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1. Introduction

In this article we study the asymptotic behavior of solutions to the abstract Cauchy
problem

' (t) + Au(t) =0, t>0,

u(0) = x. (1)
Here —A is the generator of a Co-semigroup (7'(¢)):>0 on a Banach space X and z € X.
The unique solution of (1.1) with initial data = is given by w(t) = T(t)x for ¢ > 0.
One of the key difficulties in the asymptotic theory for solutions of (1.1) is that the
classical Lyapunov stability criterion is in general not valid if X is infinite dimensional.
However, asymptotic behavior can be deduced from the associated resolvent operators
R(\, A) = (A\=A)~! for A € p(A). For example, on a Hilbert space X the Gearhart—Priiss
theorem [3, Theorem 5.2.1] states that (7'(t));>0 is exponentially stable if and only if
o(A) C C4 and supge(ay<o [[2(A, 4)[| < oo. A uniform bound for the resolvent is not
sufficient to ensure exponential stability on general Banach spaces, but it was shown in
[26,37] (see also [16,32,36,65]) that exponential stability can be characterized in terms of
LP Fourier multiplier properties of the resolvent. Outside of Hilbert spaces this multiplier
condition is a strictly stronger assumption than uniform boundedness, and in applications
it can be difficult to verify. On the other hand, cf. [47,49,64,65], uniform bounds for
the resolvent do imply exponential stability for orbits in fractional domains, with the
fractional domain parameter depending on the geometry of the underlying space. At the
moment it is not fully understood how the characterization of exponential stability using
Fourier multipliers is related to such concrete decay results.

In a separate development, over the past decade much attention has been paid to
polynomial decay of semigroup orbits. The work of Lebeau [39,40] and Burq [13] on
energy decay for damped wave equations raised the question of what the precise relation
is between growth rates for the resolvent and decay rates for the semigroup. More pre-
cisely, if one has 0(A) C C4 in (1.1) but ||R(i{, A)|| = oo as |{] — oo, then (T'(t))i>0 is
not exponentially stable and one typically encounters other asymptotic behavior. Since
a uniform rate of decay for all solutions to (1.1) implies exponential stability of the semi-
group, one can expect uniform asymptotic behavior only for orbits in suitable subspaces
such as fractional domains, and in general the smoothness parameter of the fractional
domain influences the decay behavior. In [4] Batkai, Engel, Priiss and Schnaubelt proved
that for uniformly bounded semigroups a polynomial growth rate of the resolvent implies
a specific polynomial decay rate for classical solutions of (1.1) and vice versa, and they
showed that this correspondence is optimal up to an arbitrarily small polynomial loss. In
[8] Batty and Duyckaerts extended this correspondence to the setting of arbitrary resol-
vent growth and they reduced the loss to a logarithmic scale. Then Borichev and Tomilov
proved in [12] that this logarithmic loss is sharp on general Banach spaces, but that it can
be removed on Hilbert spaces in the case of polynomial resolvent growth. In particular,
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on Hilbert spaces this yields a characterization of polynomial stability in terms of the
growth of the resolvent. This result has been applied extensively in the study of partial
differential equations (see e.g. [1,2,9,14,24,38 42 57] and references therein) and has been
extended in [7,15,43,54,60,62,63] to finer scales of resolvent growth and semigroup decay.

Although much work has gone into determining the relation between resolvent growth
and polynomial rates of decay, it is not clear how such asymptotic behavior relates to
the Fourier analytic properties of the resolvent which characterize exponential stability.
Furthermore, the currently available literature on polynomial decay deals almost ex-
clusively with uniformly bounded semigroups. To the best of our knowledge, the only
previously known result concerning polynomial decay for general semigroups is [4, Propo-
sition 3.4]. There are many natural classes of examples where the generator has spectral
properties as above but the semigroup is not uniformly bounded, or where it is unknown
whether the semigroup is bounded. Typical examples of this phenomenon can be found
in Section 4.7 and include semigroups whose generator is an operator matrix or a multi-
plication operator on a Sobolev space. In turn, such operators can be found in disguise
in concrete partial differential equations. One example is the standard wave equation
with periodic boundary conditions; here uniform boundedness fails. Other examples can
be found in [50] for certain classes of perturbed wave equations and in [61] for delay
equations. For infinite systems of equations the uniform boundedness condition leads to
additional assumptions on the coefficients in [51].

In this article we deal with the problems outlined above in three ways. First, we
characterize polynomial stability on general Banach spaces in terms of Fourier multiplier
properties of powers of the resolvent, in Theorem 4.6. In doing so we extend the Fourier
analytic characterization of exponential stability to this more refined setting. Then, using
the theory of operator-valued (LP, L?) Fourier multipliers which was developed in [55,56]
with applications to stability theory in mind, we derive concrete polynomial decay rates
from this characterization. These results involve only growth bounds for the resolvent
and are new even on Hilbert spaces. In particular, the following theorem can be found
in the main text as Corollary 4.11.

Theorem 1.1. Let —A be the generator of a Cy-semigroup (T'(t))i>0 on a Hilbert space
X such that o(A) C C4 and |R(\, A)|| < C(1 + |A))? for some B >0, C > 0 and all
A € C with Re(A\) < 0. Then for each 7 > 3 there exists a C. > 0 such that

ITWA™| < A= (1 e [1,00)). (1.2)

Note that we do not assume that the semigroup is uniformly bounded. In fact, we show
that one can derive polynomial decay behavior for initial values in suitable fractional
domains given only spectral properties of the generator. In particular, by setting 7 =
in Theorem 1.1 one obtains uniform boundedness of sufficiently smooth solutions. For
uniformly bounded semigroups the parameter 1 — 7/ in (1.2) can be replaced by —7/53,
as was shown in [12], but in Example 4.20 we prove that 1 — 7/ is optimal for general
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semigroups if 7 = . Our main theorems allow for A to have a singularity at zero, or even
singularities at both zero and infinity. We also obtain versions of Theorem 1.1 on other
Banach spaces; the decay rate in (1.2) then depends on the geometry of the underlying
space.

Finally, as a direct corollary of our results on polynomial stability we recover in a
unified manner various results on exponential stability from [26,37,47,49,64,65]. We also
obtain a new stability result for positive semigroups, Theorem 5.8.

To prove our main results we rely on the theory of operator-valued Fourier multipliers
from LP(R; X) to LY(R;Y), for X and Y Banach spaces. A Fourier multiplier characteri-
zation of exponential stability for general p € [1,00) and ¢ € [p, co] was known from [37],
but so far only the case where p = ¢ has been used (see [5,25,26,36,37,65]). Although in
this setting very powerful multiplier theorems are available, see for example Weis’ version
of the Mikhlin multiplier theorem in [66] and [17,29,33], the assumptions of these theo-
rems are in general too restrictive for applications to stability theory. Indeed, multiplier
theorems on LP(R; X) typically require both a geometric assumption on X, namely the
UMD condition which excludes spaces of interest such as X = L', as well as smoothness
of the multiplier and comparatively fast decay at infinity of its derivative. The latter
assumption in particular is not satisfied in most applications to stability theory.

In this article we argue that for the study of asymptotic behavior it is more natural to
consider general p € [1,00) and ¢ € [p, oo]. It was observed in [55,56] that one can derive
boundedness of Fourier multipliers from LP(R; X) to LY(R;Y) for p < g under different
geometric assumptions on X and Y than in the case where p = ¢, and assuming decay of
the multiplier at infinity but no smoothness. In fact, the parameters p and ¢ depend on

the geometry of X, and the amount of decay which is required at infinity is proportional
1_1
P q
to uniform boundedness, and in fact even decay, of the resolvent from suitable fractional

to . Moreover, in Section 3.2 we prove that growth of the resolvent on X corresponds
domain and range spaces to X. Then one can determine for which fractional domain
and range parameters the conditions of the (LP, L?) multiplier theorems are satisfied
for (powers of) the resolvent, and the Fourier multiplier characterizations of stability
in Theorems 4.6 and 5.3 yield the corresponding asymptotic behavior. We emphasize
that, although we use Fourier multiplier techniques for the proofs, our main theorems
on concrete decay rates involve only growth bounds on the resolvent.

