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ARTICLE INFO ABSTRACT

Keywords: In this paper we present a complete framework for the energy-stable simulation of stratified incompressible
Two-phase pipe flow flow in channels, using the one-dimensional two-fluid model. Building on earlier energy-conserving work on
Stability the basic two-fluid model, our new framework includes diffusion, friction, and surface tension. We show that

Surface tension
Energy conservation
Energy-stable scheme
Dissipation

surface tension can be added in an energy-conserving manner, and that diffusion and friction have a strictly
dissipative effect on the energy.

We then propose spatial discretizations for these terms such that a semi-discrete model is obtained that
has the same conservation properties as the continuous model. Additionally, we propose a new energy-
stable advective flux scheme that is energy-conserving in smooth regions of the flow and strictly dissipative
where sharp gradients appear. This is obtained by combining, using flux limiters, a previously developed
energy-conserving advective flux with a novel first-order upwind scheme that is shown to be strictly dissipative.

The complete framework, with diffusion, surface tension, and a bounded energy, is linearly stable to short
wavelength perturbations, and exhibits nonlinear damping near shocks. The model yields smoothly converging
numerical solutions, even under conditions for which the basic two-fluid model is ill-posed. With our explicit
expressions for the dissipation rates, we are able to attribute the nonlinear damping to the different dissipation
mechanisms, and compare their effects.

1. Introduction essential in predicting the transition from stratified flow to slug flow,
a type of flow which is typically unwanted due to the large loads

The one-dimensional two-fluid model (TFM) is a cross-sectionally
averaged model for two-phase flow in pipes and channels. Velocities
and phase fractions are resolved only along the main direction of flow,
for each fluid separately. This yields an efficient model that is useful
when calculations are needed quickly, or when many calculations need
to be made. It is most commonly used for flow assurance in oil and gas
or CO, transport (Aursand et al., 2013; Goldszal et al., 2007), and for

it places on the pipe (Fabre, 2003). However, for the basic TFM,
when the difference between the two fluids’ velocities is large, the
instability is unphysically severe. Linear stability analysis shows an
unbounded growth rate at short wavelengths, leading to the conclusion
that the model is ill-posed (Dinh et al., 2003; Drew and Passman, 1999;
Montini, 2011). For the basic model, with only first-order terms, the

safety analysis of steam-water flows in nuclear reactors (Berry et al.,
2014). In this paper we consider the incompressible and isothermal
form of the TFM. Note that the one-dimensional model discussed in this
work, with averages taken over the portions of the pipe or channel cross
section occupied by each fluid, differs from multi-dimensional two-fluid
models with a local averaging, as described for example by Chahed
et al. (2003).

The TFM possesses the ability to dynamically simulate the Kelvin—
Helmbholtz instability which arises at the interface between two fluids
flowing at different velocities. This is a valuable property since it is

results of the linear stability analysis can be compared to those of a
characteristic analysis: short wavelength unbounded instability implies
complex eigenvalues (Ramshaw and Trapp, 1978).

The stability issue is intertwined with a modeling issue. Due to
the averaged one-dimensional nature of the TFM, not all small-scale
dynamics of the instability can be resolved, and there is uncertainty on
how to model their effect on the averaged flow. The TFM implicitly
carries the long wavelength assumption, implying that the TFM can only
accurately model perturbations with a wavelength longer than the fluid
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depth (Holmas et al., 2008; Montini, 2011). It is precisely at the poorly
modeled short wavelengths that the catastrophic instability takes place.

The issue has led some researchers to use regularizing terms such
as an artificial interfacial pressure force which completely eliminates
the instability, for both long and short wavelengths (Bestion, 1990;
Evje and Flatten, 2003; Liou et al., 2006). Others have proposed
regularizing terms which only eliminate instability below a desired cut-
off wavelength, in the form of artificial diffusion, added both to mass
and momentum equations (Bonzanini et al., 2017; Holmas et al., 2008).
Finally, researchers strive for stabilization through the systematic inclu-
sion of missing physics (Drew and Passman, 1999; Lépez de Bertodano
et al., 2017). One example is the introduction by Song and Ishii (2001)
of momentum flux parameters, which are intended to take into account
the effect of the non-uniformity of the velocity profile. Montini (2011)
showed that these can extend the region of state space for which the
TFM is well-posed, but unphysically high parameter values are required
to stabilize the model for all relevant flow conditions. Other physical
stabilizing effects, such as molecular or turbulent diffusion (in axial
direction) (Fullmer et al., 2011) and surface tension (Ramshaw and
Trapp, 1978), specifically target the short scales.

Beyond the question of the growth of small perturbations, which is
answered by linear stability analysis, lies the question of the growth of
large perturbations, for which the full nonlinear behavior of the model
must be taken into account (Lopez de Bertodano et al., 2017). For
related models, namely the single-layer and two-layer shallow water
equations, the mechanical energy acts as an entropy function, and as a
nonlinear bound on the solution (Bouchut and Morales de Luna, 2008;
Fjordholm et al., 2009; van Reeuwijk, 2011). An energy conservation
equation can be derived from the governing (mass and momentum
conservation) equations, leading to the conclusion that energy is a
secondary conserved quantity of the model, following the terminol-
ogy of Veldman (2021). Energy-conserving discretization schemes, in
which the energy conservation property of the continuous equations is
retained, have been designed in order to prevent numerical instabil-
ity (Gassner et al., 2016; van 't Hof and Veldman, 2012). In previous
work (Buist et al., 2022) we showed that the basic TFM satisfies an
energy conservation equation like the shallow water equations, and
developed an energy-conserving finite volume scheme which satisfies
a semi-discrete energy conservation equation.

However, in the presence of shocks, the derivation of the energy
conservation equation for the continuous model no longer holds, and
energy needs to be dissipated (Jameson, 2008). Whereas for the com-
pressible Euler equations the Rankine-Hugoniot relations prescribe the
conservation of energy in shocks, for models like the shallow water
equations and the isothermal TFM the Rankine-Hugoniot relations only
involve conservation of mass and momentum, since these models do
not solve an energy equation. Rather, the TFM must satisfy an energy
inequality in the presence of shocks, much like the entropy inequality
that holds for the compressible Euler equations. Energy-conserving
schemes without dissipation will produce numerical oscillations in the
presence of shocks. Therefore energy-stable schemes are designed, by
taking an energy-conserving scheme as a baseline, and adding strictly
dissipative terms, which can only cause a decrease of the energy (Castro
et al., 2013; Fjordholm et al., 2011). These dissipative terms typically
take the form of numerical diffusion which is proportional to grid cell
size, and preferably dissipate the minimum required amount of energy,
and only in the vicinity of shocks, where it is needed.

The TFM requires mechanisms both for dissipation in shocks, and
for suppression of the unbounded linear instability. Following the
approach of Fullmer et al. (2014b), we achieve these effects through
the addition of axial (momentum) diffusion and surface tension. In
this work, we fit these effects, along with wall and interface friction,
into our energy-consistent framework (Buist et al., 2022). Diffusion and
friction are shown to be strictly dissipative, surface tension is shown to
be energy-conserving, and we present a spatial discretization of these
terms that retains these properties. Importantly, we propose a novel
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discretization of the advective flux that is energy stable, with numerical
dissipation acting near discontinuities in the solution.

The extended framework possesses bounded linear growth rates
(with damping at short wavelengths), and possesses a nonlinear bound
on the energy. It possesses multiple mechanisms for dissipation, which
can be quantified using explicit expressions for the various dissipation
rates. The energy-stable nature of the semi-discrete model, consis-
tent with its continuous counterpart, provides additional fidelity in
the accuracy of the numerical solution. The framework yields grid-
converged numerical solutions, with well-resolved shocks, for flow
states for which the basic TFM is linearly ill-posed.

The analysis of the continuous model is given in Section 2, starting
with a review of the basic model and its energy behavior, followed
by the results for the extended model, and then a detailed analysis
of each term separately. In Section 3, these steps are repeated for the
semi-discrete model, with the addition of an analysis of the newly
proposed advective flux discretization, showing that it is energy stable.
The stability of the TFM is discussed in detail in Section 4, in order to
motivate the additions to the basic model. In Section 5, the energy and
stability properties predicted by analysis are verified using numerical
experiments. We test the capability to model a traveling wave, and a
growing wave which develops into a shock, and take a detailed look
at the different components of the dissipation near the shock. Our
conclusions are given in Section 6.

2. Energy conservation and the continuous two-fluid model
2.1. Governing equations for the basic model

The one-dimensional two-fluid model (TFM) is a cross-sectionally
averaged model for two-phase flow in a closed conduit (Ishii and
Mishima, 1984; Stewart and Wendroff, 1984). The conduit can take
different forms, such as a pipe with a circular cross section, as depicted
in Fig. 1, a duct with a rectangular cross section, or (more abstractly)
a two-dimensional channel with a cross section of zero width. In all
cases, the model can be obtained by defining control volumes for the
two fluids separately, which are assumed to be stratified with a sharp
interface between them, and setting up integral mass and momentum
balances for these control volumes. No energy balance is needed, since
the flow is assumed to be isothermal (Munkejord, 2006). Additionally,
the flow is assumed to be incompressible. The mass and momentum
balances are divided by their length 4s, the limit As — 0 is taken, and
the resulting equations are written in terms of cross-sectionally aver-
aged variables, which are functions only of the streamwise coordinate
s and time ¢. An important assumption made in this process is that the
streamwise length scale over which variations in the flow occur must be
much larger than the normal length scale over which variations occur;
this is known as the long wavelength assumption (Holmas et al., 2008;
Montini, 2011). The long wavelength assumption implies that along the
normal direction the flow is in hydrostatic balance.

The model, in conservative form, is given by (Buist et al., 2022;
Sanderse et al., 2017):

Jq  of(q)
— + —_—
ot ds
with the conservative variables (s,f) representing a mass per unit
length or momentum per unit length:

7}
+i@3 =0, €
N

d=la @& @

=lpvAv  pLAL  pyuyAy  prupArl.

The conservative variables can be written in terms of the primitive vari-
ables, namely the cross-sections Ay and A; (related to the heights Hy,
and H;) which are occupied by the upper and lower fluids respectively,
the densities p; and p; of each fluid, and the streamwise (averaged)
velocities u;; and u; . In (1), the fluxes are given by

t@' =[fi@ H@ @ L0
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Fig. 1. A schematic of stratified two-fluid flow in ducts (a circular pipe segment is shown as an example) described by the one-dimensional TFM.

@ ~ % ~
4 o —rugHy o L _pLgnHL] :
Here ﬁU = }AIU (q) and L= a 1.(q) are geometric quantities, defined in
Appendix A, which are part of the terms known as the level gradients,
which describe the effect of the variation of the hydrostatic pressure
along s. The symbol g, = g cos (¢) represents the normal component of
gravity, ¢ being the pipe inclination angle.

The pressure p appearing in the equations denotes the pressure at
the interface between the two fluids. Its derivative is weighted by the
vector j, which is given by

sonT _ a1 D2
J(q)—[0 0 o pL]-

Since the upper and lower fluid together fill the pipe with cross-section
A, the system is subject to the volume constraint

a ., n

+—==A,
Pu  PL
which implies the volumetric flow constraint (Buist et al., 2023)
0
99 _o, with 0@=L+% _yay+u 4, @
ds Pu  PL

2.2. Energy conservation for the basic model

In this subsection, we give a concise derivation of the energy
equation of the basic TFM, based on Buist et al. (2022). The results
given in this subsection are not novel, but serve as a necessary basis
for the extended energy analysis of later subsections.

