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Abstract: We quantify the precision and bias of dynamic light scattering optical coherence
tomography (DLS-OCT) measurements of the diffusion coefficient and flow speed for first and
second-order normalized autocovariance functions. For both diffusion and flow, the measurement
precision and accuracy are severely limited by correlations between the errors in the normalized
autocovariance function. We demonstrate a method of mixing statistically independent normalized
autocovariance functions at every time delay for removing these correlations. The mixing method
reduces the uncertainty in the obtained parameters by a factor of two but has no effect on the
standard error of the mean. We find that the precision in DLS-OCT is identical for different
averaging techniques but that the lowest bias is obtained by averaging the measured correlation
functions before fitting the model parameters. With our correlation mixing method, it is possible
to quantify the precision in DLS-OCT and verify whether the Cramer-Rao bound is reached.

Published by Optica Publishing Group under the terms of the Creative Commons Attribution 4.0 License.
Further distribution of this work must maintain attribution to the author(s) and the published article’s title,
journal citation, and DOI.

1. Introduction

Dynamic light scattering optical coherence tomography (DLS-OCT) relies on the measurement
of fluctuations of scattered light and coherence gating to obtain simultaneous depth-resolved
information about diffusive and translational motion of particles. Initially, DLS-OCT was used
for measuring diffusion coefficients [1] and flow speeds of particle suspensions [2-5]. Later,
several improvements have been suggested for increasing the DLS-OCT flow velocity dynamic
range [6,7].

DLS-OCT has the advantage over phase-resolved Doppler OCT that a flow can be measured for
zero Doppler angle. It can also be used for particle sizing where the particle size is determined
from the estimated diffusion coefficient using the Stokes-Einstein relation. The combined flow
and diffusion estimation is particularly interesting for in-line particle sizing during process
control [8]. Sensitivity and precision of phase-resolved Doppler OCT has been widely studied
and reported in literature [9-12]. However, there is very little information available about the
precision and bias of DLS-OCT diffusion and flow measurements. These are crucial for reliable
measurements, especially in medical and pharmaceutical applications. Effects of noise and bias
in OCT on the measured autocorrelation function have been reported [13], but their influence on
the underlying parameters remains unclear.

In this work we perform simulations, measurements, and a theoretical analysis to quantify
the precision and bias of diffusion and flow measurements using DLS-OCT. In our analysis,
we consider both the first and second-order normalized autocovariance functions, g;(z, 7) and
g2(z, 1), diffusive particle motion, and, for both dilute and non-dilute suspensions, translational
particle motion. We derive analytical expressions for the highest attainable precision using the
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Cramer-Rao bound and compare them with the obtained results. We also assess the bias for
different averaging techniques.

2. Theory

The geometry for OCT diffusion and flow measurements is described in [6,7]. The propagation
of the optical beam is described by a Gaussian beam along the z-direction. We assume that the
scattering process is stationary.

2.1. Correlation functions for particle diffusion

For a non-flowing particle suspension, the normalized depth-dependent autocovariance of the
OCT complex-valued signal in a backscattering geometry, including the effect of SNR, is given
by [3,4,13-15]

— (E(z, )E*(z,t + 7)), ~ e_quT

s = = =A _DqZT, 1
21(z,7) ey - SNllz(z) 1) e (D

where E(z, 1) is the depth and time-dependent complex-valued OCT signal, I(z, t) is the OCT
signal intensity, 7 is the autocovariance time lag, A|(z) is the autocovariance amplitude containing
the effect of a diminishing signal-to-noise with depth [13], SNR(z) is the depth-dependent experi-
mental signal-to-noise ratio [7,13], D is the particle diffusion coefficient given by Stokes—Einstein
equation, and g = 2nk is the scattering wavenumber for the OCT backscattering probe con-
figuration with the incident light wavenumber in vacuum ko and the medium refractive index
n. Equation (1) for gi(z, 1) is also known as the first-order autocorrelation function where
(E(z,1)); = (E*(z,1)); = 0. The signal-to-noise correction describes the non-zero time lag
autocorrelation. At T = 0, the normalized correlation coefficient is unity.

The autocorrelation function of the mean-subtracted OCT signal intensity, also known as
the Pearson correlation or autocovariance, decays twice as fast than g;(z, 7) [1,15] and can be
expressed with the normalized second-order autocovariance using the Siegert relation [16,17]
(U(z. 1) = Iz 0)) Uz, 1+ 7) = (2 D)), g’
(I(z,0)?

€

~ g1z 7)) =
i
(1+ SNR(z))

01) = 5 = Ag(2)eP7T, (2)

where A,(z) is a depth-dependent amplitude factor for the intensity autocorrelation function. For
a mean-subtracted intensity autocovariance, the Siegert relation states that g»(z, 7) is the square
of \gl(z, T)|. In Eq. (2) we have assumed that the average number of particles in the scattering
volume, Ny, is sufficiently large (Ny > 1) [16—19]. This ensures that the particle probability
distribution in the scattering volume and the scattered light fluctuations follow Gaussian statistics.
For a non-flowing particle suspension this requirement is almost always satisfied whenever the
backscattered OCT signal intensity from every voxel is high [7].

2.2. Correlation functions for particle flow

For diffusing and flowing particle suspensions the first-order normalized autocovariance function

magnitude is
_ V)sin2 g2 _ v2(2) cos? 6 72

81@T) = AR e Te > e b, 3)

where v(z) is the depth-dependent total flow speed, 6 is the Doppler angle, w, is the coherence
function waist, wy is the Gaussian beam waist in focus, and A (z) is the same SNR correction
factor as given in Eq. (1). We take the absolute value to get rid of the phase component in g1(z, 7)
originating from the particle translational motion along the optical axis [2—4].
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For flow measurements we focus on the second-order normalized autocovariance function,
g2(z, 7), that does not depend on the phase, is easier to implement, and can also be implemented
in phase-unstable OCT systems. Here, we differentiate between very dilute and non-dilute sample
regimes. For the flowing non-dilute particle suspensions, where the number of particles in the
scattering volume, Nj, is much greater than one, g»(z, 7) is again obtained using the Siegert
relation [3,4,6,14,15]

- T 2
2@~ 5@ =A@ e e T, “

where A;(z) is the same SNR correction factor as given in Eq. (2). Here, we have neglected the
effect of a gradient of the axial velocity on the autocovariance function [20]. In the non-dilute
regime the scattering process is strictly Gaussian [7].

In dilute suspensions, the expected number of particles in the scattering volume can be
significantly lower than 1. Therefore, for stationary particles certain depth voxels would give
zero signal. However, due to the translational particle motion, the scattering signal is obtained
from every voxel during the acquisition time. When the number of particles in the scattering
volume is very low, the scattering process becomes non-Gaussian, and the Siegert relationship
does not apply anymore [18,21,22]. In the dilute case with N < 1, the second-order normalized
autocovariance is [7,13,19]

3/2 _Asin?e7? 22 () cos? 072 _2@sin? 072 22(z)cos? 972
9(2,7) = A3(@)27N(2) T ™
’ 23/2Ny(z) + 1 23/2N,(z) '
)
in which g;(z, 7) can be incorporated as follows
_AE2PPNG [laie 1 e aluedes
8(2.7) = 375 5 t Sy e e o | (6)
PN+ 1| Aj(z)  2%2Ny(2)
Here, A3(z) is given by
k(z) -1
A3(2) = © )

5
K(Z)—2+(l+m)

where w(z) is the radius of the local beam waist, N,(z) is the average depth-dependent number
of particles in the scattering volume [7,19], and «(z) is the kurtosis of the noise-subtracted
complex field distribution. The kurtosis can also be expressed as a ratio of the average squared
noise-subtracted intensity to the squared mean noise-subtracted intensity. It can be obtained
using the measured OCT signal intensity /(z, f) and the signal-to-noise ratio,

~ 1\ (P D)
K(Z)‘“(HSNR@) (<1<z,r)>? _2)’ ®)

which simplifies to k(z) = 2 for the Gaussian scattering process with Ax(z) = As(z) =

-2
(1 + m) . The kurtosis can be depth-dependent for the non-Gaussian process due to

different signal intensities and particle flow speeds at different depths. In our previous study
[7] we assumed «(z) = 2, even though the scattering process was non-Gaussian. This made our
analysis simpler considering that x(z) minimally affects A3(z) when the signal-to-noise ratio is
sufficient. Here Eqgs. (5)—(8) use no assumptions on the scattering process, «(z), and do not
impose any restrictions on the number of particles.
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2.3. Precision of diffusion and flow estimation