This article is organized as follows. In Section 2 we present some basics on Banach
space geometry, Fourier multipliers and sectorial operators. In Section 3 we deduce mul-
tiplier properties of the resolvent and we prove Proposition 3.4 and Corollary 3.5. These
are fundamental in later sections for relating resolvent growth on X to boundedness and
decay from fractional domain and range spaces to X. In Section 4 we study polynomial
decay of semigroups. We characterize polynomial stability using Fourier multipliers, and
from this characterization we deduce concrete polynomial decay rates which depend on
the geometry of the underlying space. In Section 5 we derive from these results various
corollaries on exponential decay. We also prove a characterization of exponential stabil-
ity using multipliers on Besov spaces, which in turn is used to obtain a new stability
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result for positive semigroups. An appendix contains estimates for contour integrals and
exponential functions.

1.1. Notation

The set of natural numbers is N = {1,2,...}, and Ny := N U {0}. We denote by
C; ={AeC|Re(A) >0} and C_ = —C_ the open complex right and left half-planes.

Nonzero Banach spaces over the complex numbers are denoted by X and Y. The
space of bounded linear operators from X to Y is £(X,Y), and £(X) := L(X, X). The
identity operator on X is denoted by Iy, and we usually write A for AIx when A € C.
The domain of a closed operator A on X is D(A), a Banach space with the norm

el peay == lally + Azl x  (x € D(A)).

For an injective closed operator A we identify the range ran(A4) of A with the Banach
space D(A™1). The spectrum of A is o(A) and the resolvent set is p(A) = C \ o(A). We
write R(\, A) = (A — A)~! for the resolvent operator of A at A € p(A).

For p € [1,00] and © a measure space, LP(€); X) is the Bochner space of equiva-
lence classes of strongly measurable, p-integrable, X-valued functions on 2. The Holder
conjugate of p € [1, 0] is denoted by p’ and is defined by 1 = % + }%.

The class of X-valued Schwartz functions on R is denoted by S(R; X), and the space
of X-valued tempered distributions by S'(R; X). The Fourier transform of f € §'(R; X)
is denoted by Ff or f.If f € L'(R; X) then

FFE) = / eEfdt (€ ER).

R

We use the convention that % = 00 and % = 00.

For sets S and Z we occasionally denote a function f : S — Z of a variable s simply
by f = f(s). We use the notation f(s) < g(s) for functions f,g: S — R to indicate that
f(s) < Cg(s) for all s € S and a constant C' > 0 independent of s, and similarly for

7(5) 2 gls). We write f(s) = g(s) if g(s) S f(s) S g(s) holds.
2. Preliminaries
2.1. Banach space geometry

Here we collect some background on Banach space geometry which is used for our
results on non-Hilbertian Banach spaces.

A Banach space X has Fourier type p € [1,2] if the Fourier transform F is bounded
from LP(R; X) to L” (R; X). We then set F, x = IF Nl 2(rr(rsx), 27 (R; x))- To make our
multiplier theorems more transparent, we say that X has Fourier cotype q € [2,00] if X
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has Fourier type ¢’. Each Banach space has Fourier type 1, and X has Fourier type 2 if
and only if X is isomorphic to a Hilbert space. For € [1,00] and {2 a measure space,
L"™(£2) has Fourier type min(r,r’). For more on Fourier type see [29,52].

A (real) Rademacher variable is a random variable r : Q — {—1,1} on a probability
space (€, P) such that P(r = —1) = P(r = 1) = 1. A Rademacher sequence is a sequence
(rk)x>1 of independent Rademacher variables on some probability space.

Let (rx)r>1 be a Rademacher sequence on a probability space (€2, P). A Banach space
X has type p € [1,2] if there exists a constant C' > 0 such that for all n € N and all
Z1,...,Z, € X one has

() < (31"
k=1 k=1

Also, X has cotype q € [2,00] if there exists a constant C' > 0 such that for all n € N
and all zq,...,z, € X one has

1/2

(S lenlr) " < (] 3 ra[) "
k=1 k=1

with the obvious modification for ¢ = co. We say that X has nontrivial type if X has
type p € (1,2], and finite cotype if X has cotype q € [2,00). Each Banach space has
type p = 1 and cotype ¢ = oo, and X has type p = 2 and cotype ¢ = 2 if and only if
X is isomorphic to a Hilbert space, by Kwapiet’s theorem [34]. For r € [1,00) and Q
a measure space, L"(€) has type min(r,2) and cotype max(r,2). For more on type and
cotype see [18,30].

Let X be a Banach lattice and p, ¢ € [1, 00]. We say that X is p-conver if there exists
a constant C' > 0 such that for all n € N and all z1,...,x, € X one has

- 1/p - 1/p
[(Steel) [ < (3 i)™
k=1 k=1

with the obvious modification for p = co. We say that X is g-concave if there exists a
constant C' > 0 such that for all n € N and all z1,...,z, € X one has

(O eel)"" < ] (Dpeel)
k=1 k=1

with the obvious modification for ¢ = oco. Each Banach lattice X is 1-convex and

oo-concave. For r € [1,00] and Q a measure space, L"(€) is r-convex and r-concave.
For more on p-convexity and g-concavity we refer the reader to [21,41].

Let X and Y be Banach spaces and 7 C £(X,Y). We say that 7 is R-bounded if
there exists a constant C' > 0 such that foralln e N, Ty,... T, € T and z1,...,2, € X
one has
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(3]l < (el 3 o

The smallest such C' is the R-bound of T and is denoted by R(7). If we want to specify
the underlying spaces X and Y then we write Rx y (7)) for the R-bound of T, and we
write Rx(T) = Rx,y(T) if X =Y. Every R-bounded collection is uniformly bounded
with supremum bound less than or equal to its R-bound, and the converse holds if and
only if X has cotype 2 and Y has type 2. For A € C and an R-bounded collection T C
L(X,Y), the closed absolutely convex hull aco(AT) C L(X,Y) of \T ={XT' |T € T} is
R-bounded, and

Rxy(@co(AT)) < 2|\Rx .y (T). (2.2)

In particular, L'-averages of R-bounded collections are again R-bounded, a fact which
will be used frequently. For more on R-boundedness see [30,33,48].

The following lemma is used in the proof of Corollary 5.5. It can also be deduced from
a corresponding statement in [31, Theorem 5.1] for the Besov space B:/{(R; L(X,Y)).
Here we give a more direct proof. For r € [1,00] and E a Banach space we denote by
WLT(R; E) the Sobolev space of weakly differentiable f : R — E such that f,f’ €

L"(R; E), with || fllwr. ey == | fllor@:ey + 1 |2 ;) -

Lemma 2.1. Let X be a Banach space with cotype q
type p € [1,2], and let r € [1,00] be such that 1 =
C € [0,00) such that for all f € W (R; L(X, Y))
R-bounded, with

[2,00) and Y a Banach space with
— =. Then there exists a constant
et {f(t) |t e R} C L(X,Y) is

»Ql»i

€
1
P
the

V)

R({f(t) |t e R}) < COllfllwrr®cix.y)-

Proof. Let f € W' (R; £(X,Y)) and for j € Z set I; :=[j,j+ 1) and T; := {f(t) | t €
I;}. Then [33, Example 2.18] and Hélder’s inequality imply

R(T;) S fllwracox,yy S Iflwir ey

for all j € Z. Now [20, Theorem 3.1] (see also [30, Proposition 9.1.10]) shows that
{f) [t € R} =, ez T; is R-bounded, with

R({f(t) |t € R}) SI(R(T}),llerzy S WUl ayecxy) e

S llwer@exyy. O

By replacing the Rademacher random variables in (2.1) by Gaussian variables, one
obtains the definition of a vy-bounded collection T C L(X,Y). Each R-bounded collec-
tion is y-bounded, and the converse holds if and only if X has finite cotype (see [35,
Theorem 1.1]). We choose to work with R-boundedness in this article, both because the
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notion of R-boundedness is more established and because those stability theorems in this
article which use R-boundedness are only of interest on spaces with finite cotype.

