
 
 

Delft University of Technology

Synthesis of Slender Spatial Compliant Mechanisms with application to passive
exoskeletons

Amoozandeh, A.

DOI
10.4233/uuid:4be5a4e1-7c68-4a28-a1ba-4cff02a9f024
Publication date
2023
Document Version
Final published version
Citation (APA)
Amoozandeh, A. (2023). Synthesis of Slender Spatial Compliant Mechanisms with application to passive
exoskeletons. [Dissertation (TU Delft), Delft University of Technology].
https://doi.org/10.4233/uuid:4be5a4e1-7c68-4a28-a1ba-4cff02a9f024

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.4233/uuid:4be5a4e1-7c68-4a28-a1ba-4cff02a9f024
https://doi.org/10.4233/uuid:4be5a4e1-7c68-4a28-a1ba-4cff02a9f024


Synthesis of Slender Spatial
Compliant Mechanisms

with application to passive exoskeletons





Synthesis of Slender Spatial
Compliant Mechanisms

with application to passive exoskeletons

Dissertation

for the purpose of obtaining the degree of doctor
at Delft University of Technology,

by the authority of the Rector Magnificus Prof.dr.ir. T.H.J.J. van der Hagen,
chair of the Board for Doctorates,

to be defended publicly on,
Thursday 21 September 2023 at 15:00 o’clock.

by

Ali AMOOZANDEH NOBAVEH

Master of Science in Mechanical Engineering - Applied Design,
Sharif University of Technology, Iran,

born in Tehran, Iran.



This dissertation has been approved by the promotors.

Composition of the doctoral committee:

Rector Magnificus, Chairperson
Prof. dr. ir. J.L. Herder, Delft University of Technology, promotor
Dr. ir. R.A.J. van Ostayen, Delft University of Technology, promotor

Independent members:
Prof. dr. ir. L.J. Sluys, Delft University of Technology
Prof. dr. ing. H. Vallery, Delft University of Technology
Prof. dr. ir. H. van der Kooij, University of Twente
Dr. ir. M. Schenk, University of Bristol

Other members:
Dr. ir. G. Radaelli, Delft University of Technology

Keywords: Spatial Compliant Mechanisms, Spatially Curved Beams,
Anisotropic Variable Stiffness, Compliant Transmission,
Zero Torsional Stiffness, Passive Exoskeletons

Printed by: ProefschriftMaken

Copyright © 2023 by A. Amoozandeh Nobaveh

ISBN 978-94-6366-741-8

An electronic version of this dissertation is available at: http://repository.tudelft.nl

http://repository.tudelft.nl


Strive for perfection in everything you do. Take the best that exists and make it better.
When it does not exist, DESIGN IT.

Henry Royce





Contents

Summary xi

Samenvatting xiii

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Problem statement and possible solution . . . . . . . . . . . . . . . . . . 3
1.3 Compliant mechanisms . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Scientific gap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 Research objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.6 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.7 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

I Spatially curved beams 9

2 Asymmetric curved beams with symmetric behavior 11
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Beam geometry . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.2 Objective function . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.3 Parameter optimization . . . . . . . . . . . . . . . . . . . . . . 16
2.2.4 Optimization process and finite element model. . . . . . . . . . . 19
2.2.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 Spatial beams with anisotropically variable stiffness 29
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.1 Definition of topology . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.2 Cruciform beam and bellow stiffener dimensions. . . . . . . . . . 35
3.3.3 Isoforce Displacement Closed Surface (IDCS). . . . . . . . . . . . 35
3.3.4 Displacement Change (DC). . . . . . . . . . . . . . . . . . . . . 36
3.3.5 Finite element modeling . . . . . . . . . . . . . . . . . . . . . . 37
3.3.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.4.1 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . 40



viii Contents

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

II Twisting beams 51

4 A compliant transmission mechanism 53
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2 Concept Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3.1 Analytical solution . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.3.2 Finite Element Modeling (FEM) . . . . . . . . . . . . . . . . . . 59
4.3.3 Experimental setup. . . . . . . . . . . . . . . . . . . . . . . . . 61

4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5 Compliant variable stiffness twisting elements 71
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2 Concept overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.3.1 Design parameters . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.3.2 FEM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.3.3 Experimental setup. . . . . . . . . . . . . . . . . . . . . . . . . 80

5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

III Applications in passive exoskeletons 91

6 A wrist flexion-extension exoskeleton 93
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.1.1 Related works . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.1.2 Our contribution(s). . . . . . . . . . . . . . . . . . . . . . . . . 95

6.2 Design overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
6.2.1 Compliant beam (passive support) . . . . . . . . . . . . . . . . . 96
6.2.2 Vacuum-actuated soft actuator (active support). . . . . . . . . . . 99

6.3 Exploring the bi-stability property . . . . . . . . . . . . . . . . . . . . . 101
6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

7 A compliant differential mechanism 107
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
7.2 Working Principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
7.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

7.3.1 Requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.3.2 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.3.3 Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113



Contents ix

7.3.4 Modeling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
7.3.5 Measurement. . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
7.3.6 Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
7.3.7 Physical Prototype . . . . . . . . . . . . . . . . . . . . . . . . . 116
7.3.8 Experimental setup. . . . . . . . . . . . . . . . . . . . . . . . . 116
7.3.9 Measurement. . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
7.3.10 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

7.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
7.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
7.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

8 Discussion 127
8.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

8.1.1 Part I - Spatially curved beams . . . . . . . . . . . . . . . . . . . 128
8.1.2 Part II - Twisting beams . . . . . . . . . . . . . . . . . . . . . . 129
8.1.3 Part III - Applications in passive exoskeletons . . . . . . . . . . . 130

8.2 Limitations and Recommendations . . . . . . . . . . . . . . . . . . . . . 131

9 Conclusion 133

Curriculum Vitæ 135

List of Publications 137

Acknowledgments 141





Summary
Industrial passive exoskeletons have been developed for years as a tool to reduce the phys-
ical workload of their users. They accomplish this by compensating for the user’s body
weight and decreasing fatigue caused by repetitive loads. Despite their advantages, cur-
rent exoskeletons have drawbacks that make them less convenient for users and thus less
common as a supporting tool. Among the other issues, the most important are impeded
and reduced movement, posture strain, and increased discomfort. This thesis proposes
designs for spatial compliant mechanisms to address these issues in exoskeletons.

Compliant mechanisms gain their motion from the elastic deformation of their ele-
ments. Therefore, they can also store energy in their range of motion. This means that
using them reduces the weight and cost of exoskeletons by combining energy storage and
kinematic functions into a single element. Furthermore, these mechanisms can improve
flexibility and resolve exoskeleton issues caused by kinematic constraints.

The objective of this thesis is to propose designs, develop understanding and demon-
strate the applications of slender spatial compliant mechanisms in exoskeletons. The the-
sis is divided into three parts, wherein Part I, Chapter 2 and 3, investigates the effect of
shape and boundary conditions to achieve specific kinetostatic behavior at the endpoint
of spatially curved beams. Part II, Chapter 4 and 5, discusses the methods to achieve trans-
mission, coupling, and zero stiffness in slender twisting beams. Part III, Chapter 6 and 7,
presents two applications of the knowledge that was developed in Part I and II, in passive
exoskeletons.

An optimization scheme for the shape and cross-sections of spatially curved beams is
presented in Chapter 2 with the aim of achieving certain kinetostatic behavior. As a case
study, the symmetry of the endpoint behavior of asymmetric cantilever beams is shown to
be improved by 68%, based on the experiments. The torsional deformations along the beam
are considered to have a major effect on the endpoint kinetostatic behavior. Based on this
conclusion, in Chapter 3, a bellow is used as a torsional stiffener for spatially curved beams
that have relatively low torsion and high bending stiffness. The combination of the beam
and sliding bellow led to anisotropically adaptive stiffness at the endpoint of the beam,
with 21.5 times higher stiffness changes in one direction compared to its perpendicular.

With the focus on the importance of torsional deformation on the kinetostatic behavior
of spatial mechanisms and the modes of deformation that can transfer the torsion along
the structure, in Chapter 4, a transmission mechanism for twist along the beam utilizing
warping is presented. The effect of the warping constant on the proposed continuously
variable transmission is discussed, and transmission ratios between 4:1 and 1:4 are tested
to verify the concept. In an effort to make this transmission zero stiffness and neutrally
stable, in Chapter 5, a method to control the torsional stiffness of beams using preload
is presented. Two concepts are introduced: a variable, including zero, torsional stiffness
twisting beam, and a beam with switchable torsional stiffness between positive and zero.

Finally, to show the applications of the developed designs in exoskeletons, in Chapter 6
the tools of Chapter 2 is utilized to present a slender beam that can balance the weight of
the hand in a range of 83 degrees of the wrist’s flexion and extension. Chapter 7 introduces
neutrally stable differential mechanisms based on the knowledge developed in Chapter 5.
The differential is employed in passive back support exoskeletons to address a fundamental
problem by averaging leg angles to eliminate undesired forces during walking with the
passive exoskeleton.





Samenvatting
Industriële passieve exoskelettenworden al jaren ontwikkeld als hulpmiddel om de fysieke
belasting van hun gebruikers te verminderen. Zij doen dit door het lichaamsgewicht van
de gebruiker te compenseren en daardoor vermoeidheid door repetitieve belasting te ver-
minderen. De huidige exoskeletten hebben ook nadelen die ze minder geschikt maken
voor gebruikers. De belangrijkste zijn belemmerde en verminderde beweging van de ge-
bruiker, overbelasting door verkeerde houdingen en verhoogd ongemak. Dit proefschrift
introduceert ontwerpen voor ruimtelijke compliante mechanismen om deze problemen in
exoskeletten te verhelpen.

Compliante mechanismen ontlenen hun beweging aan de elastische vervorming van
hun elementen, waarmee ze tegelijkertijd energie kunnen opslaan. Omdat energieopslag
en kinematische functies in één enkel element worden gecombineerd, kunnen compliante
mechanismen het gewicht en de kosten van exoskeletten verminderen. Daarnaast kun-
nen ze door hun flexibiliteit problemen als gevolg van de kinematische beperkingen van
exoskeletten oplossen.

Het doel van dit proefschrift is het tonen van ontwerpen, het ontwikkelen van begrip
en het demonstreren van toepassingen van slanke ruimtelijke compliante mechanismen in
exoskeletten. Het proefschrift is opgedeeld in drie delen, waarbij in deel I, hoofdstuk 2 en 3,
het effect van vorm en randvoorwaarden wordt onderzocht om specifiek kinetostatisch
gedrag te realiseren aan het eindpunt van ruimtelijk gekromde balken. Deel II, hoofd-
stuk 4 en 5, bespreekt de methoden om transmissie, koppeling en nul stijfheid te realiseren
in dunne torderende balken. Deel III, hoofdstuk 6 en 7, presenteert twee toepassingen van
de kennis die ontwikkeld is in deel I en II, in passieve exoskeletten.

Hoofdstuk 2 presenteert een optimalisatieschema voor de vorm en doorsnede van
ruimtelijk gekromde balken met als doel een bepaald kinetostatisch gedrag te realiseren.
Experimenten tonen aan dat de symmetrie van het eindpuntsgedrag van asymmetrische
enkelzijdig ingeklemde balken wordt verbeterd met 68%. De torsievervormingen langs
de balk worden geacht een groot effect te hebben op het kinetostatisch gedrag van het
eindpunt. Daarom wordt in hoofdstuk 3 een balg gebruikt als torsieverstijver voor ruimte-
lijk gekromde balken met een relatief lage torsiestijfheid en een hoge buigstijfheid. Deze
combinatie leidt tot een anisotroop aanpasbare stijfheid aan het eindpunt van de balken,
met 21,5 maal hogere stijfheidsveranderingen in één richting vergeleken met de richting
loodrecht daarop.

Met de nadruk op het belang van torsievervorming op het kinetostatisch gedrag van
ruimtelijke mechanismen en de vervormingsmodi die de torsie langs de constructie kun-
nen overbrengen, wordt in hoofdstuk 4 een transmissiemechanisme voor torsie langs de
balk met behulp van welving gepresenteerd. Het effect van de welvingconstante op de
voorgestelde continu variabele overbrenging wordt besproken, en overbrengingsverhou-
dingen tussen 4:1 en 1:4 worden getest om het concept te verifiëren. Met als doel deze
overbrenging stijfheidsvrij en neutraal stabiel te maken, wordt in hoofdstuk 5 eenmethode
gepresenteerd om de torsiestijfheid van balken te regelen met behulp van voorspanning.
Dit heeft geresulteerd in twee concepten: een torderende balk met variabele stijfheid, in-
clusief nul stijfheid, en een balk met schakelbare torsiestijfheid tussen positief en nul.

De technieken van hoofdstuk 2 worden in hoofdstuk 6 gebruikt om de toepassing van
de ontwerpen in exoskeletten te tonen. Een slanke balk wordt gepresenteerd die het ge-
wicht van de hand in een polsondersteunend exoskelet kan balanceren, in een bereik van
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83 graden flexie en extensie van de pols. Hoofdstuk 7 introduceert neutraal stabiele diffe-
rentiële mechanismen gebaseerd op de kennis ontwikkeld in hoofdstuk 5. Het differentieel
wordt gebruikt in exoskeletten met passieve rugondersteuning om een fundamenteel pro-
bleem aan te pakken door beenhoeken te middelen om ongewenste krachten tijdens het
lopen met het passieve exoskelet te elimineren.



1
Introduction

This chapter presents an introduction to the research and its primary aim, which is to
develop designs for slender spatial compliant mechanisms (CMs) intended for passive ex-
oskeletons. It includes a background and an overview of the current status of these wear-
able devices and discusses the potential benefits of using CMs in this application. More-
over, the scientific gaps in the state-of-the-art CMs, as well as the objectives of the present
work, are elucidated in this chapter. Finally, the thesis structure is outlined, showing how
the different parts and chapters interrelate.
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2 Introduction

1.1 Background
Before the industrial revolution most of the work performed by humans came in the form
of physical labor, often supported by animals. With the advent of machines, much of this
physical labor was replaced by them. However, to this day, there are still many tasks that
can only, or most efficiently, be performed by humans through physical labor. To support
humans in these tasks, exoskeletons as a tool with the ultimate goal of supporting human
movement are being developed. These wearable devices are beneficial not only for healthy
users by reducing labor but also for those with disabilities or injuries by assisting them in
moving and performing daily life tasks.

After the invention of the modern wearable devices that follow human motion while
supporting the body, the term exoskeleton was applied to them. This word comes from
Greek and is a combination of two words, éxō “outer” and skeletós “skeleton”. This term
was originally used to indicate the outer shell that supports an animal’s body [1].

Exoskeletons can be categorized in several ways, based on their applications, e.g., med-
ical, for people with spinal cord injuries [2] or with duchenne muscular dystrophy [3]; or
industrial, for workers to reduce the physical workload. These devices can also be classi-
fied based on their working principle, e.g., passive, wherein no energy is added to the de-
vice other than the energy provided by the user’s movement, and active wherein a source
of energy, e.g., battery, runs actuators to support the motion.

(a) (b) (c)

Figure 1.1: (a) The first known passive exoskeleton [4]. Examples of current commercial passive
exoskeletons, (b) Flex from Laevo, (c) Suitx from US Bionics.

Passive exoskeletons are generally lighter and less expensive than their active counter-
parts, since they do not include batteries and actuators. In addition, they are economically
more feasible and accessible to those who require a simpler support device. The earliest
known passive exoskeleton was developed in 1890 by Nicholas Yagin [4]. This device was
used as a movement-assist, as shown in Fig.1.1(a).
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A passive exoskeleton in industrial contexts can increase endurance, reduce the mus-
cular activity and the risk of musculoskeletal disorders [5]. This means healthier and
more productive workers [6]. More recent examples of passive industrial exoskeletons
are presented in Fig. 1.1(b, c). Research shows that these passive devices can reduce mus-
cle activity by up to forty percent in dynamic lifting and reduce spinal loading by nearly
thirty percent, besides reducing overall muscular fatigue [7].

1.2 Problem statement and possible solution

Despite years of development, current exoskeletons have some unanticipated ergonomical
effects, e.g., kinematic constraints [8], which causes impeded and reduced range of mo-
tion [9, 10], posture strain [9], increased discomfort due to localized contact pressure [5],
long-term fatigue due to the device’s weight, and size adaptability issues. Most of these
problems are due to the fact that current exoskeletons are mainly made from rigid ele-
ments which are connected to each-other in discrete locations to replicate the kinematic
of the human body, beside having separate energy sources like actuators or springs to
support the movements.

Several studies have been done to resolve these issues, and fields of research such as
soft exosuits [11, 12], i.e., exoskeletons made from textiles and elastic segments instead of
rigid bodies, are developed to directly answer the lack of flexibility and kinematic freedom
in exoskeletons. However, even this type of exoskeleton is still having issues providing
enough support as compared with conventional rigid element exoskeletons. In this regard,
a possible solution between rigid and soft exoskeletons that can provide flexibility without
impeding their functionality is the use of compliant mechanisms.

1.3 Compliant mechanisms

Compliant mechanisms (CMs) are a type of mechanisms that gain their motion from the
deformation of their elements [13]. These mechanisms allow engineers to improve their
design efficiency by (1) reducing the part count and decreasing the cost, (2) integrating
functionality, (3) reducing the occupied space and weight, and (4) enhancing reliability
and precision since they are not suffering from backlash or surface wear that affect con-
ventional multi-bodied mechanisms [14].

Using these mechanisms in exoskeletons has the advantage of being flexible to match
human movements and providing kinematic freedom, besides having a structure where
the reaction forces can be applied to provide enough support for the user. CMs can com-
bine the kinematics that were achieved in conventional exoskeletons by rigid systems and
the energy storage that was achieved by springs or elastic bands, into one element. There-
fore, utilizing them in exoskeletons reduces theweight of the device and improve the user’s
long-term convenience. It is important to note that having the mentioned features is not
only making CMs beneficial in exoskeleton design, but also renders them advantageous
for use in a variety of other wearable devices, such as orthoses and prostheses.
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1.4 Scientific gap
The CMs utilized in the exoskeleton context should be able to support not only spatial
motion but also spatial load cases since they are designed to interact with and support the
human body. However, in the literature, CMs are mainly developed in a planar format.

There are only a small number of designs for spatial CMs in the literature [15, 16], and
even themost complex spatial designs tend to be composed of planarmodules [17, 18]. One
example of this type of CMs is shown in Fig. 1.2. A prevailing issue of these CMs is the
presence of rigid elements that connect separate compliant components. These elements
are increasing the overall bulkiness and adding extra weight and space to the design and
may lead to undesired dynamics.

Given the complexity of mechanical components in wearable devices, but also in other
fields such as aerospace engineering and surgical robotics, where weight and design space
are highly constrained, there exists a pressing need to effectively use the potential elastic-
ity of all materials utilized in the CM design to achieve the necessary motion and support,
while minimizing excess bulk and weight.

Recent research endeavors in the field of spatial CMs that effectively use all the com-
pliancy of material have been influenced by the growth of computational power and the
desire for enhanced functionality [19, 20]. Additionally, advancements in materials sci-
ence and manufacturing techniques [21] have facilitated the development of more intri-
cate CM shapes. However, among the present spatial designs, the topologies that can be
made with simpler and more feasible techniques and yet employs all the capacity of the
used material are barely investigated.

Figure 1.2: An example of a tip-tilt compliant mechanism, designed for space applications. This
monolithic mechanism is made from several planar compliant modules, cross-axis flexural pivots,
connected to each other with rigid elements [17].
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1.5 Research objective
To address the need for slender spatial elements in the realm of CMs, with an eye to-
wards their practical applications, we will propose novel designs that expand the toolbox
available to compliant mechanism designers, thereby enabling more versatile design pos-
sibilities for spatial applications such as wearable devices. The presented designs will be
lightweight, yet manufacturable and feasible for passive exoskeletons.

1.6 Approach
The approach of this thesis is to translate the functional requirements for different parts
of exoskeletons to the kinetostatic behavior of compliant elements. Having the required
behavior and with an eye on effects that only occur in spatial structures such as torsional
deformation or warping, several concepts are proposed in the first and second part of the
thesis which focus on the development of the concepts.

Once the final concepts and the required knowledge have been determined, in the third
part of the thesis, the necessary understanding of the designs and how to simulate, test,
and then use them in the main application of this project is developed and discussed.

1.7 Outline
Figure 1.3 schemes the outline of this thesis. In Part I, the effect of the shape and boundary
conditions of the slender spatially curved beams on their endpoint kinetostatic behavior
is investigated. Chapters 2 and 3 from this part show two designs of these curved beams.

In Part II, the effect of warping on the distribution of torsion along straight twisting
beams, together with a technique to tune the torsional stiffness of these elements are
investigated. Chapters 4 and 5 from this part present two concepts of these open thin-
walled beams.

Finally, in Part III of the thesis, two applications of the proposed designs in Parts I and II
on exoskeletons are presented. Chapter 6 is based on the design tool developed in Part I,
and Chapter 7 is based on the methods developed in Part II.

Chapter 2 proposes a design approach based on numerical optimization that can achieve
different kinetostatic behavior at the endpoint of a beam. The effect of sectional and shape
parameters along the beam on improving a specific behavior that is selected as symmetric
behavior from asymmetric beams is evaluated.

Chapter 3 introduces a technique to achieve anisotropic adaptive stiffness using con-
trasting elements. A bellowwith high torsion and low bending stiffness is used as a tunable
stiffener for a beam with low torsion and high bending stiffness to achieve the required
behavior.

Chapter 4 presents a design for compliant transmission using warping as the working
principle, where the change in transmission ratio is available by changing the location of
the constraints along the twisting beams.

Chapter 5 proposes a method to control the torsional stiffness of these twisting beams
by prestressing, and it elaborates on the effect of sectional warping rigidity on the behavior
achieved from different twisting beams.
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Figure 1.3: The outline of this thesis demonstrates how the knowledge gained in Parts I and II is
applied in real-world applications in Part III. Chapter 6 is based on the design tool developed in Part
I, and Chapter 7 is based on the methods developed in Part II.

Chapter 6 introduces a wrist support using the technique proposed in Part I to design
a beam that can balance the weight of the user’s hand in a large range of motion. This
balancing result in a decrease of the energy required to move the hand in its range of
motion.

Chapter 7 presents a curved differential mechanism, which is designed based on the
principles discussed in Part II. This mechanism couples the reverse motion of legs with
regard to the upper body when an exoskeleton user is walking and locks the motion be-
tween the upper and lower bodies when the user is bending, and by doing that, it resolves
one of the main issues in passive back support exoskeletons.

Chapters 8 and 9 discuss and summarize the most important findings in this work as
well as recommendations for possible future improvements of the proposed designs and
considerations for this research direction to bring the final aim of the work one step closer
to reality.
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Asymmetric curved beams with

symmetric behavior

In Part I of the thesis, the kinetostatic behavior of the endpoints of spatially curved beams
will be investigated, and the effect of shape and boundary conditions on their behavior will
be discussed. This chapter is an effort to understand the effect of the shape of the beam
on the endpoint’s kinetostatic behavior. A numerical optimization scheme that enhances
the desired behavior of clamped-free beams using shape parameters is introduced. The
optimizer uses the coordinates of a certain number of control points to make a B-spline
for the curved shape as well as the parameters of an I-section as inputs. The optimizer’s
goal function is set based on the endpoint’s motion and reaction forces over a wide range
of deformations. In this work, the objective is to achieve symmetric behavior from asym-
metric curved beams. A constrained design space was also applied to the shape to show
the ability of the developed scheme to come up with solutions in a limited design space.

This chapter was published as:
Amoozandeh Nobaveh, A., Radaelli, G., and Herder, J., 2022. Symmetric Kinetostatic Behavior from Asymmetric
Spatially Curved Beams. Journal of Mechanisms and Robotics, 15(4), p.041010.

https://asmedigitalcollection.asme.org/mechanismsrobotics/article/doi/10.1115/1.4055419/1145867/Symmetric-Kinetostatic-Behavior-from-Asymmetric
https://asmedigitalcollection.asme.org/mechanismsrobotics/article/doi/10.1115/1.4055419/1145867/Symmetric-Kinetostatic-Behavior-from-Asymmetric
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Symmetric Kinetostatic Behavior from
Asymmetric Spatially Curved Beams

Abstract A cantilevered rod’s endpoint has a symmetric stiffness profile
throughout its range of motion. Generally, this is not the case for spatially
curved compliant beams, particularly if they are asymmetric, i.e., their fix-
ation is not in the symmetry plane of their endpoint operating field. This
chapter discusses a technique for obtaining symmetric kinetostatic behavior
from this type of asymmetric compliant beam over a relatively large range of
motion. To accomplish this, a parametrization scheme was used to base the
geometry of the beam on a limited number of control parameters. These pa-
rameters were then used as inputs for optimization in order to create beams
with symmetric endpoint behavior. This process was further investigated us-
ing different sets of parameters. To validate the method’s performance, exper-
iments on prototypes were conducted. The results demonstrated a high degree
of congruence with simulations of the anticipated behavior. Comparing to the
non-optimized benchmark beam, the experimental performance of the result-
ing shapes demonstrated up to a 68% improvement in the desired symmetric
behavior.

2.1 Introduction
Numerous studies have been conducted on the design of complex monolithic spatial ele-
ments with the ultimate goal of increasing a structure’s rigidity by reducing elastic defor-
mations [1]. On the other hand, there are various applications where large-deformable
elements with specific force-deflection behavior are desirable. Thus, introducing compli-
ancy along the part becomes essential. These monolithic compliant elements are classified
as a type of Compliant Mechanism (CM) as they can provide a specific motion while they
are elastically deforming [2–4]. 

Several engineering applications could benefit from monolithic CMs with a spatial
range of motion as a more efficient replacement of complex conventional (rigid body
chain) mechanisms, applications where slenderness and being lightweight are essential,
e.g. gravity balancers for wearable devices like exoskeletons and prostheses, where a cer-
tain compensating force within a spatial motion is expected in a very limited design space
around the user’s body [5–8].

In recent years, spatial CMs have become a topic of interest in the CM design com-
munity as planar CMs have been extensively investigated. Yet more complex design re-
quirements were defined, which could only be addressed by three-dimensional motions.
Efforts have been made in both the characterization as well as in the design and optimiza-
tion of spatial CMs. For instance, in flexure mechanisms, there are plenty of examples
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and principles [9]. However, most of the developed spatial mechanisms are for precision
devices, where they usually consist of several parts that make them bulky compared to
their output range of motion. 

Designing monolithic spatial CMs with an extensive range of motion were emerging
in recent years [10–13]. The main advantage of having a fully compliant monolithic part
to obtain a desired kinetostatic behavior is that the whole shape effectively takes part in
the CM’s characterization.