Precision is defined as the spread of the measurement around the mean and can be quantified
by the square root of the measurement variance. For DLS-OCT the precision is governed by
random errors, i.e., unpredictable changes in the measured intensity. Since the particle diffusion
coefficient and the flow speed are determined by fitting the models from Sec. 2.1 and Sec. 2.2
to the measured g;(z, 7) and g»(z, ), the precision of the fit parameters is determined by the
random errors of the normalized autocovariance function at different time delays. The maximum
obtainable precision in the fit parameters is determined by the Cramer-Rao lower bound (CRLB).
It is computed by inverting the Fisher information matrix [23]. For calculating the Cramer-Rao
lower bound the probability distribution functions of g;(z, 7) and g»(z, 7) must be known. The
correlation coefficients from a long time series data are approximately normally distributed
[24-26]. Typical diffusion or flow measurements contain at least thousands of temporal sampling
points, which is more than enough to assume that g;(z, 7) and g»(z, ) are normally distributed
at every time delay. In general, errors (residuals) at different time delays can be correlated.
Calculating the CRLB becomes challenging because we don’t know the error correlations and
their impact on the model bias. To address this, we assume uncorrelated residuals. In this case,
for M observations g(z, 71), g(z, 72), . . . g(z, Tr) with N model (fit) parameters py, pa, . . . pn, the
Fisher matrix F is an N X N symmetric matrix given by

M

_ Z 1 0g(z, tm) 08(z, Tm)
1 UZ(Z» Tim) opi (9171‘

(€))

m=

where 1, is the discretized 7 for index m. The observations depend on the model parameters
and have a variance 0'2(1, 7). In our analysis the observations are g(z, 7,,;,) or g2(z, T,,) and the
summation is performed over all considered time delays.

The covariance matrix of the model parameters is obtained by inverting the Fisher information
matrix. Consequently, the variances of our model parameters, 0'21_, are represented by the diagonal

entries of the covariance matrix. This relationship is described by the equation
(10)

2.3.1. Precision of estimating the diffusion coefficient

For a non-flowing particle suspension the diffusion coefficient is determined by fitting Eq. (1) to
the real part of g1(z, 7,n), with A1(z) and D being the fit (model) parameters. The lowest attainable
variance CRLB in the fitted diffusion coefficient, assuming uncorrelated noise in the Fisher
information matrix, is given by

M —2Dq Tm
Y

i e )

2
CRLB, Dy, 2
R(s1) 202Dt M —-2Dg? -2Dg* Ty,

i Al e i A1) Tme
2 2

: _
i Tx @) T Ry @T) T T, (@)

D

where o T,,) represents the variance of the real part of g(z, 7,,,), which is half of the

z
R( )( b
variance of the complex g1(z, 7;,,). It can be obtained with simulations or measurements and can
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also be derived analytically using

| ( U@ @t + 7)), (EGOE (z1+ rm»?) y

Iz 1))} Iz 1)}

2 -
Tor(g1) (@ Tm) = 2

variance in the real part of g1 (z,7,,)

1 2
= (1-R (@1 7)) (1 +2 ) Re (z,rm)>2) = (12
T>0
unexplained variance
long-lag correction
1

S (1422 %@ @r?) (1-% (@ T’”))z)z’

where M is the total number of temporal sampling points (time series length). The first term
represents the variance in the real part of the field autocorrelation and is equal to one half, the
second term is a correction for the explained variance in the Pearson correlation coefficient
[24-28], and the third term is a long-lag correction for the effect of the correlation magnitude

on the variance [29]. As expected, U;(gl)(z, Tw) = 0 when R(g1(z, 7)) = 1. Even though

g1(z, Ty) is complex in nature, we only consider its real part when fitting the diffusion coefficient.
According to Eq. (1), in non-flowing suspensions, the imaginary part 3(g;(z, 7)) is pure noise
and contains no information about the particle diffusion. Therefore, in phase-stable systems it is
always beneficial to use the real part R(g;(z, 7)) instead of the absolute value |g;(z, T)|.

A similar analysis can be performed with g»(z, 7). In this case we use Eq. (2) for fitting with
model parameters D and A;(z). The Cramer-Rao lower bound on the variance of the diffusion
coefficient, when using the second-order normalized autocovariance function, is

M e—4quTm
2 m=1 0-!32 (Z’ Tm)
TCRLB, Dy, @ = M 4420 472 a—dD8 T M > M 2o 27 (13)
Z 4A5(2)q T, e 00 T e 4Pa Tn ~ Z 2A5(2) g e P Tn
m=1 O-gzz (2, Tm) =1 0-32 (2, Tm) =1 0-;2 (2, Tm)

with 0'52 (z, T) being the variance of g(z, 7,,,) given by

2 2
(1 - e )’ <(I(z, 0= (1)) (1er+7) - (1 n),) >
2\&%s fm t

2 ) _
o2 (2 ) 2 (1),
2
<(I(Z, /) <I(Z, t))t) (I(Z, t+ Ty — <I(Z, t)>,)> (14)
L{(1+2 @tm)’) =
T (1+2 3} ssemt)

2 2

1 +48(, ij4+ 382(z, Tm) (1 v Z 26 Tm)) (1 e Tm)z)
T >0

Here the higher order (3" and 4") intensity autocorrelation functions were calculated using

theory derived by Lemieux et al. [30]. This analysis is limited to the Gaussian scattering process.

Equation (14) incorporates the Siegert relation and relies on the fact that the diffusive g1(z, 7,,) is

real-valued.
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2.3.2. Precision of velocity estimation

The velocity of a non-dilute flowing particle suspension can be obtained by fitting Eq. (4) at
every depth z to the measured g(z, 7;,). In this case v(z) and A,(z) are the model parameters,
while D, wy, w,, and 6 are assumed to be exactly known a-priori (calibrated). The minimum
achievable variance of the flow speed v is given by

M
D T
m

~212(2)Bt2~4Dg> T,

5 = (Z’ Tin)

TCRLB.v,, @ = 2B e Br2-4Dg’7, M 2 P 2 \2
Z 4A (Z)V (Z)B ~2v2(2)Bt2~4Dg> Ty Z e~ 2V (2)Bt2~4DG T Z 2A2(Z)V(Z)BT2 ~2v2(2)Bt2~4Dq T
m=1 062 ) e ACE) m=1 32 Tm)

(15)
. 2cos2d sin?@
with B = Tt (16)
wy w2

where 0' (2, i) can also be computed analytically similar to Eq. (14) using [30]. However, in
this case phase terms of g;(z, 7,) need to be taken into account.

For a dilute suspension the velocity can be determined by fitting Eq. (5) to the measured
£2(z, ) In this case v(z) and A3(z) are the model parameters, while D, wg, w(z), w,, Ny(z) and 6
are assumed to be known in advance. The minimum achievable variance of the flow speed is
given by

(ﬁgz(z’ Tn) )2
0A3(2)

Y

$ (agz(z,Tm))2i i (ag2<z,rm))2_(”4 i 5g2(Z,Tm)5g2(Z,Tm))2’
1

05 (2 )

2 —
O CRLBgilue. v, @)=

m=1 ngz(Z’TM) 0A3(2) - 0’;2(2, Tm)’ ov(z) - O—EZ(Z’T’") 9A5(2) v(z)
(17)
with
2 2
082(z, Tm) _ 232N,(2) B2 -2Dg T, | © @@ " (18)
0A3(z)  232Ny(z) + 1 23/2N,(z)
9822, w) _ _243(v(0)7, 27N (2) Be—V2(BTA-2Dg* T Ce 00 19
0v(z) 23/2Ny(z) + 1 ¢ 232Ny(z) |’ 1
2cos?6  sin?6
and C(g)= —= 2 M0 (20)

_— + —_—
w(z)? w2’

where o (z, Tn) can no more be calculated using an equation similar to Eq. (14) using [30] due
to a non- Gaussmn scattering process.

