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Abstract

This note communicates a simple modification of the optimality criteria (OC) design update—as found in well-known Matlab
implementations of the classical topology design problem—to an update based on a quadratic program (QP) with a single
linear constraint. This QP update is a special case of the dual of Falk, which in general accommodates multiple constraints,
as discussed in the Appendix. It is demonstrated that the topology design problem of self-weight may be treated with judi-
cious selection of the adaptive curvature term in the QP, without resorting to more sophisticated algorithms or material
interpolation schemes. Theory is recited and an accordingly modified version of the canonical Matlab implementation is

provided as supplementary material.

Keywords Topology optimization - Self-weight - Design-dependent loads - Matlab - Optimality criteria (OC) - Quadratic
program (QP) - Sequential approximate optimization (SAO) - Duality

1 Introduction

The simple and effective 99- and 88-line Matlab imple-
mentation of the classical minimum compliance topology
design problem (Bendsge and Sigmund 2003; Andreassen
et al. 2011) is well known in the topology optimization com-
munity. At the heart of the implementation is the optimality
criteria (OC) design update (Bendsge and Sigmund 2003).
Given a design variable array x* with n elements, in some
iteration k (also the zeroth iterate), the design is updated
according to

e :x§</12’;f> : (1
x/) 1

with bounds applied to each value in the new design iterate
x**1 such that
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X min(max (¥, ), ), 2)

fori =1,2,...,n. The design variable bounds in each design
iterate, ¥* and ¥, are determined by a prescribed move limit
and the global design variable bounds at O and 1. The # is
a ‘tuning parameter’ (or ‘numerical damping’ coefficient),
typically set at 0.5. The d)’;f0 and d)’;f1 are the sensitivities' of
the objective and constraint function, evaluated at design
iterate k. When applied to the classical minimum compliance
topology design problem, f; is the compliance objective and
/i 1s the resource constraint. The A is the Lagrange multiplier
(dual variable) associated with the constraint, computed with
a bisectioning algorithm.

With fixed (constant) external loads, the minimum com-
pliance objective function is monotonic: the first-order
derivatives are negative dfr ,fo < 0Vi at any design x*. The
resource constraint has strictly positive sensitivities
d’;{f0 > 0Vi, and the Lagrange multiplier is positive 4 > 0
due to activity of the inequality constraint in negative null
form. Therefore, the square-root implicated by # = 0.5 in the
OC update (1) is guaranteed to yield real numbers. Bendsge
and Sigmund (2003) address the issue which arises when a
positive number under the square-root cannot be guaranteed.

! First-order derivatives evaluated at x¥, written in an abbreviated

(Euler-like) notation; dfC Jo= 3—: .
i X; |x=x
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For example, in eigenvalue maximization problems, it is sug-
gested that the OC update is modified to

n

max (—d’;fo, 0)
Xt =l ————=| 3)
Ad_f)

The same is done in Bendsge and Sigmund’s (2003) treat-
ment of (linear) compliant mechanism design, with # ‘some-
times chosen a bit lower’ to promote stable convergence.
A smaller value for 5 corresponds to reciprocal interven-
ing variables with a larger (negative) exponent, increasing
the effective curvature of the resulting objective function
approximation (Groenwold and Etman 2008b). Generalized
and adaptive intervening (or intermediate) variables form
the basis of the very successful CONLIN (Fleury 1989) and
MMA (Svanberg 1987) algorithms.

Arguably, the simplest topology optimization problem
with a non-monotonic objective function is the classical
minimum compliance design problem posed with design-
dependent self-weight loads (i.e. body forces). See Bruy-
neel and Duysinx (2005). In classical minimum compliance
design with fixed external loading, increasing the material
at a point in a structure can only decrease the total elastic
energy—proportional to compliance. However, if the load on
the structure is the self-weight, then a non-trivial trade-off
occurs: increasing the amount of material at a point in the
structure increases its stiffness, but it also increases the load,
and, depending on the configuration, it may increase the total
elastic energy. Considering only self-weight loads, without
a constraint on the minimum amount of material to be dis-
tributed, the global optimum is, strictly speaking, the trivial
all-void design associated with no loading whatsoever.

