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Optimal Common-Mode Voltage for Grid-Tied
Photovoltaic Cascaded H-Bridge Inverters

Under Severe Power Imbalances
Felipe Calderón Rivera , Student Member, IEEE, Alejandro Angulo , Member, IEEE,

Pablo Acuna , Member, IEEE, and Andrés Mora , Member, IEEE

Abstract—This article deals with the control problem
of injecting balanced grid currents from a grid-tied pho-
tovoltaic cascaded H-bridge (CHB) inverter under severe
interphase power imbalances. Existing solutions are hin-
dered by the additional harmonic content required at the in-
verter output voltages. Therefore, a mathematical formula-
tion for which the solution has minimal harmonic content is
proposed. The proposed solution, optimal common-mode
voltage (OCMV), has an analytical form that allows deduc-
ing and analyzing the CHB operating area. The real-time
implementation of the OCMV requires solving a nonlinear
two-variables system; thus, an iterative and distributed al-
gorithm is designed. By doing so, the proposed OCMV
can be fully formulated and implemented using a real-time
control platform. The experimental validation was carried
out in a scale-down 3 kW grid-tied seven-level CHB inverter
governed by phase-shifted model predictive control. The
laboratory results show that the proposed OCMV allows
obtaining symmetrical grid currents while maintaining low-
distorted inverter output voltages.

Index Terms—Cascaded H-bridge (CHB) inverter, inter-
phase power imbalance, optimal control, phase-shifted
model predictive control (PS-MPC), zero-sequence voltage
(ZSV).

I. INTRODUCTION

SOLAR photovoltaic (PV) installations have increased de-
spite the worldwide economic contractions caused by the

Covid-19 lockdowns. In current markets, solar PV is among the
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most affordable new electricity technologies [1]. Hence, in 2021,
the economic competitiveness and the attractiveness of power
purchase agreements elucidated the global capacity additions
of large-scale PV (LSPV) plants increased by approximately
20%, with 100 GW of new installations, encouraging the energy
matrix decarbonization [2].

The LSPV plants often comprise tens to hundreds of power
stations, each rated at more than 100 kW. The energy gener-
ated by each station is clustered in the main substation and
transmitted to the power system [3]. In particular, a power
station traditionally includes an MV transformer, a line filter,
and a centralized two-level inverter fed by a PV array with
hundreds of PV modules in series and parallel connections [4],
[5]. This layout has at least three drawbacks. First, the low
voltage at the inverter output terminals makes it necessary to
use a high-cost and high-size MV transformer to reduce losses in
transmitting the energy to the main substation [5], [6]. Second,
due to the high-distorted voltages produced by the two-level
inverter, the strict grid-code compliance obligates using LCL
filters [7]. Third, the granularity of the maximum power point
tracking (MPPT) is minimal because the available power from a
power station depends on the unique MPPT strategy carried out
by its central inverter [4], [5], [6].

Accordingly, the cascaded H-bridge (CHB) inverter has been
proposed to enhance the overall LSPV plant layout by reducing
the number of MV transformers [8]. Higher voltage and power
levels with low-distorted inverter voltages are obtained due to
the cascaded connection of submodules (SMs), reducing the
filtering requirements. Moreover, its modular structure incre-
ments the MPPT’s granularity [5], [6]. However, the well-known
interphase power imbalance problem arises when independent
PV arrays are connected to each CHB’s SM [5], [9]. Instead
of focusing on the current controller to attain balanced grid
currents from an unbalanced power source, this issue requires
the injection of a zero-sequence voltage (ZSV) at the modulating
signals, i.e., a common-mode voltage at the inverter phase output
terminals [8], [10], [11], [12], [13], [14]. Adopting a ZSV
injection method depends on two main factors: the interphase
power imbalance level and the available dc voltage in SMs.
A pure-sinusoidal ZSV is sufficient to deal with light power
imbalances; thus, H-bridges (HBs) operate in the linear range.
However, if the ZSV injection implies the HBs saturation, a ZSV
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with harmonics is needed to maintain the current symmetry and
control.

For this problem, Yu et al. [10] proposed the fundamental-
frequency zero-sequence injection, which injects a pure-
sinusoidal ZSV. On the other side, the double 1/6 third harmonic
injection, the reduced third harmonic injection, and the double
min–max zero-sequence injection include harmonics to extend
the interphase power imbalance range. Subsequently, in [11],
the optimal zero-sequence injection (OZSI) permits utilizing
all the available dc voltage by injecting an additional harmonic
content that makes the phase voltage peak as low as possible.
Injecting this high-distorted ZSV maximizes the interphase
power imbalance compensation range; however, the harmonic
content drastically increases no matter the asymmetry level of
the available interphase power. Later, Sochor and Akagi [12]
proposed a simpler ZSV consisting of a rectangle waveform
and a third-harmonic component obtaining a smaller power
imbalance range with similar harmonic distortion than the OZSI.
Thereupon, Sharma and Das [13] enhanced the pure-sinusoidal
ZSV injection, including reactive power exchange with the grid,
and Aguilera et al. [8] allowed the instantaneous calculation
of the fundamental ZSV according to the interphase power
imbalances.

