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Abstract: In this paper we study the stochastic Navier—Stokes equations on the d-
dimensional torus with transport noise, which arise in the study of turbulent flows.
Under very weak smoothness assumptions on the data we prove local well-posedness
in the critical case BZ,/ ,‘ﬁ*l for g € [2,2d) and p large enough. Moreover, we obtain
new regularization results for solutions, and new blow-up criteria which can be seen
as a stochastic version of the Serrin blow-up criteria. The latter is used to prove global
well-posedness with high probability for small initial data in critical spaces in any di-
mensions d > 2. Moreover, for d = 2, we obtain new global well-posedness results and
regularization phenomena which unify and extend several earlier results.
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1. Introduction

In this paper we provide a comprehensive treatment of (analytically and probabilistically)
strong solutions to stochastic Navier-Stokes equations for turbulent incompressible flows
on the d-dimensional torus T¢:

du = [vAu —(u-Vu— Vp] dr + Z [(bn -V)u —Vp, + gn(u)] dw?,
n>1

1.1

divu =0, (.1
u(-,0) = ugp.

Here u := (ub)?_, : [0,00) x © x T? — R? denotes the unknown velocity field,

P, Pn 2 [0,00) x  x T4 — R the unknown pressures, (w; : ¢t > 0),>1 a given
sequence of independent standard Brownian motions and

d d
(by - Vu := (;b'];aj“k)izv (- Vyu = <;"j8"”k>zzl'

Actually, we will consider (1.1) in a slightly more general form (see (2.1) below). For
instance we replace v by variable viscosity in divergence form, and we allow an additional
deterministic forcing term.

The relation between Navier—Stokes equations and hydrodynamic turbulence is one
of the most challenging problems in fluid mechanics. It is believed that the onset of the
turbulence is related to the randomness of background movement. The mathematical
study of stochastic perturbations of Navier—Stokes equations began with the work of
Bensoussan and Temam in [BT73] and it was later extended in several directions, see
e.g. [BCF91,BCF92,BF17,BP00,CP01,Cho78,FG95,1F79, WS00] and the references
therein. In the mathematical literature, usually, the random perturbation of the Navier—
Stokes equations is postulated and does not have a clear physical motivation. In [MRO1,
MRO4], Mikulevicius and Rozovskii found a new approach to derive the stochastic
Navier-Stokes equations. Indeed, there it is assumed that the dynamics of the fluid
particles is given by the stochastic flow

dX(t,x) = u(t, X(t,x)) dt +b(t, X(t, x)) o dW,

1.2
X(0,x) =x, xe']I‘d, (1:2)
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where W and o denote a white-noise and the Stratonovich integration, respectively. Using
Newton’s second law, in [MRO04] the authors derived the stochastic Euler and Navier-
Stokes equations “for turbulent flows”, or with transport noise. Roughly speaking, (1.2)
says that the velocity field splits into a sum of slow oscillating part « d¢ and a fast
oscillating part b o dW. As noticed in [MRO04], such splitting can be traced back to
the work of Reynolds in 1880. Closely related models were proposed by Kraichnan
[Kra68,Kra94] in the study of turbulence transportation of passive scalars and then
developed further by other authors, see e.g. [GK96,GV00]. The corresponding theory
of turbulence transportation is called Kraichnan’s theory, and in the latter, one typically
assumes div b, = 0 in 2'(T?) for all n > 1, and for some small o > 0,

b= (b)) nz1 € CY (T4 (N3 RY)) forall y < yp, (1.3)

see e.g. [MRO5, Section 1] and [MK99, pp. 426-427 and 436]. The reader is also re-
ferred to [GY21, Section 5] for details on the Kraichnan model. The case yy = % in (1.3)
is related to the Kolmogorov spectrum of turbulence, see [Agr23, Subsection 2.1] and
[MK99, pp. 426]. The reader is referred to [BF20,Fla08, MRO1] for additional motiva-
tions. With this application in mind, in the current work, we consider the more general
case of b € H"¢(T¢; ¢?) where H is the Bessel potential space and > 0, & € [2, 00)
satisfy n > g—i. In light of this, the vorticity formulation of (1.1) (i.e. for the unknown
curl u) is in general not available. The reader interested in the Navier-Stokes equations
in vorticity form may consult [Flal1,Flal5,FL21,HLN21] and the references therein.

The problem (1.1) will be considered in the Itd formulation. In the literature the
Stratonovich formulation of (1.1)is also used frequently, see e.g. [DP22,FP22] where the
Navier—Stokes with transport noise in Stratonovich form is derived based on two-scale
type approximations. In the latter case for the transport term one replaces Zn>1[(bn .
Viu — Vp,]dw! by Zn>1[(b,, - V)u — Vp,] o dw?. In the case g = 0, b, is (¢, w)-
independent and div b,, = 0, at least formally,

> N @n - VIu =V, odw) =Y [(by - VIu — Vp, | dw}
n>1 n>1

I
+ [div(ab Vi) = 5 ) divib, ® Vi) - Vq] dr,
n>1
(1.4)

where a;, := (% Zn>] b bil)z.izl’ q is a scalar function which can be absorbed into the

(deterministic) pressure p and div(b, ® Vp,) = (3 j=19j (b} 8kﬁn))g: - The reader is
referred to [FL21, Subsection 1.3] for details (see also [FGL22, Section 3.1] in absence
of pressure terms). The additional deterministic term on the RHS(1.4) is referred to as the
Itd correction. As recalled before (1.3), the divergence free condition on by, is physically
justified. Since in (2.1) we will also consider the differential operators appearing in
the deterministic part of RHS(1.4), our results also cover the case of transport noise in
Stratonovich form.

It is not possible to discuss all relevant papers on stochastic Navier-Stokes equations
here, and we mostly restrict ourselves to the ones where transport noise is included.
There are several important papers concerned with martingale solutions to (1.1), see e.g.
[BM13,FG95,MR05,MR99] and the references therein. In these papers global existence
is the main point, and uniqueness is open unless d = 2. See also [HLN19] for a rough
path theory approach.
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1.1. Scaling and criticality. Before we discuss some of our main results in more detail,
we will discuss scaling and criticality in case (1.1) is considered on R instead of T¢ as
the scaling is easier in the R¢-case. This will also motivate the function spaces and the
growth condition on g used in the manuscript. In the deterministic setting (e.g. b = 0
and g = 0), itis well-known that (local smooth) solutions to (1.1) are (roughly) invariant
under the map u — u; where A > 0 and

w (t, x) = A 2ua, AV2%x), (1, x) e Ry x RY. (1.5)

In the PDE literature (see e.g. [Can04,LR16,PW18,Tri13]), Banach spaces of functions
(locally) invariant under the induced map on the initial data, i.e.

uog — up, where ug; = Al/zuo(kl/z-),

are called critical for (1.1). Examples of such critical spaces are the Besov space

d/ q I(Rd R?) and the Lebesgue space L¢(R?; R?). Indeed, the corresponding ho-
mogeneous spaces satisfy

lwo.xll gara—1 ga.gay = Mol gaia=1 ga.gay> Nu0.2ll Lo ra;ray = ol i ra;ra)-

where the implicit constants do not depend on A > 0.

In the stochastic case a similar behavior appears. More precisely, one can check that if
uisa (local smooth) solution to (1.1) on R, then u;_ is a (local smooth) solutlon to (1. 1)
onR?, where (w”)n>1 isreplaced by the scaled noise (ﬂ”k)n>1 where ﬂt B = AT 1/2 wy,
for¢ > Oandn > 1. Moreover, the scaling (1.5) also suggests that the nonlinearity g, (1)
has to growth quadratlcally in u in order to keep the same scaling. Indeed, suppose that
gn(u) = G,(u,u) where G, : RY x R — R? is bilinear. In such a case, roughly
speaking, forall A > 0, x € R? and n > 1, it holds that

t/A t/A
f gn(un(s, X)) dBY, = f AGy (up(hs, A7), w5 (s, 112x)) B,
0 0

t
— 11/2/ G (up (s, A2 x), up (s, A2 x)) dw”,
0

which agrees with the scaling of the deterministic nonlinearity

t/A t
/ (uA(s, X) - V)uk(s, x)ds = )»1/2/ (u(s, Al/zx) . V)u(s, Al/zx)ds.
0 0

A similar scaling argument also holds for the remaining deterministic and stochastic
integrals. In particular, the b-term has the correct scaling under the map (1.5).

The above discussion shows that the stochastic perturbations of gradient/transport
type and/or of quadratic type in u respect the scaling of the deterministic Navier—Stokes
equations. In the present manuscript we will consider both situations. Furthermore, for
our results to hold, we do not need g, to be bilinear. A quadratic growth condition will
be sufficient.

Finally, we mention that our methods can be also extended to the case where g,
grows more than quadratically. However, the above scaling argument fails, and the
corresponding critical spaces change accordingly to the growth of g, (see [AV22a,
Subsection 5.2] for related results). Since we are not aware of physical motivations for
such behaviour of g,, we leave the details to the interested reader.
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1.2. Overview of the main results. The aim of this paper is to provide a first systematic
treatment of the stochastic Navier—Stokes equations (1.1) arising in study of turbulent
flows in the strong setting (more precisely L9 (H*?)-setting). Below we briefly list our
main results.

(a) Local well-posedness in critical spaces (Theorem 2.4).

(b) Regularization with optimal gain in the Sobolev scale (Theorems 2.4 and 2.7).
(c) Stochastic Serrin’s blow-up criteria (Theorem 2.9).

(d) Global well-posedness for small data in critical spaces (Theorem 2.11).

(e) Global well-posed in case d = 2 with rough data (Theorem 2.12).

(a): In Theorem 2.4 (see also Theorem 4.1) we show existence of strong unigue solu-
tions to (1.1) for initial values u( belonging to the critical Besov space B;l / ;,1 - (T9: RY),
where ¢ varies in a certain range (depending on the smoothness of b,) and p < oo
can be chosen as large as one wants. The embedding LT RY) — BS’ p(’]Td : RY) for

p > d shows that our results also hold for the critical space L (T¢; RY). Let us remark
that, in all cases, we have the restriction ¢ < 2d and therefore we allow critical spaces
with smoothness up to —%. We are not aware of the optimality of this threshold. Note
that this behavior differs from the deterministic case where g can be chosen to be large.
Next we compare the result of Theorem 2.4 to the existing literature. In [MRO04] the
authors showed (local) existence of strong solutions to (1.1) on R for divergence free
vector field for initial values from the (non critical) space wha(R?; RY) with g > d
under a restrictive assumption on the regularity of b. In particular, the smoothness as-
sumption there does not satisfy (1.3) if yy is small. Existence of strong solutions to (1.1)
in an L?(L%)-setting has been also considered in [DZ20, Wan20]. However, in the latter
references, the Kraichnan term (b, - V)u is not included.

(b): One question which will be answered in this paper is how the regularity of b,
affects the regularity of u. The term (b,, - V)u suggests that u can gain at most one order
of smoothness compared to b,,. In Theorem 2.7 we prove an optimal gain of regularity
in the Sobolev scale, i.e. for all n > 0 and & € [2, c0) we have

Bins1 € HMYE(T9 00 = u € L0, 05 H™ (T4 RY) ass.

where r € (2, 00) is arbitrary and o denotes the explosion time of u. In the Holder scale,
by Remark 2.2 and Theorem 2.7, we prove a sub-optimal gain of regularity, i.e. for all
n>0ande > 0and 6 € (0, 1/2) we have

(bi];)n>l eCN(T4 > = u@) e C6’1+n_g((0, o) x T?: R?) as.

loc

The above results are new even in the important case d = 2 where o = oo a.s. Indeed,

for (b‘,’,),,>1 € C"(T¢; ¢2) with n > 0 small, the regularization cannot be proved with
classical bootstrap methods, see the text below Theorem 2.12. However, in the case b,
is regular enough, (some) gain of regularity can be proved by standard methods (see e.g.
[Mik09]) or via the previously mentioned vorticity formulation of (1.1). But for rough

(b,ﬁ)n% these approaches are not applicable.

(c): To the best of our knowledge, blow-up criteria for stochastic Navier—Stokes
equations have not been studied so far in the literature. In Theorem 2.9 we provide an
extension to the classical Serrin’s criteria (see e.g. [LR16, Theorem 11.2]).

(d): In Theorem 2.11 we prove existence for large times in probability of smooth
solutions to (1.1) under smallness assumptions on #( and on the additive part of g,. In
deterministic framework this result is well-known and for H'/2-data (here d = 3) is
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due to Fujita and Kato in the seminal paper [FK64]. Later the latter was extended to

Bf; / ;’ 71-data and even to BMO~!-data by Koch and Tataru [KTO1]. In the stochastic
framework, under smallness assumptions on the noise, some results in this direction can
be found in [DZ20,Kim10,KXZ21]. Note that in [DZ20,KXZ21] the transport noise
term (b, - V)u is not allowed, and in [Kim10] a small transport noise term can be used,
where an additional smallness condition on the data is used, but in a non critical space.
In Theorem 2.11 we are able to give an extension of the previous results, where we also
allow b to be not small and g, of quadratic type. As in (a), the smallness condition on
ug is given in a Bqd,/ 9~ _norm with smoothness up to -1

(e): In Theorem 2.12 we prove global existence for (1.1) for initial data which
are much rougher than data from the usual energy space L?(T?; R?). More precisely,
we prove the existence of { € (2,4) (depending on the smoothness of b,) such that

(1.1) is globally well-posed for data in Bg/ ; 71(11‘2; R?) where p < oo is large. Since

L%(T?%; R?) <> B?{;_I(Tz; R?) for p > 2, this result extends the well-known global

existence result for L2-data in two dimensions. For the reader’s convenience, we also
provide a self-contained proof of the latter result in Appendix A which also improves
and unifies several existing results, see Remark A.4. In the deterministic case similar
results have been shown in [GP02], and also for rough forcing terms in [BF09].

To prove our main results we apply the full power of the local well-posedness theory
which we recently developed in [AV22a] together with the blow-up criteria and new
bootstrapping techniques of our paper [AV22b]. In these works we completely revised
the theory of abstract stochastic evolution equations for semi- and quasi-linear parabolic
SPDEs, and is the stochastic analogue of [PSW 18] by Priiss, Simonett and Wilke. One of
the main ingredients in our theory is the so-called stochastic maximal L?-regularity for
the linear part, which we prove in an H*9-setting. In case of the Navier-Stokes equations
this linear part is the turbulent Stokes system, for which we will prove stochastic maximal
LP-regularity in an H*9(T¢; R?)-setting in Sect. 3, and it can be seen as one of the main
result of our work as well.

1.3. Notation. Here we collect some notation which will be used throughout the paper.
Further notation will be introduced where needed. As usual, we write A <p B (resp.
A Zp B) whenever there is a constant C only depending on the parameter P such
that A < CB (resp. A > CB). We write Cp or C(P) if C depends only on P. Let
aV b =max{a, b} and a A b = min{a, b} where a, b € R. For a (Y, dy) a metric space,
we set By (y,n) :={y € Y :dy(y.y) <n}.

For a, k € R, the weights will be denoted by w¢ = |t — a|“ and w, = wg. For a
Banach space X, a, b € R and an interval (a, b) € Ry, L?(a, b, w{; X) denotes the set
of all strongly measurable maps f : (a, b) — X such that

b 1/p
1w = ([ 1701 wiw )" < o
a

Moreover, WP (a, b, wd; X) € LP(a, b, wl; X) denotes the set of all f such that
f € LP(a,b,ws; X) and we set

1f lwrr ab,we;x) 2= 1 FIra,b,we;x) + 1 ILpab,we:x)-
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Let [+, -] and (-, -)g, » be the complex and real interpolation functor, see e.g. [BL76,
Tri95]. For each 6 € (0, 1), we set

H%P(a, b, w®; X) := [LP(a, b, w®; X), WP (a, b, w?; X)]p.

The above spaces can also be equivalently introduced by using Fourier methods on R
and restrictions, see e.g. [ALV23, Definition 3.1] and the references therein.

For A € {L?, H?P}, we denote by Ajoc(a, b; X) (resp. Ajoc([a, b); X)) the set
of all strongly measurable maps f : (a,b) — X such that f € A(c, d; X) for all
a<c<d<besp. feAla,d; X) foralla <d < b).

The d-dimensional torus is denoted by T¢. Form > 1ands, r € (0, 1), Croe((a, b) x
T9: R™) denotes the space of all maps v : (a, b) x T4 — R™ such that foralla < a’ <
b’ < b we have

lot, x) —v(@', x| Sap 1t =11 +1x = x|, 1,1 €ld,b], x,x" €T

Finally, we collect the main probabilistic notation. Through the paper, we fix a filtered
probability space (2, 7, (%;);>0, P) and we let E[-] := fQ -dP. A mapping 7 : Q —
[0, 0o] is said to be a stopping time if {t < ¢} € % forall t > 0. For a stopping time 7
we let

[0, 7] x Q:={(t,w) : 0 <t < t(w)}.

Similar definitions hold for [0, T) x 2, (0, T) x Q etc. & denotes the progressive o -
algebra on the above mentioned filtered probability space.

2. Statement of the Main Results

In this section we state our main results on the following stochastic Navier—Stokes
equations on the d-dimensional torus T¢

du = [div(a Vu) —diviu @ u) + fol, u) +div( £ (-, u))

_Vp+opp+ a}ﬁ]dt
+ Y (b Vyu+ gn (- u) = V5, ] duwy, 2.1)
n>1
divu =0,
u(-, 0) = uo,

where we have rewritten the convective term (#-V)u in (1.1) in the standard conservative
form div(u ® u). Here u = (uk)Z:1 - [0, 00) x 2 x T¢ — R¥ is the unknown velocity
field, p, pn : [0, 00) x X T¢ — R the unknown pressures, (w"),>1 is a sequence of
standard independent Brownian motions on the previously mentioned filtered probability

space (2, 7, (F1)i>0, P), u @ u := (ufuf)j.{j:l,

d d
.. d . d
divia- Vi) = (3 ai@ o)) o onp= (D0 Yo mitom) .

i,j=1 nzlj=l1

p d
(by - Vu = (Zb‘,/lajuk)z=ly ;P = (Z Za-/(cﬁal‘ﬁ"));l’

j=1 n>1 j=1

2.2)
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and div(f (-, u) = (X9_, 0;(FFC u))¢_|. Here all, b, hi*, ¢] are given functions.

