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Abstract

List coloring is an influential and classic topic in graph
theory. We initiate the study of a natural strengthening of
this problem, where instead of one list-coloring, we seek
many in parallel. Our explorations have uncovered a poten-
tially rich seam of interesting problems spanning chromatic
graph theory. Given a k-list-assignment L of a graph G,
which is the assignment of a list L(v) of k colors to each ver-
tex v € V(G), we study the existence of k pairwise-disjoint
proper colorings of G using colors from these lists. We may
refer to this as a list-packing. Using a mix of combinato-
rial and probabilistic methods, we set out some basic upper
bounds on the smallest k£ for which such a list-packing is
always guaranteed, in terms of the number of vertices, the
degeneracy, the maximum degree, or the (list) chromatic
number of G. (The reader might already find it interesting
that such a minimal & is well defined.) We also pursue a
more focused study of the case when G is a bipartite graph.
Our results do not yet rule out the tantalising prospect that
the minimal k above is not too much larger than the list
chromatic number. Our study has taken inspiration from
study of the strong chromatic number, and we also explore
generalizations of the problem above in the same spirit.
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1 | INTRODUCTION

Some resource allocation problems may be framed in terms of graph coloring, for example if resources
are colors to be allocated to vertices of a graph such that vertices which cannot make simultaneous use
of any resource are connected by edges. In such a situation, conceivably one might desire not just one
coloring, but several in parallel. One might even want that collectively they cover all possible resource
usage. What general conditions guarantee this? It is this strengthened graph coloring problem that we
systematically study in this work.

A particularly natural way to frame this is with respect to list coloring [19, 41]. Given a graph
G, a list-assignment L of G is a mapping such that L(v) is a subset of natural numbers (list of colors)
associated to the vertex v € V(G). By considering the colors as resources, one can interpret each list
as reflecting the specific availability of resources at some site based on some external restrictions.
Given a positive integer k, a k-list-assignment is a list-assignment for which each list has cardinality k.
A proper L-coloring is a mapping ¢ : V(G) — N such that ¢(v) € L(v) for any v € V(G) and such
that whenever uv is an edge of G, c(u) # c(v). That is, ¢ encodes a proper coloring of the vertices of
G such that each vertex is colored by a color of its list. The list chromatic number (or choosability)
x¢(G) is the least k such that G admits a proper L-coloring for any k-list-assignment L of G. Note that
x¢(G) is always at least the chromatic number y(G), as one of the list-assignments one must consider
gives the same list to every vertex.

We formulate the main question above concretely within the framework of list coloring. Given a
list-assignment L of G, an L-packing of G of size k is a collection of k mutually disjoint L-colorings
i, ... ,c; of G, that is, ¢;(v) # c;j(v) for any i # j and any v € V(G). We say that an L-packing is
proper if each of the disjoint L-colorings is proper. We define the list (chromatic) packing number
%7 (G) of G as the least k such that G admits a proper L-packing of size k for any k-list-assignment
L of G. Note that y}(G) is necessarily at least y,(G). The latter implies monotonicity: for every
k > x7(G) and any k-list-assignment L of G, iteratively one can find k — y(G) disjoint L-colorings
and finally a proper L-packing of G by adding y(G) disjoint L-colorings.

It might not be immediately obvious that the parameter y is always well-defined, but we provide
a number of different proofs of this fact in the course of our work. It was Alon, Fellows and Hare [7]
who first suggested the study of y right at the end of their paper, but ours is the first work to embrace
this suggestion.

Upon encountering the definition of list packing number, a natural course of action is to pursue
list packing analogues of the most basic and important results on list coloring. This indeed is our
programme, and we present several results in this vein. Our programme would be partly redundant if
we were able to prove the following conjecture.

Conjecture 1. There exists C > 0 such that y}(G) < C - y¢(G) for any graph G.

It could even be the case, moreover, that, for each € > 0 there is some yy such that ;(;(G) <
(1 +¢)- y2(G) for all G with y,(G) > yo. A resolution of Conjecture 1 or its asymptotically stronger
variant, either affirmatively or negatively, would be very interesting.

So far we only know that y(G) is upper bounded by some exponential function of y,(G); see
Theorem 3 below. Let us observe that ;(;‘ (G) can indeed be strictly larger than y,(G) for some G. This
is the case when G is an even cycle. For example, consider the cycle of length 4 and lists {1, 2}, {1,2},
{1,3}, {2, 3}, listed in cyclic order. Incidentally, this implies that the constant C in Conjecture 1, if it
exists, may not be smaller than 3 /2.

Our main contribution is to present a collection of bounds on y* within a few basic graph coloring
settings. Please consult Subsection 1.1 for definitions of any unfamiliar or ambiguous graph theoretic
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terminology. Due to the depth and breadth of chromatic graph theory, there remains a plethora of fur-
ther possibilities. We summarize what we consider to be the most tempting ones at the end of the paper.

Perhaps the simplest upper bound on the chromatic number of a graph is the number of vertices, and
this bound easily carries over to list chromatic number too. In Section 2, we show using an unexpectedly
delicate inductive argument that the analogous statement for list packing number also holds.

Theorem 2. 4} (G) < n for any graph G on n vertices. Equality holds if and only if G is
K., the complete graph on n vertices.

Usually, one considers the bound y,(G) < n as a corollary of a more refined statement about
greedy coloring. The degeneracy 6*(G) of a graph G is the least k such that there is an ordering of
the vertices of G such that each vertex has at most k£ neighbors preceding it in the order. A greedy
algorithm that colors vertices in this order cannot stall if each list has size 1 + 6*(G), as at the time of
coloring a vertex v at most 6*(G) colors have been used previously on neighbors of v. The degeneracy
of a graph G is at most the maximum degree A(G), and this is at most one less than the number of
vertices, giving the well-known bounds y,(G) < 1 + §*(G) < 1 + A(G) < n for an n-vertex graph G.
In Sections 3 and 4, using what are essentially greedy arguments, we show the following two upper
bounds on list packing number in terms of the degeneracy and maximum degree, respectively.

Theorem 3. y(G) < 26*(G) for any graph G.
Theorem 4. )(;(G) < 14+ A(G) + y¢(G) for any graph G.

Although neither implies Theorem 2, these two results have a number of interesting consequences.
Both imply that yJ(G) is always at most around 2A(G), a bound which is sharp up to the factor 2.
They imply that for Conjecture 1, one may restrict attention to graphs having list chromatic number
much smaller than the degeneracy or maximum degree. Together with the result proved by Alon [5]
that for some constant C > 0 y,(G) > Clog §*(G) for all G, note that Theorem 3 implies that )(;(G)
is bounded by an exponential function of y,(G), which serves as modest support for Conjecture 1.
Theorem 3 together with Euler’s formula further implies that y(G) < 10 for any planar graph G. It
is worth noting that the bound in Theorem 3 cannot be improved to 1 + 6*(G), see Theorem 25.

Another important way to bound the list chromatic number is to estimate it in terms of the chromatic
number. A basic but well-known result of Alon [4] asserts that y,(G) is within a factor log n of the
chromatic number y(G), where n denotes the order of the graph G. We show the following two list
packing versions of this in Section 6. Here y7(G) denotes the fractional chromatic number of G, while
p(G) denotes the Hall ratio of G.

Theorem 5. }(G) < % < (5 + o(1) x7(G) log n for any graph G with at
least one edge and with n vertices, as n — 0. If y;(G) is bounded as n — oo then the
leading constant can be improved to 1.

Theorem 6. 7 (G) < (5 + o(1))p(G)(log n)? for any graph G on n vertices, as n — co.

Our proofs of these results rely on good estimates for the probability of zero permanent in a random
binary matrix (Theorem 27). In the case that y;(G) is bounded, Theorem 5 is asymptotically sharp for
the complete multipartite graphs (see [19]). And since x;(G) < y(G) and since 1/log(x/(x — 1)) < x,
Theorem 5 is a stronger form of the last-mentioned result of Alon. Since y,(G) < x/(G), Theorem 5
strengthens a recent result in [15], while Theorem 6 partially strengthens another recent result in [34]. It
could well be that the extra factor log n in Theorem 6 is unnecessary, in which case, since p(G) < 7(G)
and since 1/log(x/(x — 1)) ~ x as x — oo, we would then essentially have a common strengthening
of Theorems 5 and 6.
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Note that in the special case of a bipartite graph G on n vertices, Theorem 5 (or see also Theorem 29
below) implies that y,(G) < (1 + o(1))log,n as n — oo. Alon and Krivelevich [8] conjectured
something more refined in terms of maximum degree, in particular, that for some C > 0 we have
x¢(G) < Clog A(G) for any bipartite G. Since its formulation there has been surprisingly little progress
on this essential problem. Already then, it was known that for some C > 0 y,(G) < CA/log A(G) for
any bipartite G, a statement which is a corollary of the seminal result of Johansson for triangle-free
graphs [27]. Recent related efforts have only affected the asymptotic leading constant C, bringing it
down to 1; see [6, 14, 33]. Our work matches these recent efforts, but for qualitatively a much stronger
structural parameter.

Theorem 7. y(G) < (1 + o(1))A/log A for any bipartite graph G with A(G) < A, as
A - 0.

Combining Conjecture 1 and the Alon—Krivelevich conjecture mentioned above, one could already
aspire to a much better bound. (Or to put it in another way, the bipartite case might be where it is most
natural to seek counterexamples to Conjecture 1.) On the other hand, meeting the ‘Shearer barrier’ [38]
here is difficult enough. Our proof of Theorem 7 is rather involved. We draw on the ‘coupon collector
intuition’, which we know can be neatly combined with the Lovasz local lemma to obtain the anal-
ogous list chromatic number bound (see [6, 14]). Unfortunately, this approach does not immediately
apply here for Theorem 7 as it is impossible to extend the requisite negative correlation property for
packing; however, we managed to circumvent this obstacle for a suitable result on transversals in ran-
dom matrices (Lemma 36) by using significant further probability estimates. It seems challenging to
establish the bound of Theorem 7 for all triangle-free G, even at the expense of the asymptotic leading
constant. Already a bound strictly smaller than A would be welcome progress.

Although we have presented our results so far purely in terms of the list packing number, many of
them can be shown in some natural stronger or more general settings. If one interprets list-colorings
as independent transversals of some suitably vertex-partitioned auxiliary graph, then one can similarly
reinterpret list-packings. By considering generalizations of that auxiliary graph, we obtain a natural
range of parameters/settings that expands from list packing towards the classic notion of strong color-
ings [3, 21]. We introduce and discuss these in Subsection 1.2. Thereafter we ‘resume’ the introduction
to this paper, by also stating and discussing the strengthened or more general versions of our results.
Before that, we set out some of our more basic notation, for clarity and completeness.

1.1 | Basic terminology

For the convenience of the reader, here we indicate some of the standard notational conven-
tions/definitions we assume throughout this work. Let G be a graph. The order of G is |G| = |V(G)]|.
For v € V(G), the neighborhood of v is Nv) = {u € V(G) : uv € E} and the degree of v is
deg(v) = [N(V)!.