Given this background, this article presents a novel mathemat-
ical formulation for the grid-tied CHB inverter interphase power
imbalance problem. The model is based on optimization and is
written as a continuous time domain problem, where arbitrary
power factors and instantaneous variable values are considered.
The optimal solution, optimal common-mode voltage (OCMV),
allows balanced grid currents to be injected under severe power
imbalance conditions, guaranteeing minimum harmonic distor-
tion in all feasible operation zone. For the OCMV, analytical and
numerical solutions are identified, both implementable in real
time, and a detailed analysis of the admissible imbalance levels
that this solution allows is carried out. The main contributions
declared by the authors are threefold.

1) A novel mathematical formulation for the grid-tied invert-
ers’ interphase power imbalance problem is proposed,
whose optimal solution, the OCMV, has minimal har-
monic content.

2) The OCMV analytical form and its feasible domain are
derived, identifying the benefits of our approach concern-
ing state-of-the-art ZSV injection methods.

3) A distributed and iterative numerical method to calculate
the OCMV in real time is proposed, and its performance
utilizing a scale-down seven-level CHB converter using a
phase-shifted model predictive control (PS-MPC) scheme
is evaluated experimentally.

The rest of this article is organized as follows. Section II
presents a mathematical formulation for the grid-tied CHB
inverter interphase power imbalance problem. In Section III,
we get a formula for the OCMV, analyze its feasible domain,
and propose a distributed algorithm for calculating the OCMV
in real time. Then, a numerical analysis of our approach is
made in Section IV. Experimental evaluation using a scale-down
3 kW seven-level CHB converter is accomplished in Section V.
Finally, Section VI concludes this article.

Fig. 1. Grid-tied PV CHB inverter. (a) Circuit diagram. (b) Two-stage
SM configuration.

II. MATHEMATICAL MODEL

A. Definitions

Let ξabc = [ξa ξb ξc]
� be any variable in the abc reference

frame. The Clarke transformation allows its representation in
the αβ reference frame, i.e., ξαβ = [ξα ξβ ]

�, as follows:

ξαβ =Kξabc (1)

whereK is the transformation matrix

K =
2

3

[
1 − 1

2 − 1
2

0
√
3
2 −

√
3
2

]
. (2)

Based on this transformation, the three-phase instantaneous
power s3φ can be expressed as

s3φ =

[
p3φ

q3φ

]
=

3

2

[
vαiα + vβiβ

vαiβ − vβiα

]
. (3)

Lastly, the time-average value of an arbitrary periodic quantity
υ(t) during a period T is defined as

〈υ〉 = 1

T

∫ T

0

υ(t)dt. (4)

B. Grid-Tied PV CHB Inverter Model

The grid-tied PV CHB inverter is shown in Fig. 1(a). Each
inverter phase comprises an array of N series-connected SMs
so that the phase voltages correspond to vabc =

∑
j=1,...,N vjabc,

where vjabc are the SM voltages. The grid voltages vg,abc =
[vga vgb vgc]

� are assumed to be balanced with angular fre-
quency ω = 2πf , where f is the rated grid frequency. The
grid currents being injected by the inverter and the system
common-mode voltage are given by ig,abc = [iga igb igc]

� and
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v0, respectively. Thus, the inverter is modeled by (5) and (6)

N∑
j=1

vjk = L
digk
dt

+Rigk + vgk + v0, k = a, b, c (5)

0 = iga + igb + igc. (6)

The SMs have two stages, i.e., multiple parallel-connected
isolated dc–dc converters and three-level HB inverters, as shown
in Fig. 1(b). The rated voltage for each SM dc-links ujk is Vdc. In
this work, an average model of the HB inverter has been utilized
to implement the PS-MPC scheme. Accordingly, each SM is
modeled using the voltages vjk and modulation indexes mj

k as
presented in the following equation:

vjk = ujkm
j
k. (7)

Finally, as will be elucidated in Section III-D, mj
k is mod-

ulated by a phase-shifted pulsewidth modulation (PS-PWM)
stage, which allows the inverter to reduce the switching fre-
quency as many times as twice the number of SMs per phase.
A fundamental part of this work is designing a common-mode
signal with low-harmonic content to be added to the modula-
tion indexes to extend the converter’s operating zone regarding
interphase power imbalances.