As explained near (1.3) the bj, are used to model turbulence. The a’/ model a variable
viscosity term and may also take into account [td’s corrections in case of transport noise
in Stratonovich form, see (1.4) and the discussion below it. Finally, 9, p and 835 model
the effect of the turbulent part of the pressure p, (see [MR04, Example 1] and again
the discussion on the Stratonovich formulation near (1.4)). In case of Itd noise one can
take ¢} = 0, and in case of Stratonovich noise it is natural to take ¢}, = —%b,]z. The
additional forcing terms f(«) and div(f (-, u)) can be used to model the effect of gravity
or the Coriolis force. For simplicity, we do not consider lower-order terms in the leading
differential operators in (2.1), see below Theorem 3.2 for some comments.

This section is organized as follows. In Sects. 2.1 and 2.2 we fix our notation and
describe the spaces in which we consider (2.1). In Sect. 2.3 we present local existence and
regularization phenomena for solutions to (2.1) with u¢ in critical spaces (see Theorem
2.4), in Sect. 2.4 we state a stochastic version of the Serrin’s criteria and in Sect. 2.5 we
state our global existence result for small initial data if 4 > 3, and for general rough
initial data if d = 2. The proofs will be given Sect. 4.

Let us emphasise that even in the case a”/ = &; j, fo =0, f =0, h;’ =0,¢, =0
and with either b # 0 or g # 0, our well-posedness and regularity results are new:

e The wide class of initial data we can treat has not been considered before.
e New higher order regularity results are proved.

Finally, the global well-posedness result for d = 2 is also new even with the above
simplifications.

2.1. The Helmholtz projection and function spaces. Forany s € R, p € [1,00], g €
(1, 00) and integers d, m > 1,let L(T; R™), H*4(T¢; R™) and B} ,(T%; R™) denote
the Lebesgue, Bessel-potential and Besov spaces on T¢ with values in RY, respectively.
The reader is referred to [ST87, Chapter 3] for details on periodic function spaces.

We denote by P the Helmholtz projection which, for f = (f™)?_, € C®(T?; R?)
andn € {1,...,d},isgivenby Pf = ((IP’f)”)Z:1 where

_ A 4 kik
@) (k) = frk) = Y =

i Fit, kezi\(0), EPH"©0) = F0). (23)
j=1

Here, f(k) denotes the k-th Fourier coefficient of f. Note that div (Pf) = 0 for all
f e €®(T?; R?), and by duality P : 2/(T?; R?) — 2/(T?; R?) where 2(T%; R?) =
C>®(T%; R%). Moreover, by standard Fourier multiplier theorems (see [HNVW 16, The-
orem 5.7.11]), P restricts uniquely to a bounded linear operator

P: HY9(TY R?) — H*(T?;R?Y) fors e R, g € (1, 00). (2.4)

For (s,q) asin (2.4)and Y € {L9, H*1, B;,p}, we set

Y1) = {f € YTLRY < div £ =0in ' AD L 1 fllycrey 1= 1 F lyemsiz,
25)
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Note that Y(T¢) = P(Q(T%; RY)) for ¥ € {L?, H*%, B )} and s, ¢ as above. By
standard interpolation theory (see [ST87, Chapter 3.6] and [Tr195 Theorem 1.2.4])
H>9(T4) = [H4(T4), H4 (T)]p,

s S s (2'6)
B ,(T4) = (@4 (T%), H"(T))g, .

for all 59, s1 € R, 0 € (0,1),s := (1 —60)sg+6s; and p, g € (1, 00).

2.2. Main assumptions and definitions. Here we collect the main assumptions and def-
initions. Further hypotheses will be given where needed. Below &7 and 28 denotes the
progressive and Borel o -algebra, respectively.

Assumption 2.1. Let d > 2. We say that Assumption 2.1(p, k,q, ) holds if § €
(—1, 0], and one of the following two is satisfied:

oqe[2,oo),pe(2,oo)and/c6[0,%—1);
eg=p=2andkx =0,

and the following conditions hold:

(1) Foralli, j € {1,...,d}andn > 1, the mappings a’/, b}, h; ¢ : Ry x @ x T4 —
Rare Z ® %(Td) measurable

(2) There exist M > 0 and n > max{d/&, —4}, with & € [2, co) such that, a.s. for all
teRyandi, je{l,...,d}

la®d (¢, I ggne cray + 1B, Dzl gne (ra. 2

+[l(en(t, Nn=1l gt ra, 2y + Iy (2. N1l gt .2y < M.

(3) There exists v > 0 such that, a.s. forall r € Ry, T = (Y; )d | € R? and x € T¢,
d
3 [ i (s, x)——(Zb’ (t, )bl (t, x))]’Y‘T VT2
i,j=1 n>1

(4)Forall j € {0,...,d}and n > 1, the maps f}, gn : Ry x @ x T¢ x R — R are
P @ B(T? x R?)-measurable.

(5) Forall j € {0, ..., d}, f;(-,0) € LRy x @ x T4 RY), (g,(-,0))>1 € L®(Ry x
Q x T9; ¢%), and a.s. forallr € Ry, x € T? and y, y' € R9,

| fi (8, 9) = fi(t, %, Y01+ 1(8n (7, %, ¥) — 8n (2, %, YD1l 2
S A+l +1Dly =¥l
The parameter p will be used for LP-integrability in time with weight ¢t df. The
parameter g will be used for integrability in space with Sobolev smoothness 1 + §. In

the main results below we will always use § € [— 2, 0]. However, in Sect. 4 we will also
consider § € (—1, 0]. By Sobolev embeddings and Assumption 2.1(2) we have

+11(by )n>1 || S M. 2.7

a0 ¢
E( (dfz)

The same also holds for (4™ )n>1 and (c,ﬁ),@l. Below, we often write b/ := (by)n>1
and similar for g/, h/, ¢/ for convenience.
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Remark 2.2. o If Assumption 2.1 holds for § = 0, then it also holds for some § < 0.

e The regularity assumption on a’/, b/ in (2) also fit naturally in the case of stochastic
Navier—Stokes equations in Stratonovich form, see (1.4) and the text below it. Indeed,
if b/ € H"%(T9; ¢?) uniformly in (, ®), then by (2.7) and [AV21, Proposition
4.1(1)] the coefficients of the divergence operator in the Itd correction satisfy a;]’] =
3 us1 bibn € H™S(T9) and (ch)nz1 = (—3biaz1 € HP (T £2) both with
norm estimates uniform in (¢, w).

e Assumption 2.1 also covers the case of b/ with y-Holder smoothness which is the
natural one as explained around (1.3). Indeed, C? (T%; ¢%) < H™&(T?; ¢2) for all
y > nand & € (1, 00). Note that typically y € (0, 1) is small in applications. A
similar remark holds for a’-/.

e The quadratic growth of f; and g, shows that we can allow nonlinearities which
are as strong as the convection term div(z ® u) (see Sect. 1.1). Moreover, the proofs
show that also nonlocal nonlinearities f; and g, can be used as long as the estimates
of Lemma 4.2 hold.

To introduce the notion of solutions to (2.1) we rewrite it as a stochastic evolution
equation for the unknown velocity field u. To this end, to have a divergence free stochastic
part we need

Vin = =P)[(by - VIu+ gn(-, )]

where [ is the identity operator. Therefore, letting h;;k = (hﬁ"k)?zl and setting f =

(Foe,
Few=%" [(1 — P)[(by - V)u + g, u)]] ik

n>1

£ div(cn((l — P)[(bn - V)u + g, u)])k>, 2.8)

n>1

we have f(-,u) = 9P + 32p. As above, (-)/ denotes the j-th component.
Applying the Helmholtz projection to the first equation in (2.1), at least formally, the
system (2.1) is equivalent to

du = ]P’[div(a Vi) — div(u @ u) + fol, u) +div(f (-, u)) + f(-, u)] dt
+ Y Py VIu+ g, w)] duy, (2.9)
n>1
u(-,0) = ug.
We are in position to define solutions to (2.1). We recall that the sequence of indepen-

dent Brownian motions (w"),>1 induces uniquely an Ez-cylindrical Brownian motion
W2 (see e.g. [AV22a, Example 2.12]).

Definition 2.3. Let Assumption 2.1(p, «, ¢, §) be satisfied.

(1) Let o be a stopping time and u : [0,0) x Q — H1+5"1(Td) be a stochastic process.
(u, 0) is called a local (p, «, q, 8)-solution to (2.1) if there exists a sequence of
stopping times (07;) j>1 such that the following hold.

e oj<oas.forallj>landlimj .0; =0 as.;
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e Forall j > 1, the process 1jo,;1xQu is progressively measurable;
e as.forall j > 1, wehaveu € LP(0, 0}, wy; 1+ ‘7(']1“’)) and

—div(u®u) + fo(-, w) +div(f (-, w)) + f(-, u)eLP(0, o}, we; H#09(T; RY)),

(81 (o 10)),5, €LY (0, 05, we; H(T L2 (R)).
(2.10)
e as. forall j > 1 the following equality holds for all ¢ € [0, o]:

u(t) —ug = /t ]P[div(a -Vu) —diviu @ u) + fo(-, u) +div(f (-, u)) + f(-, u)] ds
0

+/0 (I[vafj]]P[(bn “Vu+ g, (., u)])n>l dWﬁ(S).

(2.11)
(2) (u,0) is called a (p, k, q, §)-solution to (2.1) if for any other local (p, «, g, 5)-
solution (v, 7) to (2.1) we have T < o a.s.and u = v a.e.on [0, T) x Q.
3) A (p,«, q,d)-solution (u, o) is called global (in time) if 0 = oo a.s.

Note that (p, g, 8, k)-solutions are unique by definition. By Assumption 2.1 and
[AV21, Proposition 4.1], a.s. for all j > 1,

div(a - Vu) € LP(0, 0}, we; H™*4(T9; RY)),
((bn - Vou),5, € LP(0, 0j, we; H(TY RD)).

Thus the deterministic integrals in (2.11) are well-defined as Bochner integrals with
values in H 13-4 (T9; R?). The stochastic integral is well-defined as an H%4 (T4; RY)-
valued stochastic integral (see e.g. [NVW15, Theorem 4.7] and use the identity (4.7)
below). In case of global (p, «, g, §)-solutions we simply write u instead of (u, o).
Suppose that Assumption 2.1 holds and (p, «, §, ¢) satisfies (4.3). If one has

() H"?0.0), we: H* 94T as. forall j > 1, (2.12)
0€[0,1/2)

then from Step 1 of Theorem 4.1 and [AV22a, Lemma 4.10 and 4.12], one can see that
(2.10) holds.

2.3. Local existence and regularization. The following is our main local well-posedness
result. It is formulated for the space of critical initial data. The general case is covered by
Theorem 4.1, where § € (—1, 1/2) is included as well. Global well-posedness for small
initial data will be discussed afterwards in Theorem 2.11, and the special case d = 2 is
considered in Theorem 2.12.

Theorem 2.4 (Local well-posedness). Let Assumption 2.1(p, «, q, ) be satisfied and
suppose that one of the following conditions holds:
edel—3.0L 35 <qg <1k 2+9 <248 andc = ke = -1+ 5(2+5 - 9);
oé:K:KC:Oandp—q—d—Z
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4_1
Then for all ug € L'O%(Q; Bg., (T?)), (2.1) has a unique (p, ke, q, 8)-solution (u, o)
such that a.s. ¢ > 0 and

d_
ue Ll ([0,0), we; H*(T)) N C(0,0); ]B%g,,,] (T4)). (2.13)

loc

Moreover, (u, o) instantaneously regularizes in time and space: a.s.

ue HY 0,0, HIT24(T) forall6 €10,1/2), r, ¢ € (2, 00), (2.14)
ue Ch%20,0) x T4 RY) forall6 €[0,1/2), 6, € (0, 1). (2.15)

loc

In case p > 2, one can check that by the conditions on p and g one has k. € [0, g -
1). The assertions (2.14)—(2.15) show an instantaneous regularization for solutions to
(2.1). By Sobolev embedding one can check that (2.14) implies (2.15). In particular, u
becomes almost C! in space for rough initial data ug, rough coefficient a'/, h'/, and
rough nonlinearities fo, f and g. If n > max{d/&, 1/2} in Assumption 2.1, then we can
set § = —1/2, and therefore taking g 1 2d it suffices to know that for some p > 2 and
e >0,

_1
uo € L%, (2 By, 2 (T9)).

It would be interesting to know whether this is optimal.

Remark 2.5.(1) If p > 2, then it follows from the proof of Theorem 2.4 that the following
weighted regularity holds up to ¢ = O:

u € HOP (10, 0); we; H*4(TY) forall 6 € [0, 1/2).

(2) Similar to [AV23, Proposition 2.9], the solution provided by Theorem 2.4 depends
continuously on the initial data on a small random time interval.

(3) Asin [AV23, Proposition 3.5], compatibility with respect to the parameters (p, 8, q)
holds, i.e. different choices of (p, §, ¢) lead to the same solution in Theorem 2.4.

(4) (L9-data). Setting ¢ = d it follows from L4T?; RY) — Bg, p(']I‘d; R?) for p €
[d, co) that Theorem 2.4 (with § < 0) also applies to initial data from the scaling
invariant space Lf)% (Q; L4(T9)), see Sect. 1.1. By Remark 2.2, it is enough to know

that Assumption 2.1(p, «, d, 0) holds where k = —1 + g(l +d)and p >d.

Next we consider higher order regularity. We are particular interested in studying
how the regularity of b, in the transport term (b, - V)u affects the regularity of u. One
could expect that u gains one order of smoothness compared to (b,),>1, i.e. Vu is as
smooth as (b,),>1. The following result shows that this is indeed the case. Of course
in order to prove such a result we also need further smoothness of the nonlinearities
fo, f, g We emphasize that we do not impose further conditions on the initial data ug.

The next assumption roughly says that fy and (f, g,) are C" and CI"*!1 in the
y-variable, respectively; where n > 0 is some fixed number (here [n] :=n+ 1 if n is
an integer).

Assumption 2.6. Let n > 0, fp, f and g, be as in Assumption 2.1. Suppose that fy, f
and g, are x-independent. Moreover, assume that, for alln > 1 and a.e. on R} x €2, the
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mappings fo and (f, gn) are C'! and CM*1Tin y, respectively; and for all N > 1 there
exists Cy > O such that, a.e. on R; x ,

7] [n+1]

D71 foConl+ Y (18] £ )+ 18] gl yDus1ll2) < Cw for [y < N.
j=1 j=1

Theorem 2.7 (Higher order regularity). Let the assumptions of Theorem 2.4 be satisfied,
where (n, &) are such that Assumption 2.1(2) holds, i.e. n > max{d /&, =8}, & € [2, 00),
and there exists M > 0 such that, for all t € R, and a.s.,

lla"7 (¢, ) gne pay + 1@ E Dnz1 1l gne ra.e
+ || (ch e, D=1l o a2y + Il (2 D=1l gt a2y < M.

Furthermore, suppose that Assumption 2.6 holds for such n > 0. Let (u, o) be the
(p, k¢, g, 6)-solution to (2.1) provided by Theorem 2.4. Then, a.s.,

u e HY (0, 03 H*=208 (1)) forall® € [0,1/2), r € (2,00),  (2.16)

C
6'1’92‘*‘77—1 d d
ueCy " E(0,0) x TG RY  forall6 €10,1/2), 62 € (0, 1).  (2.17)

From the above theorem one can see how the regularity and integrability of order n
and £ of the coefficients appear in (2.16) and (2.17). In particular, (2.16) with 6 = 0
shows that the regularity of u is one order higher than the regularity of (a, b, h, ¢). Under
additional smoothness conditions in space, one can also allow x-dependent fy, f and
gn in the above.

_2
Remark 2.8. If ug € L?%(Q; IB%;" 4 (Td)) for some fixed r € (2, c0), then one can

check from the proofs that the regularity result (2.16) (for the fixed ) holds locally on
[0, o) instead of (0, o). However, this will not be used in the sequel.

2.4. Stochastic Serrin’s blow-up criteria. In this section we state some blow-up criteria
for (2.1) which can be seen as a stochastic analogue of the Serrin’s criteria for Navier-
Stokes equations (see e.g. [LR16, Theorem 11.2]).

Theorem 2.9 (Stochastic Serrin’s criteria). Let the conditions of Theorem 2.4 be sat-
isfied and let (u, o) be the (p, k¢, q,8)-solution to (2.1). Suppose that Assumption
2.1(po, 0, qo, 80) holds in one of the following cases:

1 d d 2 d .
0806[—2,0],m<q0<mandp— <2+8(),

ot
e 5y =0and po=qo=d =2.

Then for each0 <& < T < oo:
2 d

P(8 <o <T, ”u”LPO(g,(r;HVO*qO(Td;Rd)) < OO) = 0, where Yo = p_+q__1 (218)
0 0

In particular, for all 0 < ¢ < T < o0 the following hold:

(1) P<8 <0 < T? sup ”u(t)”Bj/‘IO_I(TdAR(/) < OO) = 0 lfql > 40
1‘00 k]

tele,o)
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2) P(e <o <T, lullproe,o: L0 (Td:RAY) < oo) =0if po satlsﬁes ot ;—0 =1

Item (2) is the stochastic version of the well-known Serrin’s criterion. It is a special
case of (2.18) where we can even allow negative smoothness. In particular, one can take
po = p, qo = q and §p = §, but the above formulation is much more flexible as it
allows us to transfer information on o between different settings. An interesting choice
is po = qo = 2 and 89 = 0 in case d = 2, and will be used in Theorem 2.12 for d = 2.
Note that by (2.14)-(2.15), the paths of u are regular enough on (0, o) to consider any
of the above norms.