There are several widely used CM design methods, e.g. FACT, Building Block Ap-
proach, PRBM, etc [14–16]. However, using these methods for designing large deformable
spatial monolithic parts is not feasible, because capturing the distributed contribution to
the endpoint stiffness, in addition to a desired kinetostatic behavior from a spatially curved
shape is more complex than what these methods can propose. Another approach is to take
advantage of automated design methods like optimization. Concerning the complexity of
the defined requirements, the latter approach was assumed to be a better choice to find
these compliant shapes.

In this regard, there are a handful of studies on the topology optimization ofmonolithic
CMs [17–20]. The output of these works were usually rather complex monolithic shapes
which make them only fabricable with additive manufacturing techniques.

To achieve complex kinetostatic behavior and yet keep the CM manufacturable with
common techniques, choosing a simple topology and optimizing its shape parameters can
be considered a better solution [21]. There is extensive research in this regard, mainly in
planar mechanisms [22, 23]. However, making use of spatial mechanisms can enable other
possibilities, e.g., torsion of elements.

In this regard, spatial geometries varying from rods to shells were scarcely investi-
gated [24–28]. There is no doubt that reaching exceptional kinetostatic behavior might be
possible with different forms of compliant elements. However, from a utilization perspec-
tive as well as a fabrication perspective, it appears convenient to consider the simplest
topology of a cantilevered spatial beam as the monolithic compliant element.

A useful yet undiscovered kinetostatic behavior from this type of CMs is sought in this
work, where the end point of a spatially curved beam has symmetric stiffness behavior in
its plane of motion, even if the beam is asymmetric in the sense that it is not grounded in
the symmetry plane of its stiffness field. This situation emerges in several applications of
manipulator-type devices where the endpoint symmetry plane is occupied and no room is
available for the grounding point on that plane, these devices can be widely seen in surgi-
cal robots and aerospace structures. Also, in wearable devices where the desired symmetry
plane of the limbs’ motion is occupied by the body itself, or when a symmetrical support
force is required but a symmetrical structure is not possible. For instance, consider a uni-
lateral upper-body bending support for wheelchair users, it is not safe to lock the user’s
upper-body in a wheelchair with a bilateral, symmetrical structure, and a normal unilat-
eral, asymmetrical structure cannot provide the symmetrical support on the chest and will
turn open upon forward bending. In this instance, an asymmetric beam with symmetric
kinetostatic behavior, such as the one proposed in this chapter, can supply the required
bending support force while not restricting the user’s freedom. Themajority of the param-
eters used in this study are derived from the latter application. In our previous work [29],
we showed that there exist non-uniform distributions of cross-sectional properties along
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an asymmetric beam for which the natural rotating behavior was corrected toward more
symmetric endpoint behavior.

This chapter aimed to realize the effect of tuning the shape and sectional properties of a
spatially curved asymmetric beam to enhance the symmetry of the endpoint’s stiffness in
a specific range of motion. By utilizing B-spline, a parametrization scheme was developed
to generate beam shapes in the prescribed design space from a small set of parameters. An
objective function was defined to evaluate the symmetric kinetostatic behavior of the end-
point in the range of motion. Additionally, an optimizer was used to improve the objective
function iteratively by tuning shape parameters. Finally, experiments were conducted to
validate the kinetostatic performance of the shapes generated by this process.

The chapter is structured as follows. In section 2.2, the definition of the requirements is
specified together with the description of the optimization process for different combina-
tions of parameters. Also, the formulation of the objective function and the optimization
settings and the Finite Element solver are described. Furthermore, the verification pro-
cedure using experiments is discussed. In section 2.3, the resulting beams from all cases
and their performance are shown and compared with the benchmark beam. A discussion
on the validity of the results and possible improvements is given in section 2.4, and the
conclusion is given in section 2.5.

2.2 Methods
The process of making and evaluating beams has different aspects. These aspects are dis-
cussed in the following subsections. The overall procedure can be summarized as follows:
(1) A scheme for parametrizing the shape of beams using B-splines was developed to form
the beams’ shape using a limited number of control parameters. (2) The beams were gen-
erated by optimization of different sets of shape parameters. (3) The objective function of
the optimization was defined to assess the symmetric kinetostatic behavior in the desired
region. (4) The displacements of the beams under the objective function’s loadings were
numerically computed using a self-developed finite element model. (5) An experimental
setup was designed to verify the beams’ performance.

2.2.1 Beam geometry
As discussed in section 2.1 the topology of the simplest form of a monolithic CM is that
of a cantilever beam. This includes a fixed clamp in the base and an asymmetric spatially
curved beam which ends at an end-effector point at the tip.

The position of the grounding point was assumed to be at the origin of the Cartesian
coordinate system, and the beam endpoint was chosen arbitrarily to be at 𝑋𝑒 = 0.20m,
𝑌𝑒 = 0.15m, and 𝑍𝑒 = 0.50m as shown in Fig. 2.1. The symmetry plane was selected as
the plane that coincides with the endpoint, parallel to the 𝑌𝑍 plane. The beam shape was
formed based on the set of parameters described in further subsections.

2.2.2 Objective function
The defined objective function 𝑓total for the optimization procedure, includes two parts 𝑓1
and 𝑓2. The first part, 𝑓1, was defined to maximize the endpoint symmetric kinetostatic
behavior. It is the average difference of the components of displacements in the 𝑋 and 𝑌
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Figure 2.1: Isometric and top views of the asymmetric beam with its fixed grounding and loaded
endpoint, where a pair of mirrored loadings about the desired symmetry plane are shown as demon-
stration. In the top view, desired displacements upon sides and front loadings with 𝐹 = 100N are
shown with green points.

directions as a result of three mirrored tip loadings with a force magnitude of 𝐹 = 100N
and mirrored angles of ±𝛼 , where 𝛼 = 30°, 60°, 90°, plus a straight loading for finding the
drift from the symmetry plane in 𝑋 direction when 𝛼 = 0°. The reasoning behind selecting
only three mirrored loadings for the objective function of this application is explained in
the previous work [29]. 𝑓1 which is the summation of these differences was named Sym-
metry Error, as reducing it will cause more symmetrical behavior for the endpoint of the
beam. Hence, it improves the symmetry response within the desired deformation region.
However, this region might be unsatisfactory in terms of in-plane and out-of-plane dis-
placement magnitudes, i.e., the resulting symmetry could be achieved in a narrow band of
offset from the symmetry plane, which was not the desired working range. For this reason,
a second part of the objective, 𝑓2, named Range Error, was defined. This section takes into
account the error of the endpoint displacement with respect to the desired working range,
which was set in this case to +12cm in the 𝑦 direction and ±4cm in the 𝑥 direction (see
Fig. 2.1). The denominator for each part of the total objective function is selected based on
the number of vector differences in each part to make an unweighted summation of the
two parts, 𝑓1 consists of 7 displacement differences, so this part was divided by 7, and 𝑓2
consists of 3 displacement differences, with similar logic, it was divided by 3. The formula
for 𝑓total was defined as

𝑓total = 𝑓1 +𝑓2 = 𝑓symmetry +𝑓range =
1
7 (|𝑑𝑥𝛼=0| + ∑

𝛼=30,60,90
(|𝑑𝑥+𝛼 −𝑑𝑥−𝛼 | + ||𝑑𝑦+𝛼 −𝑑𝑦−𝛼 ||))+

1
3 (

||0.12−𝑑𝑦𝛼=0|| + |0.04−𝑑𝑥𝛼=90| + |0.04+𝑑𝑥𝛼=−90|),

(2.1)

where 𝛼 denotes the effective angle of 𝐹 , and 𝑑𝑥,𝑑𝑦,𝑑𝑧 are displacements in the three
coordinate directions. The optimization procedure was assigned to minimize the men-
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tioned objective function by optimizing different sets of shape-related parameters along
the beam.

2.2.3 Parameter optimization
In this work, the parameter optimization to form the beam in each of the iterations, was
divided into two branches, the first branch contains parameters related to the beam’s shape
and the second set contains sectional parameters and orientations along the beam. The
shape optimizationwas implemented in three steps: 1) a fixed-shape beam, 2) an optimized
free-form shape beam, and 3) an optimized shape under a curved planar constraint.

The second set concerns the cross-section and has two possible conditions, 1) a beam
with a circular section, which means that only the circular beam’s radius was optimized,
and 2) beam with an I-section where all sectional parameters and sectional orientations
of control points were optimized, as shown in Fig. 2.2. The combination of these two sets
made 3x2 beams (see Fig. 2.5). These six beams are described in the following subsections.

It is important to note that, since we used a beam model in the implemented FEM, the
sectional dimensions were ultimately reduced to four main parameters, i.e., the area, the
second moments of inertia about the two main axes, and the torsional constant. Thus, it
might asked why we did not optimize parameters instead of sectional dimensions. How-
ever, these parameters are not independent, and thus, optimizing them directly as separate
variables could lead to unfeasible results. For this reason, it was chosen to optimize the
dimensional parameters of a prevalent section. Between those, the I-section was selected
since changing its dimensions enables a large variety of combinations of these four prin-
cipal beam parameters. However, as the optimization is essentially about determining a
collection of four principal beam parameters (𝐴, 𝐼yy, 𝐼zz, 𝐽 ), another non-bisymmeric sec-
tion with a relatively low torsional constant can do the same task as the I-section.

Beam 1 - Circular section with fixed shape
This beam is the simplest beam with only one optimized parameter, and it was used as a
benchmark for evaluating the effect of parameter optimization on the other beams. The
shape of this beam (see Fig. 2.1) was chosen arbitrarily and parametrized as

(𝑥,𝑦,𝑧) = (𝐶1𝑡3, 𝑎 −𝑏(𝐶2𝑡 − 𝑐)2, 𝐶3𝑡), (2.2)

where 𝑡 is the independent parameter ranging from 0 to 40, the constants 𝑎, 𝑏 and 𝑐 were
chosen as 𝑎 = 1.5,𝑏 = 0.75, 𝑐 = √2, and the constants 𝐶1, 𝐶2 and 𝐶3 were determined such
that the end of the beam reaches the arbitrarily chosen coordinates described in subsec-
tion 2.2.1.

𝐶1 =
𝑋𝑒
𝑡3 , 𝐶2 = √

𝑎−𝑌𝑒
𝑏 +𝑐
𝑡 , 𝐶3 =

𝑍𝑒
𝑡 . (2.3)

The cross-section of this beam is a filled circular section. The radius was optimized to en-
hance the performance of the beam’s working range and make it a comparable benchmark
for the beams that will be discussed next.
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Figure 2.2: Each beam shape formed up based on a B-spline curve through control points and its
sectional parameters.

Beam 2 - I-section with fixed shape
In the second beam, the dimensions and orientations of an I-section along the beam were
subjected to the optimization, and the beam shape remained the same as it was described
for Beam 1. The I-section was defined by their web height 𝐻 , flange width 𝐵, flange thick-
ness ℎ, web thickness 𝑏, and the section orientation 𝜑 (see Fig. 2.2). The first four pa-
rameters were subjected to optimization once for the whole beam. The orientations were
optimized at five control points, and all the other sectional orientations along the beam
were interpolated based on the values of those five points.

Beam 3 - Circular section with optimized shape
The beam shape’s optimization process was based on finding the best positions of inter-
mediate control points to form the beam shape. The shape was made based on a B-spline
between the grounding point and the endpoint described in subsection 2.2.1, concerning
the optimized intermediate control points. The positions of all other nodes along the beam
were interpolated from this B-spline, and together they made the shape of the beam. The-
oretically, it was possible to choose any number of control points to make this spatially
curved line. Here, we used five control points in the design space.

Bounds on the search space were applied to avoid the shape crossing itself or going out
of the design space. The section of Beam 3 is again a filled circle, with one optimized radius.
It is important to note that in all beams, the optimization process for section and shape
parameters was performed simultaneously. Here, in Beam 3 a set of sixteen parameters,
including three coordinates for five control points and one radius, were optimized.
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Table 2.1: Sectional parameters and control points coordinates resulting from the optimization
procedure which forms beams as shown in Fig. 2.2.

Beam 1 Beam 2 Beam 3 Beam 4 Beam 5 Beam 6
Cir. Section I-section Cir. Section I-section Cir. Section I-section
Fix Shape Fix Shape Opt. Shape Opt. Shape Cons. Shape Cons. Shape

Se
c.
D
im

en
sio

ns Radius (mm) 5.40 - 5.50 - 5.52 -
Web Height (mm) - 5.75 - 8.00 - 7.98
Flange Width (mm) - 6.77 - 11.70 - 8.00
Flange Thick. (mm) - 2.67 - 1.89 - 2.97
Web Thick. (mm) - 5.38 - 4.39 - 4.00

C.
P.
Co

or
di
na
te
s x y z x y z x y z x y z x y z x y z

Control Point 1 (mm) - - 80 120 79 196 23 74 135 31 79 4 28 88
Control Point 2 (mm) - - 118 137 158 187 13 152 136 60 157 177 149 176
Control Point 3 (mm) - - 123 138 240 191 14 224 121 116 238 177 149 264
Control Point 4 (mm) - - 122 138 329 189 14 313 109 127 326 177 149 297
Control Point 5 (mm) - - 93 127 421 144 86 423 96 118 416 62 108 462

Se
c.
O
rie

nt
at
io
ns Orientation 1 (deg) - 85.9 - 60.1 - 83.0

Orientation 2 (deg) - 86.0 - 128.3 - 62.9
Orientation 3 (deg) - 86.0 - 148.6 - 14.4
Orientation 4 (deg) - 86.0 - 35.6 - 150.8
Orientation 5 (deg) - 86.0 - 23.0 - 29.2

Beam 4 - I-section with optimized shape
This beam was made up of a combination of both the mentioned procedures for shape op-
timization and sectional parameter optimization, which made it the most advanced beam
among all six. These two sets of parameters were optimized together and enable control
of all possible shape parameters of this scheme. A matrix consisting of three coordinates
for each of five control points and a set of four variables for sectional dimensions and
five parameters for orientations of sections were optimized together. These twenty four
parameters together formed the beam’s shape.

Beam5 - Circular sectionwith optimized shape on planar constraint
In several applications, using the whole volume between grounding and endpoint is not
viable due to design restrictions. This is the case in, e.g., assistive devices where the human
body is obstructed, or in applications like robots andmachines, where there might be some
objects in between the grounding locations and the endpoint. In those cases, constraining
the available space for the optimizer is part of the procedure. In this work, an extruded
ellipse was chosen as the curved planar constraint, and the shape was formed on it. The
formula for the ellipse constraint was defined as

(𝑥 −0.2)2
0.22 + 𝑦2

0.152 = 1, (2.4)
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using this equation reduces the set of three Cartesian coordinates for each control point to
two since either 𝑥 or 𝑦 can be derived from it. Hence, the number of optimized parameters
that was sixteen for Beam 3 will be reduced to eleven for this beam.

0
0

x (m)

0.1

0.1

y (m)

0.1
0.2 0

0.2z 
(m

) 0.3

0.4

0.5

(a)

0 0.05 0.1 0.15 0.2
x (m)

0

0.05

0.1

0.15

y 
(m

)

(b)

Figure 2.3: The isometric and top view of a beam of which the shape is constrained to be on an
curved plane as described in equation 2.4.

Beam 6 - I-section with optimized shape on planar constraint
The procedure for this beam was like Beam 4, only with two instead of three coordinates
for control points tomeet the constraint defined in equation 2.4. It is important to note that
in this beam, not only the control points, but also all other interpolated points along the
beam were defined to obey this equation to keep the beam shape always on this extruded
ellipse constraint, as can be seen in Fig. 2.3.

2.2.4 Optimization process and finite element model
A degree-four B-spline was used to interpolate the shape and the sectional properties
based on the optimized control points. The B-spline was chosen to have an open uniform
knot vector to ensure that the first and last optimized control points coincide with the
first and last parameters of the beam itself, which were the grounding and the endpoint.
The internal knots were determined based on the de Boor algorithm [30] to equalize the
weight of all control points. Using b-spline interpolation ensured a smooth transition
between optimized parameters of the beam and avoided any discontinuities that could
have happened due to sudden dimensional changes in the finite element model.

All the displacements under different loading conditions were derived from a self-
developed finite element solver. The developed solver uses geometrically non-linear co-
rotational beam elements. The mentioned beam elements were introduced by Battini [31],
based on the Euler-Bernoulli formulation. This solver was selected as it can handle non-
linearities due to large elastic deformations. Furthermore, having access to the source
code of the solver made it an easier choice to tailor it for the aim of this work. 
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For the optimization process of the parameters, the Multi Start option from the Mat-
lab® optimization toolbox was used. Five random starting points for the fmincon function
with Interior-Point algorithm were set. With an objective function tolerance of 1𝑒 −5, the
maximum number of iterations is set at 100. Upper and lower bounds were used to keep
the sectional parameters in a way to preserve the I-shape of the resulting sections and
keep the beam shape inside the design space. The material constants for all beams were
Young’s modulus of 𝐸 = 200 GPa and shear modulus of 𝐺 = 76.9 GPa.

2.2.5 Experiments
For verification of the method’s efficacy, the resulting beams’ kinetostatic behavior has
been checked with experiments. To make the results from this verification comparable
with the results from the developed code, the same loading conditions from the objective
function were implemented on the beams, and the errors were derived from the same
objective function of equation 2.1.

All six resulting beams have been 3D-printed with the multi-jet fusion method and
Polyamide 12 (PA12) as the print material. The beams have been scaled by 0.7 due to lim-
itations in the printing size. To generate end point loads from different directions, the
beam grounding was set to rotate about a horizontal axis. The load was exerted by known
weights at the endpoint, which were always pointing vertically downward. The exper-
imental setup is shown in Fig. 2.4(a). The resulting displacements have been extracted
using vision-based measurement between the loaded and unloaded tip positions.

Undeformed

Deformed

F

Rotational Clamping

(a) (b)

Figure 2.4: (a) The experimental setup with a rotational clamp at the grounding point and a load at
the endpoint. (b) A printed version of Beam 4 in seven loading angles where the beam base rotates
instead of the endpoint load angle. The transparent beam shows the deformed state, and the solid
beam shows the undeformed state.
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2.3 Results
To evaluate the performance of the described method, the resulting objective functions of
all beams with different optimized parameters are shown in Table 2.2.

To make the improvements in the kinetostatic behavior of different beams compara-
ble, additional criterion based on the objective function is derived, denoted by Relative
Improvement (RI) which is the improvement in each component of the objective function
(symmetry and range) normalized by the average magnitude of the displacement vectors.
This criterion is defined in order to exclude the effect of each beam’s range of motion. The
formulation of RI is defined as

RI = 𝑓/(1/7[ ∑
𝛼=0, ±30, ±60, ±90

‖‖𝑑𝛼 ‖‖]) . (2.5)

The above numbers were compared with the RI values for Beam 1 as the benchmark,
and the improvement of each beam is displayed in percentage in Table 2.2.

The first set of errors are directly resulted from the optimization procedure and self-
developed finite elementmodel. The second set was based on displacements obtained from
the experiments.

Table 2.2: 𝑓symmetry, 𝑓range, and 𝑓total (objective function) from beams 1 to 6, from the developed
finite element model, and from experiments are shown. The relative improvement percentage for
each part of the objective compared to the benchmark beam (Beam 1) are also shown.

Beam 1 Beam 2 Beam 3 Beam 4 Beam 5 Beam 6

Cir. Section I-section Cir. Section I-section Cir. Section I-section
Fix shape Fix shape Opt. shape Opt. shape Cons. shape Cons. shape

D
ev
.B

ea
m

M
od

el 𝑓symmetry (mm) 6.2 5.3 5.2 1.5 5.3 3.7

𝑓range (mm) 27.6 7.2 26.6 0.4 26.6 3.1

𝑓total (mm) 33.7 12.4 31.9 1.9 31.9 6.8

Rel. Symm. Improv. 0% 53% 22% 88% 20% 69%

Rel. Range Improv. 0% 86% 10% 99% 11% 94%

Ex
pe
rim

en
ts

𝑓symmetry (mm) 5.1 16.7 5.1 3.4 6.2 4.6

𝑓range (mm) 36.3 4.1 31.4 11.9 29.9 13.1

𝑓total (mm) 41.4 20.8 36.5 15.3 36.1 17.7

Rel. Symm. Improv. 0% -24% 12% 68% -3% 53%

Rel. Range Improv. 0% 96% 25% 85% 31% 81%
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Figure 2.5: The Isoforce and Mirrored-force mapping of the resulting beams in the desired range,
and the Isometric view of undeformed (yellow) and deformed (orange) shape of the beam under
100N force in 𝑌 direction. All beams are defined based on the optimized parameters described in
Table 2.1.
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The isometric and top views of the resulting beams are shown in Fig. 2.5. To represent
the kinetostatic behavior, in the field of action, an isoforce mapping at the endpoint of
the beam is presented with black lines, which represents the displacement of the endpoint
under the constant magnitudes of the force 𝐹 = 20,40,60,80,100N and a full cycle of the
angle 𝛼 . The mirrored colored lines represent the endpoint path under increasing force
from zero to 100Nwithmirrored angles ±𝛼 shown in the same color. The isoforcemapping
together with the colored mirrored loading mapping can indicate the symmetry in the
working range of the beams. The blue dots show the desired endpoint position for 𝛼 = ±90°,
0° under 100N loading. In the isometric view, the undeformed (yellow) and deformed (red)
configurations are shown for 𝛼 = 0° and 𝐹 = 100N. The final optimized parameters of all
beams are given in the Table 2.1.

2.4 Discussion
Analysis of the objective functions in Table 2.2 and comparing the errors with Beam 1 as
the benchmark, shows the effect of tuning different sets of shape-related parameters on
achieving desired symmetric behavior in an extended range of motion. Better results were
achieved whenmore parameters were subjected to the optimization process. Furthermore,
in Fig. 2.5 it can be recognized that in comparison with Beam 1, almost all beams exhibited
a straighter path of the endpoint subject to a force in the y-direction (𝛼 = 0°).

It is fair to note that the anisotropic stiffness in 𝑋 and 𝑌 directions, defined as the
range error, has not been achieved with circular cross-sections. Hence, using non-circular
cross-sections, or sections with different second moments of inertia about the two main
axes, tends to make up for the anisotropy and contributes to favorably agreeable results.

Comparing the results from six optimized beams shows that having more freedom
to tune the shape has a lower effect on achieving exceptional results on its own. On
the other hand, having more freedom to tune the cross-section, effectively enhances the
desired behavior. After all, combining these two led to a performance leap to achieve
symmetric kinetostatic behavior. It is obvious that a solid conclusion on the exact effect of
each optimized parameter needs more investigation of a possibly larger variety of beam
parameters.

The logic behind the defined objective function can be used for other applications
where anisotropic stiffness plus another feature like symmetry is needed. Here, the ef-
fect of the two parts of the objective function was chosen to be equal. However, it might
be possible to achieve better results for specific requirements with a different weight ratio
for 𝑓1 and 𝑓2. Furthermore, each part of the objective function might be improved. For
instance, for the symmetry part 𝑓1, it is possible to use more than three paired loadings,
which might lead to better symmetry. However, it also has the negative effect of increas-
ing computational time.

Our previous work [29] demonstrated that increasing the number of optimized cross-
sections does not always lead to better values for objective, while making the problem
computationally more expensive. However, the optimal number of control points for the
best result may vary in different settings and cases, and this was not the focus of this study.
Analysis can be performed to determine this optimal number for each set of requirements.

There are limitations in the self-developed beam model due to its assumptions. Re-
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lieving these limitations, which suppress all sectional deformations, e.g., warping and
in-plane deformations, and using the same parameter optimization approach can lead to
more complex deformed shapes and possibly more accurate results. However, advancing
the mechanical model has not been the topic of investigation here, and the experiments
shows that the current model is still valid for the desired loading conditions of this work.

There are several sources of error that might affect the experimental results. Beam
fabrication is one of the sources where up to 0.08 mm deviation from the CAD model of
the beam is observed in printed prototypes. Another source of error is the load angle of
the beam, where up to 0.5 degrees of error was possible in the fixation of the base rotary
stage, which affected the loading angle. The position of the endpoint load was assumed to
be fixed at the tip hole of the beam. However, deviation from this location was observed
in the different angles of the loading. Correction was applied to the experimental pictures
due to camera lens distortion. Still, the image processing and correctionmight have caused
some errors in the measurements. The rotary stage is connected to the base with rigid bars,
and processing images in unloaded and loaded states shows no measurable deformation
of the base. Thus, the beam grounding point can be assumed to be rigid.

Despite the fact that it was anticipated that these two sets of results would differ due
to the discussed inaccuracies in the finite element model and potential experimental er-
rors, it is not possible to determine the relative contribution of each to the final deviation
of the measurements from the simulation. However, the patterns are identical generally.
Consequently, it might be argued that the chapter’s message remains legitimate.

It is clear that the resulting beams are not the best possible solution to this problem due
to the limited number of available parameters. However, we can state that the presented
beam parameter optimization scheme undoubtedly enhanced the desired symmetrical be-
havior. A similar approach can be applied to an arbitrarily defined kinetostatic behavior
for other types of structures with different sets of available parameters.

The combination of parametrization and optimization significantly reduces the input
parameters for the whole design process, while using interpolation between those key
parameters ensures a smooth transition to avoid discontinuities in the overall structure.
Therefore, the proposed method can be assumed as an effective way for enhancement of
other compliant structures’ kinetostatic behavior.

2.5 Conclusion
This chapter investigates the tuning of different combinations of shape and sectional pa-
rameters of asymmetric beams toward enhanced symmetric kinetostatic behavior. An
optimization scheme for parametrized beams with an objective function that enhances
symmetry in an extensive range of motion was defined. Different sets of parameters rep-
resenting divergent design conditions were subjected to the optimization. Rather complex
shapes were found by this method, and 68% enhancement of the desired behavior was
achieved based on experimental results.

The effectiveness of different parts of the method has been validated by comparing the
experimental performance of resultant beams from this approach. It is stated that tuning
shape and sectional parameters along a slender spatial beam can significantly enhance the
desired kinetostatic behavior at the endpoint. The results also suggest solid connections
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between the availability of shape and sectional parameters for optimization and enhance-
ment of the desired kinetostatic behavior.

The presented method effectively shows its capability to achieve symmetric kineto-
static behavior in the three-dimensional range of motion of the beam’s endpoint. Such
design requirements are not easily achievable with existing compliant mechanism design
methods. Therefore, this method is an enrichment as a synthesizing method for compli-
ant mechanisms, and it can facilitate the implementation of monolithic spatial compliant
elements for other applications.
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3
Spatial beams with

anisotropically variable
stiffness

This chapter presents a concept to obtain variable kinetostatic behavior from the same
type of beams, whose shapes were investigated in chapter 2, using variable boundary
conditions. The results of the parameter optimization in the previous chapter showed
that in spatial beams, the endpoint’s kinetostatic behavior is heavily dependent on the
torsional deformation of sections along the structure. Therefore, to change the endpoint’s
kinetostatic behavior, a possible solution would be local constraining of the torsion on
the beam. To realize this, a short bellow is used as the stiffener of the covered part of the
curved beam. It is shown that by changing the position of the bellow on the beam, the
endpoint kinetostatic behavior changes. However, as the share of torsional and bending
deformation of sections along the beam on the endpoint behavior is not the same in all
directions, these changes of stiffness are shown to be anisotropic.