2.2. Fourier multiplier theorems

To properly define Fourier multipliers for symbols with a singularity at zero, we briefly
introduce the class of vector-valued homogeneous distributions. For more on these dis-
tributions see [56]. For X a Banach space let

SR: X) :={f € SR; X) | f®(0) =0 for all k € No},

endowed with the subspace topology, and let S’(R; X) be the space of continuous linear
mappings from S(R; C) to X. Then S(R; X) is dense in LP(R; X) for all p € [1, 00), and
LP(R; X) can be naturally identified with a subspace of S'(R; X) for all p € [1,00].

Let X and Y be Banach spaces. A function m : R\ {0} — L(X,Y) is X-strongly
measurable if £ — m(&)x is a strongly measurable Y-valued map for each x € X. We say
that m is of moderate growth if there exist o € [0,00) and g € L*(R) such that

€1+ 1D @)l exy) <9(6)  (E€R).

Let m : R\ {0} = £(X,Y) be an X-strongly measurable map of moderate growth. Then
Ty : S(R; X) — S'(R;Y),

Tn(f) :=F 2m-f)  (f € S(R; X)), (2.3)

is the Fourier multiplier operator associated with m. One calls m the symbol of T,,,, and
we identify symbols which are equal almost everywhere. If [|m(-)||z(x,v) € Li,.(R) then
(2.3) extends to all f € S(R; X) and defines an operator T, : S(R; X) — S'(R; X).

For p € [l,00) and ¢ € [l,00] we let M, ,(R;L(X,Y)) be the set of all
X-strongly measurable m : R\ {0} — L(X,Y) of moderate growth such that
T,, € £(LP(R; X), LY(R;Y)), and

HmHMP,q(R;L(X,Y)) = ||TmHL(LP(R;X),L‘Z(R;Y))~

We write || - [m,, = || - [m,.,®;cex,y)) when the spaces X and Y are clear from the

p,q
context.
We now recall several (LP, L9) Fourier multiplier results from our earlier work. The

first is [55, Proposition 3.9].

Proposition 2.2. Let X be a Banach space with Fourier type p € [1,2] and Y a Banach
space with Fourier cotype q € [2,00], and let r € [1,00] be such that % = % - %. Let
m : R\{0} = L(X,Y) be an X -strongly measurable map such that ||m(-)||;(xy) € L"(R).
Then m € My, ,(R; L(X,Y)) and
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1
lmllam, ,mic(x,yy) < Efp,qu’,y (MmOl zx,v)] Lr(®) - (2.4)
Our next result follows from [56, Theorem 4.6 and Remark 4.8] and [55, Theorem 3.21

and Remark 3.22].

Proposition 2.3. Let X be a Banach space with type p € [1,2] and Y a Banach space
with cotype q € [2,00], and let r € [1,00] be such that 1 > % - %, Then there exists a
constant C € [0,00) such that the following holds. Let m : R — L(X,Y) be an X -strongly
measurable map such that {(1 + [£))'m(&) | £ € R} C L(X,Y) is R-bounded. Then

m e M, (R, L(X,Y)) and

[mll s, mecxyy < CRxy ({1 +[€)'m(E) | € € RY). (2.5)

Moreover, if X is a complemented subspace of a p-convexr Banach lattice with finite

cotype and if Y is a Banach space continuously embedded in a q-concave Banach lattice
for q € [1,00), then (2.5) also holds if + = % - %.

For s € R and p € [1, 00}, the inhomogeneous Bessel potential space H,(R; X) consists
of all f € 8'(R; X) such that T, (f) € LP(R; X), where m(£) := (1+|£[2)%/2 for £ € R.
It is a Banach space endowed with the norm

[fll s ®x) = 1T, (FllLreax)  (f € Hp(R; X)).

Moreover, S(R% X) C H;(Rd; X) is densely embedded for p < oo.

The following proposition is proved in the same way as the corresponding homogeneous
version in [55, Theorem 3.24]. We note that one can often avoid condition (2) by using
approximation arguments.

Proposition 2.4. Let p € [1,00) and q € [p,00). Let X be a p-convex Banach lattice with
finite cotype and let Y be a q-concave Banach lattice, and let v € (1,00] be such that
% = 1% — %. Then there exists a constant C' € [0,00) such that the following holds. Let
m: R — L(X,Y) be such that there exists a K : R — L(X,Y) satisfying the following
conditions:

K(t) € L(X,Y) is a positive operator for allt € R;
©2) K()z € L'R;Y) for allz € X;
F(K()x)(&) =m(&)zx for allxz € X and € € R.

Then Ty, : HY"(R; X) — LY(R;Y) is bounded and

HTmHg HY™(R:X).La(R:Y < OHm(O)”E(X,Y) < CSUpHm(f)HE(X,Y)-
(H3/ (50, L (R:Y ) 4
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2.3. Sectorial operators
For a Cy-semigroup (T'(t));>0 € £(X) on a Banach space X we let
wo(T) :=inf{fw € R [ IM € [0,00) : [|T(t)| z(x) < Me*" for all t € [0,00)}.
For ¢ € (0,7) set

Sp = {2 € C\ {0} | |arg(2)| < ¢},

and let Sy := (0, 00). Recall that an operator A on a Banach space X is sectorial of angle
¢ € [0,7) if 7(A) € S, and if sup{[|]AR(X, A)||z(x) | A € C\ Sp} < oo for all € (o, 7).
Then we write A € Sect(p, X) and we let wa := min{y € [0,7) | A € Sect(p, X)}. An
operator A such that

M(A) := Sup{||)\()\+A)_1||£(X) | A€ (0,00)} < (2.6)

is sectorial of angle ¢ = m — arcsin(1/M(A)).

For a sectorial operator A on a Banach space X one has N(A) NRan(A) = {0} and, if
X is reflexive, X = N(A) ® Ran(A). If —A generates a Cy-semigroup (T'(t));>0 C L(X)
then T'(t)xz = = for all x € N(A) and ¢ > 0. Moreover, the restriction of (T'(¢)):>o0

to Ran(A) is generated by the part of A in Ran(A), which is injective. Hence for the
purposes of stability theory it is natural to assume that A is injective, and we will do so
frequently.