C. Control Problem Formulation

This study aims to determine the OCMV to be modulated
by the converter to transfer all the available power in the PV
sources to the grid, considering balanced currents and minimal
rms value for the CMV. For the problem at hand, the modulation
frequency of the PS-PWM modulation stage is assumed to be
high enough to analyze the problem in a continuous-time frame.
Then, the harmonic content due to the inverter switching is not
considered. Since filter losses are neglected, the active power
injected into the grid pi,3φ equals the active power available
from the PV sources in all three phases, which can be stated as

pi,3φ = pia + pib + pic. (8)

Thus, given the power factor angleϕ, the current flowing from
the converter to the grid can be calculated from (3) as follows:

ig,αβ =

[
A B

−B A

]
vg,αβ (9)

where A = 2
3
pi,3φ

|vg |2 , B = 2
3
qi,3φ
|vg |2 , and the reactive power qi,3φ at

the grid side is defined as

qi,3φ = pi,3φ tan (ϕ) . (10)

Thereupon, if we multiply (5) by the line current igk under
the nonlosses filter assumption, and we temporarily average it,
we obtain

〈vkigk〉 = L

〈
digk
dt

igk

〉
+ 〈vgkigk〉+ 〈v0igk〉, k = a, b, c.

(11)
In (11), the first term is the available power in phase k, pik; the

second term is zero because igk is a harmonic function (assuming
vg as a harmonic function); and the third term is the power

injected into the grid by phase k, which is balanced and equal
to pi,3φ

3 . Using these definitions, (11) is simplified to

Δpk = pik − pi,3φ
3

= 〈v0igk〉, k = a, b, c (12)

where Δpk defines the asymmetry level of the available power
in each converter phase.

Accordingly, the optimization problem for achieving minimal
rms value for the common-mode voltage can be written as
follows:

min
v0

〈v20〉 (13a)

s.t. (12)

vmin
k ≤ vsym

k + v0 ≤ vmax
k , k = a, b, c (13b)

where vmin
k and vmax

k are the minimum and maximum inverter
voltages in phase k, and vsym

abc = [vsym
a vsym

b vsym
c ]� is the sym-

metrical component of the converter phase voltage vector, which
can be obtained rewriting (5) using (1) as follows:

vsym
αβ =

[
1 + ωLB −ωLA
ωLA 1 + ωLB

]
vg,αβ (14)

and then applying the inverse Clarke transform to (14) to get

vsym
abc =

3

2
K�vsym

αβ . (15)

A simplified version of the optimization model shown in (13)
can be obtained if the bounds of the common-mode voltage are
defined as

vmin
0 = max

k

{
vmin
k − vsym

k

}
(16)

vmax
0 = min

k

{
vmax
k − vsym

k

}
(17)

and the αβ transformation (1) is used in (11) yielding

(P0) min
v0

〈v20〉 (18a)

s.t. Δpα = 〈v0igα〉 (18b)

Δpβ = 〈v0igβ〉 (18c)

vmin
0 ≤ v0 ≤ vmax

0 (18d)

where the asymmetry level Δpαβ = [Δpα Δpβ ]
� of the avail-

able power in the αβ reference frame is calculated from
Δpabc = [Δpa Δpb Δpc]

� as follows:

Δpαβ =KΔpabc. (19)

In the formulation (P0), the decision variable is the common-
mode voltage v0 in a single period. As the objective function
(18a) is proportional to the squared-rms value of v0, it minimizes
the harmonic distortion of v0. Then, to maintain a balanced
current flow from the converter to the grid as deduced in (12), the
average value in a single period of the product between v0 and
each orthogonal component of the grid current ig,αβ must match
the power imbalance levelsΔpαβ according to constraints (18b)
and (18c). Lastly, considering the theoretical voltage levels,
the converter’s feasibility of effectively materializing v0 in all
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phases depends on the voltage gaps between the available dc
voltages (vmin

k and vmax
k ) and the symmetrical phase voltage

vsym
k in each phase k. To guarantee the accomplishment of this

condition, the constraint (18d) is included in the optimization
model (P0).

The formulation (P0) corresponds to a constrained linear-
quadratic control problem, which involves only a single decision
variable. The optimal solution and its real-time implementation
are presented in the following section.