This chapter was published as:
Amoozandeh Nobaveh, A., Radaelli, G., van de Sande, W.W.P.J, van Ostayen, R.A.J., and Herder, J., 2022. Char-
acterization of spatially curved beams with anisotropically adaptive stiffness using sliding torsional stiffeners.
International Journal of Mechanical Sciences, 234, p.107687.

https://www.sciencedirect.com/science/article/pii/S0020740322005641
https://www.sciencedirect.com/science/article/pii/S0020740322005641
https://www.sciencedirect.com/science/article/pii/S0020740322005641
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Characterization of spatially curved beams
with anisotropically adaptive stiffness using

sliding torsional stiffeners

Abstract Compliant mechanisms (CM) with adaptive stiffness have been
widely used in robotics andmachine design applications. This chapter proposes
a method for adapting the endpoint stiffness of a spatially curved compliant
beam using amovable torsional stiffener and a new graphical characterization
method for the resulting anisotropic stiffness of the endpoint for large deflec-
tions. A slender clamped-free cruciform beam with a predetermined spatial
shape was utilized as the main compliant part, and a shorter sliding bellow
was served as the torsional stiffener. The beam’s endpoint displacements are
mainly determined by its bending and torsional deformations. Therefore, the
relocation of a bellow stiffener with high torsion and low bending stiffness
along the described beam with relatively low torsion and high bending stiff-
ness led to notable changes in the kinetostatic behavior at the endpoint. The
share of bending and torsional stiffness of elements along the beam to end-
point stiffness varies depending on the direction. Experiments with arbitrarily
chosen parameters of the current design reveal an anisotropically adaptive
stiffness with 21.5 times more stiffness variations in one direction compared
to the other. Effective characteristics for this behavior, such as the length and
position of the bellow, were explored in an effort to improve it. To capture the
effect of these parameters, the Isoforce Displacement Closed Surface (IDCS)
was introduced as a new characterization method to visualize the nonlinear
kinetostatic behavior of a CM throughout its three-dimensional range of mo-
tion. The IDCS was further used to elucidate how individual components of
the current mechanism contribute to the system’s overall kinetostatic behav-
ior. Experiments were done on prototypes to confirm the changes in endpoint
stiffness that were predicted by simulations.

3.1 Introduction
Variable stiffness is a topic of interest in a wide variety of research fields. There are nu-
merous examples in aerospace engineering, soft robotics, medical devices, smart materials,
and wearable robotics. Despite the fact that these applications are different, the shared
desired characteristic is that the designed devices must be able to alter their stiffness in a
specified direction on demand.

In aerospace engineering, variable stiffness structures can be found in shape morph-
ing applications [1–4]. Through shape morphing, wings can change their shape to become
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more efficient across various flight conditions. Kuder et al. [5] reviewed concepts for vari-
able stiffness with a focus on shape morphing for aerospace applications, and Sun et al. [6]
reviewed the same concept based on smart materials and structures.

Variable stiffness solutions were also explored in the field of soft robotics. Manti et
al. [7] reviewed concepts for variable stiffness for application in this field. In soft robotics,
the focus is mainly on using variable stiffness parts for the different phases of the inter-
action of soft robots with natural environments [8–10]. There are a handful of examples
in soft robotics grippers which change the stiffness during different phases of grasping
and handling the material using different techniques such as granular jamming, which
can be defined as transition of granular media from fluid like to solid like state [11–13]. or
layer jamming [14–16] and hybrid jamming which includes a combination of both tech-
niques [17]

In medical applications, variable stiffness is a topic of interest mainly in surgical equip-
ment where the stiff mode is used for cutting, grasping, or supporting other equipment
while the soft mode is needed for traveling inside the body [18–20]. Blanc et al. [21] re-
viewed variable stiffness mechanisms for the application of medical devices.

In smart materials, taking advantage of variable stiffness can be the functionality ba-
sis of several proposed designs, where the effect of temperature or input voltage causes
different stiffness characteristics of the structure [22, 23].

Adjusting stiffness can also be used in wearable robotics, where changing the stiffness
of slender and lightweight structures is demanded to support different phases of human
motion, e.g., different states of the upper body or limbs in their range of motion [24–26].

Numerous techniques for altering the stiffness of a system and characterizing these
variations have been developed for a variety of applications. [27–30]. However, the ma-
jority of these techniques are designed in a complex and obtrusive manner. Still, in some
applications, e.g., aerospace or wearable robotics, slenderness and being lightweight are
key requirements. For instance, morphing aircraft wings using traditional mechanical
actuators and mechanisms is often not viable due to the additional weight of these mecha-
nisms [31, 32]. Similarly, the weight of wearable robots should be kept as low as possible
to minimize the load that the user must bear [33–35]. On the other hand, these applica-
tions mostly need to perform relatively complex motion or support in three-dimensional
space, which would commonly result in a complex assembly of several parts [36, 37]. How-
ever, adding complexities can wipe out the core functionality of the mechanism for these
specific applications.

A spatial Compliant Mechanism (CM) could be used to address these types of intricate
requirements for a relatively simple and slender system [38–41]. These mechanisms gain
their motion as well as support the force from the elastic deformation of spatially curved
parts [42, 43]. This type of CMs is still underexplored. A notable example of this type
of topology is a clamped-free slender beam, in which the elements of the curved beam
affect endpoint behavior [44], similar to an open chain robotic arm, in which the entire
system contributes to end-effector behavior. Here, mainly the bending and torsional stiff-
ness of elements along the beam contribute to the endpoint kinetostatic behavior. Hence,
it is possible to use these parameters to adapt the endpoint stiffness. There are several
examples in the literature, mainly focusing on changing the local bending stiffness of ele-
ments to adapt the overall stiffness of the system. Methods like layer coupling have been
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widely used [45–47], in these examples, a mechanism locally decouples layers to reduce
the bending stiffness of the endpoint.

The majority of research cited thus far has focused exclusively on adapting a system’s
bending stiffness in order to design a planar mechanism. In spatial mechanisms, the end-
point behavior is not only dependent on the bending stiffness of elements along the shape
but also strongly influenced by the torsional stiffness of these elements [48]. There is no
doubt that by utilizing torsion as a primary stiffness tailoring tool in spatial mechanisms,
higher and more sophisticated stiffness change ratios are achievable. However, imple-
menting torsional stiffness changes has received little attention [49, 50].

In this chapter, adapting the endpoint stiffness of a spatially curved compliant clamped-
free beam using a sliding torsional stiffener is investigated, and a new graphical charac-
terization is proposed for the characterization of the resulting anisotropic stiffness of the
endpoint for large deflections. It is shown that the endpoint secant stiffness under large
deflections can notably change when the stiffener length and position on the beam alter.
Two key compliant parts with contrasting mechanical behavior were used: a bellow as a
torsional stiffener and a spatially curved prismatic beam with a cruciform cross-section
as the base part. It is shown that the changes in the beam’s endpoint stiffness are highly
anisotropic. These changes in endpoint kinetostatic behavior were determined by differ-
ent bellow configurations and then captured by the definition of a graphical characteri-
zation method, Isoforce Displacement Closed Surface (IDCS), and a metric, Displacement
Change (DC). The IDCS was defined to visualize the nonlinear spatial kinetostatic behav-
ior of the CM for large deflections. The definition of IDCS is not only beneficial for this
work, but also it enables spatial CMs to be characterized, and the major effective design
parameters of a spatial system to be identified. It can also be used to quantify the compar-
ison of alternate solutions. The metric (DC) was defined as a quantitative measure for the
change of stiffnesses in different configurations of an adaptive CM. Finally, experiments
on prototypes were conducted to validate the simulation-based behavior.

The chapter is structured as follows. In Section 3.2, the concept for visualization of
endpoint kinetostatic behavior is introduced. The definition of the problem and effective
parameters together with the finite element solver are elaborated in section 3.3. Addition-
ally, the context of experimental verification procedures is discussed. In Section 3.4 the
resulting behavior from different conditions is shown. A discussion on the validity of the
results and possible other applications and future improvements are given in Section 3.5,
and the conclusion is given in Section 3.6.

3.2 Preliminaries
In this section, we present a concept for the visualization of the nonlinear kinetostatic
behavior of a CM for large deflections by introducing Isoforce Displacement Closed Line
(IDCL), and Isoforce Displacement Closed Surface (IDCS). An IDCL is obtained by loading a
point of interest, typically the endpoint, of a CM by a force circle (see figure 3.1), meaning
that a force (𝐹 ) of a constant magnitude is applied in a 360° sweep, and interconnecting
all of the endpoint’s displaced positions makes the IDCL. We have introduced this closed
curve shape previously in [51].

With the same logic, an IDCS is the interconnection of all of the point of interest’s



Preliminaries

3

33

Figure 3.1: The top figures show the forming process of an L-shaped cantilever beam’s Isoforce
Displacement Closed Line (IDCL) from a tip force circle in the 𝑋𝑌 plane. The bottom figures show
the forming process of the same beam’s Isoforce Displacement Closed Surface (IDCS) from a tip force
sphere in 3D. Three IDCLs are shown as closed curves on the IDCS. These IDCLs result from the
force circles of the same color in the 𝑋𝑌 , 𝑋𝑍 , and 𝑌𝑍 planes. A force vector 𝐹 is shown in solid
black and its curved representative displacement path as a result of gradually increasing force 𝐹 is
also shown with dashed black.

deflected positions when it is loaded by a force sphere. It is worth noting that, an IDCL
is a closed curve on the IDCS surface. Figure 3.1 shows the IDCS and three IDCLs of an
‘L’ shaped beam with a circular cross section. The IDCLs are the results of force circles on
the 𝑋𝑌 , 𝑋𝑍 , and 𝑌𝑍 planes.

As is suggested in figure 3.1, the nonlinear displacement as a result of a force vector in
a specific direction is not by definition in the direction of the force itself. Therefore, it is
not valid to assume each point of IDCL and IDCS as a direct representation of the endpoint
compliance in that direction. However, these graphical characterizations can clearly show
the nonlinear kinetostatic behavior of a point of interest on a CM.

A similar concept for the characterization of the kinetostatic behavior of compliant
building blocks was previously introduced by Kim et al. [52] as “compliance ellipsoids”.
The presented method in that work is analytical and easier to derive for simpler typolo-
gies, however, it only illustrates three main compliance vectors of a point of interest of
a mechanism in each instance. Additionally, it only indicates the linear tangent stiffness.
Thus, it is mainly effective for small deflections and it is not dependent on the magnitude
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of the force. In contrast, by employing IDCS, nonlinearities can be demonstrated; as a
consequence, a change in force magnitude may result in a different IDCS.

In this study, the proposed graphical characterization method is used to demonstrate
the spatial kinetostatic behavior of the beams’ endpoints, as well as to elucidate variations
in this behavior caused by different bellow configurations. This method of visualization
can clarify the influence of torsional stiffening in the suggested combined design of the
existing compliant mechanism. Noting that, as stated, we are proposing a method for
changing stiffness and are not interested in a particular application for this method, it is
essential to demonstrate changes in overall behavior that are not dependent on a particular
application or direction; therefore, proposing this visualization is more important.

3.3 Methods
A slender cruciform clamped-free beam with a predetermined shape was used as the main
compliant part, and a shorter bellow was employed as the torsional stiffener, as shown in
figure 3.2(a). The bellow was sixty times stiffer in torsion than the beam, and its bending
stiffness was approximately one-tenth of the beam bending stiffness. The bellow is only
connected to the main beam with its side clamps. We hypothesized that altering the con-
figuration of the bellows would result in significant changes in endpoint stiffness. To aid
in the investigation of this mechanical behavior, various steps are detailed in this section.

The mechanism’s topology and detailed parameters of the cruciform beam and bellow
are discussed in the first step. The defined graphical characterization method for facilitat-
ing comprehension of changes in the beam’s endpoint behavior in various bellow config-
urations is then elaborated. The details of implementing a geometrically nonlinear finite
element beam model are discussed. Finally, the details of experimental beam prototyping
and the test setup for verifying simulated results are elaborated.
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Figure 3.2: (a) The cantilever cruciform beam and its movable torsional stiffener. The length of the
sliding bellow is defined as 𝐿𝑠 and its starting position on the beam named as 𝑃𝑠 . The bellow is only
connected to the beam with two thin clamps on the sides. (b) The Isoforce Displacement Closed
Surface (IDCS) of the mechanism endpoint in two configurations of the bellow stiffener (red and
blue).
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3.3.1 Definition of topology
The cruciform beam was designed to be in a 1m cube design space and have a spatial form.
To make the shape of the beam extreme, the beam is set to move along all three principal
axes. Therefore, the beam shape was formed in a way to travel the internal diagonal of a
1m cube via its edges. However, following the cube corners could lead to sharp changes
in the beam shape, which might lead to discontinuities in the finite element model, also
stopping prismatic movement of the bellow along the beam. Therefore, to have a smooth
shape for the beam, it was chosen to be formed based on a degree-two B-spline in which
four corners of a 1m cube were used as control points. The B-spline was chosen to have
an open uniform knot vector of [0,0,0,0.5,1,1,1]. The position of the grounding point was
assumed to be at the origin of the Cartesian coordinate system, and the beam endpoint was
located at [1,1,1]. There were six different possibilities for the beam shape. The resultant
shapes are shown in figure 3.3. A guide curve was determined to define the orientation of
the cross-section in each point. Each beam section was set to be normal to the B-spline
and the upper flange of the cruciform was designed to always point to the guide curve,
which is shown in figure 3.3 with a red line. By defining this shape, we ensure that the
beam is smooth enough for the bellow movement, and that it has parts oriented in the
main Cartesian directions.
In the end, we selected only one beam out of all six possibilities, because the aim here
was to capture the endpoint spatial behavior in different configurations of stiffener. After
preliminary simulations, we discovered that the endpoint behavior of all six beam shapes
follows the same pattern, meaning that all six beams show the same IDCS shape in a
rotated or mirrored situation. Hence, we continued with only one beam out of six. The
selected beam is shown in solid yellow in figure 3.3.

The bellow and cruciform cross-sectional dimensions, where the bellow length 𝐿𝑠 was
defined as a fraction of themain beam length 𝐿𝑏 , are shown in figure 3.2(a). This figure also
shows how the bellowwas assembled on the beam by partially covering it. The bellow and
beam connections, i.e., the side clamps in figure 3.2(a) were only on the sides of the bellow,
where two circular parts with 2mm thickness and a cruciform section cut were connected
to the bellow sides. The bellow starting position from the beam base was labeled as 𝑃𝑠 and
it can slide on the beam. The value of 𝑃𝑠 was expressed as a fraction of the main beam
length and cannot be greater than 1−𝐿𝑠 in order to accommodate the bellow on the beam.
figure 3.2(b) depicts two different positions of a bellow (red and blue) and the resulting
IDCSs.

3.3.2 Cruciform beam and bellow stiffener dimensions
As shown in figure 3.2(a), the dimensions of the cruciform section were 𝐻 = 𝑊 = 0.06m
in height and width and 𝑡 = 0.009m in thickness.

For the bellow there were two diameters 𝐷out = 0.15m, 𝐷in = 0.12m and a uniform
thickness 𝑡𝑏 = 0.0018m.

3.3.3 Isoforce Displacement Closed Surface (IDCS)
It is essential to have an understanding of the endpoint spatial kinetostatic behavior to
realize changes determined by different bellow configurations. For this reason, we used
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Figure 3.3: All possible shapes for the spatial cantilever beam traveling from [0,0,0] to [1,1,1] ac-
cording to the defined B-spline and control points on the edges of a virtual 1*1*1 cube are shown
with blue lines. The selected beam’s shape from six possible shapes and its control points are demon-
strated. The guide curve specifying cross-sectional orientation is shown with the red line. Also, a
local spherical coordinate system is set up at the end of the beam to make it easier to show the
direction of the tip force.

IDCS for different bellow positions and lengths. To implement the tip force sphere, a
spherical coordinate system was defined on the endpoint, as shown in figure 3.3. The in-
plane angle 𝜃 of 𝐹 was changed in 10° steps from 0° to 350° to form IDCLs. This procedure
was repeated in planes with 36 different 𝜑 from 0°to 175°to make an IDCS from 36*36 dis-
placed states for each bellow configuration. The resulted IDCS of these points are shown
in figure 3.7. The magnitude of force was chosen to be three Newton (||𝐹 || = 3N), this led to
the maximum equivalent (von Mises) stress of 32.8MPa, which is below 68% of the yield
stress (48MPa) of the prototype material (PA-12). This force magnitude can be different
for other materials and possibly lead to a bigger or smaller volume of IDCS.

3.3.4 Displacement Change (DC)
To have a clear quantified estimation of changes in the endpoint’s stiffness, a metric was
defined as Displacement Change (DC). This value was defined as the absolute magnitude
of the displacement difference between two bellow configurations as a result of the same
force vector (𝐹 ). To make this number dimensionless, we divided it by the base beam
length (𝐿𝑏). The formulation for so-called DC is:

𝐷𝐶 =
‖‖‖
→
𝑑 𝑖(𝜃,𝜑)−

→
𝑑 𝑒(𝜃,𝜑)‖‖‖

𝐿𝑏
, (3.1)
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where 𝑑𝑖 and 𝑑𝑒 are displacement vectors as a result of the initial and the end configura-
tions of the bellow, and 𝜑, 𝜃 are respectively polar and azimuthal angle of the exerted tip
force.

Finding the directions of the maximum and the minimum DC could be an intriguing
aspect of the kinetostatic change. For this reason, a search function was used to find the
force direction (𝜃,𝜑) among all 36*36 deformed states, which led to the Highest Displace-
ment Change, HDC, and the Lowest Displacement Change, LDC, (see Fig. 3.4).

To find DC, we always compared two different positions of the same bellow. As the
bellows had the lowest effect when they were placed at the top end of the beam, we always
calculated HDC and LDC between the highest possible position of the bellows (𝑃𝑠𝑒 ) as
the benchmark and other positions (𝑃𝑠𝑖 ). It is important to mention that the bellow was
designed to always remain on the beam, hence, 𝑃𝑠𝑖 could only range from 0 to 1−𝐿𝑠 while
𝑃𝑠𝑒 (benchmark configuration) was always equal to 1−𝐿𝑠 .

The HDC direction can be interpreted as the direction where the endpoint behavior is
affected most by changes in bellow position, and with the same logic, the LDC direction
is the direction where changes in bellow have the least kinetostatic effect.
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Figure 3.4: The figure shows two Isoforce Displacement Closed Lines (IDCLs) for two bellow con-
figurations (red and blue lines), and the displacement paths as a result of gradually increasing force
𝐹 for each bellow configuration with dashed red and blue. Displacement Change (DC) is the magni-
tude of the difference between these two displacement vectors.

3.3.5 Finite element modeling
To simplify the model in finite element analysis, the parts of the beam covered by the tor-
sional stiffener have been replaced by elements with the combined stiffness of the beam
and stiffener. To obtain the IDCS, we needed to find the combined beam’s endpoint dis-
placements under 36*36 different loading vectors, and do this for each bellow configura-
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tion. Also, most of these loadings lead to large deformations. Hence, a relatively fast
self-developed beam model was implemented. The solver uses geometrically nonlinear
co-rotational beam elements, which were introduced by Battini [53], this model has been
further explained in detail in [51].
A mesh converged solution with 30 elements for the beam length was used. As it men-
tioned the bellow stiffening effect were modeled by multiplying the Iyy, Izz of bellow cov-
ered elements by 1.13 and their J by 60.8 regarding the data in table 3.1. For different
lengths of the bellows the number of covered elements was changed. 15, 10 and 5 ele-
ments respectively for long, medium, and short bellows, and for different heights of the
bellow on the beam, the starting stiffened element was changed.

It is important to note that, we are employing the described finite element model as a
tool in our work, as it is a well-established gold standard model and performs sufficiently
for this application. It is clear that alternative more advanced models can also be used
with the same visualization and layout as those described in this study.

Both the bellow and the cruciform beam were modeled as 3D Euler-Bernoulli beam.
Therefore, all dimensions were ultimately reduced into four main beam parameters: area,
second moment of inertia in the two main directions, and torsional constant. Based on
the dimensions and the preliminary experiments, the parameters for modeling these two
components are mentioned in table 3.1.

Table 3.1: The parameters for the bellow and the beam.

Beam Bellow
Area (m2) 9.99e-4 4.48e-4
Iyy (m4) 1.65e-7 2.23e-8
Izz (m4) 1.65e-7 2.23e-8
J (m4) 2.64e-8 1.56e-6

For finding the Young’s modulus (𝐸), we conducted preliminary experiments on the
bellow and beam prototypes. These tests resulted in 𝐸 = 1.17GPa. By using the Poisson’s
ratio of PA-12 [54], the shear modulus was calculated as 𝐺 = 0.41GPa for both the beam
and the bellow.

3.3.6 Experiments
To validate modeling results, an experimental setup was developed. The prototypes for
the experiments were 3D-printed using the multi-jet fusion method with PA-12 as the
material. The beams were down-scaled six times to fit within the printing volume.

The experiments included loading the endpoint in LDC and HDC directions obtained
from simulations (see table 3.2), with 𝐹 = 3N/scale = 0.5N, and capturing the undeformed
and deformed states to find the experimental HDC and LDC (see figure 3.6).

Here, we used suspended weight as the load. This load was always pointing vertically
downward. Therefore, to implement the load’s different directions, the whole mechanism
was clamped onto a universal rotational stage where the rotation of the beam’s global co-
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ordinates in 𝜃 and 𝜑 represented the changes in endpoint load direction. The experimental
setup is shown in figure 3.5.

The three-dimensional displacement in the loaded and unloaded states were obtained
by tracking the displacement of the endpoint marker in images that were taken from two
perpendicularly located cameras.

Undeformed

beam

Deformed

beam

F

Universal Clamping

Bellow

stiffener

Figure 3.5: The experimental setup with a suspended-weight represents the constant magnitude of
the tip force and a universal joint at clamping to represent the changes in load direction. The spatial
displacement of the endpoint was measured using image processing of unloaded and loaded states
from two perpendicular angles.

3.4 Results
To understand the effect of torsional stiffener length, three different bellows were chosen
with their length (𝐿𝑠) indicated as a fraction of the main beam length (𝐿𝑏). The bellow
lengths were selected to be 1/2 (long), 1/3 (medium), and 1/6 (short) of 𝐿𝑏 . Besides the
length of the bellow, the effect of its starting position (𝑃𝑠) was also investigated.

The resultant HDC and LDC of these different positions are shown in figure 3.6 with
thick dashed lines for HDC and thick solid lines for LDC. The directions of the forces for
LDC and HDC in different configurations are shown in table 3.2. It is clear that with a
longer bellow, the range of motion for the bellow becomes shorter. Hence, in figure 3.6
the horizontal axis (𝑃𝑠) for longer bellow is shorter.

In addition, for each of the three bellow lengths in figure 3.7 (a, c, e), we have also
shown the IDCS of the two most extreme positions (𝑃𝑠 = 1−𝐿𝑠 , 0). In the same figure, the
displacement path of the beam in two configurations with HDC (dashed lines) and LDC
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(solid lines) are also shown (b, d, f). The blue and red lines and surfaces are for the blue
and red configurations of the bellows.

Table 3.2: The directions of the force to obtain the Lowest Displacement Change (LDC) and the
Highest Displacement Change (HDC) in different positions of the bellow (𝑃𝑠 = 0−0.7). 𝜃 and 𝜑 are
resulted from modeling and used for the experiments. The resulted HDC, LDC, and HDC/LDC from
experiments are also shown for all bellow lengths (long, medium and, short).
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𝜃 𝜑 𝜃 𝜑 𝜃 𝜑 𝜃 𝜑 𝜃 𝜑 𝜃 𝜑
0 40 50 5.8 110 150 30.9 5.3 50 45 1.2 120 160 25.4 21.5 50 40 2.3 90 160 11.1 4.7
0.1 70 30 7.5 130 155 21.6 2.9 70 30 3.7 150 160 19.5 5.2 50 40 1.8 130 165 7.4 4.1
0.2 70 30 6.0 150 160 6.9 1.2 90 20 2.0 160 145 7.8 3.9 70 30 0.3 150 160 2.0 7.5
0.3 90 20 2.0 160 145 3.7 1.8 90 20 3.3 170 130 8.4 2.5 90 20 0.7 180 140 6.0 8.3
0.4 80 30 1.3 170 130 1.5 1.2 90 20 0.9 180 115 5.3 6.1 90 10 1.7 180 120 3.1 1.8
0.5 280 30 1.4 180 110 1.4 1 90 20 0.7 180 110 1.9 2.6
0.6 280 30 0.2 180 115 0.7 4.7
0.7 280 30 0.2 180 120 1.7 8.5

3.4.1 Experimental results
Experiments were used to determine the displacements of the mechanism with various
bellow configurations. Themechanism displacements were found in discrete positions and
normalized based on the length of the prototype beam to be comparable with modeling
results. The resultant DCs from experiments are shown with an asterisk (*) in figure 3.6.
To make the experimental results trend comparable with the simulation results, the data
points are connected with the thin dashed (HDC) and thin solid (LDC) lines.

A Normalized Root Mean Square Error (NRMSE) is used for each set of experimental
results to show the difference with finite element results. For normalization of the RMSE,
each set of results is divided by its “max value - min value”. Table 3.3 shows the NRMSE
for different sets.

Table 3.3: The Normalized Root Mean Square Error (NRMSE) for different sets of experimental
results compared to finite element results. The errors for long, medium, and short bellows, in the
Lowest Displacement Change (LDC) and the Highest Displacement Change (HDC) are shown.

Long Medium Short
LDC HDC LDC HDC LDC HDC

NRMSE 16.2% 8.2% 8.6% 7.7% 5.5% 27.9%
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Figure 3.6: Displacement Change (DC) as a result of the same magnitude of force in the Lowest DC
(LDC, solid lines) and the Highest DC (HDC, dashed lines) directions upon different bellow positions
(𝑃𝑠 ). Figures (a),(b),(c) are respectively for short, medium, and long bellows.
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Figure 3.7: The left figures show the resulting Isoforce Displacement Closed Surfaces (IDCSs) for
two positions of the bellow, on top and bottom of the beam. Blue IDCS is for the bottom blue position,
and red IDCS is for the top red position of the bellow. The right figures show the displacement path
of the endpoint for the same two positions of the bellow on the top and bottom, where the blue lines
are for the bottom position and the red lines are for the top position of the bellow. The displacement
paths are shown for two different directions of the load in each of the two bellow position, HDC
load direction (dashed lines) and LDC load direction (solid lines). The displacement paths are the
result of gradually increasing loads in that direction. Figures (a, b), (c, d), (e, f) are respectively for
short, medium, and long bellows.
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3.5 Discussion
The results highlighted the effect of torsional stiffening on the endpoint behavior of the
CM and the anisotropically adaptive stiffness that was achievedwith this technique. It was
shown thatmeaningful trends in the nonlinear kinetostatic behavior of themechanism can
be achieved by changing configurations of the bellow. These changes are further analyzed
by the graphical characterization method and the metric, IDCSs and HDC, which were
specifically defined to understand the behavior of spatial CM.