Bruyneel and Duysinx (2005) summarize the difficulties
in the self-weight problem, as follows: (i) non-monotonicity
of the compliance objective function, (ii) the ‘unconstrained
character of the optimum’, and (iii) the ‘parasitic effect for
low densities’.” To address (iii), Bruyneel and Duysinx
(2005) introduce a modification to the SIMP material law,
making it linear at small design variable values. To address
(ii), a constraint on the minimum amount of material to be
distributed is introduced. And to address (i), the ‘struc-
tural [response function] approximations’ in the MMA are
modified.

With the work of Bruyneel and Duysinx (2005) serving
as backdrop, and prompted by contemporary works on the
subject (Kumar 2022; Garaigordobil et al. 2022), we wish

2 The penalized stiffness tends to zero faster than the self-weight
load, as the associated design variable goes to zero. But of course,
a minimum stiffness is typically present to prevent singularity of the
global stiffness matrix.

@ Springer

to show that the self-weight problem can also be solved with
a design update based on a quadratic program (QP) with an
adaptive curvature approximation, without modifying the
material interpolation scheme. That is to say, we retain a
straight-forward optimization problem formulation:

min Jolx] = ulx] - K[x]ulx]
subject to filxl=1- Z,f—n <0, 4)
0<x;, <1, i=12,...,n,

wherein u is the displacement degrees-of-freedom depend-
ent implicitly on the design variables x, u[x], via solution of
the linear, finite element discretized equilibrium equations
K[x]u = g[x]in each design iterate. The design variables are
subjected to density filtering p = Hx and SIMP is applied
(Bendsge and Sigmund 2003) in the construction of the
global stiffness matrix K. The self-weight (body-force) per
element g, is taken to scale linearly with the corresponding
(filtered) density variable p,, and the resource constraint is
modified to enforce distribution of a minimum amount of
material in terms of a volume fraction v. See the Appendix
for the treatment of the more general problem with the addi-
tion of a fixed external load and a second resource constraint
on the maximum amount of material to be distributed—a
variant also studied by Bruyneel and Duysinx (2005). The
reader is invited to consult the cited literature and the Matlab
implementation provided in the supplementary material for
more detail.

In the following section theory is recited, after which the
implementation and numerical demonstrations are presented.

2 An adaptive QP

Groenwold et al. (2007) generalize the notion of intervening
variable functions with the introduction of incomplete Tay-
lor series expansions for function approximation. Arguably,
the simplest response function approximation is quadratic
with a single (scalar) curvature term ¢k, written as

folxl =ff +d¥fy - (x = xb)

+ %ck(x—xk)-(x—xk). )
In general, the quadratic (or curvature) terms may be con-
structed in all manner of ways, including the approximation
(5) to the response function linearized in terms of interven-
ing variables (Groenwold et al. 2010). The so-called spheri-
cal quadratic approximation (Groenwold et al. 2007, 2010)
is obtained with
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gy e
- (k=1 — xky « (k=1 — xk)

c , (6)
aresult of requiring the function approximation to render the
same zero-order information é“l at the previous design iter-
ate x*~1. Strict convexity of the objective function approxi-
mation is enforced by

e max(e, c"), 7)
with e a small positive number—e.g. 1E—9. Limiting our-
selves to a single linear constraint, herein, we can write an
OC-like update of the form

d* fy + Ad*

g S S ®
which results from requiring the Lagrangian of the QP asso-
ciated with the iterate to be stationary with respect to x. In
this case, the Lagrange multiplier (dual variable) A can be
determined with the same bisectioning algorithm employed
in the OC update, and the bounds (2) are applied as before.
This is a special case of the dual due to Falk (1967), as dis-
cussed in more detail in the Appendix.