III. SOLUTION APPROACH

A. Control Problem Solution

To solve (P0), necessary and sufficient conditions can be
obtained using the maximum principle of Pontryagin [15], [16].
A specific application of this principle to solve (P0) can be
found in [17], from whose results it is possible to determine
the analytical solution for the optimal value of common-mode
voltage v�0 as

v�0 = mid{vmin
0 , ψ�

αβig,αβ , v
max
0 } (20)

where ψαβ = [ψα ψβ ]
� is a vector of multipliers that permits

v�0 to satisfy the boundary conditions (18b) and (18c).
1) Relaxed Case: When no bounds are included in the

common-mode voltage, the optimal values for ψα and ψβ are
directly obtained from the solution of the following linear equa-
tions system:

Δpα = ψα〈i2gα〉+ ψβ〈igαigβ〉 (21)

Δpβ = ψα〈igαigβ〉+ ψβ〈i2gβ〉. (22)

Considering that igα and igβ are orthogonal harmonic functions,
the values for ψα and ψβ are

ψk =
2

|ig|2Δpk, k = α, β (23)

and then the OCMV in the relaxed case is given by

v�0, relax. = Δp�αβK
−1
pq vg,αβ (24)

where the matrixKpq is

Kpq =
1

3

[
pi,3φ −qi,3φ
qi,3φ pi,3φ

]
. (25)

Note that, from (24), the OCMV in the relaxed case is a
fundamental-frequency harmonic function whose magnitude
depends on the power imbalance level, the total available power,
the power factor, and the grid voltage.

2) Voltage-Bounded Case: When the voltage bounds are
included, the solution of the optimal control problem (P0) can
be determined by calculating the vector of multipliers ψαβ that
satisfies constraints (18b) and (18c), i.e., the solution of the
equations system

Δpαβ = 〈mid{vmin
0 , ψ�

αβig,αβ , v
max
0 }ig,αβ〉. (26)

Consequently, the OCMV can be achieved by solving (26) and
evaluating ψαβ in (20). A remarkable feature is that ψαβ is not
grid voltage angle dependent. It is because the accomplishment

of constraints (18b) and (18c) by a common-mode voltage v0,
given a fixed power imbalance vector Δpαβ , is evaluated for
an entire period T . Therefore, considering that the grid voltage
magnitude, the power factor, and the available power in each
phase change at a slower time rate than the current controllers, it
is crucial to mention thatψαβ can be determined for a fixed time
frame, but considering that their values can be applied following
a rolling horizon optimization scheme.

B. Feasible Domains

A zero-sequence injection method’s feasible domain is where
a common-mode voltage enables full power transfer despite
asymmetrical power distribution among the phases, i.e., inter-
phase power imbalance. For the sake of simplicity, the subse-
quent feasible domains are derived assuming that

vmax
k = −vmin

k = Vmax, k = a, b, c (27)

where Vmax is a constant voltage.
For the relaxed case, i.e., where v�0, relax. is a fundamental-

frequency harmonic function, the feasible domain F is directly
obtained from (13b) and (24) as follows:

F =

{
Δpαβ ∈ R

2 :

r2 ≥
(
Δpα
pi,3φ

+
1

3

)2

+

(
Δpβ
pi,3φ

− 1

3
(tan (ϕ) + ρ)

)2

r2 ≥
(
Δpα
pi,3φ

− 1

6

(
1−

√
3 (tan (ϕ) + ρ)

))2

+

(
Δpβ
pi,3φ

+
1

6

(
tan (ϕ) +

√
3 + ρ

))2

r2 ≥
(
Δpα
pi,3φ

− 1

6

(
1 +

√
3 (tan (ϕ) + ρ)

))2

+

(
Δpβ
pi,3φ

+
1

6

(
tan (ϕ)−

√
3 + ρ

))2
}

(28)

where

r =
Vmax

3|vg| cos (ϕ) , ρ = ωLA sec2 (ϕ) . (29)

In Fig. 2, the feasible regionF is shown for pi,3φ

3 = 2
3 p.u. and

different power factors. Note thatF is smaller as the power factor
reduces because of the greater required symmetrical voltage in
each phase.

On the other hand, the OCMV method feasible domain O is
deduced from (13b) and (20). It corresponds to a quasi-circular
region, as shown in Fig. 2. As the analytical form of O is
complicated to be stated, we obtained the formula of the largest
circular feasible domain Ō ⊂ O as follows:

Ō =

{
Δpαβ ∈ R

2 :
‖Δpαβ‖
pi,3φ

≤ sec (ϕ)

3|vg| κ0
}

(30)
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Fig. 2. Feasible domain O and feasible domains F for various power
factors cos(ϕ) considering

pi,3φ
3 = 2

3 p.u.

where ‖ · ‖ is the euclidean norm and

κ0 =
4

π
Vmax −

(
3

2π
+

√
3

3

)
|vg|

√
(1 + ωLB)2 + (ωLA)2.

