigning the uncertainty of material direction, i.e. variation of
the material properties with respect to the random pith location of each
layer in a cylindrical coordinate system, the stresses perpendicular to
grain get distributed. As shown in Sim2, the maximum value can reach
up to 2.19 MPa. Similarly in Fig. 9(b), the almost zero-valued tangential
stress 𝜎′

𝑇 in the Standard Case gets distributed so that it reaches a value
as high as 1.76 MPa, shown in Sim4.

5.2. Statistical analyze of stress concentration factor 𝑆𝐶𝐹

As shown in Fig. 10b, the mesh in the cross section of each board
layers contains 24 C3D8R elements, giving 24 integration points. After
simulation, the stresses on the full cross-section (Fig. 10a) are obtained
by interpolating the values of the integration points. To get a statistical
view of the stress distribution across the cross-section, a histogram of
stress values of the 24 integration points in multiple simulation cases is
plotted, as shown in Fig. 10c. This histogram indicates the occurrence
frequency of stress levels in the cross-section of a board layer. In the
following, through 300 simulations, 7200 stress values are taken to
build the stress histogram for each layer, giving a stable estimate of
the mean stress (shown by a red line) and 95-percentile stress (shown
by a yellow line). Moreover, in order to compare with the case where
random annual-ring is not considered, the stress of Standard Case is
marked by a green line.

Fig. 11(a) shows the histograms of local radial stress 𝜎′

𝑅 of the Test
Problem using the material parameters of Spruce 1. As can be seen,
Fig. 9. Stress development in the cross-section at the middle length of the glulam of the Test Problem: (a) local redistributed radial stress 𝜎′

𝑅; (b) local redistributed tangential
stress 𝜎′

𝑇 .
Fig. 10. Method of analysis of the stress results from integration points (𝑡 and 𝑤 represent the thickness and width of the board, respectively). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Example of stress histograms of Test Problem for all layers using Spruce 1 from
Table 1: (a) local redistributed radial stress 𝜎′

𝑅; (b) normalized radial stress.

Fig. 12. Histograms of local distributed radial stress 𝜎′

𝑅 in Middle 1
3

of Test Problem
using different species.

for each layer, the mean stress is lower than the stress calculated by
7

the Standard Case, while the 95-percentile is larger. Across the whole
height of the beam, the stress follows a parabolic curve, such that the
maximum is around the middle height (Layer 5).

In order to better visualize the distribution characteristics, another
histogram is generated in Fig. 11(b) using the normalized stress with
respect to the Standard Case. This normalized stress at each integration
point of each simulation case is calculated by dividing the simulated
stress in this case by the stress of this point in the Standard Case (Sim0).

As a result, it can be seen that the middle 3 layers in Test Problem
(i.e., Middle 1

3 in the thickness direction of the beam) share almost
the same distribution for the normalized stress. Since the Middle 1

3 is
also the region, where the curved glulam beam is most stressed in the
perpendicular to grain direction, this region is considered as the main
focus of this paper and the following results will mainly be shown for
the Middle 1

3 . Moreover, the average 95-percentile normalized stress for
the Middle 1

3 is considered as the stress concentration factor, 𝑆𝐶𝐹 . This
parameter indicates how much the stress gets amplified in the critical
Middle 1

3 .

6. Parameter study

6.1. Influence of species

Fig. 12 shows the distributed radial stress of four species using the
material parameters from Table 1. It can be seen that the shape of
the histogram, as well as the value of 𝑆𝐶𝐹 , varies in each case. The
distribution is not symmetric, and in most cases, there is more than
one peak of probability density.

Table 2 summarizes the mean normalized stresses and the 95-
percentile normalized stresses (𝑆𝐶𝐹 ) for all the materials given in
Table 1. The mean normalized stresses for all species lie between 0.48
to 0.60, while 𝑆𝐶𝐹 vary from 0.99 to 1.56.