The basic TFM has been shown to conserve the following mechani-
cal energy:

~ 1 q3 14,

= Hy + H +z2+22 3
ey(@) = py&Hy + 018, Hy, 29, 24 3
Here I-NIU = ﬁU(AU(q],pU)) and I;TL = ﬁL(AL(qz,pL)) are geometric
terms representing the centers of mass of the upper and lower fluids
respectively (see Appendix A). Given a mechanical energy e,(q), we can
define the following vector:

de i 2 i

T._ [Z5 _lq_s iy 1% dH, g
Vb(‘l) = [ ] [ &n dAy, ) q% + 8, dA, @ I ()]
Taking the dot product of this vector with the governing equations
given by (1) yields

of .0p
= =Ly=o.
0s> + <V1,,st> 5

Using the geometric relations (A.6), the volumetric flow constraint (2),
and assuming g, to be constant along s, it can be shown that these terms
can be written in conservative form (Buist et al., 2022):

Jq
(Vps E> +(vp,

de, of ohy oh
(m———ﬂWWﬂ=—ﬂ(m—— -
ot ot as as as
with
df, i, 14 14
h +Euly s o 6
STy TN, T2 T ©)

and
h, = Op. 7)

In the upcoming energy analysis of the additional model terms, we will
follow the same structure, and use the insight that the dot product of
v, with the additional model term yields its contribution to the energy
equation.

Since each term in (5) can be written in conservative form, it
reduces to the local energy conservation equation
de, oh,
o s
with h, = h, + h,, which describes how the energy e,(s,?) at a specific
point in space changes due to an inflow or outflow. In case of periodic
or closed boundaries, integrating this equation over a section of pipe
yields the global energy conservation equation

dE,

=0, (8

52

- [h,,]jf =0, with Ey@) = / e, ds. (©)
S

This shows that the mechanical energy is a secondary conserved quan-

tity of the TFM (in contrast to the primary conserved quantities of mass

and momentum).

2.3. Energy equation for the extended model

Having set up the basic TFM and its energy conservation equation,
we will extend it in an energy-consistent manner, with three additions
that make it linearly well-posed and energy stable. We will show, in the
following subsections, that friction and diffusion have a strictly dissipa-
tive effect, while surface tension can be added in an energy-conserving
manner. In previous work (Buist et al., 2023), the energy-conserving
nature of streamwise gravity and the energy input due to a driving
pressure gradient have been demonstrated.

The model, extended with all the additional terms, is given by

oq of .op od
9 _od ) 10
ar+as”as as+s+cé+cf+cl, (10)

with dd/ds representing diffusion, ¢, representing friction, and s rep-
resenting surface tension. The expressions for these terms will be given
in (16), (20), and (25), respectively. The extended model includes the
following contributions from streamwise gravity, indicated in Fig. 1
with g, = gsin(¢):

=[0 0 -—gsin(@g —gsin(P)g,

and from a constant driving pressure gradient, which can be applied
in cases with periodic boundary conditions in order to balance against
streamwise gravity and friction:

cT:[O 0

_a al’body _ % al’body ]
» —_— —.

by 0s pL  Os

The driving pressure gradient acts as a body force, and is independent
of the variable pressure p which acts to make the flow satisfy the
volume and volumetric flow constraints.
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For the extended model given by (10), the following energy conser-
vation equation will be derived:

%+%=—e+cp an
with

e=¢e,t+e, +eg, a2
h=hy+hg+hy+h,, 13)
e=¢;te;. 14)

Eq. (11) is the first main novel result of this work. It shows that the
mechanical energy e, which consists of kinetic, potential, and surface
energy, is locally conserved except for the dissipating effects of diffu-
sion and friction. The upcoming subsections will give the expressions
(18) for h,, (19) for ¢, (23) for €rs (31a) for e,, and (31c) for h,.
Contributions from streamwise gravity are present in the energy and
the energy flux (Buist et al., 2023):

. dy .
e, =gv(q1+a), h,=gy(s3+q), with 5 = sin(g(s)),
while the driving pressure gradient adds a source term:

_ apbody
T s
which is strictly positive in a flow which is aligned with its driving
pressure gradient, e.g. O > 0 and 9pyqy/ds < 0. This term differs from
the others in that it represents an externally applied force, and therefore
does not adhere to the strictly dissipative behavior of the flow itself.
Upon integrating the local energy equation over a periodic domain,
the conservative term oh/ds in (11) vanishes. Besides conservative
terms, the new energy equation has an explicit sink term —e which
remains present in the global energy equation:

dE %2 2
— =-£+C, with E(?) :/ eds, & :/ eds, (15)
dt S1 51
2 OPpody
C, = / c,ds =-0 L,
14 s P Os
with L = s, — s, the length of the domain. Disregarding the (optional)

externally supplied energy source, the energy-conserving basic model
has been supplemented with a sink term which will shown to be strictly
negative, leading to the dissipation of energy, and an energy-stable
model.

Each addition to the model independently results in additional
terms in the energy equation. The combined result of all these additions
was given here. In the following subsections, the novel terms in (11)
will be derived separately.

2.4. Physical diffusion

Our first novel contribution in the continuous setting is that we
show that adding viscous diffusion terms to the TFM has a strictly
dissipative effect, which can be quantified using an expression for the
dissipation rate. We refer to these viscous terms as “physical diffusion”
in contrast to the artificial diffusion of Bonzanini et al. (2017), Fullmer
et al. (2014a) and Holmés et al. (2008), and the numerical diffusion
which will be discussed in Section 3. The physical diffusion terms
naturally appear in the derivation of the model, but are typically
neglected due to the long wavelength assumption, with the argument
that the TFM cannot accurately resolve the scale at which these terms
act. However, they are important in bounding the linear instability
of short wavelength perturbations (see Section 4), and in bounding
nonlinear shocks through dissipation (see Section 5.4).

In the TFM, physical diffusion takes the form of the term dd/ds as
included in (10), with d given by (Fullmer et al., 2014b; Montini, 2011)

9 q 9 4.
a’ = [0 0 Verrud ;f Veff,quaé - (16)
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We use the effective viscosity model of Fullmer et al. (2011), which
combines the material viscosity v,, with a turbulent viscosity v,. This
serves as a closure term for small scale fluctuations that are not resolved
by the model:

Veff = Ce‘ (Vm + VI) )

with C, an adjustment factor. The parameters v, and C, are empirical:
they can be based on fully resolved (higher dimensional) simulations,
specific to a given test case. Physical diffusion conserves momentum,
since it can be written in conservative form.

We now consider the effect of physical diffusion on the energy.
Unlike the addition of streamwise gravity, the addition of diffusion does
not change the energy definition. There is a contribution of the extra
terms to the left hand side (LHS) of the energy equation, which is given
by

od
_<vb ’ $>’

with v, given by (4). Some manipulation yields (for smooth solutions)

Ly, My o, 0w 4o, 04
b g 4, 0s eff,Uqlasql 0, 0s eff,L‘hasqz

= E + €4, a7)
with
2 2
109 10 49
ha = =Vetrui 5 525 = Vert,L925 52> 18)
9 £
2 2
0 43 0 4q4
€4 = Vet ud1 <$q—l> + Vert, L2 (aq:) . (19)

The terms included in the energy flux h, are energy-conserving,
since they can be written in conservative form. The remaining terms,
collected in ¢;, are not conservative. They are strictly positive, since
Verr.Us 41> Veft,1» and g, must be positive, and the square of the differen-
tial terms must be positive. Therefore, when moved to the right hand
side (RHS), it becomes clear that —¢, is a strictly negative sink term. In
conclusion, we have proven analytically that physical diffusion leads to
dissipation of the energy given by (12), with dissipation rate ¢,.

2.5. Friction terms

Our second novel contribution in the continuous setting is that we
prove that wall and interface friction add a strictly dissipative sink term
to the energy equation. The friction term ¢, can be added to the model
as in (10), with

=[0 0 Py+ryP

int L PL ~ Tint Pint] . (20)
The wall stresses 7;; and 7; represent the shear stresses acting at the
pipe perimeters P; and P;, that are in contact with the upper and lower
fluids, respectively. The interface stress r;,, represents the shear stress
at the interface P, between the two fluids. The stress terms in the
model are the averaged effect of local stresses on the averaged flow,
and in order to express these in terms of the averaged variables, closure
relations are required. These typically take the following form (Taitel

and Dukler, 1976):

1 1
L = —EfLPL"L|”L|7 Ty = _EfU/’U“U|”U|v @1

1
Tint = _EfintpU (ug —up) lug —url,

in which f;, fy, and f;, are friction factors that require further closure
relations, which are functions of the solution q (see Appendix B).

We now consider the effect of wall and interface friction on the
energy. The contribution of the extra terms to the RHS of the energy
equation is

+(vp,Cp),
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with v, given by (4). Carrying out the multiplication, substituting (21),
and some rewriting yields

93 4y
(vp,cp) = r (ty Py + Ty Py ) + o (TLPL = Tin Put) = —€5 (22)
with
q q q 2 q
3 a3 4 4
€ :—f Py + f p < ) —| P
f uPu <‘11> @ U LPL o o L
q3 44 q3 44
+5 fmtpU < - _> - - Pint' (23)
q1 qy q1 %)

Since fy, fr» fins Pus> P> Pys> Pp, and P, must be positive, and the
rest of the terms are either quadratic or absolute, all three terms in
(23) must be positive. Therefore, —e, will act as a sink in the energy
equation, which represents the dissipation of energy due to friction. In
conclusion, we have proven analytically that wall and interface friction
have a strictly dissipative effect on the energy given by (12).

2.6. Surface tension

Our third novel contribution in the continuous setting is that we
show that surface tension can be added to the TFM in such a way that
the total energy is conserved. Surface tension is an important addition
since it makes the model linearly well-posed (see Section 4). However,
if surface tension were to be added in a non-conservative manner, it
would spoil the energy-stable nature of the model. Therefore, it is key
to find an energy-conserving form of the surface tension.

The effect of surface tension in the TFM is typically modeled
through its effect on the pressure. This effect is to introduce a discon-
tinuity in the pressure at the interface. The pressure difference is given
by (Montini, 2011; Ramshaw and Trapp, 1978)
sp=—ox= oL |y, (2 i 24

PR +<0s) ’ 24)
with o the surface tension and «x the streamwise curvature of the
interface, with the interface assumed flat along the other direction. This
is the Young-Laplace equation for the TFM.

Similar to Fullmer et al. (2014b), we include the effect of this
pressure difference through the term s in (10), with
B (25)

P 0s

ST=[0 0 0

This is a general way to write the surface tension. Typically in liter-
ature (Barnea and Taitel, 1994; Fullmer et al., 2014b; Montini, 2011;
Ramshaw and Trapp, 1978), the assumption (0H /6s)2 < 1 will be
made to approximate (24) as:
o 0*AL

052 Py 05
Note that for the specific case of a 2D channel geometry (P, = 1,
A; = H;), the two approximations in (26) are equivalent.

We note that, unlike the basic model, surface tension of the form
given by (25) is not momentum-conserving, as it cannot be written in
conservative form. This is caused by the one-dimensional nature of the
model and stands in contrast to higher-dimensional, unaveraged mod-
els, where surface tension does conserve momentum (Remmerswaal,
2023).

Though (25) is not momentum-conserving, it can still be energy-
conserving, and we aim to find a set of expressions for 4p and the sur-
face energy such that the contribution of surface tension to the energy
conservation equation is of conservative form. Physically, the surface
tension is associated with an energy, proportional to the surface area,
that is conserved in combination with the mechanical energy (Remmer-
swaal, 2023). The surface area in the one-dimensional two-fluid model
(see Fig. 1) will depend on 0H; /ds = Pi;llaAL /0s, and P,,. Therefore,
we introduce the following general form for the surface energy:

JA
Wlth Slm = a—L, (27)
N

(26)

€ = eo(Sinl’ Pinl)’
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with the functional dependencies specified as

@ = @A), P = Pn (AL, Sing = Sin(s,0, - Ap = AL, 0).