For comparison, the minimum achievable variance of the flow speed when using |g 1(z, Tm)|
from Eq. (3) is independent of the particle concentration and given by

M e~ (B -2Dg Ty

2
et Ty &™)

(2) =

2
TCRLB,v|,, |

2
f A%(z)vz(z)Bz T4 V@B 2D T M 2 (Br}-2DgT,, i A1(Q)v(2)Bre ™ @OBT-2DC T

2 2
s o (@ ) o Tl (& Tm) = g (& Tm)

@1

2.4. Bias of diffusion and flow estimation

Bias in DLS-OCT is determined by systematic errors in the correlation function and is a measure
of the accuracy of the method. The bias is not random but leads to a consistent over or under
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estimation of the fit parameter. The systematic errors arise when the model parameters in
DLS-OCT are determined by fitting the models from Sec. 2 to the measured g(z, 7,,) and
g2(z, 7). These error sources are:

» Estimation bias in g,(z, 7,,) due to subtraction of the sample mean instead of the true
mean from the OCT signal intensity. This introduces an almost constant offset to the
normalized autocovariance function given by [31]

gzbiascd (Z’ Tm) = gzlrue (Z’ Tm) - (HM,m + (HM,O - HM,m)) ’ Wlth (22)

M-m
1 M M

Oym = ————— s TJi=j| )s 23
m, M(M—Zm)z D @7 (23)

i=1 j=m+1

—m

where g2,,....(z, Tm) and g2, . (z, T,,,) are biased and unbiased correlation coefficients, respec-
tively. Calculation of the bias requires a-priori knowledge of a true correlation coefficient,
which is not possible in practice. The estimation bias term in Eq. (22) is independent
of the correlation coefficient and depends only on the correlation decay rate, SNR, and
M. Tt can be reduced by increasing the intensity time series length with respect to the
characteristic decay time of g»(z, 7). As reported in literature [13], the estimation bias
(also referred to as the statistical bias) also affects the amplitude and decay rate of g>(z, 7,)
and even contains a random component which is not included in Eq. (22). This randomness
can be reduced by averaging multiple g»(z, 7;,,). Theoretically both g;(z, 7,,,) and g2(z, 7)
suffer from the additional estimation bias when subtracting a DC term from the OCT
interference spectra before inverse Fourier transformation, if the DC term is estimated
from the interference time series itself. In our analysis this effect is neglected.

Sampling distribution bias in g;(z, 7,;) and g>(z, 7,) is caused by the slight skewness
of the correlation coefficient distribution [28] leading to a bias of the sample mean with
respect to the true value. This bias depends on the correlation coefficient and decreases with
increasing time series length as the distribution better approaches a normal distribution. A
simple correction factor for this bias is given by [25,26,28]

1- gtzrue(zs Tm)

2M ’ 4

8biased (2 Tm) = Girue(Z, Tw) |1 —
which is negligible for long acquisitions. For example, the sampling distribution bias
for our diffusion measurements in Sec. 5.1 is of the order of 0.01% of the correlation
coefficient and can be disregarded without any corrections.

 Curve fitting bias in g;(z, 7,,) and g»(z, 7,,) is caused by the use of incorrect fit models.
For example, the exponential fit curves from Sec. 2 cannot be negative at any time delay,
whereas measured g;(z, 7,,,) and g»(z, 7,,,) can be, due to their probability distributions. So,
fits to g1(z, 7,) and g»(z, 7,,) with asymmetric noise will be slightly biased, which can
happen if random errors are correlated along 7,,. This bias can be lowered by increasing
the time series length and reducing the variance of g|(z, 7;,) and g»(z, 7). Additional
fit bias arises if a wrong model is used in the analysis, i.e., a non-dilute model for very
dilute suspensions, static fit models for flowing samples, etc. Furthermore, the models
are based on assumptions that may be invalid. For example, we assume that the mean
scattering wavenumber ¢ is exactly known and that the scattering process is stationary.
The polydispersity in particle size and refractive index can also add to the bias. Estimation
bias also adds to the fit bias since it introduces a constant offset that cannot be incorporated
in the models.
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The bias for a sufficiently large M is predominantly represented by estimation and curve fitting
errors. Since it affects the normalized autocovariance functions and not directly the model
parameters, its influence on the fitted diffusion coefficient and the flow speed cannot be evaluated
analytically. Predicting the bias is also impossible experimentally due to a lack of a-priori
knowledge and is only feasible using simulations. In addition, systematic errors make our
estimators from Sec. 2 biased which affect the random errors and prevents us from reaching the
maximum precision of our model parameters.

3. OCT signal simulations for flow and diffusion

In simulations we generate a complex OCT signal scattered from an ensemble of particles with
random (diffusion) and directional (flow) motion. The signal intensity and the normalized
autocovariance functions are subsequently calculated. This is repeated Nj times which allows us
to compute the autocorrelation variances at every time delay.

3.1.  Simulation of diffusion

Noiseless time-dependent complex field scattered from N, diffusing particles is simulated using

Np

Eq(t) = ) om0, (25)

J=1

where z;(t) is the 7" particle axial position at time 7 due to the Brownian motion generated using
normally distributed steps with o = V2DAt. The initial particle positions z;(0) are uniformly
distributed in space. In Eq. (25) we have neglected the effect of the PSF on the scattered field
fluctuations [3], considered motion solely in the depth direction, and assumed that all particles
have an identical scattering cross section. The effects of Brownian motion in the lateral direction
can be disregarded since they occur on a timescale much longer than that assessed with DLS-OCT.
Inclusion of the noise in the scattered field then leads to [32,33]

(IEo(O)
SNR(z) ’

E(z,1) = Eo(1) + ¥ (26)

where ¢(t) is a time-dependent random phase angle uniformly distributed between 0 to 277. Note
that this is only a good approximation when SNR > 1 because we assume that field magnitude
fluctuations are negligible and the noise originates purely from the random phase angle.

3.2. Simulation of flow

The scattered field from suspensions flowing perpendicular to the beam optical axis is simulated
by replacing Ey(¢) in Eq. (26) with

Np =205 +v(@N% kg (RN
Ey(z,1) = Z e 2honse 20 e RO | (27)
J=1

where v(z) is the depth-dependent transverse bulk velocity, w(z) is the local beam waist, R(z)
the radius of curvature of the Gaussian beam, and x; is the uniformly distributed initial random
transverse position of ;" particle. The additional factor 2 in the radial PSF function is due to
coupling efficiency of the scattered light in a confocal setup [2,3,34].

As we solely model the transverse flow, leading to identical decorrelation regardless of its
direction within the transverse plane, we consider only one lateral dimension, denoted as x. This
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allows us to reduce the computational complexity and the number of required particles to be
modeled. The particles are simulated with random, uniformly distributed x-positions between
—L(z) and +L(z) given by
Ny\m wo
L(Z) = L7
4N,(z)

where N;(z) is the number of particles in the scattering volume and N, is the total number of
simulated particles. Equation (28) guarantees that the number of particles in the scattering
volume is always N;(z) and does not depend on N,,. The scattering volume (length) for 1D flow
simulations is an integral of the intensity PSF over all space [7,19] and equals to y/wwo/2. Since
we confine our modeling to the x-dimension spanning from —L(z) to +L(z), as the particles move
with the bulk velocity v(z) and exit the simulated space, they are reintroduced based on the
periodic boundary conditions.

Simulations using Eq. (27) are valid for arbitrary particle concentrations. For non-dilute
particle suspensions with N >> 1, the normalized flow autocovariance functions from Sec. 2.2
depend only on the beam waist in focus and are independent of w(z) and R(z). In this case Eq. (27)
simplifies into

(28)

N, —z(x/-w(z)t)z
_2i ; )
EO(Z, t) — Z e 21konz,(z)e 0 , (29)
j=1

with wg being the beam waist in focus. Therefore, the simulations of non-dilute flowing
suspensions do not require a-priori knowledge of any other beam shape parameter except wy.
Even though the models in this section are given for the transverse flow, they can be readily
extended to incorporate the flow component along the beam optical axis.

4. Materials and methods

4.1. OCT system

The experiments were performed using a Thorlabs GANYMEDE II HR series spectral domain
OCT system, which has been described in detail in our previous works [6,7]. The acquisition
rate was 5.5 kHz for diffusion and dilute flow measurements (low-speed), and 36 kHz for
non-dilute flow measurements (high-speed). The acquired signal spectrum was measured with a
spectrometer with 2048 pixels. The maximum imaging depth in air is 1.87 um. After acquisition,
the measured spectrum was first resampled to a linearly-sampled wavenumber domain and then
apodized using a Gaussian filter. After the apodization, the measured coherence function waist
in sample was w, = 2.11 um. We have neglected the effect of a gradient of the axial velocity
on the autocovariance function for two reasons [20]. First, the Doppler angle in this work is
essentially zero (6 ~ 0). Second, our optical resolution is high both in axial and transverse
directions compared to the flow channel dimensions. Hence, the flow velocity within PSF can be
assumed to be constant.