Remark 2.10. (1) Choosing g, po large enough, one has l + % < 1 (thus yp < 0) and
(2.18) provides blow-up criteria in spaces of negative smoothness The same holds
for (1) if go > d. To see how far one can go note that for §op = —5 L and g9 — 2d,
po — oo one would obtain ;—0 -1 - —% in (1) and y9 — —% in (2.18).

(2) The space-time Sobolev index (keeping in mind the parabolic scaling) of the space
LP0(0, t; H"90) appearing in (2.18) and (2) is given by —% +y0 — qd—o = —1. The
latter is equivalent to the Sobolev index of the space of initial data IB%Z( 371 (T4), which
means that these blow- up criteria are optimal In Contrary, the space-time Sobolev
index of L*°(0, ¢; Bg]/i?o )in (1) is given by o 1—+% > —1 which is sub-optimal.

41
We do not know if (1) holds in the borderline case g1 = ¢qo.

In the deterministic setting, blow-up criteria in the critical space L3 (here d = 3
for simplicity) are known to be valid even with quantitative growth assumption in the
L®(g, o; L?)-norm, see [Tao21, Theorem 1.4]. It would be interesting to extend Theo-
rem 2.9 into this direction by exploiting the structure of the equation (2.1).

2.5. Globalwell-posedness results. Global well-posedness for the deterministic Navier—
Stokes equations is known for small initial data. The next result is its stochastic analogue.

Theorem 2.11 (Global well-posedness for small and rough initial data). Let Assumption
2.1(p, k, q, 8) be satisfied and suppose that one of the following conditions holds:

05el-3.0l 35 <q <1k 2+2<2+8 andic =ic = —1+5(2+5 - 9);

ed=k=k.=0andp=q=d=2.

Assume that there are My, My > 0 such that, a.s. for allt > 0, x € T? and y € R¢,

Z £ x D+ 1(8n (X, Ynz1lle < My + Ma(ly] + [y[7). (2.19)
j=0

d_q
Fixug € Li;zo (2; Bg,p (T?)) and let (u, o) be the (p, ke, q, 8)-solution to (2.1) provided
by Theorem 2.4. For each ¢ € (0, 1) and T € (0, 00) there exists a constant Ce 7 > 0,
independent of ug, such that the following assertions hold provided

Elju 0|| d/q 1 < Cs,T-

+M?
(T¢;Rd) !

(1) (u, o) exists up to time T with probability > 1 —¢,ie. P(c > T) > 1 —e¢.
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(2) There exists a stopping time T € (0, 0] a.s. such thatP(t > T) > 1 — ¢ and
p p
El:l{f>T}”u“He,p(o’T’wKC;HHﬁfZG.q(Td;Rd))] N E”MO||B,‘;,/;’71(T‘1;R51) + M,

forall 6 € [0, %), where in case p = q =d = 2 and 0 > 0 the LHS of the above
estimate should be replaced by E[I{T>T} ||u||2C([07T];]L2)].

Recall that LY(T9) < Bg’ p(']l‘d ) for all p > d, see Remark 2.5(4). Thus Theorem
2.11 also proves existence for large times with high probability under a smallness as-
sumption on uq in the scaling invariant Lebesgue space L¢(T9) provided M is small
as well.

Next we turn our attention to the two-dimensional setting in which one can avoid
smallness of the initial data. A variation of a classical result for I2-initial data can be
found in Theorem A.3 in the appendix, where the results are partly based on [AV22a].
The main new contributions in the result below are:

e We obtain global existence for initial data from Bé{ Iq,_l (T?) for suitable p € [2,00)

and ¢ € [2,4). By Sobolev embedding the latter space contains L.2(T?). By the
restriction ¢ < 4 below, we see that we can allow smoothness of negative order
—%+sf0rany£ > 0.

1
e We prove arbitrary spatial regularity, and time regularity of order C27¢ for any
& > 0, where the initial data is still assumed to be irregular.

Theorem 2.12 (Global well-posedness in two dimensions with rough initial data). Let
d = 2. Suppose that Assumption 2.1(p, k,q,8) holds and that for alln > 1, j €
{1,....d}

ci = anby, for some &y € [~1, 00). (2.20)

Assume that one of the following conditions holds:
08 e[—1,01 5% <q < i %+§ <248, andk =ke=—1+5(2+5 — %);
ed=k=k.=0andp=q =2

Assume that f and g additionally satisfy the following linear growth assumption: There
exists a C > 0 such that, a.s. forallt > 0, x € T2 and yE R?,

2
Z L@ x, I+ 11(8n (@, x, YDnz1lle2 < C(L+]y)). (2.21)
j=0

21
Then for all ug € L_Q% (2; IB%(}”[, (']I‘z)) there exists a unique global (p, q, 8, k¢)-solution
u of (2.1) with

2
u e LY ([0, 00), wy.; H*4(T?)) N C ([0, 00); BY , (T?)) a.s.
Moreover, a.s.,

u e H (0, 0oy H' 204 (T2)) forall6 €10,1/2), r, ¢ € (2, 00),

loc

ue CM%((0,00) x T R?) forall 6 € [0,1/2), 6, € (0, 1).

loc

Furthermore, if the conditions of Theorem 2.7 hold for d = 2, then u satisfies (2.16) and
(2.17) with o = o0.
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In particular, note thatif a/, b/, hif ¢}, f ;. and g, satisfy the conditions of Theorem
2. 7foralln > 0and & € [2, 00), then a.s. the paths of u have regularity up to any order
in space:

u € C2((0, 00) x T3 R?) as. forall 0 € [0, 1/2).

The conditions (2.20) and (2.21) are used for global well-posedness in the L2-setting,
see Appendix A. The choice o, = —% for all n > 1 corresponds to transport noise in
Stratonovich form, see (1.4).

The above regularity results of solutions to (2.1) appears to be new. It is not possible to
prove this by classical bootstrapping arguments based on L?-theory since the nonlinearity
div(u ®u) is critical in this setting. Indeed, after one proves existence of a global solution
u for which the paths satisfy a.s. u € LZ(O, T; Hl’z) NC(0, T]; Lz), one is tempted
to prove further regularity by analyzing the term div(z ® u). Note that the following
embeddings are sharp in dimension two

L2, T; H">) N C ([0, T]; L?) — L*0, T; H/*?) < L*0, T; LY.

Therefore, we can only conclude div(y ® u) € L2(0, T; H~"?) a.s. which is not good
enough to bootstrap regularity. In order to prove the desired smoothness we will apply
our recent bootstrapping method from [AV22b, Sections 6.2 and 6.3] which is based on
arguments involving weights in time.

We conclude by remarking that in general, one can not improve the starting point
u e L*0,T; H"?)NC([0, T]; L?) a.s. of the above argument by using energy methods.
Indeed, as remarked in Sect. 1, our regularity assumptions on a, b, h, ¢, and ug do not
allow us to reformulate (2.1) in terms of the vorticity, i.e. for the unknown curl u. Thus
besides the usual energy estimate in the space L2(0, T:HYNC((0,T1; Lz), no other
estimates are available for solutions to (2.1) in general.

3. Maximal L?-Regularity for the Turbulent Stokes System

Before we turn to the main results on the stochastic Navier—Stokes equations with
transport noise (2.1), we analyse the linear part of the problem, which is central in
our approach. In order to be as flexible as possible in later applications we obtain
LP(s, T, wy; H“‘S"f)-regularity estimates for any p,q > 2, « € [0, % —1)and§ € R.
We consider the following furbulent Stokes system on T?:

du +IP’(Au +Pu) dr = fdr+ Z (IP’B,,u +gn) dwy,
n>1 3.1
u(s) =0.

Here s € [0, 00), (w"),>1 is a sequence of independent standard Brownian motion on
(R, %, (%)i>0, P), P denotes the Helmholtz projection, and for v = (vk)zzl,

d

A = (= divia(t, ) - Vo).

By0v = ((bu(t.) - VIV){_,. 42
d
Py = (= Y [divienl( = BB + 1 = BB, 00 - 1))

n>1
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where a, b, ¢, h are given and [-]¥ denotes the k-th component.

The results below also cover the case where in (3.1) one additional considers non-
trivial initial data and lower order terms in the leading differential operators; see the
comments below Theorem 3.2.

3.1. Assumptions and main results. In this section we employ the following conditions.

Assumption 3.1. Letd > 2,6 € Rand 0 < s < T < oo. Suppose that one of the
following holds

eg€[2,00),pe 200 andk € [0, 5 —1);
eg=p=2andk =0,
and that the following conditions hold:
(1) Foralli, j € {1,...,d}andn > 1, the mappings @'/, b, ¢, b/ : Ry x @ x T4 —
Rare Z ® %(Td) measurable
(2) Let& € [¢', 00) and np > ;_1 be such that one of the following hold:
e §<0andn > —§;
e 6>0,n>206,&< qandr;—‘§ S—q
There exists M > 0 such that, a.s. forallt € Ry and i, j € {1,...,d},

lla"/ 2, N pn.& (pay + Il (bn (t Nn>1l gt ra. o2y
+ (A, Dz | grn.& (Te2) + 1 (1, )1 I ne (ra 2y < M.

(3) There exists v > 0 such that, a.s. forallt € R,, T = (Ti)[’?lzl e R and x € T,

Zd: [ I, x)——(Zb’ (t, x)bj (¢, x))]TT V[T,

i,j=1 n=l1
By Sobolev embeddings and Assumption 3.1(2), for all 7, j € {1, ...,d},
a*l e C*(TY), and  (Bus1. B )us1, @z € CO(T 63, (3.3)

where o« 1= n — % > 0. Note that Assumption 3.1 coincides with part of Assumption

2.1(p, k, q, ) in the case § € (—1, 0], and of course the nonlinear parts of Assumption
2.1(4)-(5) do not play a role here. The case § > 0 will be used to prove the higher order
regularity result of Theorem 2.7.

Under the previous assumptions, we consider the turbulent Stokes couple:

(As, Bs) : Ry x @ — Z(H"™4(T9), H™*%4(T9) x H>4(T¢; %))
(As(), Bs()u == (PLAGQu + POul, PBy(Du)n1),  u € H*,
where H*? is as in (2.5) with ) = H*9. By Assumption 3.1(2), a.e. on R} x €,

(3.4)

||AS(')U||H—1+5#(']]‘¢1) + ”BS(')U”H&q(Ta{;eZ)
e4 i ko jk
< max <||a T90F | sy + H S [( =B, - Vi)' ng H

H—I+B,q(']rd)
n>1

+| Dl =Py, - vt

n>1

So.q MIvllgpies.aray, (3.5)

J Lk
\H&q(w) NG I8z D gsacroser) )
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where we used [AV21, Corollary 4.2 and Proposition 4.1(3)] if § > 0O and § < O,
respectively. By Assumption 3.1(1), the mapping (As, Bs) defined in (3.4) is strongly
progressively measurable.

For any stopping time 7 : Q@ — [5,T], f € L%(Q; L'(s, ; H-1*:4(T?))), ¢ €
L(}](Q; L%(s, T; H-'*%4(T9; ¢2))) we say thatu € L%Z(Q; L%(s, T; H'*%%)) isastrong
solution to (3.1) (on [s, ] x Q)if a.s. forall ¢ € [s, 7]

t t t
u(t)+/ AS(V)u(r)dr=/ f(r)dr+/ (Bs(ru(r) +g(r)) dWp(r),

where W2 is the £2-cylindrical Brownian motion associated with (w")p>1, see [AV22a,
Example 2.12]. Note that the stochastic integral is well-defined in H?%-9(T9) due to (3.5),
[Ond04] or [NVW15, Theorem 4.7] and ¢ > 2.

The aim of this section is to prove the following.

Theorem 3.2 (Stochastic maximal L?”-regularity for the turbulent Stokes system). Sup-

pose that Assumption 3.1 holds. Then for each s € [0, T), and each progressively

measurable f € LP((s, T) x Q, wy; H~1+.9), andg € LP((s,T) x Q, wy; -4 (Zz)),

there exists a unique strong solution u to (3.1) on [s, T] x Q. Moreover; letting
Jp’q,,((f, g2) ::”f”Lp((s’T)XQ’w;;H*H‘Sﬂ) + ”g”LP((s,T)xQ,w;j;H‘qu(ﬁ))’

the following results hold, where the constants C; do not depend on (s, f, g):

(1) in case p € (2,00), g € [2,0), 8 € [0, %),

el o (s, 7y x2swg 1100y < C1p e (f5 8),
Nl L@ m0-p (s, 7 w8 HI-20%0.0)) < C2(0) T p g (f5 8), 0 €[0,1/2),
< C3dpgu(fs 8,
C

Lr@:C(ls+e. 7B 27y S Ca(E)pgu(f.8), € € (5. T).

”M || Lp(Q;C([S,T];Btlﬁg—Z(m)/p))

llll
(2) in case p = q = 2 (and thus k = 0),

lullp2(@:r2¢s.r:m+.2y) < CsJ22.0(f, &),
< Co22,0(f, ).

By either [AV22a, Proposition 3.10] or [AV22b, Proposition 3.9], the above maximal
LP-regularity result for (3.1) extends to the case of non-trivial initial data provided

_ 1k

el L2 (@;c(1s, 71:10.2))

u(s) € L-I;ZX (2; ]E%;Tp ) and the corresponding norm is taken into account in J Dk
Similarly, by a general perturbation argument, we may allow lower order terms in the
differential operators appearing in (3.1) by using [AV21, Theorem 3.2] provided the
coefficients of such lower order terms are sufficiently regular.

Theorem 3.2 can be seen as an extension of [Mik02], where the R?-case with q=7p
was considered; see also Remark 3.3 below. The proof of Theorem 3.2 uses similar ideas
as in [AV21, Section 5] in which we combined perturbation and localization arguments
to obtain stochastic maximal regularity for parabolic problems on T¢. In the present
case, additional difficulties arise due the nonlocal nature of the Helmholtz projection P.
The R?-case can also be covered with the same method if one imposes the following
condition:
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Remark 3.3. (The R?-case) Theorem 3.2 also holds for (3.1) with T¢ replaced by R? if
the coefﬁ01ents become constants as |x| — oo: There exists progressively measurable

mapsa s, Tl x Q - R, (b a1 i[5, T x 2 — £2 such that

lim esssup sup (lai'-f (r, w, x) —ati (@, w)| + ||(b£(r, w, X) —Eﬁ (r, w))n>1||£2) =0,
[X[=00  weQ rels,T]

which is needed in our localization argument (see Steps 3 and 4 of the proof of Lemma
3.7). For instance, if @’/ = §"/ and (by),>1 € H"*(R?; €%) for some n > 0 and
& € [¢’, 00) such that n > [El’ then the above condition is satisfied with ’b\,ﬁ =0.

Our methods can also be extended to the non-divergence case setting. For this one
needs to modify the assumptions on a*/ in Assumption 3.1(2). A detailed statement for
related non-divergence systems can be found in [AV21, Section 5].

Theorem 3.2 will be proved in Sect. 3.2 below. The core of the proof is the a priori
estimate on small time intervals of Lemma 3.7 which will be proven in Sect. 3.3.

3.2. Proof of Theorem 3.2. In the rest of this section, for s € R and ¢ € (1, 00), we
write L9, H*9 and B} , instead of L4(T?; RY), H“I(’H‘d R?) and B} (Td RY).

Recall that P denotes the Helmholtz projection, see (2.3). For future convemence we
recall another construction of P. Let f € 2/(T%; R?). Consider the following elliptic
problem on T?:

Ay = divf,
3.6
] oo

Ly)=0,
where (-, -) denotes the duality of 2(T%) and 2'(T¢). If we set Qf := v, then the
Helmholtz projection can be equivalently defined by
Pf:=f—VQYf. 3.7
Indeed, by standard Fourier methods, one can check that (2.3) and (3.7) coincide. More-
over VQ is a projection (i.e. VQ = (VQ)?) and Q restricts to a map
Q: HY — H*, (3.8)
Below we collect some lemmata which will be useful in the proof of the main results.
The following concerns an operator appearing several times in the proofs.

Lemma 3.4. Lets € R, g € (1,00) and ¢ € C>®(T%). For any fe HS9(T9; RY), we
set Jo f = ¥, where ¢ € @’(']I‘d; Rd) is the unique solution to the following elliptic
problem on T :

{ Ay =Vo- f—=(Vo, f) (3.9)
( .

1L,y)=0.
Then ||Jg fll pss2a Ssig ILf Imsa
Proof. Letus denote by A;,l the operator defined by (A/I-T,?‘ )(0) = 0and (H‘ )(k) =
#f(k) for Z¢ 5 k # 0. By standard Fourier techniques, one can show that for each
seRandg € (1, c0),
AN (f € HY: f(0) =0} — (f € H*?9: f(0) = 0). (3.10)

The claim follows by noticing that Jy f = AX,I(Vqﬁ - f—=(Vo, ). O
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Next we consider an estimate for a commutator operator appearing in the main lo-
calization argument.

Lemma 3.5. (A commutator estimate) Lets € R, g € (1,00) and ¢ € C(TY). Let
[A, B] := AB — BA be the commutator. Then

IIVQ. @17 || fyssra S IS s

In the above and in the following, we do not distinguish between the function ¢ and
multiplication operator v > ¢@v.

Proof. Employing the notation used in the proof of Lemma 3.4, the construction (3.6)-
(3.8) shows that

VQf = VAYdivf, for f € 2/(T¢;RY).
Let M the projection onto mean zero vector fields, i.e. Mf = f — (1, f) for f €
2'(T?; RY). Now note that VQ = VAI_\,IMdiV and
[VQ, ¢] = [V, 1A Mdiv + V[AL' M, ¢1div + VAL M[div, ¢]. (3.11)

It is easy to see that [V, ¢] and [div, ¢] map continuously H*7 into itself. To conclude
it remains to estimate the second term on the RHS(3.11). In turn it suffices to show that

AN M 01 | g SUFlgr—sq, forallr € R. (3.12)
Note that [Ay' M, ¢1f = vy — ¢pv where v := Ay MF, vy := Ay M(¢f) and

A(Pv — vy) = (AP)v+2V - Vv — ¢(1, f) + (¢, ). (3.13)
Hence (3.12) follows from:

AN M. A1 f | g S W0lgr-ra + 1 F N30 S 1F N pr=3a
where we used elliptic regularity twice and (3.13) in the first estimate. O

The following simple extension result is taken from [AV21, Lemma 5.8 and Remark
5.6].
d

Lemma 3.6. (Extension operator) Let « € (0, N] and ¢ € (1, 00) be such that o > -
Let X be a separable Hilbert space. Then, for any y € T¢ and any r € (0, %) there
exists an extension operator
EV, : HYS(Bra(y, r): X) — H (1% X)
which satisfies the following properties:
d d

() EY, flByv.ry = fo Ey ¢ = cforany f € H**(Bpa(y, r); X) and ¢ € X;

d .
) ||E;T’r ”if(H“'{(BTd (y,r): X), HSE (T4 X)) S C, for some C, independent of y;

d .
3) ||E31r HX(C(iBTd 57 X),C(Td: X)) S C for some C independent of y, r.

