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Mechanical nonlinearities dominate the motion of nanoresonators already at relatively small oscilla-
tion amplitudes. Although single and coupled two-degree-of-freedom models have been used to account
for experimentally observed nonlinear effects, it is shown that these models quickly deviate from exper-
imental findings when multiple modes influence the nonlinear response. Here, we present a nonlinear
reduced-order modeling methodology based on finite-element method simulations for capturing the global
nonlinear dynamics of nanomechanical resonators. Our physics-based approach obtains the quadratic and
cubic nonlinearities of resonators over a wide frequency range that spans 70 MHz. To qualitatively vali-
date our approach, we perform experiments on a graphene nanodrum driven optothermally and show that
the model can replicate diverse ranges of nonlinear phenomena, including multistability, parametric res-
onance, and different internal resonances without considering any empirical nonlinear fitting parameters.
By providing a direct link between microscopic geometry, material parameters, and nonlinear dynamic
response, we clarify the physical significance of nonlinear parameters that are obtained from fitting the
dynamics of nanomechanical systems, and provide a route for designing devices with desired nonlinear
behavior.

DOI: 10.1103/PhysRevApplied.20.064020

I. INTRODUCTION

Nanomechanical resonators are the devices of choice for
high-performance sensing since they respond to minus-
cule forces [1–3]. More recently, they have emerged as
ideal systems for exploring nonlinear dynamic phenom-
ena. Thanks to their high force sensitivity they are easily
driven into the nonlinear regime [4]. Their small mass
leads to high resonance frequencies, which facilitates
high-speed measurements and, especially in ultrathin res-
onators, the high aspect ratio allows tuning of tension and
resonance frequencies to explore a variety of nonlinear
phenomena [5].

When nanomechanical devices are driven into reso-
nance, already at small amplitudes Duffing nonlineari-
ties precipitate in the motion, leading to softening- or
hardening-type nonlinear responses [6]. When the non-
linear regime is traversed further, with the increase in
drive amplitude, other eigenmodes begin to partake in the
motion through autoparametric excitations and nonlinear
intermodal couplings [7]. In this nonlinear domain, many
studies have reported significant impact of these nonlinear
couplings on the effective dissipation and stiffness of the
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vibration modes [8,9]. A number of exotic nonlinear phe-
nomena that can be used in various applications have also
been showcased, ranging from frequency noise suppres-
sion [10] and intermodal storage of mechanical energy
[11,12], to the generation of mechanical frequency combs
[13,14].

Efforts made to date in explaining nonlinear phenomena
often rely on proposing analytical nonlinear low-degree-
of-freedom (low-DOF) models that are fit to the experi-
mental data to prove their validity. However, since there
is no direct link between the magnitude of the resulting fit
parameters and the geometry or material properties of the
nanomechanical device, it is difficult to evaluate whether
these models are the only ones that can account for the
experimental data, and which parameters are the most rel-
evant. Moreover, since there is no direct link between the
model parameters and the underlying physics, it is dif-
ficult to extract device information from the fitting. A
realistic description of the complex nonlinear dynamics
of nanoresonators with pure analytical methods such as
rotating-wave approximation [15] or harmonic balancing
[16] is not always sufficiently accurate, because analyti-
cal methods are constrained to a limited number of DOFs.
Purely numerical methods such as molecular dynamics or
dynamic nonlinear finite-element method (FEM) simula-
tions may resolve this issue, yet they are computationally
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expensive [17,18] and provide less insight. Therefore,
an intermediate approach, whereby analytical multimode
nonlinear dynamic models are constructed from the phys-
ical device properties using numerical methods, may be
extremely valuable for the precise and fast analysis of the
nonlinear dynamics of nanomechanical systems.