Due to the simplicity of the QP, and because the prob-
lem is simply constrained, so-called global convergence
(enforced convergence) of the GCMMA (Svanberg 2002)
is readily applied by requiring a descent step in each design
iterate fé‘“ < fé‘. If a descent step is not taken, the previous
iterate is restored and the curvature approximation of the
objective function is increased by some factor, e.g. ¢ < 2cF.
We return to this topic later. See Groenwold and Etman for a
detailed description of enforced convergence by conditional
acceptance of iterates (Groenwold and Etman 2010a).

3 Implementation and demonstration

We take as basis the 88-line Matlab implementation of the
classical minimum compliance problem with fixed exter-
nal loads and the OC solution procedure (Andreassen et al.
2011). Please see the modified code topgpsw . m provided
in the Supplementary Material. The fixed external loading is
removed, design-dependent (distributed) loads in the y direc-
tion are introduced (lines 52-56), the objective sensitivities
are modified (line 64), density filtering is used exclusively,
and the resource constraint and its sensitivities are modified
to limit the minimum amount of material to be distributed
(lines 65-66). Please see the Appendix for the treatment of
the problem with additional external loading and a second
resource constraint on the maximum amount of material to
be distributed. Variables and logic are introduced to calcu-
late the adaptive curvature term (6) (line 85) and optionally
enforce convergence (lines 77-91) with the input flag ec.

Fig.1 Self-weight MBB beam minimum compliance topology design
with QP update: k = 132, f, = 6.194, V=0.14, B&W = 0.96

Other modifications include scaling of the objective function
(lines 68-71), provision of additional output information—
e.g. the ‘black-and-white’ fraction (B &W) of the design—
and the convergence criteria (line 49).

The OC update is replaced by the QP update (8) (lines
93-102):

11 = 0e0; 12 = 1e9; move =
while (12-11)/(11412) > le—
Imid = 0.5%(124+11);
xdel = min(max((sub.df_k+lmidxsub.dg_k)/sub
.ddf_k /alph,—move) ,move) ;
xnew = min(max(x—xdel ,0.) ,1.);
gt = sub.g_k+sum(sub.dg_k.*(xnew—sub.x_k),”
all”);

0.1;
9

if gt>0; l11=lmid;
else; 12=lmid;
end

end

A smaller move limit than typical is set (0.1 vs 0.2) in the
presence of this less well-behaved, non-monotonic objective
function.

The first example concerns the well-known MMB
beam design domain and kinematic boundary conditions
(symmetry and roller support). It may be executed with
topgpsw(180,60,0.1,3.,3.,0). The result—the
filtered design variable field p at termination—is given in
Fig. 1. The number of iterations k, the objective function
value f, the volume fraction V, and the black-and-white
fraction B&W are given in the caption of the figure. The
constraint on the minimum amount of material (volume)
to be distributed is not active. Executed with a larger filter
radius (e.g. 4), increasing the minimum feature size of the
design, increases the volume fraction at solution further (e.g.
0.19). It is understood that a particular amount of material
is required to construct a topology which connects the roller
supports in some stiffness optimized manner with respect to
its own weight.

The second example is a self-weight arch. The roller is
changed to a pin support, with line 20 replaced by

fixeddofs = union ([1:2:2x(nely+1)],[2*(nelx

+1)*(nely+1)—1, 2x(nelx+1)*(nely+1)]);

The example may then be executed with
topgpsw (120,120,0.1,3,3,0). This case con-
firms the difficulties in the self-weight problem: iterates

@ Springer
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Fig.2 Self-weight arch minimum compliance topology design: k =
171, f,=0.1261, V=0.10, B&W = 0.99

Fig.3 3D self-weight arch minimum compliance topology design: k
=263, f,=0.413, V=0.05, B&W = 0.99

oscillate with low-density material and termination occurs
at a design with a low black-and-white fraction (0.87).
This is remedied by running the case with enforced con-
vergence; topgpsw (120,120,0.1,3,3,1). The
result is given in Fig. 2. In this case, the constraint on
the minimum amount of volume is active. If executed
with a lower volume fraction (e.g. 0.05), it is recom-
mended to modify the starting point (line 45) to, e.g. x =
repmat (0.5, nely,nelx) ; in order that, too much
material is not zeroed in the initial iterates, causing the
run to have a bad starting position.