The above lemma also holds if X is a Banach space with the UMD property. The
reader is referred to [HNVW 16, Chapter 4] for details.

The key step in the proof of Theorem 3.2 is the following a priori estimate for solutions
to (3.1) on small time intervals.
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Lemma 3.7. Let Assumption 3.1 be satisfied. Then there exist T*, C > 0 depending
only on the parameters q, p, k,d, 8, v,n, &, M such that for any t € [s, T), £ € {0, k},
any stopping time T : Q — [t,t(t +T*) AT, any

FeLll,((t.t)x Quwi H ™, ge LD ((t,7) x Q wj; H*(€%)  (3.14)
and any strong solutionu € L” ((t, 1) x Q, wh; H'*%9) 10 (3.1) on [t, T] x Q one has
y 8 iz 14
”M”LP((t,r)xQ,wz;H“‘Sv‘i) < C”f”Ll’((t,t)xQ,wz;H—“‘W) + C”g”LP((t,t)xQ,wz;H‘s“i(lz))'

We first show how Lemma 3.7 implies Theorem 3.2.

Proof of Theorem 3.2. Below we employ the notation introduced in [AV21, Definition
2.3] for the sets of couples of operators having the stochastic maximal L?-regularity, i.e.
SMRp (s, T) and SMRS, (s, T). Here we are using X; = H—1+2/+0.4(T4). Also
1+5—211%

note that X,;rrp = (XO,Xl)l_l%’p = Bqu 7 and Xp 1= [Xo, X1]p = H'*—20.4
for & € (0,1). Since A and P commute on H!*%:4 (see (2.3)), the Stokes operator
S = —A : H**?9 € H*? — H%9, is well-defined, and by the periodic version
of [HNVW17, Theorem 10.2.25] 1 + S has a bounded H°°-calculus of angle zero.
Therefore, by [AV20, Theorem 7.16] we have

Se SMR;,’K(S, T), forall0<s<T <00 (3.15)

with constant only depending on ¢, k, p,d and T'.
The assertions of Theorem 3.2 follow if we can prove that (As, Bs) € S MR;’ lGe 2

T*) (see [AV22b, Proposition 3.9]). By [AV21, Proposition 3.1], it is enough to show
that (As, Bs) € SMR, ¢(t,t + T*) forall £ € {0,«},t € [0,T — T*] where T* is
as in Lemma 3.7. To prove the latter, we use the method of continuity (see [AV22b,
Proposition 3.13]).

For any A € [0, 1] and v € H'*%9, we set

Asj v = (1 —A)Sv+rAsv
= —]P’(div(ak . Vv))

d
(X fdiven [~ B, V1] + [ =BG, - V1] - 20t

n>1 i
BS,)»U = )\.BSU = (P()\'(bn ! v)v))n>1

where @) = 18"/ + (1 — A)a'/ forall i, j € {1,...,d}.

Note that (As o, Bs.0) = (S, 0), and (As;, Bs,,) satisfies the Assumption 3.1 uni-
formly w.r.t. A € [0, 1]. Thus Lemma 3.7 ensures that the a priori estimate (3.7) holds
for strong solutions to (3.1) on [#, t] x 2 with C independent of A € [0, 1]. The claim
of this step follows from the method of continuity in [AV22b, Proposition 3.13] and
(3.15). O
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3.3. Proof of Lemma 3.7. We will next prove the key estimate. In principle we use the
perturbation method of our recent work [AV21, Lemma 5.4], but due to the non-local
behavior of the Helmholtz projection, there are several complications in the proof.

Proof of Lemma 3.7 in case h = 0. The proof will be divided into several steps. More-
over, for exposition convenience, we set s = 0 and in Steps 1-6 we only consider the
case § < 0 and in Step 7 we discuss the modifications needed for the case § > 0.

We will use the method where we freeze the coefficients and use comparison on a
small ball. For any y € T¢, r € (0, 8) B(y,r) := Bra(y,r), and for v € H'*%9, we
set

Ay@)v = —div(a(t,y) - Vv), A} (v := —div(a}, (&, ) - Vv),
By n(t)v := (by(t,y) - Vv, By, (v = (b, (t.) V), (3.16)
By (1) := (Byn(O)V)n>1, By, (v = By, ,()v)n>1,

where
E . T™ , ij d E T 1 j d
ay,r = (Ey,r(a (t’ .)))i,j=l’ bn y,r = (Ey,r(bn (ta .))>j=1’ nz 1’

and E;rr is the extension operator of Lemma 3.6. The operators A, and B, have a
“frozen coefficient at y € T¢" and .AI;: -

the extensions of a'+/ [B(y,r)» bn [B(y,r)- Snmlarly, for (y, r, v) as above, we set

, are the operators whose coefficients are

d
PE (t)v = (Zdlv(cn(t ) (Var yrn(t)v])k))kzl, (3.17)

n>1

where QQ is as defined below (3.6). Note that the coefficients ¢, in (3.17) have not been
changed. Finally, there is no need to define the “frozen” operator P, (¢) since

QIBy. ()] = (by(t, y) - V)[Qu] =0, forallv e H™ n>1, 1 eR,.
(3.18)

Lett € [5,T), ¢ € {0,«} and let T : Q — [z,1*] be a stopping time with t* :=
T A (t+T*) where T* > 0 will be chosen in Step 6. We use same notation as in
[AV22a, Subsection 3.3] in case (PA, PB) := (PA, (PBy)n>1) € SMR, ¢(t, T) with
X = H~1#2/*3:4 where j € {0, 1}. The solution operator %, (p.4 pp) associated to the
couple (PA, PB) (see (3.2)) maps

Do((t, T) x Q, wy; HT4) x LU (1, T) x Q, w; H(¢%))
— LU, ((t, T) x Q, wi; H'*9), (3.19)

where Z; A pB)(f, &) = u and u is the umque strong to (3.1) on [#, T] x 2, and (f, g)
are as in (3.14). In addition, we denote by K P A PB) (z, T) its operator norm:

¢
KGapp) € T) = 1% @ArB) )l
on the spaces indicated in (3.19). For (f, g) as in (3.14), and for t as above, we set

Nyg(t,7) = ||f||Lp((;,f)><gz,w2;Hfl+5-q) + ||g||Lp(([,f)XQ,wz;HB.q(ZZ))~ (3.20)
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To abbreviate the dependencies let S = {¢q, p, «,d, 5, v, n, &, M}, and whenever we
wish to emphasize such dependencies we write C(S) instead of C.
Step 1: There exists Cl(S) > 0 such that for each y € T, one has (PA,,PB,) €

SMRpo(t,T) and K(PA BB, )(t, T) < Cy
Due to (3.6)—(3.7), one can check that

PAyw = A,Pv, PByv=B,Pv, ae onlt,T]x Qforallve H'*,
Therefore the result is immediate from [AV21, Lemma 5.4].

Step 2: There exists x (S) > 0 for which the following holds:
If ye T and r € (0, %) are such that a.s. forallt € (0,T),i,j € {1,...,d},

la™ (2, ) —a" (¢, y) | LBy + I BA (2, ) = i, InztllpeoBy,ryey < X, (3.21)

then (PAE, PBE ) € SMR, 1(t, T) and K1 at, ppe,) 1 T) < C2(S).

To prove this we apply the perturbation result of [AV21 Theorem 3.2]. To this end,
we write

PAY, =PA, +P(AS, — Ay,  PB), =PB,+P(B;, - By). (3.22)
By (2.4), for each v € H'*%-9,
IBAE, — Al 00 S ’Zl H (@ (t,y) — EX @i, .))a,-v”m q
i,j=

Next we estimate each term separately:

@, y) — BT, @ ¢, 00

Ho4
) T (i i
QED (@) —ati@ op|
(ll) Td
(HE (@™ (t,y) —a™ (t,") H 10 vl .4
+|EN @y —ati @) 10vleea )

(iii)
< X ||U||H1+5,q + CrM”U”HlﬂSfe.q

iv
< 2x vl gissg + Crom x vl g-1454,

where in (i) we used Lemma 3.6(1), in (ii) [AV21, Proposition 4.1(3)] for some ¢ > 0
andin (iii) Lemma 3.6(2)—(3) and (3.21). Finally, in (i v) we used a standard interpolation
inequality.

For the B-term, recall that & > ¢’ and n > —3§. Thus employing similar arguments,
by Assumption 2.1(2) and [AV21, Proposition 4.1(3)] with H = £2, one obtains

E
IPGBE, — By)vllpaqey < 2x vl gissg + Catory 0]l s
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Similarly, by (3.18) and a variation of [AV21, Proposition 4.1(3)],

E j E k
1P vl So.g max | 30 05 (ch (VQUBE,, — B )|

n>1
E
S ”((By,r - By)“)@l ||H6-q(zz)
< 2x vl gresg + Cag ey VI =145, (3.23)

The claim of Step 2 follows from Step 1, [AV21, Theorem 3.2], the above estimates and
the arbitrariness of ¢ € {0, «}.

Step 3: Let x be as in step 2. There exist an integer A > 1, (yk)}l}zl c T, (”)le -
O, %), depending only on the quantities in S, such that T? C UleBA, where B) =
Bra(yr, 1), and a.s. forallt € (0,T),i,j € {l,...,d},

la™I (2, y2) — a™ (¢, Y roo(s,y + 1B, ¥2) — bt N1l pos,.2) < X-
In particular, forall A € {1, ..., A},

(PLAT + Py, PBY) € SMR, (1, T), where
(AL PEBE) = (A, L, BE L),
. p,L
with K(PAE,PBE)(I’ T) < C3(S).
The last claim follows from the first one and Step 2. Let « := n — g > 0 due

Assumption 3.1(1). By Sobolev embeddings, H"§(H) < C%(H) where H € {R; 62}.
We denote by Ry the embedding constant. Thus for any y € T¢,

la®d (¢, y) = a™ (&, Y =By + 1Bt y) = B (6, ) | poopiyryeer)
< ([a™ (1, ey + 07t Ve By rye)r® < CMr* < x,

where the last inequality follows by choosing » := min { (ROLM) l/a , % } .Since x = x(S),

it follows that r = r(S). To conclude, it remains to note that T¢ can be covered by finitely
many balls of the form B(y, r).

Step 4: Let (”A)i;l be a smooth partition of the unity subordinate to the covering
(B;L)){\:1 (see Step 3). Let %), = ‘%t,(PAE,IP’Bf) be the solution operator associated to

(PAE, IP’B)]::) € SMR,.e(t, T). Recall that f, g are as in (3.14), T is a stopping time
withvalues in [t, t+T*)AT]and u € L;((t, T) X Q, w,’z; H'*3-9) is a strong solution
to (3.1) on [t, T] X Q. Then for any A € {1, ..., A} the following holds

P(mu) = %,.(0, Fou, Gyu) + Z,(0,Pf,, Pg;,), ae.on[t, 1] X 2,
where J, = Jz, (see Lemma 3.4), g := (g n)n>1 = (GnT)n>1, fo. :=m. f and

Fuu == —P[(AL + PEYV I u] — Pl;, Alu — Ply, Plu
= PL(Vm) QA + Plu)l,
Gyt :=PB} VI + Plmy, Bylu + PL(Vm)Q(B,u)],

G)J/l = (G)L,nu)n>l5

(3.24)
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with Q as in (3.7), and [-, -] denotes the commutator.

To begin, set u) := mu. Note that P[(A + P)u] = (A+ P)u — VQ[(A + P)u] and
P[B,u] = Byu — VQ[B,u]. Using these identities and multiplying (3.1) by 7, one
obtains on T¢

du)» + (A+P) up dr
= (1A 7l + [P mdu + V(mQUA + Phud) = (VI QLA + Phul + ) dr

+ 27 (Batr + [, Bl = V. QUBuu) + (V) QUB,ul + g1, ) dwf

n>1
(3.25)
Since supp (1) € B, foreach A € {1,..., A}and n > 1 one has (see (3.16)-(3.17))
AM}L Z.AJI-CE)UUIJ)L ZAEM)H Bnl,t)L ZBII;:,xA,r;LM)L ZB)I::)nM)L,
Pu; = Pﬁ,m”l = Pfu,\,
where we used the notation of Step 3. The Helmholtz decomposition gives
w, = mu = VQ(ryu) + P(myu) 2 VI +Pus. (3.26)

Here in (i) we used divu = 0 in 2/(T¢), (3.9) and
divu, =divu, — (1,divuy) = Vm, -u — (1, Vi, - u).
Thus u; = V] u + vy with vy := Pu,. Applying the operator P to (3.25), we get
dvy, + PL(AS + PEyvaldr
= (= PUCAT + PE)VI,ul + PLA, 7, Ju + P[P, . ]u

— P[(Va) QLA + Pul] + ﬂm) dr
£y (PBE,M +PBE VI + Pl Bylu +PL(V)Q(Byu)] + ]ng,n) dw”

n>1

= (Fu+Pfi)dr+ > (IP’BE’,!U;» + Gyt + ng,n) dw"
n>1

with initial value vy(r) = 0. Recall that by Step 3, one has (PAY, (PB},)n>1) €
SMRpe(t,T) for £ € {0, k}. Thus the claim follows from [AV22a, Proposition 3.12]
and the previous displayed formula.

Step 5: There exists ¢(S) € (0, 1), C5(S) > 0 such that for each ) € {1, ..., A},
veH" and t €0, T),

||FAU||H*1+5~4 + ||(GA,nU)n>l ||H5-q(52) < C5||U||Hl+5*£,q, ae.ont, T] x Q.

First consider F,. Recall that A = A(S) < oo by Step 3. Thus it is enough to prove
suitable estimates for F; where A € {1, ..., A}isfixed. Letus write F) := F, j+F, 4+
F;. @ + Fi ¢, where

Fi.gv = —P[(A7 + P) VI, Fy..av = P(LA m]v),

Fqu := —P[(Vm)QI(A + P)v]], F.cv :=P([P, m.]v).
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Then by Lemma 3.6 and the pointwise multiplication result of [AV21, Proposition 4.1(3)]
(recall that n > —8 and & € [¢’, 00) by Assumption 3.1(2)),

~

d ..
IBAT (VI 100 S.q max [y, @ (2, V30l g

Ssg Mmjax 10; Vvl gsa Ss.q MIvligs.a,

where in the last estimate we applied Lemma 3.4. The above argument can be also
applied to estimate ]P’PE(VJ] 2V). Hence

IEx gvllg-1000 Sms.g Ivllmsa, forv e HIT,

~

To estimate F, 4, note that

d
[, Al = [8i(ai’j(8jnk)v)+(8jv) a’?/’(a,-m)], in 2'(T9).

ij=1
By [AV21, Proposition 4.1(3)] we obtain

IP[3; (@™ (3 m) V) llg-1000 Ss.q lla™ @) vl goa So.q MUV o
Letting ¢ € (0, 1) be such that n > —§ + ¢, in a similar way we obtain

IP(0jva™ 0;703) -1 Ss.q lla™ 00l y-1es
S.q la" 3l gro-e.g (3.27)
SS,q M||ajv||H5—w /S(?,q M|\v|| gr+s—eq

from which we obtain the required bound for F, 4. By (3.8), F, @ can be estimates as
follows:

IFx ullg-1+5.4 S IQCAV) |l 1450 S ||ai’jajv||H71+6.q S Nl giss—ea s

where the last estimate can be proved similarly as in (3.27). Next we discuss F, .. For
notational convenience, set £,v := div(c, ® v) = (diV(c,,vk))Z:1 for v € H%9. Note
that the multiplication ¢, ® v is well-defined due to [AV21, Proposition 4.1(3)] and the
regularity assumptions on (c,),>1 in Assumption 3.1(2). Hence, forall v € H 148.9 e
have

Frcv = B[ Y (120 muIVQB,0) + La[VQ, 11 (Bov) + LalBy, w10) |
n>1

Note that [£,, 7] and [B,, 7] are zero-order differential operators and [VQ, ;] is a
smoothing operator by Lemma 3.5. Hence, reasoning as for F; 4, wehave ||Fy (vl -1+
< |lv|l g1+5-e.q for some ¢ > O depending only on (d, 1, €, §). Combining the previous
estimates one obtains the claim for F;.

By (3.24) we have G, , := G;, @,n + Gy 5,n + Gy 5., Where

G,V :=P(Vm)QUByv)], Gugav:=PB, VI, Gy p,v:= P[(ajnx)biv]

where v € H'*-9 and we used that [;, B,]Jv = (8.,'71,\)27‘,’;1). Now the estimate for G,
can be proved in a similar way as we did for F;.