(31)
To summarize the operating region of a grid-tied CHB in-

verter, the points where the OCMV can handle interphase power
imbalances while injecting balanced grid currents are included
inO. In particular, the points where the OCMV is a fundamental-
frequency pure-sinusoidal function belong to F . Consequently,
the relation between the described feasible sets is F ⊂ O.

C. Distributed Algorithm for the OCMV Implementation

In practice, calculating ψαβ in a real-time control platform
can be carried out by expressing (26) as a root-finding prob-
lem. Subsequently, the problem can be solved numerically by
employing the Newton–Raphson (NR) method. However, the
execution of an NR method in real time is computationally
demanding. Therefore, to avoid task overruns, we proposed a
distributed numerical method that executes one iteration per
sampling period Ts of the current control scheme to iteratively
calculate ψαβ . The steps involved in this distributed algorithm
are presented in the flowchart shown in Fig. 3.

First, we expressed (26) as follows:

F αβ

(
ψαβ

)
= 〈mid

{
vmin
0 , ψ�

αβig,αβ , v
max
0

}
ig,αβ〉

−Δpαβ . (32)

Then, the zeros of the equation F αβ(ψαβ) = 0 can be recur-
sively determined by (33), i.e., the NR method

ψ
(�+1)
αβ = ψ

(�)
αβ − J−1

(
ψ

(�)
αβ

)
F αβ

(
ψ

(�)
αβ

)
(33)

where J
(
ψ

(�)
αβ

)
= ∇F αβ

(
ψ

(�)
αβ

)
is the Jacobian matrix ofF αβ ,

whose components Jij , with i, j ∈ {α, β}, are calculated em-
ploying the centered difference formula as

Jij

(
ψ

(�)
αβ

)
=
Fi

(
ψ

(�)
αβ + hej

)
− Fi

(
ψ

(�)
αβ − hej

)
2h

(34)

Fig. 3. Flowchart of the distributed algorithm for the OCMV’s iterative
calculation.

where h > 0 and ej are the unit vectors in R
2

eα = [1 0]� , eβ = [0 1]� . (35)

At this point, it is important to mention that the variables
employed to calculateF αβ(ψαβ), in practical terms, correspond
to sampled signals. These entities are ig,αβ [θd], vmin

0 [θd], and
vmax
0 [θd], which are calculated and stored in the starting inter-

ruption where the inputs pabc = [pa pb pc]
�, |vg|, and ϕ are

retained until the algorithm updates its output ψ�
αβ . This step

is called Initialization, as shown in Fig. 3. Then, to determine
these sampled variables, vg,αβ is given by

vg,αβ = |vg| [1 0]� . (36)

Then, pi,3φ, qi,3φ, and Δpαβ are calculated using (8), (10),
and (19). Subsequently, the sampled grid current ig,αβ [θd] can be
determined by calculating ig,αβ from (9) and using the sampled
interval θd conceived as

θd =

[
0

2π

Nd − 1
· · · (

Nd − 2
) 2π

Nd − 1
2π

]
(37)

where Nd is the number of samples. This way, ig,αβ [θd] is
calculated as follows:

ig,αβ
[
θd
]
=

[
ig,α cos

(
θd
)− ig,β sin

(
θd
)

ig,α sin
(
θd
)
+ ig,β cos

(
θd
)
]
. (38)

Afterwards, the sampled variables vmin
0 [θd] and vmax

0 [θd] can
be calculated by determining vsym

αβ from (14), then computing
vsym
αβ [θ

d] as follows:

vsym
αβ

[
θd
]
=

[
vsym
α cos

(
θd
)− vsym

β sin
(
θd
)

vsym
α sin

(
θd
)
+ vsym

β cos
(
θd
)
]

(39)

later evaluating vsym
αβ [θ

d] in (15) to get vsym
abc[θ

d], and finally using
(16) and (17).
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Fig. 4. Graphical representation of the working procedure employed by the distributed algorithm.

Lately, ψ(0)
αβ is computed using (23) and the previously esti-

mated values of Δpαβ and ig,αβ . Once this step is completed,
the algorithm waits until the next controller interruption to start
the iterative process.

Subsequently, the step called Iterations begins by calculating
the respective variables v(�)0,relax.[θ

d] and v(�)0 [θd] by using

v
(�)
0,relax.

[
θd
]
= ψ

(�)�
αβ ig,αβ

[
θd
]

(40)

and evaluating vmin
0 [θd], vmax

0 [θd], and v(�)0,relax.[θ
d] in (20).

