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Abstract 

This paper presents a complete model of a building heating and cooling equipment and a ground source heat 
pump (GSHP) coupled with an aquifer thermal energy storage (ATES) system. This model contains detailed 
mathematical representations of building thermal dynamics, ATES system dynamics, heat exchanger (HE), and 
GSHP together with heating and cooling circulated water pipelines. In particular, we derive a static (steady-
state) model for a countercurrent HE and an electrical GSHP as a function of water flow rates and input/output 
water temperatures in both sides of HE and GSHP to determine the amount of heat transfer from ATES to HE 
then HE to GSHP, and vice versa. We then develop a model predictive control framework to keep track of the 
desired building zone temperature, while meeting operational constraints. In such a framework, a finite-horizon 
mixed-integer nonlinear optimization problem is solved at each sampling time. A simulation study illustrates 
the functioning of our proposed predictive model.   
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Fig. 1: Conceptual representation of heating and cooling equipment of a building together with an aquifer thermal energy storage (ATES) system.

1. Introduction
Worldwide there is a growing interest in energy saving technologies. Aquifer thermal energy storage (ATES)

systems are used to store large quantities of thermal energy in subsurface aquifers enabling the reduction of energy
usage and emissions of the heating and cooling networks in buildings [1]. An ATES system is considered as a
seasonal storage system that can be a heat source or sink, or as a storage for thermal energy. This is achieved by
injection and extraction of water into and from saturated underground aquifers, simultaneously [2]. An ATES system
consists of two wells and operates in a seasonal mode [3]. One well is used for the storage of cold water, the second
for the storage of heat. In warm seasons, cold water is extracted from the aquifer using the cold storage well and
through a heat exchanger to provide cooling to a building. This heats up the water, which is simultaneously injected
back into the aquifer via the warm storage well. This procedure is reversed during cold seasons where the flow
direction is reversed such that the warmer water is extracted from the warm well to provide heating to a building.
ATES systems are suitable for heating and cooling processes of utility buildings such as offices, hospitals, musea,
universities and greenhouses. In the heating and cooling processes of such buildings, ATES systems are coupled
with ground source heat pump (GSHP). GSHP plays a crucial role in the performance and overall efficiency of ATES
systems. Figure 1 depicts the operational modes of an ATES system for a single building [4]. To this end, any attempt
to optimize/improve efficiency of operating an ATES system and suboptimal use of subsurface space has to consider
building thermal dynamics together with mathematical models of all incorporated equipment. This highlights the
necessity of developing a complete model of the heating and cooling equipment of a building that can be used in a
predictive control framework to obtain an optimal operating strategy.

In this paper, we develop a complete model of a building heating and cooling equipment and a GSHP coupled with
an ATES system. Detailed mathematical representations of building thermal dynamics, ATES system dynamics, heat
exchanger (HE), and GSHP are developed together with algebraic equations to determine the internal connections
between equipment. In particular, we derive two separate fractional mapping functions from the input water tempera-
tures to the output water temperatures as a function of flow rates of the water in both sides of a HE and a GSHP. Such
transfer functions are necessary to determine the amount of heat transfer from ATES to HE then HE to GSHP, and
the other way around. Using the developed model, we provide a model predictive control (MPC) framework to keep
track of the desired building zone temperature, while meeting operational constraints. In such a framework, a finite-
horizon mixed-integer nonlinear optimization problem formulation is solved at each sampling time. We illustrate the
functioning of our proposed predictive model by a simulation study.

The structure of this paper is as follows. Section 2 provides a complete mathematical model for each component of
the heating and cooling processes of a building, whereas in Section 3 a nonlinear MPC strategy is proposed. Section
4 presents a simulation study to illustrate the functioning of our proposed predictive model. In Section 5 we provide
some concluding remarks.
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2. Heating and Cooling Equipment of a Building
Consider a building with a single zone and wall layers. Building zone temperature is a dynamical system that

evolves over time. The lower surface of a zone (floor) is considered as a heating source via the supplied water
temperature that flows into cyclic pipes. Cooling energy is supplied via the upper interior surface (ceiling) of a
zone. The conceptual piping of the water circulation of the building is depicted in Figure 1. The heating and cooling
equipment of the building consists of: 1) an ATES system 2) a storage tank, a boiler and a chiller 3) a heat exchanger
4) a heat pump. Moreover, we define an external party to capture the possibility of transmitting surplus thermal energy
from one building to another via heat pump in a campus of several buildings. We therefore consider a single building
thermal dynamics and then, as for the external party we use a similar model with different building parameters.

In what follows, we first develop a mathematical model for each component separately, and then, we present the
internal algebraic equations that hold between equipment with respect to the heating or cooling requirement of a
building. We refer to passing variable between component as an internal input variable of each component.

