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A B S T R A C T

The band-gap frequencies of elastic metamaterials are ideally determined by a metamaterial architecture; yet,
in practical situations, are often dependent on the material damping in their constituent(s). The analysis of
viscoelastic metamaterials requires however substantial computational resources and, except for oversimplified
cases, is solely done numerically. Here, we propose an analytical procedure based on the spectral element
method (SEM) to analyze bulk metamaterials with viscoelastic damping as continuous systems. Due to
intrinsic limitations of the SEM to deal with complex geometries, we develop a procedure to build an
approximate model based on SEM frame elements. The viscoelastic behavior is included by means of complex
viscoelasticity moduli expressed by the generalized Maxwell mechanical model. We validate this approach by
analyzing metamaterial plates and verify the findings experimentally. We demonstrate that our SEM-based
analytical model can accurately capture wave transmission around the first band-gap frequencies. Therefore,
our extension of the SEM approach to analyze three-dimensional meta-structures is promising to characterize
wave propagation in realistic viscoelastic structures (with any type of linear viscoelastic behavior) in an
accurate and computationally efficient way.
1. Introduction

Damping is an intrinsic property of real-world dynamic systems that
reduces, restricts, and even prevents oscillations [1]. Although damping
is beneficial in vehicle suspension systems [2], seismic isolation [3],
and sound or vibration mitigation [4], among others, high damping val-
ues can detrimentally amplify higher-frequency resonance modes [5],
decrease the quality factor of resonators [6], and generate heat in
high-speed systems [7,8]. Damping has a complex nature and different
origins. Material damping is caused, for example, by internal losses
due to defects and impurities at the microstructural level. Structural
damping is due to friction in joints and semi-rigid connections. Other
forms of damping are thermoelastic damping, where a gradient in local
temperature leads to energy dissipation, and fluid damping, where
energy loss is due to drag resistance in a fluid. In this study, we
consider damping due to viscoelastic material behavior, which can be
represented by the imaginary components of complex-values elasticity
moduli [9]. Viscoelastic damping, being an intricate subject in material
science and rheology by itself [10], becomes even more challenging to
analyze when superimposed on the dynamic effects governed by the
material architecture. This occurs in elastic metamaterials.
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Elastic metamaterials are architected materials with frequency band
gaps where the propagation of mechanical waves is forbidden. This
peculiar functionality, not typical for most conventional engineering
materials, is achieved due to destructive interference of waves at mate-
rial interfaces or boundaries [11]. In periodic structures, this process is
similar to the Bragg scattering of electromagnetic waves [12] and oc-
curs at frequencies when the corresponding wavelength is comparable
with a characteristic dimension of a lattice. Alternatively, destructive
interference can be induced by Mie (resonance-type) scattering near a
resonance frequency of embedded resonators enabling the break of the
periodicity restriction [13].

Large application potential of elastic metamaterials, including vi-
bration isolation [14], acoustic diodes and transistors [15,16], energy
harvesting [17], acoustic lenses [18,19], acoustic antennas [20], fre-
quency steering [21,22], acoustic cloaking [23–26], and other acous-
tic devices [27], requires accurate prediction of their wave propaga-
tion characteristics. This implies considering realistic material behavior
while analyzing the dynamics of elastic metamaterials. For intrin-
sically viscoelastic polymer meta-structures, the dynamic analysis is
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𝐺

not straightforward due to the complexity of lossy material behavior
and the abundance of viscoelastic models with not readily available
parameters. These complications are further aggravated by high com-
putational costs due to doubled size of the stiffness and mass matrices
in finite-element simulations. Additionally, the frequency-dependent
viscoelasticity can drastically alter the dynamic response of viscoelastic
metamaterials by changing the positions of pass and stop bands thus
modifying the width and frequencies of band gaps [28,29]. There-
fore, proper analysis of viscoelastic metamaterials requires the knowl-
edge of viscoelastic models, time- and resource-efficient approaches,
and, simultaneously, should be accurate enough to reliably predict
experimentally observed dynamics.

Currently available models to study the wave dynamics in vis-
coelastic metamaterials can be loosely classified into discrete lumped-
mass [30], discretized distributed-mass [31], and continuous distrib-
uted-mass models [32]. The discrete lumped-mass models, in which
a host medium and scatterers/resonators are represented as intercon-
nected springs, dashpots, and point masses, can capture the viscoelastic
damping. They are straightforward to implement and computation-
ally inexpensive [33–36], can be extended to include nonlinear be-
havior [37] or multiple resonators/scatterers [38], and have been
used to model damped metamaterials in various applications [39–
41]. However, the accuracy of these models is inherently limited to
a low-frequency range, i.e., to frequencies below the first band gap.
Distributed-mass models (discretized and continuous) consider the ge-
ometry of viscoelastic metamaterials as is that allows adequate cap-
turing of the wave dynamics at various frequency ranges. A repre-
sentative example is the finite element method (FEM) [42] that has
been extensively used to analyze damped metamaterials of complex
geometries [43–49]. The finite element models are though computa-
tionally expensive as they require–as a rule of thumb–more than six
linear elements to represent the wavelength accurately [50], and thus
the degrees of freedom (DOFs) drastically increase with frequency and
because of the complex-valued problem formulation. As a result, finite-
element simulations are incredibly costly in terms of memory and
computational time. To overcome this, Shi et al. [51,52] proposed the
time-dependent spectral element method (t-SEM), whereby using high-
order polynomials (Gauss–Lobatto–Legendre basis functions) to define
the approximation that greatly improved computational efficiency [53,
54]. For the same target frequency, t-SEM shows a significant reduction
in the number of finite elements when compared to standard finite
element formulation based on linear shape functions.