The minimum degree of G is 6(G) = min{deg(v) : v € V(G)} and the maximum degree of G
is A(G) = max{deg(v) : v € V(G)}. The degeneracy of G is 6*(G) = maxycg 6(H), where the
maximum is taken over all subgraphs H of G, and this is equivalent to the definition given above in
terms of neighbors preceding vertices in some order. A cligue in a graph G is a set of vertices X C V(G)
such that every pair in X forms an edge of G, and an independent set in G is a set Y such that no pairin ¥
forms an edge of G. The clique number w(G) of G is size of a largest clique in G and the independence
number a(G) of G is size of a largest independent set in G.

The Hall ratio of G is p(G) = maxycg |H|/a(H), where the maximum is taken over subgraphs H
of G containing at least one vertex. The fractional chromatic number y;(G) of G is the least k such
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that there exists a probability distribution over the independent sets of G such that P(v € S) > 1/k for
each v € V(G) and S a random independent set drawn according to the distribution. The chromatic
number y(G) of G is the least k such that there is a partition of V(G) into k independent sets. We will
usually use 7 to denote the number of vertices of a graph G.

It is worth keeping in mind that the following simple inequalities always hold:

(G) < p(G) £ 1(G) < x(G) < 1r(G) < 1+6%(G) < 1+AG) < n.

Given a matrix A, we denote its entries with A;; and with A;,; we denote the submatrix formed from
rows I and columns J. A binary matrix is a matrix with entries in {0, 1}. A zero matrix is a matrix
with every entry equal to 0. A binary & X k matrix is said to have a I-transversal (resp. O-transversal)
if it contains k elements that are each of value 1 (resp. each of value 0), such that no two elements are
in the same column and no two are in the same row. The permanent of a k X k matrix A is defined as
Per(A) = ) H:’zlA,-,,,(,-), where the sum ranges over all permutations ¢ of [k] = {1, ... ,k}. For our
applications, it is important to note that a binary matrix A has no 1-transversal if and only if Per(A) = 0.

1.2 | From list packing to strong coloring

As mentioned, although we have chosen to introduce our results in terms of the parameter y ', many of
our results can be established (and otherwise pursued) in stronger or more general settings. We define
and discuss these now.

Let G and H be graphs. We say that H is a cover of G with respect to a mapping L : V(G) — 2"
if L induces a partition of V(H) and the subgraph induced between L(v) and L(v') is empty whenever
w' & E(G). Under various basic conditions on G, H and L, we are interested in the existence of an
independent transversal of H with respect to the partition, which is a vertex subset with exactly one
vertex chosen from each part that simultaneously forms an independent set. Moreover, we say that a
cover H of G with respect to L is k-fold if |L(v)| = k for all v € V(G). In this case, we will also be
interested in the existence of some (k-fold) IT packing of H with respect to L, that is, a collection of
k mutually disjoint independent transversals of H with respect to L. These settings are motivated in a
light-hearted way in a well-known survey paper of Haxell [26].

To illustrate, we first reformulate list coloring and list packing in this terminology. From a
list-assignment L of G, we derive the list-cover Hy(G, L) for G via L as follows. For every v € V(G),
we let Ly(v) = {(v,¢)}cerry and define V(Hy) = U,evgLe(v). We define E(Hy) by including
v, o)V, c") € E(Hy) if and only if W' € E(G) and ¢ = ¢’ € L(v) n L(V"). Note that H, is a cover of
G with respect to Ly, and that Hy is k-fold if L is a k-list-assignment of G. The independent transver-
sals of Hy with respect to L, are in one-to-one correspondence with the proper L-colorings of G. If
L is a k-list-assignment of G, then the k-fold IT packings of H, with respect to L, are in one-to-one
correspondence with the proper L-packings of G of size k. Thus y,(G) and y} (G) can equivalently be
defined in terms of list-covers.

We can somewhat relax the setting as follows. A correspondence-assignment for G via L is a cover
H for G via L such that for each edge v € E(G), the subgraph induced between L(v) and L(V') is
a matching. We call such an H a correspondence-cover for G with respect to L. A correspondence
L-coloring of H is an independent transversal of H with respect to L. The correspondence chromatic
number (or DP-chromatic number) y.(G) is the least k such that any k-fold correspondence-cover H
of G via L admits a correspondence L-coloring [17]. Given a k-fold correspondence-cover, a (k-fold)
correspondence L-packing of H is a k-fold IT packing of H with respect to L. We define the correspon-
dence (chromatic) packing number y*(G) of G as the least k such that any k-fold correspondence-cover
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H of G via L admits a k-fold correspondence L-packing. Every list-cover is a correspondence-cover,
and moreover, for any list-cover H of G via L, the correspondence L-colorings of H are in one-to-one
correspondence with the proper L-colorings of G. In this sense correspondence coloring (or packing)
is a relaxation of list coloring (or packing, respectively). Note that y.(G) is necessarily at least y(G),
2 (G) is necessarily at least yJ(G), and y(G) is necessarily at least y.(G). It is easily observed that
1(G) < 1+ 6*(G) always.

In the study of y,(G) and y.(G) (and indeed also of y}(G) and y*(G)), it is natural to explicitly
take into account structural properties of the graph G, and this in fact is a large and ever-expanding
subfield of graph theory; however, given how we may define the parameters as in this subsection, it is
also valid and interesting to incorporate the properties of the cover graph H instead, without any explicit
assumptions on G. With respect to list-covers, correspondence-covers, or general covers, the existence
of independent transversals in these terms has already attracted quite some interest, particularly under
the condition that the cover graph has bounded maximum degree.

For general covers, such a problem was investigated by Bollobas, Erd6s and Szemerédi [13] in
the mid 1970s. For each D, they essentially asked for the least integer A(D) for which the following
holds: for any A(D)-fold cover H of some graph G via L such that A(H) < D, there is an independent
transversal of H with respect to L. Using topological methods, Haxell [24] proved that A(D) < 2D, a
result which is sharp for every D [40].

For list-covers, such a problem was proposed by Reed [36]. For each D, he essentially asked for
the least integer A, (D) for which the following holds: for any A,(D)-fold list-cover H of some graph
G via L such that A(H) < D, there is an independent transversal of H with respect to L. In fact, he
conjectured that Az(D) = D + 1. This was disproved by Bohman and Holzman [12]; however, with
nibble methodology Reed and Sudakov [37] proved that Ay(D) < D + o(D) as D — oo.

For correspondence-covers, such a problem was proposed by Aharoni and Holzman, see [30].
For each D, they essentially asked for the least integer A.(D) for which the following holds: for any
A.(D)-fold correspondence-cover H of some graph G via L such that A(H) < D, there is an indepen-
dent transversal of H with respect to L. Again with nibble methods, Loh and Sudakov [30] proved
that A.(D) < D + o(D) as D — oo. We note that very recently two independent works [22, 28]
showed a substantial strengthening of this last result in terms of a part-averaged degree condition for
the correspondence-cover.

For each of the three parameters A, Az, A, one can define the analogous packing variants. That
is, for each D, what is the least integer A*(D) (or AZ(D) or AX(D)) for which the following holds:
for any A*(D)-fold cover (or A}f (D)-fold list-cover or AX(D)-fold correspondence-cover, respectively)
H of some graph G via L such that A(H) < D, there is an IT packing of H with respect to L.
Indeed, under the guise of strong coloring, A* (D) has already (long) been investigated: independently,
Alon [3] and Fellows [21] first considered this parameter, and in particular Alon showed using the
Lovasz local lemma that A* (D) = O(D). Haxell [25] proved that A*(D) < 2.75D + o(D) as D — o,
which is the best known bound to date. The folkloric strong coloring conjecture (see [1]) asserts that
A*(D) < 2D for all D. Note that this longstanding conjecture has a hint of (and indeed inspired) our
Conjecture 1.

1.3 | Introduction continued

In Subsection 1.2, we have presented essentially three additional problem settings ‘between’ list
packing and strong coloring. Equipped with these notions, we can further discuss our results and
trajectory in this context.
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Let us resume the introduction by first considering how the results on the list packing number
extend (or not) to the correspondence packing number, and contrast the respective behaviors. Note
that, in this realm, we can maintain our view on the ‘covered’ graph G, and so the panoply of results
and problems in graph coloring can still guide our explorations for correspondence packing. We note
that, just as before, these explorations would be made partly redundant if we were able to prove the
following conjecture.

Conjecture 8. There exists C > 0 such that y*(G) < C - x.(G) for any graph G.

We will see later for this assertion both that it is true up to a logarithmic factor and that it cannot
be true with C taken smaller than 2.

In terms of the number of vertices, the problem of correspondence packing has recently been high-
lighted (in different terminology) by Yuster [42]. Casting it as a specialization of earlier conjectures
related to the Hajnal-Szemerédi theorem, he stated the conjecture, rephrased in our terminology, that
x> (K,) = nifniseven and y*(K,) = n+ 1 if n is odd. This assertion would be best possible if
true, due to a construction of Catlin [16]. Note that Catlin’s construction also (barely) precludes a
direct correspondence packing analogue of Theorem 2. Yuster used semirandom methods to prove that
xZ(K,) < 1.78n for all sufficiently large n.

In terms of degree parameters, we indeed have the following generalizations of Theorems 3 and 4
for correspondence packing.

Theorem 9. y*(G) < 26*(G) for any graph G.
Theorem 10. y*(G) < 1 + A(G) + y(G) for any graph G.

Note first that since ;(;(G) < y*(G), Theorem 9 implies Theorem 3. Theorem 10 does not
immediately imply Theorem 4, but their proofs are almost identical. Again, both results imply that
x> (G) is always at most around 2A(G), a bound which is sharp up to the factor 2. Together with a
result noticed independently by Bernshteyn [11] and Kral, Pangrac and Voss [29] that for some con-
stant C > 0 y.(G) = C5*(G)/log6*(G) for all G, note that Theorem 9 implies that y*(G) is at
most a logarithmic factor larger than y.(G), in support of Conjecture 8. Theorem 9 together with
Euler’s formula further implies that y*(G) < 10 for any planar graph G. In Section 3, we exhibit
an example (see Proposition 24 below) to show that the bound in Theorem 9 is best possible. Since
1:(G) < 1+ 6*(G) always, this example also shows that C in Conjecture 8 (if true) cannot be taken
smaller than 2.

In terms of direct extensions of Theorems 5 and 6 (in terms of fractional chromatic number and Hall
ratio) to correspondence packing, the just-mentioned result in [11] and [29] proves it impossible, as
the corresponding statements already fail for complete bipartite graphs. To be sure, complete bipartite
graphs are where the difference between list packing and correspondence packing is clearest. We are
able to establish the correspondence packing strengthening of Theorem 7.

Theorem 11. y*(G) < (1 + o(1))A/log A for any bipartite graph G with A(G) < A, as
A — oo.

However, the complete bipartite graph K a certifies this statement to be sharp up to an asymptotic
multiple of 2, due to the observation from [11] and [29]. This gives a sharp contrast with Theorem 5.
This contrast might appear to follow mainly from the known difference in behavior between list and
correspondence chromatic numbers. On the other hand, we also demonstrate that there are complete
bipartite graphs having list chromatic, list packing and correspondence chromatic numbers all equal,
but correspondence packing number almost twice as large (Corollary 34).
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Just as for list packing, we suspect that a more general result holds, namely that Theorem 11 could
be extended to all triangle-free G.