2.1. Thermal Dynamics of Building

The building model parameters, e.g. heat transfer coefficients are inspired by [5] and [6]. The model has been
formed based on the total heat content of a building. The dynamic behavior of the states are described using the first
order differential equations as follows:

dTB
z

dt
=

Qrdz(t) + Q f cz(t) + Qp(t) + Qe(t) − Qven(t) − Qzs(t) − Qzo(t)
(0.75ρzcp,z + 0.25ρ f cp, f )Vz

, (1a)

dTB
f c

dt
=

Q f c
in (t) − Q f c

out(t) − Q f cz(t) − Q f cs(t)
ρwcp,wV f c

, (1b)

dTB
s

dt
=

Qrds(t) + Qzs(t) + Q f cz(t) − Qso(t)
(0.7ρscp,s + 0.2ρwcp,w + 0.1ρzcp,z)Vs

, (1c)

where dTB
z

dt ,
dTB

f c

dt ,
dTB

s
dt [K s−1] correspond to the rate of change of the building zone temperature, floor or ceiling tem-

perature and solid (wall) temperature, respectively. ρz, ρ f , ρw, ρs [kg m−3] are the density of building zone, furniture,
water, solid, and cp,z, cp, f , cp,w, cp,s [J kg−1K−1] are the specific heat capacity of the building zone, furniture, water,
solid, and Vz,V f c,Vs [m3] are the volume of building zone, floor or ceiling, solid, respectively. The convective heat
transfer from the floor or ceiling to the building zone air Q f cz(t), the building zone air to the outdoor air Qzo(t), the
building zone air to the solid Qzs(t) , and the solid to the outdoor air Qso(t) are defined, respectively, by the following
relations:

Q f cz(t) = A f cα f cz(t)(TB
f c(t) − TB

z (t)) , Qzo(t) = Azwαzwo(t)(TB
z (t) − To(t)) ,

Qzs(t) = Asαzs(t)(TB
z (t) − TB

s (t)) , Qso(t) = Asαso(t)(TB
s (t) − To(t)) ,

where To(t) [K] is the outdoor air temperature, A f c, Azw, As are the surface area of floor or ceiling, the building zone
windows and solid, respectively. The surface area of the solid is determined by As = nlhslsws where nl, hs, ls,ws are
the number, the height, the length and the width of the layers (walls). It is considered that the surface area of the
building zone windows is Azw = 0.4As. It is assumed that the surface areas of pipes in the floor and ceiling are equal
and can be determined by A f c = nsnpπdplp where ns, np, dp, lp are the number of spans, the number of the pipes, and
the diameter with the length of the pipes, respectively. α f cz(t), αzs(t), αzwo(t), αso(t) are the heat transfer coefficients
from the floor or ceiling to the building zone, from the building zone to the solid, from the building zone windows and
the solid to the outdoor air, respectively, and are defined by

α f cz(t) =
1.28

(dp)0.25 |T
B
f c(t) − TB

z (t)|0.25 , αzs(t) =

1.7|TB
s (t) − TB

z (t)|0.35 TB
s (t) < TB

z (t)
1.3|TB

s (t) − TB
z (t)|0.25 TB

s (t) ≥ TB
z (t)

,

αzwo(t) =

3.8 + 1.2vo(t) vo(t) < 4
2.5vo(t)0.8 vo(t) ≥ 4

, αso(t) =

2.8 + 1.2vo(t) vo(t) < 4
2.5vo(t)0.8 vo(t) ≥ 4

,
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where vo(t) [m s−1] denotes the outdoor wind velocity. Qrdz(t) = Azwη f Io(t) and Qrds(t) = AsηsIo(t) are related to
the shortwave radiation absorption by the building zone and the solid. η f , ηs are the shortwave radiation absorption
coefficient by the furniture inside zone and by the solid, respectively. Q f cs(t) = A f cE f cEsF f csσ(TB4

f c (t)−TB4

s (t)) presents
the longwave radiation absorption from floor or ceiling to solid, where E f c,Es [−] are the emission coefficients, F f cs

[−] is the view factor, σ [W m−2 K−4] is the Stefan-Boltzmann constant. The heat transfer due to the occupancy of the
building zone by the people and the heat gain due to the electrical devices that are used in the building zone are shown
by Qp(t) and Qe(t), respectively. Qp(t) and Qe(t) are modeled as normal and uniform distributed random variables.
We consider two operating modes, i.e. working mode t ∈ [7, 19] and rest mode t < [7, 19], for a building zone and
the mean, variance of the distributions depend of the building zone operating time. The mean and variance of the
distribution in the rest mode are approximately ten times smaller than the working mode. Thus Qp(t) and Qe(t) are
considered as

Qp(t) ∼

Nt(np αp, 0.25 np αp) t ∈ [7, 19]
Nt(0.1 np αp, 0.025 np αp) t < [7, 19]

, Qe(t) ∼

Ut(ne,min ηe, ne,max ηe) t ∈ [7, 19]
Ut(0.1 ne,min ηe, 0.1 ne,max ηe) t < [7, 19]