In figure 3.7, the difference between the IDCSs of the two configurations of the bel-
low, blue and red, becomes more significant as the length of the bellow increases. Also,
from figure 3.6 it can be revealed that with longer bellows, we can achieve higher HDC.
However, a shorter bellow has a greater travel range than a longer bellow, and it is more
appropriate for having a fine control on the endpoint behavior. Hence, there is a trade off
between having a higher stiffness change (longer bellow) or a wider range of adjustment
(shorter bellow) when choosing the bellow length.

Figure 3.6 also shows that the effect of the change in bellow position is higher near
the grounding of the beam. This nonlinear decrease in HDC is due to the fact that with
the current topology of the clamped-free beam, the base elements are subjected to higher
deformation due to larger moment arms, and their deformations have a larger effect on
the endpoint displacement.

As anticipated, both figure 3.6 and 3.7 confirm that the changes in endpoint behavior
are not isotropic. The reason behind this behavior can be explained by an example. If we
imagine a tip force in the Y direction in figure 3.3 on the beam, it will cause bending of
the Z and Y-oriented parts of the beam and torsion of the X-oriented part. Regarding the
fact that the deformation of the endpoint is heavily dependent on the beam base and that
the moments are higher in the base part. Therefore, the torsion in the X-oriented part of
the beam plays the major role. Hence, by torsionally stiffening this part, we can expect
higher overall stiffness of the endpoint in the Y direction.
If we imagine the same situation for a tip force in the X direction, it will cause bending in
the Z-oriented and X-oriented parts of the beam and torsion in the Y-oriented part. How-
ever, we mentioned that the effect of the beam base (the X-oriented part) is much more
important. Therefore, torsional stiffening of the beam base will not cause a significant
change in stiffness for the endpoint in the X direction.
Regarding this explanation, we can state that, by torsional stiffening of the beam, the end-
point stiffness behavior changes significantly in the directions wherein the torsion of the
base elements is dominant, namely the Y direction in figure 3.3 which causes the HDC
direction, and it almost remains the same in directions where the bending of the base part
is dominating, namely the X direction, which causes the LDC direction.
In figure 3.6, the solid LDC lines are representative of bending-dominated directions, where
the overall stiffness of the structure remains almost the same, and therefore, the DC re-
mains almost zero regardless of the length and position of the bellow. With the same
logic, the dashed HDC lines are representative of torsion-dominated directions where the
endpoint stiffness is affected significantly by the torsional stiffening caused by the bellow.

The experimental results arguably match the anticipated results from finite element
modeling, and the highest achievable HDCs in two cases are comparable. The reason
behind some mismatches can be found in different assumptions:
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Firstly, in the finite element modeling, we assumed that the stiffened beam parts, i.e.,
beam parts that are covered by the bellow, can be replaced by beam elements with the
combined stiffness of the beam and bellow, whereas in reality, the bellow is only connected
to the beam on two side clamps. Themodeling of this stiffening could be captured better by
taking the bellow and beam as parallel elements between clamping points and constraining
them only on the side clamps of the bellow.

Secondly, here we have used Bernoulli’s beam model, which is a gold standard for this
type of structure, but it cannot capture some forms of deformation, e.g., section deforma-
tion. Using a more advanced finite element model can lead to a lower mismatch between
experiments and modeling. Furthermore, in the current model, increasing the number of
simulations per each configuration of the bellow can improve the resolution of 𝜃 and 𝜑
for HDC and LDC directions.

Thirdly, there were sources of error in the measurement setup, e.g., the torsion of the
beam curve and the bellow were not matched in all configurations. Moreover, with the
current bellow-beam connection, there is still room for under-bending of the bellow and
over-torsion of the covered part of the beam, which makes the model less valid and shows
its effect mainly on the most extreme cases, i.e., LDC of the long bellow and HDC of the
short bellow (Fig. 3.6(a) dashed line and Fig. 3.6(c) solid line).
Another source of error can be considered in the bending stiffness of the bellow, which
was assumed to be linear. However, initial investigations have shown that in large defor-
mations, the bellow exhibits bending stiffening and it shows nonlinear behavior.

Eliminating thesemajor causes of errors can result in a bettermatch betweenmodeling
and experiments. However, the current data already demonstrate the desired behavior, and
the conclusion regarding the change of kinetostatic behavior remains sound.

Attention must be paid to the definition of what we are achieving in terms of changes
in endpoint kinetostatic behavior as the displacement vectors are not in the same direction
as the forces due to the coupled parameters in the endpoint stiffness matrix (see figure 3.1).
Also, in most cases, as it is shown in figure 3.7(b,d,f), we observed a curved path and non-
linear deformation of the endpoint due to the large magnitude of the force. Hence, the
arbitrarily selected magnitude of the endpoint force has an effect on the maximum achiev-
able HDC/LDC, but the overall anisotropic adaptive stiffness behavior due to torsional
stiffening of the spatial mechanism is present regardless of the force amplitude.

Here, torsional stiffening was selected as the primary way to achieve anisotropically
variable behavior. It is possible to achieve this behavior for other types of spatial structures
as well, e.g., thin-walled shells. Also, changing the torsional stiffness is possible with other
methods.

The resulting anisotropic change in the displacement domain is an interesting effect
that can be used in many ways, e.g., in exoskeletons or morphing wings, where the stiff-
ness needs to be reduced in one direction but stay more or less the same in other directions.

The optimization of several arbitrarily selected parameters like the shape and cross sec-
tion of the beam and its torsion to bending stiffness ratio can notably change the behavior
of the mechanism and further enhance the DC and anisotropy of the system. Hence, it is
possible to use this simple, effective technique to design and modify the endpoint charac-
terization of other spatial compliant systems, specifically for applications where weight
and slenderness are key requirements.
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3.6 Conclusion
We have presented a method which allows for anisotropic changes of end point stiffness of
a spatial CM.This is done by a novel combination of two contrasting parts: a clamped-free
curved cruciform beamwith relatively high bending and low torsional stiffness as the base
structure, and a short bellow with low bending and high torsional stiffness as a prismatic
torsional stiffener of the main beam.

A graphical characterization method has been introduced to investigate the three di-
mensional nonlinear changes of the mechanism’s endpoint’s behavior due to the variation
of the length and position of the bellow. This visualization can further be used to charac-
terize the kinetostatic behavior of other types of spatial CM.

21.5 times higher stiffness changes in one direction compared to the otherwas achieved
in the experiments using this method. The simulated behavior was also verified by observ-
ing similar trend of changes with experiments with an averaged normalized RMS error of
12.5%.

This type of anisotropic adaptive stiffness can have several applications where changes
only in one direction’s stiffness are required while the other direction’s stiffness should re-
main almost the same. A similar combination of contrasting elements can be used for other
types of structures like thin-walled shells. It is also possible to implement optimization on
effective parameters of the current design to further enhance the presented feature.
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4
A compliant transmission

mechanism

In part I, the kinetostatic behavior of spatially curved beams was investigated, and the
torsional deformation was found to have a key effect on the endpoint’s behavior of spatial
compliant beams. In part II, othermechanical effects that can play a role in the propagation
of torsion and the control of it in open thin-walled straight beams will be investigated. In
this chapter, warping, a well-known effect in thin-walled structures, is utilized to transmit
the torsion. It is shown that beams with a relatively high warping constant can work like
a transmission mechanism and pass the sectional rotation over a rotational constraint to
make the reverse rotation on the other side. The concept has been shown to have the
possibility of also changing the transmission ratio between rotations of the sides of the
beam, which makes it a compliant continuously variable transmission mechanism.

This chapter was published as:
Amoozandeh Nobaveh, A., Herder, J.L. and Radaelli, G., 2023. A compliant Continuously Variable Transmission
(CVT). Mechanism and Machine Theory, 184, p.105281.

https://www.sciencedirect.com/science/article/pii/S0094114X23000496
https://www.sciencedirect.com/science/article/pii/S0094114X23000496
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A compliant Continuously Variable
Transmission (CVT)

Abstract Continuously Variable Transmissions (CVT) can serve as subsys-
tems for a variety of machineries and robotic systems. A compliant CVTmech-
anism based on the warping of twisting beams is presented here. The design
works based on the demonstrated fact that the twist on one side of a beam
can be transferred via sectional warping and propagate across a rotational
constraint in the middle of the beam to create a reverse twist on the opposite
side. In the proposed compliant CVT the transmission ratio is dependent on
the position of the middle rotational constraint which can vary in a continu-
ous range. We have demonstrated this concept and its relation to the twisting
beam’s warping constant, as well as its functionality for different transmission
ratios of 1:4 to 4:1. An analytical model as well as a Finite Element Analysis
(FEA) and experiments are employed to characterize and verify the concept
and its relation to the warping constant.

4.1 Introduction
A transmission mechanism is generally a complex, multi-element system. When a con-
tinuously variable transmission (CVT) ratio is required, an additional level of complexity
might be anticipated. There are several designs for CVT systems, including half and full
toroidal CVTs [1], magnetic CVTs [2], and belt- or chain- type CVTs. Designs of the latter
type, which is the largest group of known CVTs, utilize two pulleys with variable diame-
ters coupled to one another with a belt or chain [3].

Considering applications requiring light-weight mechanisms like aerospace engineer-
ing and wearable robots, using these conventional systems is not viable as they are rather
bulky and complex. Also, for small-scale applications, such as sensors or micro robots,
these conventional systems are inadequate because of fabrication and assembly problems.
Apart from the fact that these mechanisms operate on the basis of contacts between nu-
merous connected elements, which introduces inherent problems such as backlash and
other contact-related errors that can reduce the applicability of these conventional variable
transmission solutions for applications such as MEMS and micro manufacturing, clean
(room) applications i.e., optics and extreme precision [4].

A compliant transmission mechanism is capable of resolving several of the concerns
listed above. Due to the fact that these mechanisms operate via elastic deformation of
elements rather than contact, issues such as backlash are not present. Additionally, these
systems are predominantly monolithic, light-weight and easily fabricable. As a result,
a compliant CVT can be used to construct devices such as tiny aerial robots [5], watch
oscillators [6], and precision systems such as sensors, or any other application that does
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not require a full cycle rotation like walking mechanisms for humanoid robots [7, 8] or
motion transferring for wearable robots [9].

Numerous examples exist of compliant transmission mechanisms [10–12]. However,
these compliant transmission systems aremainly planar andwere designed by substituting
rigid bodymechanism joints by compliant parts. As a result, themost of thesemechanisms
require a very large design area to accommodate the links, and in themajority of situations,
linkages can only imply a fix transmission ratio. There are fewer instances of systems that
allow for variable transmission ratios, but still in those designs, a reconfiguration of the
whole mechanism is required in order to change the transmission ratio, whichmakes them
even less space efficient [13, 14]. There are another type of these compliant transmissions
in literature which can only switch between specified ratios; in other words, they are
incapable of continuously covering a range of transmission ratios [15]. Apart from that,
the aforementioned planar techniques were primarily created for translation to translation
transmission.

To achieve rotation to rotation compliant transmission mechanisms, spatial compliant
elements such as twisting beams can be used. Earlier, such an element was employed
to morph shapes [16], and also for some compliant revolute joints [17, 18], where the
bending to torsion stiffness ratio of the beam is crucial for representing joint-like behavior.
Strategies such as balancing and prestressing are proposed to further increase this ratio for
the joint functionality purposes. However, in non of these compliant twisting elements,
designers looked at the possibility of using them as transmissions.

In this work, we use warping as an intrinsic property of a beam with an open thin-
walled section, to obtain rotation–rotation transmission. Warping is usually regarded as
an undesirable behavior, and designers try to minimize or avoid it. There are only a few
applications, e.g., adjusting the effective angles of airplane wings [19], that take advantage
of this principle. Warping, or in another words out of plane deformation of cross-sections,
can be very effective as it causes axial displacements in a warpable beam. These axial
displacements can propagate across an intermediate rotational constraint and cause ex-
ceptional effects like twist coupling along the beam, which can be considered a method
to transmit the rotation between sides of a warpable beam. The transmission of warping
in thin-walled structures is a well-established topic in structural engineering and there
are several papers on characterization and possibly avoiding its propagation in the whole
structure [20–22]. However, using this warping behavior to achieve a mechanism has
only been proposed by the authors as a compliant differential mechanism with a one to
one ratio [9, 23].

The purpose of this chapter is to present a concept for a compliant CVT mechanism
that operates by twisting warpable beams. It is demonstrated that the rotation of one
beam side can be transmitted by warping along the beam and passing across a rotational
constraint in the middle of the beam to cause the opposite side to rotate in reverse. The
ratio of the rotation angles at the input and output sides is dependent on the location of
the intermediate rotational constraint. As a result, it is demonstrated that by reposition-
ing the middle constraint a continuously variable transmission can be created. We have
established and validated this concept using an analytical solution, finite element analysis
(FEA) and experiments on the beam prototypes with different warping constants in order
to demonstrate the effect of warping on this transmission behavior.
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The chapter is structured as follows. In Section 4.2, the concept, and the reasoning be-
hind the captured behavior are introduced. The effective design parameters together with
the details of the analytical solution, the FEA and the experimental setup are elaborated in
Section 4.3. In Section 4.4 the results for all beams and from different methods are shown.
A discussion on the validity of the concept and the results, beside possible applications
and improvements are given in Section 4.5. Finally, a brief overview of the achievements
and possible applications are stated in Section 4.6.

4.2 Concept Overview
When a beamwith a high warping constant is loaded in torsion, the cross-sections deform
in the axial direction of the beam. In other words plane cross-sections are not planar
anymore (Fig. 4.1) [24]. These warping induced axial deformations can propagate along
the beam length. Therefore, the rotational constraint perpendicular to the beam’s length
(fork support) cannot block them. This means that by rotating one side of the beam, they
form and transfer the sectional torsion across the rotational constraint and bring it to the
other side. This behavior results in a reverse rotation of the output of the beam compared
to the input. Here, this principle is used as a transmission and inversion between input
and output. The schematic of the mechanism and the warping-induced displacements are
shown in Fig. 4.1.

A

ASection A-A

Input rotation

Resulting rotation

Figure 4.1: The working principle of the compliant CVT based on the warping of twisting beams.
The axial displacements of the beam flanges, which are caused by the beam warping are also shown
with vectors.

In an ideal case for a twisting beam with high warping constant, if there are no re-
strains for the warping, a uniform torsion along the beam will form upon a rotation at the
input [24], as shown in Fig. 4.2. This uniform torsion results in a constant twist angle along
the whole beam. At the same time, the presence of the prismatic mid-beam rotational con-
straint (the gray ring) leads to a zero twist angle for this middle cross-section. Therefore,
assuming a constant twist angle along the beam, the ratio between output twist angle 𝜃Out
(red ring) to input twist angle 𝜃In (blue ring) in an ideal case is equal to the ratio of the
distance between mid constraint to input ring 𝜆, over the distance of the mid constraint
to the output ring 𝐿−𝜆 (Fig. 4.2):
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𝜃Out
𝜃In

= 𝐿−𝜆
𝜆 . (4.1)

Input Rotational constraint Output

θInput
θOutput

λ L-λ

Figure 4.2: The input ring (blue), sliding rotational constraint ring (gray), and output ring (red)
where rotations and constraints are exerted on the beams by prismatic grooves along the four web
tips. The distance between the middle constraints and the beam’s sides, which specifies the trans-
mission ratio, are also shown.

It is explained that varying themid constraint location directly affects the transmission
ratio, exactly like the changes of mechanical advantage when the location of the middle
joint of a lever changes. This analogy is illustrated schematically in Fig. 4.3. In this concept,
the warping induced axial displacement of the cross-sections plays the role of the rigid
bar in the lever mechanism. It is clear that if we reduce the rigidity of the bar in the lever
mechanism, the output/input ratio will not be as ideally expected. A similar logic can
explain by the effect of the warping constant on transferring the rotation.

3:11:11:3

Figure 4.3: The comparison between the presented concept, when there is no load at output, and a
lever mechanism

4.3 Methods
To realize this concept and to understand the effect of warping on the transmission be-
havior of the proposed mechanism, three open thin-walled cruciform beams are chosen,
as shown in Fig. 4.4. These three beams have the same length (200mm) and the same web
dimensions. However, the flange widths of these three beams are selected to have three
sizes as shown in Fig. 4.4(a). The beams are designed in a way to have torsional constants
in the same order of magnitude and warping constants in three different orders of mag-
nitude as shown in Table 4.1. The warping constant of a cross-section is a measure for
the effort needed to reduce warping [24]. In other words, the effort needed to keep the
cross-sections in plane although a torsion is applied. Similarly, the torsional constant of
a section is a measure of the effort needed to make an angle of twist in the beam sections.
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The warping induced transmission behavior of these beams are analyzed with an ana-
lytical solution, FEA with beam and shell elements, and with experiments. The details of
each of these methods are described in the following sections.

t =
 0

.8

wf = 30 

Full-Flange Half-Flange No-Flange

wf = 15 wf = 3 

ww = 40 ww = 40 ww = 40 

(a)

(b)

Figure 4.4: Three cruciform beams with the same length, sameweb dimensions, and different flange
sizes are chosen to show the effect of warping. (a) shows the dimensions of these beams. (b) shows
additive manufactured beams for the experiments.

Table 4.1: The St. Venant torsional constant 𝐽 and warping constant 𝐼w for three beams with full-
flange (𝑤f = 30mm), half-flange (𝑤f = 15mm), and no-flange (𝑤f = 3mm).

Full-flange Half-flange No-flange
𝐽 [m4] 3.48e-11 2.42e-11 1.59e-11
𝐼w [m6] 2.76e-12 3.45e-13 3.14e-15

4.3.1 Analytical solution
UsingVlasov’s torsion theory for beam elementswith restrainedwarping [25], the rotation
of a beam cross-section can be derived from this differential equation:

𝑚 = 𝐸𝐼w
d4𝜑
d𝑥4 −𝐺𝐽

d2𝜑
d𝑥2 , (4.2)
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where𝐺𝐽 is the torsional rigidity, 𝐸𝐼w is the warping rigidity and𝑚 is a distributed torsion
moment along the beam. The torsion stiffness and warping stiffness are cross-section
properties that are obtained using Ansys and shown in Table 4.1.

The torsion moment can be specified as:

𝑀𝑡 =
d𝐵
d𝑥 +𝐺𝐽 d𝜑

d𝑥 , (4.3)

where the bimoment (𝐵) shows the distributions of axial warping induced stress at a cross-
section and follows this equation:

𝐵 = −𝐸𝐼w
d2𝜑
d𝑥2 . (4.4)

The boundary condition for the beam can be an applied rotation 𝜑 = 𝜑0, or an applied
torsion moment𝑀 =𝑀0. In this case we imposed an input moment and solved Eq. 4.2 for
each side of the beam. The differential equations were solved using a general form with
four boundary conditions for each sides of the beam (eight in total for 𝑥 = 0−𝐶−, 𝑥 = 𝐶+−𝐿)
as shown in Fig. 4.5. The input and output moments and angles can be tweaked separately
in this formulation to see the behavior of the beam in different cases. The Matlab code
based on this formulation that can solve Eq. 4.2 with different boundary conditions can be
found in the supplementary material.

x = C

M = M0
B  = 0

M = 0
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∂φ

φ  = φ  = 0 

∂x

_ +
_

= ∂φ
∂x

+

=∂2φ
_

∂2φ+

∂x2 ∂x2

Figure 4.5: The boundary conditions of the beam which are used to solve Eq. 4.2

4.3.2 Finite Element Modeling (FEM)
The Ansys Parametric Design Language (APDL) has been used to analyze the output to
input ratio of the beams. In order to have a fair comparison with the presented analyt-
ical formulation and the experiments, two different elements types are used: the beam
element as a benchmark for analytical formulation and the more advanced shell element
as a benchmark for the experiments.
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The material properties of Polylactic Acid (PLA) [26] are used for both the models to
match the material of the additive manufactured prototypes. The moments of 0.2Nm and
0.4Nm are exerted on the beam’s input side via the ring. The position of the prismatic
rotational constraint ring varies in nine steps from −0.06m to 0.06m from the middle of
the beam 𝑥 = 0m, to form 1:4 to 4:1 transmission ratios between output and input rotations.

Beam modeling
To have an estimation of the sectional rotations along the beam to comparewith the results
from analytical model, the beam element (beam 188) is used. This beam model is based on
Timoshenko [27] with warping adapted from Schulz and Filippou [28].

Twenty elements were used to construct the beam. Based on the convergence check,
this number of elements is slightlymore thanwhat is needed. Also, having 20 elements can
give key points on the locations that are important for limiting the rotation for different
transmission ratios, which is shown in this work. The beam’s input constrained in three
translational directions. For the middle ring, two translations, in 𝑦 and 𝑧 directions, and
one rotation in 𝑥 direction are implemented as shown in Fig. 4.6.

Shell modeling
The eight-node shell element (shell 281) is selected as the constructing element. The beam
constrained at two positions, one at the input section similar to the beam, and four at the
location of the prismatic rotational constraint at the tips of the webs, where points are
tangentially constrained as shown in Fig. 4.6. It is important to note that the shear center
of a bi-symmetric cruciform beam is in its center, and ideally the four webs will not warp,
considering their small thickness. Therefore, the best location to constrain the rotation
is the webs endpoint where there will be in principle no out of plane deformation of the
cross-section due to the warping.

The input moment is applied via another set of four points on the input side, where
tangential forces are applied. The input and output rotations upon exerted moments are
obtained by tracking the rotation of the shear center of the input and output sections.

y

x
z

Shell ConstraintsBeam Constraints

InputInput

OutputOutput

Figure 4.6: The model used for the finite element analysis and the rotational constraints imposed
on it for both shell and beam elements. Blue arrows are showing constraints, and red arrows are
showing input loads and moments.
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4.3.3 Experimental setup
The compliant beams are used as rotation–rotation transmission. Therefore, to have con-
trol over the rotations of the sections and to replicate the same constraints described in
the FEM, four longitudinal notches are made on the edge of the beam webs, and prismatic
rigid rings with four V-shaped keys are designed to fit into these grooves as shown in
Fig. 4.2 and realized in Fig. 4.7. Putting moments on these rings or constraining them has
the same constraining effect described in the FEM for sets of four section-mate points (see
Fig. 4.6).

The input ring is constrained in 𝑥 , 𝑦 and 𝑧 directions and a force couple is exerted on
it by two ropes connected to suspended weights via pulleys. The applied moment is kept
constant as the ropes are wrapped around a central pulley. The moments are 0.2Nm and
0.4Nm. The output ring is free in all directions. Themiddle constraint ring is connected to
an 𝑦𝑧 compliant stage in order to have all freedom except rotation around the 𝑥 axis. This
compliant 𝑦𝑧 stage is connected to a slider parallel to the beam’s longitudinal direction 𝑥 ,
so that the middle ring can be moved along the beam. The prismatic motion of this ring
can continuously vary the output/input ratio.

Output dial

Input dial

Middle prismatic
rotational constraint

Force

Force

Twisting beam

Input moment

(a)

Output dial

Input dial

z

y

x

Force

Force

(b)

Figure 4.7: (a) shows the experimental setup. The beam is constrained in the middle where the
compliant 𝑦𝑧 stage allows for translations while constraining the 𝑥 rotation. The input ring is hinged
to the ground and a force couple is exerted on it to make an input moment. Input and output rings
have dials for image processing of their angles. (b) shows an example of the view which is used in
image processing to measure the input and output rotations.

The behavior of the beams is examined by experiments on additive manufactured pro-
totypes made out of PLA and shown in Fig. 4.4(b). The position of the middle constraint
ring changes in the same nine steps as described in Section 4.3.2. The output and input
rotation angles are measured by image processing of the output and input dials, which are
connected to the rings. An example of an image from which angles are extracted from is
shown in Fig. 4.7(b).
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4.4 Results
To understand how warping induced displacements can transfer the rotation, the nodal
rotations (𝜑) and the nodal warping (d𝜑/d𝑥) along all three beams from the analytical
solution and from FEM with a beam model are shown in Fig. 4.8. In this figure an input
rotation of 0.5 rad is applied on one side of the beam and the rotational constraint located
at the middle of the beam (x= 0.1m) which is indicated by a vertical line.
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Figure 4.8: (a) shows the sectional rotation (𝜑), and (b) shows the sectional warping (d𝜑/d𝑥). Both
parameters are illustrated for nodes along the three beams when an input rotation of 0.5 rad is
applied at the input for a 1:1 ratio. The dashed lines are from the analytical solution and the solid
lines are from the FEM with beam elements.

Beside the nodal solutions, the output/input rotation and moment are measured to
evaluate how close these beam can perform to the ideal ratio from (Eq. 4.1). This ideal ratio
is shown with a dotted line in Fig. 4.9 and the ratios which were achieved from beams are
shown with colors. The data points are shown with circles and connected to each other
with straight lines to show the trend. The resulting ratios are for the output/input rotation,
in other words the geometrical advantage in Fig. 4.9. These results are obtained using the
analytical model using an input moment of 0.2Nm.

The match rate to the ideal ratio is a good indicator of how good each of these beams
can transfer the motion in different ratios of transmission. Therefore, this match rates
with ideal ratio are shown in Fig. 4.10 for all modeling methods.

Another effective parameter that can have effect on the match rate with ideal ratio is
the input rotation caused by the input moment. To evaluate this effect all beams undergo
input moments ranging from 0.1Nm to 3Nm and the match rates in 1:1 ratio from FEM
with shell elements are shown in Fig. 4.11.

It is mentioned that the experiments and FEM both are performed with 0.2Nm and
0.4Nm as input moments. To have a second insight on the effect of the input moment
on the match rate besides the Fig. 4.11, the average match rates from all methods and for
these two input moments are indicated in Table 4.2.
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Figure 4.9: Resulting output/input angle ratios from analytical solution for the beams with nine
different positions of the rotational constraint along the beam are compared with the ideal ratio of
Eq. 4.1.

Table 4.2: The average match rate to ideal ratio for different cross-sections from analytical solution,
FEM with beam and shell elements and experiments are shown for beams with the input moments
of 0.2Nm and 0.4Nm.