The OCT system is operated with a scan lens (LSM04-BB, Thorlabs) in a confocal setup with a
manufacturer provided focal spot size of wg = 6 um in air which was validated by axial confocal
response measurements [6,7]. The system has NA = 0.05. Depending on the angle of incidence,
refractive index contrast and Gaussian beam parameters, wg and w(z) vary somewhat because of
the passage of the beam through the various interfaces [35]. Therefore, for flow measurements
w(z) and wy were calibrated using the procedures described in [6,7]. Since for the given OCT
setup the coherence length is small and the NA is very low, it can be assumed that the scattering
angle is 180° and the scattering wavenumber ¢ in the correlation analysis is constant at g = 2nky.
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4.2. Averaging strategies

We acquire N, separate OCT interference time traces, S(ko, #,,), each having a length of M, to
compute N, normalized autocovariance functions. Measurements conducted under identical
conditions can be averaged. The processing and averaging steps of DLS-OCT are illustrated in
Fig. 1. Non-linear curve fitting is utilized, truncating the autocorrelation functions when they
reach zero and are fully decorrelated. From N, measurements, three distinct approaches are used
to derive the average model parameters:

* This first approach (method 1), represented by the orange arrow, involves fitting our models
to each g1(z, 7,) and g(z, 7,,) and subsequently averaging the resulting N, parameters. We
denote this method as D and ¥ for diffusion and flow measurements, respectively, and it is
also referred to as the standard method by us.

* The second approach (method 2), indicated by the red arrow, is to average N, normalized
autocovariance functions and perform the curve fitting procedure on the averaged data.
This approach is denoted as Dz and v for diffusion and flow measurements, respectively.

* The third approach (method 3), denoted by the blue arrow, is a mixing method developed
by us. It begins by creating an N, X M matrix containing N, statistically independent
autocorrelation functions along each row. Subsequently, the j column is circularly shifted
by an integer number j — 1, with the shifting being performed in the same direction for
every column. This process generates a resultant 2D matrix where each row represents a
mixed autocorrelation function containing only one correlation coefficient from any single
time trace. Finally, our models are fitted to the N, mixed autocorrelation functions, and
the obtained parameters are averaged. This method is denoted as mixed D and mixed v for
diffusion and flow measurements, respectively. The mixing method is illustrated in Fig. 2
using simple autocorrelation functions with N, = M = 3. The superscript indicates the
statistically independent measurements.

For a single time trace measurement the precision is given by the standard deviation (op and o),
but when averaging multiple measurements the precision is given by the standard error of the
mean (T average p ANd Oaverage v). Averaging N, uncorrelated measurements lowers the variance by
a factor of N,. For positively correlated measurements, the decrease is slower.

When averaging the fitted model parameters, 0'[2, and o2 are reduced upon averaging, whereas
when averaging the autocorrelation functions, 0'51 and 0'52 are scaled at all time delays and
the noise is reduced. As Eq. (11,13,15,17) show, multiplying o7, or o7, by a constant N; ' at
every T, results in the identical scaling of 0'5 and o2. This holds true for both uncorrelated and
correlated random variables. As the averaging sequence does not influence the noise correlation,
for unbiased or even slightly biased estimators identical overall precision is expected for the first

rS ___________ L (o) Method 2
H tandard ! 1%, Tm D-. v

i Sko, tm) [~ E(ztm) [ 91(2,Tm) V| 53z, Tm) 9% T ZavemgeD
! : average v
1 1

: : : — Method 1
! | Np times D, T etho

. I D 7 > Oaverage D
1 ' » U 0D, Oy

' \ Taverage v
' 1

'

‘ Standard i Mixed Ny, times Mixed Method 3
: Repgated I(z,ty) —> g2(2,Tm) ! 91(2,Tm) > mixed ——{ D,T > Caverage D
: Ni, times ' 92 (Z, Tm) D, v 0D, Oy Taverage v

Fig. 1. Data processing steps for obtaining D and v from OCT data with different averaging
techniques.
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Fig. 2. Schematic overview of the calculation of standard and mixed autocorrelation
functions.

and second approaches. In the third approach, if the autocorrelation noise at different time delays
is correlated, we anticipate that the mixing process will eliminate the correlation in the noise.

Bias cannot be improved by averaging. However, one of the sources of the bias is the estimation
bias which, according to Sec. 2.4, exhibits some random nature. Hence, mixing or averaging
the correlation functions can reduce this variability. Therefore, we study the bias for all three
averaging schemes. The bias is generally very small compared to the measurement uncertainty,
and due to a lack of a-priori information it can only be quantified using simulations.

4.3. Diffusion measurements

For diffusion measurements the acquisition rate was 5.5 kHz which is the highest sensitivity
setting of our OCT system. All measurements are performed using monodisperse 50 nm radius
silica particles with a volume fraction f,, = 1%, provided by CWK (Chemiewerk Bad Kostritz
GmbH, Germany). In total 1100 depth-resolved measurements were performed with a time
series length of 4096 points covering 7 = 0.74 s. From this data 1100 correlation functions
g1(z, 1) and go(z, T,,,) were calculated at every depth. For diffusion analysis only the real part of
g1(z, Tn) was used. Since the OCT sensitivity decreases in depth [36], a usable depth-range of
0.92 mm was chosen where the fitted diffusion coefficients were constant and where the single
scattering regime holds. The reference diffusion coefficient was calculated by fitting Eq. (1) to
the mean R (g1 (z, 7,,)) and averaging the resulting diffusion coefficients over the chosen depth
range, resulting in Dy = 4.02 + 0.02 um?/s which corresponded to a mean particle radius of 53
nm. The SNR at every depth was calculated based on Eq. (1) using the fitted A;(z). Simulations
were performed using the same parameters as input. In total 10000 simulations were performed
for each SNR. Simulated variances were used for calculating the Cramer-Rao lower bounds using
Eq. (11) and Eq. (13). Precision as a function of SNR for both diffusion measurements and
simulations was determined by computing the standard deviation and the standard error of the
mean in the fitted diffusion coefficient both when using R (g1(z, 7)) and g2(z, 7n). The bias for
different averaging schemes was assessed using simulations.

4.4. Flow measurements

The flow was generated using a syringe pump with a variable discharge rate (Fusion 100, Chemyx,
Inc.). The flow geometry was aligned so that 8 = 0. This minimized the velocity gradient effect
on the correlation [20] and simplified the beam waist calibration. Other than that, the effect of a
nonzero Doppler angle on DLS-OCT is minimal because of similar optical resolutions in axial
and transverse directions.

4.4.1. Non-dilute flow measurements

For non-dilute flow measurements we used 20 mL syringe (Terumo Europe NV) and OCT
acquisition rate of 36 kHz. Diluted Intralipid solutions were used as a sample with a particle
volume fraction f, = 0.6%. The flow passes through a quartz rectangular flow cell with internal
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dimensions of 0.2 mm depth and 10 mm width (type 45-F, Starna Scientific). M-scan 1D
measurements were performed at the center width of the flow cell as a function of depth with
discharge rates of 1.5 and 2 mL/min. The beam focus was moved away from the center depth of
the sample to increase the number of particles in the scattering volume and reduce the effect of
number fluctuations [18,19]. The particle diffusion coefficient and the beam waist in focus were
calibrated using a g>(z, 7,,) based on lateral scanning over the static sample [6] and were found to
be D = 1.40 +0.09 um?/s and wy = 8.08 +0.31 um, respectively. The flow speed was determined
by fitting Eq. (3,4) to the measured or simulated first and second-order autocovariance functions.
The depth-dependent SNR was calculated from the fitted autocovariance magnitude. In total
1000 measurements and 10000 simulations were performed with a time series length of 4096.
The average depth-dependent flow velocities and SNR values from measurements were used
as the input for simulations. Simulated variances were used for calculating the Cramer-Rao
lower bounds both for |g;(z, 7;,)| and g2(z, 7). The bias for different averaging schemes was also
determined using simulations.

4.4.2. Dilute flow measurements

Dilute flow measurements were performed with the second-order normalized autocovariance
function using the number fluctuations analysis. The OCT acquisition rate was 5.5 kHz and a
5 mL syringe (BD Plastipak) was used. Experiments were performed using a monodisperse
suspension of polystyrene particles with volume fraction f,, ~ 0.006% and expected particle radius
of 230 — 250 nm, provided by InProcess-LSP. The flow passes through a quartz rectangular flow
cell with internal dimensions of 0.5 mm depth and 10 mm width (type 45-F, Starna Scientific).
M-scan 1D measurements were performed at the center width of the flow cell as a function of
depth at discharge rates of 0.15 and 0.225 mL/min. In contrast to our previous work, where only
the number fluctuation term was used [7], here we use the full model from Eq. (5).