Stochastic Navier—Stokes Equations for Turbulent Flows in Critical Spaces Page 27 of 57 43

Step 6: Conclusion. Let (u, f, g, T, t) be as at the beginning of the proof. By Step 3
we know that (P[AF + PE], PBE) €e SMR, «(t, T) forall A € {1, ..., A}. Combining
the latter with Steps 4-5, one can see that there exist (S) € (0, 1), C¢(S) > 0 such that
forall A € {1,..., A},

PG| Lo ((1,2) x 2. wh 0.0y < CoNFuu,Guu (1, T) + CeNip g (1, T) (3.28)
< CSCG”M”LI’((t,r)xQ,w;;H”‘S*s’q) + C6Nf,g(ly 7)

where Ny, (t, T) isasin (3.20). Asin (3.26), since divu = Oin 7' (T ae.on[t, T]x L,
one has myu = P(mu) + VJ,u. Since (m)i\:l is a partition of unity, we can write
U= Zle u), and hence the previous considerations yield,

”u”L/’((t,r)xQ,wz;H'*"s“l)
A

< (PR Lo epwsrants 5y + 1V It Lo,y x 2100
r=1

i
5 ACGNf,g(tv T) + ACSCGHM”LP((t,r)xQ,wz;H“a*E#) + AC7”u”LP((z,r)xQ,wé;H‘s-‘i)

i) ~ 1 ~
< CoNypglt, 7) + Z”u”LI’(([J)XQ,wz;H“’fW) + C6||”||Ll)((z,r)xQ,wz;H—H&q),

(3.29)
where in (7) we used (3.28) and Lemma 3.4 and in (i) a standard interpolation inequality.
Since u is a strong solution to (3.1) on [z, T] x €2, by (3.5) and [AV22a, Lemma 3.14]
there exists (ks(S))s=0 that limg o ks = 0 and

||14||Lp((;,f)><9,w2;Hfl+5,q) < k= ||14||Lp(([,f)><g2,w2;1-11+6.q) +kr« Nyfg(t, 7) (3.30)

where we have used that 7 — ¢ < T*.
Combining (3.29)—(3.30), one obtains

~ 1 ~
”u”LP((t,r)xQ,wz;H“"sv‘?) < C6Nf,g(tv T) + (Z + kT*C6)”M”Ll’((t,r)xQ,wz;H“@vq)’

By choosing T*(S) > 0 so that k7 < 1/(466), the previous formula and (2.5) imply
the claimed a priori estimate of Lemma 3.7.

Step 7: The case § > 0. To prove Lemma 3.7 for § > 0, one can argue as in Steps 1-6.
The only changes appear in Steps 2 and 5, where instead of [AV21, Proposition 4.1(3)]
we use [AV21, Proposition 4.1(1)]. O

Proof of Lemma 3.7 for general h. Let us divide the proof of this step into three cases.
In each case we use the previously obtained estimate in the case 4 = 0, and view the
non-zero / as a lower order perturbation. Below, for all v € H!*9 we set

Frow = (X [0 =By - vw]-wt)!

k=1
n>1
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Case 5 < 0.Picke € (0, 1) suchthatn > —§+¢&. Let M be as in Assumption 3.1(2).
Note that for each v € H!*%-4(T%),

IPLFsulll o0 S max | 37 [ =P, - 9o01] - 13

n>1

Ho—&.9
2 jik j
S max I Ch D=1l s 02y (B0 0)n>1 | grs—ea
113 .
2
< Mmax |51l e 2y 1050 grs-ea S M| ppiss—eaq
j

where the implicit constants depend only on s, g, d. Moreover, in (i) — (ii) we used that
n > —68, & > ¢’ and the pointwise multiplication result of [AV21, Proposition 4.1(3)]
and the text below it.

By Young’s inequality and standard interpolation result, for all ¢ > 0 we have

(2.5)
[Vl pg1ss-eq < ellvlgiosg + Cellvll 1000 =" ellvllgesg + Cellvlig-1+s4.

Thus the claim of this step in case § < 0 follows by combining the above estimate with
the estimate in the case & = 0. Indeed, since u is a solution to (3.1), setting

Nyg = ||f||Lﬂ((z,r)xsz,w;;H—l+8-4) + ”g”Lf’((t,r)xQ,wé;H‘sv‘i(ﬂ))’
the estimate for 2~ = 0 and the above estimate for [P ﬁ,u] imply

Nl Lo (o)< wt w00 Nyg+ CIPLoulll Lr (o) x . wh - 1409

<cC
< CNﬁg + C‘S”u”Lp((t,‘[)XQ,wé;HH‘S‘q)

+Cyllu ”LP((t,r)xQ,w;;H*“‘s-‘l)'
Choosing ¢ = 1/(2C), we get
Il Lo ryx2wpsmeoa) S 2CNfg + 2C§||“||LP((z,z)xQ,wz;H—Hé-tzy

Reasoning as in Step 6 of Lemma 3.7 one can also adsorb the remaining lower order
term by using t — ¢t < T* and choosing T* sufficiently small.
Case § € (0, 1]. In this case, for all v € H!*%4,

IPLvllg-10s0 S 1 Fpvlles
ij J G
< max (105 1l @ | 0Dz ey IV0 e < ol

Since § > 0, ||v|| g1.¢ is lower order compared to ||v|| 1+5,¢ . Thus the claim follows from
standard interpolation estimates and Young’s inequality as in the case § < 0.

Case 5 > 1. The proof goes as in the case § < 0, where one should replace [AV21,
Proposition 4.1(3)] by [AV21, Corollary 4.2]. O
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4. Proofs of the Main Results

4.1. Local well-posedness and the proof of Theorem 2.4. Theorem 2.4 will be derived
from a more general local well-posedness which will be proved using the methods of
[AV22a,AV22b]. For § € (—1,0] and ¢ € [2, co) we define

Xo=H""%4 X, =H"  A()v=Asv, B()v = Bsv,
F(,v) =P[fo( v) +div(f (-, ) + fon(0) + foc(v)] = Pdiviv @ v)), (4.1)
G(" U) = (]P)[gn(s v”)n}l’

for all v € X;. Here (Ag, Bs) is as in (3.2) and (3.4), and

fentv = (X [0 =Blaac.w]] 1)

n=l1
d
PR, TTE—

Note that the linear part of f (see (2.8)) is in the operator A, and the nonlinear part in
fg.n- In this way (2.9) can be formulated as the semilinear stochastic evolution equation
(see Definition 2.3 for the definition of (p, «, g, §)-solutions):

{ du + Audt = F(-,u)dt + (Bu + G(u)) dW,

u(0) = uyg. (4.2

Through this section we set

T 145218
XK,p = (X07X1)1_|%’p=Bq,p , and

Xo = [Xo, X11p = H294 foro € (0, 1),

where we used (2.6). The following is our main result on local existence and regulariza-
tion. Below we set 1/0 := oo.

Theorem 4.1 (Local well-posedness). Let Assumption 2.1(p, k, q, 8) hold with

d d l+k d
Se(=1,0], —— <qg<- ad 22251 % <oy (4.3)
2+6 -8 P q

145212
Then for every ugy € L%;O(Q; IB%,;,, P (T9Y), (4.2) has a (p, k., q, 8)-solution (u, o)
such that o > 0 a.s. and

_nl4k

ue Ll ([0,0), we; H*4(T9)) N C([0, 0); Iasf,flf 27(’Ird)), as. (4.4)

loc
1+5_21ﬂ dy - . . .
and the trace space By , " (T?) is critical for (4.2) if and only if the second part
of (4.3) holds with equality. Moreover, (u, o) instantaneously regularizes in time and
space in the following sense: a.s.
ue H 0,0, H' 25T forall 6 €0,1/2), r, ¢ € (2, 00), (4.5)

loc

ueCh%20,0) x T4 RY) forall 6 €[0,1/2), 6, € (0, 1). (4.6)

loc
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By Sobolev embedding it is straightforward to see that (4.5) implies (4.6). The def-
inition of criticality which we use is taken from [AV22a, Section 4.1] and some details
can be found in the proof of Theorem 4.1.

In order to prove the theorem, we first prove a lemma for the nonlinearities. For
the noise part we use the language of y-radonifying operators for which we refer to
[HNVW17, Chapter 9]. The following identification (as sets and isomorphically) will
be used several times below:

y (€, H*(T) = H*(T"; ) 47

where s € R and ¢ € (1, 00). The identity (4.7) follows from [HNVW17, Propo-
sition 9.3.1] and the fact that (I — A)*/? induces uniquely an isomorphism between
H%49(T9; ¢%) and L9(T?; ¢2).
By (2.4) and the ideal property of y-spaces [HNVW17, Theorem 9.1.10], we also note
that P extends to a bounded mapping from y (€2, H>9(T4; R?)) into y (€2, H>9(T9)).
To prove the theorem we will first show that the nonlinearities F and G have the right
mapping properties:

Lemma 4.2. Let Assumption 2.1(p, k, q, ) be satisfied and suppose that (4.3) holds.
Set p = %(1 — % + %). Then there is a constant C such that for all v, v’ € H?-4,

IF (- v) = () lxg < CA+ [vllx, + 10 xp) v — vl x,
IFC, 0)lixe < CA+vlk,)

G, 0) = GGy e2,x,, < CAH vl + 1V l1x) Il — ' lx,-
IGC )y x,,) < CA+VI%,)-

Note that 8 € (0, 1) by the conditions on the parameters in (4.3).

Proof. Note that Xg = H%¢ with 6 = % + % First we check the estimate for F'. Let
F = F| + F» + F3 + F4 where

Fi(, v) = Pldiv(v ® v)],

Fa(,0) = PlfoC, v) +div(f (-, v))],

F3(, ) = PLfg.n(, )],

F4(-,v) = ]P)[fg,c('v V).

(4.8)

for all v € H!*%-9_ First we estimate F. For all v, v’ € X|,

IF1(G,v) — Fi(, v)llg-1s0 S0 Q) — (V' @ V)l s
0)
SHv®v) — @ @v)lpx
SIWe@- )+l =)@l @9

< (Il + 112 llo = V'l 2

12
/ !/
S lvllgeg + 10 lge.o) v — v'llge.,

where in (i) and (ii) we have used the Sobolev embedding with —% =45 - ‘q—i and

60— g = —%. Therefore, we find 0 = % + % To ensure that both Sobolev embeddings
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hold note that A € (¢/2,¢] and 6 > 0 by (4.3). The estimate for || F;(v)| x, follows
since F1(0) = 0.
We prove a similar estimate for F,. Indeed, by Assumption 2.1, for all v, v" € X

d
1F2(, 0) = Fa(e ) llreng S Y 11LF5 G v) = £, 0Dl
j=0

SN+ o]+ 0 Dlv — V'] 12 (4.10)
S (L+ [oll g2+ 10 [ 20 v — V]| 22
<+ llgoa + 10 o) 10 — 0l

where A and 6 are as before. The estimate for || F> (-, v) || x, follows as well by using the
boundedness of f;(-, 0).

Before treating F3 and Fy, it is convenient to prove the required estimates for G.
Recall that X2 = H%4 (see (2.6)) and let B, 0 be as above. Then, Assumption 2.1 and
(4.7) yield that, for all v, v' € Xy,

G, v) —GC, U/)“y(Zz,H‘Sv‘I) Sl v) —g(, U/)||y(e2,u)
S A+l + 1V 2) v — V|l 2
S L+ ligeg + 1V lgea) v — v llgo. - 4.11)
Hence G satisfies the required estimates as Xg = -4 by construction, and G(-,0) €
L>(T?; £%) by Assumption 2.1(4).

Next we consider F3. Since h/:k € L®(T?; ¢2) (see Assumption 2.1 and the text
below (2.7)), by Assumption 2.1(4), for all v, v’ € X1,

IF3(-,v) = F3(C, V) lg-195.0 S I fgn (o v) — fan(, 0)lipr
S max 374 e gz 1 (. v) = 8¢ V) rcer
S At Mol + 10 o) 1o = 'l (4.12)

The estimate for || F3(-, v) | x, follows as well by using the boundedness of f, (-, 0).
Finally we consider Fy. Arguing as in (3.23), by Assumption 2.1(2) and a variation
of [AV21, Proposition 4.1(3)], for all v, v € H'*%4,

| F4(-, v) — Fa(-, v/)”X() S m]?x H Zdiv(cn[(l — P)(gn(.’ v) — gn(', v/))]k)H
n>1
S g v) = gCo ) g a2

S (L vllgeg + 11V o) v = Vllgo,

H—1+8,q

where the last step follows as in (4.11) since y (¢2, H>9) = H%4(T?; ¢2) by (4.7). The
estimate for F4(-, v) follows since F4(-, 0) € L®°(T¢; R?).

Combining the above and the estimates (4.9), (4.10) and (4.12), we obtain the required
estimate for F by the definition of 8. O

The proof of Theorem 4.1 is split into three parts. In Part (A) we prove local well-
posedness. In Parts (B) and (C) we prove (4.5) in the case [p > 2] and [q = p =d =
2,8 = 0], respectively. The proof of (4.6) follows as a simple consequence as already
mentioned before.
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Proof of Theorem 4.1 Part (A) — Local well-posedness. The proof is divided in several
steps.
Step 1: the conditions (HF) and (HG) of [AV22a, Section 4.1] hold with (4.1), and

145214
the trace space X,;I:rp =B,,, " iscritical for (4.2) if and only if

1+x d

2 +—=2+6. 4.13)
p q

To prove this we use Lemma 4.2 and consider two cases. Recall g = %(1 — % + %).

() If1 — 1% > B, one can check that (4.13) does not hold by using ¢ > d/(2 + §).

We prove the desired mapping properties of F and G and non-criticality. Using that
X, _1se,, <> Xg foreach ¢ > 0, we get that Lemma 4.2 holds with 8 replaced by
P

1—“7K+8.Lettingpj =18 =9 =1- 1%+8forj € {1,2}, where ¢ > 0
is such that ¢ < IZL[;‘, one can check p; (<p1 -1+ 1%) + B1 < 1, which means that

X lrp is not critical.
2) If1 - 1% < B,thenwe set p; =1, B; = ¢; = B and by Lemma 4.2 the condition
in [AV22a, (4.2)] becomes

1+« ,0j+1 d 1)
<HE -8 =1-——+-. (4.14)
p P 2q 2

Note that (4.14) is equivalent to the second part of (4.3). Finally, the corresponding
—14s—2 1K
trace space B, ,,+ P is critical for (2.1) if and only if the equality in (4.14) holds.

Step 2: Application of [AV22a, Theorem 4.8]. By Step 1 and Theorem 3.2 the condi-
tions of the latter are satisfied. Therefore, there is a (p, «, g, §)-solution («, o) and (4.4)
holds. The assertions on criticality of the trace space also follows from Step 1. O

Next we prove Part (B) of Theorem 4.1, i.e. we show (4.5)-(4.6) in the case p > 2.
Here we exploit the results in [AV22b, Section 6] in the following way.

e Bootstrap regularity in time via [AV22b, Proposition 6.8] (Step la below) and
[AV22b, Corollary 6.5] (Step 1b below).

e Bootstrap high-order integrability in space. Here we apply [AV22b, Theorem 6.3]
finitely many times in the (H =4/, "%/ r, )-setting with (¢;) ;>1 such that ¢ ;4 —
qj = ¢ > 0 (see Step 2).

e Bootstrap regularity in space by applying [AV22b, Theorem 6.3] on the shifted
scales ¥; = H™!**2 and ¥; = H~*% (see Step 3).

Proof of Theorem 4.1 Part (B) — Proof of (4.5) in the case p > 2. Let (u,o0) be the
(p, Kk, q, §)-solution to (4.2) provided by Part (A). In the proof below we use Theo-
rem 3.2 without further reference to obtain the required stochastic maximal regularity
in different settings.

Step 1: Forall r € (2, 00),

we [ Hpl 0.0 H™720) as (4.15)
0€[0,1/2)
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To prove this regularization effect in time, in the case k = 0 we divide the argument into
two sub-steps. In the latter case, we will first use [AV22b, Proposition 6.8] to create a
weighted setting with a slight increase in integrability. After that we will apply [AV22b,
Corollary 6.5] to extend the integrability to arbitrary order. In the case k > 0, Step la
below can be skipped.

Step la: If k = 0, then (4.15) holds for some r > p.Let @ > 0 be such that

. 11+ 1 1
Y= X; = H #2784 i (0,1}, — = ——, and —=p —1+—,
P r P

where 1 € (0, 1) is as in Part (A) of the proof. Then o < % — 1. Now by Part (A) of
the proof we can apply [AV22b, Proposition 6.8] to obtain (4.15).

Step 1b: (4.15) holds for all r € (2, 00). Let either [r = p and o = «, if € > 0]
or [r > p,a > 0 be asin Step la, if « = 0]. Let 7 € [r, 00) be arbitrary and let
@ < [0, % — 1) be such that l{ﬁ < HT“ Step 1 of the above proof Part (A) and the above
Step la show that [AV22b, Corollary 6.5] applies with ¥; = H~1*+204 (T9) «_ r, o and
7, d as above.

Step 2: Forallr € (2,00) and ¢ € (2, %),

we () HYl0.oiH™W™24) as. (4.16)
0€[0,1/2)

From Step 2, we know that (4.16) holds for all r € (2, 00) and { = ¢q. Fix @« > 0 and
choose r > p such that 21% + g < 2+ 6. By Step 1 of Part (A) we know that for all
¢ € lg,d/(—9)), the assumptions (HF), (HG) in [AV22a, Section 4.1] are satisfied and
non-criticality holds in the (H’“M JHIE a)-setting. To prove the claim, it suffices
to show the existence of ¢ > 0 depending only on ¢, 6 such that for any ¢ € [g, d/(—9)),

ue ﬂ Hli’cr(O,o; H'*208) a5, = u e ﬂ Hli’cr(O,o; H'+0-20.8+8) g .
0€[0,1/2) 0€[0,1/2)
4.17)
To prove (4.17),we apply [AV22b, Theorem 6.3]. Due to the previous choice of r, o,
Step 1 of Part (A), and the left-hand side of (4.17), [AV22b, Theorem 6.3] is applicable
with

Yi — Hl+8—21,{’ Yi — Hl+8—21,{+8’ = r &\ —a

where ¢ > 0 is chosen so that

2 I+o
T pl¥é—7F R als
Y, = B{,r — IB3g“+s,r - Y&,?'

By Sobolev embeddings, the previous display holds provided {%8 — %
the latter, it is enough to choose ¢ := 2%.
Step 3: Forall ¢, r € (2,00),

< 2%. To satisfy

ue [ Hul(0.0:H'T29), as. (4.18)
0€[0,1/2)
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If § = 0, then (4.18) follows from (4.16). In case § < O first fix ¢ € (d,d/(—6)). Let
r > p be so large that r > % and
2 d
—+— < 2+56. 4.19)
r ¢
This is possible since { > d and § > —1. Set & := r(; — —) [0,% —1).
Then by (4.19) and Step 1 of Part (A), (HF), (HG), and non- cr1t1ca11ty hold in the
(H_l’q, H, r, a)-setting. Now [AV22b, Theorem 6.3] with

X; =Y, =H "2y, = %4 F =y «=0, @asabove.

gives (4.18) with the above ¢ and . To check the conditions (1)-(3) in [AV22b, Theorem
6. 3] note that (1) and (2) follow from (4 16) Step 1 of Part (A) and the above choice of

Y;, Y,, r, 7, o, o. To check (3) note that B2 — 1 _ 5 . Thus
T 1+a—7 1—2% =T
Y, M= =B, =B, = Ya}

The second part of condition (3) holds due to [AV22b, Lemma 6.2(4)] since — “"‘ = % — %,
1+a =H'"*% = y; and Yo = H 9 =Y

In order to obtain (4.18) for all { < oo, we can again apply (4.17) but this time with

5 =0. |

Next we prove Part (C) of Theorem 4.1, i.e. we show (4.5) inthe caseg = p = 2

and k = 0. Here we follow the arguments in [AV22b, Section 7] employing the results
in [AV22b, Section 6], see [AV22b, Roadmap 7.4] for a strategy summary.