The two discussed classes of analysis approaches imply the dis-
cretization of the equations of motion. This step is however not needed
(or at least not entirely) in continuous distributed-mass methods, in-
cluding the spectral element method (SEM) [55]. The SEM, which
is completely unrelated to t-SEM, is an analytical method based on
fast or discrete Fourier transform techniques (FFT/DFT) [56] that has
mainly been used to solve wave propagation problems. It does not have
a limitation with respect to frequency because the employed shape
functions are solutions to the wave equations. Because of this, SEM
has been applied in analyses of flow-induced vibrations in pipes [57],
axially moving structures [58], dynamics of multi-layer and smart
structures [59], and the identification of cracks and joints [59], among
others. The viscoelasticity can easily be incorporated into an SEM
model by means of complex-valued elasticity moduli. SEM has the
potential to predict the dynamics of viscoelastic metamaterials accu-
rately with low computational cost, as has been successfully shown
for 1D meta-structures [60–65]. However, the extension to two- or
three-dimensional structures is not straightforward as the SEM cannot
directly solve nonlinear problems [59] and deal with complex geome-
tries due to the unavailability of corresponding solutions to the wave
equations. To the best of our knowledge, nowadays there are no studies
on the dynamics of viscoelastic metamaterials of complex geometries by
means of SEM or any other similar techniques that can provide reliable
2

predictions.
In this work, we extend SEM to study the dynamics of bulk and
plate-like viscoelastic meta-structures and prove that it accurately pre-
dicts the wave dynamics below and above the first band gap with little
to no computational costs. Our approach relies on approximating the
geometry of a representative unit cell of a viscoelastic metamaterial
by a combination of the SEM frame elements and incorporating the
viscoelastic behavior by a generalized Maxwell model, which fits ex-
perimentally measured master curves of a viscoelastic polymer. The
predicted results are validated in transmission experiments performed
on polycarbonate metamaterial plates.

2. Spectral element method for wave propagation analysis of vis-
coelastic systems

We begin by describing the steps of the general procedure to study
the wave propagation by means of the SEM as also outlined in the
flowchart in Fig. 1. First, one needs to represent (approximate) the
geometry of an analyzed structure by means of spectral elements such
as bars, beams, plates, or other elements, for which solutions to the
wave equations are available (or can be derived). Next, the equations of
motion are transformed from the time domain to the frequency domain
using FFT/DFT. These equations are formulated in terms of complex-
valued elastic moduli in order to describe the viscoelastic material
behavior and then solved to obtain the shape functions. Using these
functions, one can derive the dynamic stiffness matrix (DSM) for each
spectral element, which enters a global DSM. The assembly process of
the global DSM is similar to that in the standard FEM. Further, one
can solve the system equations under appropriate boundary conditions
to obtain the required response. In the case of a linear viscoelastic be-
havior, such as the one described in the present study, the viscoelastic
model can be introduced after deriving the shape functions and only
then incorporated into the DSM.

2.1. SEM model for 3D viscoelastic metamaterials

In this section, we apply the described procedure to study the
dynamics of bulk elastic metamaterials. For this, we consider a general
elastic metamaterial configuration shown in Fig. 2. The constituent
cylinders can be considered as frame elements with 12 DOFs responsible
for axial, bending, and torsional deformations as indicated in the
inset of Fig. 2. The dynamics of these elements can be approximated
by that of the Euler–Bernoulli beam, with the viscoelastic behavior
incorporated in the complex-valued elasticity moduli [66].

The equations of motion that govern the wave propagation in a
corresponding 1D viscoelastic frame element in the absence of a source
term are those that represent the propagation of longitudinal (axial
component), flexural (bending component), and twisting (torsional
component) waves, respectively:

𝐸̂ (𝜄𝜔)𝐴 𝜕2𝑢
𝜕𝑥2

− 𝜌𝐴𝜕2𝑢
𝜕𝑡2

= 0, 𝐸̂ (𝜄𝜔) 𝐼𝑥𝑥
𝜕4𝑤
𝜕𝑥4

− 𝜌𝐴𝜕2𝑤
𝜕𝑡2

= 0,

̂ (𝜄𝜔) 𝐽 𝜕2𝜃
𝜕𝑥2

− 𝜌𝐽 𝜕2𝜃
𝜕𝑡2

= 0. (1)

Here 𝑢, 𝑤, and 𝜃 are the axial, flexural, and torsional DOFs of the
frame element; 𝑥 and 𝑡 are the spatial coordinate and time; 𝜌 is the
density, 𝐸̂ (𝜄𝜔) and 𝐺̂ (𝜄𝜔) are the complex-valued Young’s and shear
moduli with 𝜄 denoting the imaginary number; 𝜔 is frequency; 𝐴 is the
cross-sectional area; 𝐼𝑥𝑥 is the second moment of area w.r.t. 𝑥 axis, and
𝐽 is the second polar moment of area of the frame element. Note that
𝑤 represents the flexural displacement that can capture only bending
with respect to the 𝑥 axis. Similar equation to capture the bending with
respect to the 𝑦 axis can be obtained by replacing 𝑤, 𝑥, and 𝐼𝑥𝑥 in the
second equation of Eq. (1) with 𝑣, 𝑦, and 𝐼𝑦𝑦, respectively. The complex
Young’s modulus and shear modulus are represented as [47]:

𝐸̂ (𝜄𝜔) = 𝐸∞ +
𝑛
∑ 𝜄𝜔𝐸𝑖 , 𝐺̂ (𝜄𝜔) =

𝐸̂ (𝜄𝜔) (2)

𝑖=1 𝜄𝜔𝜏𝑖 + 1 2(1 + 𝜈)
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Fig. 1. Flowchart representing the general SEM process for analyzing wave propagation through a structure starting from the physical structure till solving the DSM after applying
BCs. The viscoelastic model can either be introduced in step 3 before solving the EOM or, in the case of a linear viscoelastic system, during step 4 after obtaining the shape
functions.
Fig. 2. A three-dimensional metamaterial unit cell that can be represented by a collection of a two-node frame element shown in the inset. The frame element of length 𝐿 has 6
DOFs per node corresponding to axial, bending, and torsional deformations.
where 𝜏𝑖 = 𝜂𝑖∕𝐸𝑖 and 𝐸𝑖 denote, respectively, the 𝑖th Maxwell element’s
relaxation time and relaxation modulus, 𝜂𝑖 is the dynamic viscosity, 𝐸∞
is Young’s modulus at equilibrium, and 𝜈 is the Poisson’s ratio, which
is assumed to be constant. The number 𝑛 is usually chosen to ensure
adequate fit with experimental data.

We consider two boundary-value problems (BVPs) corresponding to
the following analysis cases:

1. BVP 1: Band structure analysis implies the study of the disper-
sion relation. This relation is obtained by solving an eigenvalue
problem for a metamaterial unit cell subject to Bloch–Floquet
boundary conditions with the wave vector values restricted to
the irreducible Brillouin zone [67]. These boundary conditions
in our case take the following form:

𝒖(𝑥 + 𝒂 , 𝑡) = 𝑒𝑖(𝒌.𝒂𝑖)𝒖(𝑥, 𝑡), (3)
3

𝑖

where 𝒖 is the DOF vector that includes all displacements and
rotations, 𝑥 is the position vector, and 𝒂𝑖 is the lattice vector
along the 𝑖th coordinate. For the band structure analysis, we use
the 𝜔(𝒌) approach that implies calculating frequencies for a fixed
𝒌.

2. BVP 2: Transmission analysis allows studying wave character-
istics in finite-size structures by performing the steady-state dy-
namic analysis of a metamaterial waveguide under the Dirichlet
boundary conditions [68]:

𝒖(𝑙, 𝑡) = 𝒖̃𝑒𝑖𝜔𝑡, (4)

where 𝒖̃ is the prescribed displacement amplitude at location
𝑥 = 𝑙. The wave transmission can be estimated as a ratio of the
output displacement to the input displacement for the frequency
range of interest.
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0 𝑠𝐵𝑥11 0 0 𝑠𝐵𝑥12 0 0 𝑠𝐵𝑥13 0 0 𝑠𝐵𝑥14 0
0 0 𝑠𝐵𝑦11 0 0 𝑠𝐵𝑦12 0 0 𝑠𝐵𝑦13 0 0 𝑠𝐵𝑦14
0 0 0 𝑠𝑇 11 0 0 0 0 0 𝑠𝑇 12 0 0
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0 0 0 𝑠𝑇 12 0 0 0 0 0 𝑠𝑇 22 0 0
0 𝑠𝐵𝑥14 0 0 𝑠𝐵𝑥24 0 0 𝑠𝐵𝑥34 0 0 𝑠𝐵𝑥44 0
0 0 𝑠𝐵𝑦14 0 0 𝑠𝐵𝑦24 0 0 𝑠𝐵𝑦34 0 0 𝑠𝐵𝑦44

⎤
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⎥

⎥
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⎥

⎥
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⎥

⎥

⎦

, (8)

Box I. DSM for a single frame element in space.
s
u

The shape functions satisfying Eq. (1) for longitudinal waves can be
epresented as follows [59]:

𝐿(𝑥, 𝜔) =
[

csc
(

𝑘𝐿𝐿
)

sin
[

𝑘𝐿(𝐿 − 𝑥)
]

csc
(

𝑘𝐿𝐿
)

sin
(

𝑘𝐿𝑥
)]

, (5)

where 𝑘𝐿 = ‖𝒌𝐿‖ = 𝜔∕𝐶𝐿 is the magnitude of the longitudinal wave
vector along the wave propagation direction and 𝐶𝐿 =

√

𝐸̂(𝜄𝜔)∕𝜌 is the
longitudinal wave velocity. For flexural waves, the shape functions can
be represented as follows:

𝑵𝐵(𝑥, 𝜔) = [𝑁𝐵1 𝑁𝐵2 𝑁𝐵3 𝑁𝐵4],

𝑁𝐵1(𝑥, 𝜔) = 𝜂−1𝑘𝐹𝑥[cos 𝑥̄ − cos(𝐿̄𝑥 − 𝑥̄) cosh 𝐿̄𝑥 − cos 𝐿̄𝑥 cosh(𝐿̄𝑥 − 𝑥̄)