Full-flange Half-flange No-flange

Input M [N.m] 0.2 0.4 0.2 0.4 0.2 0.4

Analytical [%] 97 97 86 86 16 14
FEM beam [%] 96 97 86 86 16 16
FEM shell [%] 93 91 79 75 17 16
Experiments [%] 68 67 56 55 10 9

Table 4.3: The resulting Mout/Min ratios from analytical formulation when the output resistant
moment increases from 0.5 to 5 N.m for the ideal geometrical ratios of 4/1, 1/1 and 1/4 of the full-
flange beam.

Output resistant moment Mout [N.m]

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Ideal ratio Resulting ratio Mout/Min [-]

4/1 1.77 2.47 2.84 3.07 3.22 3.34 3.42 3.49 3.55 3.59
1/1 0.57 0.73 0.81 0.85 0.88 0.90 0.92 0.93 0.94 0.95
1/4 0.11 0.16 0.18 0.20 0.21 0.22 0.22 0.23 0.23 0.23
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Figure 4.10: The geometrical match rates with ideal ratio from Eq. 4.1 are shown for nine different
transmission ratios. The results are obtained from (a) Analytical solution, (b) FEM with beam ele-
ments, (c) FEM with shell elements, and (d) Experiments.
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Figure 4.11: The effect of input moment on the geometrical match rate for three beams. The results
are obtained from the FEM with shell elements with 1:1 ratio.
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Figure 4.12: Effect of output resistant moment on the deviation of sectional twist angles along the
beam from the expected uniform twist angle (straight line) when the resistant moment increases
from 0 N.m (dark blue) to 5 N.m (light blue) for the full-flange beam for (a) 4/1 ratio, (b) 1/1 ratio,
and (c) 1/4 ratio.

Lastly, in Table 4.3 an important feature of the transmission is shown, which is the
ability to transfer moments while there is a resistant moment on the output. This table
shows the resulting ratios between the output and input moments of the full-flange beam
while the output resistance increases from 0.5 to 5 N.m. This is shown for geometric
transmission ratios of 4:1, 1:1, and 1:4. Figure 4.12 illustrates the sectional rotations along
the full-flange beam when the resistance increases from 0 to 5 N.m in ten steps for the
same ratios that are mentioned in Table 4.3. It is clear that with higher resistance, the
transferred rotation angles decrease, the lines start to deviate from being straight, and the
geometrical match rates drop.

4.5 Discussion
It is shown that warping is a key feature in this transmission. Thus, beams with higher
warping constants performed well, while beams with almost no warping could barely
transfer any rotation or moment (see Fig. 4.8 and 4.9). Moreover, it is also shown that the
transmission ratio and the input moment do not have a major effect on the mechanism’s
match rate and, therefore, on this transmission behavior (almost straight lines in Fig. 4.10
for all ratios).

The relation between warping constant and achievable match rate is investigated and
shows the same trends from all methods. The role of the warping constant in transmission
is clear. However, the exact relation between these two can be further investigated, as the
full-flange and half-flange beams show close match rates despite the order of magnitude
difference in their warping constant (see Fig. 4.10).

The average match rates from analytical solutions and FEMwith the beam element are
very close (see Fig. 4.10 a and b). This indicates that the proposed analytical formulation
is reliable. The small deviation can be due to the different theories that are utilized in
these two models. The results from the beam-based model are close to the results from the
more advanced and accurate FEM with shell elements (see Fig. 4.10 b and c). The experi-
ments show the same overall trend, with an average 17% lower match rate compared with
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FEM with shell elements (see Fig. 4.10 c and d). This can be due to different mismatches:
Firstly, it is not possible to have exactly the same point-constraints on the beam in reality
as in the models. Instead, we used prismatic grooves, which are a simple solution but can
cause mismatches between experiments and models. Furthermore, some parts of the ex-
perimental setup are not infinitely stiff, meaning that they might cause some deformation
and, therefore, errors. Secondly, the prototypes were made by additive manufacturing,
which causes anisotropy in the structure, this anisotropy was not modeled in FEM and
cannot be considered in the beam formulation. Therefore, it can be a major source of dis-
crepancy. Thirdly, the measurement using vision processing can have an error of up to 0.5
degrees, which can cause an error of up to 10% in some measurements with small angles. 
Fourthly, having small fillets in the connection points of webs and flanges for better bond-
ing and printing results of the prototypes, are not included in any of the models, which
can be another source of the mismatch. Fifthly, some assumptions in the models, i.e., no
deformations in cross-section shape in the beam model and thin-walled assumptions in
the shell model, are not fully true in this case, which means that the models are not com-
pletely capturing all the deformations. Using a solid element can capture all these effects
and results in better results. However, it will significantly increase the computational cost.

Finally, using PLA as the material for the prototype and having large elastic defor-
mations and large local strains can make material non-linearity a non-negligible factor,
which was not considered in any of the used models. As for the use of other materials in a
practical embodiment of the presented concept it can be noted that the elastic material pa-
rameters such as the Young’s Modulus and the Shear Modulus, which relate the moments
and the rotation in a linear fashion, have no influence on the kinematic behavior of the
transmission. It means that any other linearly elastic material with similarly scaled elas-
tic moduli will have the same input-output behaviors in the unloaded condition. As for
the strength parameters such as the yield stress, it is evident that they directly affect the
range of motion of the transmission. Therefore the material strength should be carefully
considered in relation to the intended range of motion within the application.

Using a compliant mechanism in this design led to several advantages. However, there
are also disadvantages to this type of mechanism. An inherent drawback of compliant
mechanisms is that they require energy for deformation. Thus, the output to input energy
efficiency of the mechanism becomes lower. It is possible to reduce this elastic strain
energy since it is not lost but only temporarily stored in the form of elastic deformation;
therefore, by the introduction of prestress, we can compensate for it and store the required
energy in the mechanism so that we have a neutrally stable compliant element. This idea
is currently being investigated by the authors to enhance the efficiency of the current
compliant transmission.

It can be seen in Table 4.3 and Fig. 4.12 that for larger amounts of resistant moment, the
output over input moment ratio matches closer with the ideal geometric ratio. However,
by increasing the resistance, the deviation from a uniform twist angle along the structure
increases, which means that the output/input match rate with the ideal geometric ratio
drops.

This mechanism is presented mainly for applications where kinematics is the main fo-
cus. It is shown that it can transfer the moment as well as the rotation. However, having
proportionally high moments at the output can change the warping behavior to semi-
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restrained and lead to a different mode of deformation where the geometrical transmis-
sion may vanish. Nonetheless, it is still possible to analyze and characterize these highly
restrained beams with the presented methods.

4.6 Conclusion
We have presented a design for a CVT using a compliant mechanism. It is shown that the
warping induced displacement in the beams with a high warping constant can transfer
the rotation from one side to the other, while continuously variable transmission ratios
between the sides of the twisting beam can be achieved by the relocation of a prismatic
rotational constraint along the beam.

The concept has been explained and investigated using analytical models, finite ele-
ment analysis, and experiments. The results were compared with an ideal transmission to
show the performance of the beams with different warping constants. All methods veri-
fied the hypothesized relation between the warping constant and transmission behavior.

More than 90%match ratewith an ideal transmissionwas observed for a non-optimized
design from the models. The match rate for the same beam is shown to be above 60% for
the transmission ratio between 1:4 and 4:1 in the experiments. This shows the effective-
ness and capability of this design. It is possible to further improve this match rate and
thus the functionality of the transmission by optimizing the beam parameters.

This concept can be used instead of traditional CVTs in applications where it is es-
sential for the design to be lightweight (e.g., flapping micro-robots, bio-mimetic walking
robots), monolithic (e.g., submerged systems), free of backlash (e.g., precision systems
and measurement devices), and easy to make on a small scale (e.g., MEMS, metamaterials).
However, for applications where a continuous rotation is needed and/or a large amount
of power should be transmitted with minimum loss of energy, the state-of-the-art belt and
chain CVTs that are introduced in section 4.1 can perhaps perform better.
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Theprevious chapter shows one of the functionalities of warping in twisting beams namely
transmission. However, the presented compliant beam always has stiffness in its range of
rotation and stores a portion of input energy as elastic deformation. This issue pertains not
only to the presented compliant transmission but also to compliant mechanisms in general.
Hence, controlling or eliminating the inherent positive stiffness of compliant elements is
a key requirement for a variety of applications. This chapter presents two concepts to
resolve the positive stiffness issue of the twisting beams that are the subject of research
in part II of this thesis. In the first concept, the beam shows a range of variable torsional
stiffness, from positive to zero and negative. In the second concept, the beam shows a
switching behavior from positive to zero torsional stiffness. The working principle of
both concepts is based on the shortening of the center-axis line of the multi-symmetric
open thin-walled beams.

This chapter was submitted as:
Amoozandeh Nobaveh, A., Herder, J.L. and Radaelli, G., 2023. Compliant variable negative to zero to positive
stiffness twisting elements.
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Compliant variable negative to zero to
positive stiffness twisting elements

Abstract Compliant mechanisms have the potential to be utilized in nu-
merous applications where the use of conventional mechanisms is unfeasible.
These mechanisms have inherent stiffness in their range of motion as they
gain their mobility from elastic deformations of elements. In most systems,
however, complete control over the elasticity is desired. Therefore, compliant
mechanisms with variable, including zero, stiffness can have a great advan-
tage. We present a novel concept based on the prestressing of open thin-walled
multi-symmetric beams. It is demonstrated that by changing the prestress on
the center-axis of these beams, a range of variable torsional stiffness can be
achieved. For beams with a large warping constant, the stiffness changes from
positive to zero and negative as the prestress increases, while for beams with a
near-zero warping constant, the range of neutrally stable twisting motion in-
creases. A planar equivalent is shown in this work to elucidate the notion, and
numerical and experimental analyses are performed to validate the prestress-
related behavior.

5.1 Introduction
Compliant Mechanisms (CM) have been developed by researchers to make more efficient
mechanical devices that can work in specific conditions such as vacuum or high tempera-
ture [1]. These mechanisms can integrate several functionalities into one system, leading
to lighter and more space-efficient designs. Moreover, due to their monolithic design,
these mechanisms are potentially suited for applications where minimized friction, back-
lash, and particle generation are important, as well as for applications where, due to the
small sizes, assembly is not viable. CMs are widely being applied to precision devices and
even some daily-used products. Aside from that, there are ongoing investigations into
how to transfer the principles of compliant mechanism design to other research fields,
such as soft robotics [2, 3], wearable robotics [4–6] Micro Electronic Mechanical Systems
(MEMS) [7], morphing structures [8–10], origami [11], and metamaterials [12]. There are
several studies on the design of compliant units that are useful for incorporation into
modular architectures. Examples include linear motion guides [13], constant force gener-
ators [14] and prescribed kinetostatic behavior generators [15–17], bistable units [18, 19],
twisting elements or revolute joints [20, 21].

CMs derive their mobility from the elastic deformation of their elements, which means
that normally they have an inherent positive stiffness in their range of motion. Therefore,
to actuate a CM, a certain amount of energy should be added to the system, which is stored
in the material in the form of elastic strain energy. Once the compliant mechanism is not



Introduction

5

73

actuated, this energy will be released to bring the mechanism back to its natural, unde-
formed configuration. This integration of motion and energy storage into one element is
beneficial for several applications. However, in some applications, providing this energy
to move themechanism in its intended range of motion is not desirable because the system
requires more power for each cycle and the overall efficiency decreases. This means that
in these applications a range of constant potential energy, or in other words, a range of
neutral stability would be convenient. There are several ways to achieve a range of elastic
neutral stability, e.g., utilizing anisotropic materials [22–24], prestressing the structure ei-
ther by imposing a constraint [25], or by plastic deformation [26–28], or by introduction
of a movable deformed region [29, 30].

In some applications of CM, one or more element(s) have specific functionality, and
it is not feasible to remove them and their inherent positive stiffness. In these cases, it is
not possible to change the whole design to make the mechanism neutrally stable with one
of the above-mentioned methods. Therefore, to achieve neutral stability in these cases, a
common way is to compensate the inherent positive stiffness of the system with the exact
same negative stiffness from another system to achieve a range of zero stiffness. Using
the negative stiffness to compensate for positive stiffness is widely researched in the liter-
ature [31, 32], both for linear negative stiffness [33] and nonlinear negative stiffness com-
pensators [34]. In addition, there are numerous applications in the literature that require
variable stiffness on demand, which means the part with negative stiffness should be able
to change its amount so that the overall stiffness of the system becomes tunable [35]. These
applications are ranging from aerospace engineering [36–38], to medical devices [39, 40],
wearable devices [41–43], and vibration control [44]. In all these applications, the shared
desired characteristic of having variable stiffness allows them to alter the overall system
behavior in a specified direction on demand.

However, looking at these variable stiffness concepts, they are mainly developed for
translation motion. To the best of authors’ knowledge, there is no rotational variable
stiffness concept that covers variable stiffness from negative to positive, including zero.
There are only a handful of concepts that have the potential to provide that. Bilancia et
al. [45] demonstrated a zero torque compliant rotational joint that uses prebuckled beams
to achieve negative stiffness to compensate for the mechanism’s positive stiffness. Li et
al. [46] presented a torsional negative stiffness mechanism utilizing several thin strips.
Schultz [47] presented an airfoil-like bistable twisting element that was made from two
precurved shells connected to each other. Seffen and Guest [48] further researched sim-
ilar effects, and later, Lachenal et al. [49] presented a bistable twisting I-beam where the
precurved flanges assembled on the beam’s web to provide a negative stiffness twisting
behavior.

In this work, we are introducing two concepts for twisting compliant elements. The
first concept can provide variable torsional stiffness from negative to zero to positive. The
second concept can provide on-off switchable torsional stiffness, which changes the ele-
ment’s inherent positive stiffness to zero stiffness. Both concepts works based on the fact
that as the center axis of a multi-symmetric thin-walled beam shortens, the outer parts
of the beam’s section go under compression. As compression is the stiffest mode of de-
formation and requires high elastic energy, the outer parts start to deform in other forms
instead, in order to facilitate the web shortening with a lower overall elastic energy. In
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one concept where the beam has flanges and a high warping constant, after the shortening,
the beam twists to facilitate the shortening with lower amount of energy. This twist can
happen in both directions and therefore, it is bistable. By changing the amount of shorten-
ing, the mechanism’s stiffness varies from its inherent positive to zero and more negative
stiffness. In the other concept, the flanges of the beam are removed. Therefore, the outer
parts of the webs start to buckle under the compression due to the center axis shortening.
This locally buckled part of the webs can move along the structure upon twisting the beam
without requiring extra energy, and provides a range of neutral stability. Therefore, the
mechanism’s stiffness switches from the inherent positive to zero upon buckling due to
the axial shortening. In this case, by increasing the preload, the range of of motion with
zero torsional stiffness increases. These two designs and their effective parameters are ex-
plored and modeled with FEM and experiments. Moreover, a simplified planar equivalent
is presented that helps with understanding the principles behind the concepts.

The chapter is structured as follows: In Section 5.2, an overview of the concept and its
principle of working is introduced. Also, a planar equivalent model is introduced for a bet-
ter understanding of the beams’ behavior. The definition of effective parameters, together
with the finite element solver and the context of experimental verification procedures, are
elaborated in Section 5.3. In Section 5.4 the resulting behavior from the two designs with
different preloads are shown. A discussion on the results and possible improvements are
given in Section 5.5, and the conclusion beside possible applications of these concepts are
given in Section 5.6.

5.2 Concept overview
The geometry of the concepts is shown in Fig. 5.1. Both concepts are long, thin-walled
extruded beams with transverse slits running the length of their multi-symmetric webs.
These slits allow for shortening of the center axis, implying longitudinal preload. The First
concept Fig. 5.1(a), also has flanges to enable warping along the structure and the second
concept Fig. 5.1(b) is only made form the multi-symmetric webs. A center hole is made in
both concepts, which makes room for an element, i.e., wire, for preloading and shortening
of the beams. 

The working principle of both beams to achieve neutral and negative stiffness under
prestress can be clarified by understanding their total energy states in their twisting range
of motion. This energy is depicted in Fig. 5.1(a) for the beam with flanges. Two minima
can be seen in the range of motion. There is also a peak in between these two minima
or stable states. This peak indicates that the beam is not stable between these two and
hence exhibits a negative stiffness. Figure 5.1(b), also shows two minima for the beam
without flanges; however, it has a flat energy state in between these two minima. This
flat section indicates that for a relatively large range between its stable states, the beam
exhibits neutrally stable twisting motion, i.e., zero torsional stiffness.

Different techniques could be used to contract the web(s) and prestress the mechanism
with a displacement to achieve these behaviors. Here, we employed transverse slits along
the web(s) such that a longitudinal displacement along the axis of the beam’s center could
make the beam shorter with less reaction force. These slits and the displacement Δd that
causes the longitudinal prestress are shown in Fig. 5.1.
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Figure 5.1: The geometry of the multi-symmetric beams and their transverse slits. The prestressed
beams exhibit two stable twisted forms. (a) The beam with flange (high warping constant) possesses
an energy peak between the two minima and, therefore, bistable behavior. (b) The beam without
flange (near-zero warping constant) exhibits a flat energy state and, therefore, neutrally stable be-
havior between the two minima.

We also propose another way of understanding the principle of the presented design
using a simplified planar equivalent, Fig. 5.2. To make this planar representation of the
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beams, we used a set of parallelograms, where the deviation in edge angles of each par-
allelogram from 90° represents the twist in each section of the beam. Therefore, in this
model, when the beam is unstressed, all parallelograms are straight. To represent different
stiffnesses of the beam sections in the planar equivalent, two torsion springs were added
to each parallelogram. One is between two perpendicular links of each parallelogram (red
springs), which keeps the parallelogram in its initial rectangular shape. These springs rep-
resent the torsional rigidity of the beam’s sections. By increasing this rigidity, it is harder
to twist the beam, which, in its planar equivalent, means that it is harder to make each
parallelogram deviate from their initial rectangular shape. The second spring is positioned
between the vertical links of two adjacent parallelograms (green springs). These springs
maintain the angles of adjacent parallelograms and reflect the ability to transfer twist to
the following section of the beam. By increasing this rigidity, it becomes more difficult
to make a quick change in the twist angle from one element to its neighbors. In planar
equivalent, it becomes more difficult to make each parallelogram diverge from the angle of
its neighbors. This spring stiffness can be related to the beam section’s warping constant.
In prior research, we have shown that the warping of an evenly extruded beam is the pri-
mary cause of twist transfer along its length [50]. In Fig. 5.2(a, b), the torsional rigidity
of both beams is on the same order of magnitude; hence, the red springs are depicted as
being sized comparably. However, the beam with flange has a warping constant that is
an order of magnitude more than the beam without flange. Therefore, the green springs
on beam (a) are considerably more rigid, depicted as being thicker.

Under a vertical displacement Δd, the energy stored in the planar equivalent is the
sum of all the energies stored in springs:

𝑈total =
1
2

𝑛
∑
𝑖=1

(𝑘red𝑖Δ𝜃2𝑖 +𝑘green𝑖Δ𝜑2𝑖 ). (5.1)

In the beam with flanges, the stiffness of the green springs is significantly greater than
that of the red springs; consequently, the majority of deformation occurs in the red springs
when the structure is prestressed to reduce the overall energy. This will result in the
uniform bending to the right or left, i.e., equivalent to a uniform CW or CCW twist angle
for the beam. Now, if we attempt to shift the upper section of the structure horizontally,
i.e., similar to twisting the free side of the beam, it will snap into the stable position on the
other side, i.e., equivalent to torsional bistability.

In a similar manner, the beam without flanges initially displays a uniform bend to one
side; but, upon horizontal displacement of the top portion to the opposite side, one of the
parallelograms snaps to its inverted stable condition, since it is much less dependent on
the angle of its neighboring parallelograms. As this horizontal displacement of the top
portion continues, the number of inverted parallelograms increases and the point where
the tilt angle inverses descends from the top to the bottom. Based on Eq. 5.1, the transition
between these states requires no additional energy. Therefore, horizontally shifting the
top portion of the structure (similar to twisting the beam between its stable states) goes
without change in energy and is therefore neutrally stable. In the actual beam without
a flange, the bent portion of the webs can move along the structure without consuming
energy and provides a range of zero torsional stiffness.
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Figure 5.2: The planar equivalent of the beams with the red springs representing the torsional
constant, and the green springs representing the warping constant. (a) The beam with flanges has
a high warping constant and, as a result, exhibits uniform twist. (b) The beam without flanges
has a near-zero warping constant which alows for transition of bent location along its length, and
maintains a constant total energy based on Eq. 5.1.
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5.3 Methods
In the following subsections, the effective design parameters of the concept are elaborated.
A Finite Element Model (FEM) to analyze the beams’ behavior in different preloading con-
ditions is presented, followed by an explanation of the experimental setup for verifying
the results.

5.3.1 Design parameters
The current design’s main principle is based on shortening the center axis of a thin-walled
multi-symmetric beam to achieve neutral- or bi- stability. It will be shown that the amount
of shortening improves the captured behavior. Therefore, this parameter is subject to
investigation. However, the design of the web and its dimensions are remaining fixed
throughout all results. Therefore, here we discuss the reasoning behind the selection of
this shape and its design parameters.

There are several ways to decrease the compression stiffness of the center axis of the
beam in order to achieve local shortening by implying less stress to the structure, i.e., using
non-homogeneous material where the middle part is softer than outer part, or thickening
the webs towards the outside, or making several slits in the center part of the sections
throughout the beam, which is the solution that is used in this work. These slits help the
structure to significantly reduce the longitudinal stiffness along the center axis with re-
spect to the outer parts to allow for shortening. The size and number of these slits (n) are
selected based on preliminary investigation and they are kept the same for all the simu-
lations and prototypes. The effect of using insufficient number of slits is later explained
in section 5.5. Other design parameters are all indicated in Fig. 5.3. These parameters are
arbitrarily selected and can be tuned for different applications and from preliminary in-
vestigation they appear to have only a minor contribution to the overall concept. The web
width (ww) is 20 mm, the flange width (wf) is 15 mm for the beam with flange, the axial
hole diameter (d) is 3.5 mm, the thickness (t) is 0.9 mm all over the beams, the length of
the beam (L) is 200 mm, the slit width (ws) is 15 mm, the slit thickness (ts) is 0.5 mm and
the length of each section (Ls) is 10 mm, with (n = 19) slits along the beams.

 wf 

 t 

Ls ts

L

 ww 

 d 

 ws 

Figure 5.3: The design parameters of the beams.

The geometry, loading, and constraints are all axisymmetric; therefore, it is possible
to reduce the model to only a one-web structure with axisymmetric constraints, as shown
in Fig. 5.4. This reduces the computational cost, and to match reality, everything will be
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multiplied by the number of webs (m). It is important to mention that for spatial stability
in a physical prototype, the number of webs in one beam should not be less than three (m
≥ 3), so that all forces caused by the shortening and bending of each web can be supported
by the two other webs and the structure remains stable. This means that not only three,
but any number of multi-symmetric webs larger than three will work for this structure, as
shown in Fig. 5.4.

Axisymmetric Multi-symmetric webs

m = 3

m = 4

m = 5

...

X

Z

Y

Figure 5.4: The axisymmetric constraint simplifies the multi-symmetric beam to a single web. The
number of webs (m) on beams must be at least three for spatial stability.

5.3.2 FEM
For both set of simulations, only one web from each beam is modeled with axisymmetry
constraints similar to Fig. 5.4 as discussed in Subsection 5.3.1. The beams’ web is con-
strained in all translations at the axis-point of the grounded side as shown in Fig. 5.5 and
constrained in X and Y translational directions at the axis-point of the prestressed (actu-
ated) side. To constraint the rotation on the grounded side of the beam a Y translational
constraint applied to the middle point of the web. In addition, a Z rotation match between
the axis-point of the actuated side and the middle point of the actuated side was added.

The simulation includes two steps. First, a longitudinal displacement (Δd) is applied to
the axis-point of actuated side of the beams; simultaneously, a rotation (RotZ) is applied
to assist its transitioning to a twisted state. The twist angle at the end of the preloading
step was registered as 𝜃 . In the second step, a twist angle in the other direction with twice
the size of the initial registered angle, i.e., −2𝜃 , was applied to the beam and the reaction
moment in the axis-point of actuated side is registered to form the moment – angle graphs
of the beams.

For the simulations, the eight-node shell element, shell 281, from ANSYS Parametric
Design Language (APDL) is selected as the constructing element. The material properties
are set to be similar to the prototypes material, Nylon (PA12), with Young’s modulus of
1.7 GPa and Poisson’s ratio of 0.38. A nonlinear solver was used, with minimum 40 steps
for preloading depending on the (Δd) and minimum 50 steps for capturing the moment –
angle behavior depending on the range of rotation.
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Figure 5.5: The constraints on the fixed and actuated sides of the web are shown. An axisymmetric
constraint is applied similar to what is shown in Fig 5.4 along the web.

5.3.3 Experimental setup
Two sets of beam with and without flanges are fabricated using multi-jet fusion additive
manufacturing method with Nylon (PA12) as the material, as shown in Fig. 5.6.

Figure 5.6: The prototypes were made from nylon (PA12) using multi-jet fusion 3D printing and
prestressed using threaded rods.

The beams are initially prestressed by providing displacement using a threaded rod
within the beams’ center axis. This displacements range from 0 to 4 mm in 1 mm incre-
ments for beams without flange and 0 to 2.8 mm in 0.7 mm increments for beams with
flange. With each degree of prestress, the moment – angle of the beams was measured
using a universal test machine, Zwick Z005, with a separate torque meter module, HBM
T20WN as shown in Fig. 5.7.
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Figure 5.7: The measurement setup shows the actuating and reaction moment measuring sides of
the preloaded beam that is clamped to the machine.

Similar to the constraints that are implied in the FEM, each of the prestressed beams
is clamped on one side to the measuring point of the machine, and on the other side, a
rotation is progressively applied to the actuated side of the webs.

5.4 Results
Figure 5.8 shows the moment – angle graphs of both with and without flange beams. They
share the sameweb dimensions (see Fig. 5.3) and the same number of slits (n = 19). The lon-
gitudinal preloading in their center axis increases in four steps, as discussed in section 5.3.
Figure 5.8(a,c) are for the beam without flanges from numerical model and experiments
respectively. It can be clearly seen that the beam has its inherent positive stiffness when
no prestress is applied, and upon applying prestress, an increasing range of zero moments
and neutrally stable behavior are achieved. Figure 5.8(b, d) show the numerical model
and experiment results for the beam with flanges. These results show that this beam also
shows its linear inherent stiffness without preload, and upon 0.7 mm preload it shows a
short range of near-zero stiffness. Finally, a clear bistable behavior, negative torsional
stiffness, can be seen upon 1.4 to 2.8 mm of preload.
It is important to note that the beams that are used in experiments have four webs; there-
fore, to make the results comparable with the single web with axisymmetric constraint
from FEM, the resulting moments from experiments are divided by four, and all the re-
sults are for a single web (beam without flange) or a single web and flange (beam with
flange).
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Figure 5.8: The moment – angle graphs of the beams upon different preloadings. (a) and (c) show
the numerical and experimental results for the beam without flange under axial preloads of 0 to 4
mm. (b) and (d) show the numerical and experimental results for the beam with a flange under axial
preloads of 0 to 2.8 mm.