Conjecture 12. y*(G) < (1 +o(1))A/ log A for any triangle-free graph G with A(G) <
A, as A - oo.

If true, this conjecture would be a striking finding following in a long and acclaimed sequence of
results, including the work of Johansson [27] and Molloy [33], among others.

As we alluded to in Subsection 1.2, our trajectory tends naturally towards a couple of problem set-
tings interpolating between list/correspondence packing and strong coloring. For example, analogously
to the strong coloring conjecture, it would be interesting to investigate the following possibilities for
the two packing parameters introduced at the end of Subsection 1.2.

Conjecture 13. AZ(D) < D + o(D) and A (D) < D + o(D) as D — o.

Note that this conjecture implies the following conjectural statements for list and correspon-
dence packing number: for each € > 0 there is some Ag such that y(G) < (1 + €)A (respectively,
xX(G) < (1 + ¢)A) for all G with A(G) > Ay. We also note that the argument outlined in Section 4
for Theorems 4 and 10 also shows that A:,f(D) < AX(D) £ 2D + o(D) as D — oo; see both Section 4
and a remark in [30].

In considering problems such as Conjecture 13, it is also sensible to explore what holds under some
basic structural conditions on the cover graph. Along these lines, we would like to emphasize the pos-
sibilities related to Theorems 7 and 11 and Conjecture 12 in particular. Let us reformulate Theorem 11:
there is some k = k(A) satisfying k < (1+0(1))A/log A as A — oo such that for any bipartite graph G
with A(G) < A, it holds that any k-fold correspondence-cover H of G via L admits a correspondence
L-packing. In a conservative manner, we could propose the following stronger statement.

Conjecture 14. There is some k = k(A) satisfying k < (1 + o(1))A/logA as A - oo
such that the following holds. Suppose that G and H are bipartite graphs such that H is
a k-fold correspondence-cover of G via some L, and that A(H) < A. Then H admits a
correspondence L-packing.

If true, this would constitute a correspondence packing analogue of a recent result due to two of
the authors [14]. Beyond a common strengthening of Conjectures 12 and 14, one could more boldly
speculate the following.

Conjecture 15. For every r > 3, there is some C, > 0 such that the following
holds for k = C,A/logA. Suppose that G and H are graphs such that H is a k-fold
correspondence-cover of G via some L, H contains no copy of K,, and A(H) < A. Then
H admits a correspondence L-packing.

If true, this would imply a recent conjecture of Anderson, Bernshteyn and Dhawan [10], which
in turn would imply a conjecture of Alon, Krivelevich and Sudakov [9], which in turn would imply
a conjecture of Ajtai, Erd6s, Komlds and Szemerédi [2]. Due to the connections with these last two
central and longstanding conjectures, even partial progress on Conjecture 15, in either direction, would
be intriguing.

1.4 | Outline of the paper

See Tables 1 and 2 for an overview of our results that refers to where we state and prove them in the
paper. In Section 2 we prove Theorem 2 by showing that y(K,) = nand y}(K;) = n— 1, where K;;
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TABLE 1  An overview of our results on the list packing number y}(G) and the correspondence packing number y(G) of
a graph G.

Result Reference

x7(G) < n with equality if and only if G is the complete graph K,,. Theorem 2; Section 2
x> (G) < 2d if G is d-degenerate. Theorem 9, Proposition 24
For all d, there is a d-degenerate G with y*(G) = 2d. Theorem 25; Section 3
For all d, there is a d-degenerate G with ;(; G)>d+2.

127G <1+ A+ 1,(G) Theorems 4 and 10
156G L1+ A+ x.(G) Section 4

)(;(G) <GS +o)) - x(G) - logn. Theorems 5, 29, 30
)(;,‘(G) < (1+o(1)) - x(G) - logn, if x;(G) is bounded. Section 6

)(;(G) < (14 o(1))log, n, if G is bipartite.

27(G) < min(Ay, Ag) + 1 Lemma 33; Section 7
if G = (A U B, E) is bipartite with maximum degrees A4, Ag.

X7 (Kap) = b+ 1and y*(K,;) = 2b for all b and a = a(b) large enough. Corollary 34; Section 7
12 (G) < (14 0(1))A/log A if G is bipartite. Theorem 11; Section 7

Note: Here n denotes the number of vertices and A is the maximum degree of G. Recall that y(G) < x(G) for every graph G.

TABLE 2 Two of our auxiliary results on random matrices, perhaps of independent interest.

Result Reference

A random k X k binary matrix with independent Bernoulli(1 — p) distributed entries has Theorem 27; Section 5
no 1-transversal with probability 2kp*(1 + o(1)), as k — oo provided K°>p* — 0.

If k > [(1+€)n/logn], then a sum of n independent uniformly random & Xk permutation Lemma 36; Section 7
matrices has a O-transversal with probability at least 1 — 3k? - exp(—n®/3).

equals K,, minus one edge. In Section 3 we prove Theorem 3 by doing this for the correspondence ver-
sion, Theorem 9, through an application of Hall’s marriage theorem. In Section 4 we prove Theorem 10
by showing that a partial coloring that does not use colors from every list is not a maximum partial
coloring. Theorem 4 is proved with exactly the same method. In Section 5 we generalize a theorem of
Everett and Stein [20] on the permanent of random k X k matrices. This essentially says that (under
certain conditions) the probability that a random binary matrix A has a permanent equal to zero is
approximately the probability that it contains a row or column of zeros. This is applied in Section 6 to
prove Theorems 5 and 6. Here we construct some matrices for every M*(v) for every vertex v in which
a 1-transversal corresponds with an ordering of the colors in the list, resulting in different L-colorings.
In Section 7 we prove that the list packing number of a bipartite graph with parts having maximum
degrees A4 and Ap is at most min{Ay4, Ag} + 1. We show sharpness of this result and prove that
there are complete bipartite graphs for which the correspondence packing number is nearly twice the
correspondence chromatic number. At the end, we prove Theorem 11, and thus also Theorem 7.

1.5 | Further preliminaries

In this subsection, we collect some basic results we require for the proofs. We will use the following
formulation of Hall’s marriage theorem.
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Theorem 16 ([23]). Given a family F of finite subsets of some ground set X, where the
subsets are counted with multiplicity, suppose F satisfies the marriage condition, that is
that for each subfamily F' C F

7| <

U 4|

A€eF’

Then there is an injective function f . F — X such that f(A) is an element of the set A for
every A € F, that is, the image f(F) is a system of distinct representatives of F.

The following elementary criterion, also known as the Frobenius—Konig theorem, allows us to
efficiently count the matrices that do not have a 1-transversal. It is a consequence of Hall’s theorem,
but we include a proof for completeness.

Lemma 17 (see [32]). Let A = (A;j),i € I,j € J be a k X k binary matrix. Then A has
no I-transversal if and only if there exist S C I and T C J with |S| + |T| > k such that the
submatrix Asxt IS a zero matrix.

Proof. For each column j € J, let R; C I denote the set of rows i such that A; = 1.
Observe that A has no 1-transversal if and only if {R;, ... ,R};} has no system of distinct
representatives. Furthermore, by Hall’s marriage theorem, this is true if and only if there
exists 7 C J such that | ;e Ril < IT].

Assuming the existence of such aset T, let S :=1\ UjeT R;, which is the set of rows
that do not contain any 1 on any column of 7. Then Agxr is a zero matrix. Furthermore,
[S| +1T| > |I| = |T| + |T| = k, as desired. Conversely, if Agxr is a zero submatrix with
|S| + |T| > k, then | UjeTRj| < I\ S| =k—|S| < |T|, as required. [

Given a probability space, the {0, 1}-valued random variables X1, ... , X, are negatively correlated
if for each subset S of {1, ... ,n},

P =1vies) < [[Pei=1.

ieS

Correspondingly, we say that a collection of events is negatively correlated if the random variables
given by their indicator functions are negatively correlated. We will use the following Chernoff bound.

Theorem 18 (see [35]). Let X, ... , X, be {0, 1}-valued random variables, and let X =
Z;’ZIXi. If the variables X1, ... ,X, are negatively correlated, then

V6 €[0,1], PX > (1+8EX) < e EX/3,
If the variables 1 — X, ... ,1 — X, are negatively correlated, then

v e[0,1], PX < —nEX) < e TE/2,

In our applications of Theorem 18, we will sometimes use the following simple lemma.

Lemma 19. Ler X, ... ,X, be {0,1}-valued random variables such that
PX; = X; = 1) = 0 for all distinct i,j € {1, ... ,n}. Then X, ... ,X, are negatively
correlated and 1 — Xy, ... , 1 — X,, are negatively correlated.
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Proof. It is immediate that Xj, ... , X, are negatively correlated, so we only show that
1-Xi, ..., 1 —X, are negatively correlated. Let S be a subset of {1, ... ,n}. Then for any

subset T' C S of size at least two, [E (HieT X,-) =PX; =1,Vi € T) = 0. Therefore

Pl-Xi=1VieS)=E lH(l —Xi)]

ies
=1-YEX;+ ) E[XX] - ... + (=D -E lHX]
ieS i<jes ieS
=1- )'EX..
ies

As E(X;) € [0, 1] for all 7, the right-hand side is a lower bound on [],.¢ (1 — EX;), which
is easily proved by induction as in the simpler case of Bernoulli’s inequality. We conclude
that 1 — X, ... , 1 — X, are negatively correlated because | —EX; =P(1-X;=1). =

We will use the following symmetric form of the Lovasz local lemma due to Shearer.
Theorem 20 ([18, 39]). Consider a set £ of (bad) events such that for each A € €

1 PA)<p<l1,and
2 A is mutually independent of a set of all but at most d of the other events.

If epd < 1, then with positive probability none of the events in £ occur.

2 | ORDER

In this section we prove Theorem 2. We first prove a lemma that implies y} (K,) = n.

Lemma 21. Given | < k < n, if L is a k-list-assignment of K, such that every color
belongs to at most k lists, then there is a proper L-packing.

Proof of Lemma 21. We proceed by induction on k. The statement is trivially true in the
base case k = 1. Assume k > 1 and that the statement holds with k replaced by k — 1.

Let V be the vertex set of K,,. Let us call a color rich if it belongs to exactly k lists,
and write R for the set of rich colors. If there is a proper L-coloring ¢ of K, that uses all
the rich colors then we are done, as then the (k — 1)-fold list-cover L’ such that L'(v) =
L)\ {c(v)} for all v € V has the property that every color is used on at most k — 1 lists.
By induction, there is a proper L’-packing of K,,, which we may combine with ¢ to form a
proper L-packing. So it suffices to construct the desired coloring c.