+ cosh 𝑥̄ + sin(𝐿̄𝑥 − 𝑥̄) sinh 𝐿̄𝑥 − sin 𝐿̄𝑥 sinh(𝐿̄𝑥 − 𝑥̄)],

𝑁𝐵2(𝑥, 𝜔) = 𝜂−1[− cosh(𝐿̄𝑥 − 𝑥̄) sin 𝐿̄𝑥 + cosh 𝐿̄𝑥 sin(𝐿̄𝑥 − 𝑥̄) + sin 𝑥̄

− cos(𝐿̄𝑥 − 𝑥̄) sinh 𝐿̄𝑥 + cos 𝐿̄𝑥 sinh(𝐿̄𝑥 − 𝑥̄) + sinh 𝑥̄],

𝑁𝐵3(𝑥, 𝜔) = 𝜂−1𝑘𝐹𝑥[cos(𝐿̄𝑥 − 𝑥̄) − cos 𝑥̄ cosh 𝐿̄𝑥 − cos 𝐿̄𝑥 cosh 𝑥̄

+ cosh(𝐿̄𝑥 − 𝑥̄) + sin 𝑥̄ sinh 𝐿̄𝑥 − sin 𝐿̄𝑥 sinh 𝑥̄],

𝑁𝐵4(𝑥, 𝜔) = −𝜂−1[− cosh 𝑥̄ sin 𝐿̄𝑥 + cosh 𝐿̄𝑥 sin 𝑥̄ + sin(𝐿̄𝑥 − 𝑥̄)

− cos 𝑥̄ sinh 𝐿̄𝑥 + cos 𝐿̄𝑥 sinh 𝑥̄ + sinh(𝐿̄𝑥 − 𝑥̄)].

(6)

where 𝜂 = 2𝑘𝐹𝑥(1 − cos 𝐿̄𝑥 cosh 𝐿̄𝑥), 𝑥̄ = 𝑘𝐹𝑥𝑥, and 𝐿̄𝑥 = 𝑘𝐹𝑥𝐿 are in-
troduced for brevity, 𝑘𝐹𝑥 = ‖𝒌𝐹𝑥‖ =

√

𝜔
(

𝜌𝐴
𝐸̂(𝜄𝜔)𝐼𝑥𝑥

)1∕4
is the magnitude

of the flexural wave vector along the 𝑥 axis, 𝐶𝐹𝑥 =
(

𝐸̂(𝜄𝜔)𝐼𝑥𝑥
𝜌𝐴

)1∕4
is the

elocity of flexural waves. The shape functions for bending waves along
he 𝑦 axis can be obtained from Eq. (6) by replacing 𝑥 with 𝑦, 𝐼𝑥𝑥 with
𝑦𝑦, and 𝒌𝐹𝑥 with 𝒌𝐹𝑦. For torsional waves, the shape functions take
he form:

𝑇 (𝑥, 𝜔) =
[

csc
(

𝑘𝑇𝐿
)

sin
[

𝑘𝑇 (𝐿 − 𝑥)
]

csc
(

𝑘𝑇𝐿
)

sin
(

𝑘𝑇 𝑥
)]

, (7)

where 𝑘𝑇 = ‖𝒌𝑇 ‖ = 𝜔∕𝐶𝑇 is the magnitude of the torsional wave
vector and 𝐶𝑇 =

√

𝐺̂(𝜄𝜔)∕𝜌 is the torsional wave velocity. Note that
wave velocities 𝐶𝐿, 𝐶𝐹 , and 𝐶𝑇 are functions of frequency and thus
correspond to dispersive waves, in contrast to the undamped situation
when 𝐶𝐿 and 𝐶𝑇 are constants. Since the shape functions implicitly
contain these wave velocities, the dispersive behavior is accurately
captured by SEM.

The DSM for a single frame element can then be obtained by using
the derived shape functions as given in (see [59] for more details) Box I,
where the longitudinal waves are described by the following stiffness
components:

𝑠𝐴11 = 𝑠𝐴22 = 𝐸̂ (i𝜔)𝐴𝑘𝐴 cot
(

𝑘𝐴𝐿
)

,
( ) (9)
4

𝑠𝐴12 = −𝐸̂ (i𝜔)𝐴𝑘𝐴 csc 𝑘𝐴𝐿 .
The flexural 𝑥-polarized waves are described by the other set of stiffness
components:

𝑠𝐵𝑥11 = 𝑠𝐵𝑥33 = 𝛥𝐵𝑥𝐿̄3
𝑥(cos 𝐿̄𝑥 sinh 𝐿̄𝑥 + sin 𝐿̄𝑥 cosh 𝐿̄𝑥),

𝑠𝐵𝑥22 = 𝑠𝐵𝑥44 = 𝛥𝐵𝑥𝐿̄3
𝑥𝑘

−2
𝐹𝑥(− cos 𝐿̄𝑥 sinh 𝐿̄𝑥 + sin 𝐿̄𝑥 cosh 𝐿̄𝑥),

𝑠𝐵𝑥12 = −𝑠𝐵𝑥34 = 𝛥𝐵𝑥𝐿̄3
𝑥𝑘

−1
𝐹𝑥 sin 𝐿̄𝑥 sinh 𝐿̄𝑥,

𝑠𝐵𝑥13 = −𝛥𝐵𝑥𝐿̄3
𝑥(sin 𝐿̄𝑥 + sinh 𝐿̄𝑥),

𝑠𝐵𝑥14 = −𝑠𝐵23 = 𝛥𝐵𝐿̄3
𝑥𝑘

−1
𝐹 (− cos 𝐿̄𝑥 + cosh 𝐿̄𝑥),

𝑠𝐵𝑥24 = 𝛥𝐵𝐿̄3
𝑥𝑘

−2
𝐹 (− sin 𝐿̄𝑥 + sinh 𝐿̄𝑥),

(10)