For the definition and various properties of fractional powers of sectorial operators
we refer to [23,44]. We shall use in particular that, for ¢ € [0,7), A € Sect(¢, X) and
a,B,m € (0,00), one has

o— 1 2%
A4+ Ay F=_— | = ___R(z,A)dz. (2.7)

2w ) (n+z)eths
9Sg

Here 0Sy is the positively oriented boundary of Sy for € (p, 7). Note that A* is injective
for A injective, and if A is invertible then one may let « = 0 in (2.7).
For A a sectorial operator and a, 3 € [0,00) we set ®F(A) := A%(1 +A)" P e L(X).
We will frequently use that ®3(A) = (A(1 + A)~1) and that
B (A5 (4) = 3175 (4) ©9)
for a1, az, B1, B2 € [0,00), by [23, Proposition 3.1.1]. Let X§ := Ran(®§(4)), X* := X¢
and Xg := Xg. If A is injective then X§ is a Banach space with the norm

lzllxg = lzllx + 11254 2llx = |zl x + (L + A PA™|x  (x € X5).
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It follows from [7, Proposition 3.10(i)] (the restriction «, 8 € [0, 1] is not needed here) that
Xg =ran(A%) N D(AP) with equivalence of norms. Finally, note that P3(A): X — X§
is an isomorphism. More precisely, there exists a constant C' > 0 such that

1Tl exgx) S IT25(A)llex) < ClTllexg,x) (T € L(XG, X)). (2.9)
3. Resolvent estimates and multipliers

In this section we prove some statements on Fourier multipliers and resolvents which
will be used in later sections.

3.1. Resolvents and Fourier multipliers

Throughout this subsection —A is the generator of a Cy-semigroup (T'(¢));>0 on a
Banach space X.
For the reader’s convenience we include a proof of the following standard lemma.

Lemma 3.1. Let n € Ny, © € X and & € R. Suppose that —i& € p(A) and that [t —
t"T(t)z] € L1([0,00); X). Then

Flt e t"T(t)z](€) = nl(i& + A" 'a, (3.1)

/t"T (—Dedt)(©) =gEmiE + A" (geL'(R).  (32)

Proof. It suffices to prove (3.1), as (3.2) follows from (3.1) by standard properties of
convolutions. Since A(A+ A)~lz — x as A\ — oo, by the dominated convergence theorem
we may additionally assume that x € D(A) and that [t — t"T(t)Az] € L'([0,0); X).
Also, [45, Lemma 3.1.9] implies that [t — T'(¢)z] € Co([0,00); X). Now the fundamental
theorem of calculus yields

(i€ + A) / () dt = {— e_iftT(t):rKo = 2.
0

Hence [;° e T (t)xdt = (i + A)~'x and

[ 1A T
e ST (t)z dt = — —/e*’@T tzdt =nl(ié+ A" 2. O

We will often use the following proposition, inspired by [37, Theorem 3.1].
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Proposition 3.2. Let Y be a Banach space that is continuously embedded in X and let
n € N. Suppose that iR\ {0} C p(A) and that there exist ¢» € L>®(R), p € [1,00) and
q € [1,00] such that for j € {n —1,n} NN one has

m

10) =¥ ()R(i-, A) € My oo(R; LY, X)),
mi () = (1 — w()R(i-, A € M, 4(R; L(Y, X))

Then Tg. ayn : LP(R;Y) N LYR;Y) — L*°(R; X) is bounded and ||Tg(;. ay- || < 2MCh,
where M = sup{[|T(t)||z(x) | t € [0,2]},

Co= Y lImills w@eix + 1Ml a, . @emvx))
j=n—1
forn>1, and

C1 = Imillmy wricvix)) + IMallag, , @sevx)) + 1y leev,x)-

Proof. Let K € N, f1,..., fx € S(R) and z1,...,2x €Y, and set f := Zlefk ® Tk,
Then T,n (f) € Cp(R; X) and

igﬂgHTmT(f)(t)HX < Ity @icrxp 1l @iy (3.3)
Also,
1Tz (N)llLe@ix) < M3, ,@covxpllfllze@y)-
The latter inequality implies that for each I € Z there exists a t € [I,1 4 1] such that
[Tz (F) )l x < 2[lm3 |, @eerxon L le @) (3.4)
Fix an l € Z and let ¢ € [[,1 + 1] be such that (3.4) holds. Then (3.3) implies

1 Trg- 4 (HOllx < 20Im a0 + M2l )l @yynLe@yy- (3:5)

Let 7 € [0,2] and note that

e*TT(T)R(i€, A)w = R(i¢, A)x + / ST T (r)x dr
0

for all £ € R\ {0} and =z € X. Hence
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~

T Tagean ()0 = 5 [ 50D RGE A7 i) de
R

1 ~

— 5 [ €D RiE Ay Fle) e
R

o [ [ e Tnie, Ay o) arag
R O

T

= Tr(i-,ay ()t —7) + / T(r)Tre. a1 (f)(Et — 7 +7)dr.

0

Now (3.5) and Holder’s inequality yield
TR, 4y (F) (¢ = 7)llx
<M (s (DOl + [ [ Taiays (9 =74 1) ar)
0

< 2M(|lm7 | my oo + M T, I Fll 22 ®y)nLe my)

M| n =1 ()l oo (rix) + i 1T =2 ()l Lo rix)

<2M( D7 Imdllats e + Ity IS oy @)

j=n—1

for n > 1. For n = 1 the computation is similar, but one can directly estimate

/ 170t =7 = P)llx dr < [Ty e |l ey

2857

This concludes the proof, since 7 € [0,2] and I € Z are arbitrary and since S(R) ® Y C

LP(R;Y)N LY(R;Y) is dense. O

Remark 3.3. When applying Proposition 3.2 we will consider ¢ with compact support.
Then one may assume that m} € M., ,,(R; £(Y, X)) for general u € [1,00) and v € [1, 00].
For y € C2°(R) such that x = 1 on supp(t) one has m} = xmJ € M, (R; L(Y, X)) by
Young’s inequality. The same proof now shows that Tg(;. ay» : L*(R;Y) N LP(R;Y) —

L>(R; X) is bounded, with

n

TR, a)n || < 2M( > Imdllm, icrix)) + |Im§||Mp,q<R;L(Y,X>>>

j=n—1
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for n > 1, and similarly for n = 1. However, Young’s inequality also shows that m{ =
Xmix € Mi,(R; L(Y, X)), so that these assumptions are no more general than those
in Proposition 3.2.

3.2. Resolvent estimates

We now present two propositions on resolvent growth. The assertions on uniform
boundedness have for the most part been obtained by different methods in [65, Lemma
3.3], [28, Lemma 1.1], [37, Lemma 3.2] and [7, Theorem 5.5]. The proof below allows us
to also deduce the corresponding statements on R-boundedness directly. Note that if A
satisfies (3.6) with « € (0,1) then one may in fact let a = 0, by elementary properties
of resolvents.

Proposition 3.4. Let o € {0}U[1,00), § € [0,00) and By € [0,1], and let A be an injective

sectorial operator on a Banach space X. Let ¢ € (0,%] and Q := C4 \ (S, U{0}), and

suppose that —Q C p(A). Then the following statements hold:

(1) The collection
DA+ AT Ae )\ <1} CL(X) (3.6)
1s uniformly bounded if and only if
{A+A T NeQ N\ <1} CL(X X) (3.7)

is uniformly bounded. Moreover, (3.6) is R-bounded if and only if (3.7) is R-bounded.
(2) The collection

AP+ AT e A > 1} C L(X) (3.8)
is uniformly bounded if and only if
A+ AT A e QA 21} C L(Xpg,, X) (3.9)

is uniformly bounded. Moreover, (3.8) is R-bounded if and only if (3.9) is R-bounded.
(3) The collection

(="

{a=nrora taa e ayeh -

Tyt A)*l’/\ c Q}
is R-bounded in L(X).

Proof. Fix § € (max(wa,m™—¢),7) and let I := {re?® | r € [0,00)} U{re % | r € [0,00)}

be oriented from coe® to ocoe=.
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For (1) first note that, by the resolvent identity,

A+ A TTAQ+ A =1+ AT -0+ AT+ AT

A A
=(1+A) " - A+ A - (1 AT
(1+4)7 = 25+ 4 - o0+ 4)
1 A .
1+)\(1+A) 1+/\()\+A)

for all A € Q. Now (2.2) and (2.9) yield (1) for o = 1.
Let oo > 1. Then

A+ A)TTA*A+A) =M+ A1+ A)A* Q1+ A) !