The particle diffusion coefficient was determined (calibrated) in the stationary suspension
using R (g1(z, 7)) and Eq. (1). The obtained diffusion coefficient of Dy = 1.00 + 0.03 um?/s
corresponded to an average particle radius of 220 nm. The beam shape calibration procedure
was identical to that in [7], but the analysis was slightly different because of using the full
autocorrelation model. The SNR at every depth was calculated by fitting Eq. (3) to the measured
|g 1(z, Tm)|. The kurtosis was determined using Eq. (8). Then A3(z) was found based on Eq. (7)
using the known SNR and kurtosis. Finally, Eq. (6) was fitted to the measured g»(z, 7,,,) with
N;(z) and w(z) being the fit parameters and using A3(z), SNR, and the measured | g1z, Tm)|. The

obtained beam shape w(z) was fitted using w(z) = wo4/1 + (z — 20)? /Z1ze’ with wy, 79, and z being
the free parameters equaling 6.45 + 0.02 um, 187 + 3 um and 293 + 3 um, respectively. The

11 ) 0.008 b)
) — woy/14 (2 — 20)%/2}
0 Measured 0.007
g9 <
g S
s 8 ™ 0.006
7
%.0 0.1 0.2 0.3 0.4 0.5 0.005 0.2 0.3 0.4
Depth [mm] Depth [mm]

Fig. 3. Obtained (a) beam shape w(z) and (b) particle volume fraction f, as a function of
depth.
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particle volume fraction f,, was computed using w(z), Dy, w, and N,(z) according to [7]. It is
given in Fig. 3(a,b) along with the obtained w(z).

The obtained w,(z) and N,(z) were used in subsequent number fluctuation flow measurements.
In total, 750 measurements were performed each with a time series length of 8192. The flow speed
was determined by fitting Eq. (5) to the measured second-order autocovariance function with
A3(z) and v(z) being the free parameters. Simulations for the dilute regime were not performed
due to the adverse effects of boundary conditions and long computational times. Therefore, the
measured variances were used for calculating the Cramer-Rao bounds. Even though number
fluctuations are only present in g»(z, 7,,), for comparison the CRLB for |g(z, 7;,)| was also
determined.

5. Results
5.1. DLS-OCT diffusion measurement

Depth dependent diffusion measurements were performed on a static particle suspension.
Examples of measured R (g1(z, 7)) and g2(z, 7) for SNR = 100 are shown in Fig. 4(a). Observe
here that the autocorrelation functions do not oscillate around the mean, but, instead, consistently
remain above or below it for some time. From N}, measured normalized autocovariance curves
(signal ACF), the normalized autocovariances of errors (error ACF) in the measured and simulated
R (g1(z, 7)) and g2(z, 7,n) were calculated using

(g (@ 7m) — 8 (2 Tm) (8 (2. T + Te) — 8 (2, T + Te)))r,,,

o2 (2)

Pe(2,7e) = ; (30)

where g(z, 7,,,) is the measured normalized autocovariance function, g(z, 7,,) is its average from
N, measurements, and o2(z) is the variance of g(z, 7,,) — g(z, T,n) along the 7,, axis.
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O
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:
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., 0.50
o
=
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Fig. 4. Example (a) standard and (b) mixed autocorrelation functions (signal ACF) for
SNR = 100. (c,d) Measured (points) and simulated (lines) error ACF, p,(z, 7e).

Figure 4(c,d) illustrates that in standard autocorrelation functions, errors at different time
delays exhibit strong correlation. This means that the magnitude and direction of errors in
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?%(g1(z, Tm)) or g>(z, 7,,) at small 7, significantly affect the errors at larger 7,,, which can be
observed from the fact that any single autocorrelation function is consistently above or below the
mean autocorrelation function. As described in Sec. 4.2, we implement a novel way of reducing
these correlations or even completely eliminating them by mixing different autocorrelation
functions at every 7,,,. The number of independent autocorrelation functions used for mixing is
denoted by Npx. To fully get rid of the correlations Npix must be greater or equal to the number
of sampling points it takes for R (g1(z, 7)) and g2(z, 7x) to go to zero. For g»(z, 7) it takes
fewer realizations to eliminate correlations because it decays twice as fast.

Figure 4(b-d) show that for a single fully mixed R (g1(z, 7x)) and g2(z, ;) with sufficiently
large Npix the errors at different 7, are completely uncorrelated. As a result, the measured mixed
autocorrelation data oscillate approximately around the mean as a function of 7, With standard
(unmixed) measurements, as shown in Fig. 4(a), error ACF is nonzero and every measured
%(gl(z, Tm)) and g;(z, 7,,) deviates from the mean autocorrelation function. Figure 4(c,d) show
that once the autocorrelation functions are sufficiently mixed (e.g. Npix = 32), error ACF
becomes a delta function. At intermediate mixing ratios (Npx = 4) error ACF becomes periodic
as the correlations reappear at later time points.

5.1.1. Precision in diffusion estimation

Next, we look at the diffusion estimation precision from a single autocorrelation measurement.
To estimate the precision, the autocorrelation variance at every time delay needs to be known.
Figure 5(a,b) show measured, simulated, and analytical variances from Eq. (12), (14) for
the diffusive ‘R(gl(z, Tm)) and g»(z, 7,) at different SNR values. All three match relatively
well with each other. The variances are higher for larger SNR values, but, in this case the
correlation coefficients are also larger. Even though the variances of R (g1(z, 7)) and g2(z, i)
are comparable at larger time delays, 0'32 (z, ) is significantly larger at small 7,,,. The different
shape of 0'32 (z, T) and its sharp increase at small 7, is due to the mean subtraction from the
intensity time series.

0.0010

a) R(g1) +  Measured b) ?f » Measured
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SNR = 10 PR = SR =10 e
0.0002 ‘
SNR—17 SNR = 1
0-0000, 1 2 3 4 0 1 2 3 4
Lag time [ms] Lag time [ms]

Fig. 5. Measured, simulated, and analytical variances of diffusion only (a) g1(z, 7;») and (b)
82(2, Tm)-

Figure 6(a,b) show measured and simulated standard deviations in the fitted diffusion coefficient
from a single correlation function, as well as the Cramer-Rao lower bound calculated with
Eq. (11) and (13, where the z-dependence is converted to SNR. The results are based on 10000
simulations and 1100 measurements. Here D was calculated from the measured R (g1(z, 7n)) as
described in Sec. 4.3 and subsequently used as input for simulations. The obtained op strongly
depends on whether the errors in our normalized autocovariance functions are correlated. The
obtained op from the standard measurements is several factors larger than the Cramer-Rao lower
bound. After mixing the resulting op matches very well with the Cramer-Rao bound and we
achieve the most precise determination of the diffusion coefficient possible. The measured and
simulated o overlap each other except for g»(z, 7,,) at very low SNR values. Here the simulations
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underestimates the error. The lowest spread in the fitted D, given by op, is obtained when mixing
the normalized autocovariance functions for removing the error correlations. However, this
requires many measurements, as shown in Fig. 6(a,b), and is therefore less relevant for practical
applications with few measurements. Typically, the number of DLS-OCT measurements is on
the order of 5-10.

b) g2
_&‘%‘ Measured
'g‘ / Simulated
S S W
" CRLB
- e a— -
Simulated, mixed
Measured, mixed
0-009 45 10! 0-Qgo 10! 10?
SNR SNR

Fig. 6. Measured (points) and simulated (lines) standard deviation for estimating the diffusion
coefficient from a single autocorrelation function and the corresponding Cramer-Rao lower
bound for (a) g1(z, ) and (b) g2(z, 7).

Figure 7(a,b) show the standard deviation (spread) in the diffusion coefficient obtained
from fitting a single correlation function as a function of the number of measurements Np.
For conventional DLS-OCT measurements without mixing, op is constant as expected for
independent measurements. When employing autocorrelation mixing we see that op decreases
with increasing N;, until reaching the CRLB and after which it remains constant with N;. For
22(z, Ty it takes fewer measurements for o to reach the CRLB.
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Fig. 7. (a,b) Standard deviation and (c,d) standard error of the fitted diffusion coefficient as a
function of the number of averaged correlation functions for SNR = 100. Points correspond
to DLS-OCT measurements and lines denote simulations.

In DLS-OCT measurements are averaged to improve the precision. In this case the measurement
precision is given by the standard error of the mean, Ouyerage p- Figure 7(c) shows simulated
and measured standard error of the mean diffusion coefficient, oayerage p, as a function of N,
for different averaging techniques. The standard error of the mean is identical for all three
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averaging methods, even though o7p itself is different depending on error correlations. The
decrease is proportional to Nb‘l/ 2, Figure 7(d) shows how Orayerage p is related to op for the three
different averaging techniques. For the standard analysis we see that oayerage p = \7—1\% for both
averaging methods. However, when mixing the normalized autocovariance functions, we notice
that oaverage > “/TT% as the fitted diffusion coefficients now become statistically interdependent.

Here oayerage p initially decreases very slowly with N, and then starts to reduce faster above a
certain Np,. This coincides with the N, at which the CRLB is reached in Fig. 7(a,b). In Fig. 7(d)
there is a small discrepancy between measurements and simulations at large N, which caused by
the lack of sufficient number of averaged measurements.