with 𝛥𝐵𝑥 = 1
1−cos 𝐿̄𝑥 cosh 𝐿̄𝑥

. The corresponding stiffness components for
flexural 𝑦-polarized waves are obtained from Eq. (10) by replacing 𝐿̄𝑥
with 𝐿̄𝑦, 𝒌𝐹𝑥 with 𝒌𝐹𝑦, and 𝛥𝐵𝑥 with 𝛥𝐵𝑦. Finally, the torsional stiffness
components are:

𝑠𝑇 11 = 𝑠𝑇 22 = 𝐺̂ (i𝜔) 𝐽𝑘𝑇 cot
(

𝑘𝑇𝐿
)

,

𝑠𝑇 12 = −𝐺̂ (i𝜔) 𝐽𝑘𝑇 csc
(

𝑘𝑇𝐿
)

.
(11)

2.1.1. Dynamic stiffness matrix of the 3D viscoelastic metamaterial
The global DSM is obtained by assembling individual DSMs of each

frame element considering its orientation. To that end, we use the
following rotation matrices [69]:

𝑻 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑸 𝟎 𝟎 𝟎
𝟎 𝑸 𝟎 𝟎
𝟎 𝟎 𝑸 𝟎
𝟎 𝟎 𝟎 𝑸

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑸 =

⎡

⎢

⎢

⎢

⎣

𝒏𝑥1 𝒏𝑥2 𝒏𝑥3
𝒏𝑦1 𝒏𝑦2 𝒏𝑦3
𝒏𝑧1 𝒏𝑧2 𝒏𝑧3

⎤

⎥

⎥

⎥

⎦

, 𝒔1 = 𝑻 ⊺ × 𝒔1 × 𝑻 ,

(12)

where 𝒏𝑥 = 1
𝐿

{

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1
}

, 𝒏𝑦 =
1

√

𝑛2𝑥1+𝑛
2
𝑥2

{

−𝑛𝑥2 𝑛𝑥1
0}, and 𝒏𝑧 = 𝒏𝑥×𝒏𝑦 are directional cosines and {𝑥, 𝑦, 𝑧} is the coordinate
ystem of the frame element’s node (see Fig. 2). The global DSM for the
nit cell shown in Fig. 2 has thus 78 DOFs (12 frame elements) and can

be used to estimate the band structure when combined with Eq. (3) or
to estimate wave transmission using Eq. (4).

To analyze the dynamics of a viscoelastic metamaterial, one needs
to introduce an appropriate damping model into the DSM. In the next
section, we discuss how it can be done.

2.1.2. Viscoelastic mechanical models
Complex elastic moduli describing viscoelastic behavior have the

real part – storage modulus – representing elastic behavior and the
imaginary part – loss modulus – describing viscous losses. The ratio
of the loss modulus to the storage modulus is known as the loss factor
(or loss tangent) and provides a measure of energy dissipation in a ma-
terial. The dependence of the viscoelastic properties (storage modulus,

loss modulus, and loss factor) on frequency, temperature, strain-rate,
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Fig. 3. Linear viscoelastic models with their parameters. (a) Kelvin–Voigt, (b) Maxwell, (c) Zener, and (d) generalized Maxwell models. 𝐸𝑖 and 𝜂𝑖, respectively, represent the
relaxation modulus and damping factor of the 𝑖th Maxwell element, while 𝐸∞ is the elastic modulus at equilibrium.
creep, pre-load [70], and aging [71] complicates the material charac-
terization and quantification of the moduli. To address this challenge, it
was proposed to use several simplified models, e.g., Kelvin–Voigt [72],
Zener [73], and Maxwell [74] models as shown in Fig. 3. The Kelvin–
Voigt and Maxwell models represented by a spring and a dashpot
connected in parallel and in series, respectively, are widely used [75],
but cannot capture the viscoelastic behavior of any real material. The
Zener model is an extension of the Kelvin–Voigt model with an added
spring to represent the elastic behavior at equilibrium. Despite being
more accurate, this model is still oversimplified for practical situations.
More accurate approximations of viscoelastic material response can
be obtained by combining several Maxwell or Kelvin–Voigt elements
together that result in generalized models, for instance, the generalized
Maxwell model shown in Fig. 3(d), which are typically used to fit
experimentally measured values of the storage and loss moduli [76].

2.2. SEM vs FEM for viscoelastic problems

Here, we incorporate the generalized Maxwell viscoelastic model
into the DSM by replacing elastic moduli in Eqs. (8)–(11) with Eq. (2).
As explained, the values of the relaxation moduli and relaxation times
for the Maxwell elements in Eq. (2) can be obtained by fitting them
into experimentally measured master curves [76]. Since in SEM, the
wave vector is a function of the material moduli, variations in the
moduli values are immediately reflected in the wave vector and, thus,
in the elements of the DSM. Therefore, at every analyzed frequency, the
constituents of the DSM change according to the viscoelastic behavior
reflected by the viscoelastic moduli values, ensuring accurate predic-
tions. This is in contrast to the FEM analysis, where the viscoelastic
moduli do not enter the interpolation functions, and thus the variations
of the moduli values are not considered. This highlights The advantage
of SEM in analyzing wave dynamics in viscoelastic media as compared
to the standard FEM.