= A1+ A) " L (1= AN\ + A) LAY 4+ A) e (3.10)

for all A € Q. Since the singleton {A%(1 + A)~"1} C £(X) is R-bounded, by (2.9) it
suffices to show that (3.6) is uniformly bounded (or R-bounded) if and only if

{T=NA\+ATTAYQ+ A XNe |\ <1} C L(X) (3.11)
is uniformly bounded (or R-bounded). The resolvent identity and (2.7) yield

-1 g —a—1 1 —1
A+ A) A1+ A) = — a+1)\+A) R(z, A)dz

27

dz(A+ A)~!

2mi 1—|—za+1z+)\)

[
=

Z(X
" omi / (5 2otz a e A ds
r

for A € Q. Hence, using (A.1) of Lemma 5.9,

—\)e
(I=XNM+ A)_le‘(l + A)_O‘_1 = ﬁ()\ + A)_1 + Si, (3.12)
where
1 i A
A= 2—/ T2 a+12+/\R(z,A)dz
r

Now fix ¢ € (0, min(a — 1,1)]. Then z — R(z,A) is integrable on T, and

ZE

sup{ 2>~ 11— ‘/\GQ zEF}
|1+Z|a+1 2e |Z+)\|
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by (A.2) in Lemma 5.9. Hence [33, Corollary 2.17] implies that {Sx | A € Q} C L(X)
is R-bounded. Now (3.12) shows that the uniform boundedness (or R-boundedness) of
(3.6) and (3.11) are equivalent, thereby proving (1).

For (2) we may suppose that 8+ 3y > 0. Then (2.7), applied to the invertible sectorial
operator % + A, and the resolvent identity imply that

1 1

A+ A) (14 A) PP = %/W(A‘*‘A)_lfz(% 3 +A)dz

1 1
=5 dz(\A+ AT
mm/k;+aﬁqu+xg)z(+ )

I

1 1 )
= Iy
+2m/( +Z)ﬂ+30(z+)\77)R(Z’2+ )dz

for A € Q. Now (A.1) yields
1
(1—=NPoN4 A1 4 A) PP = Tt A7 (1= NPTy, (3.13)

where

1 1
'_2_/ +zﬁ+5oz+)\ )R(zvi"'A)dZ-
r

Fix € € (0,84 Bo). Then z — (2 + ) °R(z, 5 + A) is integrable on T', and

14 |A
su A€Q726F}<oo
ph%+zWWWﬂz+A—%

by (A.2). Hence [33, Corollary 2.17] implies that {(1 + |A\)Tx | A € Q} is R-bounded.
Since |1 — A% < 14 |A| for all A € Q, the proof of part (2) is completed using (2.2),
(3.13) and (2.9).

Finally, for (3) we restrict to the case where a > 1 and 8 > 0. The other cases follow
in a similar manner from the proofs of (1) and (2). The operator family in (3) can be
written as

AL+ AT 1= NP A+ AT+ A - (1= )T+ )7

(=)

+a—Arﬂu+ArUmu+Ara_at7ﬁ

(A+4)7]

= A1+ A) Vi + (1= NPV
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Using standard algebraic properties of R-boundedness (see [30, Proposition 8.1.19]), it
suffices to prove that {Vi | A € Q} C £(X) is R-bounded for i € {1,2}. The proof of (2),
and in particular (3.13), shows that

RV A€ Q}) = R{(1 - NPT\ | XeQ}) < .

For the other term note that, by (3.10) and (3.12), VZ = A%(1 + A)=>~! + S). Hence
the proof of (1) yields

R{VZIAeQl) <[[A*1+A)  Yex)+ RU{SA A€ Q}) <oco. O

Corollary 3.5. Let o € [0,00) and g € [0, ]. Let A be an injective sectorial operator on
a Banach space X such that iR\ {0} C p(A4) and

sup{[[A*(A + A) "M zx) [ A € iR\ {0}, [A] < 1} < .
Then
sup{[[A*" (A + A) " zxeo0,x) | A € iR\ {0}, A < 1} < o0,

Proof. First note that 0 € p(A) for a < 1, by elementary properties of resolvents. Hence,
by Proposition 3.4 (1) it suffices to consider @ > 1 and g € (0, ). By [23, Propositions
2.1.1.f and 3.1.9], A(1 + A)~! is a sectorial operator and A* (1 + A)~% = (A(1 +
A)~Heo Now the moment inequality [23, Proposition 6.6.4] and another application of
[23, Proposition 3.1.9] yield

[A*T0 N+ A)TTAY (1 + A) x| x
= AT AL+ A)TH A+ A) e x
SIAPTO+ ATHAL + AT+ ) e T

<O+ A) AL+ A) TG IAT A+ A TS Nl x

for all A € {R \ {0} and = € X. Proposition 3.4 (1) and (2.9) conclude the proof. O
4. Polynomial stability

In this section we study polynomial stability for semigroups using Fourier multipliers.
We first obtain some results valid on general Banach spaces. Then we establish the
connection between polynomial stability and Fourier multipliers, and we use this link
to deduce polynomial stability results under geometric assumptions on the underlying
space. We also study the necessity of the spectral assumptions which we make, compare
our theorems with the literature, and give examples to illustrate our results.

The following terminology will be used throughout this section.
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Definition 4.1. Let a, 5 € [0,00). An operator A on a Banach space X has resolvent
growth («, B) if the following conditions hold:

(i) —A generates a Cy-semigroup (T'(t)):>0 on X;
(i) T\ {0} € p(A), and

{(HA%(HAM AeT\{0)} € £(x)

is uniformly bounded.

An operator A has R-resolvent growth («, 3) if A has resolvent growth (o, 8) and

{A‘B(/\ T A) Y NeTh N > 1} C L£(X)
is R-bounded.

Note that we do not assume in (i) that the semigroup generated by —A is uniformly
bounded. We will implicitly use throughout that each operator A with resolvent growth
(o, B), for a € [0,1) and 8 € [0,00), is invertible and thus has resolvent growth (0, 3),
as follows from the fact that [[R(X, A)|zx) > dist(A,0(A))~! for all X € p(A).

Recall that we use the convention that % = oo, for simplicity of notation.

4.1. Results on general Banach spaces

The following lemma is used to interpolate between decay rates. Related results can
be found in [4, Proposition 3.1] and [7, Lemma 4.2]. Recall the definition of the space
Xg, for a, 8 > 0, from Section 2.3.

Lemma 4.2. Let A be an injective sectorial operator on a Banach space X such that —A

generates a Co-semigroup (T'(t))i>0 on X. For j € {1,2} let o, B; € [0,00) be such that

a1 > az and By > P2, and let f; : [0,00) — [0,00) be such that ||T(t)H£(X;‘j x) < fi(t)
=

for allt € [0,00). Then for each 6 € [0, 1] there exists a Cy € [0,00) such that

IT @)oo +a-00 ) < Co(f)(£2())' 77 (t € [0,00)). (4.1)

0B1+(1-6)B2

Moreover, suppose that f1(t) = Ct=+ for some C,p € [0,00) and all t € [1,00). Then
for each 8 € [1,00) there exists a Cy € [0,00) such that
IT(#)

locegss o < Cot™ (1€ [1,00)). (42)
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Proof. Let ¢t € [0,00) and note that, by (2.9) and (2.8),
0a 1-0)c
IT()] g xtorra-men ) < ITORS T8 (D)
= IT @G5 (25 (A)ex).