However, for each wood genus, different material parameter values
are found in different research works as shown in Table 1. Hence, for
each wood genus, the computed 𝑆𝐶𝐹 according to the Monte-Carlo
simulations varies. The widest variation is observed by larch, from 0.99
to 1.46. This is because the parameters are taken from three different
larch species (i.e. Dahurian, China, and Western Larch) due to the lack
of data on European Larch.

In general, spruce (primarily Norway Spruce) yields the largest
𝑆𝐶𝐹 , from 1.37 to 1.56, while pine (primarily Scots Pine) yields a
lower range of 𝑆𝐶𝐹 , from 0.99 to 1.38. For beech, according to the
single source (European Beech) found by the authors, the 𝑆𝐶𝐹 equals
1.27.

To explain the difference of 𝑆𝐶𝐹 of different species, two possible
factors can be identified:

• Factor 1: the difference between the pith-location distribution;
• Factor 2: the difference between material parameters.

In order to see how strong the influence of Factor 1 is, another
simulation set is carried out, where 14 same materials from the 4
wood genera (beech, spruce, pine, larch), as presented in Table 1,
are used. However, in this case, instead of using 4 different pith-
location distributions corresponding to the 4 genera, the pith-location
distribution of beech is applied for all genera. The results are shown
in Table 2. As stated in Section 3, the difference in pith location
distribution between the four genera is small. It can also be seen from
Table 2 that the influence of Factor 1 is not significant, thus the primary
influence on the final stress distribution should come from Factor 2, the

material parameters.
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Table 2
𝑆𝐶𝐹 and 𝑚𝑒𝑎𝑛 of different species from Test Problem.
Species With correspondent pith distribution With pith distribution of beech

𝑆𝐶𝐹 (𝜎95) 𝑚𝑒𝑎𝑛 (𝜎) 𝑆𝐶𝐹 (𝜎95) 𝑚𝑒𝑎𝑛 (𝜎)

(European) Beech 1 [38] 1.27 0.60 1.27 0.60

(Scots) Pine 1 [39] 0.99 0.50 0.99 0.52
(Scots) Pine 2 [40] 1.21 0.57 1.20 0.59
Pine 3 [41] 1.38 0.49 1.42 0.53
(Scots) Pine 4 [42] 1.25 0.51 1.27 0.55

Spruce 1 [43] 1.55 0.51 1.59 0.53
(Norway) Spruce 2 [44] 1.46 0.52 1.48 0.52
(Norway) Spruce 3 [45] 1.39 0.53 1.41 0.53
(Norway) Spruce 4 [46] 1.49 0.53 1.51 0.53
(Norway) Spruce 5 [41] 1.37 0.53 1.39 0.53

(Western) Larch 1 [47] 1.31 0.49 1.34 0.52
(Chinese) Larch 2 [48] 1.18 0.56 1.15 0.58
(Chinese) Larch 3 [49] 0.99 0.51 0.98 0.52
(Dahurian) Larch 4 [50] 1.46 0.48 1.53 0.51
6.2. Influence of location

From the observation of Fig. 9a, the maximum distributed radial
stress (marked with X in the figure) is exhibited mainly in the Middle 1

3
of the vertical direction, as well as in the center part of the horizontal
direction. Hence, according to the arrangement of the integration points
shown in Fig. 10b (presented by color code), three different regions can
be classified for each cross-section, namely the blue (the center 1

3 of
orizontal direction), green (the two outermost 1/6 from both sides),
nd orange regions.

Fig. 13 shows the histograms of the normalized stress of these three
egions under Test Problem using the material parameters of Spruce 1. As

can be seen, the 𝑆𝐶𝐹 for the outermost green region is only 0.92. The
𝑆𝐶𝐹 reaches 1.78 in the center blue region (referred to as 𝑆𝐶𝐹𝑐𝑒𝑛𝑡𝑒𝑟
in the following). Compared to the 𝑆𝐶𝐹 for the whole region which
equals 1.55 as shown in Fig. 12a, 𝑆𝐶𝐹𝑐𝑒𝑛𝑡𝑒𝑟 is also much higher. The
same phenomenon is also observed in other species, confirming that
the center blue region is, in general, the most critical area.