In this paper we develop and utilize a physics-based
reduced-order model (ROM) to characterize multimode
nonlinear dynamics of nanomechanical resonators over
a wide frequency range. Our approach makes use of
FEM simulations to probe the geometric nonlinearities of
nanoresonators for a large number of coupled vibrational
modes. To validate our method, we perform experiments
on a graphene nanodrum that is driven optothermally
into the strong mode coupling regime. We show that the
physics-based model can capture the response of the seven
directly excited and two parametrically excited modes of
the graphene nanodrum from linear to nonlinear regime,
in a frequency range that spans 70 MHz. The model uses
the Young’s modulus and prestress to obtain the coupling
coefficients, thus providing insight into the influence of
geometric and physical parameters on the coupled dynam-
ics of nanomechanical resonators. Since the method is
FEM-based, it can be applied further to nanomechanical
devices of virtually any geometry, allowing predicting and
designing a variety of nonlinear phenomena.

II. RESULTS

A. Nonlinear frequency response measurements

As an experimental model system for demonstrating the
method, we probe the complex dynamics of a graphene

nanodrum resonator. The resonator is fabricated by dry
transfer of h = 10-nm-thick multilayer graphene over
a d = 5-µm-diameter and 285-nm-deep circular cavity,
etched in a layer of SiO2 on a Si substrate. To study the
mechanical vibrations of the nanodrum, we optothermally
drive it using a blue laser (λ = 405 nm) and measure its
response by a red laser (λ = 633 nm) using laser interfer-
ometry [Fig. 1(a)]. To apply different drive levels to the
resonator, we tune only the modulation intensity of the
blue laser, while keeping the average power of the blue
laser constant to avoid increasing the average temperature
of the graphene drum. At low drive powers, a linear set of
resonance peaks can be obtained, showing the activation
of multiple modes of vibration that we can identify eas-
ily using FEM simulations. As the drive level is increased,
the nanoresonator quickly shows signs of nonlinearity
[Fig. 1(b)]. It is possible to observe the well-studied Duff-
ing (hardening-type) nonlinearity in several modes already
at relatively small amplitudes (below −6 dBm).

By further increasing the drive level, we notice rapid
activation of a plethora of nonlinear dynamic responses.
For instance, when the excitation frequency is tuned to
twice the resonance frequency of the modes f0,1 and f1,1,
it is possible to detect strong parametric resonances [19].
Since the tension of the nanodrum is directly related to
its stiffness, modulation of the tension via optothermal
actuation parametrically excites the nanodrum. Conse-
quently, for conditions where the drive is strong enough,
period-doubling instabilities emerge, resulting in paramet-
ric resonances [19,20]. These resonances can reach high
amplitudes and span wide frequency ranges thanks to
the Duffing hardening nonlinearity. Especially at drive
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FIG. 1. Measuring the motion of a nonlinear graphene nanodrum. (a) Schematic of the measurement setup. BE, PBS, BS, QWP, DM,
and VNA stand for beam expander, polarized beam splitter, beam splitter, quarter-wave plate, dichroic mirror, and vector network
analyzer, respectively. (b) Measurements reveal a range of nonlinear dynamic phenomena for the graphene nanodrum at relatively
small amplitudes. At high drive levels, the graphene nanodrum exhibits complex nonlinear behavior where the frequency response
shows hardening nonlinearity, signatures of nonlinear damping, parametric resonance, mode couplings, and internal resonances. The
labels fp ,m are frequencies associated with circular drum mode shapes that are found from FEM simulations. Here, p stands for the
number of nodal lines and m is the number of nodal circles.
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frequencies where the frequencies of these modes satisfy
internal resonance conditions [7], they strongly interact
with other modes of vibration. This can be observed in
Fig. 1(b) at drive levels above 2 dBm, around the region
where the parametrically driven f0,1 and the directly driven
f2,1 are interacting. As the parametric response of f0,1
approaches f2,1, it is also possible to observe a decrease
in the responsivity as well as a reduction in the rate of
increase in the nonlinear frequency of the parametric reso-
nance—a phenomenon that we label “locking” in Fig. 1(b).
Only after a certain drive level is reached is this “locking”
barrier surpassed, and the parametric resonance surges to a
higher amplitude and frequency [9]. Other than this appar-
ent interaction, a similar coupled dynamic response can be
noticed in the neighborhood of the parametrically driven
f1,1 and directly driven f3,1.