5.5 Discussion
It is demonstrated that the prestressing of the center axis of an open, thin-walled, multi-
symmetric beam can have significant influence on its torsional stiffness. Both the with-
and without-flange beams exhibit two local minima at the ends of their range of motion
following prestressing. The beam with flanges displays an energy peak between these
two minima, indicating bistable behavior. The beam without flange exhibits a flat en-
ergy between the two minima, indicating a neutrally stable behavior. In addition, it is
demonstrated that both bistable behavior and neutral-stability range can be enhanced by
increasing the beams’ prestress. Consequently, the presented concept can provide a twist-
ing element with variable stiffness that can achieve negative, zero, and positive torsional
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stiffness for beams with high warping constant, and a positive and tunable range of zero
torsional stiffness for beams with near-zero warping constant.

A rather large range of zero torsional stiffness motion for the compliant beam without
flange and a high bistable energy storage in beam with flange were obtained by the pa-
rameters that are used in this work to demonstrate the functionality of the concept. These
behaviors can be further enhanced to maximize design functionality based on specific re-
quirements of certain applications of these concepts.

The investigations in this chapter show a clear trend between the amount of prestress
and the resulting behaviors of the beams, i.e., peak moment in bistability and range of
neutral stability. The exact relation between prestress and the achieved behavior can be
further investigated in future research.

Some design parameters, such as the number of slits, have effects on the overall func-
tionality of the presented concept and should be carefully selected. In Fig. 5.9 we have
shown that increasing this number will cause a smoother behavior for the twisting el-
ement, and avoid multi-stability due to the snapping of bistable units (parallelograms)
along the beams. However, after selecting a sufficient amount of slits, this effect vanishes
and no further investigation is required for it, therefore, it is also excluded from the results
of the current work.
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Figure 5.9: The effect of using an insufficient number of slits (n = 7) is shown with a dashed line,
and the sufficient number of slits for prototypes and simulations (n = 19) is shown with a solid line.

The experiments and simulations show very similar results and trends, which indicates
the validity of the results. There are small discrepancies that can be due to different effects.
To begin with, there are geometrical differences between the model and the prototype: in
the prototype, a hole in the center was added for prestressing the beams; additionally,
small fillets were added between webs and flanges in the actual prototypes to ensure a
good connection. The thickness of the prototypes also deviates ±0.05mm from the model,
which can cause differences in the results. Secondly, idealized constraints are applied to
the model; however, in reality, making these constraints exactly like simulations is not a
viable option. There are a few details that are different in the constraints of the model and
experiments, e.g., the way that prestress is applied in the center axis by only constraining
one point is not feasible in reality; therefore, a center circle with a 10 mm diameter is
prestressed instead in the experiments. Also, there is a difference in the way the rotation
is applied to the web in simulation with respect to the experiment. This causes the webs’
in-plane sectional deformation to suddenly change its curvature direction upon higher
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changes in reaction moments as shown in Fig. 5.10. This explains the sharper changes
in the reaction moment of the simulation results for larger preloads, see Fig. 5.8(b). In
simulations with lower prestress, this behavior is not strong. Therefore, curvier changes
between positive and negative stiffness were achieved for the bistable beam. Similarly for
neutrally stable beam a smoother change to a flat part was achieved in the experiments
comparing to the simulations, as the clamping imperfections gave room for webs to have
some deformations during rotation.

Figure 5.10: The bistable beam’s sectional deformation switches from black to gray state upon
higher changes in reaction moments.

Another difference can be seen in the stiffness of the beams outside the range of zero
or negative stiffness. This is also because of the differences in constraints; in FEM, the
movement of the beam in the longitudinal direction (Z) is free, but in experiments, the
side clamps also partially limit this movement. This makes the structure stiffer in tor-
sion because the twist is coupled with a shortening in the longitudinal direction. Also,
in FEM, the preloading displacement limits the longitudinal movement of the beam’s axis
in both directions. In experiments, however, it is only done by shortening the axis line
with a screw, which only limits movement in one direction. This means that after a cer-
tain amount of twist, the beams become short enough to effectively release the preload.
This effect is clearly visible in Fig. 5.8(c,d) where the purple line matches the linear red
line after a certain amount of twist. Another important observation is that, a rather large
hysteresis loop in experiments is captured. This effect is mainly due to the use of nylon
as the prototype’s material, and this loss of energy due to the internal friction increases
as more preload is added to the material. Lastly, some small imperfections can be seen in
the data from experiments with the neutrally stable beam, Fig. 5.8(c) red and purple lines.
These imperfections are caused by the random contact between middle threaded rod and
the structure of the beam. 

5.6 Conclusion
We presented two concepts to achieve variable and switchable torsional stiffness from
compliant beams using axial preload. The method shows that a variable torsional stiffness
range from positive to zero and negative can be achieved by changing the preload of the
high-warping-constant beam. It is also demonstrated that by applying the same preload,
we can achieve zero torsional stiffness on a near-zero-warping-constant beam and that by
increasing this preload, we can achieve an extending range of twisting neutral stability.

The method we used here, which is based on shortening the center axis of the beams,
can be used in other ways and for other structures, e.g., wire-frame beam, to control and
reduce torsional stiffness. Several techniques, such as thinning toward the center axis
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or varying the material stiffness toward the outside of the beam, can be used instead of
transverse slits. Additionally, other methods for creating the high-warping-constant beam
section, such as having curved webs, which can even lessen the stress concentration along
the connection of webs and flanges, can also be used.

It is possible to use this element as a part of a larger structure that requires a repetitive
simple element, e.g., origami or metamaterials, and evaluating its support stiffness as a
revolute joint by changing design parameters, e.g., increasing the number of webs (m) for
higher support, can be investigated in future works.

Tuning the torsional stiffness of structures and structures with zero stiffness is an
important concern across several fields of research.This concept can be used in several
applications where continuous rotation is not required, e.g., flexible medical devices, soft
robotics, wearable robotics, legged robots, bio-mimicking robotics, and shape-morphing
structures.
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In part I, we covered designs with spatially curved beams. Considering the requirements
for wearable devices, simplicity, lightweight, and slenderness are some of the key features.
Therefore, utilizing these beams appears to be a promising option. This chapter introduces
a wrist exoskeleton where the weight of the hand is balanced using the support provided
by the elasticity of the same kind of curved compliant beams that are introduced in part I.
The beam that is designed for this purpose is made using the optimization scheme that is
described in chapter 2. Furthermore, an active soft actuator from the project’s collaborator
is added to the design to enhance the range of motion of the wrist flexion – extension
exoskeleton.

This chapter was published as:
Amoozandeh Nobaveh, A. and Caasenbrood, B., 2022, July. Design Feasibility of an Energy-efficient Wrist
Flexion-Extension Exoskeleton using Compliant Beams and Soft Actuators. In 2022 International Conference
on Rehabilitation Robotics (ICORR) (pp. 1-6). IEEE.
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Design Feasibility of an Energy-efficient
Wrist Flexion-Extension Exoskeleton using

Compliant Beams and Soft Actuators

Abstract Passive and active exoskeletons have been used over recent decades.
However, regarding many physiological systems, we see that the majority
explore both active and passive elements to minimize energy consumption
while retaining proper motion control. In light of this, we propose a design
that combines compliant mechanisms as passive support for gravity balanc-
ing of the hand’s weight and soft actuators as active support for wrist flexion-
extension. Our approach offers a safe, lightweight solution that intrinsically
complements and supports the wrist’s degrees of freedom. We hypothesize that
the proposed soft wearable device is able to increase the range of motion and
reduce muscle fatigue while being energy-conservative by balancing of the
passive and active subsystems. In this work, we perform a design feasibility
study for such soft wrist exoskeletons, particularly focused on wrist flexion-
extension rehabilitation. Through optimization, geometries for the required
functionality of the compliant beam and soft actuator are obtained, and their
performance as separate subsystems is evaluated by simulations and experi-
ments. Under the appropriate inputs, we show that the system can introduce a
controllable bifurcation. Through experiments, we investigate such bi-stability
and explore its usefulness for rehabilitative support of wrist flexion-extension.
In short, the proposed wearable can offer a viable, energy-efficient alternative
to traditional rehabilitation technologies.

6.1 Introduction
Exoskeletons are a particular research field of robotics aimed at developing wearable
robotic systems that augment, enhance, or restore human motor functions [1]. Although
the term “exoskeleton” was originally used in biology to describe the support and protec-
tion of soft organs, it is nowadays recognized as distinct wearable robotic devices that are
actively controlled and (fully) autonomous [2]. Besides their applicability in industry [3],
they also play a vital role in rehabilitation technology, especially in cases of muscular
dystrophy, like post-stroke or Duchenne disease [4]. Persistent and early physical ther-
apy has been shown to restore or improve the longevity of muscular functionality of the
paretic limbs [5, 6]. In light of this paradigm, wearable exoskeletons have paved the path
towards in-house rehabilitation that can prolong therapy exposure and thereby, its effec-
tiveness. However, there is a lack of solutions to the “one-strategy-fits-all” problem, and
consequently, proposed exoskeleton frameworks often benefit only a limited group of tar-
get patients.
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6.1.1 Related works
Passive exoskeletons are being developed primarily to demonstrate that by balancing the
weight of body parts, it is possible to significantly reduce the amount of muscular effort,
which is required to perform a specific task [7]. This type of exoskeleton is developed to
reduce the complexity, cost, and weight of assistive devices [8].

In most of the developed passive exoskeleton concepts, a rigid body mechanism has
been used with a close kinematics to the human body and a set of springs or elastic bands
to store energy [9, 10]. This combination, however, is inconsistent with the ultimate goal
of exoskeletons being slender, and not impeding natural human motion. As a solution to
these issues, a relatively new branch of passive exoskeletons has been developed in recent
years, utilizing compliant mechanisms to integrate the energy storage and kinematic func-
tionality into a single element. These exoskeletons are scarcer but slowly emerging [11–
13].

In contrast to rigid support, soft robots continue the path of lightweight, cost-effective,
and safe robotics. By exploring softmaterials, e.g., silicone rubbers and thermoplastics, the
natural compliance of the system can be significantly improved, leading to continuum-
bodied motions that are difficult, if not impossible, to achieve for conventional robots.
Naturally, these soft robots have major benefits for healthcare and human-robot collab-
oration [14], where safe and passive interactions are prioritized over the classic robotics
requirements, e.g., precision and speed. Several researchers have shown the prominent
role soft robots can have in rehabilitation and other assistive technologies. Polygerinos et
al. developed a soft robotic glove for hand rehabilitation using pneumatic actuation [15],
exploring the flexibility to partially solve the one-fits-all problem. Yap et al. designed a
soft actuator with optimal joint placement to maximize the force transferal [16], and other
more recent examples of soft exoskeletons include [17, 18].

A major drawback of conventional soft actuators, however, is their limited force and
torque transmission. Although softness benefactors safety, it lacks the structural stiffness
to efficiently transfer large loads without buckling. A possible solution here might be
fiber-reinforced strategies [15, 19] or soft robots that explore semi-rigidity (similar to most
physiological systems in biology). Alternatively, Yang et al. proposed a vacuum-actuated
muscle-inspired pneumatic structure (VAMPs) that purposefully introduces buckling insta-
bility for enhanced actuation strength, whose motions resemble linear actuators in rigid
robots [20].

6.1.2 Our contribution(s)
In retrospect to the previous literature, we propose a synergy between the distinct fields
of passive muscular support using compliant mechanisms and active support using soft
robotics technology. In this work, we primarily focus on a wrist exoskeleton that naturally
compliments and supports the flexion-extension of the patient’s hand(s). Furthermore, we
perform a design feasibility study for a soft wrist exoskeleton. In our analysis, we seek a
system that enhances both the range of motion and reduced muscle fatigue while attain-
ing high energy-efficiency through the synergy between passive and active elements. Our
contributions presented in this work are listed below:
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• Development of a novel and safe design forwrist-support used for gravity-balancing;

• Optimization-driven design of compliant beam and soft robotic actuator;

• Experimental verification of the mechanical behavior of the designed soft wrist ex-
oskeleton, exploring its controllable bi-stable nature for enhanced wrist mobility.

This chapter is organized as follows. First, we discuss the design of the proposed wrist
exoskeleton – detailing the passive gravity balancing and the bi-stability mechanism that
allows bi-directional mobility through one actuation input and the external stimulus from
the user (or patient). Second, we show results from simulations and experiments of each
individual sub-component to show the feasibility of the final integrated design. Following,
we investigate the bi-stability and its role in the hand’s range of motion, followed by a brief
discussion and conclusion.

6.2 Design overview
A monolithic compliant mechanism can be an appropriate option for passive gravity bal-
ancing of hand without adding a considerable weight or occupying a large space [7, 8].
Among a wide range of possible compliant mechanism topologies, a cantilever beam is
chosen as it has a relatively simple and slender topology, which benefits comfort and ease
of design. The design objective of the beam is to keep the hand in the straight position
without any muscular effort while still giving the user the flexion and extension freedom.
In addition to the described passive beam, a tendon-like soft actuator is introduced as an
active parallel subsystem. This tendon can help the user cover the hand’s range of mo-
tion with a minimal effort. As such, the compliant beam balances the hand’s dead weight
while the soft actuator helps with the hand’s movement in its range of motion. The ten-
don free-end is connected via a thin nylon rope to the endpoint of the compliant beam.
This rope passes through the hole at the beam’s grounding near the wrist joint. The beam
is designed in such a way that the straight posture maximizes the distance between the
hand interface and the hole at the wrist joint. Therefore, contraction of the active tendon
induces a bi-stable flexion-extension motion around the straight posture of the hand. As
a result, only by inducing a minimal flexion or extension from the user, the soft actuator
can start helping the hand with its contraction to reach either side of the motion range. In
other words, the active actuator for the tendon is designed in such a way that its contrac-
tion can have dual effects, similar to the flexor-extensor muscles embedded in the human
forearm. The operation of the passive and active subsystems together and their interface
with the patient’s hand is illustrated in Fig. 6.1 and Fig. 6.2. The following subsections
detail the design process for each component of this exoskeleton.

6.2.1 Compliant beam (passive support)
The ultimate goal of the monolithic passive compliant element is to mimic the motion of
the hand during wrist flexion-extension while providing balancing support for the hand’s
weight as a pendulum around the wrist joint.

The steps for designing the required beam are as follows. First, amethod for parametriz-
ing the beam shape using B-splines is developed, whose shape is defined by a set of con-
trol points. Second, an optimization routine is used to satisfy the balancing kinetostatic
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Figure 6.1: An illustration of the energy-efficient wrist exoskeleton that explores the fields of pas-
sive compliant beams and active soft actuation. In the zero-input situation (Mode 1 – passive sup-
port), the compliant beam balances the weight of the hand. The integration of the soft actuator
(Mode 2 – active support) extends the range of motion.

CG

Figure 6.2: An illustration of the concept of the wrist exoskeleton. The compliant beam and soft
actuator are both connected to the forearm interface at their grounding. The beam’s endpoint is
directly connected to the hand bar, and the soft actuator is connected via a nylon rope to the hand
interface. The bar is sitting under the roots of the user’s fingers.

requirements by tuning these control points as design parameters. In each iteration, the
optimizer forms a beam shape based on the control parameters and evaluates the balancing
behavior by a set of endpoint incremental loadings from zero to twice the hand’s weight.
The displacements upon these loadings are numerically computed using a self-developed
finite element model. The reader is referred to [12] for more detail.

As for the beam shape parametrization, a degree-four B-spline is used to interpolate the
spine shape and thewidth of the beam based on seven optimized control points as shown in
Fig. 6.3. The B-spline is chosen to have an open uniform knot vector to ensure equal weight
for each control point and to make the first and last optimized control points coincide
with the first and last parameters of the beam itself. Using B-spline interpolation not
only reduced the parameters, but also caused a smooth transition between the optimized
parameters of the beam and avoided any discontinuities that could have happened due to
sudden dimensional changes in the finite element model.

The beam is designed to be made with a 2D fabrication method out of planar mate-
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rial. Therefore, a rectangular cross-section with a fixed width (9mm) is selected for it.
Based on this assumption, a set of parameters including two Cartesian coordinates and
one thickness at each control point (21 parameters) are subjected to optimization.

For the optimizer, theMulti Start option from optimization toolbox of Matlab® is used.
To increase the chance of having a better optimum solution, five random starting points
are selected for the main fmincon function with Interior-Point as the algorithm. Upper and
lower constraints are set for coordinates to keep the beam shape in a limited design space.

Table 6.1: The flexion-extension and pronation angles of the beam’s endpoint from experiments
and simulations.

Extension+/Flexion- (deg) Pronation (deg)
load (g) model experiments model experiments
𝛿 = 0 +57 +50 0 0
𝛿 = 100 +50 +43 1.1 9.3
𝛿 = 200 +32 +26 2.5 25.7
𝛿 = 300 +10 +14 4.6 34.1
𝛿 = 𝛿𝑊 -5 +2 7.4 35.2
𝛿 = 500 -15 -7 10.6 37.7
𝛿 = 600 -22 -12 14.2 37.9
𝛿 = 700 -27 -15 18 38.3
𝛿 = 800 -32 -21 22.1 38.7

It is desired that the mechanism has a minimum effect on supination-pronation angle
and keeps it as straight as possible. However, as the mechanism is on the side of the
hand and the beam is designed to be planar, it is inevitable to have some pronation. The
range of motion for supporting the user hand is set to reach 𝜃 = ±30∘ for flexion-extension
from straight posture with 50% less muscular effort. The hand’s weight assumed to be
𝛿𝑊 = 400g, with its center of gravity (CG) in 0.07m from thewrist joint itself in𝑋 direction,
and 0.045m in 𝑍 direction from the outer side of hand as illustrated in Fig. 6.2.

A self-developed solver using geometrically nonlinear co-rotational beam elements,
based on the Euler-Bernoulli formulation, is used for modeling of the beam behavior. The
details of this solver can be found in [21]. The final topology of the beam and the thickness
at each of the control points (in millimeters) are shown in Fig. 6.3 (left).

To validate the beam performance, experiments are conducted to show the flexion-
extension and inevitable pronation behavior of the beam. The prototype for these experi-
ments is made from spring steel (AISI 301) with an elastic modulus of 𝐸 = 190GPa and a
shear modulus of 𝐺 = 72GPa (identical to simulation). The experiments include clamping
the beam at the grounding point and using different suspended weights 𝛿 ∈ [0,800] g at the
endpoint. The deflection of the beam is measured by comparing the endpoint position of
the loaded and unloaded states with image processing using images from two perpendicu-
larly located cameras, one for flexion-extension and one for pronation. The experiment is
shown in Fig. 6.4. The endpoint positions of the beam, which result from the experiments,
are shown with ∘ in Fig. 6.3. In this figure, it is possible to compare the flexion-extension
angles under different loadings from experiments and modeling. The angle information is
shown in Table 6.1.
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Figure 6.3: (Left) The optimized control points and thicknesses in each point and the final beam
shape based on the control parameters. (Right) The (nonlinear) elastic deformation of the complaint
beam under incremental vertical loadings at the tip.

6.2.2 Vacuum-actuated soft actuator (active support)
In this section, we will discuss the development of the active soft robotic muscle that
ultimately acts as an active supportive layer to the wrist exoskeleton. In particular, for pa-
tients that suffer from muscular dystrophy, where muscle forces are significantly reduced,
the soft actuator could potentially substitute or increase muscular strength. Similar to hu-
manmuscles, we aim to seek a soft actuation subsystem that can undergo rapid contraction
and relaxation. Here, we have chosen a vacuum-actuated muscle-inspired soft actuator
design loosely inspired by the designs of [20]. These soft actuators use buckling of elas-
tomeric structures to generate muscle-like motions when negative pressure (vacuum) is
applied; the external (ambient) pressure causes their cooperative, reversible collapse. The
softmaterial chosen to develop the soft actuator is two-component platinum cured silicone
Smooth-Sil 945 with a 45A shore hardness (𝐸 = ±1.52 MPa Young’s modulus). To design
the geometry of these soft actuators, we again explored an optimization-based design ap-
proach. However, contrary to the previous beam optimization, a nonlinear-topology op-
timization scheme is used to find the optimal two-dimensional material layout that maxi-
mizes contraction-like displacement when subjected to negative differential pressure. This
forms a highly-nonlinear optimization problem, and the reader is referred to [22] for more
detail on the method and solver. The optimization result can be found in Fig. 6.5, together
with the experimental results of the final soft muscle.

To validate the performance of the vacuum-driven soft actuator, we developed a uni-
axial benchmark test that can measure the contraction displacement, denoted here by 𝑠(𝑡),
with respect to the negative pressure input 𝑢(𝑡). The intrinsic length of the soft actuator
is given by 𝑠0 = 160.25 mm. The pressure input is defined as a relative pressure difference,
i.e., the pressure potential with the ambient pressure 𝑢(𝑡) = 𝑝(𝑡) −𝑝atm with 𝑝atm ≈ 101.33
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Figure 6.4: An illustration of experimental results. Here the load 𝛿 is applied at the CG of the wrist,
illustrating both flexion-extension and pronation mobility in the complaint beam.

Figure 6.5: (Left) Exemplary benchmark test of the vacuum-actuated soft actuator subjected to a
loading weight of 𝛿 = 400 g. Here we clearly see the soft subsystem being sufficiently strong to lift
the suspended-weight for a differential pressure of 𝑢 = −35kPa. (Right) The quasi-static evolution
of the contraction displacement 𝑠(𝑡) against different input pressures 𝑢(𝑡) for different suspended
weights 𝛿 . As expected, a decreasing slope for larger suspended weights can be seen. Although the
actuator can lift 𝛿 > 1000𝑔, the contraction amplitudes significantly diminish beyond its practical
use.

kPa. To investigate the force transmission of the proposed soft actuation, we subject the
system to a range of suspended weights 𝛿 ∈ [0,1000] g. In Fig. 6.5, we show an example
of such benchmark tests for 𝛿 = 400 g (i.e., the average weight of the human hand). The
evolution of all contraction ratios for the remaining loading scenarios are also shown in
Fig. 6.5.
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First of all, as expected, we observe that the soft actuator has a bounded contraction
range, roughly ±30% contraction for 𝛿 = 0, and ±65% contraction for 𝛿 = 1000 g. Please
note that the increase of +35% work range is caused by pre-stretching of the soft actu-
ator. Regarding the force transmission, we observe that the soft actuator is sufficiently
strong to produce a wide range of forces – whose loading conditions should not exceed
𝛿 > 1000 to prevent tearing. For the no-load condition (𝛿 = 0), we observe that the neces-
sary differential pressure required is less than −35 kPa, slowly increasing towards −50kPa
for increasing loads 𝛿 . Clearly, the trend of the contraction w.r.t. to the pressure input
is nonlinear. However, the trend w.r.t. the loading 𝛿 appears to be closely linear. These
observations indicate that the soft actuator possesses dual control functionality, namely as
an actuator and a variable stiffness. As a result, a merit benefit of such soft actuation sys-
tems is their low energy consumption, only requiring an influx of energy when switching
between the states. Although this process is nearly reversible (assuming minimal temper-
ature exchange with the environment), it is difficult to realize it in practice.

Let it be clear that the proposed softwrist exoskeleton is not fully back-driveable. Only
contractile motion of the soft actuator is feasible, yet positive pressures can ensure that
the rest configuration is reached faster. However, (large) compressive forces will eventu-
ally result in structural buckling. A possible solution to the system in Fig. 6.2 might be
antagonistic soft muscle pairs, similar to a flexor-extensor muscles.

6.3 Exploring the bi-stability property
To show the feasibility of the overall design, we combine the compliant beam of Section
6.2.1 and the vacuum-actuated soft actuator in Section 6.2.2, giving rise to the soft wrist
exoskeleton as shown in Fig. 6.1. The goal is to investigate the feasibility of such design to
support the whole range of motion of hand by exploiting the aforementioned bi-stability
property. If the internal pressure in the soft actuator is 𝑢 = 0, the exoskeleton will default
to its gravity balancing stability for the load 𝛿 = 𝛿𝑊 , i.e., 𝜃 = 0 (or close to zero, see Table
6.1). This is the global minimizer of the potential energy of the wrist exoskeleton without
control. However, if the internal pressure in the soft actuator is non-zero, this induces a
force inbalance between the gravitational component of the hand, the compliance of the
beam, and contraction force of the soft actuator. Since the tendon of the soft actuator is
in its most extended form in the straight posture of the hand (𝜃 = 0), the contraction of
the tendon can lead to two unique (stable) equilibria. In this analysis, we load the wrist
exoskeleton with the average human-hand weight 𝛿𝑊 , and investigate the bi-stability for
various pressure inputs 𝑢 ∈ [−40,0]kPa. These experimental results are shown in Fig. 6.6.

As can be seen, there indeed exist pairs of stable equilibria for identical input condi-
tions. We see that for low differential pressures (i.e., 𝑢 ≥ −8kPa), only one stable equilib-
rium 𝜃 ∗ = 0 exists (passive gravity balancing). Further increasing the negative pressure
input 𝑢, we observe a so-called bifurcation point, where 𝜃 ∗ = 0 is now unstable and two
new stable equilibria appear, 𝜃 ∗− < 0 (down/flexion) and 𝜃 ∗+ > 0 (up/extension), respectively.
The change of stability in the zero position 𝜃 ∗ is actually beneficial, as it allows the user to
switch to flexion or extension with limited effort. It is worth noting that the pair of equi-
libria can be tuned accordingly by changing the input 𝑢. Let it be clear that the magnitude
of the flexion equilibrium is lower than the extension angle since the soft actuator has to
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Figure 6.6: Experimental results of the bi-stability analysis. Here we see the transition of one stable
equilibrium (𝜃 ∗ = 0) for low-pressure, to an unstable equilibrium and two stable equilibrium pairs
𝜃 ∗−, 𝜃 ∗+.

further deform the compliant beam. Nevertheless, given the full actuation range of the soft
actuator, we observe a substantial range of support (|𝜃 ∗−| ≤ 24∘ for flexion, |𝜃 ∗+| ≤ 59∘ for ex-
tension) for wrist mobility, indicating such hybrid system can be a viable, energy-efficient
alternative to traditional wrist exoskeletons.

6.4 Discussion
The results of the compliant beam and soft actuator experiments indicate that both sub-
systems satisfied the required share for balancing and actuating the user’s hand, while the
combination of both subsystems demonstrated the hypothesized bi-stable behavior, indi-
cating that such design can support the hand in flexion-extension direction over a broad
range of motion. This is further supported by the fact that the dead weight of the hand is
balanced during actuation, the active support can greatly minimize the actuation energy.
Additionally, both passive and active elements do not require energy to maintain an angle.
Thus, when the device is turned off, it can be employed as a fully passive support or as a
posture fixation for the hand’s flexion-extension.