This phenomenon is related to the feature that the pith location is
mainly located around the center line of the board, as explained in
Section 3 and shown in Fig. 7. This feature results in the largest mate-
rial direction difference between neighboring layers always exhibited
around the center line (can be observed in Fig. 9), which consequently
leads to the strongest stress concentration.

6.3. Influence of board dimension

In addition to the locational influence presented in the previous
paragraphs, in this part, the influence of the board width and thickness
on the 𝑆𝐶𝐹 is analyzed.

Fig. 14 shows the histogram of the normalized stress of the glulam
beams made of boards with different thicknesses and widths. It can be
concluded that:

• no dependency of 𝑆𝐶𝐹 on the thickness can be observed;
• 𝑆𝐶𝐹 decreases by increasing the width.

Such observations can be explained: as illustrated in Section 2, the
major cause of the 𝑆𝐶𝐹 is the deviation of the distributed strain in
X direction, due to the material direction deviation between different
layers. Since the area around the pith exhibits the most severe material
orientation change, the smaller the width, the larger the influence from
this pith-region, consequently the larger the 𝑆𝐶𝐹 value.

7. Identification of principal parameters 𝜿𝑮 and 𝜿𝜽

Knowing that the material parameters are the main factor influenc-
8

ng the 𝑆𝐶𝐹 of a certain species, it is useful to identify one principal
parameter (from the 9 engineering constants) that can give a direct
indication of the magnitude 𝑆𝐶𝐹 .

Recalling the mechanism explained in Section 2 Fig. 2, the main
cause of the stress distribution is the deviation of initial X direction
strain (𝜖𝑋 from Eq. (1)) in different board layers. Hence, the first step to
find the principal parameter is to identify the parameter that dominates
𝜖𝑋 .

As the longitudinal stress has a minor influence on the stress distri-
bution in the perpendicular to grain direction, Eq. (1) can be simplified
and reformulated in the form of Eq. (5):

⎧

⎪

⎨

⎪

⎩

𝜖𝑋
𝜖𝑌
𝜖𝑋𝑌

⎫

⎪

⎬

⎪

⎭

= [𝑇𝜖𝑖 ][𝑆][𝑇𝜎𝑖 ]
−1

⎧

⎪

⎨

⎪

⎩

𝜎𝑋
𝜎𝑌
𝜎𝑋𝑌

⎫

⎪

⎬

⎪

⎭

= [𝑆′]

⎧

⎪

⎨

⎪

⎩

0
𝑝𝑌
0

⎫

⎪

⎬

⎪

⎭

(5)

Since 𝜎𝑋 and 𝜎𝑋𝑌 are ignorable, the initial strain in X direction (𝜖𝑋)
is mainly influenced by the loading from Y direction (𝑝𝑌 ) and can be
derived as:

𝜖𝑋 = 𝑆′
𝑅𝑇 𝑝𝑌 (6)

such that 𝜖𝑋 is controlled by the component 𝑆 ′

𝑅𝑇 of the transformed
compliance tensor [𝑆 ′ ] and can be represented as:

𝑆′
𝑅𝑇 =

−𝜈𝑅𝑇
𝐸𝑅

+ cos2 𝜃sin2 𝜃
(

𝐸𝑅 + 𝐸𝑇 + 2𝜈𝑅𝑇𝐸𝑇
𝐸𝑅𝐸𝑇

− 1
𝐺𝑅𝑇

)

(7)

By replacing the term 𝐸𝑅𝐸𝑇
𝐸𝑅+𝐸𝑇 +2𝜈𝑅𝑇 𝐸𝑇

in Eq. (7) with a new material

parameter called 𝐺𝑜𝑝𝑡𝑖𝑚𝑎𝑙, the above equation turns to:

𝑆′
𝑅𝑇 =

−𝜈𝑅𝑇
𝐸𝑅

+ cos2 𝜃sin2 𝜃
(

1
𝐺𝑜𝑝𝑡𝑖𝑚𝑎𝑙

− 1
𝐺𝑅𝑇

)

(8)