Another interesting observation is the decrease in the
responsivity of the nanoresonator for the directly driven
modes of vibration with the increase in drive level (see
the nonlinear response around f0,1 and f0,2 in Fig. 1(b), for
instance). This reduction, which is a result of the emer-
gence of nonlinear dissipation [6], was first observed in
resonators that can reach the strong nonlinear regime [21].
It was recently shown that such a nonlinear dissipation
process could also be mediated when two modes of vibra-
tion are coupled via internal resonance [9]. We note that
in scenarios where the drive level is relatively small, these
interactions can pertain solely to two modes and the non-
linear oscillations of the resonator can be explained by
considering only the two interacting modes and possibly
by using solely an analytical model. However, in the exper-
iments we present here, especially at the high drive levels
that are being used, modes are activated strongly over wide
frequency ranges, like the parametric resonance of the fun-
damental mode f0,1 that spans a frequency range from 40
MHz to 70 MHz and beyond, where modes f2,1, f0,2 and f3,1
reside. Even though it is possible to visually observe the
artifacts of modal interactions (like the ones in the proxim-
ity of fd ≈ 55 MHz and fd ≈ 80 MHz), a more subtle sign
is the emergence of nonlinear damping induced by these
intermodal interactions.

To clarify this further, we note that theoretically, para-
metric resonances are unbounded in the absence of non-
linear damping. Yet, in our experiments, we observe that
the growth of parametric resonance is first bounded by
the frequency-locking region at fd ≈ 2.5f0,1 in the vicin-
ity of mode f2,1 around 55 MHz. Later, after surpassing
the critical drive level (5 dBm), the parametric resonance
surges to higher frequencies, yet it still stays bounded, at
the vicinity of 68 MHz, just before reaching f3,1. This indi-
cates that there is once again a strong source of effective
nonlinear damping emerging close to 68 MHz (in addi-
tion to the one close to 55 MHz), that is related to the
interaction of the fundamental mode with other modes of
vibration. Even though it is possible to model the smaller

drive level responses in this region (below 5 dBm) using
only two modes, it is not possible to replicate the observa-
tions at higher drive levels without including an artificial
frequency dependent nonlinear damping term, thus sug-
gesting that more modes of vibration will be accounted for
in the numerical model. In order to deepen our understand-
ing of these complex multimodal interactions, we thus
introduce a FEM-based ROM model [22].

B. Nonlinear reduced-order-modeling procedure

The method for modeling the complex dynamics show-
cased in Fig. 1(b) consists of five steps, starting with the
generation of an FEM model of the nanodevice (step I
in Fig. 2). For this purpose, any FEM software package
that can handle geometric nonlinearities can be used (we
have chosen to use COMSOL in this work). The FEM
model of the circular graphene nanodrum resonator uses
plate elements and a fixed boundary condition. We use
the literature values for the mass density and Poisson’s
ratio of graphene: ρ = 2267 kg m−3 and ν = 0.16. As the
geometry of the resonator is already known from optical
microscopy and atomic force microscopy measurements,
this leaves only two unknown parameters to be deter-
mined for building the model, namely the pretension and
the Young’s modulus of the nanodrum. Since the lin-
ear resonance frequencies of the graphene membrane are
dominated by the pretension, we can extract its value
from frequency response measurements at low drive lev-
els. However, if only the fundamental frequency is taken
into account when determining the pretension, it is not
possible to explain the splitting of the asymmetric modes,
like f (1)

1,1 and f (2)