The additional term on the LHS of the energy equation due to
surface tension as given by (25) is
44 04p
(vp,8) = 0, 05
In order for the model addition to be energy-conserving, the following
condition must hold:

q4 04p ahg 085
e M S + =2, 28
pr 0s N ot (28)

for in this case the addition to the energy equation will be of conserva-
tive form. We will now derive a relation between 4p and e, such that
(28) holds.

The time derivative of the energy given by (27) is defined by

de, _ 3¢, ISy . e, OP,

lﬂt lﬂl
or 38, of aP Tor

nt

and under the assumption of smooth solutions, and through substitu-
tion of the mass conservation equation for the lower fluid (the second
equation of (1)), can be rewritten in the following manner:

% 0eaz<-n%>+ o $Pu 0%

ot 98, 0s \"L o1 apml aa,’t or
9¢ 9 ( 1994 _ 9¢; dPin _ 944
= L 5 ’r S
dSlm s ds P, dA; ds
_ b g otp
T 09s  py 05
with
1 oe, 6q4 0 [ Ode, de, dP
hy, = — Q= |\ =g | T4 4
a8, 05 os \as, oP, dA,
and
de,; de, dP,
tp=2 ( )— In (29)
Js aSmt mt dAL

For an energy of the general form (27), and a surface tension of the
general form (25), (29) is the relation between the specific forms
of Ap and e, that needs to be satisfied in order to achieve energy
conservation.

We now must find a set of expressions for 4p and e,, that —
first — satisfies (29) and - second — makes physical sense. The most
straightforward way to do this is to propose an energy based on phys-
ical considerations, substitute this in (29), and check if the resulting
expression for Ap compares to our expectation, which is that it take a
form similar to (24) or (26). From a physical point of view, the energy
should be given by o times the surface area, which can be expressed as

0H, \* _10AL
(Smts Pmt) =oPp\[1+ as =oPp\/1+ Pm[ Os

=oPy V 1+ (P,m Sml)

However, substituting this in (29) yields an expression for 4p that does
not relate to (24) or (26), and therefore cannot be physically justified.
Mimicking the conventional approach of taking approximations such as
(26), we take the second order Taylor expansion of this energy around
Sine = 0:

nt

1 2
2 })ll'll Slﬂl )

Substituting this energy in (29) yields the following expression for Ap:

(Sml’ Pmt) ~ o (Pmt +

(30)

b= 20 (14 gy ) U

= 1+=P
P, 0s dA,

int ~int
int 2

of which the first term can be recognized in (26), but the second term
cannot.
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When the scope is reduced from arbitrary geometries to the specific
case of the 2D channel geometry, for which P,, =1 and A; = H;, (30)
does match (26) exactly. This means that for the channel geometry, the
combination

1 (0H; 2

(36:0'<1+§< s > 5 (313)

’H
Ap=o L with (31b)

052

dq, 0H | *H;
h,=2 (= - , 31

° pr < os os  BTop G19

is energy-conserving, and it can be justified physically, since e, is an ap-
proximation of ¢ times the surface area, and 4p is an approximation of
the Young-Laplace equation. This expression for 4p can be substituted
in (25) to obtain an energy-conserving form of the surface tension.

We have therefore found a form of the surface tension s, and
an associated surface energy e;, with which the basic model can be
extended, while retaining its energy-conserving behavior. For the 2D
channel geometry, this turned out to be equivalent to a standard form,
often used in literature.

3. Energy conservation and the semi-discrete two-fluid model
3.1. Semi-discrete equations for the basic model

With the energy analysis for the continuous model complete, we will
continue to propose a discretization that inherits the energy properties
of the three additions to the model on the discrete level. In order
to obtain the same conservation properties for the discrete model as
for the continuous model, the model must be discretized in a specific
manner. Therefore, the energy analysis guides the discretization. In
this subsection, we will first summarize the previously found energy-
conserving discretization of the basic model (Buist et al., 2022), to
which energy-consistent discretizations of the additional model terms
will be added.

We define the unknowns of the semi-discrete TFM on a staggered
grid, depicted in Fig. 2, in the following manner:

qu,-(l) (pUAUAS)i

@0 | _ (pLALAS)i
aim1p® | (f’UAU”UAS)H/z ’
44i-1/2() (pLALuLAS)i—l/Z

q;@) = (32)

We introduce the following notation to denote central interpolation and
jumps respectively:

. — 1
a; =—=(a,_y+a;), a = a. +a; ) 33
-1/2 2 ( i—1 1) i 2 ( i-1/2 1+l/2) ( )

laizipo] == a—aisy,  [a] = a1 = aisipo- (34)

The primitive variables can be extracted from (32) through the follow-
ing relations:

q1.i _ D " _
pUAS’ L,i pLAS’ U,i-1/2

43,i-1/2 d4,i-1/2
s Upi-1/2= =
ai-1/2

Ui —

= . (35)
q1,i-1/2

With this notation, the semi-discrete finite volume scheme can be
written locally as

dg; .
d_; + [8] +3: [[Pi—l/z]] =0, (36)
with
93,i-1/2
As
) 44,-1/2
j: Li=1/2 24
£, =722 = T \Gaie A and (37a)
=172 S3im1 (E?T:)% = pu&nHy -

Jaina

94,1\ 4,i-1 0
= —_ - H; ;
(qz,ifl ) As PLEn L,i—-1

International Journal of Multiphase Flow 174 (2024) 104756

; 0
JLi
j 0
. 2. _
Ji = . ' =\ 4Li-1/2 |- (37b)
J3i-1/2 puAs
Jai-172 Lisi2
prAs
The semi-discrete version of the volume constraint is given by
qy,i D
pyds  ppas
which implies the volumetric flow constraint (Buist et al., 2023)
. Bi-1/2  44ai-1/2
[Q]=0, with Q; ,(q):= [ [ (38)

puAs pras

3.2. Energy conservation for the semi-discrete basic model

The basic TFM, discretized as given above, conserves the following
discretized mechanical energy:

2 2
1 %Gi-12 N 1 91i-1/2

epi-1/2 = PugnHu 1245+ 8nH o1 A + 5z
q1i-1/2

= . (39)
2G5, /2
This result was obtained in Buist et al. (2022). Here we will give a
concise version of the proof. This is needed as a basis for the extensions
of the semi-discrete energy analysis which will be made in the following
subsections.

From this definition, the v, vectors can be calculated as

1 9 1 dd 1
3,i—1/2 u
-4 b (4
=2 n .
AT 2 day /iy
T 2 ~
aeb,i—l/Z 1 Y4i-1/2 " 1g (dHL>
Vi . = —_— =\|\—""5= Y v
bii=1/2,i-1 9q,_, Y,y 2NN i |
0
0
1 4 1 aify \ |
3,i—1/2
122+ e (W),
91i-1/2 v /i
T 19 1 af
4,i—-1/2
_ [%ebi-112 T +5gn(TL>.
Voi-1/2i = |~ | = 9,i-1/2 L /i
9q; 93,i-1/2
q1i-1/2
44,i-1/2
9,12

The sum of the dot products of v,;_,;_; and v,;_; ;»; with Eq. (36) for
q;_; and q; respectively is
dq;_, q;
(Voi-1/2i-1> #) + (Vhic1/2, > d—t')
+ <Vb,[—]/2,[—] > [[fi—lﬂ> + <Vb4,i—1/2,is [[ﬂ]])
F(Vpict2imt dict) [Picaja] + Veicry2i-di) [Pici 2] = 0. (40)

Using the following definitions:
- 1
Voii-1/2= 5 (Vb,f—l/z,f—l + Vb,i+1/2,i)s

— 1

Voii+1/2 = 5 (Vb,i—l/Z,i + Vb,i+1/2,i+1)s
[[Vb,;,;—l/zﬂ = Vbit+1/2,i = Vbi-1/2,i-1>
[[Vb,i,i+l/2] = Vo,it1/2i41 ~ Vbi-1/2,i
and in addition discrete versions of the geometric relations (A.6),!
the volumetric flow constraint (38), and substituting our discretization
given by (37), it can be shown that the terms in (40) can be written in
conservative form (Buist et al., 2022):

dg;_, dq;  dey;ip
(Vpic1/2,i-1 ’#> +Voiz1/2, > d—t') = #

! These are only exactly satisfied by geometries with d*H, /dA2 = 0 (for
example the 2D channel geometry).
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Fig. 2. Staggered grid layout.

<Vb,i—l/2,i—l7 [[&ﬂ]) + (Vpio1/2, 5 [t.1) = [[hf,i—l/zﬂ s
<Vb,i—l/2,i—l Jdic1) [[Pi—3/2]] + <Vb,i—1/2,i i) [Pi—l/zﬂ = [[hp,i—uzﬂ ’

with A ria discrete version of (6)%:

~ - ~ — 2 2
dHy \ 434 dH; \ 44, 93, 1{ %
hy, =g, —+g| ) =+||(=)| -5 5
dAy ) As dA; ) As q1 2 q? )
i i ” i

- —_— 2 (]2 -
Sl (@)] 33| o
N q 9, S
and hy; a discrete version of (7):
h,; = 0W®p;. (42)

The energy analysis of the additional model terms, given in Section 3.4
onward, will be fit into the same structure. The sum of the dot products
of vy ;_1/2,—1 and v;_; ,; with the additional model term will yield the
resulting addition to the energy equation.

Since each term in (40) can be written in conservative form, it
reduces to the local energy conservation equation
dey;_1y2
— T [7si-12] =0,
with hy; = h,; + h,;. Like in the continuous case, this equation can be
integrated over a closed or periodic domain to yield

(43

N,

u

=0, with E,0)= ) ey i),

i=1

dE,
dr
which means that the discrete mechanical energy defined by (39) is a

secondary conserved quantity of the semi-discrete model described in
Section 3.1.

3.3. Energy equation for the semi-discrete extended model

Having introduced the energy-conserving discretization of the basic
TFM and its energy conservation equation, we will propose discretiza-
tions of the three additions to the basic model, that retain the energy
properties of their continuous counterparts, which were derived in
Section 2. We will present discretizations of friction and diffusion that
are strictly dissipative, and a discretization of surface tension that
conserves the discretized energy, extended with a discrete version of
the surface energy.

Additionally, we will present an upwind discretization of the ad-
vective terms that can be shown to be strictly dissipative, in contrast

2 The given expression for h i 1s different from, but equivalent to, the
expression given in Buist et al. (2023) (under the current assumptions).

to the energy-conserving discretization of the advective terms given
by (37a). We will then propose to combine this upwind advective
flux with the energy-conserving advective flux (using flux limiters), to
produce a combined flux that is strictly dissipative, but less dissipative
and less diffusive than the purely upwind flux. The combined flux is
energy stable, and adds numerical dissipation only where necessary:
near strong gradients and discontinuities. This mimics the behavior of
weak solutions to the (basic) continuous equations, which instead of the
energy equality of Section 2.2 (that is only valid for smooth solutions),
will satisfy an energy inequality.