This parameter is named ‘‘optimal’’ here, because Eq. (8) turns to
its simple configuration (presented in Eq. (9)), when the rolling shear
modulus 𝐺𝑅𝑇 equals 𝐺𝑜𝑝𝑡𝑖𝑚𝑎𝑙:

𝑆′
𝑅𝑇 =

−𝜈𝑅𝑇
𝐸𝑅

(9)

A particular case where 𝐺𝑅𝑇 = 𝐺𝑜𝑝𝑡𝑖𝑚𝑎𝑙 is the transverse isotropic
material. This means that the component 𝑆 ′

𝑅𝑇 is a constant in this case.
Hence, according to Eq. (6), 𝜖𝑋 is independent of the rotation angle 𝜃.
In such case, in Fig. 2b, the deviation of the global strain 𝜖𝑋𝑖 will not
be amplified by the deviation of material directions. Consequently, this
results in the optimal result where the final distributed global stresses
remain the same as the initial global stresses, no matter how different
the rotation angles of the different layers are:

{𝜎′𝑖} = {𝜎𝑖} (10)
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Fig. 13. Histograms of redistributed radial stress of Test Problem using Spruce 1 in different regions. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 14. Histogram of redistributed radial stress for different dimensions.
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From Eq. (8), a principal material parameter can be identified as
𝜅𝐺, such that:

𝜅𝐺 = |

1
𝐺𝑜𝑝𝑡𝑖𝑚𝑎𝑙

− 1
𝐺𝑅𝑇

| (11)

𝜅𝐺 is an indicator of how much of the excessive strain 𝛿𝜖′𝑋 is caused
by the material rotation, i.e.:

𝛿𝜖′𝑋 = 𝑓
(

𝜅𝐺
)

(12)

To verify the correlation between 𝜅𝐺 and 𝑆𝐶𝐹 , 14 Monte-Carlo
simulations are conducted for the 14 species listed in Table 1. For each
species, 300 simulations are carried out for the Test Problem. As a result,
Fig. 15(a) shows the relation between 𝜅𝐺 and 𝑆𝐶𝐹 . Through linear
regression, a coefficient of determination (𝑅2) of 0.71 can be obtained.

However, although 𝜅𝐺 is the main parameter influencing the ex-
cessive strain, the distributed stress in the R direction is influenced
by more factors. Hence, in the following, another principal parameter
𝜅𝜃 is identified, taking into consideration the mechanism of how the
excessive strain results in stress distribution.

According to the constitutive law (Eqs. (2) and (3)), the distributed
local stresses can be calculated by:

{𝜎′ } = [𝐶][𝑇 ]−1{𝜖′ } (13)
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𝑙𝑜𝑐𝑎𝑙 𝜖𝑖 𝑔𝑙𝑜𝑏𝑎𝑙
The additional radial stress caused by the excessive strain 𝛿𝜖′𝑋 :

𝛿𝜎′𝑅 =
(

𝐸𝑅
1 − 𝜈𝑅𝑇 𝜈𝑇𝑅

− sin2 𝜃
𝐸𝑅(𝜈𝑇𝑅 − 1)
1 − 𝜈𝑅𝑇 𝜈𝑇𝑅

)

𝛿𝜖′𝑋

=
(

𝐸𝑅
1 − 𝜈𝑅𝑇 𝜈𝑇𝑅

− sin2 𝜃𝜅2

)

𝛿𝜖′𝑋

(14)

where 𝜅2 =
𝐸𝑅(𝜈𝑇𝑅−1)
1−𝜈𝑅𝑇 𝜈𝑇𝑅

.
Moreover, as shown in Eq. (12), for a given 𝜃, 𝛿𝜖′𝑋 is function of 𝜅𝐺.