1,1 in Fig. 3(a). In a perfectly symmet-
ric drum, these eigenmodes are degenerate, that is, they
have the same frequency. But in practice, there is a mis-
match in the tension along the in-plane axes that causes
these modes to have slightly different frequencies. The fre-
quencies of the first degenerate mode, together with the
fundamental frequency, are enough to extract the tension
in the membrane by matching the experimental linear res-
onance frequencies of the first three modes in the FEM
analysis. By doing this we found the pretension in the
membrane to be Tx = 0.321 N m−1 and Ty = 0.257 N m−1

for two perpendicular axes in the plane. To find Young’s
modulus of the graphene nanodrum we then used the lin-
ear resonance frequencies of the higher modes following
the method described in [23]; we found a Young’s modulus
of 410 MPa [Fig. 3(a)], which is within the values reported
in the literature [24,25].

By performing linear vibration analysis in the FEM soft-
ware, we can now obtain the n × n linear mass and stiffness
matrices (K and M, respectively), as well as the eigenval-
ues ωn and eigenmode matrix �, where n is the number of
out-of-plane DOFs used in the FEM simulations (step II in
Fig. 2). We note that n also corresponds to the number of
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FIG. 2. The flowchart of the ROM procedure for nonlin-
ear dynamic simulations. The frequency response and atomic
force microscopy measurements are used to extract the physi-
cal parameters for building the finite-element (FE) model, which
is then utilized to obtain linear and nonlinear reaction forces of
the device, given prescribed displacements in terms of superpo-
sition of eigenmodes. These forces are then used for extracting
the coefficients of nonlinear terms in the ROM [22]. Finally the
nonlinear multimode model is simulated numerically to obtain
the full nonlinear dynamic response.

nodes in the simulations, as each node has a single out-of-
plane DOF. Therefore, for an n-dimensional displacement
vector X in the FEM model, we obtain the following set of
discrete equations:

MẌ(t) + CẊ(t) + KX(t) + H(X(t)) = F(t), (1)

where Ẍ denotes acceleration, Ẋ velocity, H the non-
linear force vector, and F(t) is the nodal force vector.
Here, the linear damping matrix C accounts for dissipa-
tion. Currently nonlinear damping is not yet included in

the equation of motion, although viscous material damp-
ing might be added via an imaginary term in the material’s
Young modulus. Evidently, in a finely meshed FEM model,
the large number of DOFs n in Eq. (1), in combination
with the wide frequency range, makes it practically impos-
sible to use the FEM for simulating nonlinear dynamic
responses like those in Fig. 1(b). Therefore, we use a
subset L of the n eigenmodes to explain the observed
physics, where L � n. This mathematically means reduc-
ing the number of DOFs to only a few that are capable
of replicating the nonlinear dynamics of the full model.
To do so, we use the modal coordinate transformation
X = �q, expressing the displacement as a superposition of
eigenmode shapes, and only select a subset �n×L of eigen-
vectors, such that q is the L-dimensional modal amplitude
vector. Using this transformation, Eq. (1) can be rewritten
in modal coordinates as

M̃q̈(t) + C̃q̇(t) + K̃q(t) + η(q(t)) = F̃(t), (2)

where M̃ = �TM�, C̃ = �TC�, K̃ = �TK�, η = �TH
and F̃(t) = �TF(t).

From the linear FEM eigenmode simulation, all these
matrices and vectors except η can be determined (steps
I–III in Fig. 2). To obtain this nonlinear matrix we per-
form multiple nonlinear stationary FEM simulations, with
suitably chosen displacements Xc along the stiffness eval-
uation procedure (STEP, see IV in Fig. 2) that we briefly
outline in what follows and along the lines of Ref. [22].