,

where np corresponds to the number of people, αp denotes the heat generated by one person, ne,min, ne,max are the
minimum, maximum number of the electrical devices, respectively, and ηe is the average heat generated by one
device. It is assumed that the heat lost due to the ventilation process Qven(t) is 0.1Qp(t). In our control problem
formulation (15), we however consider one possible scenario (realization of stochastic process) for each Qp(t) and
Qe(t) to be given. Thermal energy transport terms due to the water flow into and out of the floor or ceiling of the
building zone are defined by Q f c

in (t) = ρwcp,wuB(t)T f c
in (t) , and Q f c

out(t) = ρwcp,wuB(t)T f c
out(t) , respectively. uB(t) [m3 s−1]

is the building pump flow rate, T f c
in (t),T f c

out(t) [K] are the water temperatures entering and leaving the floor or ceiling
of the building zone.

The proposed building system dynamics (1) is a continuous-time system that represents the rate of change of the
building zone temperature, the floor or ceiling temperature and the solid (wall) temperature. We use the Forward
Euler method to discretize the above continuous-time system. The prediction interval [0,T ] is partitioned into N
equal sub-intervals of width τ = T

N > 0. We define xB,k := [TB
z,k,T

B
f c,k,T

B
s,k] ∈ R3 to be the state vector and a vector

of given external parameters is wB,k := [To,k, Io,k, vo,k] ∈ R3, νB,k := T f c
in,k is the internal input variable and the control

input variable is uB,k. Given an initial condition xB,0, consider now the discrete-time building dynamical model with
sampling period of τ for each sampling time as follows.

xB,k+1 = FB(xB,k, uB,k, νB,k,wB,k, τ) , (2a)
yB,k = GB(xB,k, uB,k) , (2b)

where yB,k denotes the output performance of the building model dynamics that is the return water temperature of the
building TB

ret,k. TB
ret,k is equal to the outflow water temperature of the floor or ceiling T f c

out,k, and following [6] is defined
by

TB
ret,k = T f c

out,k = T f c,k −
Q f cz,k + Q f cs,k

ρwcp,wuB,k
.

The developed model (2) is a nonlinear stochastic hybrid system due to the dependency on uncertain variables such
as occupancy, etc., and on switching parameters such as heat transfer coefficients.

2.2. Aquifer Thermal Energy Storage System

An ATES system consists of two wells containing either warm or cold water. Depending on the season, the
operation of the ATES system changes. Figure 2b shows a block diagram model of an ATES system. During a cold
season, the cold water is stored in the cold-well by circulating water from the warm-well to the cold-well through a
heat exchanger to extract a required thermal energy from the water. This procedure is opposite during a warm season,
since there is a demand for cooling; the stored cold water is used to cool the building. Following the work in [4],
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consider a dynamical model of an ATES system as follows:

Vaq
w,k+1 = Vaq

w,k + (sw,k − sc,k) Vaq
in,k , (3a)

Vaq
c,k+1 = Vaq

c,k + (sc,k − sw,k) Vaq
in,k , (3b)

Taq
w,k+1 =

Vaq
w,k

Vaq
w,k + sw,kVaq

in,k

Taq
w,k +

sw,kVaq
in,k

Vaq
w,k + sw,kVaq

in,k

Taq
in,k −

α(Taq
w,k − Taq

amb,k)

Vaq
w,k + sw,kVaq

in,k

, (3c)

Taq
c,k+1 =

Vaq
c,k

Vaq
c,k + sc,kVaq

in,k

Taq
c,k +

sc,kVaq
in,k

Vc,k + sc,kVaq
in,k

Taq
in,k −

α(Taq
c,k − Taq

amb,k)

Vaq
c,k + sc,kVaq

in,k

, (3d)

where Vaq
w,k[m3],Vaq

c,k[m3],Taq
w,k[K],Taq

c,k[K] ∈ R denote the volume and the temperature of the warm- and the cold-
well at each sampling time k, respectively. Vaq

in,k[m3] ∈ R corresponds to the input volume of water that is injected
into the warm- or cold-well and extracted from the counterpart well and it can be determined by Vaq

in,k := τuA,k

where uA,k [m3s−1] is the ATES system pumping flow rate at each sampling time k and τ [s] is the sampling period.
sw,k, sc,k ∈ {0, 1} denote binary variables that represent the operating modes of an ATES system. α ∈ (0, 1) represents
a loss term and we refer the interested reader to [4] for detailed steps on how to tune this parameter of the ATES
model. In Figure 2b the solid line represents the heating mode (cold season) and the dashed line represents the
cooling mode (warm season). The output performance of the ATES system dynamics yA,k is the water temperature
Taq

out,k := sc,k Taq
w,k + sw,k Taq

c,k leaving the ATES system.
Define xA,k := [Vaq

w,k,T
aq
w,k,V

aq
c,k,T

aq
c,k] ∈ R4 to be the state vector. The internal input variable is νA,k := Taq

in,k, the
control input variable is uA,k and the integer variables are sw,k, sc,k. Given an initial condition xA,0, consider now the
discrete-time ATES dynamical model with sampling period of τ for each sampling time k as follows:

xA,k+1 = FA(xA,k, uA,k, νA,k, sw,k, sc,k, τ) , (4a)
yA,k = GA(xA,k, sw,k, sc,k) . (4b)

The developed model (4) is a nonlinear hybrid system due to the dependency on both continuous and discrete variables.