Let ¢ := oy — as + 1 — B2. Then @ng:g;))//cc(A) = Aler=e2)/e(1 4 A)~1 is sectorial, by

[7, Proposition 3.10]. Hence [23, Theorem 2.4.2] yields

O(ar1—a — - — — arj—as)/c
éegﬂllfﬁ;))(A) — Af(aa Otz)(l + A) O(or—az+p1—B2) _ ((I)Eﬁllfﬁ;))//c (A))ce_

The moment inequality [23, Proposition 6.6.4] and [23, Theorem 2.4.2] imply that
(@5 252 (Al x S @G 253 (A =] ll=l? = 195752 ()il ]k

for z € D(®5!"52(A)). Combining all this with (2.8) and (2.9) shows that

1T 2 xom+a-000 ) < (TG 52 (A)DG (A)lleex)

951+( —60)By ?
= (@5 252 /S (ANLT )@ (A £x)
S @5 =52 (AT (A% x0T (1) 252 (A)
= |75 (A)|| %00 IT 52 (A 1 %)

SIT( )||£(Xa1 xlIT(@ )||£(Xa2 ) < () (F2(6)7

lecx)

thereby proving (4.1). As for (4.2), let n € N. Then
ITOllzxzsr x) < ITORRGH (Al < ITEREH (A2 x)
< (B = Crngen,

which implies (4.2) for § € N. Finally, applying (4.1) to interpolate between (nai,nS1)
and ((n+ 1)ag, (n+1)p1) yields (4.2) for all § € [1,00). O

The following result for Cp-semigroups on general Banach spaces extends [4, Propo-
sition 3.4], where the case a = p = 0 was considered.

Proposition 4.3. Let o, 8 € [0,00) and let A be an injective sectorial operator with resol-
vent growth (a, 3) on a Banach space X. Let 0,7 € [0,00) be such that 0 > o — 1 and
7> B+ 1. Then for each p € [0, min(ZEL — ,"Tgl — 1)) there exists a C, € [0,00) such
that

Tl exe.x) < Cpt™”  (t€[1,00)). (4.3)
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Proof. By elementary calculations the proposition is equivalent to the following state-
ment: for all s > 0 and d,& > 0 there exists a C 5. > 0 such that

1T zxp,x) < Csset™® (t €[1,00)), (4.4)

where p = max((s+1)a—1+4,0) and v = (s+1)8+ 1 +e¢. Furthermore, by Lemma 4.2
it suffices to prove (4.4) for n := s € N.
Let € X}/ | and set y := ®L(A)x = A#(1 + A)"* "z € D(A). Then

() = e*’\tLR(A A)ydr
= o (1 v Y

is a well defined element of X for all £ > 0. One can check that ¢ is continuously
differentiable with ¢'(t) = —Ag(t). Also,

N NP U
- 2mi (14 \)ptv

100

g(0) RN Aydr= A1+ A) Py ==

Here we have deformed the path of integration to the curve I' = {re®® | r € [0,00)} U
{re=® | r €[0,00)} in (2.7), for 6 € (wa, ), which we may do by the assumptions on A.
Now g(t) = T'(t)x, by uniqueness of the Cauchy problem associated with —A. Integration
by parts yields

tn 2\t A#

omi ] © @A
iR

I [ (8 oy X
- o RO A)ydr
27 (d)\"e )(1+)\)M+VR( Ay

iR

t"T(t)x = R(A\ A)ydA

1 — At

——— A, Ay d.
5.7 | € p(A, Ay
R

Here p(\, A) is a finite linear combination of terms of the form

AB—J

n—k+1
1+ A)u+u+(k—j) R(A, 4)

for 0 < j <k <n, where we let j =0 if u = 0. Then

n 1 _ y
[T ()] x < %/\\p(MA)IIg(x)I\yIIXdI)\I S N4 A+ A el x < lollx
iR
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with implicit constants independent of ¢ and x. Since X}, | is dense in X/, the proof is
concluded. O

The following corollary of Proposition 4.3 and Lemma 4.2 takes into account the
growth behavior of (T'(t));>0 on X. It also extends Proposition 4.3 by providing stability
rates on X7 for 0 € [0, — 1] and 7 € [0, 5 + 1]. The same approach was used in [4,
Theorem 3.5] for uniformly bounded semigroups and o = 0.

Corollary 4.4. Let o, 8 € [0,00) and let A be an injective sectorial operator with resolvent
growth (e, B) on a Banach space X. Let 0,7 € [0,00). Then for each p € [0, min(g, 3))
there exists a C, € [0,00) such that

1Tl exe.x) < Cpmax(L [[T(#)llex)t™ (¢ € [1,00)). (4.5)

Proof. By elementary calculations it suffices to prove the following: for all s > 0 and
d,& > 0 there exists a constant C; 5. > 0 such that

1Tl ext x) < Cspemax(LIT@) et (¢ € [1,00)), (4.6)

where p = sa+ 0 and v = sf +¢. Let € > 0 and for 8 € (0,1) set § := s/0, i :=
max((s+1)a—1+¢,0) and v := (§+1)8 + 1 + &. Then, by Lemma 4.2 and (4.4),

ITON xS IO IO o ) S max(L IT@ o)

for all t > 1. Next, note that g = max(sa+60(a—1+4¢),0) and v0 = sf+6(5+1+¢). Now
the proof is concluded by letting 8 € (0, 1) be such that i < sa+e and v < sf+¢e. O

4.2. Polynomial stability and Fourier multipliers

In this subsection we relate polynomial stability of a semigroup to Fourier multiplier
properties of the resolvent of its generator.

In order to state our abstract result on polynomial stability we introduce a class of
admissible spaces.

Definition 4.5. Let —A be the generator of a Cp-semigroup (7'(t)):>o on a Banach
space X, and let n € Ny. A Banach space Y which is continuously embedded in X
is (A, n)-admissible if the following conditions hold:

(i) there exists a constant Cr € [0, 00) such that T'(#)Y C Y and

1Ty llcevy < CrlIT @) 2ex) (t €[0,00));

(i) there exists a dense subspace Yy C Y such that [t — t"T(t)y] € L*([0,00); X) for
all y € Y.
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Let o, 8 € [0,00) and let A be an injective sectorial operator with resolvent growth
(o, B). Then Y = X7 is (A, n)-admissible for all o,7 € [0,00) and n € Ny, by Proposi-
tion 4.3.

The following theorem is our main result relating polynomial stability and Fourier
multipliers. It follows from (4.10) and (4.12) below that one can obtain quantitative
bounds in each of the implications between (1) and (2).

Theorem 4.6 (Characterization of polynomial stability). Let —A be the generator of a
Co-semigroup (T'(t))i>0 on a Banach space X, and assume that A has resolvent growth
(o, B) for some a, B € [0,00). Let n € Ny and let Y be an (A, n)-admissible space. Then
the following statements are equivalent:

(1) sup £ T (#)ll v x) < 005
(2) there exist 1 € C°(R), p € [1,00) and q € [p, 0] such that

V()R(i A)F € Mi oo (R; L(Y, X)),
(1 =% ()R(i-, A)F € Myq(R; LY, X))
forallk € {n—1,n,n+1}NN.
Moreover, if (1) or (2) holds then R(i-, A)* € M, 4(R; L(Y, X)) for:
i) n>2,ke{l,...,n—1} and 1 < p < g < o0;
(i) k=n>1and 1 <p < qg<oo;

(iii) k=n+1, p=1 and g = cc.