Proof of Theorem 4.1 Part (C) — Proof of (4.5) inthe case q = p =d =2,5 = 0. Let
(u, o) be the (2,0, 2, 0)—solution to (4.2) provided by Part (A). It is enough to prove
that for all & € (0, %) for all » € (2, 00),

() Hol 0.0 H'™%) as. (4.20)
0€[0,1/2)

where, to shorthand the notation, we wrote H!=¢2¢ instead of H!=¢2¢:2, Indeed,
afterwards we can apply Steps 2 and 3 of Part (B) with § = —¢ and g = 2.

Step 1: (4.20) holds for some ¢ > 0 and r = 4. Let g9 > 0 be such that the
Assumptlons 2 1 holds for § = —¢g < 0, cf. Remark 2.2. Without loss of generality we

assume g9 < 5. Forall ¢ € (0, ¢p), let o € [0, 1) be such that
1_I+e & “.21)
2 4 2

Since ¢ < %, (4.21) yields o € (0,1) = (0, % — 1) where r = 4. To conclude Step
1, it is enough to check the assumptions of [AV22b, Proposition 6.8] with p = 2,
Y; = H"%~¢ and X; = H~'*?. However, these follow from Step 1 of Part (A),
Theorem 3.2, and the fact that ; = B; = %(1 — % =3 for j € {1, 2}.

Step 2: Let g > 0 be as in Step 1. For each ¢ € (0,&0 A %), (4.20) holds with
arbitrary r > 2. Letr = 4 and ¢ € (0, % — 1) be as in Step 1. Let 7 € [4, 00) be
arbitrary and let @ > 0 such that

Y, = H-'2 | x, = H- %, e (4, 00), 1+oz 1+«

7
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Then@ € [0, g — 1). It remains to apply [AV22b, Corollary 6.5]. Note that the assump-
tions follow from Step 1 of Part (A), and

2
Tr l—e—7 2 Tr
Y Ez r I I[J - XO,Z’

where weused 1 — ¢ > % m|

Proof of Theorem 2.4. 1t suffices to set k = k. in Theorem 4.1. One can check that this
is admissible under the conditions on p, ¢, § in (4.3). O

In Theorem 2.4 we omitted § € (—1, —%). The reason for this is that it does not
enlarge the class of critical spaces with smoothness > —% for the initial data for which
we can treat (2.1). Indeed, in case § € (—1, —%), then the restrictions ¢ < _% and

21% +4 <2458 (see (4.3)) implies that the smoothness of the space of the initial data

satisﬁesl+8—21+—">”—1—1>—1—8>—%.
p q

4.2. Higher order regularity and the proof of Theorem 2.7. For the proof of Theorem 2.7
we need the following lemma, which is the analogue of Lemma 4.2 but with § replaced
by a higher order smoothness s > 0.

Lemma 4.3. Suppose that Assumption 2.1(p, k, q, §) and Assumption 2.6 holds. Let
Xj= H~1+2/+5:4 with s € (0, n). Assume that

2(1 d
(+K)——>O.
q

ge(d oo), pe(200), ke [o,g— 1) satisfy 1+s —
(4.22)

Then for all n > 1 there exists a constant C,, such that for all v,v' € X satisfying
Il 1 lxe <,

£, v)lx,
IF (- v) = F (0D

”G(» U)”y(ﬂ,X]/z)
||G(, U) - G(, U/)”y(EZ,Xuz)

S+ vl ),

C

Callo =Vl
CalL+ vl ).
C

<
<
<
< Cullv — U/”X'Il:p,

Note that this lemma will also imply non-criticality of F' and G since using the
notation of [AV22a, Section 4.1] we can take ' = F1; and G = G and hence the
critical parts F, and G, vanish.

Proof. Note that X = H*?/-4, XTr = ]B%;T;_Q(HK)/ P Due to the last condition in
(4.22) and Sobolev embedding we have

Xlrp — C*N H, for some & > 0. (4.23)
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We prove the claimed estimate for F. The estimate for G follows similarly. Fix n > 1

and v, v' € X satisfying ||v|| y7 , [V [|xy7 < n. Asin (4.8) we write F = Fj + F, + F3.
K,p K,p

Note that

IF1(, ) = Fi(, V) lg-tosa Sg 10 =) @ vllgsa + 1V @ (v — )|l o
(@)
Sog 0=Vl vl s + vl gsallv — vl
(4.23)
Snllv = v’||xgyp

where in (i) we used [AV21, Proposition 4.1(1)] and in (i) Sobolev embedding. The
estimate for F(v) follows as well since F1(0) = 0.

Next we prove the estimates for F>. We only consider the div(f (-, v)) part, since the
other term is similar. Let us write

fG0) = fC0) =@ 0) (0w —),

1
where @ (v, V) ::[ Ay f(, (I —pv+rv)dr.
0

By repeating the argument for F7, it is enough to show that, for all v, v’ € X satisfying
ol s 10"l < n,

12, vV)lsa < Co.

The latter follows from Assumption 2.6, [BMS10, Theorem 1] or [Tay11, Proposition
10.2, Chapter 13] and (4.23). The estimate for F (-, v) can be proved more directly. The
estimates for F3, F4 and G can be proved similarly. O

After this preparation we will now be able to prove the higher order regularity by an
iteration argument based on [AV22b, Theorem 6.3].

Proof of Theorem 2.7. As usual we only prove (2.16), since (2.17) follows from (2.16)
and Sobolev embeddings.
Let n, & be as in Assumption 2.1. Let no > 0 and &y € (d, 0o) be given by

and n——=mny— —.

6 d+1 ifévq<d, d d
0= & Vv g otherwise, & &

Note that ng € (0, n] since &y > & and n > ‘gl. We split the proof into two steps. In the

following steps, without further mentioning it, we apply Theorem 3.2 several times in
order to check stochastic maximal regularity of (A, B) = (As, Bs). This is needed in
order to check the conditions of our bootstrapping result [AV22b, Theorem 6.3]. In case
& = & we also have 9 = 71 and Step 2 below is not needed.

Step 1: Forall r € (2, 00),

we [ Hpl(0.oiH™0R) as
0€[0,1/2)
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To show this fix N € N so large that 59 < N. Set s = k% for k € {0,..., N}. By
induction and (2.13) in Theorem 2.4, it is enough to prove that for each k € {1, ..., N},

ue ﬂ Hlicr oy 172080y g6 = 4 € ﬂ Hlicr Loy HIe—20:80) g 6.

0€[0,1/2) 6€[0,1/2)

(4.24)

Toprove (4.24) we apply [AV22b, Theorem 6. 3] with X; = H-1#2/%5:4 y; = H~1+sk-1:80,

= H*c% for j € {0,1} and @ = 0, r = 7, @ to be chosen below Note that
Y < Y; — Xjforall j € {0, 1}. Since &) > d and '70 < N, one can find » > p such
that 1 — % > % and B < 1 — % Set@ = 5% € [0, 5 — 1). It remains to check the
conditions (1)—(3) of [AV22b, Theorem 6.3]. Condmons (1) and (2) are satisfied by the
induction hypothesis and Lemma 4.3 which is applicable since

d l+a d 2

l+s— 2 9 4 — =220, forallke{l,..., N},
&0 r & r

where we used s;_1 > 0Oand 1 — % > % To check condition (3) note that [AV22b,
(6.1)] follows from [AV22b, Lemma 6.2(4)], ?17 m = Yi,Y m = ?0, and the choice of
the parameters. For (3) it remains to observe that

T4sp_1— 21+

Er
Therefore, we can conclude (4.24).
Step 2: Proof of (2.16). Fix L € Nsuch thatn —no < L. Let g = 1o +k 17> where
ke{l,...,L}.Define&y > & > ...&, =& by
d d
M= ==z
&k §

By induction and Step 1 it is enough to prove that foreach k € {1, ..., L},

1+ — =T
Er — ta,r-

Y =B =B

(4.25)

(| Hl .o HP "8 as ue () Hpl (0,03 HPH 205 s,
0€[0.1/2) 0€l0,1/2)

(4.26)
<1- % (this is possible since n — no < L). Set @ :=
1L € [0, 5 — 1). As in the previous step, (4.26) follows from [AV22b, Theorem
6.3] applied with X; = H~1*2/*04_ y; = H-1#2/*m-1b1 Y, = #2278 and
r =7, a = « as above. Note that by (4.25) and Sobolev embeddings, f/\] — Y — X;
for j € {0, 1}. It remains to check the conditions (1)—(3) of [AV22b, Theorem 6.3].

Conditions (1)—(2) follows from Lemma 4.3, which is applicable since

1+4a d d @25
1+77k_2_a__>77k——( : )
r

&k &k

where we used 1:—& < % To check condition (3) note that [AV22b, (6.1)] follows from
[AV22b, Lemma 6.2(1)], and the fact that

2 2 1+a
Tr I4ng—1—% I4ng—1—5% L4 =25 il
Y, Bék 1,7 Bék r B&k,r are

where we used the definition of @ and the fact that &_; > &. |
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4.3. Blow-up criteria and proof of Theorem 2.9. The proof of Theorem 2.9 is based
on the blow-up criteria given in [AV22b, Section 4] and the extrapolation result in
[AV22b, Lemma 6.10]. We begin by specializing the [AV22b, Lemma 6.10] to the
present situation. Let (u, o) be the (p, k., ¢, §)-solution (2.1) provided by Theorem 2.4.
Consider the following stochastic Navier-Stokes equations starting at ¢ > 0:

{dv+Avdt = F(,v)dt + (Bv+G(v) dWp, 4.27)

v(e) = Ligseyule).
Definition 2.3 extends naturally to the problem (4.27). By either (2.14) or (2.15),

Loseu(e) € LY (2 qu 0 (Td)) a.s. for all pg, go € (2, 00). (4.28)

Thus Theorem 4.1 gives the existence and uniqueness of a (pg, 0, go, 8p)-solution (v, 7)
under conditions on the parameters.

Lemma 4.4. (Extrapolating life-span) Let Assumption 2.1(p, k¢, q, §) hold with

1 d d 2 d d
<60, m— <g<——, —+—<2+46, k=kc=—-1+—= (2+6——)
2+4 1+6 p ¢ 2 q

Let Assumption 2.1(po, ko, qo, 80) hold with

1+xg

soc(—1.0. —9 d d 2 4o
-1, 0], <qgop < — an — < .
0 2+ 8o 0 =80 Do q0 0

Let (u, o) be the (p, k¢, q, 8)-solution to (2.1). Fix ¢ > 0 and let (v, T) be the (po, ko,
q0, 80)-solution to (4.27). Then

T=o0as.on{oc>¢e} and u=vae onle o) x Q.

Proof. The claim follows by applying [AV22b, Lemma 6.10] with X ; = H™ 142j+8.q (T4,
Y, = = H—1+2/+0.90 (), Y = H*2-90(T9), r = py,7 = Po, & = ko and@ = 0 where
Do, qo > 2 are large enough To check this, note that the required regularity assump-
tions are satisfied thanks to (2.14) applied to (#, o) and (v, t). The required stochas-
tic maximal regularity also holds in the (Yo, Y1, po, ko)-setting by Theorem 3.2 and
the conditions on the parameters. Moreover, by Lemma 4.2 the conditions (HF)-(HG)
of [AV22b, Section 4.1] hold in the (Xo, X1, p, kc)-setting, (Yo, Y1, po, ko)-setting,
and the (Yo, Y1 po, 0)-setting if pg, go are large enough. The required embeddings
YTr XTIr and Y| — X 1-x also hold if pg, o are chosen large enough. |

Next we prove Theorem 2.9 by applying our blow-up criteria from [AV22b].

Proof of Theorem 2.9. By Definition 2.3, (2.1) is understood as a stochastic evolution
equation [AV22b, (4.1)] with the choice (4.1), X ; = H™#2/#04 o = —1+52+5—9),
and H = ¢2. As in the proof of Lemma 4.4, Lemma 4.2 implies that (HF)-(HG) in
[AV22b, Section 4.1] hold in the (Xo, X1, p, kc)-setting with g; = B; = $(1— 5+ %),
pj = 1for j € {1, 2}. The same holds with (p, k¢, g, §) replaced by (po, ko,c, 0, 50)
where kg ¢ ;= —1+ %(2 +389 — q‘l—o) for the translated problem (4.28). By the condition

d Po _
q0 < Tys;» One can check that kg < 5 — 1.
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Finally note that Theorem 3.2 can be applied in these two different settings, which
will be used in Step 1 below when we apply the blow-up criteria. Below ¢, T € (0, 00)
are fixed.

Step 1: Proof of (2.18). [AV22b, Theorem 4.11] applied to the (p, k¢.0, g0, 80)-
solution (v, 7) to (4.27) gives

P<5 <t <T, vllpro(e,r;mroa0Td;Rdy) < 00) =0,

where we used [H~+%-90, H“‘SO"]O]FM = 090 and that divv = O on [¢, o) X Q.

Therefore, the required result follows frg(;n Lemma 4.4.
Step 2: Proof of (1)-(2).

d
(1): Let g1 > qo. Since qu 0 (Td RYYy < qu 00 ('JI‘d R?) for g < q1, replacing
g1 by a smaller number if necessary, we may assume g1 € (qo, +8)' Pick p1 € (2, o0)
so large that

2 d d
—t——1<——1.
P1 41 q0

Note that Bf;l/ 9071 s BV where y; = % + % — 1 and therefore

P(s <o <T, sup |u@®)| «_, < oo)

tele,o) 41 0

< P(E <o <T, ullpro:Haray < OO) =0,

where in the last equality we apply (2.18) with (po, qo, yo) replaced by (p1, q1, ¥1).
(2): Follows from (2.18). m|

4.4. Global well-posedness: Proofs of Theorems 2.11 and 2.12. We begin by deriving
Theorem 2.12 from the blow-up criterion (2.18) in Theorem 2.9 and the energy estimates
provided by Theorem A.3.

Proof of Theorem 2.12. Let (u, o) be the (p, k¢, g, 8)-solution provided by Theorem
2.4, where k. is as in Theorem 2.12. By combining Lemma 4.4 with py = gp = 2,
80 = 0 and Theorem A.3(2) from the appendix, we obtain that, for all £ > 0,

u e Lz(s, o; Hl'z(’]l'zg Rz)) a.s.on {o > &}. 4.29)

Thus, forall0 < e < T < o0,

P(8<O’<T)(42)

(s <0 < T, ull 20 mi2m2my < oo) -0 (430
where the last equality follows from (2.18) of Theorem 2.9 with pg = g0 = 2andyp = 1.
Since 0 > 0 a.s. by Theorem 2.4, from (4.30) and the arbitrariness of 0 < ¢ < T < o0,
it follows that P(6 < o0) = 0. Hence o = oo a.s. as desired.

The remaining assertions follow from Theorems 2.4 and 2.7. O
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Next we prove Theorem 2.11. As in the proof of [FK64, Theorem 1.4], the main idea
is to exploit the quadratic growth of the nonlinearity P[div(u# ® u)] to obtain an estimate
where the LHS and the RHS have different scaling in . Then the conclusion follows
by choosing the data sufficiently small so that the quadratic growth of the RHS keeps
sufficiently strong Sobolev norms of # bounded over time. The nonlinearities fy, f and
gn might contain lower order terms (see the estimate (4.40)), which need to be dealt with
as well. This can be achieved by first working on small time intervals and then combine
solutions as in [AV21, Proposition 3.1]. The case of small time intervals is the content
of the following result.

Proposition 4.5. Let Assumption 2.1(p, k, q, §) be satisfied and suppose that one of the
following conditions holds:
ede[-1,0], 4 < A2 d <oy, andi = ke =—1+L2(2+8—4);
320l 545 <q <t 5+ G <248 andi =k =—1+5(2+5 - ),
ed=xk=kc=0andp=q=d=2.
Assume that (2.19) holds for some constants M1, My > 0. Then there exists Ty € (0, T]
depending only on the parameters in Assumption 2.1 and My for which the following
assertion holds: For all &y € (0, 1) there exists a constant Cg, > 0 such that, for all

t €0, Tland v € LY, (2 B/}~ with

El[v)|” . + M < Cq,
qul’

the (p, k¢, q, 6)-solution (u;, o) to (2.1) with initial data v at time t satisfies:

(D) Poy =2 T)) >1 —egwhereT; ;= (t+Ty) A T.
(2) There exists a stopping time t; € (t, 0t] a.s. such that P(t; > T;) > 1 — g9 and

p p p
E[ Va1 100050y prios-anay | < KoEIIL -, + M)
c q.p

forall 6 € [0, %), where Ky is a constant independent of (¢, v). Here in case p =
q =d = 2and 0 > 0 the LHS of the above estimate should be replaced by

2
E[1 1 lul2, e )

The key point in the above is the independence of Ty on ¢ € [0, T] and gy > 0.