Remark 1. It is important to notice that the developed model of ATES system in (4) is considered as a control system
model that will be used to predict the temperature and volume of stored water in each well at each sampling instance
k, and such a model is not meant to be an aquifer groundwater simulator.

2.3. Boiler, Chiller and Storage Tank

We consider a building that is equipped with a boiler and a chiller (see Figure 1). A boiler is a closed vessel in
which water is heated and it is used for additional heating if the heat pump cannot supply enough heat. A chiller is
a closed vessel in which water is cooled via vapor-compression. It is used to further reduce the water temperature
infiltrated into the ATES system in case the water output temperature on the evaporator side of the heat pump is not
cold enough. The boiler is used to heat the supply water temperature up to a temperature of about 90°C during cold
seasons, whereas the chiller is used to chill the water temperature down to a temperature of about 5°C during cold
seasons. We therefore define the boiler outflow water temperature to be Tboi

out,k = T0 + 90 [K] and the chiller outflow
water temperature to be Tchi

out,k = T0 + 5 [K], where T0 = 273.15 [K] is the absolute zero Kelvin temperature.
Consider a storage tank that holds water for the short term storage of thermal energy. The storage tank is placed

between the heat pump and the heat exchanger to keep thermal energy at the desired level for each time period. The
dynamics of a storage tank system is described with the following first-order difference equations:

Vs,k+1 = Vs,k + Vin,k − Vout,k , (5a)

Ts,k+1 =
Vs,k

Vs,k + Vin,k
Ts,k +

Vin,k

Vs,k + Vin,k
Ts

in,k , (5b)

where Vs,k[m3],Ts,k[K] ∈ R denote the volume and the temperature of the storage tank at each sampling time k,
respectively. Vin,k,Vout,k[m3] ∈ R correspond to the input and output volume of water that is injected into and extracted
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Fig. 2: A symbolic representation of a heat exchanger (a) and a heat pump (c). A block diagram model of an ATES system (b).

from the storage tank, respectively. It is assumed Vin,k = Vout,k = τuS,k , where uS,k [m3s−1] is the storage pumping
flow rate at each sampling time k and τ [s] is the sampling period. The output performance of the storage tank system
dynamics yS,k is the water temperature Ts

out,k leaving the storage tank system and can be defined by Ts
out,k := Ts,k.

We now define xS,k := [Vs,k,Ts,k] ∈ R2 to be the state vector of the storage tank. The internal input variable is
νS,k := Ts

in,k, the control input variable is uS,k. Given an initial condition xS,0, consider now the discrete-time storage
tank dynamical model with sampling period of τ for each sampling time k as follows:

xS,k+1 = FS(xS,k, uS,k, νS,k, τ) , (6a)
yS,k = GS(xS,k) . (6b)

The developed model (6) is a nonlinear dynamical system.

2.4. Heat Exchanger

Consider a countercurrent heat exchanger that consists of two plates, as it is shown in Figure 2a, namely the building
plate and the aquifer plate. During the warm season the heat exchanger is used to cool water inside pipes with water
from cold-well of the ATES system and then, the cold water of ATES system is heated by the heat extracted from
building in order to store into the warm-well. The extracted heat energy Qhe,k[W] from the building is stored inside
the warm-well of ATES system during warm season. By reversing the direction of water, one can pump warm water
inside the building using water from the warm-well of ATES system and then, the warm water of ATES system is
chilled by the cold extracted from building in order to infiltrate into the cold-well of ATES system. A heat exchanger
can be in general considered as an inverse model such that the stored heat energy Qhe,k[W] in the ATES system is
extracted from the warm-well of ATES system during cold season.

We develop a static model to describe the complete relations between input and output water temperatures for each
plate. To this purpose, the energy transport due to the water flow in the aquifer plate and the building plate is given by

Qhe,k = ρwcp,wuA,k(Tap
out,k − Tap

in,k) , Qhe,k = ρwcp,wuS,k(Tbp
in,k − Tbp

out,k) ,

where ρw[kg m−3] is the density of water, cp,w[J kg−1K−1] is the specific heat capacity of water and uA,k, uS,k are the
flow rate of pumps in the aquifer and the building plate, respectively, Tap

in,k , Tap
out,k , Tbp

in,k , Tbp
out,k denote the input and

out water temperatures of the aquifer plate and the building plate of the heat exchanger, respectively. By equating the
above equations, one can find the water temperature Tbp

out,k as follows:

Tbp
out,k = Tbp

in,k − u−1
S,kuA,k(Tap

out,k − Tap
in,k) .