Proof. (2) = (1): Let w, M, > 1 be such that || T(t)|zx) < M,,et@=1 for all t > 0, and
set

m(&) :==nl(i§ + A)"(Ix +w(ié+ A)~") € LY, X) (£ €R\{0}).
Since (i - +A4)~t = —R(—i-, A), it follows from Proposition 3.2 that
Ty : LP(R;Y)N LY (R;Y) — L®(R; X)
is bounded with
| Tl < 2Mn!(Cp + wChy1). (4.7)

Here M := supyc(o o) [|T(t)llc(x), Ck is as in Proposition 3.2 for k € N, and Cp :=
1y ||l z(v,x)- Now let Y5 €Y be as in Definition 4.5 and fix 2 € Y. Lemma 3.1 yields

Flt v t"T($)2](-) = nl(i - +A)~" 1z (4.8)
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Set f(t) == e “'T(t)x for t > 0, and f =0 on (—oo,0). Then

IFOly < e TO)lleer)lzlly < Crlle” TM)lccollzly (¢ €[0,00).  (4.9)

Hence f € Ll(R Y) N L>®(R; Y) and || f|lzr@y) < OrMy||z|ly for all r € [1,00]. By
Lemma 3.1, f() (w+1i-+A)"lz. Therefore, by the resolvent identity,

-~

m(€)f(€) =nl(i€ + A" 'z (€ R\{0}).

Combining (4.8) and (4.9) with (4.7) yields
sup [T (H)z]lx < Tl (1l 2o vy + L2 mivy) < Cllzlly, (4.10)

where C' = 4Mn!CrM,,(Cy, + wCry1). The required result now follows since Yy C Y is
dense.

(1) = (2): Set K,, := supt>0 Ht"T( )z|lx and let Y5 C Y be as in Definition 4.5. Let
f€SR)® Yy and set Si(f)(s) == [; t*T(t)f(s — t)dt for s € R and k € {0,1,...,n}.
Lemma 3.1 yields

Sk(f) = KIF (- +A) () = KU T4y (f). (4.11)
Now, for n > 2, k € {0,...,n—2} and r € [1, o0],

|t — 1Tt dt <M+ Ko ||[t =t 2 (1,00) £ M + K.

HHU [0,00);£(Y, X))

Similarly, for n > 1 and r € (1, o0],

Ky
<M+

1
[t = [t T@)]l| L7 ([0,00):£(Y, X)) = (r—1)1/r"

By combining these estimates with (4.11) and with Young’s inequality for operator-
valued kernels in [3, Proposition 1.3.5] one obtains, for p € [1,00) and ¢ € [p, x|,

IRG Al o ricvix)y < Trtr (n=2k€{l,...,n—1}),

. n r—1)"1/" n
[R(E A)* | w4 (i (v.x)) < W (n>1,p<q), (4.12)

IR(i-, A"y o ic(vix)) <

Now (4.11) and (4.12) yield statements (i)-(iii) for (i-+A4) !, and by reflection these state-
ments hold for R(i-, A) as well. Finally, for (2) let ¢ € C°(R). Then Young’s inequality
and (4.12) yield ¥ (-)R(i-, A)¥ € M; o(R; L(Y, X)) for all k € {1,...,n + 1}, and one
obtains (4.12) for ¢ (-)R(i-, A) with an additional multiplicative factor ||[F~(¢))| 11 (w)-
Similarly, (4.12) holds with an additional multiplicative factor ||F~*(1 — )| 11(=) upon
replacing R(i-, A) by (1 —¢(-))R(i, A). O
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The assumption in Theorem 4.6 that A has resolvent growth («, ) for some «, 3 €
[0,00) is only made to ensure that Tg(;. 4) is well-defined, and the specific choice of «
and g is irrelevant here. Inspection of the proof of Theorem 4.6 also shows that one could
assume in (2) that for each k € {n —1,n,n + 1} NN there exist px, ¢ € [1,00] such that

(1 =Y ()R(i:, A)F € My, g, (R; LY, X)).

However, we will not need this generality in the remainder. As was already mentioned
in Remark 3.3, the assumption

Y()R(i- A € My oo (R; L(Y, X))
in (2) is the most general (L?, L) Fourier multiplier condition for (-)R(i-, A)*.

Remark 4.7. The theory of (LP, LP) Fourier multipliers alone cannot yield a character-
ization of polynomial stability as in Theorem 4.6, and in general it is necessary to also
consider the case where p < ¢ in condition (2). To see this, consider a uniformly bounded
Co-semigroup (T'(t));>0 C L£(X) with generator —A such that C_ C p(A) but A is not
of type (0,0). Let n =0 and Y = X. Then R(i-,A) ¢ M, ,(R; L(X)) for each p € [1, c0)
since sup{||R(i§, A)|lz(x) | £ € R\ {0}} = oco. Nonetheless, (1) holds since (T'(t))¢>0 is
uniformly bounded, and R(i-, A) € M1 (R; £(X)). Indeed,

o0

FH(R(i, A) ('))(t)Z/T(t—S)f(S)dS (teR)

0

defines an element of L (R; X) for each f € S(R; X).

A variation of the proof of Theorem 4.6 yields the following result, which will also be
used in Section 5. In particular, it provides a simple condition for powers of the resolvent
to be Fourier multipliers.

Proposition 4.8. Let —A be the generator of a Co-semigroup (T(t))i>0 on a Banach
space X, and suppose that C_\ {0} C p(A). Let ¢ € [1,00), n € Ny and let Y be an
(A, n)-admissible space. Then the following statements are equivalent:

(1) there exists a constant C' € [0,00) such that [t — t"T(t)x] € LI([0,00); X) for all
r €Y, and

it = Tl s < Cllelly (@€ ¥);

)

(2) for each k € {n,n + 1} NN one has R(i-, A)* € My ,(R; L(Y, X));
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(3) there exist ¥ € C°(R) and p € [1,q] such that
YR, A)F € Myg(R; LY, X)) and (1= () R(i, A)F € My q(R; LY, X))
forke{n,n+1} NN,

Proof. (2) = (3) is trivial. For (3) = (1) one proceeds in an almost identical manner as in
the proof of Theorem 4.6, except that now it is not necessary to appeal to Proposition 3.2.

(1) = (2): Let Yy C Y be as in Definition 4.5. Then [t — t*T(t)z] € LY(R4; X) for
all k € {0,...,n} and z € Y. Hence, for f € L'(R) ® Yy, Minkowski’s inequality yields

</H/(t_S)nT(t—s)f(s)dqudt)l/q
R R

< [([1e=srme—sseia)as < e [

Now the proof is concluded using Lemma 3.1. O
4.3. Results under Fourier type assumptions

Here we apply Theorem 4.6 to obtain polynomial stability results under assump-
tions on the Fourier type of the underlying space. The following theorem coincides with
Proposition 4.3 for p = 1. In the case where a = 0 it was already stated in [4] that an
improvement of Proposition 4.3 might be possible using ideas from [46, §4.2], but no
details are given there.

Theorem 4.9. Let a, 8 € [0,00) and let A be an injective sectorial operator with resolvent

growth («, B) on a Banach space X with Fourier type p € [1,2]. Let r € [1,00] be such

that % = % — 1%, and let 0,7 € [0,00) be such that o > a—1 and 7 > B + % Then for

each p € [0, min(= — 1, T*Tgfl — 1)) there exists a C, € [0,00) such that
IT@lexex) <Cpt™”  (t€[1,00)). (4.13)
If p =2 then (4.13) also holds for T > 3 and p € [0,00) with p < “EL —1 and p < 3L

Proof. We prove the following equivalent statement: for all s > 0 and d,& > 0 there
exists a constant Cs 5. > 0 such that

1Tl cxpex) < Csset™ (€ [1,00)), (4.14)

where 11 = max((s +1)a—1+6,0), v =(s+1)8+ L +ecforpe[l,2),and v = (s+ 1)
for p = 2. By Lemma 4.2 it suffices to consider n := s € Ny, and the case where p = 1
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follows from Proposition 4.3. For p € (1,2) set 3y := % + ¢, and for p =2 we let 5y = 0.
We may assume that Sy € [0,1).