For any nodal displacement vector X = Xc, the reac-
tion forces can be transformed into the modal domain
and used for the extraction of nonlinear internal forces of
the nanodrum. We do this by carefully prescribing nodal
displacement vectors Xc to calculate the corresponding lin-
ear reaction forces FL, since FL = KXc. After finding the
linear reaction forces, we perform a full nonlinear static
analysis in the FEM package, considering that the nan-
odrum is subjected to the same displacement vector Xc,
and obtain the total nodal reaction force FT. By subtract-
ing the linear reaction forces from this full static solution,
FNL = H(Xc) = FT(Xc) − KXc, we then obtain the non-
linear reaction force and map that on the subset of eigen-
modes selected as follows: η = F̃NL = �TFNL (see steps
III and IV in Fig. 2). We finally expand this nonlinear reac-
tion force for every mode of vibration in terms of quadratic
and cubic nonlinear terms as follows:

η(r) =
L∑

j =1

L∑

k=j

α
(r)
jk qj qk +

L∑

j =1

L∑

k=j

L∑

l=k

b(r)
jkl qj qkql, (3)

where r stands for the rth equation of motion also associ-
ated with the rth mode, and j , k, l are the mode numbers.
Furthermore, L is the number of modes being considered in
the ROM. We note that these cubic and quadratic nonlin-
ear terms for single- or two-mode models are commonly
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FIG. 3. The simulated linear and nonlinear dynamic responses of the ROM. (a) Frequency response measurements at linear regime
are used for extracting the pretension and Young’s modulus of the membrane. (b) The simulated nonlinear frequency response of
the graphene nanodrum, where β is the direct drive intensity and γ is the parametric drive intensity. It is possible to capture the
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(NS).

used to simulate nonlinear dynamics of nanomechanical
resonators. However, here we extract them purely from
geometric nonlinearities and can expand that to any num-
ber of modes of vibration, up to the number of DOFs being
considered in the FEM simulations.

The procedure explained above enables us to generate
a set of linearly independent FNL equations by apply-
ing different displacement vectors Xc(φr), r = {1, . . . , L};
these are selected such that they are superpositions of
eigenvectors φr where each combination provides unique
information about a nonlinear term through simulations
(e.g., Xc = ±φj qj ± φkqk ± φlql). In order to obtain infor-
mation about the nonlinear reaction forces, the modal
amplitudes in the displacement vector Xc should be chosen
such that the nanodevice reaches the geometric nonlinear
regime.

To clarify the procedure outlined above, we demonstrate
how the nonlinear coefficients of the ROM can be derived
for two hypothetical generalized coordinates, q1 and q2.
We start by determining the uncoupled nonlinear coeffi-
cients of the system. For the first generalized coordinate
q1, we construct displacement vectors Xc from φ1, such
that only nonlinear terms associated with q1 are activated:

X1 = +φ1q1, (4)

X2 = −φ1q1. (5)

This results in two equations with two unknowns:

F̃(1)
NL(X1) = α

(1)

11 q2
1 + b(1)

111q3
1, (6)

F̃(1)
NL(X2) = α

(1)

11 q2
1 − b(1)

111q3
1, (7)

which can be solved to obtain α
(1)

11 and b(1)

111, which are
namely the quadratic and cubic uncoupled nonlinear terms
for the modal coordinate q1. Similarly, by prescribing
the system to move on its second eigenmode φ2 we can
obtain α

(2)

22 and b(2)

222. Next, in order to determine the cou-
pled terms, we use the superposition of the eigenmodes as
follows:

X3 = +φ1q1 + φ2q2,

X4 = −φ1q1 − φ2q2,

X5 = +φ1q1 − φ2q2,

(8)

which results in the following set of three equations with
a12, b112, b211 as unknowns:

F̃(1)
NL(X3) = α

(1)

11 q2
1 + b(1)

111q3
1 + α

(1)

12 q1q2 + α
(1)

22 q2
2

+ b(1)

112q2
1q2 + b(1)

122q1q2
2 + b(1)

222q3
2,

F̃(1)
NL(X4) = α

(1)

11 q2
1 − b(1)