The thermal energy of the heat exchanger can be also obtained via: Qhe,k = kheAhe∆The
m , where khe [W m−2 K−1] ,

Ahe [m2] correspond to the heat transfer coefficient and the surface for heat transfer of the heat exchanger, respectively.

∆The
m is the mean temperature difference for the heat transfer [7] and is given by ∆The

m =
(
∆The

max − ∆The
min

)
/ ln

(
∆The

max

∆The
min

)
,
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where ∆The
max = Tbp

in,k − Tap
out,k and ∆The

min = Tbp
out,k − Tap

in,k. We are now able to determine the water temperature Tap
out,k

using:

Tap
out,k = (1 − δhe,k)

cheTap
in,k(uA,k − uS,k) + Tbp

in,kuS,k(che − 1)

cheuA,k − uS,k
+ δhe,kTap

in,k ,

where che = exp
(

kheAhe
ρwcp,w

(u−1
S,k − u−1

A,k)
)
, δhe,k = 1 , if uS,k = uH,k and δhe,k = 0 , when uS,k , uH,k .

Define νhe,k := [Tap
in,k,T

bp
in,k] ∈ R2 and yhe,k := [Tap

out,k,T
bp
out,k] ∈ R2 to be an input variable vector and an output

variable vector, respectively. Consider now the heat exchanger model for each sampling time k as follows:

yhe,k = Hhe(νhe,k, uA,k, uS,k) . (7)

The proposed model is an algebraic fractional mapping from the input water temperatures to the output water temper-
atures as a function of flow rates of the water in both sides of a heat exchanger.

2.5. Ground Source Heat Pump

Consider an electrical countercurrent heat pump that consists of two sides, i.e. condenser side and evaporator side
as it is shown in Figure 2c. The outflow water from the condenser, (the evaporator) is warmer, (colder) than the inflow
water into the condenser, (the evaporator), respectively. During cold season, the return cold water from the building
enters the condenser side of the heat pump to be heated in the internal process of a heat pump. A heat pump heats the
water by using the water that comes from the warm-well of an ATES system after the heat exchanger. During warm
season, one can use the evaporator side of a heat pump for a cooling purpose. In this process the return hot water from
the building is entering the heat pump and then, the heat is transferred to the water that comes from the cold-well of
an ATES system. The warm water obtained in this process is fed to the warm-well of an ATES system after the heat
exchanger.

We now determine the relations between the inflow water temperatures Tcon
in,k,T

eva
in,k, the outflow water temperatures

Tcon
out,k, Teva

out,k and the flow rate on each side of the heat pump uB,k and uS,k. The fluid evaporates on the evaporator side
of the heat pump when the thermal energy Qc,k is added from the warm-well of ATES system after the heat exchanger
during cold seasons. The fluid condensates on the condenser side of the heat pump when the thermal energy Qh,k is
subtracted in order to transfer heat to the return water temperature TB

ret,k from the building during cold season. One
can find Qh,k and Qc,k using the water flow on both sides of the heat pump as

Qh,k = ρwcp,wuB,k(Tcon
out,k − Tcon

in,k) , Qc,k = ρwcp,wuS,k(Teva
in,k − Teva

out,k) , (8)

where ρw [kg m−3] is the density of water, cp,w [J kg−1K−1] is the specific heat capacity of water and uB,k, uS,k are the
flow rate of pumps in the building side and the heat exchanger side, respectively. The thermal energies Qh,k and Qc,k

can be also obtained via Qh,k = khpAhp∆Thp
m,h , Qc,k = khpAhp∆Thp

m,c , where khp [W m−2 K−1],Ahp [m2] corresponds to
the heat transfer coefficient and the surface for heat transfer of the heat pump, respectively. ∆The

m,h and ∆The
m,c are the

mean temperature differences for the heat transfer and given by

∆Thp
m,h =

(
∆Thp

max,h − ∆Thp
min,h

)
ln

(
∆Thp

max,h

∆Thp
min,h

) , ∆Thp
m,c =

(
∆Thp

max,c − ∆Thp
min,c

)
ln

(
∆Thp

max,c

∆Thp
min,c

) ,

where ∆Thp
max,h = Ths − Tcon

in,k, ∆Thp
min,h = Ths − Tcon

out,k, ∆Thp
max,c = Teva

in,k − Tcs, and ∆Thp
min,c = Teva

out,k − Tcs. By equating
both equations for Qh,k , one can determine Ths , the warm (condensation) side temperature of the heat pump, and by
equating the both equations for Qc,k , one can determine Tcs , the cold (evaporation) side temperature of the heat pump.
This leads to