Then, it is possible to compute both components of
F αβ(ψ

(�)
αβ) and the four terms Jij(ψ

(�)
αβ) by using the trape-

zoidal rule to evaluate the integrals in (32) and (34). Lately,
Cramer’s rule for 2 × 2 matrices is employed to directly compute
J−1(ψ

(�)
αβ), and finallyψ(�+1)

αβ can be determined utilizing (33).

The Euclidean norm ε = ‖ψ(�+1)
αβ −ψ(�)

αβ‖2 less than a pre-
established value ε̄ is adopted as convergence criterion. Once
the algorithm converges or reaches a given maximum number
of iterations Nmax, ψ�

αβ is updated.
In addition, for the sake of understanding, a graphical repre-

sentation showing two operating points is presented in Fig. 4.
Initially, the system operates inside the feasible domain F so
that the OCMV is equal to a pure-sinusoidal waveform, and
then, the interphase power imbalance is increased leading the
system to operate outside F but still inside O, i.e., the OCMV
must have harmonic components to deal with the power im-
balance level. In the first case, the distributed algorithm can
update ψ�

αβ between one and two current controller interrup-
tions. In the second case, the distributed algorithm needs four
iterations to converge. Therefore, the ψ�

αβ update takes place
between four and five interruptions after the power imbalance
change.

It is important to indicate that the distributed algorithm can be
run within the controller calculations, so that, the updates related
to pabc, |vg|, and ϕ can be treated in the same interruption.
Moreover, as the current controller starts after the distributed
algorithm, the new ψ�

αβ value can be used in the same interrup-
tion.

Fig. 5. Overall control scheme.

Finally, given the complexity of the control problem and
its dependency on the system parameters, the distributed algo-
rithm’s parameters had to be set utilizing offline experimentation
considering the real-time hardware limitations.

D. Grid-Current Controller

Once the multipliers ψ�
αβ are determined, the reference vari-

ables to perform the grid-current control must be calculated.
These operations are carried out by a reference generator whose
goal is to compute both the reference grid currents i�g,αβ and
the reference modulation indexes μ�. First, i�g,αβ is calculated
evaluating pi,3φ, ϕ, and the estimated grid voltage v̂g,αβ given
by the PLL in (9). Then, ψ�

αβ , i�g,αβ , and v̂g,αβ are employed
to get v�0 using (20). Later, μ� can be computed as follows:

μ� =
vsym
abc + v�0
Vdc

. (41)

In this way, the references are sent to the PS-MPC scheme block
to control the grid currents.

The PS-MPC scheme presented in [18] was reformulated to
control the symmetrical grid currents defined in (9). In this
scheme, the modulation indexes of the SMs of each phase are
updated sequentially so that the corresponding MPC problem
is one step. In our application, the system state-space model
was set up considering αβ currents, grid voltages, and each
SM’s modulation index. The objective function comprised the
αβ currents quadratic error and the squared Euclidean distance
between the optimal modulation indexes and μ�. It is crucial to
mention that an active-set method was used to deal with optimal
modulation indexes’ real-time calculation.
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Fig. 6. First column: Feasible domain O (up) and transformed sextant with analyzed points (down). From the second to fifth column: Sampled
waveform of the common-mode voltage max/min limits, relaxed solution, and the OCMV.

Finally, the overall control scheme is shown in Fig. 5 where
the distributed algorithm, the reference generator, the PS-MPC
scheme, and the PS-PWM block are represented.

IV. NUMERICAL ANALYSIS

The following analysis aims to graphically show different
representative operating points inside O for which the obtained
OCMV waveform produces additional harmonics beyond the
fundamental frequency. To analyze the OCMV and compare
it with the prominent counterpart method, i.e., OZSI [11], a
grid-tied seven-level CHB inverter has been used.

1) OCMV Waveform: Depending on the interphase power
imbalance level, the OCMV adopts a suitable fundamental and
harmonic content to allow the grid-tied CHB inverter to inject
balanced currents. First, the operating area is divided into six
symmetrical radial sectors, i.e., sextants of O, as shown in the
first column of Fig. 6. Then, one of these sextants is transformed
to be plotted in a quadrant of the Δp̃αβ/pi,3φ plane. Finally,
eight points were selected to visualize the OCMV in different
cases called as v�0, (�1−8). The first two points, �1 and �2, have
been placed on the border of F . These points represent cases
where v�0, relax are slightly in contact with the upper and lower
bounds, i.e., vmin

0 and vmax
0 . Therefore, the OCMV waveform

in Fig. 6 is purely sinusoidal as shown in v�0, (�1) and v�0, (�2),
respectively. Then, suppose the power imbalances increase and
are represented by points �3 and �4. In these cases, v�0, (�3−4)

includes harmonics with a fundamental-frequency component
equal to the relaxed case v�0, relax to maintain a balanced current
injection into the grid. Beyond that, and almost reaching ∂O,
points �5 to �8 represent severe interphase power imbalances,
in which the OCMV waveform is highly distorted, but the re-
quired fundamental frequency component v�0, relax is successfully
accomplished.