We start by showing first that some proper L-coloring ¢’ of K, exists. Such a coloring
is precisely a system of distinct representatives for the family 7 = {L(v) : v € V}, and
hence it suffices to show that the marriage condition holds. This entails showing that
V'] € |UveV’ L(v)| forevery V' C V. This holds by a simple counting argument: every list
has size k, and so counting colors with multiplicity on lists of v € V' gives precisely k| V’|.
But every color appears on at most k lists by assumption, so appears with multiplicity at
most &, and hence the total number of colors counted without multiplicity is at least | V'],
as required to guarantee the desired ¢’ by Hall’s theorem.
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If ¢’ uses all the rich colors already then we are done, but if not we swap colors in ¢’ to
ensure this property. First, note that there is a partial proper L-coloring which uses every
rich color by the following argument. For arichcolorr € R, let V., = {v eV : r € L(v)},
and let 7/ = {V, : r € R}. Now every set in F’ has size k by the definition of R, and
each L(v) has size k. The marriage condition holds for 7’ by the same counting argument
as above: given a subset R” C R, with multiplicity we count at least k|R’| vertices whose
lists contain colors in R’, but the multiplicities are at most the list size k. Hall’s theorem
thus guarantees that there is an injective function f : R — V such that r € L(f(r)) for
eachr € R.

The desired coloring ¢ is now obtained by doing the following. Initialize ¢ = ¢’. Then
set c(f(r)) = r for every unused rich color » € R\ c(V). In doing so we removed the original
color from f(r), so this modification may lead to a new (and disjoint) set of unused rich
colors. Therefore we repeat the process as long as necessary. That is, while there is a rich
color r unused by ¢, we modify c by setting c(f(r)) = r. When this process terminates, ¢
is a proper L-coloring of K,, which uses all the rich colors, as desired. ]

For our next result, recall that K;; is the graph formed from K, by removing an arbitrary edge.

Proof of Theorem 2. First observe that ) is monotone under edge-deletion. That is, if
G’ is a subgraph of G, then y(G’) < 7 (G). Thus, for the bound it suffices to prove that
%7 (K,) < n. In turn, this follows from Lemma 21 with k = n. For the equality statement,
it suffices to show that )(;(Kn‘) <n-1, wheren > 3.

Let V denote the vertex set of K,; and let u; and u, denote the two nonadjacent ver-
tices in V. Let L be an (n — 1)-list-assignment of K,;. If L(«;) = L(uy), then we can
treat u; and u, as the same vertex (since they may take the same color), and conclude by
Lemma 21 for K,,—;. If there is no color that belongs to all 7 lists, then we are also done
by Lemma 21.

Let there be exactly i colors belonging to all n lists. Without loss of generality,
we may assume these are [i], that is, [{] C L(v) for all v € V. We seek to define an
i-list-assignment L; of K;; satisfying L;(v) C L(v) for all v € V such that the following
properties hold: L;(u;) = L;(uy) = [i]; every color in [{] belongs to at most i + 1 lists L;(v)
where v € V; every color not in [i] belongs to at most i lists L;(v) where v € V; and the
(n—i—1)-list-assignment L\ L, of K, satisfies the hypothesis of Lemma 21 for k = n—i—1.
If we can do this, then by treating u; and u, as the same vertex, we are guaranteed an
Ly-packing of K;; by Lemma 21. We are also guaranteed a disjoint L\ L;-packing of K, by
Lemma 21. Then these packings combine to form an L-packing of K,;, which completes
the proof.

We prove that such an L; exists with two claims. First, we explain some additional
terminology. We call a color j & [i] rich if it belongs to more than n — i — 1 lists L(v)
where v € V. We write a(j) for the number of lists to which a color j belongs, and we call
s(j) = max{0, a(j) — (n — i — 1)} the surplus of j. We write R for the set of rich colors,
which by definition are the colors with positive surplus.

Claim 22. We have ZJER sG)y<inm—i—1).

Proof. Note that for j € R we have s(j) <n—1—(n—i—1) =i, as by assumption every
J & [i] belongs to fewer than n lists. So if |R| < n — i — 1 the claim is immediate.
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In any case, a simple color-counting argument gives

Z“(i) < Za(i) =n(n-1) - Za(j) =nn-i-1),

JER JElil JElil

because [i] C L(v) for all v € V. So in the case |R| > n — i, we have

D)= Y@= RIn—i-1)<nn—i=)—(—i)n—i-D=in—i-1),

JER JER
completing the proof of the claim. n

Note that in order for L \ L; to fulfil the condition of Lemma 21 for k = n —i — 1,
we need that the color j belongs to at least s(j) lists of L; for every rich color j. Thus the
following claim proves the existence of the desired L;.

Claim 23. For every v € V, we can select a subset Li(v) C L(v) of size i in such a way
that Li(uy) = Li(up) = [i], every color in [i] belongs to i + 1 lists, every color not in [i]
belongs to at most i lists, and every j € R belongs to at least s(j) lists L;(v) wherev € V.

Proof. The main part of this proof is to make a partial selection for L; from the colors not
in [{]. In particular, we will make a total of i(n — i — 1) selections of colors not in [i] from
the lists L(v) where v € V' \ {uy,u;}, such that no color is selected more than i times, no
vertex has more than i selected colors, and every j € R is selected at least s(j) times. Once
we have done this, since [i] C L(v) for all v € V, the remaining selection for L; of the
colors in [7] is straightforward: we take L(u,) = L(u) = [i], and for the remaining vertices
we greedily/arbitrarily add colors of [] to the selection until |L;(v)| =i for all v € V and
every color of [i] has been added precisely i — 1 times. The resulting selection satisfies
the desired conclusion. This means that it suffices to make such a selection for L; of the
colors not in []. For this, we consider two cases.

First, suppose that i > n — i — 1. We make a somewhat arbitrary partial selection and
then modify it. We start by taking an arbitary set A of i vertices in V' \ {uj,u,}, letting
Li(v) = L(v) \ [i{] for v € A, and letting L,(v) = @ for all v € V' \ {u;,us} \ A. Note that
i(n—i—1) selections have been made, no color has been selected more than i times, and no
vertex has more than i selected colors thus far. While there is a color j € R that belongs to
fewer than s(j) lists of L;, we can select j for some v € V\ {u, s} \ A and deselect for some
v € A some unnecessary color, that is, some selected color j* such that either j/ € R and j/
already appears more than s(j’) times or j/ & R. Note that at each step of this process, the
total number of selections is preserved, the selected color j is still selected at most s(j) < i
times in total, and still each vertex has at most |[L(v) \ [{]| = n — 1 — i < i selected colors.
Moreover, Claim 22 ensures that this process will terminate, at which point we have the
desired partial selection for L;.

Second, suppose that i < n — i — 1. Here we make a more careful selection before
modifying it. We start by taking some set A of n — i — 1 vertices in V \ {u;,uy} and
consider the (n — i — 1)-list-assignment L’ of the complete graph on vertex set A that is
defined by L'(v) = L(v) \ [{] for all v € A. By Lemma 21, there is a proper L'-packing
of the complete graph on A. Define a partial selection for L; by arbitrarily taking i of the
proper L'-colorings from this L'-packing and taking their union. Again i(n — i — 1) color

85U80|7 SUOWWOD dA 81D 8(eal|dde au Aq peueAob a8 3o Ne O 88N JO S3|NI 0 A1q1T 8UIIUO AB]IM UO (SUORIPUOD-PUR-SUBY/W0D" A8 | 1M Aleq 1[Bu UO//SANY) SUORIPUOD PUe SW | 8U}88S *[£202/2T/70] U0 A%eiqiTauluo A3|IMm ‘SpueliBYIBN 8ueIy0D Aq T8TTZeS1/200T OT/I0p/wod A3 | im Akeiqpuljuo//sdny woij pepeojumod ‘T ‘¥202 ‘8Tre860T



CAMBIE ET AL. WI LEY 75

selections have been made, no vertex has more than i selected colors and, since we have
taken i disjoint proper L'-colorings of a complete graph, no color has been selected more
than i times so far.

In what follows, we will modify the partial selection L, iteratively, by selecting and
deselecting some vertices, while at each step maintaining the above three constraints on
the number of selections. The goal is of course to make sure that L; in the end also satisfies
the fourth constraint, that every j € R is selected at least s(j) times.

At each step, we distinguish between colors in L; that are merely selected for their
vertex, and colors that are also fixed. If a color has been fixed for a vertex, we do not allow
it to be deselected from that vertex later in the process. Throughout the process, we will
only fix rich colors, and each rich colorj € R will be fixed at most s(j) times, thus ensuring
that the total number of times we fix a color does not exceed 3 s()-

For the first round of modifications, we first focus our attention on the set Ry of rich
colors that belong to at most n — i — 2 lists L(v) where v € V \ {uy,us}. A color j only
belongs to Ry when a(j) = n —i(so s(j) = 1) and j € L(u;) N L(u,). Since L(u;) # L(uy),
|R;| < n—i—2.Butsince all of these colors in fact belong to exactly n — i — 2 lists L(v)
forv € V \ {uy,u}, there exists some injective function w : Ry — V \ {uy,u;} such
that L(w(j)) 3 j for all j € R;. We now use the function w to iteratively modify L; so that
every color in R; is selected (at least) once. More fully, let us consider every j € R; and
do the following in order, where we write j € L, if the color j has been selected under (the
current) L; for at least one vertex.

1. For all j € R; such that w(j) € A and j € L;(w(j)), we fix color j for L;(w(})).

2. Iteratively, for all j € R; such that w(j) € A, butj & L, we select and fix j for w(j),
and deselect an arbitrary color from L;(w(j)).

3. For each remaining j € R; such that w(j) € A we have thatj € L, but notj € L;(w(j)).
We fix j for one arbitrary selection under L;.

4. Each remaining j € R, satisfies w(j) & A. We (select and) fix color j for vertex w(j).
If as a result of this, there are now more than i vertices for which color j has been
selected, we deselect j for one of them (for which j is not fixed). Otherwise we deselect
an arbitrary nonfixed color.

After this first round of modifications, every color in R| has exactly one fixed selection
under L;. Note that the four modification steps above are rather delicate because we need
to preserve the total number of selections, and the properties that no vertex has more than
i selected colors and that no color has been selected more than i times.

Now we consider the set R \ R; of rich colors that belong to at least n — i — 1 lists L(v)
where v € V' \ {uy,u,}. We repeat the following until we can no longer do so. Take some
J € R\ R, that currently has been selected by L, for fewer than s(j) vertices. Let us fix all
of its current selections. Let w/(j) € V'\ {uy, u> } be some vertex such that L(w'(j)) 3 j and
w'(j) does not have i selected colors fixed. The existence of w'(j) is guaranteed by the fact
that j belongs to at least n — i — 1 lists and Claim 22.