Ths =
hhpTcon

out,k − Tcon
in,k

hhp − 1
, Tcs =

chpTeva
out,k − Teva

in,k

chp − 1
, (9)
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where hhp = exp
(
khpAhp(ρwcp,wuB,k)−1

)
and chp = exp

(
khpAhp(ρwcp,wuS,k)−1

)
. The coefficient of performance (COP)

of a heat pump is defined as COP = Qh,k

(
Qh,k − Qc,k

)−1
. By substituting (8) into the latter expression, we have

COP =
uB,k(Tcon

out,k − Tcon
in,k)

uB,k(Tcon
out,k − Tcon

in,k) − uS,k(Teva
in,k − Teva

out,k)
. (10)

On the other side, assuming that an ideal water to water heat pump works with a Carnot cycle, the COP can be
computed via COP = ηhpThs

(
Ths − Tcs

)−1
where ηhp is considered as the efficiency of the heat pump to correct the

heat pump operation according to the Carnot cycle. Substituting (9) into the latter equation of COP, we have

COP =
ηhp(chp − 1)(hhpTcon

out,k − Tcon
in,k)

(chp − 1)(hhpTcon
out,k − Tcon

in,k) + (hhp − 1)(−chpTeva
out,k + Teva

in,k)
. (11)

By equating (10) with (11), we can derive the water temperature Teva
out,k leaving the heat pump evaporator side:

Teva
out,k =

(
uB,k(chp − 1)(ηhp − 1)(hhpTcon

out,k − Tcon
in,k)(Tcon

out,k − Tcon
in,k)−

Teva
in,k

(
uB,k(hhp − 1)(Tcon

out,k − Tcon
in,k) + ηhpuS,k(chp − 1)(hhpTcon

out,k − Tcon
in,k)

))
(
− chpuB,k(hhp − 1)(Tcon

out,k − Tcon
in,k) − ηhpuS,k(chp − 1)(hhpTcon

out,k − Tcon
in,k)

)−1
.

(12)

To determine the water temperature Tcon
out,k leaving the heat pump during cold season, we need to have another equation

for COP in order to equate with (11) and substituting Teva
out,k by (12). We therefore consider Tcon

out,k to be the desired
set-point for operating the heat pump.

Now define νhp,k := [Tcon
out,k,T

con
in,k,T

eva
in,k] ∈ R3 to be the input variable vector and yhp,k := Teva

out,k to be the output
variable. The control variables are uB,k, uS,k , the pump flow rate of building side and the storage tank side, respectively.
Now consider the heat pump static model for each sampling time k as follows:

yhp,k = Hhp(νhp,k, uB,k, uS,k) . (13)

The proposed model is an algebraic fractional mapping from the input water temperatures to the output water temper-
ature as a function of flow rates of the water on both sides of a heat pump.

2.6. Relationships between the Internal Variables of each Subsystem

We define conditions for each equipment in a particular mode of operation with respect to the outside air tempera-
ture To,k. The desired building zone temperature is equal to TB

des,k and if TB
z,k resides between TB

des,k ± 2°C, there is no
need for cold or heat thermal energy and all components are in off mode. If the outside air temperature To,k exceeds the
upper bound of building zone temperature TB

z,ub but is still lower than the bound of warm temperature TB
z,ub +5°C, there

is a request for a light cooling energy meaning that we can use the stored cold energy in the cold-well of ATES system
without using the evaporator side of a heat pump. In case the outside air temperature To,k goes beyond TB

z,ub + 5°C,
we have to turn on the evaporator side of a heat pump. The counterpart of the above conditions are as follows. If
the outside air temperature To,k drops below the lower bound of building zone temperature TB

z,lb but is still above the
bound of cold temperature TB

z,lb − 5°C, there is a request for a light heating energy meaning that we can use the stored
hot energy in the warm-well of ATES system without using the condenser side of a heat pump. In case the outside air
temperature To,k drops below TB

z,lb − 5°C, we have to turn on the condenser side of a heat pump. When the outside
air temperature To,k drops further below, it is time to use a boiler as an additional heat source for the building. In all
above conditions, there is a possibility to use an external party to contribute to the required amount of thermal energy.
However, there is also a limitation for the external party. It is considered to have a possibility of using the heat pump
with partial capacity in a parallel mode with direct connection to the heat exchanger by defining a valve to control the
input water of the heat pump together with a bypass pipe.

The aforementioned operating modes are defined for all sampling times k ∈ {1, 2, 3, · · · } along with the following
control input decision variables:
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• Continuous variables: we consider pump flow rates and valve positions with the following definitions.
1. Pump flow rates: define uB,k, uS,k, uA,k ∈ R+ to be the pump flow rates in the building, in the storage tank

and in the ATES system side, respectively.[-1cm]
2. Valve positions: consider vb,k, vc,k, vh,k ∈ [0, 1] to be the valve positions for the boiler, the chiller and the

heat pump, respectively. vb,k, vc,k, vh,k = 1 if they are working with full capacity, 0 < vb,k, vc,k, vh,k < 1 if
they are working with partial capacity, and vb,k, vc,k, vh,k = 0 when they are off.