The semi-discrete model, extended with all the additional terms, is
given by

(44)

dq; .
d_tl + [£;] +; [[p,-_l/z]] = [d;] +s;45s + ¢, ;45 + ¢ ;A5 + ¢, As

with [d,] representing diffusion, ¢ ; representing friction, and s; repre-
senting surface tension. The expressions for these terms will be given
in (50), (54), and (56), respectively. The extended semi-discrete model
includes the following contributions from streamwise gravity:

T _ [iz1/2] Grizip2 [yiz1/2] 52,,'-1/2] i
cg’i [0 0 -8 As As -8 As As with
[[Yi—]/ZH

As = [Sin(¢)]i_1/2 5
and from a constant driving pressure gradient:

_41i=1/2 9Pvody

T _
€pi = [0 0 pu s ds

_ 92i-1/2 9Pvody
pii :

pLAs ds
The energy equation that follows from (44) reads

de;_y
7t [rici o]l + [Bnici 2] = =€ici o = €nimijo + cpiciyn (45)
with
ei_12=epi12 g2t €512 (46)
hi=hy;+hg;+hy;+h,;, 47)
€i-1/2 = €qi-1/2 t €712 (48)

The upcoming subsections will give the expressions (52) for hy s (53)
for €;;_12, (55) for er; 1/, (59) for e,; ;/, and (60) for h,;. The
contributions from streamwise gravity are given by (Buist et al., 2023)*

i a4,
ity =8icip (@12 + G2im12))s hgi = 8¥: =t )
and the contribution of the driving pressure gradient is given by

apbody
Cpic12=—0i_1p2 s 4s,

3 The given expression for hy; is different from, but equivalent to, the
expression given in Buist et al. (2023).
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which is positive when the body force is aligned with the mean flow.
These are all semi-discrete counterparts of the continuous expressions
given in Section 2. The terms with subscript n are specific to the semi-
discrete setting, and stem from the energy-stable combined advective
flux. The numerical energy flux 4,; will be given by (65) and the
numerical dissipation ¢, ;_; , will be given by (66).

Eq. (45) is the second main novel result of this work, as it shows
that we have obtained a semi-discrete model with the same energy
conservation properties as the continuous model. The model additions
that were conservative in the continuous setting are discretized in such
a way that the energy-conserving behavior is retained, and the model
additions that were dissipative in the continuous setting are discretized
in such a way that the strictly dissipative behavior is retained. The local
energy equation (45) can be integrated over a periodic domain to yield
the global energy equation

9E __F_2,+¢,| with (492)
dt 4
NM NM NIA
EM)y =Y e ip®, E=Y e ip®, &= e ip0), (49b)
i=1 i=1 i=1
l Pbod
C, =Y cpiip®)= —Q(t) L (49¢)

i=1

This equation determines that the energy of the solution can never
increase, except due to an explicitly applied external force (through the
source term @p).

Therefore, the novel semi-discrete model is energy stable. It has
physical and numerical dissipation rates (£ and €A,,) that can be com-
puted from the solution. These dissipation rates can be integrated in
time numerically to find the total dissipated energy due to the different
contributions. The total dissipated energy between two points in time
should match the difference in energy between these two points in time,
as calculated through an evaluation of E at those two points in time.

Each term in the semi-discrete model independently results in cor-
responding terms in the energy equation. The combined result for the
complete extended model, discretized in an energy-consistent manner,
was given here. In the following subsections we will detail the novel
contributions separately.

3.4. Physical diffusion

Our first novel contribution in the semi-discrete setting is to propose
a discretization of the viscous diffusion terms and prove that it is strictly
dissipative, just like its continuous counterpart. The diffusion term that
can be added to the RHS of (36) is [dd/ds]iAs, in which [0d/as]i
is the discrete version of dd/ds, with d given by (16). We propose
the following straightforward central discretization, which yields the
diffusion term in (44):

ad 1 1
g], =1 ld,] = s (dis12 = diy ) s
with
0 0
diiip 0 0
. d2,i—1/2 _ qLi-1 | 93,i=1 _
di—1/2 = dys = | Veff,U @2 || 71 = pUchf,UAU,i—I [["UA,:S—I]]
i 1 [ . [em]
it vef“(m)zl |[;;71]] PLVert,LALi-1 g,
(50)

With diffusion, no extra term is added to the energy. The steps of
the derivation of Section 3.2 can be simply repeated. With the proposed
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discretization, the only additional terms in the energy equation (on the
LHS) are

- <Vb,i—1/2,i—17 Hdi—I]D - <Vb.i—1/2,i’ [[‘H])
=~ [Vpic1ypio1 - 4] = [(Voim1y0i.d0)]
+ <|Ivb,i—1/2.i—1]] d;_p) + <[[vb,i—l/2,i]] .d;)

_ v qri-1/2 [ 493.i-1/2 _‘13,,'—1/2
== £f,U = =
¢ @ \ a2 ) 9112
43i-1/2
qr,i- 1/2
Di-1/2 q 4,i-1/2
- £f,L =
v (45> \ 9212

|y Di-1/2 || 94,i-1/2
ff,L =
N sy |- 1/2

q1,i-1/2
(4s5)?

+ | Vett U

42172
_52,;'71 /2

= [haic12] +€aioipos (51)

with

2
q,i 1 a3 D 1 A4,
hy;=-v, _— = f— -, s (52)
d, eff,U @s)? 2 |[<‘11.,i> ﬂ effL(As)z 5 |[< > ]]

2 2
q1,i-1/2 || 93.i-1/2 Di-1/2 || 94.i-1/2

€qim12 =|Vetto —5 || = + | Verr,z = . (53)
Y TV @s? |[ql,[—l/2:|] T @? (921

Here we have used a discrete product rule:

a; [b;] = [a;b;] - ([[ai]] bi)’

and a discrete chain rule:

a1 a1 ] = % [‘1,-2_1/2]] :

These can be derived by substituting the definitions (33) and (34), and
applying some algebraic manipulation.

The result of (51) compares directly to the continuous result, given
by (17). Like the continuous result, it consists of a conservative part,
and a strictly dissipative part. The latter is due to ¢,;_, , being strictly
positive, and the minus sign that is added when ¢,;_,/, is moved to
the RHS. Therefore, it has been proven that the proposed discretization
of the diffusion terms is strictly dissipative with respect to the energy
given by (46). Moreover, an explicit expression for the dissipation rate
has been obtained, that can be used to measure the dissipation taking
place in a numerical simulation.

3.5. Friction terms

Our second novel contribution in the semi-discrete setting is to
show that wall and interface friction result in a strictly dissipative
contribution to the semi-discrete energy equation. In (44), friction is
included through the term c;4s, in which ¢, ; is the discrete version
of (20). With reference to the closure relations given in Section 2.5, we
assume the following functional dependencies for the discrete friction
terms:

tric12 =T ricis o) tui-1y2 = tu(fui-172 U i-172)s
Tint,i—1/2 *= int(fim,i—l/27uU,i—l/ZvuL,i—l/Z)’

with primitive variables given by (35). Then we propose the following
discretization of the friction source terms:

CrL 0
; 0
epi=|, T = : (54)
o lersici ty,i—12Pu.i—12 + Tintic 12 P12

Crai-1/2 Tric12Pric172 = Tinic172Pnciz12



J.F.H. Buist et al.

Like with diffusion, adding friction terms to the system does not
change the energy definition. Since the friction terms do not involve
derivatives, the derivation of the contribution to the energy equation
is almost the same as in the continuous case. The only modification to
the energy equation is that the following terms are added to the RHS:

(Viic1/2,i=15€1,i=145) +(Vy ;172 » €1 i AS)

4%i-1/2
=z (tvi1/2Puic1 2 + Tinict /2 P jo1/2) A8
q1,i-1/2
qa,i-1/2
+ = (TLim1/2PLic1 /2 = Tintiz1/2Pingio1/2) As
92i-1/2
= —€ri-1/20
with
q : q
1 3,i=1/2 3,i-1/2
€ri-1/2 = EfU,i—l/ZpU = = Py i-124s
q1,i-1/2 q1,i-1/2
2
1 44,i-1/2 d4,i-1/2
o fLimppe| = = Pp 1245
Q172 QD2,i-1/2

Bi-1/2  44i-1)2

2
1 Bi-1/2  44i-1)2
+§fim,i—1/2PU (- -
q1,i-1/2

2iz1/2 qQuic12 D2i-1)2

><Pint,i—l/ZAS' (55)

Since fy 1725 frLi-172> finti=1720 Pus PL> Puic1/2s P2 and Pygio1n
must be positive, and the rest of the terms are either quadratic or
absolute, ¢, ;_,,, must always be positive. Therefore, —¢,,_,/,, will act
as a sink in the energy equation.

This result allows us, for the first time, to compare the dissipation
due to wall and interface friction with the dissipation due to axial
diffusion. Both components of the dissipation rate can be computed
from the numerical solution, integrated numerically over time, and
compared to one another to determine which has dissipated the most
energy.

3.6. Surface tension

Our third novel contribution in the semi-discrete setting is to pro-
pose a discretization of the surface tension, and show that it is energy-
conserving. This is key in maintaining the energy-stable nature of the
semi-discrete model, while contributing favorably to the linear stability
properties of the model; see Section 4.

Surface tension is included in (44) through the term s;4s, in which
s; is the discrete version of (25). A general form of the surface tension,
analogous to (25), is given by

0
0
s; = 0 . 6
D.i-1/2 1
prAs As [[[Ap]i—l/z]]

We restrict the analysis to the channel geometry, for which clear results
were obtained in the continuous analysis, and propose the following
discretization of the pressure jump given by (31b):

15

[Apim]i s As

This constitutes a straightforward discretization of the conventional
approximation of the surface tension in the TFM.
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With the proposed discretization, the extra terms on the LHS of the
energy equation can be written as

- <Vb,i—1/2,i—l »Si_14s) — (Vb,i—l/Z,i ,s;4s)

_ d4i-1/2 || o [[HLJ—I/2]]
T prds || 4s As
o si-172\ 1 HHL,i—l/Z]]
oo As As As
b o [amrn] L [Hiiz1)]
L As As As

1 dayisipn || [Heizie]
=||h.._ + o ||
[[ o,i 1/2]] oL |[ :|]

As dr As

d ([Heiip]
= [roimipn] + % (T [Heio1p0]
deo i—
= [hoirpp] +o—=5 12 (58)

in which, based on (31), we have chosen to define the surface energy
as:

2
1 [[HL,i—l/Z]]
€io1/2 = cds| 1+ E <—As N (59)

with an energy flux of

44, Hp 44, Hy;

hy ;= oL || 2 —[[ L] —o ) L —[[ L] . (60)
’ As | p;As As prAs ) As As

In this derivation, we have used a discrete version of the product rule

that can be derived from (33) and (34):

[@i-12bim1 2]l = ([@ic1/2] Bici2) + @i [Bici ] »

and substituted the semi-discrete mass conservation equation for the
lower fluid (the second equation of (36)), specified to the 2D channel.

The derivation (58) shows that, for the surface tension discretization
given by (56) and (57), the contribution of surface tension to the semi-
discrete energy equation can be written in conservative form. This
requires adding an extra term to the energy, which must take a specific
form that is tied to this discretization. We have succeeded in finding
a combination of [Apint]i and e,;_,/, that is energy-conserving. These
results hold for the 2D channel geometry.

Therefore, we have found a way to add surface tension to the semi-
discrete model, in such a way that it remains energy stable. Consistent
with the physics of the flow, no dissipation (or production) of energy
will result from surface tension. All dissipation can be attributed to
effects that would physically be expected to yield dissipation: diffusion
and wall and interface friction.

3.7. Numerical diffusion

In addition to the energy-consistent discretizations of the extra
terms in the continuous model, a modification is needed to our dis-
cretization of the basic model, as given by (37). In this subsection we
will propose an upwind discretization of the advective terms in the
momentum equations, that can be shown to add a strictly dissipative
term to the energy equation, and is therefore energy stable.