5.1.2. Bias in diffusion estimation

The bias in the average diffusion coefficient is determined by comparing the averaged D to
a ground truth. We average 1100 and 10000 values of D in measurements and simulations,
respectively. With this large set of averages we can assume that the random errors are negligible
and only the systematic errors remain. Figure 8(a,b) shows the measured diffusion coefficients
as a function of SNR for both R (gi(z, 7x)) and g2(z, 7,») with different averaging schemes.
Figure 8(c,d) show the same results but obtained using simulations. In this case the input Dy
is also displayed. Both in measurements and simulations we can observe that mixing different
correlation functions slightly reduces the bias. However, the lowest bias is obtained for D; when
averaging the correlation functions. This is more evident for g>(z, 7;,). The differences for the
three techniques are minimal for ‘R(gl (z, Tm)). Overall, the bias is much smaller and less affected
by SNR when using R (g1(z, 7,x)) compared to g2(z, T).
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= a) R(g1) Standard, D+ Dy = Standard, D - Dy
> - Mixed, D o 420 - Mixed, D
Z4.05{ ., b gy oo €
4] 'f." :n}.: ) .‘l. &

AR AT ey
EPRO it L :
o ;
g ;
>
<

3.95

4.05 415155 —
= Q) 92 Standard, D — Dy
NS 4.04 NE — Mixed, D -- Dy
=l 24.10
——4.03 .
_ » _
© 4.02] 9
g ‘ _ 4,05
5 Standard, D — Dj g
g4.01 4 g g
< — Mixed, D == Dy <

40960 10! 102 409 10! 102

SNR SNR

Fig. 8. Diffusion coefficients as a function of SNR and averaging scheme determined using
(a,b) measurements and (c,d) simulations.

The trends from both measurements and simulations in Fig. 8(a,b) and Fig. 8(c,d) are similar,
however for the measurements we lack a-priori knowledge of the ground truth Dy. Therefore, it
is not possible to compare the bias directly between measurements and simulations. This can be
rectified on a relative basis by not comparing the absolute deviation from Dy, but the relative
bias with respect to the most accurate method (correlation averaging). Figure 9(a,b) displays the
relative bias when averaging the fitted diffusion coefficients with respect to averaging R (g1(z, 7))
and g»(z, T,) first and then fitting the diffusion coefficient. The obtained measurements and
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simulations are in perfect agreement except for g2(z, 7,,) at very low SNR values. This emphasizes
the reliability of our simulations and that they can be used for determining the absolute bias.
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Fig. 9. Measured (points) and simulated (lines) relative bias in the diffusion coefficient as a
function of SNR for (a) R (g1(z, 7n)) and (b) g2(z, Tm)-

The bias of the mean diffusion coefficient from Fig. 8(c,d) is determined by averaging over a
large number of simulations. Figure 10(a,b) show simulated systematic errors as a function of the
number of averaged measurements Nj, for R (gi(z, 7,x)) and g2(z, 7). For R (g1(z, 7)) the bias
is very low and almost independent of N, as expected. The bias is more significant for g>(z, 7).
Figure 10(b) shows the estimation bias due to mean subtraction modeled using Eq. (22). This is
the main source of bias for g»(z, 7,,) which is absent in R (g;(z, 7,)). The estimation bias also
contains a random component which averages out with increasing number of measurements.
As a result, the bias in g(z, 7) initially decreases with NV, until reaching the minimum and then
remains constant. Overall, the bias is minimal when averaging the autocorrelation functions.
The second best technique is mixing the autocorrelation functions before the curve fitting and
averaging the fitted diffusion coefficients. The worst approach is to the fit model parameters to
the standard autocorrelation functions and then average them.
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Fig. 10. Simulated bias of the fitted diffusion coefficient as a function of the number of
used correlation functions at SNR = 100 for (a) R (g1(z, 7)) and (b) g2(z, 7).

5.2. Non-dilute DLS-OCT flow measurement

Precision analysis of flow was performed for DLS-OCT \gl (z, Tm)| and g»(z, T,,) measurements of
a laminar transverse flow corrected for diffusion. Figure 11(a,b) show measured and simulated
variances at different flow speeds in the channel, good agreement between the two is observed.
The variances are higher with lower flow speeds, but do not depend much on the SNR. The
highest SNR value in the channel was above 100, and the lowest was 6. This is sufficiently high
to neglect the SNR dependence of o, for plotting purposes and display it only as a function of
the flow speed. Velocity profiles, shown in Fig. 12(a), were obtained by averaging the measured
correlation functions and were subsequently used as ground-truth input for simulations.
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Fig. 11. Measured and simulated variances for flow (with a fixed and calibrated diffusion
coeflicient) of (a) |g1(z, Tm)| and (b) g2(z, 7).
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Fig. 12. Non-dilute flow measurements. (a) Measured flow profiles. (b) Simulated bias in
the fitted velocity. Measured and simulated o, using (c) |g1 (z, Tm)| and (d) g»(z, T,) and the
corresponding CRLB.

Figure 12(c,d) show measured and simulated standard deviation in the fitted flow speed as
a function of velocity. Results are obtained using both the standard method with correlated
errors and the mixing technique with uncorrelated errors are given. Similar to diffusion, mixing
decreases the spread in the obtained velocity. For comparison, the Cramer-Rao lower bounds for
g2(z, ) and |g1(z, 7)|, calculated using Eq. (15) and (21), are also displayed. The theoretical
Cramer-Rao bound for |g(z, 7)| is lower than for g»(z, 7). For both methods there is a good
agreement between measurements and simulations. The obtained o, from measurements and
simulations is significantly improved when mixing removes the error correlations and matches
well with the Cramer-Rao bound, especially for g»(z, 7;,). In general, the standard deviation in
the flow speed decreases with lower velocities. However, it does not decrease to zero and has a
certain minimum value. Below the threshold velocity o, starts to increase because of diffusion.
This is only clearly visible when the errors are not correlated.

Figure 12(b) displays the simulated bias for different averaging schemes both for |g|(z, 7)|
and g»(z, 7,,). The bias was calculated with respect to the simulation input which included both
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depth-dependent velocity and SNR profiles. The simulated bias is lowest when averaging the
complex gi(z, T,,,), taking the absolute value and then fitting v(z). This is denoted by the black
curve. The second lowest bias is obtained when averaging g>(z, 7,,,) and then fitting v(z) or when
mixing g»(z, 7,,), fitting and averaging v(z). In this case the errors are identical and given by the
red curve. This approach is only marginally less accurate than the former method. The third best
method relies on using the standard g»(z, 7,,,), fitting and then averaging v(z). This approach is
less accurate than the second best method only at low flow speeds. The largest bias is obtained
when using |g1(z, 7)| to fit v(z) and then average the obtained velocities. In this case the sample
population is significantly skewed and the mixing method has virtually no effect.

5.3. Dilute DLS-OCT flow measurement

Similar to non-dilute, we analyse precision of dilute DLS-OCT flow measurements where the
effect of diffusion is absent in g(z, 7,,). Also for this case we obtained the variance of the
correlation function for different flow speeds. The results look similar to the non-dilute case,
except there is no overshoot at small 7,,,. Figure 13(a,b) show dilute flow measurements using
the second-order normalized autocovariance function incorporating the number fluctuations.
Velocity profiles are shown in Fig. 13(a) which were again obtained by averaging the measured
correlation functions. The lowest SNR value in the channel was again around 6, and the highest
was above 100. In Fig. 13 we have again neglected the SNR dependence for the same reasons as
mentioned in Sec. 5.2 and plot o, only as a function of the velocity.
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Fig. 13. Dilute flow measurements. (a) Measured flow profiles using g5(z, 7). (b)
Measured o, using g»(z, 7,,) and the corresponding CRLB.