Another advantage of SEM follows from the fact that the SEM shape
functions are the solutions to the wave equations, so the viscoelas-
tic moduli entering these functions can provide accurate responses
instantly. In the FEM, the viscoelastic moduli only appear in the con-
stitutive matrix that requires updating this matrix at each step of
the solution procedure and results in vastly increased computational
costs [77]. These differences are especially pronounced in dynamic
problems. Fig. 4 illustrates the variation of the SEM shape functions
with frequency (Fig. 4(b)) in comparison with the FEM shape func-
tions that remain unchanged, enabling thus to accurately capture only
static behavior Fig. 4(d). To overcome this issue, the FEM requires a
sufficiently large number of elements to resolve the dynamic response
governed by the frequency. This puts strict requirements on the mesh
density (the mesh should properly resolve the waves at the highest
analyzed frequency) resulting in (extremely) fine-meshed models in a
5

high-frequency range. This is not the case for the SEM models.
3. The SEM procedure for a viscoelastic metamaterial plate

In this section, we apply the proposed SEM formulation to model
the wave dynamics in a polymer metamaterial plate. The metamaterial
unit cell is shown in Fig. 5(a), where four rods of 1mm thick with
rectangular cross-sections are connected to a central cylindrical disk
of 28mm diameter. The height in the vertical direction is 10mm. The
lattice vectors 𝒂1 and 𝒂2 (‖𝒂1‖ = ‖𝒂2‖ = 𝑎 = 40mm) are aligned with
𝑥 and 𝑦 directions, respectively. For the square lattice of the unit cells
we use a triangular IBZ for the band structure analysis [78] as shown
in Fig. 5(b).

The host material is polycarbonate, which is a durable and tough
thermoplastic with a glass transition temperature above 150 °C. Poly-
carbonate shows viscoelastic properties at room temperature due to
secondary transitions in the glassy state [79]. To estimate the effects of
the secondary viscous losses, which are often neglected, we model the
plate as an elastic and viscoelastic solid. Polycarbonate has a material
density of 1185 kg∕m3, elastic modulus 2.17GPa, and a Poisson’s ratio of
0.375. Its viscoelastic behavior can be represented by Prony series (2)
with the two sets of values for the relaxation modulus and relaxation
time: (0.356GPa, 0.618 s) and (0.15GPa, 0.0996 s). Noteworthy, as the
Poisson’s ratio is also a time (or frequency)-dependent material function
in the case of the viscoelastic material, its constant approximation could
introduce variations in the dynamic behavior. Although in this study,
we have selected a constant Poisson’s ratio for polycarbonate [80], it
is possible to account for its variability via Eq. (2).

According to the formulation of the SEM procedure (Fig. 1), we
need to represent the plate geometry by means of the SEM frame
elements. For this, we note that the stiffness of the central disk is
considerably higher than that of the surrounding rods meaning that the
eigenfrequencies of the disk should also be high. At low frequencies,
i.e., around the first band gap, the dynamics of the metamaterial is
thus governed by wave scattering in the thin ligaments [76,81], and
we can assume that the geometry of the disk is not relevant. The 28mm
diameter disk can then be replaced with a square prism shown in
Fig. 5(b), one side of which has a dimension of 𝑏 = 20mm and the
length of the side at the four corners reduces to 𝑏−2𝑑 with 𝑑 = 2.7mm;
the height of the unit cell is preserved.

Eventual discrepancies due to the modification of the unit-cell
geometry can be estimated by comparing band structure diagrams for
the original and modified unit cells given in Figs. 5(c) and 5(d), respec-
tively, under the assumption of lossless (elastic) material behavior. The
two band structures have a band gap (shaded region) that spans from
𝑓1 = 5.8 kHz to 𝑓2 = 13.75 kHz with some localized modes in between.
The eigenmodes at 𝑓1 are similar for the two geometries and governed
by the bending of the ligaments with no contribution from the disk.

The localized modes within the first band gap are also governed by
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Fig. 4. Comparison of SEM and FEM shape functions at different frequencies: (a), (c) schematics of a traveling wave through a cylindrical rod for both methods; (b) SEM shape
functions at the indicated frequencies; (d) FEM linear shape functions.
Fig. 5. (a) Unit cell of the metamaterial plate with lattice vectors 𝒂1 and 𝒂2 aligned to 𝑥 and 𝑦 directions. (b) The modified unit cell, where the central disk is replaced with a
square prism, and the corresponding IBZ is marked with arrows. The dashed lines separate the prism into four identical parts that can be represented by SEM frame elements.
(c–d) Band structures and selected eigenmodes for the two unit cells. As can be seen, the two structures are identical below the first band gap indicated by the shaded region
between 𝑓1 = 5.8 kHz and 𝑓2 = 13.75 kHz. The frequency range of interest is marked by gray solid lines and reached 𝑓𝑈 = 20 kHz in both band structures. The displacement modes
correspond to 𝑓1, 𝑓2, and a localized mode within the band gap are similar for the two unit cells. The bands with the similar dynamics for both models are marked in teal, the
other bands are depicted in brown.
the bending of the ligaments. These modes, however, have negligible
influence on the wave propagation characteristics in the plate and are
thus not considered further. Note that the frequencies and curvature of
the passbands up to 20 kHz (marked as 𝑓𝑈 ) are almost identical in the
two diagrams with some differences appearing at higher frequencies.
The high-frequency variations are due to the interaction of the higher-
order eigenmodes of the disk (prism) with those of the ligaments as
can already be seen for the mode at 𝑓 . The latter mode is governed
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2

by the bending of the disk (prism), but since the mass of the central
elements is identical, the variations in the corresponding wavebands
are negligible. Therefore, the proposed approximation of the original
unit cell geometry is appropriate to analyze the wave dynamics, i.e.,
up to 20 kHz (which includes the first band gap).