This is required because our energy-conserving central advective
flux, included in (37a), is sensitive to discontinuities. At discontinu-
ities, the proofs of energy conservation for the continuous equations
no longer hold, and the continuous equations should dissipate en-
ergy (Jameson, 2008). However, our energy-conserving flux expressly
forbids this. As a result, when discontinuities appear in the solution, nu-
merical oscillations are generated. Adding physical diffusion mitigates
the problem, but it acts at small scales, and in order to incorporate its
full effect, a high grid refinement is required.
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Therefore, it is necessary to introduce some form of (strictly dissi-
pative) numerical diffusion. The adjective ‘numerical’ indicates that it
should be grid-dependent: it is primarily needed at coarse resolutions.
Such diffusion can be provided by an upwind discretization of the
advective flux.

Different upwind discretizations can be conceived, by taking differ-
ent interpolations and by upwinding different parts of the numerical
flux, see e.g. Issa and Kempf (2003), Krasnopolsky and Lukyanov
(2018) and Liao et al. (2008). Here we present a new upwind dis-
cretization that is based on the conservative variables, and closely
resembles the energy-conserving flux of (37a), with the exception that
for the advecting velocities we use an upwind interpolation, instead of
a central interpolation:

q3 53,:‘71 —
f3ai-1u = <§_> e = PUUy up,i-1 (AU’i_luU,,-_l ), (61a)
1/ up,i—1
d4 54,:‘—1 —
Saai-tu= % A5 = PLMLupi-1 Api-iupioy ) (61b)
2/ up,i—1
with
uy iz i3 >0
uU,up,i—l = .
uy 172, Otherwise
upi3s 441 >0
UL upi-1 = X
up iy, Otherwise

This upwind flux is atypical in its choice to have u; and u; as the
upwinded variables instead of ¢; and g, and in its choice to base the
upwind directions on ¢; and g, instead of u;; and u; . These choices are
needed to prove the strictly dissipative property.

We only apply an upwind discretization to the advective terms of
the momentum equations, and not to those of the mass equations. The
mass equations are left unchanged, since changing these would cause
complications in three areas. First, changing the mass advective fluxes
would interfere with the coupling between the mass and momentum
equations. Second, the discrete form of the volumetric flow constraint
would be altered, since it is derived through substitution of the mass
equations in the volume constraint. Third, the discrete energy analysis
of the streamwise gravity and surface tension terms could be invali-
dated or require significant modification, since it involves substitution
of the mass equations.

We now show that the contribution to the energy equation of these
upwind fluxes can be divided into a conservative part and a non-
conservative part. To this end, the analysis of Section 3.2 is repeated,
this time with (61) taking the place of the momentum advection part
of the fluxes given in (37a). The contribution of the flux terms to (40)
can then be written as

(Vh,i—l/z,i—l» [[fi—lﬂ> + <Vb,f—1/2,i» [[ﬂ']])
= ﬂ(vb,i—l/Z,i—l o]+ ﬂ(vb,i—l/Z,i 0]
- <[vb,i—l/2,i—l]] i) =« [[Vh,i—l/z,i]] ;)
= [nric1p2] + [Pui-12] + €wicigos
with h;; given by (41), h,; given by

6 (),)5

and €,;_;, given by

5_13,1'

h. = i)
As

u,i

(62)

€uU,i-1/2 T €y Li-1)2

93,i-1/2 Bi-172 | <113 )
qri-1)2 qri-1/2 41/ wpi-1/2

€ui-1/2 =

q3i-1)2
As
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+ |[44,i-1/2ﬂ <‘14,z—1/2 > < a4 >
ri1)2 dri1)2 %/ wpi-12
We have splite,;_; /, into a part pertaining to the upper fluid (¢, ;_1 /2,
first line) and a part pertaining to the lower fluid (¢, ; ;_/, second
line).

This shows that the contribution of the upwind flux can be writ-
ten as the contribution [h 71 /2] of the energy-conserving flux, plus
some extra terms. Some of these terms are completely between double
brackets, meaning they are energy-conserving, and can be included in
the energy flux A, ;. The remaining terms will become source terms in
the energy equation.

We will now show that these source terms are strictly dissipative.
It is sufficient to only examine the terms pertaining to the upper fluid,
since the terms pertaining to the lower fluid have the same structure, so
their analysis will yield similar results. The source terms for the upper
fluid can be rewritten in the following manner:

. 1| 931 || 3 <q3,i—1 > (43 )
Ui-12=75 || = -\ =
wl.i=1/ 2 ql,i*l q1 up,i—1

As qi-1
1
2 al,i

(5)-()
51,1‘ al up,i
Now, we consider the case that g;;_; > 0 and g3; > 0, so that uy ;| =
<q3,i—1 > 43,i-3/2
| 911 | 911 41-3)2
1 || 93, ( a3, > 9,i-1/2
+ = = = I
2 |9 a1, q1,i-1/2
2 _ 2 _
q3,i-1 1 || 493, a3,
+ o= =
As 4 g, As
Clearly, these terms must be positive, given that we have specified that

q3,-1 > 0and g5; > 0.
Similarly, we consider the case that g;; ; < 0 and g;; < 0, so that

q4i1)2

As (63)

B
As

Uy i-3/2 and Uy up,i = Uy i-1/2*

q3-1
As

q43,i-1

1
€uU,i-1/2 = 3

B
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1 q3,i-1
4 | 9ri-1 |

Uy up,i-1 = Uui-1/2 and Uy up,i = Wy i+1/2+
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Again, these terms must be positive, given that we have specified that
q3;-1 < 0 and g;; < 0. The third and fourth options (with differing
signs between g5, and g;;) are just simple recombinations of these
two results, so they too will be strictly positive. Move these terms to
the RHS, and they become strictly negative source terms. This means
that our proposed upwind discretization adds a strictly negative source
term to the energy equation, which acts to dissipate the energy given
by (46).

Comparing this numerical dissipation term to the physical dissi-
pation term given by (53), we see that, among other differences, the
numerical dissipation has an additional factor 4s. It is proportional to
the cell size and will decrease at a first order rate with increasing grid
resolution.

Note that alternative upwind fluxes, such as those used by Krasnopol-
sky and Lukyanov (2018) and Liao et al. (2008), do not yield contri-
butions to the energy equation that can be written as the sum of a
conservative term and a strictly negative dissipation term. In contrast,
our new upwind advective numerical flux does possess the property of
energy stability. However, it may be more dissipative than necessary,
and for this reason we will combine it with the energy-conserving flux,
in an energy-stable manner.
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3.8. Energy-stable combined advective flux

Our fifth and key novel contribution in the semi-discrete setting is
that we combine the strictly dissipative upwind advective flux with
the energy-conserving central advective flux, in such a way that the
resulting advective flux is energy stable, but less dissipative than a
purely upwind discretization. The proposed combination possesses the
best properties of both schemes.

Our energy-conserving advective fluxes were defined in (37a) as

@321\ 93,i—1
S3aictec = (-ﬂ > —
a,i ec 111,,-_1 As

A4,i-1 54,1'—1
f4,a,i—1,ec - <52,i—1 > As
Following the conventional manner of combining low-order and higher-
order fluxes (Toro, 1999), we propose the following combination of the

energy-conserving fluxes and the upwind fluxes given by (61), using
flux limiters:

f3,a,i—l = (1 - ¢ (rU,i—l )) f3.a,i—1,u + ¢ (rU,i—l) f3,a,i—1,ec’
Fraict = (1= (reict)) fagicta+ b (rrict) fagictecs

with ¢(ry;_1) and ¢(r; ;1) the limiter functions which determine the
weighting between the upwind flux and the energy-conserving flux.
Here, the upwind flux is a low-order flux, and the energy-conserving
flux is a higher-order flux. The limiting coefficients depend on the slope
of the solution:

= pyliy -1 (AU,i—luU,i—l )

=prup (AL,i—luL,i—l )

(64a)
(64b)
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43,i-3/243.i-1/2 k
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These coefficients are fed to the limiter functions, for which many
options exist. Here we choose the minmod function:

¢(r) = max [0, min (r, 1)] .

The minmod function will always yield a value between 0 and 1, which
is an important property that we need to show energy stability of the
combined scheme. When the solution is smooth, ¢(r) will be close to
1, and the energy-conserving flux will be used. When the solution is
less smooth, the upwind flux will be weighted more heavily. We note
that the minmod function could be exchanged for a less dissipative
alternative, though most conventional limiter functions are disqualified
due to the requirement that the limiter function yield a value between
0 and 1.

The energy analysis of Section 3.7 can be repeated for the fluxes
given by (64), with similar results. The contribution of the flux terms
to (40) can be written as

<Vb,i—1/2,i—1 > [[fi—l]]> + <Vb,i—l/2,i’ IIfi]]>
= [[(Vh,i—l/z,i—l o] + [[(Vh,i—l/z,i 0]
—([Vii-1/20-1] »Eimt) = [Vbicrai] -5
= [hsicipp] + [Puicr2] + €niciyos
with A, ; given by (41), h,; given by

0ot () (3)-(2),) %
o () () (8),) %

(65)
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and ¢,;_;, given by

€ni-1/2
9B,i-1/2 q43,i-1/2 < @ )
=l (1=9¢(ryiz12 = — || =
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Since with the minmod limiter function, the factors (1 —¢ (ry,)) and
(1-¢(rp,)) have values between 0 and 1, this dissipation term has
the same positivity property as the upwind dissipation term given by
(63).

Therefore, our novel advective numerical flux, formed by combining
our upwind flux and our energy-conserving flux, is energy stable. The
new energy-stable flux will be less dissipative than the pure upwind
flux, since it uses the energy-conserving flux where possible. Where the
solution is smooth, the continuous equations conserve energy, and our
energy-stable flux replicates this property. Where the solution is dis-
continuous, the energy-stable flux effectively adds numerical diffusion
which dissipates energy.

q3-1 /2
As

q4i-1/2
As

(66)

4. Stability

In this section, we discuss the stability of the basic and extended
TFM. The stability of the TFM is a topic that has received much
attention since the discovery of the ill-posedness issue by Lyczkowski
et al. (1978). Here we focus on providing a detailed motivation for
our proposed model additions of physical diffusion and surface tension.
Together these effects produce a reliable model that yields convergent
solutions under flow conditions where the basic two-fluid model fails.
Friction plays a less important role in the model’s stability, but is an
important physical effect that an accurate model must include, and is
included in the stability analysis given here.

The basic two-fluid model, as described in Section 2.1, is known to
be conditionally hyperbolic (Montini, 2011). In the region of state space
where the velocity difference is below the inviscid Kelvin-Helmholtz
(IKH) limit, the eigenvalues of the model are real, but outside this
region the eigenvalues of the model are complex (Liao et al., 2008).
Linear stability analysis (see Appendix C) confirms the issue put for-
ward by the characteristic analysis: within the hyperbolic region the
model is stable, but in the non-hyperbolic region the (linear) growth
rates for small wavelength perturbations tend towards infinity. There-
fore the model is said to be (linearly) ill-posed: the common view is
that this precludes meaningful solutions to the continuous model, and
prevents convergence of numerical solutions (Issa and Kempf, 2003).
This prevents the use of the basic model in its non-hyperbolic region.