Figure 13(b) shows the measured standard deviation in the fitted flow speed as a function of
velocity. Results using both the standard g»(z, 7;,) with correlated errors and the mixed g2(z, 7,)
with uncorrelated errors are given. Measurements using ’gl (z, Tm)’ are not shown because they
are too noisy and have a significantly larger o,. For comparison, the Cramer-Rao lower bounds
for g>(z, T), calculated with Eq. (17), and |g1(z, T,n)|, calculated with Eq. (21), are also displayed.
Here we used the measured variances of 0'32 (z,7m) and a"zgl ‘(z, T,,) for calculating the Cramer-Rao
lower bounds. The Cramer-Rao bound for g»(z, 7,,,) is considerable lower than for |g{(z, 7,,,)| and
agrees very well with our measurements. When using g»(z, 7,,,) the velocity standard deviation
decreases, with decreasing velocity, to zero. However, this is not the case with |g1(z, Tm)\. As the
Cramer-Rao lower bound shows, o, increases dramatically at lower flower speeds when using
|g1(z, Ti)|. This happens because \gl(z, ‘rm)| in Eq. (3) is ultimately limited by particle diffusion
and is independent of number fluctuations. The second-order normalized autocovariance function
in Eq. (5), on the other hand, contains the number fluctuation term that is independent D. This
increases the velocity precision for this method at extremely low flow speeds. For number
fluctuation DLS-OCT no bias analysis is performed because of boundary condition limitations
and increasing computational complexity of our simulations.
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6. Discussion

In this work we review autocorrelation averaging and mixing techniques for reducing random
and systematic errors. In the absence of an analytical model for error correlations, only using the
mixing method suggested by us, it is possible to quantify the precision in DLS-OCT and verify
whether the CRLB is reached. In diffusion measurements using the average real part of gi(z, 7)
results in the highest accuracy and precision. In flow measurements it is more reliable and
convenient to use the average g»(z, 7,,) because it is not affected by the sampling distribution bias,
does not depend on phase and can be implemented in phase-unstable systems. It is important to
note that mixing and/or averaging of the autocorrelation functions can only be performed using
the autocorrelation functions with the same SNR (and identical optical or sample properties). For
single scattering diffusion measurements where D is constant as a function of depth (SNR), we
can also average the measurements with different signal-to-noise ratios. In this case the measured
g1(z, Ty) and g1(z, T,,,) first have to be noise-corrected [13] before any further processing.

6.1. DLS-OCT diffusion estimation

Random error correlations in ‘R(gl (z, ‘rm)) and g»(z, 7,,,) are the main reason for op not reaching
the theoretical Cramer-Rao bound. Once these correlations are removed by mixing, the standard
deviation in the fitted diffusion coefficient is reduced significantly and reaches the CRLB. The
improvement is bigger for larger SNR values since R (g1(z, 7)) and g»(z, 7,») are lower in the
presence of more noise and hence the random errors are less correlated. The improvement with
mixing is less for g»(z, 7,,) because it decays faster and therefore correlations play less of a role in
the precision. We can conclude that faster decorrelations and smaller autocovariance magnitudes,
i.e., more noisy measurements, are less affected by mixing. We have not derived analytical
expressions for p,, but our observations suggest that it depends on the autocorrelation decay rate
and also experiences a delta function noise decorrelation at 7, = 0.

Even though the improvement in op due to mixing is significant, practical applications of
the mixing technique for increasing the measurement precision are limited. In order to reduce
some of the error correlations we need at least two measurements. Mixing just 2 measurements
already provides us with a significant improvement in op. However, the precision of the average
diffusion coefficient when using multiple measurements is given by the standard error of the
mean, Oayerage p» Which is identical for all averaging techniques with or without mixing the
correlation functions. So, even though o is significantly lower when mixing the autocorrelation
functions, it does not decrease as fast with averaging because the mixed autocorrelation functions
are not statistically independent anymore. As a result, the fitted diffusion coefficients are also

interdependent and Gayerage p # 2. When R (g1(z, 7)) or g2(z, Tn) are not mixed, Tayerage p i
p £ A (N g g £
b
1/2

proportional to N, '~ because every fitted D is independent. With mixing we basically move
the error correlations from ‘R(gl(z, Tm)) and g»(z, 7,) to the fitted D. Therefore, the actual
measurement precision is identical for all averaging methods and cannot be improved any further.

We noticed that systematic errors are much larger when using g2(z, 7,,) compared to R (g1(z, 7))
and are dominated by the estimation bias. Averaging N, measurements slightly reduces the bias
in g»(z, T,) but only to a certain limit, beyond which the errors remain constant. This is probably
caused by variability and randomness in the estimation bias which averages out and diminishes
with increasing N,. We have mentioned that in phase-stable systems it is always preferable to
utilize R(g1(z, 7)) instead of |g;(z, 7)|. Using |g1(z, 7)| adversely affects the bias because the
autocorrelation coefficients are always positive. This leads to a higher sampling distribution bias
which is otherwise negligible. Overall, random errors are larger than systematic errors unless we
average thousands of measurements.

There is an asymptotic dependence of precision and bias on SNR. Therefore, the benefits
of using extremely high signal-to-noise ratios are rather limited. As Fig. 6(b) and Fig. 9(b)
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show, there is a mismatch between simulations and measurements at very low SNR when using
g2(z, ). This is caused by the specific noise model used in our simulations [33] that is based on
the assumption that the signal intensity is much larger than the noise intensity. However, this
assumption is not valid at low SNR values. As a result, this noise model overestimates A,(z) at
low SNR values, leading to the lower op.

6.2. DLS-OCT flow estimation

Both in dilute and non-dilute flow measurements, the standard deviation (spread) in the fitted
velocity is significantly reduced when the error correlations are removed. In non-dilute flows,
o, decreases with decreasing velocity and then starts to increase at very low flow speeds. A
minimum in the error occurs because the diffusive limit is reached. At this stage, any further
reduction in the velocity does not affect autocorrelation functions or their variances. According
to Eq. (15), the velocity is explicitly included in the denominator of O'(Q:RLB’V. As aresult, o,
starts to increase when the diffusive limit is reached. This behaviour is overshadowed by error
correlations and is only visible when employing correlation function mixing.

For non-dilute flow the Cramer-Rao bound for g»(z, 7) is slightly lower than the simulated
o, at larger velocities, which itself is marginally lower than the measured o,. The difference
between simulations and the Cramer-Rao bound is probably because of the Siegert approximation.
In this case, the approximate number of particles in the scattering volume is around 49 both
in simulations and measurements. This could be sufficiently low to violate the large number
of particle assumption and have a small effect on g»(z, 7). Furthermore, the offset between
measurements and simulations can be caused by galvo or pump instabilities. The Cramer-Rao
bound of |g{(z, 7)| shows that on paper it is possible to achieve higher precision in non-dilute
flow measurements when using g(z, 7) instead of g»(z, 7). However, in practice this is more
problematic. The mismatch among measurements, simulations and the Cramer-Rao bound at all
velocities is considerably larger for |g1(z, )| compared to g,(z, 7). This is largely caused by the
bias of the sampling distribution and the limited phase stability.

Theoretically, the lowest bias in non-dilute flow measurements can also be achieved when
using |g;(z, T)| by averaging the complex autocorrelation functions first, then taking the absolute
value, and then fitting v(z). However, getting rid of the sampling distribution bias when taking the
absolute value requires sufficient averaging of the complex g1(z, 7). In our work we averaged
1000 autocorrelation functions which in real-time flow measurements is impossible. Insufficient
averaging will result in oscillations with |g1(z, Tm)|>0. In this work we have not investigated the
dependence of the sampling distribution bias on the number of measurements. However, it is
clear that with fewer measurements it is preferred to use g»(z, 7) as it does not suffer from the
population skewness.

Similar to diffusion, random velocity errors in flow measurements are also generally larger
than systematic errors. However, at very low speeds both errors become comparable. Despite
some advantages of |g1(z, Tm)l, for practical reasons it is more convenient to use g»(z, T,,;) in
non-dilute flows. In dilute low-speed flows it is always preferable to use g»(z, 7,,) because it is
not limited by the particle diffusion.

7. Conclusion

We have investigated precision and bias of diffusion coefficient and flow speed measurements
using DLS-OCT based on the first and second-order normalized autocovariance functions. We
found that errors in the autocovariance functions are strongly correlated. This significantly
reduces the precision and bias of fit parameters and prevents us from reaching the Cramer-Rao
lower bound. We demonstrated that mixing different autocovariance functions at every time
delay before the curve fitting procedure reduces the standard deviation in the fitted parameters
and reaches the Cramer-Rao lower bound. This proves the validity of our DLS-OCT models.
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When using the mixing technique the correlations are transferred to the fitted parameters and the
standard error of the mean remains unchanged. We conclude that the precision in DLS-OCT is
identical for all averaging techniques and ultimately limited by correlations between the random
variables. The bias is lowest when averaging the measured normalized autocovariance functions
before fitting the model parameters.

Funding. Nederlandse Organisatie voor Wetenschappelijk Onderzoek (17988).

Acknowledgments. We would like to thank InProcess-LSP for their support and discussions. We also thank CWK
(Chemiewerk Bad Kostritz GmbH) for providing us with samples. This work was funded by NWO Domain Applied and
Engineering Sciences with the project number 17988.

Disclosures. The authors declare no conflicts of interest.

Data availability. Data underlying the results presented in this paper and the relevant analysis routines are available
at [37].

References

1. J. Kalkman, R. Sprik, and T. G. van Leeuwen, “Path-length-resolved diffusive particle dynamics in spectral-domain
optical coherence tomography,” Phys. Rev. Lett. 105(19), 198302 (2010).