111q3
1 + α

(1)

12 q1q2 + α
(1)

22 q2
2

− b(1)

112q2
1q2 − b(1)

122q1q2
2 − b(1)

222q3
2,

F̃(1)
NL(X5) = α

(1)

11 q2
1 + b(1)

111q3
1 − α

(1)

12 q1q2 + α
(1)

22 q2
2

− b(1)

112q2
1q2 + b(1)

122q1q2
2 − b(1)

222q3
2. (9)

Since all of the uncoupled parameters (α(r)
jk and b(r)

jkl where
j = k = l) are already known thanks to the previous step,
the coupling terms between two modes (α(r)

jkl and b(r)
jkl where

j = k �= l, etc.) can be found by solving these three linearly
independent equations [Eq. (9)]. In the case of coupling
between three modes of vibration, the third mode’s eigen-
vector will also be included in the prescribed displacement,
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TABLE I. Comparison of the nonlinear coupling coefficients
for the first two axisymmetric modes of the graphene nanodrum
obtained by an analytical method and the ROM approach. Coef-
ficients are normalized by c = Eh/r2 where E is the Young
modulus, h is the thickness and r is the radius of the membrane.
We note that the quadratic coupling terms are all zero for a flat
symmetric membrane.

Analytic STEP

Mode 1 Mode 2 Mode 1 Mode 2

b111 2.84 −0.57 2.84 −0.57
b222 −3.32 22.76 −3.29 22.9
b112 −1.73 9.25 −1.71 9.27
b122 9.25 −9.96 9.27 −9.85

Xc = φj qj + φkqk + φlql, and a similar procedure will be
followed to obtain b(r)

jkl , where j �= k �= l. We note that
this procedure can be generalized and easily applied to a
system with L modes.

The number of eigenmodes to consider depends on the
complexity of the problem and the dynamic range of inter-
est. In our study, and in order to replicate the nonlinear
dynamics observed in Fig. 1(b), we used 11 out-of-plane
modes in a frequency range that spans 20 MHz to 90 MHz.
For convenience, we compare in Table I the coupling terms
for the first two axisymmetric modes of an ideal (with uni-
form tension) nanodrum, obtained analytically [26] (see
Sec. I in Supplemental Material [27]) [13] with the finite-
element-based ROM approach explained here. We also
provide the quadratic and cubic nonlinear terms of the
experimentally tested graphene nanodrum for seven modes
of vibration in Table 4 in Sec. II of Supplemental Material
[27]. As additional examples, we also provide the non-
linear ROM parameters extracted from this protocol for
various other nanomechanical systems such as nanome-
chanical strings and rectangular membrane resonators in
Sec. II of Supplemental Material [27].

It is important to mention that the ROM approach
sketched here can also account for the influence of in-plane
modes of vibration on the nonlinear terms associated with
out-of-plane DOFs. This is of great importance for prob-
ing nonlinear stiffness terms with accuracy since it has
been shown that neglecting the influence of in-plane modes
could result in overestimation of the stiffness [16,28]. In
the analytical setting, the effects of in-plane modes could
be condensed into the out-of-plane modes by assuming
zero in-plane inertia since they have frequencies that are
orders of magnitude higher, and thus, from the frame
of reference of out-of-plane modes, act almost instanta-
neously. In this way they can be treated statically and their
effects can be condensed into the out-of-plane modes, with-
out having to calculate their inertial effects [29]. Instead of
including the in-plane modes, the FEM method described
here can automatically include their effect more efficiently

by leaving the in-plane displacements free (instead of
fixed) while applying the out-of-plane membrane displace-
ment Xc. As such, in-plane effects are automatically con-
densed into the nonlinear parameters out-of-plane modes.
After the construction of η and the nonlinear ROM, we
incorporate the coupled nonlinear differential equations in
a numerical continuation package (AUTO) [30] and obtain
the steady-state response for different drive frequencies
and drive levels, that is, the frequency response (step V
in Fig. 2). We utilize the numerical continuation software
also to detect bifurcations in the system, which are cru-
cial for understanding the complex nonlinear dynamics of
nanoresonators.