Therefore, the 𝛿𝜎′

𝑅 can be expressed as:

𝛿𝜎′𝑅 = 𝑓 (𝜅2, 𝛿𝜖′𝑋 ) = 𝑓 (𝜅2, 𝜅𝐺) (15)

Hence, the parameter 𝜅2 together with 𝜅𝐺 leads to a new dimension-
less parameter, which is denoted as 𝜅𝜃 and is presented in Eq. (16):

𝜅𝜃 =
|

|

|

|

|

𝐸𝑅(𝜈𝑇𝑅 − 1)
1 − 𝜈𝑅𝑇 𝜈𝑇𝑅

(

1
𝐺𝑜𝑝𝑡𝑖𝑚𝑎𝑙

− 1
𝐺𝑅𝑇

)

|

|

|

|

|

= |

|

𝜅2𝜅𝐺|| (16)

As a result, Fig. 15(b) shows the relationship between 𝜅𝜃 and 𝑆𝐶𝐹 .
Through linear regression, a higher coefficient of determination (𝑅2) of
0.76 compared to the one from 𝜅𝐺 (Fig. 15(a)) can be obtained.

Moreover, the correlation between 𝑆𝐶𝐹𝑐𝑒𝑛𝑡𝑒𝑟 and the two param-
eters (𝜅𝐺 and 𝜅𝜃) is shown in Fig. 16. Similarily, both show good
correlation with 𝑆𝐶𝐹𝑐𝑒𝑛𝑡𝑒𝑟, wihle the 𝜅𝜃 can be a better indicator.

8. Conclusions

In this work, a virtual cutting program combined with Monte-
Carlo analyses, which consider the uncertainty on the level of material
Fig. 15. Relation between 𝑆𝐶𝐹 of Test Problem and the parameter: (a) 𝜅𝐺 ; (b) 𝜅𝜃 .
Fig. 16. Relation between 𝑆𝐶𝐹𝑐𝑒𝑛𝑡𝑒𝑟 of Test Problem and the parameter: (a) 𝜅𝐺 ; (b) 𝜅𝜃 .
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directions of different board layers, is conducted to analyze the annual-
ring effect on stress concentration perpendicular to grain inside curved
glulam beams. Based on the Test Problem using the material parameters
of four wood genera (each contains one or more species from different
research works), the stress perpendicular to grain can be up to 78%
higher than what engineers usually estimate, as the difference of mate-
rial parameters in radial and tangential directions is not considered in
common engineering practices or in Eurocode 5 [1].

The cause of the stress concentration in this study is identified to
be the anisotropy (cylindrical orthotropy as assumed here) of wood
material, which triggers the deviation of strain in the width direction
of the beam between different board layers and consequently the stress
concentration.

In addition, by means of the parameter study, three major features
can be observed:

• Dependence on the species: due to the difference in elastic mate-
rial parameters, different species exhibit different 𝑆𝐶𝐹 . In gen-
eral, spruce has a high 𝑆𝐶𝐹 compared to pine and beech. More-
over, the material parameters 𝜅𝐺 and 𝜅𝜃 are found to be good
indicators of 𝑆𝐶𝐹 .

• Dependence on the location: due to the cutting patterns, the pith
of each board occurs most frequently around the center vertical
line of the cross-section, making this region the most critical part
as there exhibits the highest 𝑆𝐶𝐹 .

• Dependence on the dimension: the 𝑆𝐶𝐹 is negatively correlated
with the width of the board, yet independent of the thickness.

Accordingly, the following insights can be brought to stress opti-
mization in curved glulam production:

• 𝜅𝐺 and 𝜅𝜃 can be good indicators of whether a wood species is
preferable for curved-gluam production.

• To avoid the high 𝑆𝐶𝐹 in the center of the cross-section, manu-
facturers can:

– select the boards whose pith is not located around the center
vertical line to be used for the middle layers of a glulam.

– cut the boards from logs of larger diameter, so as to yield
boards with more scattered pith distribution.

• 𝑆𝐶𝐹 analysis should be conducted especially when producing
curved glulam beams of small width.
11
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Appendix

See Tables A.1–A.4.
Table A.1
Distribution of DBH.
Table A.2
Distribution of log diameters.
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Table A.3
Sawing patterns.

(continued on next page)
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Table A.3 (continued).
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Table A.4
Scatter of the board-center coordinate in relative to pith.

(continued on next page)
14



Construction and Building Materials 393 (2023) 131537T. Yu et al.
Table A.4 (continued).
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