The same is achieved in 3D using a simple C/C++
implementation (provided on request). Figures 3 and 4
illustrate the result of a 3D version of the self-weight arch
problem considered above, with volume fractions of 0.05
and 0.07, respectively. The density field is interpolated to
the nodes and clipped at 0.25. The domain is 100x100x50
elements. In both cases, the volume constraint is active
at the solution.

@ Springer

Fig.4 3D self-weight arch minimum compliance topology design: k
=193, f,=0.472, V=0.07, B&W = 0.99

4 Concluding remarks

It is fairly remarkable that the self-weight problem, typi-
cally addressed with modification of material interpolation
schemes and sophisticated algorithms, can be solved with
only a simple QP design update with an adaptive curvature
approximation. The QP update presented is a special case
of the dual of Falk (1967), with which multiple constraints
may be treated—see the Appendix. Curvature information
(if present) of constraint functions may also be taken into
account (Groenwold 2012).

Appendix: The dual of Falk

Bruyneel and Duysinx (2005) also study the more general
problem with a constraint on each the minimum (v) and
maximum (v) amount of material (volume) to be distributed

nkin Jolx] = ulx] - K[x]u[x]
Alkl=1-3%2 <0,
Alxl=X2 -1<0,

0<x; <1,

subject to

©))

i=1,2,...,n,

in the presence of a fixed (constant) external load f in addi-
tion to the self-weight loads, K[x]u = g[x] +f.

It should be mentioned that Problem (9) may be treated
by simply adding a second QP update (8), but with the
maximum volume constraint f, in the (bisectioning) loop,
if the minimum volume constraint f; is not active. This



A simple QP modification of the OC update to permit treatment of the topology design problem of...

Page50f7 25

is determined based on the value of the Lagrange multi-
plier (dual variable) 1mid, e.g. if Imid < le — 9. That is,
we may implement, for example topgp2vsw.m (lines
93-118). (Further below an example is introduced with
fixed external loading.) However, this manner of determin-
ing the active constraint is of course problem specific. It is
also worth a mention that a single volume constraint may
be treated as an equality constraint by setting 11 = -1e9
at initialization (line 93 in topgpsw.m) of the bisection-
ing algorithm. See Cronje et al. (2019) for a more complete
description of equality constraints in dual subproblems.

The QP update presented in the body of this note is a
specific case of a (strictly) convex approximate subprob-
lem solved in dual form—in particular the dual due to Falk
(1967)—a cornerstone of structural optimization. ‘Histori-
cally’, write Haftka et al. (1991), ‘optimality criteria meth-
ods preceded pure dual methods in their application to opti-
mum structural design’, and, moreover, ‘dual methods have
been used to examine the theoretical basis of some popular
optimality criteria methods’. They continue to discuss dual
methods, prior to discussing optimality criteria methods,
‘because of their theoretical significance’. In the canonical
work on topology optimization by Bendsge and Sigmund
(2003), the OC update (1) is (rather unfortunately) referred
to as ‘heuristic’, and the values selected for the parameter
n is ‘chosen by experiment’. Groenwold and Etman (2008)
have since demonstrated that the OC update with n = 0.5
is exactly the same design update obtained in dual form,
in classical minimum compliance topology design, when
the objective function is linearized in terms of reciprocal
intervening variables.