Next, the central square (bulk portion) is converted to four SEM
frame elements joined at the center with the separation shown by the
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Fig. 6. (a) The model of the metamaterial plate for the transmission analysis with indicated excitation and output regions, (b) The generated SEM model of the plate with
equivalent boundary conditions.
dashed lines in Fig. 5(b). This is necessary because the SEM frame ele-
ment cannot represent a bulk geometry by a two-node one-dimensional
element shown in Fig. 2. After the separation, the four frame elements
can capture most of the modes of the central bulk region due to a large
number of the available DOFs (3 translation and 3 rotation DOFs per
each frame element). Further, we represent the four ligaments in the
original unit cell with the rod frame elements and finally obtain an
equivalent SEM model of the unit cell. The SEM unit cell is tessellated
to form an equivalent metamaterial plate (Fig. 6(b)) representing the
original plate design (Fig. 6(a)).

The derived SEM model of the metamaterial plate has only 120
frame elements (8 elements per unit cell ×15 unit cells). For com-
parison, we developed an FEM model that has 168519 tetrahedral
elements required to analyze the target frequency range. Hence, the
computational advantage of the SEM model is obvious.

As explained, the wave dynamics of the viscoelastic plate is ana-
lyzed by replacing the elastic moduli with their complex-valued coun-
terparts expressed by Prony series [82]. Note that despite one typically
requires a large number of the elements in the Prony series to properly
capture the material viscoelasticity [83], this is not the case for the SEM
model. It is because the 3D structural viscoelasticity allowing all types
of modes and their interactions is replaced by considering 1D elements
that restrict the motion to specific modes corresponding to the allowed
DOFs.

3.1. Experimental setup for transmission experiments

The metamaterial plate is fabricated from a transparent polycarbon-
ate sheet of 10mm thickness. The pattern was introduced via milling
(Benchman VMC 4000). The final configuration of the plate specimen
has a metamaterial part with 3 × 5 unit cells and two homogeneous
parts with dimensions 120mm × 200mm.

The experimental setup to measure wave transmission in the plate
includes a bi-morphic piezoelectric PZT disk of 10mm diameter glued
to a surface of a homogeneous part of the plate (Fig. 7) that acts as
an actuator. The actuator connected to the signal generator and high-
voltage amplifier (OPA547-TI) applies vertical excitation in the target
frequency range (Fig. 6). Another PZT disk of the same diameter is
glued symmetrically at the opposite side of the meta-structure, on the
other homogeneous part, and acts as a sensor. This sensor is connected
to oscilloscope RTM3000 with a sample rate of 5G samples/s for
acquiring the transmitted signal. The sample is placed on a foam bed to
isolate it from environmental vibrations without affecting its dynamic
response.
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4. Results and discussion

4.1. Numerical vs experimental viscoelastic response

Fig. 8 shows the comparison between the calculated (SEM) and
measured transmission response with the predicted band gap shaded in
gray. The experimental transmission is estimated as the ratio of voltages
between the piezo sensor (𝑉𝑜𝑢𝑡) and the piezo actuator (𝑉𝑖𝑛) obtained
using the gain function:

Gain = 20 × log10

(

𝑉𝑜𝑢𝑡
𝑉𝑖𝑛

)

. (13)

Comparing the theoretical and experimental data, we see that SEM
can adequately predict the transmission around the first band gap that
spans from 𝑓𝐿 = 10.25 kHz to 𝑓𝑈 = 20.5 kHz. This frequency range
significantly differs from that for the undamped case shown in Fig. 5(c).
Therefore, we can state that the material viscoelasticity shifts the first
band gap to higher frequencies (the lower band-gap band is moved
from 7 kHz to 10.25 kHz) and increases its width (the upper band-gap
bound is shifted from 13.75 kHz to 20.5 kHz). At frequencies above
20 kHz, the variation between the SEM and experimental results in-
creases due to the contribution of the disk’s eigenmodes, which are not
properly captured by the SEM frame elements. Another limitation of the
SEM approximation is the impossibility of predicting experimentally
observed transmission peaks and dips because the three-dimensional
dynamics of the plate are modeled by one-dimensional elements and
due to the complexity of the viscoelastic material behavior, as discussed
below. Note that FEM models also suffer from a similar drawback [76].
Additionally, as described in Section 2.2, the variations in the viscoelas-
tic moduli are not accounted for by the interpolation functions in FEM
models, which further increases the number of evaluation steps and
hence the computational cost compared to the SEM counterpart.