It is worth mentioning that this device is created to function as a semi-active gravity
balancer. As a result, the orientation of the user hand must always match the direction
illustrated in Fig. 6.2. However, this is not a significant concern because the majority of the
device’s intended users, e.g., people with Duchenne disease, preferably have their hands
on the armrest of the wheelchair.

The device demonstrates a substantial support angle (83∘) for hand flexion-extension.
This range is sufficient for themajority of the hand placement and range of motion tasks re-
quired to perform activities of daily living [23]. However, this range can still be enhanced
in order to make it more symmetrical in terms of flexion and extension. For instance, a
closed-loop control scheme can be proposed that counteracts the stiffness of the compliant
beam under compression.

Nevertheless, there are still some limitations to the current design. First, additional
experiments, modeling, and testing are required with patients to arrive at a final design
that well integrates both subsystems – especially for user clinical tests. The proposed
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bi-stable property can still be improved by tweaking the individual subsystems and the
connections between them. Additionally, patient tests might highlight constraint or com-
fort issues, e.g., limited wrist supination-pronation, that are currently not investigated. In
future work, we will extend to patient trails.

6.5 Conclusion
Anovel design for energy-efficientwrist exoskeletons is presented that utilizes a compliant
mechanism and soft actuation to exploit both passive and active support elements simul-
taneously. The compliant beam is optimized, and the experiments indicated that it can
balance the hand’s dead weight over the desired range of motion. The topology-optimized
soft actuator has demonstrated the ability to sustain the needed contraction force for hand
flexion-extension. The combination of these two subsystems into a singular exoskeleton
proved that the proposed bi-stable behavior of exoskeletons is capable of achieving both
flexion and extension via actuator contraction in an extended range of motion (83∘). This
unique soft exoskeleton can be used in two modes: (i)when the passive part maintains the
hand in its straight position and allows for a range of motion with lower muscular force;
(ii) by engaging the soft actuator and active support of the body. Given these prelimi-
nary insights, such a semi-active wrist exoskeleton can be utilized to support other body
parts while complementing the part’s natural movement and requiring reduced energy
consumption.
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This chapter presents a design for a lightweight compliant differential mechanism based
on the knowledge developed in Part II. Firstly, the warping principle from chapter 4 was
used to couple the legs’ reverse motion, and in the second step, a prestressing technique
based on what was presented in chapter 5 was applied to provide zero stiffness for this
differential mechanism in its range of motion. Passive back support exoskeletons have
a way to store energy during forward bending and give it back once the user requires
support. The energy storage mostly works based on the angle between the user’s upper
body and the legs. It is an effective method for supporting forward bending. However, this
upper-body-to-lower-body angle also constantly changes when the user is walking with
the exoskeleton. This means that the passive exoskeleton applies forces on the body with
every step during walking, which can be very disturbing. One solution to this problem
is using a differential mechanism to connect the legs’ mirrored motion on the sides while
keeping themiddle connection to the upper body straight duringwalking. During forward
bending, when both legs’ angles change in relation to the upper body, this differential locks
to support the user. However, using conventional differential mechanisms in this context,
adds a large amount of weight and bulk. This chapter introduces a compliant solution
for the differential mechanism with remote center of rotation to be around the body and
without exerting any forces to the body in its range of motion.

This chapter was published as:



7

108 A compliant differential mechanism

A curved compliant differential mechanism
with neutral stability

Abstract Differential mechanisms are remarkable mechanical elements that
are widely utilized in various systems; nevertheless, conventional differential
mechanisms are heavy and difficult to use in applications with limited de-
sign space. This chapter presents a curved differential mechanism that utilizes
a lightweight, compliant structure. This mechanism acquires its differential
characteristic by having a high rotational stiffness when the mechanism is
symmetrically actuated on two sides, while having a low rotational stiffness
when actuated only on one side. To make the mechanism neutrally stable, the
intrinsic elastic strain energy required for deformation of the compliant dif-
ferential is compensated for by the reintroduction of potential energy, which
is provided by two preloaded springs. The rotational stiffness of the one-sided
actuation of the compliant differential mechanism around the neutral posi-
tion is hypothesized to be adjustable by changing the preload of the springs.
The stiffness can be positive, zero, or negative, indicating that the mechanism
can be neutral or bistable. This hypothesis is investigated using a simulated
model in Ansys Parametric Design Language using optimized parameters to
achieve the desired stiffness for the mechanism. The simulated model is val-
idated using an experimental setup for both the one-sided and symmetrical
actuation stages. The experimental results showed a high correlation with the
simulation results. The mechanism with optimized dimensions and preload
demonstrated neutral stability over a 16° range. Bistability was discovered for
preloads greater than the optimized preload. At 𝜃 = 0, a linear relationship
was discovered between the spring preload and the rotational stiffness of the
mechanism. Furthermore, an output/input kinematic performance of 0.97 was
found for the simulated results and 0.95 for the experimental results.

7.1 Introduction
The first recorded instance of a differential mechanism being used in a mechanism was
over 2000 years ago in the Antikythera mechanism, which used differential gears [1]. The
differential mechanism was used to determine the angle between the ecliptic positions of
the Sun and Moon. Other uses of differential mechanisms in history are for the use as a
compass around 250 AD by engineer Ma Jun [2], or by clockmaker Joseph Williamson in
a clock mechanism. One of the most known uses for differential mechanisms is as an au-
tomobile differential, which was invented by Onésiphore Pecquer in 1827 [3]. In this long

Mak, R., Amoozandeh Nobaveh, A., Radaelli, G. and Herder, J.L., 2023. A curved compliant differential mecha-
nism with neutral stability. Journal of Mechanisms and Robotics, pp.1-11.
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history of differential mechanisms, only conventional mechanisms using predominantly
gears were found. Only one compliant differential mechanism by Valentijn was found [4].
He used a thin-walled warping beam to create differential behavior in his mechanism. The
principle of using warping for rotational transmission is explained in [5].

Compliant mechanisms are mechanisms that use elastic deformation to accomplish
something useful [6]. Traditionally, when designers needed movement within a mech-
anism, they only used rigid bodies connected with hinges and sliding joints. However,
when you look at nature, much more flexibility in movement can be seen. Think of bee
wings, elephant trunks, eels, seaweed, spines, and the blooming of flowers. Very compact
mechanisms using this flexible behavior can be seen in nature. Compliant mechanisms
have many advantages, such as significantly lower cost due to fewer parts and monolithic
construction, increased precision due to reduced wear and eliminated backlash, no need
for lubrication, and generally a reduction in mass and size. However, compliant mecha-
nisms also introduce some challenges, such as a more difficult simultaneous design pro-
cess for motion and force behavior, fatigue life needs to be addressed, the motion is often
more limited than traditional rigid-link mechanisms with no continuous rotation possible,
there are higher stress concentrations, and most importantly, they require energy during
movement due to elastic deformation [7].

A way to have the benefits of a compliant mechanism, but eliminate the energy stored
during elastic deformation, is to make the mechanism neutrally stable [8–11]. This tech-
nique was also widely used in compliant flexural pivots to make them neutrally stable in
a certain range of motion [12, 13]. If the input and output energies of the mechanism are
the same over a range of motion, the potential energy will be constant with the initial
assumption that the system is isolated and conservative [10]. Several equivalent descrip-
tions for this behavior exist, such as neutral stability, continuous equilibrium, constant
potential energy, or zero stiffness [11]. A method to make a mechanism neutrally sta-
ble is to reintroduce energy into the energy stream between the input and output of the
system [14].

There are multiple ways to store the potential energy in a system to compensate for
the elastic strain energy. This could be done by creating prestresses in the material [11, 15]
or during the assembly process [16, 17]. Prestressing is also possible by adding an exter-
nal compensator, which can be another compliant element or a conventional element like
a spring. An example of a mechanism that uses an external prestressed compensator is
proposed by Herder [18], who added a rolling-link spring mechanism to a compliant la-
paroscopic grasper to eliminate stiffness in this compliant grasper. This idea was further
developed by Stapel, who proposed preloaded compliant flexures to reduce the stiffness of
the aforementioned compliant laparoscopic grasper [19]. Although the storage and rein-
troduction of potential energy have been widely exploited in the past to create compliant
mechanisms with zero stiffness, no neutrally stable compliant differential mechanism has
been reported.

The goal of this work is to demonstrate the use of a compliant differential mechanism
in conjunction with a stiffness reduction technique by reintroducing energy to compen-
sate for the potential elastic strain energywithin the range of movement of themechanism.
Reintroduction of energy changes the stiffness of the mechanism from positive stiffness
to zero stiffness or negative stiffness. The behavior of the mechanism is investigated and
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enhanced using simulations and optimization. The simulated results are validated using
an experimental setup with a physical prototype. The experiments show a good match
between anticipated and actual results in adjusting the stiffness and achieving high kine-
matic performance.

In Section 7.2 the working principle and intended application of the mechanism are
explained. In Section 7.3 the details of the modeling together with the experimental setup
are explained. In Section 7.4 the results of both the simulations and experimental setup
are shown and discussed in Section 7.5. Finally, in Section 7.6, a conclusion is drawn from
the results.

Rotational axis

(a)

Pretensioned springs

H-beam

(b)

Figure 7.1: A schematic view of the compliant differential mechanism. The dotted line indicates the
rotational axis of the mechanism and the arrows show the rotation around each side of the mecha-
nism and the middle output. The pretensioned springs are used to compensate the energy required
for compliant mechanism’s elastic deformation. (a)The one-sided input to output connection is with
zero stiffness and energy free. (b) The symmetric drive from the middle to the side outputs has a
very high stiffness.

7.2 Working Principle
The compliant differential mechanism can be seen in Fig. 7.1. The mechanism works by
having two pretensioned springs pushing outwards on the inside of the U-shaped open
section thin-walled beam. While actuating the mechanism on one side, an opposite ro-
tation on the other side of the mechanism is generated. This one-sided actuation can be
seen in Fig. 7.1(a) and Fig. 7.2. During this actuation, the springs are decompressed and
transfer their potential energy into the energy required for the elastic deformation of the
mechanism. The springs are constrained to be always aligned with the rotational axis of
the mechanism, in this way, the springs only experience compression and decompression
without any translation or bending in other directions. The transfer of energy causes the
energy required to actuate the mechanism to be lower, which in turn lowers the rotational
stiffness of the mechanism in one-sided actuation mode, while the symmetrical actuation
mode still has a very high rotational stiffness. This latter actuation mode can be seen in
Fig. 7.1(b). This mechanism has the interesting behavior of a differential mechanism.
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θ

Constrained center of rotation

Figure 7.2: A side view of the one-sided actuation, 𝜃 indicates the angular displacement of the input.
The motion transferred to the output can also be seen on the other side of the mechanism.

The mechanism is hypothesized to work in a way in which the required elastic strain
energy is compensatedwith a source of potential energy. When themechanism is actuated
on one side, the sides of the beam go out of plane and make skew lines, this causes the
springs to decompress and go to a lower energy state. At the same time, the U-shaped
beam is going to a higher energy state during elastic deformation. The sum of these two
energies can be designed to be the constant. Due to the conservation of energy in an
isolated and conservative mechanical system [10], the total potential elastic energy of all
components would then be expected to look like Fig. 7.3, the dotted line is the potential
spring energy of the two springs, the dashed line is the potential elastic strain energy of
the mechanism. The total potential energy can be found by the summation of both the
potential energy of the beam and the potential energy of the springs. This total energy
is illustrated by the solid line, for which a constant level can be observed for a range
of motion. This constant potential energy can be categorized as “neutral stability”. The
second derivative of the potential energy is the stiffness, so when the potential energy is
constant, the stiffness and actuation force of the mechanism are both zero.

If the springs lose more energy than the energy required for the elastic deformation of
the beam, a different behavior will be observed, which will create a peak in the potential
energy with two minima on each side. This behavior would be classified as bistable, with
two stable equilibrium points at the two local minima and an unstable equilibrium point
at the peak of the potential energy. This unstable equilibrium indicates a negative stiffness
when the potential energy is differentiated twice.

This would indicate that three different states can be achieved. A state with positive
stiffness when no or insufficient energy compensation is used. A state with zero stiffness
when the potential elastic strain energy is perfectly compensated. And lastly, a state with
negative stiffness occurs when the stored potential energy released is greater than the
potential elastic strain energy required to actuate the mechanism. The released energy of
the spring is a function of the initial preload, stiffness, and amount of decompression of
the spring.

This behavior of varying the stiffness of the mechanism, specifically the zero stiffness
state is further investigated and validated on a physical prototype.

The original design purpose of this compliant differential mechanism was for the use
in a passive exoskeleton as a back support where the U-shaped beam is located around
the waist, with the two sides connected to the legs and the middle part connected to the
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Figure 7.3: The hypothesized total potential elastic energy (solid line) of the neutrally stable mecha-
nism in its range of motion. This line is a summation of the energy of the beam (dashed line) during
elastic deformation and the potential energy of the pretensioned springs (dotted line). The range of
motion with a constant total potential energy is shown in gray.

upperbody. During walking, you have alternating hip flexion on one side and hip exten-
sion on the other side. When bending there is hip flexion on both sides of the hip joint
simultaneously. For this use case, it is required that the mechanism have low stiffness
when walking and high stiffness when bending. This makes the users walking easy and
energy free while this high stiffness provides bending support. These two cases are re-
ferred to in this chapter as one-sided actuation and symmetrical actuation respectively.
Such a mechanism can be labeled as a differential mechanism.

The mechanism is required to be around the human body but still have a rotational
axis that aligns with the rotational axis of the human hip joint. Therefore, a U-shaped
beam is chosen with constraints on the side of the human hip to create a rotation axis
around these constraints. In this research, this application was chosen as the basis for all
parameters, requirements, and optimized values. The parameters are therefore chosen on
the basis of human-sizes and can be changed to suit other applications.

7.3 Methods
The mechanism consists of a thin-walled beam, with an H-shaped cross-section, which
has two bends forming a U-shape geometry. The mechanism can be found in Fig. 7.1
and Fig. 7.4. A force is applied to the sides of the mechanism at points L and R using
two springs. The aim is to research and analyze the neutral stability and bistability be-
havior of the mechanism and the changes in rotational stiffness due to the reintroduction
of potential energy by changing spring parameters. Furthermore, the characteristics and
performance of this mechanism as a compliant differential are analyzed using simulations
and experimental results for various initial spring preloads.
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Figure 7.4: The compliant differential mechanism investigated in this research is shown with its
parameters. The location of the applied constraints and spring forces are also shown.

7.3.1 Requirements
Themechanism is subjected to the requirements which are set for the aforementioned case
of a passive exoskeleton. For this case, the one-sided actuation is used for walking, and
the symmetrical actuation is used as a support for bending. In this research, a linearly
increasing moment for symmetrical actuation is set to reach 30Nm after 20° of angular
displacement. For the one-sided actuation scenario, the maximum moment for the one-
sided actuation should be lower then 5Nm with a range of motion of 50°, between −25°
and 25° for each side. Furthermore, the mechanism should be as compact and lightweight
as possible.

7.3.2 Geometry
Thegeometry of themechanism can be found in Fig. 7.4. The cross-section of the beamwas
chosen to be H-shaped. This cross-section was chosen due to initial tests showing cross-
sections with low torsional stiffness, high bending stiffness, and a high warping constant
would perform better for the desired differential behavior.

The mechanism is constrained at 3 points, each constraining 2 degrees of freedom,
thus, a total of 6 degrees of freedom are constrained in this monolithic mechanism, which
makes it iso-constrained. The locations of the constraints are symmetric and located at
points ‘R’, ‘L’, and ‘M’ as seen in Fig. 7.4. The points ‘R’ and ‘L’ both constrain translation
in the Y and Z directions and thus only move in the X direction while allowing rotation
around all axes. Point ‘M’ is constrained in translation in the Y and X directions and thus
can move in the Z direction while allowing rotation around all axes. These constraints
are the same for all loading scenarios. The preload force is applied to the points ‘R’ and
‘L’ in opposite directions in line with the X direction. This preload force is created by
compressed linear springs.

7.3.3 Parameters
The parameters used for this mechanism are chosen for the passive exoskeleton case and
stated in Table 7.1. Although the mechanism can be scaled to fit multiple design purposes,
the parameters for this research aremainly based on anthropometric data and optimization
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Table 7.1: Parameters in this table are used for both modeling and experimental validation and are
chosen based on an anthropometric data.

Parameter Symbol Value
Inside width w 450mm
Inside depth d 160mm

p 125mm
Curve radius r 25mm
H profile height bh 34mm
H profile width bw 34mm
Web thickness btw 0.8mm
Flange thickness btf 0.8mm
Density 𝜌 7880 kgm−3
Poisson ratio 𝜐 0.275
Youngs modulus E 190GPa
Free spring length L0 86.6mm
Maximum spring force Fn 102N
Spring constant c 1.49Nmm−1

using simulations in Ansys, with a finite element solver. The width and depth of the
mechanism have been obtained using anthropometric data from DINED [20] with the
data set “Dutch adults, dined 2004”. 𝑤 was obtained by taking a hip breadth of 400mm
plus two times 25mm for the preloaded springs. 𝑝 was obtained by taking half of the
abdominal depth, which is chosen to align with the rotational axis of the hip joint. The
hip breadth and abdominal depth were chosen around the 50 percentile of the age group of
20-60 years. These could be approximated because they will be used as input parameters
for the optimization of the mechanism. For the radius of the two curves, 𝑅, early tests
found that its contribution to the behavior of the beam was rather small. Therefore, it was
removed from the scope of the research, and 𝑅 was not varied in the optimization and
has been chosen to follow the shape of the human body. 𝑏𝑤 and 𝑏ℎ are the height and
width of the H-profile cross-section. These were obtained using an optimization problem
inMatlab, which is further explained in Section 7.3.6. For this research, the thickness of the
web and flanges have been chosen to be equal. The thickness has been found by manual
optimization based on available stock material thicknesses for prototyping purposes. A
thickness of 0.8mm was found to be best suited for the chosen design parameters and
requirements. The springs used to apply the preload to the mechanism are also chosen
based on the required force 𝐹𝑛 , free length 𝐿𝑛 and the highest possible spring constant 𝑐.

For thematerial AISI 301 or EN 1.4310, which is a hardened austenitic chromium-nickel
stainless steel is used, with a Young’s modulus 𝐸 of around 190GPa, and an ultimate tensile
strength between 1300-1500Nmm−2.

7.3.4 Modeling
For modeling the mechanism, Ansys Parametric Design Language (APDL) is used. The
main advantage of this program is that the mechanism can be modeled using a scripting
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language and can be made as a parametric model. This ensures maximum control over
the simulations and allows for simulating with different sets of parameters using Matlab.
By using an integration of Ansys and Matlab, it is possible to run the Ansys model in an
optimization problem to optimize the model for given input parameters and requirements
of the mechanism.

The model is simulated in Ansys Parametric Design Language using Finite Element
Modeling (FEM).Themodel is fully parametric and is fully constructed in the APDL script-
ing language. For the simulation, a static analysis with a large deflection option is used.
A shell model is selected to simulate the behavior of the beam. The shell is meshed using
8-nodal SHELL281 elements.

The constraints are as aforementioned and applied to the nodes at the locations of
points ‘R’, ‘L’, and ‘M’ on the shell. The preloading of the mechanism is performed by
having two forces at points ‘R’ and ‘L’ in opposite directions. These forces simulate a
linear spring in accordance with Hooke’s law based on the 𝑈𝑥 displacement of points ‘R’
and ‘L’.

7.3.5 Measurement
The modeled mechanism can be actuated in two different ways: one-sided actuation and
symmetrical actuation. For the one-sided actuation scenario, a rotation is applied to a
line of nodes on the left inside of the mechanism, this line of nodes spans 25mm in both
directions of the Z-axis with the point ‘R’ in the middle. For the symmetrical actuation
scenario, a line of nodes spanning a line in the Z direction at point ‘M’ in the web. For
both scenarios, the rotation is around the X-axis. To obtain the Moment-Angle and Po-
tential Energy-Angle curves, the required moment to actuate the mechanism to an angle
in the range of motion has to be calculated. This is performed for both the one-sided
actuation and symmetrical actuation scenario. The one-sided actuation moment is calcu-
lated in the simulations by measuring the reaction forces at point ‘M’. With the known
distance from point ‘R’ to ‘M’, this accounts for a change in distance in the deformed state,
and the moment around the rotational axis between points ‘R’ and ‘L’ can be calculated.
For the symmetrical actuation scenario, a similar approach is taken, however for this sce-
nario, the reaction forces on points ‘R’ and ‘L’ are measured and converted to a moment
around point ‘M’. The reaction forces can be exported directly from the simulations. To
calculate the potential energy at a given angle, a cumulative trapezoidal numerical inte-
gration is used. This approximates the area under the Moment-Angle graph, which is the
potential energy. The rotational stiffness of the mechanism is calculated by differentiating
the Moment-Angle curve, the focus of this chapter is mainly on the rotational stiffness at
𝜃 = 0. The compliant differential mechanism has a difference in input angle and output
angle, where the input angle is the actuated side of the mechanism and the output angle
is the angle of the unactuated side, as can be seen in Fig. 7.2. In this research, the ratio
between the input and output angles is defined as the kinematic performance. To calculate
the kinematic performance of the compliant differential mechanism, the angle of both the
actuated side and the unactuated side is measured. These angles are plotted against each
other to find the correlation. From these data points, a linear regression is taken, for which
the slope of this linear regression approximates the average kinematic performance over
the complete range of motion.
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Figure 7.5: The experimental setup for validation of the simulated results for both the symmetrical
actuation and one-sided actuation scenarios.

7.3.6 Optimization
As discussed previously, the values of 𝑏𝑤 , 𝑏ℎ and the initial preload to achieve neutral
stability are found using optimization in Matlab. This was performed by Matlab running
the Ansys model with different sets of parameters. As the objective function, a weighted
function of both the root-mean-square error (RMSE) of the one-sided actuation moment
and a penalty function for the required symmetrical actuation moment is used. The RMSE
is used to approximate zero stiffness at 𝜃 = 0. The penalty function is used to constrain the
lifting moment to fit the desired symmetrical actuation moment. Sequentially, the initial
preload of the spring was optimized using the same RMSE to find the initial preload for
which zero stiffness is achieved and thus neutral stability.

7.3.7 Physical Prototype
The physical prototype is constructed with a hardened stainless spring steel with the prop-
erties mentioned in section 7.3.3. The thickness and properties of the material are in ac-
cordance with the simulated model. The material is laser cut with slits and wedges in the
web and flanges to allow for alignment and fixation of the web and flanges. Although this
gives a fairly rigid connection, it does not fully fixate the web and the flanges similar to
the model. Therefore, spot welds are introduced to fixate the web and flanges.

7.3.8 Experimental setup
The experimental setup in Fig. 7.5 consists of the mechanism attached to two axes on lin-
ear sliders which constrains the translation in the Y and Z directions for points ‘R’ and ‘L’.
To ensure that the constraint points are still allowed to freely rotate in all directions, a ball
joint is used at the contact point between the axis and the inside flange of the mechanism.
The preload force is applied to the mechanism using two springs which are attached to
the two axes, this applies the force directly to the ball joint, and matches the simulated
model. The constraint at point ‘M’ is only in the Y direction, contrary to the simulated
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model which was also constrained in the X direction. However, this constraint was omit-
ted for the experimental setup because the springs removed a degree of freedom, which
constrained the mechanism in the X direction.

7.3.9 Measurement
To measure the Moment-Angle curve, a tensile testing machine is used to actuate one
side of the mechanism using a rod attached to the flanges and the web on one side of the
mechanism, as shown in Fig. 7.5(a). The universal testing machine operates at a speed of
200mmmin−1. The measurement is performed by actuating one side of the mechanism to
25° and then to −25° before returning to 25°. The cycle is repeated twice for both sides of the
mechanism to check for repeatability and to get more data points for smoother and more
accurate results. The measured forces and displacements can be converted to a moment
and angle with the known length and displacement of the actuation rod. The effect of the
weight of the actuation rod is compensated for in the data processing. Due to Coulomb
friction in the constraints, such as the ball joint and linear bearings, there is a hysteresis
loop which centers around the predicted Moment-Angle curve, as can be seen in Fig. 7.6
in gray. The predicted true Moment-Angle curve can be subtracted from the hysteresis
loop by averaging the higher and lower moments of the loop for each angle, this should
be a close estimation if the mechanism is symmetrical and friction in both directions is
assumed to be the same.

To measure the symmetrical actuation scenario, a rod is attached to the middle of the
web at point ‘M’ a force is applied to this rod which causes a moment on the beam at the
point of attachment. This force is applied using the tensile testing machine and a cable, as
can be seen in Fig. 7.5(b). This force and the resulting displacement can be converted to
a moment and an angle respectively. The springs are also tested separately to see if their
force-deflection behavior is similar to that of the modeled linear springs.

Finally, to calculate the kinematic performance, an additional rod is attached to the
unactuated side of themechanism to better visualize its angle. A camera and video analysis
software are used to measure both the input and output angles to calculate the kinematic
performance of the mechanism. This calculation was performed using the same method
as the simulated results by finding the slope of the linear regression.

7.3.10 Experiments
In this research, four different scenarios are considered for the experiments. The first
three scenarios are variations of the initial preload of the springs: no preload 0N, an
initial preload of 70N which makes the mechanism neutrally stable, and an initial preload
of 95N where the mechanism shows bistable behavior. For the fourth scenario, a rotation
is applied to point ‘M’, the symmetrical actuation scenario. In this case, the preload effect
is negligible and, therefore, is not considered in the tests.
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Figure 7.6: The simulated (black) and the experimental (gray) results for the moment-angle and
energy-angle of the mechanism in a one-sided actuation scenario with three different spring
preloads. The and symbols show the friction compensated results for the left-side and right-
side actuation respectively.
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7.4 Results
Figure 7.6(a, c, e) shows with the black line the resulting simulated moments for one-
sided actuation for no initial preload, initial preload which led to neutral stability, and an
initial preload which results in bistability. These moments are plotted against the angular
displacement in degrees. The experimental results are shown with and symbols for
left and right side actuation, respectively. In light Grey, the raw measured results are
shown, these results show a hysteresis loop due to the friction in the experimental setup.
As discussed in Section 7.3.9, friction in the experiment results is compensated for by
averaging the moments.

Figure 7.6(b, d, e) show the simulated potential energy in joules measured from the
mechanism with the black line. Both of these cases are plotted against the angular dis-
placement of one of the two actuated sides of the mechanism. The experimental results
are shown with and symbols for left and right side actuation respectively. The poten-
tial energy is calculated from the sampled Moment-Angle curve. Hence, the friction in
the results has already been compensated.
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Figure 7.7: The moment required for the symmetrical actuation case, for the simulated results
(dashed line) and the experimental results. The experimental results are shown with the □ symbol.