Fig. 3 is a stability map similar to those of Barnea and Taitel (1993,
1994). It maps the stability of steady states of the TFM, where friction
is balanced by a constant driving pressure gradient (acting as a body
force). The parameters are given in Table 1 and the geometry is that
of a 2D channel. Given the lower fluid superficial velocity u;a; and
the upper fluid superficial velocity uy (1 — ay), the hold-up a; = A; /A
and driving pressure gradient dpy.qy/ds follow from the demand for a
fully developed steady state (derivatives to s and ¢ must be zero). For
these steady states, the two dispersion relations w(4) can be calculated
according to Appendix C. For a given perturbation wavelength 1, we
consider the dispersion relation for which the imaginary component
of w is largest: this is the most unstable mode for this wavelength. If
for this most unstable mode Im(w(4)) < 0, the steady state is stable
and damping (to perturbations of wavelength 1), if Im(w(1)) = 0 it is
neutrally stable, and if Im(w(4)) > 0 it is unstable. As long as Im(w(4))
is bounded as 4 — 0, the state is well-posed. If Im(w(4)) = oo for 4 — 0,
the state is labeled ‘ill-posed’.
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Fig. 3. A map of the linear stability of perturbations to steady states of the TFM
with wall and interface friction, using the basic model without diffusion and surface
tension. The state space is divided into regions where perturbations are damped, are
unstable with a bounded growth rate, or are unstable with an unbounded growth rate
(ill-posed). The inviscid Kelvin—-Helmholtz (IKH) and viscous Kelvin-Helmholtz (VKH)
stability boundaries are indicated. The symbol + marks the base state given by Table 2,
and the symbol * marks the base state given by Table 3.

Table 1
Parameters used for the linear stability analysis. These resemble the parameters of the
Thorpe experiment (Thorpe, 1969) as described by Fullmer et al. (2014b).

Parameter Symbol Value Units
Lower fluid density oL 1000 kgm™
Upper fluid density v 780 kgm™
Acceleration of gravity g 9.81 ms™2
Channel inclination ) 0 degrees
Channel height H 0.03 m
Lower fluid material viscosity VoL 1.0-107° m?s~!
Upper fluid material viscosity Vv 1.9-107° m?s!
Lower fluid effective viscosity Veg.L 1.13- 107 m?s7!
Upper fluid effective viscosity Vett.U 1.21-107* m?s~!
Surface tension c 0.04 kgms2

Table 2
Base state used for the linear stability analysis, corresponding to the left plot in Fig. 4,
and marked with the symbol + in the stability maps.

Variable Symbol Value Units
Initial lower fluid hold-up ar o 0.4 -

Initial lower fluid velocity up o 1 ms™!
Initial upper fluid velocity Uy o 1.198 ms™!
Driving pressure gradient OPpoay /95 -204.2 kgm=2s72

Table 3
Base state used for the linear stability analysis, corresponding to the right plot in Fig. 4,
and marked with the symbol = in the stability maps.

Variable Symbol Value Units
Initial lower fluid hold-up ar 0.2 -

Initial lower fluid velocity upg 1 ms™!
Initial upper fluid velocity Uy o 1.515 ms~!
Driving pressure gradient OPpody /95 —-268.4 kgm=2s72

For the basic model without diffusion and surface tension, stability
is independent of wavelength (Jones and Prosperetti, 1985): if long
wavelengths are unstable then short wavelengths are also unstable
(though with different growth rates). This can be seen in Fig. 4 (similar
to figure 3.2 in Lopez de Bertodano et al. (2017)), which shows the
growth rate of the most unstable mode, for two different steady states,
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and for different versions of the TFM. Therefore the stability map of
the basic model in Fig. 3 is independent of wavelength. It is divided
into an ill-posed region and a well-posed region. Without friction the
whole well-posed region would be neutrally stable. Friction divides
the well-posed region of Fig. 3 into a region with damping and an
unstable region (but with bounded growth rates). The stability bound-
ary with friction is referred to as the viscous Kelvin-Helmholtz (VKH)
boundary, while the ill-posedness boundary is referred to as the inviscid
Kelvin-Helmholtz (IKH) boundary (Barnea and Taitel, 1993, 1994).

Adding physical diffusion and surface tension changes the disper-
sion relations, as can be seen in Fig. 4. Short wavelength perturbations
are stabilized, while at long wavelengths, the dispersion relations are
unchanged. The growth rate no longer tends to infinity for short
wavelengths, removing the ill-posedness issue. In case only diffusion is
added, the growth rate is bounded, but its value still increases rapidly
at short wavelengths, which causes short wavelength perturbations to
dominate the solution. In a numerical model, upon refining the grid,
increasingly unstable scales are resolved, making it impossible to reach
convergence (Holmas et al., 2008).

When both physical diffusion and surface tension are added to the
model, as suggested by Fullmer et al. (2014b), a cut-off wavelength
is introduced below which perturbations are damped, as can be seen
in Fig. 4 at approximately 4, = 0.0174m. This removes the unphys-
ical short wavelength instabilities. Meanwhile, the long wavelength
instabilities, which are physical instabilities that are an integral part
of the model, can still be resolved dynamically. The removal of the
severe short wavelength instabilities means that the impediment to grid
convergence is removed, and implies that theoretically all dynamics
could be resolved without refining past 4s = 4,/2. The combination
of physical diffusion and surface tension is crucial to achieving the
damping effect: with only surface tension the short wavelengths are
nearly neutrally stable, with only the shortest wavelengths being very
weakly damped, due to the influence of friction.

The cut-off wavelength depends on the state and model parameters.
As the difference between the velocities of the two fluids is increased
further into the region of instability beyond the IKH limit, the cut-off
wavelength is decreased. This is apparent from comparing the stability
maps for different wavelengths in Fig. 5. The marked states in the
maps are unstable (with bounded growth rates) to long wavelength
perturbations, but stable for short wavelengths, as shown in Fig. 4.
For each possible state there will always be a cut-off wavelength
below which damping takes place. Therefore, the extended model is
unconditionally well-posed.

This method of regularization leaves intermediate scale perturba-
tions intact that might lie outside of the range of validity of the model
dictated by the long-wavelength assumption. An alternative option is
to also damp these scales, by using artificial diffusion, added to both
the mass and momentum equations (Bonzanini et al., 2017; Fullmer
et al., 2014a; Holmas et al., 2008). However, the fact that these scales
are not modeled to complete accuracy does not mean that it is more
accurate to artificially eliminate these perturbations. Our approach is
to leave these perturbations intact, for as far as they are not stabilized
by physically motivated model components.

Depending on the state, the cut-off wavelength may become quite
low and the instability quite severe. For such an unstable state, the
solution will be dominated by intermediate scale instabilities, that lie
above the cut-off wavelength, but are still of very short wavelength.
Practically, the grid resolution required to reach the cut-off wavelength
may be prohibitive. Therefore, in engineering applications, it may not
be possible to resolve all the dynamics of the model in a numerical
simulation. This does not affect the linear well-posedness: if the small
scales are not resolved, they will cause no harm, and if they are
resolved, they will be regularized by diffusion and surface tension.

The longer scale instabilities that remain present in our extended
model have bounded growth rates, but would grow indefinitely, accord-
ing to the linear stability analysis. In reality, when the perturbations
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Fig. 4. Imaginary component of the angular frequency  for the most unstable mode, for the set of parameters given in Table 1, plotted as a function of wavelength A = 27 /k.
All models include wall and interface friction. Left: base state given by Table 2, marked by the symbol + in the stability maps. Right: base state given by Table 3, marked by the

symbol = in the stability maps.
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Fig. 5. Maps of the linear stability of short wavelength perturbations to steady states of the TFM, with wall and interface friction, diffusion, and surface tension. The stability of
perturbations with a specific wavelength is shown. Left: 4 = 0.1 m. Middle: 4 = 0.01 m. Right: 4 =0.001 m. The symbol + marks the base state given by Table 2, and the symbol

marks the base state given by Table 3.

grow large, the assumptions made in the linearization of the model
become invalid, and the behavior of the full model will depart from
the behavior of the linearized model. At this point, the nonlinear
stability of the model must be considered (Lépez de Bertodano et al.,
2017). Nonlinear effects can bound perturbations that grow initially
due to linear instability. Typically, the unstable perturbations develop
into shocks, which must be bounded by a dissipative mechanism. In
Section 5.4 we show numerically that physical diffusion plays a crucial
role in the nonlinear damping of linear instabilities that develop into
shocks. At coarse grid resolutions, this role is taken over by numerical
diffusion.

An analytical indication of a form of nonlinear stability, which the
model should satisfy even when it is linearly unstable, is given by
the energy conservation property. The extended local energy, given by
(12), can be written in the following primitive form for the 2D channel
geometry:

1 1
€ch = EpUgnlej +pygHyHp + z/’LgnHi + ZPUM%/HU + EPL”iHL
1 (0H; 2
+ pUngU +preyHr +0| 1+ E 7 . 67)

Since H; and H; must be positive, each term in this expression is
positive. Therefore the global energy equation (15) implies a bound
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on the velocities, the heights, and their spatial derivatives. A numerical
model that conserves (or strictly dissipates) this energy can be expected
to have solutions that are bounded in this way.

In conclusion, the extended model linearly damps short wavelength
perturbations, nonlinearly damps unstable long wavelength perturba-
tions when they grow large, and possesses an energy bound. These
properties are achieved by adding only physically derived terms to the
basic model (physical diffusion, friction, and surface tension). The end
result is a reliable model that can be expected to handle difficult flow
states, while still resolving physical instabilities.

5. Numerical experiments
5.1. Introduction

In this section, the energy stability and well-posedness properties
of our new framework are demonstrated through three different nu-
merical experiments. These were conducted using a code based on the
spatial discretizations given in Section 3. The numerical experiments
consider a 2D channel geometry, for which the original advective flux
described in Section 3.1 and the surface tension discretization described
in Section 3.6 are exactly energy-conserving.
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Table 4

Base state for the traveling wave case.
Variable Symbol Value Units
Initial lower fluid hold-up o, 0.5 -
Initial lower fluid velocity up 0.5 ms~!
Initial upper fluid velocity Uy 0.5 ms™!

For the time integration we use the fourth order constraint-
consistent Runge—Kutta method described by Sanderse and Veldman
(2019). This method is explicit for the mass and momentum equations
and implicit for the pressure, requiring the solution of a pressure
Poisson equation. It requires the mass and momentum equations to be
coupled as has been done by setting the fluxes in the mass equations
according to (37a).

First, in Section 5.2 we consider a traveling wave solution to the
basic TFM without diffusion or surface tension. We show that our
novel energy-stable advective flux (described in Section 3.8) yields
smooth solutions without excessive numerical diffusion or numerical
oscillations. We compare this flux to our original energy-conserving
flux (described in Section 3.1) and to our strictly dissipative upwind
flux (described in Section 3.7). Additionally, we compare these to a
naive central scheme which is neither energy-conserving nor strictly
dissipative.

In Section 5.3 we repeat the traveling wave case, but with surface
tension added according to Section 3.6. We show that this addition is
energy-conserving, as predicted by the analysis.

Last, in Section 5.4 we consider an unstable perturbation to a
shear flow base state that would be ill-posed for the basic TFM. We
demonstrate that the complete new framework with friction, diffusion,
surface tension, and the energy-stable advective flux, is able to obtain
solutions that converge with increasing grid resolution, for this chal-
lenging test case. We quantify the contributions of numerical diffusion,
physical diffusion and friction to the nonlinear damping by computing
the dissipation, using our derived expressions for the dissipation rates.

5.2. Traveling wave with the basic model and different advective fluxes

We conduct a test case with a traveling wave, induced as a pertur-
bation upon a uniform base state, for the basic model without diffusion,
friction, or surface tension. The base state is given in Table 4, and
the flow parameters are those of Table 1. The perturbation is defined
according to the analysis in Appendix C. It is the initial condition for
the exact solution to the linearized system, for one of the two modes
w(k). We set the wavelength of the perturbation to 4 = 0.1 m, and select
the wave mode w = 39.89s~! (the other option is @ = 22.94s~! and
would yield a slower wave). The perturbation is then limited to the
range between s, — 4/2 and spe, + 4/2, with sy, =24+ 4/4. Outside
of this range the base state is kept. The computational domain has
length L = 0.5 and has periodic boundaries. A pressure projection step
is performed on the complete initial condition, adjusting the velocities
to ensure that the volumetric flow constraint is satisfied (see Sanderse
and Veldman (2019)).