1) Harmonic Content Comparison: This comparison aims
to demonstrate that the proposed OCMV has superior per-
formance against OZSI in terms of common-mode voltage
harmonic content, which is essential to handle severe power

Fig. 7. THDs of the OCMV and the common-mode voltage proposed
by [11] (OZSI).

imbalances effectively. Nevertheless, as will be elucidated, a
minimal harmonic content exists, which translates into minimal
THD, for dealing with severe power imbalances, as stated by
the mathematical model (P0). Consequently, a smooth transition
from a fundamental frequency ZSV waveform to a distorted one
is attained to dramatically reduce the harmonic content in the
converter neutral terminal while keeping balanced grid currents.
The THDs of the proposed OCMV and the OZSI are shown
in Fig. 7. As expected, the THD is zero for both methods in
F . Beyond that, the OCMV smoothly increments its harmonic
distortion to a maximum at ∂O. On the contrary, the OZSI
calculation concept leads to an abrupt jump at the border of
F . The additional harmonic content of OZSI produces almost
1.5 times higher distortion than OCMV until reaching ∂O. In
this feasible limit, both THDs are equal due to the uniqueness
of the common-mode voltage at the maximum treatable power
imbalances.

To visualize the harmonic reduction improvements, the
common-mode voltages for the OCMV and OZSI, and their
FFTs are shown in Fig. 8 for power imbalance levelsΔpαβ equal
to (−0.08,−0.1), (−0.15,−0.2), and (−0.2, 0) p.u. extracted
from Fig. 7.

In the upper row of Fig. 8, harmonic-distorted waveforms
for the v0,OZSI can be seen, meanwhile, the proposed v�0 clearly
achieves less distorted waveforms for the same conditions. The
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Fig. 8. Comparison of OCMV’s and OZSI’s waveforms and FFTs
for Δpαβ equal to (−0.08,−0.1) (left), (−0.15,−0.2) (center), and
(−0.2, 0) p.u. (right).

Fig. 9. Test bed and its unilinear diagram. Glossary: 1) Grid. 2) Vari-
able autotransformer. 3) Multiwinding transformer. 4) Three-phase diode
rectifiers. 5) HBs. 6) L filter. 7) Isolation transformer.

TABLE I
EXPERIMENTAL SYSTEM PARAMETERS

bottom row of Fig. 8 demonstrates that both waveforms exhibit
identical fundamental-frequency voltages, thus dealing with the
same interphase power imbalance level. However, the OCMV
method always obtains less harmonic content as also shown for
all the operating points in Fig. 7.

V. EXPERIMENTAL VALIDATION

Once the highlighted features of the OCMV method were
numerically analyzed, its experimental verification was carried
out using the test bed presented in Fig. 9, whose parameters
are shown in Table I. The proposed distributed algorithm was

Fig. 10. Operating area with the experimental power imbalance cases.

designed so that 98% of the power imbalance cases within the
feasible domain O converge using the following parameters
h = 10−4,Nd = 360, ε̄ = 10−6, andNmax = 8. Specifically, the
distributed algorithm execution takes 42.4 μs and 9.8 μs for the
initialization and each iteration per interruption.

A. Laboratory Setup

For the purpose of studying the real-time performance of the
proposed OCMV, the laboratory setup intentionally excludes
the PV panels and dc–dc converters. Actually, the OCMV is
formulated to contribute at the grid side rather than manipulate
the dc-side. Thus, each SM of the seven-level CHB converter
was fed by a three-phase rectifier connected at each output
winding of the multiwinding transformer. This configuration
allowed us to extract a given power at each dc-link of the HBs.
The point of common coupling (PCC) and the multiwinding
transformer primary voltages were manually regulated using au-
totransformers. The laboratory grid voltage inherently contained
fifth and seventh voltage harmonics. Therefore, sixth-harmonic
oscillations in both active and reactive power were expected,
considering the suitable performance of the current controller.

The proposed OCMV injection method and the current con-
troller were implemented in an OPAL-RT OP4510 platform.

B. Laboratory Experiments

This section aims to validate the OCMV implementation in a
seven-level CHB inverter considering various power imbalance
cases. The OCMV was calculated in real time for each case and
added to the steady-state index modulations used as controller
references.