C. Simulations of the nonlinear reduced-order-model

We simulate the ROM for different direct and para-
metric drive levels, F̃ (r)(t) = F (r)

dir + F (r)
par, where F (r)

dir =
J (r)β cos (ωdt) and F (r)

par = J (r)qrγ cos (ωdt), with γ denot-
ing the parametric drive intensity, β the direct drive inten-
sity, and J the force mapping vector. We shall note that
in order to obtain the modal forces J (r), we use the Duff-
ing shift in the frequency of the saddle-node bifurcation
of the high-amplitude-solution branches and fit the simu-
lations to the experiments, per drive level. For simplicity,
in our simulations we use the Q factor of the fundamental
mode (Q = 180) for all the modes.

Figure 3(b) shows the simulated frequency response of
the nonlinear ROM for various drive levels. Simulations
are in good qualitative agreement with the experimental
frequency responses in both linear and nonlinear regimes.
Although it was attempted to obtain quantitative agreement
in the nonlinear regime, this was not fully achieved, possi-
bly due to small imperfections in the membrane that devi-
ate its behavior from the finite-element model. Similarly
to experiments, it is possible to observe period-doubling
bifurcations of modes f0,1 and f1,1 around ωd = 2f0,1 and
ωd = 2f1,1 caused by the parametric drive. When the first
parametric resonance reaches the vicinity of the second
asymmetric mode f2,1, it suffers a reduction in the sim-
ulated responsivity in Fig. 3(b) which is consistent with
the experimental observation in Fig. 1(b). We also see the
frequency locking at the internal resonance. With further
increase in the drive level, similarly to the experiments,
we observe that the frequency-locking “barrier” is broken,
and the frequency of parametric resonance peak surges to
3.5 times the frequency of the fundamental mode f0,1. After
the surge, we also note the presence of the Neimark-Sacker
bifurcation near the internal resonance at ωd/ω0 = 2.538,
which indicates the emergence of aperiodic oscillations
[13,31].

The experiments and simulations depicted in Figs. 1(b)
and 3 demonstrate that, rather than being governed by
just two DOFs, the complex motion of the graphene nan-
odrum around 2.5f0,1 is a combination of interactions
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FIG. 4. Simulated overall nonlinear dynamic response of the graphene membrane at principal parametric resonance of f0,1. Since
modes 5, 8, 12, and 14 are asymmetric modes that are degenerate, they are represented by their degenerate counterparts, modes 4,
7, 11, and 13, respectively. (a) Simulated shape of the membrane at maximum amplitude level during its parametric resonance at
specific drive frequencies, displayed on the experimental parametric resonance curve. Solid lines indicate stable solutions, whereas
dashed lines indicate unstable ones. (b) Full simulated frequency response at the principal parametric resonance of mode f0,1, showing
activation of many other modes in the system during the strong parametric resonance, especially around the internal resonance region
ωd/ω0 = 2.538. (c) Shape of the membrane during a period of oscillation at internal resonance (ωd/ω0 = 2.538), displaying multiple
mode shapes within a single period of oscillation with different frequencies. T0 is a single period of mode f0,1. The amplitude of the
response is amplified for visual convenience.