The exact solution of the linearized model is a wave traveling
to the right without deformation. The solution to the full nonlinear
model, using the energy-stable advective flux described in Section 3.8,
is shown in Fig. 6. We show the hold-up «; = A;/A and the upper
fluid velocity u;;. The wave travels to the right at constant velocity,
with little deformation. At + = 3.15s and ¢+ = 6.30s, the wave has
traveled through the domain an integer number of times (4 and 8 times
respectively), and the wave can be compared to the initial perturbation.
In the middle of the wave, a slight steepening has taken place, tending
towards the formation of a discontinuity. At the edges, the wave has
diffused slightly.

In Fig. 7, we compare results for this test case, using different
discretizations of the advective flux in the momentum equations. We
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compare the energy-stable scheme given by (64), the upwind scheme
given by (61), the energy-conserving scheme given in (37a), and a naive
central interpolation scheme in which the momentum advection fluxes
are given by

2
q3,i-1 q1,i-1 _ 2
S3ai-1cen = <— - > — =y (“U,[—l) Ayi-1»
| \d1i-1/ | 4s
44,i-1 Di-1 - 2
Sagi-tcen = (-’ > —— =pp (Upm1) Apicr-
[\ @21/ | 4

A high-resolution solution (4s = 1.25- 10™*m and 4t = 1.25 - 1073s),
obtained using the energy-stable scheme, is used as a reference. The
results show that the central and energy-conserving schemes produce
numerical oscillations in the presence of strong gradients, while the
upwind scheme is excessively diffusive. The proposed energy-stable
scheme yields the most accurate solution, without numerical oscilla-
tions and with much less diffusion than the upwind scheme.

This behavior can be understood from the perspective of the (global)
energy, of which Fig. 7 shows the absolute and nondimensional dif-
ference with respect to the initial condition. The energy-conserving
scheme conserves energy up to a very small time integration error.
The energy-stable and upwind schemes lose energy with respect to the
initial condition, while the central scheme gains energy (this is not
visible since only the absolute difference is plotted). The energy-stable
scheme is less dissipative than the upwind scheme, which is reflected in
its less diffused solution. Some dissipation is physically necessary near
strong gradients or discontinuities, and the lack of this in the central
and energy-conserving schemes can be understood to lead to numerical
oscillations.

5.3. Traveling wave with surface tension

Adding surface tension to the basic model yields a model that is
still energy-conserving, but for the modified energy e = ¢, + ¢,. We
repeat the previous case with this model. We test the surface tension
implementation described in Section 3.6 with the energy-conserving
advective flux to show that the addition is energy-conserving. We also
test the surface tension implementation with the energy-stable flux and
show that practically this yields the best results.

The addition of surface tension results in a different angular fre-
quency of w = 40.19s~!, for 4 = 0.1 m (the other mode is w = 22.645s7!).
The solution at various points in time is shown in Fig. 8. Due to
the slightly increased wave speed, the snapshots at + = 3.13s and
6.25s are now the points at which the wave has traveled through the
domain 4 and 8 times respectively. The addition of surface tension
has a dispersive effect: the traveling wave spreads out into smaller
oscillations, which are not of numerical origin. This can be determined
from the fact that they do not vanish upon grid refinement.

Fig. 9 shows energy and convergence results using the energy-
conserving advective flux. Using the energy-conserving advective flux
makes it possible to isolate the effect of the surface tension imple-
mentation on the (global) energy. The figure shows how the total
energy remains constant in time. This confirms our theoretical analysis:
the surface tension implementation is indeed energy-conserving. The
different components of the energy (potential, kinetic, and surface
energy) are free to increase or decrease, exchanging with one another.
The magnitude of the exchange is small.

Fig. 10 shows energy and convergence results using the energy-
stable advective flux. Using this flux, the total energy is not conserved,
but decreases monotonically, as discussed in Section 5.2. A comparison
between the right plots of Figs. 9 and 10 shows that this comes with
the advantages of smoother convergence and absence of numerical
oscillations. Therefore the energy-stable flux is favored, in combination
with the energy-conserving surface tension discretization.
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5.4. Shock formation and dissipation in unstable region

In this test case we test our complete proposed framework, with all
physical effects and the energy-stable advective flux, on a challenging
case involving the rapid growth of a perturbation and development into
a shock. The flow is in the region of state space where the basic model
is ill-posed: it is marked with the symbol = in the stability maps of
Section 4. However, with our extended model we are able to obtain
good convergence and a well-resolved shock.

This test case is inspired by a case from Fullmer et al. (2014b),
which is in turn derived from Holmas et al. (2008). The boundaries
are periodic, the flow parameters are given by Table 1, and the base
state is given by Table 3. This base state is altered by a single-period
sinusoidal perturbation in the hold-up (with wavelength 1 = 0.1 m and
amplitude Aa; = 0.05), which determines the initial conditions for ¢,
and ¢,. The velocities are not explicitly perturbed. Instead, a pressure
projection step is performed on the base state plus perturbed hold-up.
The projection step perturbs the velocities such that the volumetric
flow constraint is satisfied, yielding the initial conditions for ¢; and
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q4. Two components of the resulting initial condition (expressed in
primitive variables) can be seen in Fig. 11, along with the evolution
of the wave in time. The main difference between this case and the
case from Fullmer et al. (2014b) is that we add wall and interface
friction, so that all sources of dissipation are included in the numerical
experiment. The friction is balanced by a driving pressure gradient,
with a (constant) value given by Table 3, so that the base state is a
steady state (see Section 4). Without the external forcing provided by
a driving pressure gradient, the initial perturbation would quickly die
out.

While the basic model possesses an unbounded short wave growth
rate for these flow conditions, the extended model damps short wave-
length perturbations (see Fig. 4). The wavelength of the perturbation
considered here is still unstable, and indeed the perturbation is ob-
served to grow rapidly in Fig. 11. Fortunately, as predicted by the
linear stability analysis, it grows at a finite rate, and is not dominated
by extreme short wavelength instabilities. Finally, after developing
into a shock its growth is stopped by nonlinear effects. After this
point, secondary perturbations will start to grow, which will continue
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traveling to the right, through the periodic boundary, to reappear on
the left side of the domain. The secondary perturbations also form
discontinuities and remain bounded in the same manner as the primary
perturbation. Eventually, at much later time, a sequence of roll waves
is observed, as shown in Fig. 12.

The global dissipation as a function of time is shown in Fig. 13. Here
the dissipated energy is calculated using the expressions for the local
dissipation — €, ;_1/2, €f,_1/2, €5i1/> — and the expression for energy
production due to a driving pressure gradient - c,;_; ;. These expres-
sions are summed over the domain and integrated in time (numerically)
according to (49), and their sum yields the total dissipated energy.
Since the initial base state is uniform, it has no (physical or numerical)
diffusion, but it does have high dissipation due to friction which is
balanced by an energy input from the driving pressure gradient. These
base state dissipation and production terms have been subtracted so
that friction and the driving pressure gradient do not dominate the plot.

In the second plot of Fig. 13, the instantaneous energy is calculated
using the expression for e;_;/,, summed over the domain to yield the
global energy. The left and right plots of Fig. 13 show the same decrease
in total energy, confirming that the two methods of calculation are
consistent.
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Fig. 13 reveals exactly how nonlinear effects bound the amplitude
of the shock. The respective contributions of the physical and nu-
merical diffusion to the nonlinear damping can now be quantified,
by examining their effect on the energy of the solution. The figure
shows that as the shock develops, the physical and numerical diffusion
and their resulting dissipation grow large, and decrease the energy of
the solution. They act to decrease the kinetic energy of the solution,
allowing the potential and surface energy to grow slightly. We note
that a calculation of the local dissipation shows the dissipation to be
localized around the shock.

The dissipation due to friction also grows with time, but less dra-
matically, since it is proportional to the size of the wave, not to its
steepness. It has a smaller stabilizing effect. Regarding the driving
pressure gradient, the energy input remains roughly constant, since it
is not dependent on the perturbation but only on the volumetric flow
rate, which is a property of the complete flow. Its negative value at
t = 0.16s means that the energy input is slightly lower than it was
for the initial base state, since the volumetric flow rate has decreased
slightly, indicating that the flow has been slowed down slightly.

Fig. 14 shows how the solution converges with grid resolution,
confirming that the extended model is well-posed, as discussed in
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Section 4. Also shown in Fig. 14 is the convergence of the dissipation,
divided into its different components. As the grid is refined, the small
scales at which the physical diffusion acts are better resolved, allowing
the corresponding dissipation to grow and converge to its full physical
effect. In contrast, beyond a certain resolution before which the solu-
tion is relatively smooth, the numerical dissipation decreases with grid
resolution. Only at coarse resolutions, numerical dissipation is needed
to compensate for the lack of physical dissipation. Dissipation due to
friction only varies slightly with grid resolution, since it is not a small
scale phenomenon.

Previous work has described how the linearly unstable wave is
bounded by (nonlinear) dissipation in the shock, due to numerical and
physical diffusion (Fullmer et al., 2014b). However, up to now, dissi-
pation has remained an abstract concept for the TFM. Here we provide
definitions for the various components of the dissipation, and specify
their effect on a well-defined energy. Therefore, dissipation has become
a concrete quantity that can be measured. This provides a stronger basis
for discussions of the nonlinear damping of unstable waves. We confirm
the conclusions of Fullmer et al. (2014b), who observe that with only
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numerical diffusion, the solution fails to converge (with oscillations
appearing at high resolutions), due to the lack of numerical diffusion
at high grid resolutions. We similarly observe (results not shown here)
that physical diffusion without numerical diffusion leads to a less clear
convergence, with coarse grid solutions being insufficiently diffused.
With Fig. 14 we have made concrete that with a combination of
numerical and physical diffusion, the dissipation in the shock smoothly
converges to a finite value, realizing a grid-independent bound on the
amplitude of the shock.

6. Conclusions

This paper has proposed a complete energy-stable framework —
including diffusion, friction, surface tension, and an energy-stable ad-
vective flux scheme - for reliable simulations with the one-dimensional
two-fluid model (TFM). The paper builds on our earlier work on the
energy-conserving basic TFM, which we have extended in an energy-
consistent manner. We have shown that for the channel geometry,
surface tension can be added to the model in an energy-conserving



J.F.H. Buist et al.

.06 ]
c
il
©
©
= 04r ]
o
?
S
o
T

0.2¢ W

O L L L L
0 0.1 0.2 0.3 0.4 0.5
s [m]

Fig. 12. Snapshot of two components of the solution to the unstable shock formation case, at time 7 = 1.8s. Using the energy-stable advective flux, with 4s = 1073 m and 47 = 10~

Upper fluid velocity [m/s]

International Journal of Multiphase Flow 174 (2024) 104756

—_
~

-
()]

-
)]

-
N

1.3 ‘ ‘ ‘ ‘
0 01 02 03 04

s [m]

0.5

4.

This figure shows how after the rapid growth depicted in Fig. 11, the shock breaks up into several roll waves that remain of limited amplitude.

0 %107
=17
>
)
c
)
T -2r
Q
®©
Q
2
5 3]
_02') —total
© —diffusion
& 41 numerical
—friction
——pressure
-5 r ‘ ‘
0 0.04 0.08 0.12 0.16
t[s]

5 x10™ ‘ ‘ ‘

0 4/
5
o 2| ]
c
[0}
g
B4
[0}
o

| —total
-6 ——potential
kinetic
—surface
) 0 0.04 0.08 0.12 0.16
t[s]

Fig. 13. For the unstable shock formation case, this figure shows the dissipated energy (left) and the instantaneous energy (right), made non-dimensional by the total energy of
the initial condition. Using the energy-stable advective flux, with As = 10> m and At = 10~*s. The total dissipation is divided into contributions from physical diffusion, numerical
diffusion, wall and interface friction, and a production term due to an externally applied driving pressure gradient.

manner. The additions of friction and momentum diffusion have been
shown to be strictly dissipative. Therefore, these extensions yield an
energy-stable model.