The dynamic behavior of viscoelastic (meta)material can be accu-
rately predicted provided the viscoelastic moduli adequately capture
experimental master curves that typically require many elements in the
corresponding Prony series (2) depending on the target frequency range
and its proximity to the primary and secondary transition zones [76].
In our case, the difference in the storage and loss moduli values be-
tween the approximated and experimental master curves are significant
(Fig. 9). The theoretical master curves are constructed by using two
elements of the series, while the experimental curves are generated via
the dynamic temperature-mechanical analysis (DMT) [76]. As a result,
the storage modulus curves match only at low frequencies (close to
0.0001 kHz) and strongly deviate from each other at higher frequencies.
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Fig. 7. Schematic of the experimental setup to measure the transmission in the metamaterial plate: (a) the photograph of the plate placed on a foam bed to isolate it from
environmental vibrations; (b) schematics of the experimental setup with the piezo-actuator to apply harmonic excitation and the piezo-sensor to detect transmitted waves.
Fig. 8. Theoretical (green) and experimental (dashed red) transmission values for the polycarbonate metamaterial plate. The theoretical data are represented using normalized
displacement ((the left 𝑦-axis), while the experimental data is plotted by using a gain function (the right 𝑦-axis). The shaded region is the predicted band gap bounded by frequencies
𝑓𝐿 and 𝑓𝑈 .
In the target frequency range (the shaded region: 5 kHz–20 kHz), the
theoretical storage modulus is about 18% higher as compared to the
experimental value. Besides, the theoretical storage modulus remains
constant, while the experimental one increases with frequency in a non-
uniform way (see the inset in Fig. 9(a)). The experimental loss modulus
shows negligible variation with the frequency with close to zero values
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at room temperature. In contrast, the theoretical loss modulus has a
Gaussian-type shape with a peak around 0.001 kHz. However, the loss
modulus values remain very small at the target frequencies implying an
insignificant effect on the dynamic response of the plate. Additionally,
as described in Section 3, the Poisson’s ratio is assumed as a constant
value corresponding to the metamaterial plate’s equilibrium behavior,
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Fig. 9. SEM and experimental master curve at room temperature (20 °C) with the shaded region indicating the target frequency range: (a) storage modulus and (b) loss modulus.
The inset in (a) shows the presence of localized peaks and dips in the experimentally measured storage modulus.
which introduces further error in estimating its transmission peaks
response.

The discussed differences between the theoretical and experimental
master curves and the use of 1D frame elements to approximate the
3D geometry hinder the SEM model from accurately predicting the
wave transmission in the considered plate. However, increasing the
number of the components in the Prony series in order to improve
the match with the experimental master curves might not necessarily
improve the performance of the SEM model due to its intrinsic one-
dimensional nature. Nevertheless, despite this restriction, the SEM
model provides surprisingly accurate predictions around the first band
gap that can be challenging even for the computationally expensive
FEM models [76]. Therefore, we conclude that this model can be
successfully used as a first-hand approximation to design and optimize
viscoelastic metamaterial structures at frequencies close to the first
band gap.

5. Summary and conclusions

In this work, we proposed an analytical procedure based on the
spectral element method (SEM) to characterize the wave dynamics of
bulk (3D) and plate-like (2D) viscoelastic metamaterials. We discussed
how to approximate a metamaterial’s 3D geometry by means of 1D
SEM frame elements. The accuracy of the approximation was estimated
by studying the band structures of both the original and simplified
unit cells, and such accuracy was shown to be adequate at frequencies
around the first band gap. The wave transmission predicted by the
SEM model was also validated experimentally for a polycarbonate
metamaterial plate. The obtained results allow us to draw the following
conclusions:

• The dynamic analysis of dissipative metamaterials is intricate due
to frequency-dependent viscoelastic effects that increase the com-
putational costs when employing standard computational tools
such as finite element analysis. Analytical models, such as the pro-
posed extension of SEM, can partially solve this issue depending
on the target frequency range. Since SEM incorporates frequency
dependence in its shape functions, fine meshes are not required.
Additionally, linear viscoelastic behavior can easily be introduced
into the SEM elements by modifying the shape functions, which
further simplifies the analysis and reduces the computational
costs;
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• The obtained accurate match between the SEM and experimen-
tal results for the wave transmission in the plate suggests that
SEM models can provide reliable approximations by significantly
reducing the simulation time for plate-like viscoelastic metama-
terials at frequencies around the first band gap at the cost of
introducing a simplified geometry for a plate;

• The limitation of SEM, i.e., its inability to deal with complex ge-
ometries, can be overcome in practice by developing approximate
models in 2D and 3D by assembling 1D (beam/frame) elements,
which would be accurate for specific frequency ranges. More-
over, depending on complexities in the geometry, the number
and arrangement of 1D elements can be defined. This approach
provides the designer with a back-of-envelope method/tool for
quick analysis of these structures, which is otherwise very te-
dious. SEM models are very effective in determining accurately
the first band gap. This allows us to easily test many materials
(changing the properties of the base material) and any number
of the metamaterial’s unit cells. This can therefore make SEM the
methodology of choice to quickly prototype new metamaterials
irrespective of their field of application.

As a future direction, complex structural elements such as plates/shells
can be incorporated into the SEM-based viscoelastic model to represent
the behavior of intricate geometries accurately. This modification will
also aid in incorporating more Maxwell elements into the Prony series
as plates/shells possess complex displacement modes allowing them
to accurately mimic the response from DMTA. Additionally, an SEM–
FEM hybrid method [59] that leverages both advantages can be used to
model viscoelastic metamaterials with complex geometries.
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