• Discrete (integer) variables: we define sn,k ∈ {0, 1} to be an integer variable that corresponds to the operating
mode of building. We distinguish between the different season-related operating modes of building by using
sc,k, sw,k ∈ {0, 1} to specify the cold season and warm season, respectively:

sn,k :=

1 operating with the HE and ATES
0 operating with the external party

, and


To,k > TB

z,ub sw,k = 1 , sc,k = 0
TB

z,lb ≤ To,k ≤ TB
z,ub sw,k = 0 , sc,k = 0

TB
z,lb > To,k sw,k = 0 , sc,k = 1

.

All internal input variables νA,k, νhe,k, νS,k, νhp,k, νB,k and output variables yA,k, yhe,k, yS,k, yhp,k, yB,k of the aforemen-
tioned heating and cooling equipment are connected to each other by the following relations.

The water temperature Taq
in,k entering the ATES system is equal to the water temperature Tap

out,k leaving the aquifer
plate of a heat exchanger, Taq

in,k = Tap
out,k . The water temperature Tap

in,k entering the heat exchanger aquifer plate is equal

to the water temperature Taq
out,k leaving the ATES system, Tap

in,k = Taq
out,k . The water temperature Tbp

in,k entering the heat
exchanger building plate is equal to the water temperature Ts

out,k leaving the storage tank and the water temperature
leaving the chiller Tchi

out,k depending on the chiller valve position vc,k, Tbp
in,k = vc,kTchi

out,k + (1 − vc,k)Ts
out,k . The water

temperature Ts
in,k entering the storage tank system is equal to the water temperature Tcon

out,k or Teva
out,k leaving the heat

pump condenser or evaporator side, and the return water temperature of the building thermal system depending on the
mode of operation. It can be determined by T s

in,k = vh,k(sw,kTcon
out,k + sc,kTeva

out,k) + (1 − vh,k)TB
ret,k . The water temperature

Tcon
in,k entering the heat pump condenser side is equal to the return water temperature TB

ret,k from the building or the water
temperature Tbp

out,k leaving the building plate of the heat exchanger or the water temperature Text
out,k leaving an external

party, depending on the mode of the operation. The water temperature Teva
in,k entering the heat pump evaporator side is

equal to the return water temperature TB
ret,k from the building or the water temperature Tbp

out,k leaving the building plate
of the heat exchanger or the water temperature Text

out,k leaving an external party, depending on the working mode. We
thus have

Tcon
in,k = sn(TB

ret,k sc + Tbp
out,k sw) + (1 − sn)(TB

ret,k sc + Text
out,k sw) ,

Teva
in,k = sn(TB

ret,k sw + Tbp
out,k sc) + (1 − sn)(TB

ret,k sw + Text
out,k sc) .

The input water temperature of the floor or ceiling T f c
in,k is equal to the supply water temperature for the building. The

supply water temperature can be determined by

TB
sup,k = vh,k(sw,kTeva

out,k + sc,k((1 − vb,k)Tcon
out,k + vb,kTboi

out,k)) + (1 − vh,k)Tbp
out,k ,

Using the developments (2), (4), (6), (7), (13) in previous parts and the aforementioned algebraic equations, one
can rewrite a building heating and cooling system as a single dynamical model for each sampling time k in a more
compact notation

xk+1 = f (xk, uk, vk, sk,wk) , (14)

where xk := [xB,k, xS,k, xA,k] ∈ R9 is the state vector, uk := [uB,k, uS,k, uA,k] ∈ R3 is a vector that contains pump flow
rates, vk := [vb,k, vc,k, vh,k] ∈ [0, 1]3 corresponds to a vector of valve positions, sk := [sw,k, sc,k, sn,k] ∈ {0, 1}3 is related
to a vector of binary variables, and wk := [To,k, Io,k, vo,k] ∈ R3 is a vector of outside weather parameters.

3. Model Predictive Control Problem
Consider k ∈ {0, 1, 2, · · · ,Nh}, where Nh is the length of our prediction horizon. To ensure that the building zone has

the required comfort properties such as the desired building zone temperature TB
des,k, we consider a set-point tracking
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term for the building zone temperature TB
z,k to be our objective. We aim to minimize γ(TB

z,k − Tset)2 as an objective
function that reflects our control purpose, where γ is a weighting coefficient. Our goal is to find uk, vk, sk the vector of
pump flow rates, valve positions and status of switches as our control variables at each sampling time k.