between multiple modes of vibration. We examine the
contribution of numerous vibrational modes in the vicin-
ity of the first parametric resonance in order to trace the
energy redistribution among various interacting modes.
Figure 4(a) shows strong activation of multiple modes at
the internal resonance point, where axisymmetric modes
f0,2 and f0,3 (modes 6 and 15) with asymmetric mode f2,1
(mode 4) are most notably excited. Time responses of the
modes during one period of f0,1 oscillation at ωd/ω0 =
2.538 are also shown for convenience (see Sec. III in Sup-
plemental Material [27]). A more visual representation of
the time signals can be obtained by using the modal ampli-
tudes q from AUTO to superpose the FEM mode shapes
φ, thereby reconstructing the total mechanical response
and the deflection shape X of the graphene nanodrum dur-
ing internal resonance [see Figs. 4(b) and 4(c)]. If we
analyze the nanodrum shape at its maximum amplitude
level during an oscillation, we can see that the effective
deflection shape is unique near the internal resonance point
[Fig. 4(b)]. Dissecting the total motion of the membrane by
taking snapshots at different times during a single period

of the fundamental mode f0,1 [Fig. 4(c)] further reveals the
strong influence of the multimodal interaction. It is possi-
ble to clearly observe the emergence of other mode shapes
during a single oscillation of f0,1 parametric resonance.
These simulations clearly showcase the energy pathways
that lead to the aforementioned nonlinear dissipation phe-
nomenon, not only at the clearly visible internal resonance,
but also at responses that look regular, like the direct res-
onance of f0,1. When the global frequency response per
mode is analyzed, it is also possible to see the autopara-
metric activation of multiple modes around f0,1 where most
of the energy ends up in f0,3 (see Sec. III in Supplemental
Material [27]).

We note that the favored energy pathways for each
system will be distinct due to variations in pretension,
geometry, and material properties. These physical parame-
ters dictate the system’s capacity to “internally resonate”,
due to their effects on the nonlinear terms and reso-
nance frequencies. In the literature, it is common to model
nonlinear systems by disregarding the effects of multi-
modal interactions, especially if there are no other visible
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modes contributing to the measurement data. Most of the
time, as discussed before, this results in using empirical
fit parameters to explain the observations. In this case, the
assumption is that all the interactions effectively renor-
malize the terms in the single-mode equation (generally
being Duffing or Duffing-van der Pol). The downfall of
this assumption is that, in reality, the effects of mul-
timodal interactions are amplitude and drive frequency
dependent [9], whereas renormalization through empiri-
cal fit parameters assumes constant effects. This means
that such simplistic models, at best, will agree with the
experiments only for a snapshot of frequency response
and cannot explain the overall dynamics at higher drive
levels and for wide frequency ranges. Utilizing a method
that fully relies on physical parameters and includes as
many modes as needed automatically resolves this prob-
lem, while clearly displaying the enigmatic nature of these
intermodal interactions and energy dissipation pathways.

III. CONCLUSIONS

In summary, we utilized a nonlinear ROM technique to
characterize the multimodal interactions of nanomechan-
ical resonators. We used FEM simulations as the basis
to develop our physics-based model, which relies purely
on measurable quantities from experiments. We calculated
the linear and nonlinear internal forces using FEM sim-
ulations to extract quadratic and cubic nonlinear terms
for constructing the full nonlinear ROM. By simulating
the response curves with the model and comparing the
results to nonlinear dynamic measurements of a graphene
nanodrum resonator, we showed that the model can repli-
cate complex nonlinear intermodal interactions. Moreover,
by tracking simultaneous activation of modal amplitudes,
we have identified intermodal energy transfer pathways
mediated by nonlinear couplings between multiple modes
of vibration. Our study provides an efficient and accu-
rate protocol for modeling complex nonlinear dynamics
of nanomechanical resonators in a global manner, based
purely on material and geometrical parameters. As a result,
we anticipate that this protocol will not only aid in explain-
ing the multimode nonlinear dynamics of nanoresonators
but also serve as a framework for design optimization of
nanoresonators for application purposes [32,33]. Further-
more, our methodology can be directly used to reveal the
origins of parasitic effects caused by undesirable nonlin-
ear intermodal interactions [34] and dissipative forces [8,9]
that can harm device performance while helping to harness
the potent phenomena that nonlinear dynamics can offer
[10–14].
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