(Indeed, suppose such w'(j) does not exist. Then there must be at least n —i— 1 vertices
w € V\ {u1,up} with j € L(w) and with at least i colors fixed for w. So there are at least
i(n —i—1) fixed colors in total. On the other hand, by assumption fewer than s(j) vertices
have been fixed for j, so in total we have fixed at most —1 + ), s(h) colors, which is
strictly less than i(n — i — 1) by Claim 22, a contradiction.)
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As before, we select j for w/(j), fixing this choice, and deselect some other (nonfixed)
color, possibly within the list of w'(j) (if we need to ensure that w’(j) has no more than i
selected colors). This procedure will terminate due to Claim 22, at which point we will
have the desired partial selection for L. u

This completes the proof that there exists such an L;, thus guaranteeing the desired
L-packing. [

3 | DEGENERACY

In this section we give the argument for Theorem 9, which also yields Theorem 3. This greedy approach
with Hall’s theorem is given by MacKeigan [31] and discussed by Yuster [42] as a way of proving that
x> (K,) < 2(n — 1). Although Yuster proved that the leading constant ‘2” there is not tight, we show
with Proposition 24 that when the method is refined and stated in terms of degeneracy it is indeed
tight. We also give an example showing that the bound in Theorem 3 cannot be improved to 6§*(G) + 1.

Proof of Theorem 9. Let G be a graph with degeneracy 6*(G) = d, and order the ver-
tices V(G) as vy, ... , v, such that no vertex has more than d neighbors preceding it in the
order. That is, in each of the induced subgraphs G; := G[{vy, ... ,v;}], the degree of v;
is at most d. Let (L, H) be a k-fold correspondence-cover of G, where k = 2d. We prove
by induction and Hall’s theorem that G admits a proper L-packing. Write H; and L; for
the correspondence-cover and associated correspondence-assignment induced on G; by H
and L, respectively. Note that trivially G| admits a correspondence L;-packing. So for the
induction leti > 1 and assume that G;_; admits a correspondence L;_;-packing. This pack-
ing is equivalent to an ordered list (cy, ... , cx) of pairwise-disjoint proper L;_-colorings
of G;_;. We want to extend each of these colorings to the vertex v; so that they remain
disjoint and are proper L;-colorings of G;. Since v; has degree at most d in G;, each color
x € L(v;) is a possible valid extension for at least |L(v;)] — d = d of the colorings
1, ... ,Ck to the vertex v;. For each x € L(v;), let E(x) be the set of such colorings (so
|E(x)] = d for all x). Conversely, for each 1 < j < k there are also at least d colors in
L(v;) that can be used to extend the coloring c;, so |E"(cj)| > d for all j. Consider the
family F = {E(x) | x € L(v;)}. Using the facts that |E(x)| > d for all x and |E"(cj)| >d
for all j, one can verify that the marriage condition holds. Let f be the injective func-
tion guaranteed by Hall’s theorem. This gives a one-to-one correspondence between
the colorings cy, ... ,c; and colors in L(v;) that may extend them to the vertex v;. We
obtain the claimed correspondence L;-packing of G;, as desired. In particular, this holds
fori =n. n

Proposition 24. For every d > 2, there exists some graph G satisfying 6*(G) = d and
12 (G) = 2d. In particular, this is true for the complete bipartite graph K, (oq—-1yni-1.

Proof. Let Gbe K a4—1yne-1, with parts A and B of size d and ((2d — 1)!)?~!, respectively.
This graph has degeneracy d, so by Theorem 9 we need to show that it satisfies y*(G) >
2d. We form a (2d — 1)-fold correspondence-cover of G with respect to L by including
every possible combination of d matchings running between d copies of [2d — 1] and a
single copy of [2d — 1]. Then, whatever the partial L-packing of size 2d — 1 induced on
A, there is guaranteed to be a vertex b € B and d of the proper L-colorings such that
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d of the colors of L(b) are each matched to d colors of U,e4L(a) that belong to each of
the d proper L-colorings. And thus to extend the partial L-packing induced on A, those d
colors of L(b) may only be used to extend d — 1 of the proper L-colorings, which is clearly
impossible. u

Having established this tight characterization of y* in terms of degeneracy, it is natural to wonder
what the right bound for list packing could be. We conclude this section with a modest lower bound
on the extremal list packing number in terms of degeneracy. In light of Proposition 24, we note on
the other hand that (complete) bipartite graphs cannot certify a better lower bound for y}(G), see
Lemma 33 below.

Theorem 25. Foreveryd > 2, there exists a graph G with 6*(G) = d and y}(G) > d+2.

Proof. We will iteratively construct a graph G with 6*(G) = d and a (d + 1)-list-
assignment L such that G does not admit a proper L-packing. We will do so by construct-
ing a sequence of subgraphs Gy, G», ... ,G such that V(G,) C V(G;) C ... C V(G).
We will start with a list-assignment and arbitrary list-packing of G; (see below for more
details). Next, for each Gj;; apart from the final graph G, we consider the list-packing
C := (ci)igizd+1 of Gj and we choose the lists of V(Gj.1) \ V(G)) such that there is a
unique extension of C to Gjy;. For the final graph G, we choose the remaining lists such
that C cannot be extended.

We start with choosing G; = (V|,E|) = K4 and the associated lists being equal
to [d + 1] for all its vertices. Note that for every v € Gy, the vector of colors C(v) =
(ci(v)1gigd+1 1s a permutation of [d + 1]. We now construct G, by adding a copy V' for
every v € V) that is connected to all vertices in V| \ v. Let V, = V(G,) \ V. We let
L(V')=[d+ 1]\ {1} U {d +2}. Note that when extending the L-packing, the vector C(v')
will be equal to C(v) where 1 is replaced by d + 2, as every color 2 < j < d + 1 can only
be used for one of the L-colorings c;.

We will repeat this procedure. In step m, we add copies V' for every v € V,, and con-
nect it to all vertices in V,, \ v. we call the set of added vertices V1. For v/ € V.1,
we let L(V)) = s;(L(v)) = L) \ {i} U {j} for some i,j € [d + 2], that is, an
(i,7)-shift is applied to the lists. Here we set V,,, = {v{", ...,V }, where vf"“ denotes the
copy of V.

By choosing the shifts to be s; 412, 52,1, S¢+2.2 in the first three steps, we see that in the
L-packing, the permutations C(v}) and C(vf) are equal up to an interchange of 2 and 1,
that is, the permutation (12) has been applied to them. We can repeat this procedure and
form the permutation (123 ... d) as itis equal to (12), (13), ... ,(1d), a sequence of d — 1
transpositions. So in the L-packing, C (vil) and C (vf(d_l)H) are two permutations that are
equal up to performing the cyclic permutation (123 ... d).

Now continue doing this another d — 2 times. Now C(v?”(d_lm) forO<p<d-1
are all permutations of [d + 1] and every color in [d] has been used at all spots except one
(where d + 1 is placed every time). Now add a final vertex x and connect it to v?p =D+l
forevery 0 < p < d — 1, and let L(x) = [d + 1] as well. A proper L-packing of this final
graph is impossible.

In all steps, we connected new vertices to exactly d existing vertices and so the
degeneracy of the construction satisfies 6*(G) = d. ]
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4 | MAXIMUM DEGREE

In this section, we give the argument that proves Theorems 4 and 10. The proof closely follows an argu-
ment of Aharoni, Berger and Ziv for a result on strong coloring [1]; see also the survey of Haxell [26].
We only give the argument for correspondence packing as the proof for list packing is essentially the
same. We note that Loh and Sudakov [30] outlined this same argument in a slightly more general
context, namely, in showing that AX(D) < 2D + o(D) as D — co.

Proof of Theorem 10. Letk := 14+A(G)+ y.(G). Let H be a k-fold correspondence-cover
of G, via some correspondence-assignment L : V(G) — 2V*) Recall that this means
that the vertices of H are partitioned into parts (L(v)),ev(c) such that |L(v)| = k for all
v € V(G), and if vw € E(G) there is a (possibly empty) matching between L(v) and L(w),
and for every vw € E(G) there is no edge between L(v) and L(w).

We need to show that G admits a correspondence L-packing. Equivalently, we need
to find a proper k-coloring of H such that for every v € V(G), no two vertices of H in
the same part L(v) receive the same color (recall that each color class of such a k-coloring
corresponds to a single L-coloring in the desired correspondence L-packing). To this end,
let @ be a maximum partial coloring of H, that is, a proper k-coloring of the vertices of H
using as many vertices of H as possible. If @ assigns a color to every vertex of H then we
are done. So suppose for contradiction that a does not assign a color to some vertex x of H
in some part L(v;). Then some color in {1, ... ,k} is missing from L(v;); let us call it red.

Letvy, ... ,v, denote the vertices of G. For each 2 < i < n, let r; denote the red vertex
in L(v;) if it exists, and define L'(v;) := L) \ {y : a(y) = a(z) for some z € Ny(r;)}.
Thus, L' (v;) consists of those vertices of L(v;) whose color could be reassigned to r; without
creating a conflict. Also let L'(vy) = L(vy). Then |L'(v;)| = y.(G) + 1 for every i.

Next let L (v;) = L'(v;) \ Ng(x). Since x has at most one neighbor in each L(v;), it
follows that |L” (v;)| = y.(G) for each 1 < i < n, and thus by definition of correspondence
coloring, (L"(v;))1<i<» has an independent transversal 7" By replacing the representative
of T" in L”(vy) with x, this in turn yields an independent transversal T’ of (L'(v;))1<i<n
which contains x. Next, we modify a by giving color red to every vertex of T’, and for
each i for which r; exists and r; € T’ we give r; the color of the element #; of T’ in L(v;).
By definition of L'(v;), this does not create any conflict, so we obtain a valid k-coloring f.
Moreover, f colors x as well as all the vertices that were colored by «, contradicting the
maximality of a. [

5 | ONTHE PERMANENT OF RANDOM BINARY MATRICES

In this section, we describe and derive auxiliary results on transversals and permenants of random
binary matrices. These are our key tools for the proofs of Theorems 5 and 6. Related ideas are also
useful for Theorem 7, which we elaborate upon in Section 7.

Our starting point is a theorem of Everett and Stein [20] from 1973. For the benefit of the reader,
we will use this below in a warm-up to prove the special case for Theorem 5 of list packing bipartite
graphs with n vertices (Theorem 29).

Theorem 26 ([20]). The fraction of binary k X k matrices A with Per(A) = 0is (1 +
o(1)k2'7*, as k — co.

85U80|7 SUOWWOD dA 81D 8(eal|dde au Aq peueAob a8 3o Ne O 88N JO S3|NI 0 A1q1T 8UIIUO AB]IM UO (SUORIPUOD-PUR-SUBY/W0D" A8 | 1M Aleq 1[Bu UO//SANY) SUORIPUOD PUe SW | 8U}88S *[£202/2T/70] U0 A%eiqiTauluo A3|IMm ‘SpueliBYIBN 8ueIy0D Aq T8TTZeS1/200T OT/I0p/wod A3 | im Akeiqpuljuo//sdny woij pepeojumod ‘T ‘¥202 ‘8Tre860T



CAMBIE ET AL. WI LEY 79

Theorem 26 can be interpreted probabilistically: a uniformly random binary matrix has permanent
0 with probability (1 + o(1)k2' % as k - 0. For the proofs of Theorems 5 and 6, we will need a
more general result that allows for an asymmetric treatment of the ones and zeroes. The following is a
generalization of Theorem 26.

Theorem 27. Let 0 < p < 1 be a real number. Let A be a random binary k X k-matrix for
which each entry independently equals 0 with probability p, and 1 with probability 1 — p.
Then

Per(A) = 0 with probability 2kp*(1 + 0(1)) as k — oo.