For the neutrally stable or zero stiffness scenarios, the results are shown in Fig. 7.6 (c,
d). The results in Fig. 7.6(c) show a near zero moment within a range of motion of 16°,
between −8° and 8°. Also the results in Fig. 7.6(d) show a near constant potential elastic
energy within the same range. The constant potential energy and a slope of zero, can also
indicate zero stiffness at 𝜃 = 0.

For the bistable scenarios, the results are shown in Fig. 7.6(e, f). The results in Fig. 7.6(e)
show a local minimum and a maximum at −10° and 10°, respectively. There are three
locations where the moment is zero at: −17°, 0° and 17°, which are the equilibrium points.
The results in Fig. 7.6(f) show the potential elastic energywith two localminima at −17° and
17°, which correspond to the equilibrium points in Fig. 7.6(e). Furthermore, the negative
slope through 𝜃 = 0 indicates negative stiffness. The experiments show the same behavior
as the simulated results, but there is a slight difference. After the peaks the experimental
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results seem to have a steeper angle which indicates more stiffness, this can be observed
in both the Moment-Angle curve and Potential Elastic Energy-Angle curve.

For the not preloaded scenarios, the results are shown in Fig. 7.6(a, b). The results
in Fig. 7.6(a) show almost linear behavior going through the origin, which indicates an
almost constant positive stiffness over the entire range of motion.

Figure 7.7 shows the moment for the symmetrical actuation scenario, the dashed line
is the simulated moment for the symmetrical actuation scenario. These results show a
linear relation with the angular displacement from 0Nm to the optimized value of 30Nm.
The experimental results for the symmetrical actuation scenario are shown with the □
symbol. These experimental results show a deviation from the experimental results after
5°, after this point, a steeper slope can be observed which indicates a higher stiffness for
the symmetrical actuation scenario.

Figure 7.8 shows that within the tested initial preloads, the mechanism shows a linear
relationship between the preload and the stiffness of the mechanism at 𝜃 = 0. This linear
relationship is shown in Eq. 7.1, where 𝑘𝜓 is the rotational stiffness and 𝐹𝑝 is the initial
preload of the springs.

𝑘𝜓 = −0.1673𝐹𝑝 +11.6153 (7.1)

This means that the initial preload is negatively correlated with the stiffness, and a
higher initial preload results in a lower stiffness. This behavior can also be observed for
negative preloads, with a force pulling inward instead of pushing outward. For initial
preloads at 70N zero stiffness is observed, indicating neutral stability. While for initial
preloads higher than 70N negative stiffness is observed, which indicates bistability. The
experimental results are shown with the calculated stiffness using the ■ symbol.
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Figure 7.8: The effect of the initial preload of the springs on the rotational stiffness of the mecha-
nism.

Figure 7.9 shows the kinematic performance of the different initial preloads from sim-
ulations. The dashed line shows a linear trend between the kinematic performance and
the initial preload. The kinematic performance shows a linear trend between 0.96 and 0.98
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for the simulations. The experimental results for the neurally stable scenario which are
shown with the ■ symbol in the same figure is 0.95 for a 70N initial preload; the error bar
indicates the 95% confidence range.
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Figure 7.9: Kinematic performance, the ratio between motion of the actuated side and the unactu-
ated side, for different initial preloads are shown with a linear trend between them, the resulting
ratio from the experiment is also shown.

The linear approximation for the springs according to Hooke’s law has been tested.
The compression test has been performed on the springs used in the experimental setup.
The springs showed the same linear behavior as the simulated springs, with the same
expected spring stiffness of 1.49Nmm−1.

7.5 Discussion
The expected behavior of neutral stability was found both in the simulations and experi-
mental results for the optimized initial preload. This indicates that the current method, the
reintroduction of potential energy, is an effective way to manipulate the stiffness. Further-
more, it is shown that by increasing the reintroduced potential energy, i.e., higher springs
pretension, it is possible to achieve bistable behavior. This bistable behavior was observed
in the simulated and experimental results.

The experimental results of the neutrally stable scenario almost perfectly match the
simulated results. However, in bistable and non-preloaded scenarios, the experimental
results show a small deviation from the simulated results. Furthermore, the results show
consistency between cycles and sides of the mechanism. The small deviations could be due
to the experimental setup, for example, the tool used to actuate the mechanism required
a few millimeters of backlash to work properly, this is also the case for the fixation at
point M. This backlash could cause a shift in the final processed results. This will be most
pronounced in the not preloaded scenario due to the steeper slope. This backlash could be
removed by creating better fixations.

Another discrepancy that could explain the differences between the simulations and
the experimental results is the difference in exertion of the actuation. The simulated model
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is actuated only by applying an angular displacement, which differs from the experiments
where it is applied by a linear displacement. This introduces forces into the system instead
of only a pure moment. furthermore, the effect of the difference in constraints between
the Ansys model and prototype seemed to be minimal but could be improved in future
works.

Another source of difference between simulations and the experimental results can be
due to the connection between the web and flanges, in the simulations, this is a uniform
continuous rigid connection. However, in the experimental setup, a continuous connec-
tion was not feasible, and a connection using spot-welds was used, which gave the mech-
anism a rigid connection while minimally affecting the material properties at the connec-
tion. It is possible to use laser-welding to create a better fixation between the web and
the flanges, this minimizes added material and only makes a relatively small heat affected
zone. Another way to better match the results to the model is to model the connection
between the web and the flanges in Ansys.

For the symmetrical actuation scenario, the optimization to reach 30Nmat 20°was suc-
cessful and resulted in constant rotational stiffness in the desired range of motion. How-
ever, in the experiments a higher rotational stiffness was captured after 5°. This deviation
could be caused by the difference in the exertion of the moment.

For the symmetrical actuation scenario, the full 20° of angular displacement could not
be achieved due to buckling in the flanges, this buckling was observed after about 7°. The
simulations also showed buckling, however, this only occurred at deformations higher
than the 20°. Buckling at smaller deformations could be caused by the spot weld, which
caused a non-uniform connection with the web, the spot-welds also caused some slight im-
perfections in the flanges which could also cause an earlier buckling. Due to this buckling,
the experiment was stopped after 12° of angular displacement.

The kinematic performance for the simulated results is around 2% to 3% lower than
the ideal ratio of 100%. The measured experimental results show only a 2% difference with
a 95% transfer of motion. This is a high percentage and is considered a good result. This
deviation between the experiments and the simulated kinematic performance can be seen
in Fig. 7.9. This could be explained by a few factors, which are sorted based on their effects.
Firstly, the friction in the experimental setup could cause losses in transferring motion
from the input to the output side of the mechanism. This is believed to be the largest
contributor to the discrepancy. Secondly, the minimum measurement unit for the angle
using image processing was set to 1°. Finally, a camera was used to calculate the difference
in angle between the actuated and unactuated arm; therefore, a difference in perspective
or possible lens distortion can be another source of error during the measurements.

An important metric of this differential mechanism is the ratio between the rotational
stiffness of the one-sided actuation (walking) and the symmetrical actuation (bending).
This ratio for the range of motion of 20° is:

Symmetrical actuation
One-sided actuation

= 30
1.76 = 17 (7.2)

This is almost three times higher than the same ratio for the unpreloaded mechanism,
for which this ratio is 30

5.09 = 5.9. This shows a significant increase in the difference in
rotational stiffness by reintroducing energy to lower the overall rotational stiffness of the
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mechanism. The ratio could be even higher if the bistability of themechanismwas utilized;
however, this bistability is not always desired. However, this bistability can be used to
lower the overall required work to actuate the mechanism over a larger range.

When comparing the proposed compliant differential mechanism with the conven-
tional differential mechanisms, the main advantages of the proposed design are the re-
moval of backlash and friction, and the reduction in number of parts and thus assembly
time. The main disadvantage of stored elastic energy for compliant differential mecha-
nisms has been alleviated for a range of 16°, conventional differential mechanisms do not
have this disadvantage and only suffer from friction between the gears. This friction is
relatively low, but it is hard to compare to the proposed design due to the scalability of
this proof of concept. The second limitation of the proposed compliant differential mech-
anism is the limited range of motion, while conventional differential mechanisms have
continuous rotations this is limited for the compliant design. This is however a limitation
which is not a problem for all design purposes.

Now that the expected behavior has been found and verified, more future research
can be done into this mechanism. The design used for this proof of concept has been kept
simple and uniform in order to find the behavior with as few variables as possible. In
future research into the mechanism, a variation in the width and height of the beam could
be investigated, for instance, the 𝑏𝑤 and 𝑏ℎ of the beam could be optimized separately to
see if the mechanism could be made more compact or have a wider range of motion with
neutral stability and zero stiffness. Another interesting thing to look into is varying the
thickness of the web and flanges as separate parameters, e.g., a lower thickness web could
lower the stiffness of the mechanism while having less impact on the warping of the beam.
Furthermore, from additional stress analysis that was outside the scope of this research,
the two side sections around points ‘R’ and ‘L’ were found to be less important for the
behavior of the mechanism and show much lower stresses than the straight back section.
More narrow and compact dimensions could most likely be chosen for this area.

In addition to the dimensions, the cross-section could also be changed. While in initial
testing a C-shaped and an I-shaped cross-sections seemed to perform worse than the H-
shaped cross-section for the desired behavior, other sections could be further examined,
especially if other parts of the mechanism are also altered. Cross-sections like open circu-
lar sections or T-profile which have not been looked into at all, could show different and
possibly better behavior.

Another improvement is to change the source of potential energy storage in the mech-
anism. In the current version potential energy is stored in the external springs, but it can
be replaced by prestresses in the mechanism itself. A similar approach to Lachenal [17]
with prestressed flanges could be interesting to look into. Another approach would be to
reduce the out-of-plane stiffness on the sides and store the potential energy in a fashion
similar to that of the external springs in those two regions.

7.6 Conclusion
In this chapter, a compliant differential mechanism with near zero stiffness is presented.
Amethod to manipulate the rotational stiffness of the mechanism by reintroducing energy
to compensate for the inherent strain energy of the compliant mechanism due to elastic de-
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formation. The compensation energy is supplied by pretensioned springs. Three different
initial preloads of these springs have been investigated to show the effect on the mecha-
nism’s behavior: no initial preload, initial preload which makes the mechanism neutrally
stable, and finally, an initial preloadwhich causes themechanism to have negative stiffness
and becomes bistable. It was found that for the optimized value of 70N spring pretension
a neutrally stable range of motion of 16° can be achieved. Furthermore, it is shown that
the initial preloads of the spring had a linear relationship with the mechanism’s rotational
stiffness at its neutral position at 𝜃 = 0. This was even the case for negative stiffnesses for
initial preloads greater than 70N.

The initial requirements of themechanismsweremet. Themaximum absolute moment
between −25° and 25° for the one-sided actuation was 3.6Nm which is lower than the set
requirement of 5Nm for walking, this was for the optimized initial preload of 70Nm.
For symmetrical actuation, the mechanism was successfully optimized for the minimum
required moment of 30Nm at 20° for bending. Due to the optimization of the mechanism,
the dimensions of the mechanism were minimized while meeting the requirements.

The mechanism performed well as a compliant differential mechanism with high sym-
metrical stiffness and low stiffness when actuated from one side. The required moment
after 20° of actuation was shown to be 17 times higher for the symmetrical actuation com-
pared to the one-sided actuation. Furthermore, a high kinematic performance was ob-
served for the one-sided actuation of more than 0.97 in the simulated results, with the
experimental results showing only 2% lower.

It can be concluded that this compliant differential mechanism can be optimized to
have a range of motion for which the potential energy can be near constant and that
the stiffness outside of this range is also reduced significantly. This was validated using
both simulations and experimental validation. Furthermore, the mechanism can be easily
optimized to fit specified requirements for a chosen application. This application could
be for the use in an exoskeleton design, for which the mechanism can be optimized for a
specific user, or in other applications where having a monolithic, lightweight, and scalable
mechanism is essential.
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Discussion

This chapter discusses the main accomplishments of the preceding parts of the thesis,
in addition to outlining potential areas of application for these developments and their
constraints. Additionally, a comprehensive assessment of the entire research project is
presented, including recommendations and limitations that may prove advantageous for
future scholars studying this topic.
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8.1 Overview
In this thesis, different designs for slender spatial compliant elements with the primary ob-
jective of augmenting the functionality of modern exoskeletons are proposed. The study
is divided into three primary parts. Part I discussed the design of spatially curved beams,
the characterization of their kinetostatic behavior, and tuning this behavior as per re-
quirement. Part II elucidated the behavior of straight open thin-walled twisting beams
and demonstrated potential functionalities that can be harnessed from these elements. Fi-
nally, Part III proposed two applications of the aforementioned design methods in passive
exoskeletons.

The subsequent subsections discuss the discoveries, conceivable applications of the
design in exoskeletons, limitations of the methods and possible avenues of future research
and developments in other related fields for each part of the thesis.

8.1.1 Part I - Spatially curved beams
In Part I, the impact of modifying the shape and sectional parameters of spatially curved
beams to attain certain kinetostatic behavior at their endpoints was demonstrated. Based
on this work and the understanding of how to illustrate the spatial kinetostatic behavior,
we have presented a characterization method for these types of beams in the second chap-
ter of this part. By using the characterization, we got a grasp on the contribution of torsion
and bending stiffness of elements along the beams to the kinetostatic behavior of the end-
point. It is important to note that the effect of torsional deformation is barely investigated
in the current state-of-the-art CMs since most of the developed mechanisms are planar
where torsion is not defined. The effect of torsional deformation of elements along the
structure on the kinetostatic behavior of the endpoint can be clearly seen in the results
of the shape optimizer that is developed in Chapter 2. By employing this understanding
and combining dissimilar elements in terms of torsion and bending, exceptional behaviors
can be achieved that were not possible in the known realm of CMs. One example of these
behaviors is described in Chapter 3 as anisotropic variable stiffness.

The presented designs can be applied to several parts of the exoskeletons since slender
structures with a predefined force-displacement behavior, such as the presented beams,
are favored for most connections in these devices since they can store energy and serve as
an additional source of support for the users of passive exoskeletons. These beams also re-
quire little space and can provide complex functionalities; one example is the asymmetric
beams with symmetric behavior that are presented in Chapter 2. The resulting beam was
developed as a unilateral supporting structure for the forward bending of people who use
wheelchairs and need support for bending. This unilateral beam can provide symmetric
support similar to a closed bilateral structure around the upper body while giving freedom
and safety to its users due to its open and slender nature. Moreover, it is expected that
the use of these compliant beams as connection elements can contribute to the overall
support provided by wearable devices. In this context, the design presented in Chapter 3
helps the user to adjust this support in a particular direction on demand. As an example,
in back-support exoskeletons, the support for forward bending can be adjusted based on
preference or on the type and intensity of work, while the support stiffness in other direc-
tions is preserved, in other words, the lateral bending flexibility remains the same during
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the adjustment of front bending support.
The use of such spatially curved compliant elements also entails limitations. The first

limitation is associated with the fabrication of these beams, since extruding and bend-
ing them requires complex machines and producing them using additive manufacturing
methods, as of yet is not economically feasible. During the project, parallel research was
conducted on the development of methods for manufacturing the designed beams that are
introduced in Part I, these methods also have challenges that can be further explored. An-
other limitation is related to the complexity of kinetostatic behavior that can be expected
from these beams. Since they are only single-branch beams, achieving a wide range of
nonlinear characteristics cannot be expected from them, and the kinetostatic outcome is
limited. Finally, the distribution of strains in the beam and fatigue due to repetitive mo-
tions, which are two of the most important factors in the failure of CMs, are harder to
control in a single-branch beam structure like the ones presented here.

In future research, it is possible to combine multiple beams and establish connections
between them to achieve more intricate behaviors for certain applications. By doing so,
the structure of beams will be able to create more complex behavior at each node, and
therefore, the overall kinetostatic behavior can be more sophisticated. Combining beams
can result in multi-stable structures, as one example. Moreover, having a network of
beams can provide more possibilities regarding the intermediate deformed shape of the
structure in large deformations. This can help the designers of exoskeletons make largely
deformable compliant elements that conform to the body in different phases of support.
It is also important to mention that by adding complexity to the shape, the slenderness of
the overall structure will decrease, and therefore there is always a trade-off. By having a
network of beams, it is also possible to introduce intermediate contact between them after
a certain amount of deformation. This can facilitate the implementation of behaviors such
as softening or stiffening and provide more possibilities for the type of nonlinear force
displacement behavior that can be expected from the structure.

Utilizing the designs for spatially curved compliant beams that are introduced in this
section can be relevant to various other fields of research, such as surgical robots and
catheters, since they need to reach certain locations through complex paths around or-
gans inside the body and yet provide certain kinetostatic behavior at their tip points. Also
in aerospace structures spatially curved beams may be relevant, for instance when spe-
cific shapes are required due to aerodynamic requirements, only certain spatial shapes are
available, yet the structure should be fully functional due to weight limitations and crucial
working conditions. Finally, in biomimetic robots, replicating creatures’ motions requires
complex functional structures. Moreover, surviving in harsh conditions, e.g., dirt and sand
or high water pressure, requires monolithic functional parts that can provide support and
motion.

8.1.2 Part II - Twisting beams
The present study demonstrates the capability of the warping phenomenon to transmit
sectional twist along open thin-walled beams. A monolithic design for a transmission
mechanism is presented based on this concept and the analytical model for this transmis-
sion along the length of the beam is established, paving the way for the development of
monolithic variable transmission ratio elements. In the second step, to achieve zero stiff-
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ness in these twisting elements, a novel method is proposed that allows for variable and
switchable torsional stiffness of this type of thin-walled beams.

The aforementioned beam with a high warping constant holds potential as a light-
weight, compliant transmission in exoskeletons to enhance the match with the kinemat-
ics of the human body and reduce overall energy expenditure. Additionally, the variable-
stiffness twisting element may function as a passive adaptive support structure for switch-
ing between tasks, e.g., forward bending, walking, and sitting, since the exoskeleton needs
to have different support characteristics and therefore, different stiffness in each of these
tasks.

Nonetheless, both twisting elements exhibit limitations, such as their limited range of
rotation, which is common among CMs. Moreover, the manner in which these elements
should be constrained presents a challenge since the deformation of sections is essential
to the functionality, and therefore, the sections can only be constrained at specific loca-
tions where there are no out-of-plane displacements. Furthermore, the current rotational
constraint in Chapter 4, which introduces different transmission ratios, is made from con-
ventional mechanisms since its fixed ring requires sliding along the structure and making
rigid contact with the beam at certain locations.

Further research can explore the combination of the transmission and variable tor-
sional stiffness features in the curved beams that are introduced in Part I.The transmission
via warping can be used to transfer sectional deformations along the structure to provide
couplings between deflection modes with the aim of achieving certain anisotropic behav-
iors, such as extendable compliant beams with high bending stiffness. Moreover, it is
possible to make structures where the overall stiffness can be manipulated from the base,
since effects like warping in the base can propagate along the structure and change the
stiffness of the endpoint. This feature can be widely used in robotics, where manipulation
of the endpoint of a structure using actuators in the base is a common requirement.

The development of transmission without backlash is of significant interest in several
research fields, including precision applications. The proposed design in Chapter 4 is a
concrete answer to this requirement. Moreover, due to the lightweight of the presented
beams, they can be suitable for shape-morphing wings or blades in aerospace applications
where utilizing both fine control over deformation of the wing shape using compliant
transmission and control over torsional stiffness of a wing or blade using the variable stiff-
ness solution seems to be promising. Lastly, the presented compliant switchable stiffness
twisting element can be miniaturized, making it an excellent candidate as a revolute joint
with on-off stiffness for applications such as micro-robots or metamaterials.

8.1.3 Part III - Applications in passive exoskeletons
As mentioned in the previous subsections, the methods and tools that presented in this
thesis have potential applications in various fields of research, including wearable devices
such as exoskeletons, prostheses, and orthoses. Part III of this thesis presents two direct
applications of the methods described in the earlier sections and the developed finite ele-
ment tools that can also be fined in doi.org/10.4121/be2fd76a-f037-44e0-a002-61c2276068cd
for other possible applications.

In this part, firstly, the optimization scheme that described in Chapter 2 was used to
design a beam that balances the weight of the user’s hand in a relatively large range of

https://doi.org/10.4121/be2fd76a-f037-44e0-a002-61c2276068cd
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motion of the wrist, reducing muscular effort for flexion and extension. This beam was
then integrated with a soft actuator, resulting in a hybrid system that requires less energy
to help the wrist movements. Secondly, the transmission presented in Chapter 5 was
utilized to design a differential system that averages legs angle to upper body connection,
addressing one of the primary challenges of passive back support exoskeletons which is
the activation of the bending support mechanism in each walking step of the user.

Implementing the presentedmethods in exoskeletons has several advantages, butwork-
ing with a complex system such as the human body also presents new challenges and lim-
itations. Since the presented designs are based on ideal human kinematics, several other
motions and considerations must be taken into account when designing for exoskeleton
parts. These considerations range from the interfaces with the body and applying reaction
forces from the support with the least discomfort to the directions in which mechanisms
should provide freedom, size adaptability, differences between users’ gaits, and several
other considerations. Incorporating all of these considerations into the design requires a
deeper understanding of human factors and biomechanics.

It is important for designers and users of these elements to be aware of the limitations
and risks associated with using CMs for exoskeletons, since large deformations in CMs
result in the material’s strain being pushed to its yield limit. Considering the inherent
motion uncertainties of the human body, having such largely deformable spatial elements
for supporting unbounded body movements can increase the risk of going over the yield
limit and failure.

Future research could focus on addressing the biomechanical issues associated with
the presented designs and possibly considering the implementation of human models in
the design process of these compliant elements. This can help the designers better under-
stand the limitations regarding the reaction forces and moments on the human joints and
the kinematic and force limitations for providing support to one part of the body using
other parts. Additionally, close collaboration with the designers of commercial passive
and active exoskeletons can help the designers of compliant mechanisms have a clearer
idea of the requirements and help promote the use of their designs as the subsystems of
commercial exoskeletons. The subsystem can be a part with certain kinetostatic behavior
or an energy-saving addition to the wearable devices.

8.2 Limitations and Recommendations
The current work mainly looks at single-branched curved beams as a promising topol-
ogy to be close to the body and conform to it while providing design freedom to achieve
certain kinetostatic behaviors. Achieving the desired behavior can happen by tuning the
beam shape in the area close to the body and taking advantage of less investigated spatial
modes of deformation. The investigation started with a single branch of Euler-Bernoulli’s
beam and diverged in several directions to introduce new features into this simple and
essentially straight element. The initial beam does not warp, the sectional deformation
is not modeled, the shear is not considered and it is also set to be prismatic and have no
twist or prestress. In Chapter 2, the curvature was added to these beams and the control
over kinetostatic behavior was achieved. In Chapter 3 a type of non-prismatic beam was
introduced and control over anisotropy was achieved. In Chapter 4 the effect of warping
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was considered and the transmission was achieved. And finally, in Chapter 5 the change
of prestressing provided control over torsional stiffness. These investigations show that
adding one step of complexity to the simple beam can cause exceptional functionalities.
There are yet several possibilities for these beams, from the combination of the mentioned
effects or from the non-studied effects, like shear, that can possibly cause other interesting
and functional effects. Also, while the current work has concentrated on prismatic beams
with negligible in-plane sectional deformations, incorporating variable sections along the
structure and in-plane deformable sections could lead to new avenues for development of
different kinetostatic behaviors.

Current designs for compliant elements in the literature are barely taking advantage
of the torsion-related effects that are utilized in this work or those that have yet to be
investigated, such as lateral torsional buckling. A deeper understanding of these effects
could facilitate the development of new design techniques for controlling the kinetostatic
behavior of spatial structures.

In the realm of passive exoskeletons, it is also possible to use 2D compliant shell struc-
tures instead of 1D beams. However, considering the limitation of the 2D design space
close to the body, using shells heavily limits the parameters available for the design since
the shape of the shell should essentially match the body shape, and achieving certain kine-
tostatic behavior by controlling the shape is therefore challenging. However, in the case of
1D spatial beams, which are selected as the main direction of development for this thesis,
there are more possibilities in the same design area close to the body. This makes them a
good choice for implementation and research in exoskeletons, and as it discussed before,
still major directions of development for these beams are available that can be promising
directions of development for successors to this research line.
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This dissertation introduces designs for slender spatial compliant elements with specific
kinetostatic behavior, with the aim of application in passive exoskeletons. In search of
making slender, lightweight, flexible structures that can provide the nonlinear kinetostatic
behavior required to support the human body, previous researchers widely investigated
the potential of using compliant shell elements for this application; however, matching the
shape of these shells with the available area close to the body implies constraints to the
design space and restricts the range of achievable behavior. To overcome limitations of
shells, spatial compliant beams were selected since they can provide enough parameters
for the designers to achieve the desired behavior even in a limited design area close to the
user’s body.
By starting with one of the simplest elements, an Euler-Bernoulli beam, the understanding
of how known three-dimensional deformation modes can contribute to the overall func-
tionality of compliant beams was achieved. Several steps were taken in this thesis to add
complexity to the design of these beams to achieve more intricate kinetostatic behaviors
which are required in the domain of exoskeletons. It is demonstrated that making spatial
curvatures in beams enables torsional deformation of elements along a structure, which
is recognized as an effective deformation mode for controlling the endpoint stiffness of a
single branched beam. Going from prismatic to non-prismatic beams and the combination
of torsion-related effects with well-investigated bending effects enabled a wide range of
design possibilities to achieve complex kinetostatic behavior such as anisotropic adaptive
stiffness. Understanding secondary effects like beam warping, which causes a coupling
in the torsional deformation of sections in open thin-walled beams, allowed for the in-
troduction of widely applicable mechanical functions like transmission. Furthermore, the
effect of prestressing in the direction of the stiffest mode of deformation of the beams with
deformable sections led to controlling certain stiffness, i.e., achieving negative and zero
torsional stiffness.
The understanding of each of the effects that can be enabled in spatial compliant beams
has shown to be beneficial in providing a wide range of functionalities and complex kineto-
static behaviors. There are a handful of other effects in beams, e.g., non prismatic sections
and shear, that are not investigated and can potentially lead to more intricate solutions.
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Also, the combination of these beams in a network can lead to more intricate behaviors.
This direction of research not only contributes to the field of passive exoskeletons but
also to the broader realm of mechanical design since the integration of functionality into
a slender lightweight element can make them preferable over conventional rigid body
mechanisms. Moreover, going back to the root and looking at simpler topologies for more
intricate behaviors rather than investigating more complex topologies worked effectively
in this thesis and resulted in promising design directions. This demonstrates the effective-
ness of the approach taken in this work, and the same way of thinking can be adapted
more broadly in other fields of engineering design.
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