1) Steady-State Performance: Four power imbalance
cases labeled 1 to 4 were imposed among converter phases while
maintaining the desired active and reactive powers injected into
the grid. The four cases are shown in the operating area drawing
in Fig. 10. They were sequentially produced from the balanced
condition 0 defined by pa = pb = pc = 1 kW and unitary power
factor. All the power imbalance cases have the same average
active and reactive powers. The results of the experiments for
each case, including the inverter voltages, the grid currents, the
PCC voltages, and the active and reactive powers injected into
the grid, are presented in Fig. 11.
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Fig. 11. Experimental results for each power imbalance case from 0 (first column) up to 4 (fifth column). Plots in each row: Inverter voltages (first
row), grid currents (second row), PCC voltages (third row), and active/reactive powers injected into the grid (fourth row).

TABLE II
HARMONIC DISTORTION AND IMBALANCE LEVEL METRICS

From the first column of Fig. 11, i.e., the balanced operat-
ing condition, it was noted that the current controller could
mitigate the PCC voltage harmonic content to keep balanced
and low-distorted grid currents. The interaction between the
fundamental frequency component of the grid current and the
mentioned harmonic content at the PCC voltage originated sixth
harmonics in the reactive power injected into the grid. Besides,
the high-frequency harmonics due to the inverter voltage switch-
ing pattern induced high-order harmonics in the PCC voltage.

For the rest of the cases, the injected OCMV caused the SMs
to operate saturated during some time intervals, as shown in
the first row of Fig. 11. Nonetheless, the grid currents remained
balanced and low distorted, and the active and reactive powers
were maintained in their reference values, even considering
severe power imbalances.

In particular, the equivalent THD (THDe) [19] was used to
measure the harmonic content of the inverter voltages vabc and
the grid currents ig,abc. On the other hand, the fundamental-
frequency amplitudes on the grid currents were calculated for
each phase. Then, for each case, the grid current imbalance
level Δ̂ig,1 was determined as the maximum percentage de-
viation of the amplitudes regarding their mean value īg,1. The
described metrics are presented in Table II. From Table II, it can

Fig. 12. Transient response to an interphase power imbalance
change.

be highlighted that even though the voltage harmonic content
increased until 30%, the grid current THDe was always in the
permissible range, i.e., below 5%. Moreover, the imbalance level
in the fundamental frequency of the grid currents was equal to or
below 1% in all cases, verifying the OCMV injection method’s
effectiveness under severe interphase power imbalances in a
grid-tied CHB inverter.

2) Transient Performance: Finally, the proposed dis-
tributed algorithm for the OCMV implementation was tested
for transient conditions. The inputs Δpαβ are changed from
(240, 390) W to (300, 510) W, as shown in Fig. 12. While
such step change is physically unrealistic due to the slow MPPT
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dynamic, examining the proposed OCMV’s transient response
is useful. Since Nmax was set as 8, it is expected to update the
value of ψ�

αβ in less than TsNmax seconds without delaying the
calculation of v�0 . At this point, it is crucial to remark that every
iteration is carried out at 6 kHz, i.e., one per current controller
interruption. Moreover, as presented in Fig. 4, the real-time
updating rate of the multipliers ψ�

αβ given by the distributed
algorithm corresponds to the delay between the change in either
pabc, ϕ, or |vg|, and the adjustment of v�0 . In this case, the
algorithm converged in 4 iterations, so the delay is 667 μs.
This result means a negligible delay in the OCMV real-time
calculation considering that the dynamic of the variablespabc,ϕ,
and |vg| are typically governed by slower secondary controllers,
as opposed to the faster current controller of the converter.

VI. CONCLUSION

This article formulated the interphase power imbalance prob-
lem for grid-tied CHB inverters as an optimal control problem.
The optimal solution, OCMV, was derived, analyzed, and ef-
fectively implemented in an experimental setup. The proposed
OCMV stands out due to its minimal harmonic content, which
overcomes the additional distortion obtained with OZSI. The
OCMV analytical form and its feasible domain were derived to
illustrate the impact of the asymmetry level of the available in-
terphase power on the voltage harmonic content. Furthermore, it
was demonstrated that the OCMV can be easily implemented in
a real-time control platform using the proposed time-distributed
and iterative algorithm. An extensive simulation test was de-
veloped to appropriately adjust the algorithms to a wide range
of imbalance operation conditions. Lastly, experimental results
showed that implementing the OCMV allows the CHB to deal
with severe power imbalances while keeping grid currents with
a THDe lower than 2.8% and an imbalance level up to 1%.
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