Note that (p, k¢, g, 6)-solutions to (2.1) atatime # > 0 can be defined as in Definition
2.3 and their existence is ensured by Theorem 2.4 by a shift argument. In the case of pure
transport noise (i.e. f; = 0 and g, = 0), the proof of Proposition 4.5 shows that Tp = T,
and thus the iteration argument needed to deduce Theorem 2.11 from Proposition 4.5
can be avoided.

Next we first show how Proposition 4.5 implies Theorem 2.11. We postpone the proof
of Proposition 4.5 to Sect. 4.4.1.

Proof of Theorem 2.11. We begin by collecting some useful facts. Fix T € (0, co) and
e € (0, 1). Let (Tp, Cg,) be as in Proposition 4.5, set Np := [Tlol and fix 6y € (M, %).
Let co be the norm of the embedding (see [ALV23, Theorem 1.2] and [AV22a, Proposition
2.5))

HP(0, To; wye; H'™P=200) 0 LP(0, Ty, wy; H™*9) < C([0, Tol; B,
4.31)
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and set K := (Kg,+Kq)co where Ky, is as Proposition 4.5(2). Without loss of generality
we assume Ko > 1.
Below we prove the assertions of Theorem 2.11 if C, 7 is chosen as:
Cy, €
Cer = ZK(I)VO where g0 = M

(4.32)

Note that C, 7 is independent of 1o and M, since (Cs,, Tp) depends only on the param-
eters in Assumption 2.1 and M5.

We prove Theorem 2.11 by an iteration argument. Let (tn),ivio be a partition of [0, T']
withstep < 7p/2,1.e.0 =19 < t; < -+ < tyy—1 <N, =T and |t, —t,—1| < Tp/2 for

all 0 < n < Np. We claim that for all n € {1, ..., Ng — 1} there exist a stopping time
7, € [0, o) such that, for all 6 € [0, 1‘;’%),
Pty > 1) > 1= 2""e, 433)
E[Lz, 0 ()17 1] + MY < KG™0Co, @
q.p
E[l{fn>tn}“M||Z€,1)(()mekc;H1+6—29,q)] Sﬂ,n E””O”Zg/g,l + Mlp (4.35)

Indeed, the claims of Theorem 2.11 are equivalent to the case n = Ny of (4.33)—(4.35).
Let us begin by noticing that (4.33)—(4.35) forn € {1, 2} hold due Proposition 4.5, (4.32)
and f; < t» < Tp. Hence it remains to show that (4.33)-(4.33) hold for n + 1 whenever
they hold for n € {2, ..., No — 1}. To this end, set
d/g—1
vi=Lin o) € LY (0 BETH.
Note that, up to a time shift, Theorem 2.4 ensures the existence of a (p, «c, ¢, §)-solution
Let (u;,—1, op—1) to (2.1) with initial data v at time #,,_1. Thus, Proposition 4.5 provides
a stopping time A,_1 € (#,—1, o,—1] a.s. such that

POyl > fps1) > 1 —gg =1 —27Nog, (4.36)
and for (cqg, Ko) as described around (4.31),

E[1o, 0 s a1 017,

t€lon—1,An—1) q.p
4.31)

< COE[I,\ > max |u,—1()|° ]
b Wttt} 216.60) it ()”H&P(tnfl,rm,wi’"l;H”H@)

< Ko(E[Lt,omn, )17 ]+ MY ) < KGT0C,. (437)
a.r

Arguing as in the proof of Theorem 2.9 proved in Sect. 4.3, by maximality and
instantaneous regularization of (p, «c, g, 8)-solution, we have

o =0,_1 on {t,_1 > t,_1},
! ! ! (4.38)
U=1Up—_1 ON [t_1, Tu—1) X {Tu—1 > th—1}.

Set ty11 = Lz, 154,11 An—1 *+ ta—11{z,_, <s,_;)- Note that 7,4 is a stopping time since
An—1 > ty—1. Moreover, (4.33) and (4.36) imply

P(tue) > tye1) > 1 =27 Nog — 27 Nog > 1 _ pntl=Nogo
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In addition (4.37) and (4.38) yield

B[l swp @17, ] < KgHYC,
SE[ty,the1] q.p
Hence (4.33)—(4.34) for n + 1 are proved. Finally, (4.35) with n + 1 follows by com-
bining Proposition 4.5(2) and the fact that the restriction operator f — f|(s,.5,,;] Maps
HYP(t,_1, tys1, w,t('é’l s H'¥9=20.9y into H? P (1,,, t,,41; H'*3~20-9) with norm depending
only on p, k¢ and |t,—1 — t,| = To/2 see [AV22b, Proposition 2.1(1)]. O

4.4.1. Proof of Proposition 4.5. In this subsection we use the notation introduced in

(4.1). Also recall from Lemma 4.2 that § = 1(1+ 3 — £) and X = H#*24 To
simplify the notation we consider only the case + = 0. The general situation ¢ > 0
follows verbatim as the constants in Theorem 3.2 do not depend on s € [0, T']. To prove
Theorem 2.11 we need a suitable L?-space which allows us to bound the nonlinearities
in (2.1). For each t € (0, 00) it is defined as

. d
2 (1) 1= L* (0,1, we.: Xp), where ke = —1+ g(z +5-2). (4.39)
q

By Lemma 4.2 the above space coincide with the abstract one introduced in [AV22a,
Subsection 4.3], where we also showed

() HPO.1:we: Xi-9) € 2°(0).
0el0,1/2)

In particular, the solution (u, o) provided by Theorem 2.4 satisfies a.s. for all t € (0, o),
u e 2 ().

Arguing as in Lemma 4.2 and using (2.19) one can check that we can find a constant
Cy (depending on M) such that for all v € Xg

N@) = [[FC,0)llx, + 1GC )2, x, ) < CoMi+ Co(llv]lx, + ||v||§(ﬁ)- (4.40)

Therefore, by Holder’s inequality there exists a constant m; > 0 (depending only on
t, p, kc and m; in (4.40)) such that lim; o m; = 0 and forall v € Z"(¢) a.s.

2
INOIE 01y < CoMT +mllvlly ) +CE I, (4.41)

Without loss of generality we assume that r — m, is non-decreasing. This estimate
motivates once more the definition of 2 (r) and plays a crucial role in the analysis
below.

The next result is a special case of [AV22b, Lemma 5.3], and provides an a priori
estimate for the linear part of the equation based on maximal L”-regularity.

Lemma 4.6. Let Assumption 2.1(p, k¢, q, §) be satisfied. Fix T € (0, 00). Let A = Ag
and B = Bs where (As, Bg) are as in (3.4). Then there exists K > 0 depending only
on p, q, § and the constant Cy in Theorem 3.2 such that the following holds:

For any stopping time t : Q2 — [0, T, and any

vo € L% (2 X ), f € L%((0,7) x Q, we; Xo),

g€ L,((0,7) x Q we; v, X12),
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and any (p, k¢, q, 8)-solution v € L ((0 T) X Q, we,; X1) to

dv+ Avdr = fdr + (Bv+g)dle,
v(0) = vo,

on [0, t] x Q satisfies the following estimate
p p
”v”Lp(Q;%(t)) (HUOHLP(Q XTr ) + ”f”Lp((O,T)XQJUKC;XO)

p
* ”g”Lp«o,r)xsz,wxc;y(ez,xl/z)))'
Next we turn to the proof of Proposition 4.5.

Proof of Proposition 4.5. Throughout the proof we fix &9 € (0, 00). Recall that for
notational convenience we are assuming ¢ = 0. We claim that there exist Ty, Cg,, ro > 0
independent of u( such that

E||u0|| <Cy = PO)>1-z¢, (4.42)
p (Td Rd)
where

O = {llull 2@ < ro}-

Moreover, we obtain that Tj is independent of eg, see (4.45) below.

‘We now split the proof into several steps. In Step 1 we obtain Proposition 4.5(1) from
(4.42) by applying the Serrin criterion (2.18) of Theorem 2.9, while in Steps 2 and 3 we
prove the claim (4.42). In Step 4 we show Proposition 4.5(2).

Step 1: (4.42) implies Proposition 4.5(1). By (4.41) on O we find

2
||N(M)||LP(OO’AT() we) ml;b(1+r67)+cor0p =:Cy.

Define the stopping time 7 by 7 = inf{r € [0,0) : ||N(u)||Lp(Ot we) 2 > Cr+ 1} ATy,
where we setinf @ = o A Tp. Thent =0 A Ty on O.

By Theorem 3.2, (A, B) = (As, Bs) has stochastic maximal L?-regularity on [0, Tp].
Since (u,0) is a (p, k¢, g, §)-solution to (2.1), as in [AV22a, Proposition 3.12(2)] it
follows that a.s. on [0, 7)

du + Audt =1y, F (-, u)dr + (Bu +10,1)G (-, u)) dW,2

and u(0) = ug. Now Theorem 3.2 with§ = %givesu e LP(Q; H%’p(O, T, We.; X{_x)).
P
Using t = o A Tp on O, by Sobolev embedding [AV22a, Proposition 2.7] we obtain

we HrP0,0 ATy we; X s) = L0, 0 A To; X;_x)
P 4

(4.43)
= LP(0,0 A To; H9(T%)) as.on O,
where y =1+6 — 2"L = % ‘q—i — 1. It follows that
({O’ < T} N (9 © hF(}P({S <o < Ty, lullpr,omra) < oo} N (9)
N
(4.44)

< lim supP(s <o < To, lullprs,o;mra) < oo) @ 0.

540
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Here in (i) we used o > 0 a.s. (see Theorem 2.4) and (4.43). In (ii) we used (2.18) of
Theorem 2.9 with pg = p, qo = g and yy = y. Therefore, o > Ty on O and this gives
the result of the Proposition 4.5(1). Thus Step 1 is proved.

Next we turn to the proof of (4.42). Before we continue it is important to recall that
from the discussion below (4.39) a.s. forall t € (0,0), u € 2 (¢).

Step 2: Let K be as in Lemma 4.6. Let m; be as in (4.41). Fix Ty > 0 such that

1
KPml < 1. (4.45)

Then there exists R > 0 depending only on K and Cy such that for any N > 1 and any
stopping time p satisfying 0 < u < o A Tp and |lull 97y < N a.s.,

P P : X 2
B[Rl ()] < Elluoll”,_, + M. with () = 5 "
Bfp
In order to prove the assertion in Step 2 we use a localization argument. Set
=inf{r €[0,0) : |ullLr©.rwe:x) + lullz@ =n}, n=1,

where we setinf @ = o, andlet u, := uAoy,. Thenlim, o 0, = 0 a.s.,lim, o0 Uy =
i, and foralln > 1,

lull 2@, + NullLr©.00,we: X)) S 7
As in Step 1 it follows from Lemma 4.6, i, < Top < T and (4.41) that

Elully ) < K (BNl 1 + ELF Gl 00y 0.0 0

Bylp
+E|GC, ”)||Lf'<<0,un>xs2,wc;xl/z>)
< KP (ol ajg-1 + CoMY)
q.p
+KPmy Elulfy K”Cé’EHuH%(M)
The choice (4.45) and the above estimate imply
2
Eluly i,y < 2K (ol asgs + CoMY) + 2KPCRENulg: .
Letting n — o0, the desired estimate follows after division by R = 2K (1 v C(I; ).
Step 3: (4.42) holds with Ty satisfying (4.45) and

€0 1

Cgo = —— and ro - = W’

SR2 (4.46)

where R is as in Step 2. Let g be as in Step 2. It is easy to check that /g has a unique
maximum on R, given by # which is attained at x = #. With the choice in (4.46),

we have O = {||lull 2 (o a1y) < (2R)"1/P} and set
= inf{t €[0,0) : llul 27y = CRY"P} A To, (4.47)
where inf @ := o A Ty. To derive a contradiction suppose that

(a) E||u0||’;d/q,l+M{’<c€0, and (b) P(O) <1 —¢. (4.48)
q.p
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From the definition of O and (4.47), we find that u < o A Ty a.s. on  \ O. Moreover,

as.on 2\ O, and WR(IIMII 0 as.on 0. (4.49)

1
P —
WR(”I/‘”Q"(M)) = 4R2 (M))

Therefore,

E[vr(lul’y )] = E[vr(ull’y )10 ] + E[vr(ul’y ) 1010]

“ )P Q\O
> _
> PEAO

a8 g, G480
P p
> IR = 2(E||M0||Bg’/;171 +M1)-

Since without loss of generality we can assume M| > 0, the latter contradicts Step 2.
Thus P(O) > 1 — g as desired.

Step 4: Proof of Proposition 4.5(2). Let t be stopping time defined by the following
variation of (4.47):

. 4 \-1/p
— inf {t €[0.0) : lulaq > (gR) } (4.50)
where inf @ := o. Then from Step 3, one can check that T A Tp = o A Ty on O, and
thus

Pr>Ty) =Pt > To}NO) =P(o > T} nO) 2V p

(0 =2 Tp) > 1—¢g.

— 2 —
Also note that [lu]]- ., < (R)™" as. and therefore Ellu]| ., < GR)'Elull’y,,.
Thus Step 2 ensures that

Ellully o) < R®Eluoly,-1 + M)+ 5 Enuny(ﬂ

and hence E||u||§m) 4R(E||u0||pd/q \ + M['). Moreover,

‘il’

(4.50)
Bl Sy = B[l iy 1y ] < 3(Bllolly - +47)

Now the claim follows from Theorem 3.2 and (4.41). |
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Appendix A: Global Well-Posedness for d = 2 with L°°-Noise

The aim of this appendix is to prove global well-posedness for the stochastic Navier—
Stokes equations (2.1) in two dimensions with L?—data and L*°-noise of transport type.
Although such result is essentially known, our approach based on maximal L2-regularity
techniques seems new and provides an improvement of several of the known results. The
reader is referred to Remark A.4 below for a comparison with other approaches.

The results presented in this appendix are used to prove Theorems 2.12 and will be
presented more or less independently of the proofs given in the paper.

Herz we consider the following stochastic Navier—Stokes equations on a domain
0 CR

du = [div(a -Vu) —diviu @ u) + fo(-, u) +div(f (-, u))

—Vp+op+ afﬁ] dr
+ Y (b Vyu =V + gn - w)] duy', A1)
n>1
u=0 ond0,
divu =0,
u(-, 0) = uo,

where u = (uk)z:1 1[0,00)x QX O — R4 is unknown velocity field, p, py, : [0, 00) x
Q x ¢ — R are the unknown pressures, (w"),>1 is a sequence of standard independent
Brownian motions on a filtered probability space (2, <7, (Z1)r>0, P), u®u); j = u'u’
and div(a - Vu), (b, - Vu), div(f (-, u)), o, P, 33;5 are as in (2.2). Here & can be either
an open set in R? (not necessarily bounded) or a compact manifold without boundaries
(e.g. the torus ']Td). In the latter case the boundary conditions in (A.1) have to be omitted.

If & C R?, then under suitable regularity assumptions ¢ other boundary conditions
can be considered, e.g. perfect-slip or Navier boundary conditions (see Remark A.8
below). For brevity, this will not be pursued here. Let us remark that the no-slip condition
allows us to avoid any further regularity assumptions on &'.

A.1. Assumptions and main result. We begin by listing the assumption needed in this
appendix.

Assumption A.1. Let d > 2 be an integer.

() Foralln > 1andi, j € {1, ...,d},themapsai’j,b;é,hﬁ’k,cf; Ry xQx 0 —>R
are Z Q B0 x Rd)—measurable and there exist M, v > 0 such that, a.s. for all
teRy,xeOand T = (V) e RY,

a7, 01+ Y (164 0P + A @ 0P + 16l o) < M,
n>1

i,in:] (a2, - %(Z bhe, 0B 0) [T > v P

n>1
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(2) For all j € {0,. d}andn>1f,,g,,:R+xszxﬁde—>Rdare
P Q B(0 x RY)- measurable Moreover, f;(-, 0) € L% ([0, 00); L2(Q2 x 0; RY)),
(g,,( 0)n>1 € L .([0,00); L2(Q x O; %)) and, as. for all t € Ry, x € T,
v,y €RY,

L (e, 9) = [, x, YOI+ 1(gn (2, x, ¥) = gu(t, X, Y Dnz1lle2
S o+ Iyl+ 1Dy = Y'l,
where ¢ = 0 if & is unbounded and ¢, = 1 otherwise.

To formulate our main result we introduce the needed function spaces. Set
—HY(O
Hl(©0):=c2@)" D, and H(O:RY) = (H. ().

Next we introduce the Helmholtz projection. For each F e L*(0;RY), let Yf be the
(up to a constant) unique distribution such that ¥y € L2 (0), Vyrp € L*(0; R?) and

loc

/ﬁvw -Vedx = /ﬁF -Vedx forallg e LE (0)st. Vo e L*(0;RY). (A2)

The existence of a solution ¥ € Lloc(ﬁ) to (A.2) with [VYrrpll2p.rey < 1F 204y
follows from the Riesz representation theorem. In case & is a bounded Lipschitz do-
main, then one can also obtain Yy € Lz(ﬁ’). Note that Vyrp € L2(ﬁ - R4 ) is uniquely
determined by F, and that (A.2) is the weak formulation of

{ AYyp =divF on 0, (A3)

oYyrp=F-v onad0l.

The Helmholtz projection is given by PF := F — Virr. Using (A.2), one sees that IP is
an orthonormal projection on L?(¢7; R?). Finally, we let

L2(0) :=P(L*(O; RY)), HL(O) := H}(0;R)NL*(0), H'(0) := H(0))*.

Next we introduce L2-solutions to (2.1) which, roughly speaking, are strong in the
probabilistic sense and weak in the analytic sense As in Sect. 2.2, we view (A.1) as a

problem for the unknown u. To this end, for h,, , ¢ asin Assumption A.1(1), let us set

f) = (F¥u))¢_, where
Frw = 3[4 =Bty Vu+ gat,w]] - 1t

n>1

. k
£ dlv(cn(l —P)[(by - V)u + (- w)] ) (A4)
n>1
As below (2.8), we have (-, u) = 8,5 + 92p.
Definition A.2. Let Assumption A.1 be satisfied.