Moreover, the same conclusion holds if p is allowed to depend on k, provided k’p* — 0

as k — oo. In particular this holds if p < 1 — M as k — oo.

In the proof of Theorem 27, we will use the following technical lemma.

Lemma 28. Let 0 < p < 1 be such that k°p* = 0 as k — oo. Then as k — oo,

mas A () ()P} =o(r')
s,t€N  such that s t P - kp '

2<s<t<k and
s+=k

Proof. Let2 < s<t<kbesuchthats+1t2> k.

Ifs > g, we have
k)<k) st gk 12/4 <1 )
t< 4 =o(-p").
() <49t = o3

If2<s<§,then

s < GG )

2541 (s—1)k—s>
Skv p(v Ye—s
25+l 3kG-2) 2
= (kspk) 5 -pT_b
3Qs+D)s=2) 2
= s

<Eptop
<KPO = o(1)

as k — oo. ]

Proof of Theorem 27. By Lemma 17, if Per(A) = O then there are sets S and 7" with s and
t elements respectively for which s + ¢ > k and the submatrix B = Agxr only contains
zeros. In particular, we have such a submatrix B with s + # = k + 1. Let us call such B a
t-bad submatrix.

Given s and ¢, there are < ]z ) (1; ) choices for the sets S, T. The probability that A;; = 0

forall i € S,j € T equals p*. So the probability that there is a 7-bad submatrix is upper
bounded by ( k ) <]; )p(k“")t.

k+1-t
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We now take the union bound over all 1 < ¢t < k. Thecasest = landt = k
each contribute kp*, while each 2 < t < k — 1 contributes 0(%])" ) by Lemma 28.
Hence the probability that there exists a #-bad submatrix for some 1 < ¢ < k is at most
2Upk + (k—2) - o@pk) = (1 + 0(1))2kpt, as desired.

On the other hand, we know that any matrix with a row or column with only zeros has
permanent equal to 0. Using a truncated version of the principle of inclusion—exclusion,
that is, subtracting the probabilities that are counted twice, we note that the probability
that this happens is at least 2kp* — (2< I; )pzk + K2p*=1y = (1 — o(1))2kp*, as desired. m

Remark. In Theorem 27, the opposite random variables 1 — A;; are independent
and Bernoulli(p) distributed. We note that the wupper bound 2kp*(1 + o(1)) in
Theorem 27 remains true with the same proof if instead of independence, we only
require that the random variables 1 — A;; are negatively correlated. Indeed, in this
case we still have for each subset of rows S and columns 7 of A that the probabil-
ity that A;; = O forall i € S,j € T is at most (rather than equal to) p*', which is
sufficient.

6 | FRACTIONAL CHROMATIC NUMBER AND HALL RATIO

In this section we prove Theorems 5 and 6, using the results on random binary matrices from Section 5.
As a warm-up using the classic result of Everett and Stein, we first derive the special case of Theorem 5
for bipartite graphs.

Theorem 29. Let G be a bipartite graph on n vertices. Then as n — o,

27(G) < (1 + o(1))log, n.

Proof. Lete > 0and set k to be an integer that is at least (14€) log, n. Let L be an arbitrary
k-list-assignment for G.

We consider the union of all lists, £ = UveV(G) L(v), and color each list element
¢ € L independently with a uniformly random vector x, € {0, 1}*. We use these vectors
to associate a random binary matrix with each vertex of G, as follows. For each v € V(G),
let M(v) be a k X k matrix formed by concatenating the vectors (xs)sern) In some
arbitrary way.

Let Vp, Vi C V(G) denote the two parts of the bipartition of G. Now, for each vertex
v € V(G) we define a bad event B(v) as follows: if v € Vj, then B(v) is the event that
M (v) has no O-transversal, and similarly if v € V|, then B(v) is the event that M(v) has no
1-transversal.

If there are no bad events, then for each v € V; we can choose a O-transversal of
M(v), and for each v € V; we can choose a 1-transversal of M(v). These transversals
then determine the desired k disjoint L-colorings cy, ¢, ... ,c; as follows: for 1 < i < k
and v € V(G), we set c;(v) to be the element of L(v) that corresponds to the i-th element
of the transversal of M(v). Since we choose the colors of v according to a transversal of
M(v), we have c¢;(v) # cj(v) for any i # j, so the colorings cy, ... , ¢ are indeed disjoint.
Furthermore, for each i the coloring c; is proper because the color sets on V, and V; are
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disjoint; indeed, any vertex v € V; (resp. v € V) is colored by an element [ € L such that
the i-th element of x; is O (resp. 1).

Thus, it suffices to find a coloring without bad events. For v € V|, the probability of
B(v) equals the probability that a uniformly random binary matrix has no 1-transversal.
By Theorem 26, the number of binary k X k matrices that have no 1-transversal is at most
(1 + 0o(1)k2X ! as n — oo. Hence, P(B() < (1 + o(1)) - "'Zj;“' = 2 + o(1)k27*.
By symmetry, the same bound holds for every v € V;. Therefore, by a union bound, the
probability that at least one bad event holds is at most n - (2 + 0(1))k2'k, and for n large
enough this is strictly smaller than 1. Thus, there exists a coloring of £ without bad events
and hence the desired L-packing. [

We now proceed to prove Theorems 5 and 6, thus extending the result on bipartite graphs
(Theorem 29) to graphs with bounded fractional chromatic number or bounded Hall ratio. This includes
the special case of multipartite graphs and generalizes bounds on y, from [15] and [4].

Theorem 30. The graphs G with n vertices and at least one edge satisfy as n — oo

logn
log(x(G)/(xr(G) — 1))

X2(G) < (5 +o(1)) <5 +o(1) - x(G)logn.

Moreover, for every fixed rational number m, the graphs G with yr(G) = m and n vertices
and at least one edge satisfy as n — oo

logn

)(;(G) < +o(1))- m

< (1 +o0(1))-mlogn.

Proof. We give the proof for the first bound (where y7(G) is allowed to grow with n), and
at the end we detail why almost the same proof also yields the second bound (for yr(G)
bounded by a constant independent of n).

We write m = yy(G). Since the clique number is a lower bound for fractional
chromatic number and G has at least one edge, we have m > 2.

Let € > 0 and consider a k-list-assignment L with k = | Ste

log(m/(m—1))
assume that k < n, since otherwise there is an L-packing due to Theorem 2. We also note

that k — oo if and only if n — oo; this is where we use that m > 2.
Let £ = UMGV(G) L(u) be the set of all colors. For a positive integer a, recall that [a] is
the set {1, ... ,a}. Let ¢ be a proper (a, b)-coloring of G with % = m. By definition, this

- logn|. We may

means that ¢ : V(G) — [a]” is a function such that c(u) N ¢(v) = @ for every two adjacent
vertices u and v. For every £ € L, let x, be a uniformly random vector in [a]*. For each
v € V(G), let M(v) be a k X k matrix formed by concatenating the vectors (x¢)ser) in
some arbitrary way.

For every vertex v € V(G), we define the bad event 3(v) as the event that the
[a]-valued k X k matrix M(v) has no transversal with only elements from c¢(v). Consider
the binary matrix M*(v) obtained from M(v) by replacing every element that belongs to
c(v) with a 1, and every other element with a 0.

Note that M*(v) is a random binary k X k matrix for which each element independently
equals O with probability p = “a;b = V"T_l Therefore, we wish to apply Theorem 27 to
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M*(v) with p = '"r;l. For that, we first need to verify the condition that &°p* = o(1) as
k — oo. This is satisfied because

(5+¢)logn
m—1 ) log(m/(m—1))
m

5 (5+¢e)logn m—1 )
<n eXp<log(m/(m—1)) 10g< m )) 2

5. ~5+0) .o

ks-pk<n5-<

=n

goesto0asn — oo.

So we may indeed apply Theorem 27 to M*(v), which yields that M* has no
1-transversal with probability 2kp*(1 + o(1)). Therefore the probability that B(v) occurs
is 2kp*(1 + 0(1)), as k = co.

By a union bound, the probability that at least one bad event occurs is at most

(5+e)log(m) 1

n- 2k(m7_1)k(1 +o(1)) < 2n? - (’”7_1) (1 4 o(1))

2 (5 + ¢)log(n) ) m-—1 _
<4n exp<10g(m/(m_l)) log " )) (1 +0(1))

4n3 (1 +o(1)).

<

For n large enough (and hence for k large enough), this is smaller than 1. So with
positive probability, every M(v) has a transversal with only elements from c(v).

These transversals then determine the desired k disjoint L-colorings cj,c, ... ,Ck
as follows: for 1 < i < kand v € V(G), we set ¢;(v) to be the element of L(v) that
corresponds to the i-th element of the transversal of M(v). Since we choose the colors of
v according to a transversal of M(v), we have c;(v) # c;(v) for any i # j, so the colorings
1, ... ,c; are indeed disjoint. Furthermore, for each i the coloring c; is proper because
for any two neighbors u, v € V(G), they are colored by elements 7, £, € L such that the
i-th element of x¢ , xs, belongs to c(u) and c(v) respectively, which are disjoint since c is
a proper (a, b)-coloring.

This concludes our proof that y(G) < (5+o(1))- lg()(((}l)(;%‘ We remark that the
oslxy (&)=

condition of Theorem 27 is the main obstruction for finding a better constant; if it were not
for that part of the argument, we could have improved the factor 5+o0(1) to 2+o0(1). To con-
firm that 5+0(1) can be improved to 1+o(1) in the special case that y;(G) = mis a constant
independent of n, we need to check that our two asymptotic estimates survive if we instead

choose list size k = [%J : the condition of Theorem 27 indeed still holds because

K pk g _(d+e)logn S.n—(1+e>.2_,0
= \log(m/(m — 1))

as n — oo, and so the probability that a bad event occurs is bounded from above by

(1+¢e)logn
log(m/(m — 1))

asn — oo. ]

k
n-2k- (’”7_1) (1+o(1)) < 4n - (1 4 0(1)) = 0
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As an almost immediate corollary, we can derive the following bound, which is reminiscent of a
similar result for y, instead of ;(; in [34].

Corollary 31. Let G be a graph with order n and Hall ratio p. Then

27(G) < (5+0(1)) - plogn.

Proof. Tteratively, one can select an independent set of size at least 1/p times the order
plogn
of the remaining graph. Since n(l - i < 1, we have y(G) < plogn. Hence by

Theorem 30, we can conclude as y}(G) < (5 + o(1)) - ¥(G)logn. n

As a corollary of Theorem 1.3 in [15] and Theorem 30, we immediately get the following
Ramsey-type result.

Corollary 32. There exists a constant C > 0 such that y}(G) < C-min{4/nlogn, "kj%}
for every triangle-free graph G with n vertices and minimum degree d.

7 | BIPARTITE GRAPHS

This section is devoted mainly to the proof of Theorem 11, which in turn implies Theorem 7. Before
that though, we start with a simple bound on the list packing number of a bipartite graph that resembles
the greedy bound (for not-necessarily-bipartite graphs) on list chromatic number but has a somewhat
more intricate proof.