In topology optimization, in particular, the number of
design variables 7 is typically significantly larger than the
number of constraints m. The dual form is therefore attrac-
tive because solution of the subproblem reduces to a bound
constrained maximization of a (or minimization of its nega-
tive) function of dimension m. The dual approximate sub-
problem is written as

max  y[A] = flx[Al] + ) Afilx[A]]
4 ’ JZ‘ < (10)

s.t. 420, j=12...m,

wherein we rely on strict convexity of the primal approxi-
mate subproblem to obtain a closed-form expression for
the primal (design) variables in terms of the dual variables,
x :=x[A]. That is the QP update (8), except that, in this
case, multiple linear constraints form part of the relation

k m k
A+ T Adf

ck

X+l =y

L l

1)

Fig.5 Beam minimum compliance topology design with QP update
(f=0) k=161, f,=2.718, V=0.16, B&«W = 0.98

In general, second-order approximations to constraint func-
tions may be accounted for, and non-convex curvature infor-
mation may enter the subproblem without sacrificing the
availability of the closed-form primal-dual relation, x[A].
The interested reader is referred to the work of Groenwold
and co-workers, for example References Groenwold and
Etman (2008a), Groenwold and Etman (2010b), Groenwold
(2012), and the citations therein.

The implementation of Problem (9) and the associated
QP update with multiple linear constraints (11), solved in
the dual form (10), is provided in the Supplementary Mate-
rial (topgpmcsw.m). The dual subproblem—the bound
constrained maximization problem (10)—is solved with
fmincon (line 98). (L-BFGS-B (Liu and Nocedal 1989) is
typically used.) The dual function and its gradient is com-
puted in the falkdual function (lines 118-129), and the
QP update (11) is defined in lines 131-138. For the purpose
of illustration, consider the beam structure of Bruyneel and
Duysinx (Section 6.2) (Bruyneel and Duysinx 2005). First
a solution to the problem with only self-weight is obtained
with topgpsw (160,80,0.1,3.,5.,0). This yields
a volume fraction of 0.16—see Fig. 5—which is equal to
the total self-weight load due to the choice of the effective
gravity and density. Line 53 in topgpmcsw.m may then
be replaced with

F=sparse (2,1,0.16/10,2%(nely+1)*(nelx+1),1);

to include an external load of magnitude 10% of
the total weight at a volume fraction of 0.16. The vol-
ume fraction of 0.16 is then used for the maximum
volume fraction ¥, by executing a run with topgp-
mcsw(160,80,0.1,0.16,3.,5.,0). Using the same
fractions of the total self-weight load as that of Bruyneel and
Duysinx (2005), the solutions in Figs. 6, 7, 8, 9, and 10 are
obtained.® For the result given in Fig. 10, the self-weight
loads are zeroed gv = 0; (line 52). In all cases, the maxi-
mum volume constraint f, is active.

3 The interested reader will see that the implementation with two
back-to-back QP updates, topgp2vsw.m yields the same results.

@ Springer
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Fig.6 Beam minimum compliance topology design with QP update
(f =0.16/10): k = 160, f, =4.167, V=0.16, B&W = 0.98

Fig.7 Beam minimum compliance topology design with QP update
(f =0.16/4): k =335, f,=6.650, V= 0.16, B&W = 0.99

Fig.8 Beam minimum compliance topology design with QP update
(f =0.16/2): k=451, f,=11.84, V=0.16, B&W = 0.99

Fig.9 Beam minimum compliance topology design with QP update
(f =0.16): k =244, f,=25.28, V=0.16, B&W = 0.99

Fig. 10 Beam minimum compliance topology design with QP update
(f=0.16, g = 0): k=638, f,=12.87, V=0.16, B&W = 0.98

Interestingly, a large number of iterations (638) are
required to converge to a solution of the classical minimum
compliance problem (without self-weight loads)—see

@ Springer

Fig. 10. However, the reader is encouraged to run the same
problem with the original t op88 code (Andreassen et al.
2011), with top88(160,80,0.16,3.,5.,2). Irre-
spective of the tolerance set in the bisectioning algorithm
(e.g.le — 3, 1e — 9),= and the move limit (e.g. 0.2, 0.1), a
different topology with an inferior objective function value
(fo = 17) is returned, after about 500 iterations.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s00158-024-03753-7.
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