(1) Let o be a stopping time and letu : [0, 0) X Q — H(l)(ﬁ) be a stochastic process. We
say that (i, o) is an L2-local solution to (A.1) if there exists a sequence of stopping
times (o¢)¢>1 for which the following hold:

e oy<ocas.forall4 >1andlimy_ o 0¢p =0 as.;
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e Forall £ > 1, the process 1|g,4,|xu is progressively measurable;
e uc L0, 00 H)(0) NC(0, 0¢]; L?(0)) as. and for all i, j € {1,...,d}

fo@) + fiay + flw) —u'ul e L20, 00 L*(0:RY) ass.,

. A5
((gh ¢ w), 5, € L2(0, 005 L*(0; £%)) as. (A

e as.forallm > 1,t €[0,0¢] and ¢ € H(l)(ﬁ) the following identity holds
l o .
[ Wk (1) — ub)y* dx +/ / al 3;u* 3¢k dx ds
1% 0 Jo
t } t -
2/ /(ufuk+f}<(u))ajwkdxds+/ /(fé‘(u)+fk(u))wkdxds
0 Jo 0 JO

t .
+Z/ 1[0,0,,]f (b,’zaju“gﬁ(-,u))t/f"dxdw;’,
n>170 o

(A.6)
where we used the Einstein summation convention for the sums over i, j, k €
{1,...,d}.

(2) An L2-local solution (u, o) to (A.1) is called an L2-maximal solution if for any other
local solution (v, 7) to (A.1) onehas 7 < o a.s.and v =u on [0, T) x Q.

Note that L2-maximal solutions are unique. Moreover, (A.5) ensures that all the
integrals and series appearing in (A.6) are well-defined and convergent.
Next we present the main result of this appendix.

Theorem A.3. (Global solutions in 2D) Assume that d = 2 and that ¢ < R2 is an
open set, or a compact d-dimensional manifold without boundary (e.g. the torus T?).
Let Assumption A.1 be satisfied and that foralln > 1, j € {1,...,d}

) = apb) forsome a, € [—%, 00). (A7)

Then for each ugy € L_O% (S L2(0)) there exists an L*-maximal solution (u, o) to (A.1)
such that o > 0 a.s. and

u € C([0,0); L2(0)) N LE ([0, 0); HY(O)) as. (A.8)

loc

ioc ([0, 00); Lz(Q x 0)) and C > 0 such that, a.s. for all
jef{0,1,2,teRy, x € Oandy € R,

Moreover, if there exist E € L?

|fj (@, x, I+ [1(8n(t, X, Y)nz1lle2 < B2, x) + Clyl, (A.9)
then the following hold:

(1) The L*-maximal solution (u, o) to (A.1) is global in time, i.e. 0 = o0 a.s.
() Ifug € L>(Q; L?(0)), then for each T € (0, 00) there exists C > 0 independent
of u, ugy such that

T
E[ sup ||u(r)||iz(@]+E /O IVu@®)72 g, dt < Cr(1+Eluol72 -
tel0,T]
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The proof of Theorem A.3 will be given in Sect. A.3 below. The case «;, = —% of
(A.7) corresponds to the Stratonovich formulation of transport noise, see the comments
around (1.4). The proof of the above result shows that the range «;, € [—%, 00) can be
improved to o, € (e, 00) for some og < —% depending only on (v, M) in Assumption
A.1(1). We leave the details to the reader.

Note that under further regularity conditions on the coefficients a/, b/ and K, the
above result can be improved and this is the content of Theorem 2.12 combined with
Theorems 2.4 and 2.7. In the following remark we give a comparison with the existing
results.

Remark A.4. The existence of L%-maximal solutions to (A.1) with nonlinearities of
quadratic growth (see Assumption A.1(2)) seems new. (2) should be compared with
[MROS5, Theorem 2.2] if & = RY and [BM13, Section 6 and Corollary 7.7] if O is
an unbounded domain. Some earlier related results appeared in [BCF91,BCF92] using
some smoothness of b. Unlike in the above references we do not need any regularity
assumption on b besides boundedness and measurability. The regularity assumption on
b are needed in [MRO05,BM13] to construct martingale solutions to (A.1) for general
d > 2. The case d = 2 is only considered afterwards.

In case f and g are globally Lipschitz, Theorem A.3 also follows from the monotone
operator approach (see e.g. [LR15, Chapter 4]). The extensions to the non-Lipschitz
setting in [LR15, Chapter 5] are not applicable since transport noise is not considered
there.

Below, we write L2, H(l), L?(£?) instead of L?(0), H(l)(ﬁ), L?(0; £?) etc. for brevity.

A.2. Maximal L?-regularity for the turbulent Stokes system. In this subsection we con-
sider the linear part of (A.1) and prove stochastic maximal L2-regularity estimates which
will be used for Theorem A.3. We consider the turbulent Stokes system on & C RY:

du+ Asudt = fdt+ ) (Bsu+g) dwy,
n>1 (A.10)
u(s) =0.

Here s € [0, 00), (As, Bs) = (As, (Bsn)n>1) : Ry x Q — g(H(])’ H™! x Lz(gz)) is
the turbulent Stokes couple, which for all v € ]HI(I) and ¥ € ]I-]I(l), is given by

d d
(¥, Agv) = Y f ai’jﬁjvkﬁilﬁkdx+22/ ) (1 =P)[(by - Vyv1) 0;9F dx
o %

ij=l n>1j=1
d .
3 / [ =B - V01 - i ax,
n>1j=1"¢
By = (Plby - V)v)), 5, ny = iYL

where (-, -) is the pairing in the duality (H})*=H"! and L?(¢?) : =P(L?(0; (*(N>y;
R4 ))). Note that, if Assumption A.1(1) holds, then

IAsvlig-1 + 1(Bs.nv)nz1l22) S Ml -
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Recall that &2 denotes the progressive o-algebra. For a stopping time 7, we say that
u € L2,((0,7) x Q;HY) is a strong solution to (A.10) (on [0, T] x Q) if a.s. for all
tels, 1)

' t '
u(t) + f As(ryu(r)dr = / f(@r)dr+ Z (Bsn(ru(r) + gn(r)) dw;'.

n>1 s

Next we show that the turbulent Stokes couple (As, Bs) has stochastic maximal
Lz—regularity on[s, T].

Proposition A.5. (Maximal L2—regu1arity) Letd > 2. Let Assumption A.1(1) be satis-
fied. Assume that © C R? is an open set, or a compact d-dimensional manifold without
boundary (e.g. the torus T%). Let 0 < s < T < o0o. Then for all

Feli((s, T)x H™Y), and geL%((s,T) x Q; L*(¢%),

there exists a unique strong solution u € Lé,((s, T) x H(l)) NL2(Q; C([s, T1; LY)).
Moreover, for any stopping time T : Q — [s, T] and any strong solution u to (A.10) on
[s, 7] x 2 one has

Nl 25,0y wimy + 1l 2@icas, 2y S W2, oxeim + 18ll2s o xiL2 @)

where the implicit constant is independent of (f, g).

Proof. This follows from the monotone operator approach to SPDEs (see [LR15, Theo-
rem 4.2.4]). Indeed, it suffices to check the coercivity assumption. To this end, note that,
a.s.forallt e Ry andv € H,

/ el (1 =P)(bn - V)01) 005 dx 2 0, | (1 = P) (s - V01| 2.
o0

Since inf,>1 a, > —%, we have, a.s. forall 7 € R, and v € H},

1
— (v, Agv)+ 5 ) IBsavlza

n>1

O y 1 5
<-Y f oo djudx+ 2 3 U =Py Vvl

ij=170 n>1

1
+ Cllall o) IV vl 2 0l 2 + 5 7 PG - Vvl
n>1

(i) 5 v 2 2 v 2 2
< —vIVolge + SIVVlZ: + CoMIll = =2 IVl + CoMIlvlE,

where in (i) we used that P is an orthogonal projection and in (ii) we used Assumption
A.1(1). Hence the coercivity assumption in [LR15, Theorem 4.2.4] is satisfied and this
concludes the proof. O

We conclude by pointing out another proof of the above result.

Remark A.6. Instead of the monotone operator approach one can also prove Proposition
A5 via the method of continuity for stochastic maximal regularity (see [AV22b, Propo-
sition 3.13]). Indeed, one can reason as in the proof of Theorem 3.2 and the required a
priori estimate can be obtained from Itd’s formula for u +— |lu ||i2.



Stochastic Navier—Stokes Equations for Turbulent Flows in Critical Spaces Page 51 of 57 43

A.3. Proof of Theorem A.3. To estimate the nonlinearities in (A.1) we need the follow-
ing consequence of Sobolev embedding. Here [-, -]¢ denotes the complex interpolation
functor, see e.g. [BL76].

Lemma A.7. (Sobolev embeddings) Letd > 2. Assume that O C RY is an open set, or
a compact d-dimensional manifold without boundary (e.g. the torus T?). Let 6 € (0, 1)
and q € [2, 00) be such that 6 — % > —g. Then

[H™'(0), Hé(ﬁ)]% < L1(0).

Proof. From general theory on coercive forms (see [Are04, Section 5.5.2]) we obtain
[H-L, H(l)]l 2= L2, Therefore, by reiteration for complex interpolation (see [BL76,
Theorem 4.6.1])

[H™, Hl140)/2 = [L2, Hylg < [L?, Hlp.

Using the boundedness of the zero-extension operator Eg : L2(0) — L*(R?) and
Ep : HO1 (0) — HY(RY), and Sobolev embedding (see [BL76, Theorem 6.4.5]),

IfllLe < IBofllagrey S WEo flizoaye s @y < I FNizzsmy, < 0 F w2 sy,

Proof of Theorem A.3. The proof is divided into several steps.

Step 1: There exists an L?-maximal solutions (u, o) to (A.1) such that o > 0 a.s.
and that (A.8) holds. By Definition A.2 the claim of this step follows from [AV22a,
Theorem 4.9] with the choice p = 2,k = 0, Xo = H™!, X; = H}, H = ¢ and for
veH), v eH),

Av = ASU7 Bv = BSU’ G(U) = (P[gl‘l(a v)])n>1’

o . ) . ~. . (A.11)
(W, F(-,v)) = /ﬁ(u’u’ + fJ’-(u))ajl//’ dx ds+/ﬁ(f(§(u) + ' (w)y' dx ds,

where As, Bs and fare as below (A.10) and in (A.4), respectively. Indeed, it remains to
check the assumptions of [AV22a, Theorem 4.9]. The stochastic maximal L2-regularity
follows from Proposition A.5. Next we check hypothesis [AV22a, (HF)-(HG)]. To this
end, note that by Assumption A.1(2) we have, for all v, v’ € H(l),

IF(v) = FCou) g1 +1G G, v) = GG D) e

S (e +vllgs + 10 10 lv — V']l (A.12)
< / .
S (co+ ”v”[H_l,H(l)]3 + v ||[H—1,H(1)]3)||U v ”[H_I,H(l)]:;

where in the last step we used Lemma A.7 with d = 2. Thus [AV22a, (HF)-(HG)] are
satisfied withmg =mp =1,p; =1,8; =¢; = 1 3 where j € {1, 2}. Hence the claim
of this step follows from [AV22a, Theorem 4.9].

It remains to prove (1)—(2) in Theorem A.3 in case (A.9) holds. To this end, it is
enough to show that if (u, o) is an L?-maximal solution to (A.1) and ug € LZ(Q; L2),
then for each T € (0, 00)

T No
E[ sup ||u<t>||§2]+Ef VU3, dt Sr1+Efuoll7,. (A.13)
tel0,T Ao) 0
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Indeed, if (A.13) is true, then in Step 2 we prove that (1) holds and therefore (2) follows
from (1) and (A.13).

Step 2: If (A.13) holds, then (1) is true. Recall that (2.1) is understood as a stochastic
evolution equations on H~! with the choice (A.11). Thus by localization we may assume
ug € L*(Q; ILZ) (see [AV22b, Proposition 4.13]). Hence, forall0 < ¢ < T < o0,

A.13
Pe<o<T) il )P<8 <o <T, sup |lu(®)ll2+ ”u”LZ(O,O';H(l)) < oo) =0

te[0,0)

where in the last equality we used [AV22b, Theorem 4.10(3)]. Since 0 < ¢ < T < o0
are arbitrary and o > 0 a.s. by Step 1, the previous yields ¢ = oo as desired.

To prove (A.13), we need a localization argument. Fix 7' € (0, 00). For each j > 1,
let o be the stopping time given by

oj =inf {1 €[0,0) : |Vul 20002 + lu@®ll2 > j} AT, (A.14)

where inf @ := o. By Step 1, (A.8) holds and therefore lim;_, o, 0; = o a.s. Thus to
obtain (A.13), by Gronwall and Fatou’s lemmas, it is enough to show the existence of a
constant C > 0 independent of j, u, uo such that

t
Ey() <C( +E||u0||%2) + C/ Ey(s)ds, ¢t €[0,T], (A.15)
0
where
) Z‘Adj 5
y)=sup Ju(@)ll;, +/ [Vu(s)lly, ds. (A.16)
rel0,tA0;) 0

In the remaining steps j > 1 is fixed and we set ¢ := 0.

Step 3: We apply It6’s formula to obtain the identity (A.18) below. Let us begin by
collecting some useful facts. Note that [|[Vul| 2 o.72) + SUP;efo,o) lu(@)ll2 < j as.

by (A.14) (recall ¢ = o), and [[ull 140,014 < j a.s. by Lemma A.7 with d = 2 and
standard interpolation inequalities

L0, t; HY) N L0, ; 1L%) < L*(0, 1; [L?, H)112) < L*(0,1; L*), fort > 0.

Note that the embedding constants in the above can be made independent of > 0.
Combining the previous observations with (A.12), we have

Lo gix@F (-, u) € L((0, T) x @ H™),  1j,01x2G (1) € L*((0, T) x 2; L*(€%),

(A.17)
where F and G are as in (A.11). By (A.17), It&’s formula [LR15, Theorem 4.2.5], and
Assumption A.1(1), arguing as in the proof of Proposition A.5, one can check that, a.s.
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forallt € [0, T],
2 2 v o[’ 2
llug @Iy — lluolly + 5/0 110,011l Vull7, ds

; 2
< /0 L0012/ (foe), w0121 +2 Y 10k @), dga0) 2] + 181130, | ds

k=1

t
+3 /0 10,01 ((bn - V). Py () 2 ds (A.18)

n>1

13 13
+2Z/0 110,0(gn (), u) 2 dw? +2Z/0 110,01 ((Bn - VIu, 1), dwf

n>1 n>1
=L+I1L+11+1V,

where uy ;= u(- A o), (f, 82 = Zi:l fﬁ f¥*gk dx and we used the cancellation

2

§ / W'udju' dx =0, forall u e H. (A.19)
A 17

i,j=1

The above follows from div(x) = 0 and by integrations by parts and using thatu -v = 0
on 90 due to Pu = u and (A.3), where v denotes the outer normal vector on 9 0.

Step 4: Proof of (A.15) with C independent of u, ug, j.Recall that ¢ := 0. Due to
(A.9), one can readily check that there exists C > 0 independent of j, u, ug such that,
forallt € [0, T],

t

v t
E[ sup |1s|] < —E/ 10,01 Vu(s)I12 ds+C<1+E/ 10,01 lu(s)12, ds). (A.20)
s€l0,1] 4 Jo 0

By Assumption A.1(1), we have
t
E[ sup [11,]] <E f 10,0111 (bu () - V)u(s) 22 ()1l 2 ds
5€[0,7] 0

t
< ME f 10,01l V()| 2 lue(s) 2 ds (A21)
0
t

v t
<k f 110,01 Vu(5) |22 + Car o E / 10,01 1(5) 2 ds.
0 0

Therefore by taking expectations in (A.18), using E[/11;] = E[IV;] = 0, and (A.20)-
(A.21), one obtains

t

t
E/O 110,01 V()11 ds < C(l +t+E/0 Lo,o1lu()1125 ds) (A.22)

where C is independent of u, ug, j.
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Next we take E[ sup; (o .1 |-|] in (A.18). Due to (A.20)-(A.21), it remains to estimate
I11 and 1V . By the Burkholder-Davis-Gundy inequality, for all € [0, T'],

t 172
B[ sup 11711] SE[ | 1000 6) - 95 o)1 05
s€[0,1

<mef( s uri) ([ toatvieias)]

se€[0,011)
t

1
< JEy() +CyE fo 10,01 Vu()[12, ds

(A22) | , ' )
< B0+ Cy(14E [ Toglue)i i)

where y is as in (A.16). A similar argument applies to V. Indeed, by (A.9), for all
1€[0,T],

o sup ] <B[(sop 1) ([ toarnalietuo i 05)'"]

s€[0,¢] s€[0,011)

< ZE)’(I)+C(1+E/O 110, 01xllu(s)l7 2 dS)-

Taking E[ SUPseqo.1 | - |] in (A.18) and collecting the previous estimates as well as using
thatu, = u on [0, o) x Q2 and ¢ = o; we get (A.15). |

Remark A.8. Asalready mentioned at the beginning of this appendix several other bound-
ary conditions can be used in (A.1). We mention two possible choices in case a'/ = §"/
(the Kronecker’s delta): perfect slip boundary conditions

u-v=0, Pyg[(Vu—(Vu)"w]=0, ondd,
or Navier boundary conditions
u-v=0, Pys[(Vu+(Vu) Ww]+oau=0, ondo,

where @ > 0, v is the outer normal vector field on 0 and Pyy := I — v ® v is the
orthogonal projection on the tangent plane of 3. In case & is a bounded C3-domain,
the weak formulation of the Stokes operators subject to one of the previous boundary
conditions has been given in Subsection 2.3 and 3.2 of [PW 18], respectively. Using the
methods in the latter one can check that in case a/ = 8§/ and & is a C3-bounded
domain, then the results of Theorem A.3 extends to the case of perfect-slip or Navier
boundary conditions. Indeed, (A.19) still holds since u - v = 0 on 3 in both cases
and one can replace the use of Lemma A.7 by standard Sobolev embeddings due to the
regularity of O.
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