Besides their implications for energy stability, the additions to the
model also solve the basic model’s issue of unbounded linear instability
at short wavelengths: diffusion and surface tension introduce a cut-off
wavelength below which perturbations are damped. The cut-off wave-
length is shown to depend on the state: it decreases with increasing
velocity difference between the phases. Nevertheless, there exists a
cut-off wavelength for any state, rendering the model unconditionally
well-posed. These cut-off wavelengths may be shorter than the scales
at which the TFM is usually employed, but it is these scales at which
the ill-posedness issue of the one-dimensional model resides and it is
these scales which need to be stabilized. Diffusion and surface tension
offer a clearly physically motivated way to do so. Precisely because
diffusion and surface tension are physically motivated, they fit well into
our energy-stable framework.

The energy conservation and dissipation properties of the model
have been proven to carry over to the semi-discrete model, when the
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model and its energy are discretized in a specific manner. The semi-
discrete model with surface tension is exactly energy-conserving, if
the surface energy is added to the basic energy as an extra term.
Diffusion and friction add strictly dissipative terms to the local energy
conservation equation, with expressions for the dissipation rates that
can be evaluated as functions of the local instantaneous solution.
However, the key highlight of our semi-discrete model is a new
discretization of the advective terms, which combines a previously
developed energy-conserving central discretization and a strictly dissi-
pative upwind discretization. These discretizations are combined using
flux limiters. The novel combined advective flux is energy stable, and
comes with an explicit expression for the numerical dissipation rate,
that can be evaluated during a numerical simulation. It is designed to be
energy-conserving where the solution is smooth, and dissipative where
the solution has strong gradients. This dissipation is motivated by the
fact that the energy conservation property of the continuous model
does not hold for discontinuous solutions: dissipation is required in this
case. The novel energy-stable flux retains the advantages in stability
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and physical fidelity of the original energy-conserving flux, without the
latter’s tendency to generate numerical oscillations near discontinuities.

In numerical experiments, spatially exact energy conservation is
demonstrated for the basic model extended with surface tension, using
the original energy-conserving flux. The upwind and energy-stable
advective fluxes are demonstrated to be strictly dissipative, as opposed
to a naive central discretization that is neither conservative nor strictly
dissipative. The energy-stable scheme is shown to yield smooth so-
lutions without numerical oscillations. It is much less diffusive than
a first-order upwind scheme, and this is reflected in the dissipation,
which is lower for the energy-stable scheme than for the upwind
scheme.

A challenging test of our complete framework is provided by the
simulation of an unstable wave in a region of state space where the
basic model is linearly ill-posed. Our proposed framework yields a
convergent solution, confirming that it is well-posed. The unstable
perturbation develops into a shock, which is bounded by nonlinear
dissipation. The analytical results of this work enable a precise analysis
of the dissipation and better insight into the nonlinear damping taking
place. The dissipation due to numerical and physical diffusion are
observed to grow as the wave steepens, with numerical dissipation
dominating at coarse resolutions and physical dissipation dominating
at fine resolutions. Together, numerical and physical diffusion yield
a smoothly converging total dissipation, and a smoothly converging
solution.

In order to resolve the full effect of the physical diffusion and sur-
face tension and reach convergence, the grid needs to be refined to high
resolutions that may be impractical in engineering applications. When
the additional computational expense associated with high resolutions
is unwanted, our model has the advantage that it can also be used at
coarse resolutions, where it provides solutions that are similar to the
converged solutions, except that sharp perturbations are diffused. The
convergence plots show a monotonic steepening of the waves, without
spurious oscillations.

Though the semi-discrete computational model proposed in this
paper is by itself no more computationally expensive than standard
discretizations of the basic model, the inclusion of surface tension does
place an additional restriction on the time step set in the explicit time
integration method. For the basic model the time step only has to
satisfy a CFL condition, giving the time step a bound that scales linearly
with grid resolution. The addition of surface tension results in a higher
order restriction, with an exponent between 1 and 2. Therefore, the
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addition of surface tension increases the computational effort required
for the fully discrete computational model, particularly at higher grid
resolutions.
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Appendix A. Geometric relations

The equations are written in terms of the cross-sectional areas
occupied by each fluid, which in general can be defined to be related
to the interface height H; via

H

Hy
Ap :/ w(h)dh, Ay :/
0 Hy
P

with w(h) the local duct width. Note that w(H;) = P,,;, where P, is
the (generalized) interface perimeter which is shown for a circular pipe

w(h)dh, (A1)
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geometry in Fig. 1. For the 2D channel geometry, w(h) = 1, and the
cross-sections A; and Ay are identical to the fluid heights H; and Hy;.
The geometric quantities H 1, and H v which appear in the governing

equations of the two-fluid model, also have general definitions:

R Hy . H

H, = / (h— Hpw(hydh,  Hy = / (h— Hw(h)dh.  (A.2)
0 Hy

Besides A . and }AIU, the following geometric quantities are used in the

energy definition:

~ HL ~
H, = / hw(hydh=H, + H A,
0

- H
Mﬂ=/
Hy,

We can apply Leibniz’ rule to (A.1) (see Buist et al. (2022)) to obtain
dA; dAy
dH, dHy
where we have used H; + H; = H. Applying the same technique to
(A.2) and (A.3) yields

(A.3)
hw(h)dh = Hy + (H — Hy)Ay.

int> int>

A, diy
anm, - an, =4
ﬂ = HLPinl’ dHU = (H HU)le’
dH; dHy
which leads to
i, _di, [dA_L] __A Ay iy [d"l] _Av s
dA; dH, [dH| Py dAy dHy |dHy P
dH, dH;[dA; ] dHy dHy [dAg ]!
A similar calculation, in which we assume that H is constant, yields
oH, oH, oH, o(H — Hy)
o5 LTgs os VT 5

Finally, comparison to (A.5) yields

0H, o [dH, oH, o (dH,
=-Ar— | — ) —— =-Av—\|-—)
s ds \ dA, ds ds \ dAy
and these geometric relations are critical to deriving the local energy
conservation equation.
The general geometric quantities H; and H; can be evaluated for
specific geometries. For a 2D channel geometry, (A.2) evaluates to

1.2
2

(A.6)

~ 1 ~
H, = —EHi, Hy =
where we have substituted H;, = H — H;. For the pipe geometry, the
results of the integrals are given by (Sanderse et al., 2017):

Ay =—|(R-Hy)Ay -

f, = [(R— H)A, — - p3 Lps ]

2 nt 2 nt
The general geometric quantities that appear in the energy defini-
tion also have specific forms for different geometries. For the channel
geometry, the general expressions (A.3) evaluate to
_ 2
= 5 H}
For the pipe geometry the results are
3
il

~ 1 ~
HL=§H§, Hy +HyHy.

i, = [RAL iy = [RAU Lps ]

12 nt

Appendix B. Friction closure relations

The wall and interface stresses of the two-fluid model are typically
modeled in the following manner (Taitel and Dukler, 1976):

1 1
T = _EprL“LluLl’ Ty = —ifupu”uWul,

1
Tint = _EfintpU (uU _“L) |uU _ML|’
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in which f;, fy, and f;, are the Fanning friction factors, which require
further closure relations. The friction factors depend on the Reynolds
numbers

ur|D uy | D
Rep= MulDL g, llDy
Vi, L Vm,U
with hydraulic diameters
44; 44y
Dr=5= UT P, +P
L U int

In this work we use the Taitel and Dukler friction model (Barnea and
Taitel, 1993; Taitel and Dukler, 1976)

c Cc
—, —, fine = max (fy,0.014),
Re} Re;’[ m

fr= fv=

with coefficients C = 0.046 and n = 0.2 (valid for turbulent flow).
Appendix C. Linear stability analysis

We conduct a linear stability analysis of the (continuous) model,
following Fullmer et al. (2014b), Liao et al. (2008) and Lépez de Berto-
dano et al. (2017). The analysis starts by writing (10) in quasilinear
matrix form, which can be done by substituting the volume constraint
and assuming the solution is smooth:

ow ow w Pw
A(W)— + B(W)— + E(W)— + G(W)— = ¢(W), Cc1
()61 ()0s ()632 ()653 (W) (C.1)
with
wy Ap 1 0 0 0
w2 | ’ A= -1 0 0 O ,
w3 uy 0 1 0 O
Wy p 0O 0 1 O
[ w, w, 0 0
—ws 0 A—w, 0
B=| , a, i ,
T da, wz_u_as ey 0 1/p,
,Agl;;, 3{:: 0 ws — /\+uu % (Veff,u(A - wl)) 1/py
[ 0
0
¢= _ L 9%vody | ToPr TP _ s
prL Os LW pLW] 8s
_1 9Pbody _why Tint Pt
w05 pglAmwp T pgAmwp 8
[ 0 0 0 0
0 0 0 0
E=
o _1 dBy ow;
oL PL Ty o TVerfL 0 0
0 0 —Vetry 0
[ 0 0 0
0 0O 0 O
G= c 1 .
ol P 0 0 O
| 0 0 0 0

Here we have used the second expression in (26) for the surface tension,
which can be applied to both the 2D channel and the circular pipe
geometries.

A general method for the linearization of systems of quasilinear
partial differential equations is given by Prosperetti and Tryggvason
(2007). The general solution is decomposed into w = w + Aw with
Aw a small disturbance (4w < w), and w a base state that is itself
also a solution to the equations. Additionally, we assume that the base
state is a uniform steady state (its derivatives to s and to ¢ are zero).
Then, neglecting terms that are higher order in Aw, and subtracting the
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equation for the base state (which is satisfied by definition), a system
of the form (C.1) can be approximated by

_ 04w _ 04w _ 024w _ 04w -
with
ac(W)
D =
c(W) o

Here, D is a Jacobian matrix. Due to the assumption of the uniform
base state, and the neglecting of higher order terms, the terms in B(w)
and E(w) involving partial derivatives to s drop out.

We write Aw as a Fourier series and substitute an arbitrary Fourier
mode

Aw = AWexp [i (ks — wt)],

with Aw the amplitude, k the wavenumber, and w the angular fre-
quency, into (C.2). This yields the following linear system (Fullmer
et al., 2014b):

[~@A(W) + KB(W) + iD(W) + ikE(W) — K> G(W)] 4% = 0. (€3)

For nontrivial solutions to exist, the determinant of the term between
brackets must be zero, and solving for this yields two dispersion rela-
tions w(k).

The perturbation amplitudes AW corresponding to the found disper-
sion relations can be found by substituting these in (C.3) and solving
for Aw. This can be understood as, for each dispersion relation, finding
the null space of the term between brackets in (C.3), which will
consist of one vector. The associated phase angles can be calculated
component-wise:

6 = arctan [Im(4W)/Re(4W)],

where each component of 0 has a range [—z, ] (use the four-quadrant
inverse tangent).

This makes it possible to write the evolution in time of a perturba-
tion as

Aw = Z|AVAVI~‘elm{“’f}’cos(ks—Re{wj}t+9j), (C.49)
J

where we take the sum over the different solutions for w for a given
k, and the associated amplitude vectors. If a sinusoidal perturbation is
initialized with a given wavenumber &, and an amplitude vector exactly
corresponding to one of the two angular frequencies w(k), then the sum
in (C.4) can be left out and the perturbation will propagate as a single
wave with speed Re {w} and growth rate Im {w}. This holds exactly for

the linearized system, but solutions to the full nonlinear system will
deviate from this solution over time.
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