We now formulate a finite-horizon optimal control problem for each sampling time k:

minimize
{uk ,vk ,sk}

Nh
k=0

Nh∑
k=0

γ (TB
z,k − TB

des)
2 (15a)

subject to xk+1 = f (xk, uk, vk, sk,wk) , (15b)
xmin ≤ xk ≤ xmax , (15c)
umin ≤ uk ≤ umax , (15d)
0 ≤ vk ≤ 1 , (15e)
sk ∈ {0, 1} . (15f)

Let us fix the initial state value xξ and a given outside weather parameters wξ at each sampling time ξ, respectively. It
is assumed that the entire predicted state vector [x1, x2, · · · , xNh+1] of the system dynamics (15b) is known at each time
instant, given the initial state value x0 = xξ. The proposed optimization problem (15) is a multistage mixed-integer
nonlinear program, whose stages are coupled by the discrete-time dynamical system equation (15b). The proposed
nonlinear MPC framework is summarized in Algorithm 1. Figure 3 depicts a block diagram of our developed model
of the heating and cooling equipment of a building with a control (optimizer) unit.

Algorithm 1 Nonlinear Model Predictive Control (MPC)

1: Initialize the state x0 = xξ and the parameter along the prediction horizon {wk}
Nh
k=0

2: Solve optimization program (15) and determine an optimal solution sequence {u?0 , v
?
0 , s

?
0 , · · · , u

?
Nh
, v?Nh

, s?Nh
}

3: Apply the first element of optimal solution uξ := u?0 , vξ := v?0 , sξ := s?0 to the system (14)
4: Measure the state and update the parameter
5: Go to step 2

4. Simulation and Numerical Study
We simulate the proposed nonlinear MPC framework (Algorithm 1), where it is considered to have a day-ahead

prediction horizon length with hourly-based sampling time. In the interest of space, the table of parameters of our
proposed model in formulation (15) is omitted and we refer the interested reader to [2] and [4] for a detailed table of
parameters, symbols and values. During the numerical study, we were faced with computational time issues which
may be expected due to the final optimization problem (15) which leads to a mixed-integer nonlinear (signomial)
program. We therefore fixed binary variables and chose to focus our simulation study on one month, March 2010,
given the outside weather data from the weather station in Delft, The Netherlands [8]. The simulation environment
was MATLAB using the solver ‘fmincon’ together with the YALMIP toolbox [9] as an interface.

Figure 4 depicts the obtained results of our numerical study. Figure 4a presents the pump flow rates at each
sampling time, where the ‘green’ line denotes the pump flow rate of ATES system uA, the ‘blue’ line corresponds to
the pump flow rate of storage tank uS, and the ‘red’ line is related to the flow rate of water inside pipes in the floor or
ceiling of building uB. Notice that in our building model, we consider to have heating and cooling sources from floor
and ceiling in each zone, respectively, by using pipes that are installed inside compositions of ceiling and floor with
the surface ratio of 25%. In Figure 4b, we demonstrate the dynamics of temperatures, where the ‘red’ line corresponds
to the outside air temperature which is given to our control problem, the solid’ black’ line represents the temperature
profile of the building walls, the ‘blue’ line is related to the circulated water temperature in building floor pipes, the
dashed black lines show the upper-lower bounds of our desired building zone temperature, and finally, the ‘green’ line
shows the dynamical behavior of building zone temperature over time. As it is clearly presented, the building zone air
temperature is kept within the desired bounds throughout the simulation by using our proposed control framework.

Within this specific one month time period of our simulation, the ATES well temperature does not have a great
impact on the results. However, this simulation illustrates the functioning of our proposed predictive model. If we
apply longer horizons, the well temperature starts playing an important role in finding the optimal control strategy.
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Fig. 3: Control block diagram of building heating and cooling equipment.
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(a) (b)
Fig. 4: Pump flow rates of building heating and cooling equipment (a). Dynamics of building temperatures (b).

5. Conclusions and Future Works
In this paper, we built a complete predictive model of building heating and cooling equipment that consists of

dynamical models of building zone temperatures, short-term storage tank, an ATES system as a seasonal storage
system, and a mathematical description of a ground source heat pump together with a heat exchanger. Heating or
cooling requirements of a building was determined with respect to the outside weather conditions. Using our proposed
unified model, we developed a nonlinear MPC framework, where our objective was to track the desired building zone
temperature, while respecting all limitations, constraints on the operation of each component, separately, and having
different operating conditions. We simulated a building heating and cooling system using the proposed nonlinear
MPC strategy which showed good performance. The results point towards a general trade-off between complexity of
model and simulation time to achieve collective ATES performance.

Our current research direction is to incorporate the developed ATES system dynamics into our proposed thermal
grid framework in [10]. Demand for ATES is increasing due to energy saving ambitions and cost. Therefore it
is required to intensify and optimize the use of aquifers. However, intensified use of the subsurface may result in
unwanted mutual interaction between warm and cold wells. A future research direction is to organize the use of the
subsurface efficiently in order to manage/prevent negative interactions [11].
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