Lemma 33. Let G = (AU B, E) be a bipartite graph with parts A and B having maximum
degrees Ay and Ap, respectively, with Ay < Ap. Then )(;(G) <AL+ 1.

Proof. Letk = Aj + 1, and let L be any k-list-assignment of G. To construct a proper
L-packing of G, we first choose the colors of vertices in B for every coloring in the packing.
To do this, consider the lists of vertices in B in their numerical orderings and let ¢;(b) be
the i-th color in the list L(b) for each 1 < i < k and each b € B. This is the unique proper
L-packing of G[B] such that the colorings ¢; for 1 < i < k satisfy for all vertices b in B,
c1(b) < c2(b) < - - - < cp(b).

Next, we prove that we can extend this partial L-packing to A by applying Hall’s mar-
riage theorem. Let a be an arbitrary vertex in A. For every color j € L(a), let I; be the
set of indices 1 < i < k such that setting c;(a) = j retains the property that ¢; is a proper
L-coloring (i.e., no neighbor b of a has c;(b) = j). Consider the family 7 = {/; : j € L(a)}.
A system f(F) of distinct representatives for F is precisely an extension of the partial
L-packing to a, as we can set cray(a) =Jj for all j € L(a). For the marriage condition, it
suffices to prove that for every a € Aand any subsetJ C L(a), we have |UjE jIj| > |J]. Sup-
pose for a contradiction that this is not the case. Then there is some J with |Uje JIJ| < |J|-1,
and hence there is a set Z of k — (]J| — 1) indices i for which c¢;(a) cannot be set equal to
any color in J. Let z* be the largest index in Z and j* be the largest color in J. There are at
least k — (|J] — 1) neighbors b of a which have c,(b) = j* for some z € Z. Furthermore, by
the choice of the colorings c¢; these are different from the |J| — 1 neighbors b that satisfy

c(b)=jforjeJ\ {*}.
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To see that they are indeed different, suppose for a contradiction that there exists b € B
such that both c,(b) = j* and c«(b) = j, forsome z € Zandj € J \ {j*}. Asj < j* we
must have z # z*, so by the choice of the colorings c; it would follow that c,(b) < c(b) =
J <J* = c,(b), a contradiction.

We conclude that @ has at least k > A4 neighbors in B, which is a contradiction. As
we can perform this extension for all a € A independently, this completes the proof. =

Corollary 34. When a is sufficiently large in terms of b, we have y} (K, ;) = b+ 1, while
X (Kap) = 2b.

Proof. This follows from Theorem 9, Proposition 24 and Lemma 33, together with the
classic fact that y,(Kp ) = b+ 1 for every b. To see the latter: assign b disjoint lists
Ly, ... ,L, of size b to the vertices in the smaller part of the bipartition of Kj» 5, and then
assign each of the b” distinct b-tuples in L; X ... X L, as a list to some vertex in the larger
part of the bipartition. This list-assignment does not admit a proper list-coloring. n

In very broad terms, the proof of Theorem 11 is similar to the proof of Lemma 33, except that
instead of Hall’s theorem, we use the Lovész local lemma to complete the extension of a (random)
partial (correspondence) packing of G[B]. We will establish the result in the following slightly more
refined form.

Theorem 35. For every € > 0 fixed, there is Ay > 0 such that the following holds. Let
G = (AU B, E) be a bipartite graph with parts A and B having maximum degrees Ay and

Ap, respectively, with Ay < Ay < Ap. Suppose that k = [(1 +¢) ]022 ] satisfies that
A

3eAp(Ap—1) - K exp<—Aj/3) <1

Then xX(G) < k.

Note that Theorem 11 follows easily from this result by checking that the condition holds for A4 =
Ap = A taken large enough. The argument to prove Theorem 35 is inspired by a similar method used
in [6, 14] and a technical extension of the results in Section 5. Just like in our derivations of Theorems 5
and 6, we prove Theorem 35 with the aid of a suitably strong bound on the probability that some
random matrix has no O-transversal.

Lemma 36. Fix ¢ > 0 and let k = [(1 + 6)@] for n sufficiently large. Let M be a
k X k-matrix which is the sum of n independent uniformly random k X k permutation
matrices. Then the probability that there is no transversal in M containing only zeros is
smaller than 3k* exp(—n®/3).

Let us first show how this probability bound is sufficient to derive the main result through a
straightforward application of the Lovész local lemma.

Proof of Theorem 35. We may assume that every vertex in A has degree Ay as we
can embed G in such a graph. Let H be a k-fold correspondence-cover of G, via some
correspondence-assignment L : V(G) — 2", We may assume that for every uv € E(G),
the matching in H between L(«) and L(v) is a perfect matching. To construct a correspon-
dence L-packing of H, we first define a random partial L-packing restricted to the vertices
in B. To do this, take a uniform total ordering of L(b) independently at random for each
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b € B, and let c;(b) be the i-th element in L(b) for each 1 < i < k. Note that ¢;(B)
for each i is a uniformly random maximum independent set in H[L(B)]. We now prove
that the probability that the random L-packing cannot be extended in a fixed vertex a is
very small.

We define a bad event B(a) for a € A as occurring if it is impossible to order
the elements of L(a) in such a way that for all i, the ith element of L(a) has no neigh-
bor in ¢;(B). Let T;.(a) be the event that ¢ € L(a) is adjacent in H to a vertex in
ci(B). Let M(a) be a k X k matrix such that the entry (i,c) equals 1 if T;.(a) occurs
and equals O otherwise. Then a good ordering of the elements of L(a) exists precisely
when there is a transversal only containing zeros in M(a). By applying Lemma 36 with
n = A4, we conclude that g := P(B(a)) < 3k> exp(—Aj/ 3) provided Ay is chosen large
enough.

Note also that each event B(a) is mutually independent of all other events B(a’) apart
from those corresponding to vertices @’ € A that have a common neighbor with a in
G. There are at most d := A, (Ap — 1) such vertices @’ other than a. With the above
choices of ¢ and d, we have by assumption that eqd < 1, so that the Lovasz local lemma
guarantees that with positive probability none of the events /3(a) occur. And thus the partial
correspondence L-packing on L(B) can be extended to all of H, as desired. n

It only remains to prove Lemma 36. Hypothetically this lemma would follow easily from a certain
negative correlation property, and so we first discuss some somewhat surprising situations where this

property fails.
Let R be the k X k-matrix which records for each of its elements whether it appears in at least one
of n independent uniformly random k X k permutation matrices P!, ... , P", that is, R;j = 1if and only

if there is some 1 < r < n for which P;; = 1 and R;; = 0 otherwise. Equivalently, one can consider the
sum M of the n permutations matrices, and then replace every nonzero element with a 1 to obtain R. By
Lemma 17, we would like to estimate the probability that a fixed s X # submatrix of R contains no zero,
and in fact we would want to aim for p* as an upper bound, where p is the probability that one entry
is nonzero. This would be immediate if all entries of R were independent or negatively correlated, but
it turns out this is not the case.

Note that within one row of R, the values of its entries are negatively correlated, so the desired
upper bound p* indeed holds in the special case s = 1, = k. Intuitively, one might expect this negative
correlation to survive in a s X ¢t submatrix for other values of s and #. Unfortunately, it is already false
fors=t=k=n=2.

More surprising is the fact that the probability that the entries in Rz are all nonzero can be
larger than P(R;; # 0)* for larger values of k and n as well, for example, when (k,n) = (4,32). This
has been computed for certain values with Maple'.

The obstructions discussed above could help the reader understand how our computations ended
up being a bit more complicated than we might have hoped.

We now state the main technical engine in the proof of Theorem 11, in which we compute
an upper bound for the probability that a given submatrix of a sum of random permutation matri-
ces is nowhere zero. In the proof it will be useful to denote by S(M) the sum of all entries in a
matrix M.

The relevant maple code can be accessed in the document CounterexamplesNegativeCorrelationSumPermutationMatrices.mw
at https://github.com/StijnCambie/ListPack.
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Lemma 37. Let M be a kX k-matrix which is the sum of n independent uniformly random
k X k permutation matrices P, 1 < r < n. For a fixed s X t-submatrix of M, with s > t and
t< g, the probability that all its elements are nonzero is at most

2r-oxp(~5) + [sexp (=2 (1-2)3 ) wenp(—senp(~(1+ £ )t +012) )|

for every choice of 6 = 6(n, k) € [0, 1], € > 0 and k sufficiently large as a function of €.

Proof. By symmetry and to ease notation, it is sufficient to prove the case where the
s X t-submatrix is [s] X [#]. First we fix j € [¢] and estimate S(M(x;), the sum of elements
in the [s] X j-submatrix of M.

Let 7;, 1 < j < t, be the event that (1 — 5)‘% < SMp) < (1 + 6)%. Let
T = {T\,T,, ... ,T;} be the event that all of them hold, and similarly we write T\ T; =
{T\. ... .Tj-1, 41, ... . T;}. With T}, we denote the event that 7; does not hold. Note that
the random variables P g and P{,"j are independent if ¥/ # r. Moreover, for fixed r and j, we
have by Lemma 19 that P ;, P} ;, ... , P} ; are negatively correlated, and that the opposite

1220 -
1-P;] » 1 — P} ; are negatively correlated as well. Thus

2,0 v

SMip) = ¥ TP

r=1i=1

random variables 1 — P} 7o

is a sum of {0, 1}-valued random variables that are negatively correlated and whose
opposite random variables are negatively correlated as well. So we may apply a Chernoff
bound (Theorem 18) to obtain

S 5% s
)< (1=6)-n)< _o7s ).
P(S(me,) <@ ‘”k”) < exp< ’ k”)’
]P<S(M[v]><‘) >+ 6)5n> < exp _‘izin
b k 3k

By a union bound,

3k

Jj=1

P(T) < ZP(T]) <2t exp(—ﬁzsn)

Also consider the event (; that all elements in Mgy are nonzero and let
01 ={01,Q> ... ,0;} be the event that all of them hold. We now prove two claims on
some conditional probabilities.

Claim 38. Forevery1 <j<t,

PO;IT\ T}, 01.j-1) < eXp(—sexp(—(l + %)(l + 5)%)).

Proof. Fix j between 1 and ¢. Given a k X k permutation matrix P, let y(P) be the sub-
matrix of P induced by the columns indexed by [] \ j. Likewise, given the random n-
tuple P of k X k permutation matrices (P, ... , P"), let y(P) be the pointwise restriction
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(y(PYH, ... ,y(P"). Let W be the set of all possible tuples y(P) that satisfy T\ T, Q1. j-1.
Take any such partial realization w € W. From now on we additionally condition
on the event y(P) = w. To shorten notation, we will write P,,(-) = P(:|y(P) = w).
Our goal is to upper bound P, (Q;). (At the end of the proof we explain why this is
sufficient.)

For each i € [s], let a; be equal to the sum S(M;x(n\j) of the entries in Mix(\j). Let a
be the mean of g; over all i € [s], and note that it is at least (1 — 5)% because T\ T; is
satisfied. For every i € [s], let Q;; be the event that M;; # 0.