2. V.J. Srinivasan, H. Radhakrishnan, E. H. Lo, et al., “OCT methods for capillary velocimetry,” Biomed. Opt. Express
3(3), 612-629 (2012).

3. N. Weiss, T. G. van Leeuwen, and J. Kalkman, “Localized measurement of longitudinal and transverse flow velocities
in colloidal suspensions using optical coherence tomography,” Phys. Rev. E 88(4), 042312 (2013).

4. J.Lee, W. Wu, J. Y. Jiang, et al., “Dynamic light scattering optical coherence tomography,” Opt. Express 20(20),
22262-22277 (2012).

5. B.K.Huang and M. A. Choma, “Resolving directional ambiguity in dynamic light scattering-based transverse motion
velocimetry in optical coherence tomography,” Opt. Lett. 39(3), 521-524 (2014).

6. K. Cheishvili and J. Kalkman, “Scanning dynamic light scattering optical coherence tomography for measurement of
high omnidirectional flow velocities,” Opt. Express 30(13), 23382-23397 (2022).

7. K. Cheishvili and J. Kalkman, “Sub-diffusion flow velocimetry with number fluctuation optical coherence tomography,”
Opt. Express 31(3), 3755-3773 (2023).

8. R. Besseling, M. Damen, J. Wijgergans, et al., “New unique PAT method and instrument for real-time inline size
characterization of concentrated, flowing nanosuspensions,” Eur. J. Pharm. Sci. 133, 205-213 (2019).

9. S. Yazdanfar, C. Yang, M. V. Sarunic, et al., “Frequency estimation precision in Doppler optical coherence tomography
using the Cramer-Rao lower bound,” Opt. Express 13(2), 410-416 (2005).

10. H. C. Hendargo, R. P. McNabb, A. Dhalla, et al., “Doppler velocity detection limitations in spectrometer-based
versus swept-source optical coherence tomography,” Biomed. Opt. Express 2(8), 2175-2188 (2011).

11. C. S. Kim, W. Qi, J. Zhang, et al., “Imaging and quantifying Brownian motion of micro- and nanoparticles using
phase-resolved Doppler variance optical coherence tomography,” J. Biomed. Opt. 18(3), 030504 (2013).

12. M. G. O. Grife, M. Gondre, and J. F. de Boer, “Precision analysis and optimization in phase decorrelation OCT
velocimetry,” Biomed. Opt. Express 10(3), 1297-1314 (2019).

13. N. Uribe-Patarroyo, A. L. Post, S. Ruiz-Lopera, et al., “Noise and bias in optical coherence tomography intensity
signal decorrelation,” OSA Continuum 3(4), 709-741 (2020).

14. N. Uribe-Patarroyo, M. Villiger, and B. E. Bouma, “Quantitative technique for robust and noise-tolerant speed
measurements based on speckle decorrelation in optical coherence tomography,” Opt. Express 22(20), 24411-24429
(2014).

15. N. Weiss, T. G. van Leeuwen, and J. Kalkman, “Simultaneous and localized measurement of diffusion and flow using
optical coherence tomography,” Opt. Express 23(3), 3448-3459 (2015).

16. B. J. Berne and R. Pecora, Dynamic Light Scattering (Dover Publications, 2000).

17. C. S. Johnson and D. A. Gabriel, Laser Light Scattering (Dover Publications, 1994).

18. D. P. Chowdhury, C. M. Sorensen, T. W. Taylor, et al., “Application of photon correlation spectroscopy to flowing
Brownian motion systems,” Appl. Opt. 23(22), 4149-4154 (1984).

19. T. W. Taylor and C. M. Sorensen, “Gaussian beam effects on the photon correlation spectrum from a flowing Brownian
motion system,” Appl. Opt. 25(14), 2421-2426 (1986).

20. N. Uribe-Patarroyo and B. E. Bouma, “Velocity gradients in spatially resolved laser Doppler flowmetry and dynamic
light scattering with confocal and coherence gating,” Phys. Rev. E 94(2), 022604 (2016).

21. D. W. Schaefer, “Dynamics of number fluctuations: Motile microorganisms,” Science 180(4092), 1293-1295 (1973).

22. E. J. Nijman, H. G. Merkus, J. C. M. Marijnissen, et al., “Simulations and experiments on number fluctuations in
photon-correlation spectroscopy at low particle concentrations,” Appl. Opt. 40(24), 4058—4063 (2001).

23. S. M. Kay, Fundamentals of Statistical Signal Processing Estimation Theory (Prentice Hall, 1998).

24. H. Hotelling, “New light on the correlation coefficient and its transforms,” Journal of the Royal Statistical Society
15(2), 193-232 (1953).


https://doi.org/10.1103/PhysRevLett.105.198302
https://doi.org/10.1364/BOE.3.000612
https://doi.org/10.1103/PhysRevE.88.042312
https://doi.org/10.1364/OE.20.022262
https://doi.org/10.1364/OL.39.000521
https://doi.org/10.1364/OE.456139
https://doi.org/10.1364/OE.474279
https://doi.org/10.1016/j.ejps.2019.03.024
https://doi.org/10.1364/OPEX.13.000410
https://doi.org/10.1364/BOE.2.002175
https://doi.org/10.1117/1.JBO.18.3.030504
https://doi.org/10.1364/BOE.10.001297
https://doi.org/10.1364/OSAC.385431
https://doi.org/10.1364/OE.22.024411
https://doi.org/10.1364/OE.23.003448
https://doi.org/10.1364/AO.23.004149
https://doi.org/10.1364/AO.25.002421
https://doi.org/10.1103/PhysRevE.94.022604
https://doi.org/10.1126/science.180.4092.1293
https://doi.org/10.1364/AO.40.004058
https://doi.org/10.1111/j.2517-6161.1953.tb00135.x

Research Article Vol. 15, No. 2/1 Feb 2024 / Biomedical Optics Express 1310 |

Biomedical Optics EXPRESS -~

25. H. E. Soper, “On the probable error of the correlation coefficient to a second approximation,” Biometrika 9(1-2),
91-115 (1913).

26. G. Shieh, “Estimation of the simple correlation coefficient,” Behavior Research Methods 42(4), 906-917 (2010).

27. A. L. Bowley, “The standard deviation of the correlation coefficient,” Biometrika 23, 31-34 (1928).

28. T. Gnambs, “Brief note on the standard error of the pearson correlation,” (2022).

29. P. Arun, S. A. Lincon, and N. Prabhakaran, “Standard error of the sample autocorrelation as a measure of
‘non-stationarity’,” Middle-East Journal of Scientific Research 9, 2778-2785 (2016).

30. P. A. Lemieux and D. J. Durian, “Investigating non-gaussian scattering processes by using nth-order intensity
correlation functions,” J. Opt. Soc. Am. A 16(7), 1651-1664 (1999).

31. B. O’Neill, “How to estimate the autocorrelation function?”” https://stats.stackexchange.com/q/343524 (2018).

32. M. A. Choma, A. K. Ellerbee, C. Yang, et al., “Spectral-domain phase microscopy,” Opt. Lett. 30(10), 1162-1164
(2005).

33. M. A. Choma, A. K. Ellerbee, S. Yardanfar, et al., “Doppler flow imaging of cytoplasmic streaming using spectral
domain phase microscopy,” J. Biomed. Opt. 11(2), 024014 (2006).

34. T. G. van Leeuwen, D. J. Faber, and M. C. Aalders, “Measurement of the axial point spread function in scattering
media using single-mode fiber-based optical coherence tomography,” IEEE 9(2), 227-233 (2003).

35. R. R. Vardanyan, V. K. Dallakyan, U. Kerst, et al., “Laser beam transmission and focusing inside media,” J. Contemp.
Phys. 46(5), 218-225 (2011).

36. J. Kalkman, “Fourier-domain optical coherence tomography signal analysis and numerical modeling,” Int. J. Opt.
2017, 1-16 (2017).

37. K. Cheishvili, “Precision and bias in DLS-OCT data and analysis routines,” Zenodo, 2023,
https://doi.org/10.5281/zenodo.8124454 .



https://doi.org/10.1093/biomet/9.1-2.91
https://doi.org/10.3758/BRM.42.4.906
https://doi.org/10.1364/JOSAA.16.001651
https://stats.stackexchange.com/q/343524
https://doi.org/10.1364/OL.30.001162
https://doi.org/10.1117/1.2193167
https://doi.org/10.1109/JSTQE.2003.813299
https://doi.org/10.3103/S1068337211050057
https://doi.org/10.3103/S1068337211050057
https://doi.org/10.1155/2017/9586067
https://doi.org/10.5281/zenodo.8124454