We first show that the events Oy, ... , O, are negatively correlated. For this, we have
to prove that for any / C [s], it is true that

Pu(vi €l : Qi) < [[Pu(@ip). M

i€l

We prove (1) by induction on |I|. When || < 1 the statement is trivially true.
Let I C [s] be a subset for which the statement is true and let i’ € [s]\ 1. We now prove
the statement for I’ = I U {i’}. We have

P.(Viel: Qi) <P.(Viel: 00, 2
because (informally) for every permutation P and every i € 1, the probability of P;; = 1

does not decrease if we add the condition that P}, ; = 0.
One can prove this formally as well, as we will now do. Consider the values of

r for which P}, j = 1 is possible for an extension of w, that is, all r for which row
i’ in y(P") is a row with only zeros. Let R C [n] be the subset containing all such
values r.

For any subset R; C R, let PP be the set of all possible tuples P’ = (Pfk]xm) 1<r<n
that extend w (i.e., with some abuse of notation, this is precisely when y(P’) = w) and
satisfy P, ; = 1if and only if » € R;. The set PP helps us to specify the event that
My ;= |Rl.

For a fixed nonempty R; C R, consider the map ¢ : PP’ — PPX where o(P') is
obtained from P’ by considering, for each r € R, the matrix Pliyxq and replacing its
j™ column Py, with the unit vector ey, that is, setting P; = 1{i = i'} for every i € [k].
Note that ¢ is surjective and maps (k — £)!®i! tuples to 1, that is, for every P” € PP®,
lp~'(P")| = (k—1t)®il. Moreover, for every P" € PPX, if P” satisfies Q;; for all
i € I, then every preimage P’ € ¢~ !(P”) does. This implies that the probability that
a random partial realization in PP’ satisfies Q; j for all i € I is at least as large as the
probability that a random partial realization in PP®1 does. To relate this to the proba-
bilities that we are actually interested in, observe that for each R; C R, the probability
that a random partial realization in PP®! satisfies Q; j for all i € I is exactly equal to
PR =P, (Viel: QylP;; =1 r€R)). It follows that P > PR for all R, C R. We
conclude that

Po(Vi€l: Qijl0r;) =P > Y PR .P, (P, =1ereR)=P,(Viel: Q).

R,CR

This proves (2).
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Now note that

<P, (Viel: 0il0r;)
>P.(Viel: Q|0
<Pu(Viel: Qi) P.(Qr)).

P, (Viel: Qy)
o P(Viel: Q)
o Piel : Q)
This last expression is at most [
concludes the proof of (1).

So given w with S(Mix\j) = a; for all i € [s], the probability IP,(Q;) that none of
the s elements in My;; equals zero is at most HLIIP’W(Q,- ;)- We can compute the latter as
follows:

P,.(Q;;) by the induction hypothesis, as desired. This

el

Pu(Q) < [[Pu(@:)
i=1

©“

= (1—PW(P£;=0 for all re[n]))
-T (1—HPw(P£/‘=0)>

= [1— II P, (P;;=0)

r€ln] s.t. S(P;x([tl\j) ):O

| | (1+6)=ly
$ —_ e —
It N A R

exp(—sexp(—(l + §>(1 + 5)%)).

Here we made use of 1 —x < exp(—x) in the sixth line. We applied Jensen’s inequality
1 X

k=(t—1)

thata > (1 —5)(';](1)nandt— 1< g toderiven—a <n—(1 —5)?n <@ +5)@n

and in the last line we used that <1 - i) > exp(—(l + g)) forx=k—-(t-1) > g
which is sufficiently large in terms of €.

N

to the convex function f(x) = (1 - ) in the seventh line. In the eighth line we used
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Since this upper bound is true for any partial realization w € W, we conclude that

PO;IT\ T}, Q1.j-1) = Z P(y(P) =w|T \ T}, Q1.;-1) - P.u(Q))

wew

< exp(—sexp(—(l + g)(l + 5)%)).

Claim 39. Forevery1 <j<t

P(THT\ T}, Q1.j-1) < 2eXp<_f2<l_§)S]?>'

Proof. As in the proof of Claim 38, we fix j and we condition on the event that the random
tuple y(P) of permutation matrices restricted to the columns [¢] \ j is equal to a certain
tuple w € W, that is, such that T\ T}, Q; j—; are satisfied. We again fix such a realization w
and succinctly write P,,(-) := P(-|y(P) = w) for the conditional probability distribution.

We will first estimate IP’W(Tj). Letf, = S(me(mv)) for every r € [n], and note that we
know this value deterministically because Pl 1s @ submatrix of y(P") and thus fully

determined by w. Furthermore, for each i € [s], we have that ]P’W(Pﬁ = 1) equals —— P (t 5 if

S(P; ;) = 0, and equals 0 otherwise. It follows that E,,(S(P(),)) = k_s(tfl) and hence

- Zr—lﬁ

W(S(M[s]x,»—ZMS(PW,))— 5

3)

Since w satisfies T \ T}, we know Y_,f, = S(Mgxa\j) is between (£ — 1)(1 — 5)% and
(t—D(A+ 5)%. Evaluating these bounds in (3) and using the assumption ¢ < g, it follows
that

(1= 6/3)% < B[S < (1+6/3)%

. ,
Viewing (Pj1),c,c, 2 a random extension of w, we have that S(Pf,),;)) and S(P{},;)

are independent? for r # #/, with respect to IP,,(-). Thus we can apply Theorem 18 to the

{0, 1}-valued random variables S(P[s]x,) - S(Pfg;) to obtain

IPW<S(M[S]XJ~) (1-5/2)1 - 5/3)—) exp<—(1 - 5/3))
5
B, (SMisp) > (14+8/2)(1 +6/3)T ) < exp(—lza - 6/3)“‘:).

Combining these two inequalities, and noting that 1 — 6 < (1 —=6/2)(1 —=6/3) < (1 +
6/2)(1 +6/3) < 1+ 6 due to the assumption § € [0, 1], we obtain the desired bound:

P.(T)) < Zexp<—f;(] - 5/3)?)

2This independence is one of the reasons why we condition on y (P) being equal to a fixed realization w, rather than conditioning
on the full event 7'\ T}, Q; ;_;.
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Finally we can conclude by writing ]P(Tj|T \ T;,Q1.j-1) as the linear combination
> vew Pr(P) = w|T \ T;, Q1 j-1) - P(T}), which is at most max,,ew P, (T}). ]

We also prove the following claim.

Claim 40. Let Q,A, T be any three events. Then
P(QIA, T) < P(Q|A) + 2P(T|A).
Proof. If P(T|A) > 1/2, the statement is trivially true. Note that

P(Q|A) = P(QIA, T)P(T|A) + P(QIT, AP(T|A) > P(QIA, T)P(T|A).

Since ——
1—x
P(QIA, T)

1 4 2x for any x < %, P(T|A) < 0.5 and P(Q|A, T) < ﬂpQ(lT/Ti) imply that

P(Q|A) + 2P(QIA)P(T|A) < P(QIA) + 2P(T |A). u

NN

Applying Claim 40 with the formulas in Claims 38 and 39 where (Q, A, T) in Claim 40
is chosen to be (Q;, (T'\ Tj) N Q1_j-1, T}), we deduce that forevery 1 <j <t

52 0\ § e n
PO;i|ITN Oy j-1) 4exp<—12(1 - 3>nk> + exp(—sexp(—(l + 5)(1 + 5);)).
Finally note that P(Qy ,|T) = P(Q;|T)P(Q2|01,T) - - - P(Q:|Q1.4-1, T) and so the conclu-
sion follows from P(Q, ;) < P(Qy|T) + P(T). n

Remark. The case t = 1 of Lemma 37 is much simpler. In this case the fixed s X ¢ subma-

trix of M has only one column, and within that column the events Q; 1, Q12, ... , Qs are
n

negatively correlated, so P(Q) is at most (1 - (1 - %) > . In contrast, for ¢t > 2 a more

involved argument is required because (as discussed before the proof) even Q; 1, Q12,02
and O, are not necessarily negatively correlated.

Proof of Lemma 36. By the Frobenius—Ko6nig theorem (Lemma 17), no such transversal
in M exists if and only there exist s,# with s + # = k + 1 and a s X t-submatrix all of
whose entries are nonzero. For every such choice of s and ¢ there are (f)(lt‘) possible

s X t-submatrices. The case where s < ¢ is similar to the case where s > ¢, by switching
the two. Note that < sand s+ = k+ 1 imply s > g When f < t, the probability
that a s X t-submatrix has only nonzero entries is obviously at most the probability that a
s X f—submatrix has only nonzero entries.

We may now use the probability computed in Lemma 37 with the choice 6 =
1/4/log n. Noting that 3’ , (f)(i‘) = 4%, the sum of the corresponding first terms is

bounded by 4k exp(— ) For the second terms, we first compute that for s > g,

64/logn
4ex —ﬁ<1—é>nE +ex (—sex <—<1+§)(1+5)H>)
P\ 73" piTsexp 3 k
k logn >> n
<expl —z exp| — +4exp| ———
h p< 2 p< 1+¢/2 P\ 725 /loan
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/2
n]+5/2 n
<exp| — +4exp| ———
p( 210gn> p< 25 logn>
£/2
n1+e/2 n
<exp| — 1+4dexp| ————
h p< 210gn>( p< 26 10gn>>

< exp(—n5/3).

Noting that ( >< k ) < k*~1, we have the following upper bound for the sum of

k1t
the corresponding second terms from Lemma 37:

k/4
22 exp ‘/3 ) +4F exp(—n‘/3§> < 2.5k exp(—ngﬁ).

We conclude by noting that

2.5k exp(—n5/3) + 4%k exp(—

n 2 £/3
<3k - .
6\/10gn> exp( 8 )

8 | CONCLUDING REMARKS

We have set the stage for this natural fusion between two classic notions in (extremal) graph theory:
packing and coloring. We were generous throughout with problems for further investigation, most
importantly Conjecture 1, which we might audaciously refer to as the List Packing Conjecture. Regard-
less of its truth in general, Conjecture 1 may be specialized to various graph classes for many research
possibilities. We highlight three fundamental classes where it is, in our view, most tempting to push
for further progress.

1 Planar graphs. We do not yet have any constructions to rule out the possibility that y(G) <
for all planar G. What is the optimal value?

2 Line graphs. Based on the List Colouring Conjecture, we surmise for every £ > 0 that y(G) <
(1 + €)w for every line graph G with clique number @ > wy. Due to its connection to Latin
squares, here even the case where G is the line graph of the complete bipartite graph K, is
enticing to narrow in on.

3 Random graphs. Does it hold that y(G,1/2) < (1 + o(1))n/(21og, n) a.a.s.? Related to this
question, one might wonder if the log n factor in Theorem 5 could be improved to one of order
log(n/ x(G)), for this would immediately imply an upper bound for ;(;(G,,J /2) of order '”(]’gﬂ
a.a.s.

We also consider it natural to pursue results along the continuum between list packing and strong
coloring as discussed in Subsection 1.3. Here it seems to us that Conjecture 14 is within reach with
the methods of Section 7, but we leave this to future investigation.
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