By Proposition 3.4 and because R(i€, A) commutes with A%(1 + A)~*= 8 for all £ €
R\ {0}, one has

sup{[[R(i&, A)* |l c(xpg,x) [€ €R\{0}} <00 (ke {L,....n}). (4.15)

ng:?

Now, the part Aof Ain X 15 satisfies the conditions of Proposition 3.4 and Corollary 3.5,
and R(i¢, A) = R(i¢, A) [xng for all € € R\ {0}. Hence

{LRM A)]g c R\{O}} C L(XE, X1 (4.16)
(1+ [gni—o=ro " =T '

is uniformly bounded. Let k € {1,...,n+ 1}. Then (4.15) and (4.16) show that

{LR@ A)k\g ER\ {0}} C L(X", X) (4.17)
TR = A |

is uniformly bounded. Let ¢» € C2°(R) be such that ¢ = 1 on [—1,1]. Since 6 > 0, it
follows from (4.17) and Proposition 2.2 that

Y()R(i-, A) € LR L(X], X)) © Myoo(R; L(X], X)).

Another application of (4.17) yields ||(1—1(-))R(i-, A)¥ | (xz,x) € L"(R). Note that X/
has Fourier type p, since X*# is isomorphic to X. Hence Proposition 2.2 yields

(1= P()R(ir, A)F € My (R; L(XL, X)).
Now Theorem 4.6 concludes the proof. 0O

Remark 4.10. One can show that the constant C,, in (4.13) depends only on the following
variables: «, 8, o, T, p, Fp x, the sectoriality constant M (A) from (2.6),

9

M, 3 :=su {
OIS ge

IRGE, Al |¢ € R\ {0}

and the semigroup growth constants M, w and M, which appear in (4.10).

It is an open question whether (4.13) also holds for p = min(ZH — 1, 7_571 —1)if
a+3>0.

A Hilbert space has Fourier type 2 by Plancherel’s identity. Hence we may distill from
Theorem 4.9 the following important corollary, which in particular implies Theorem 1.1.
It follows from Example 4.20 and Remark 4.17 that, up to ¢ loss, the polynomial rate
of decay in Corollary 4.11 is optimal for &« = 0 and 7 = € [0,00), and for & = 1 and
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8 = 0. We do not know whether the rate of decay is also optimal for other values of «,
B, o and 7.

Corollary 4.11. Let o, 8 € [0,00) and let A be an injective sectorial operator with resol-
vent growth (c, B) on a Hilbert space. Let o, € [0,00) be such that o > a—1 and 7 > j.
Then for each p € [0,00) such that p < L —1 and p < % — 1 there exists a C, € [0, 00)
such that

1T c(xe,x) < Cpt™” (t €[1,00)).

Remark 4.12. Corollary 4.4 yields a faster decay rate than Theorem 4.9 when ||T'()| 2 (x)
grows slowly as t — co. More precisely, with notation as in Theorem 4.9, let ug € [0, 00)
be such that

o+1 7—pt

B)—,uo:min( 5 -1, 5 —1).

. 0 T
min (—,
o

If there exists a u < o such that limsup, , . t7#|T(t)| z(x) < oo then Corollary 4.4
yields a sharper decay rate than Theorem 4.9, namely

Tl exex) St77 (E€[l,00))

for each p < min(Z, %) — p. Otherwise Theorem 4.9 yields at least as sharp a decay rate
as Corollary 4.4. In particular, on Hilbert spaces Corollary 4.11 yields faster decay than
Corollary 4.4 if a = 0 and [|T(-)[|z(x) grows at least linearly. Note also that in many
cases (4.27) below yields a faster decay rate than Corollary 4.4.

4.4. Results under type and cotype assumptions

Here we consider polynomial decay rates under type and cotype assumptions on the
underlying space.

The following result also holds for ¢ = co. However, in this case Proposition 4.3 yields
a more general statement, since each Banach space has type p = 1 and cotype ¢ = oo
and because a Banach space with nontrivial type also has finite cotype.

Theorem 4.13. Let o, € [0,00) and let A be an injective sectorial operator with
R-resolvent growth («, ) on a Banach space X with type p € [1,2] and cotype q € [2,00).
Let r € [1,00] be such that 1 = % - %, and let o,7 € [0,00) be such that o > o — 1 and
7> B+ L. Then for each p < min(ZH — 1, T_;;l — 1) there exists a C, € [0,00) such
that

1Tl cxe,x) <Cot™  (t€[1,00)).
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If p = q = 2 then (4.13) also holds for T > B and p € [0,00) with p < ZEL —1 and
p<5—1

Proof. The proof is similar to that of Theorem 4.9. The case where p = ¢ = 2 is
already contained in Corollary 4.11, since each Banach space with type 2 and cotype 2
is isomorphic to a Hilbert space, and because every uniformly bounded collection on a
Hilbert space is R-bounded. So we may assume that r € (1,00) and derive (4.14) for
n:=s € Np. Set By := 2 +eandlet k € {1,...,n+1}. We may suppose that 3, € (0,1).
As in the proof of Theorem 4.9, using Proposition 3.4 and Corollary 3.5, one sees that

{[€l'"°R(ig, A)* | € e R\ {0}, ¢ < 1} € L(X", X)
is uniformly bounded and that
{lgl R(ig, A)" | € € R\ {0}, [¢] > 1} € £(X,, X) (4.18)

is R-bounded. Now let ¢y € C°(R) be such that ¢ = 1 on [—1/2,1/2] and such that
supp () C [~1,1]. Then Proposition 2.2 shows that 1 (-)R(i-, A)¥ € My (L(X*, X)),
and (1 — ¢(-)R(i-, A)* € M, ,(L(X,,X)) by the first statement in Proposition 2.3.
Theorem 4.6 concludes the proof. O

A similar dependence on the underlying parameters as in Remark 4.10 holds for the
constant C, in Theorem 4.13.

Using the second statement in Proposition 2.3 we obtain the following improvement
of Theorem 4.13 on Banach lattices, which allows one to deal with the limit case in the
fractional domain exponent.

Theorem 4.14. Let «, 3 € [0,00) and let A be an injective sectorial operator with
R-resolvent growth (a, ) on a Banach lattice X which is p-convex and gq-concave for
p€(1,2] and g € [2,00). Let r € (1,00] be such that + = % - é, and let o,7 € [0,00) be
such that o > a—1 and T > f+ % Then for each p € [0,00) such that p < "T'H —1 and
p < T*Tﬁ_l — 1 there ezists a C, € [0,00) such that

IT(t)|lcixex) <Cpt™  (t€[1,00)).

We do not know whether the R-boundedness assumption in Theorems 4.13 and 4.14
is necessary. This question is relevant even in the case where @ = 3 = 0, cf. the remark
following Corollary 5.5.

Remark 4.15. Each Banach space X with Fourier type p € [1, 2] has type p and cotype p/,
but the converse does not hold in general. In particular, if X = L*(2) for u € [1,00) and
for some measure space €2, then X has Fourier type p = min(u,u’), type p = min(u, 2)
and cotype ¢ = max(u,2). In this case the parameter % in Theorems 4.13 and 4.14 is
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strictly smaller than in Theorem 4.9 for u € [1,00) \ {2}. However, the R-boundedness
assumption on the resolvent of A is in general stronger than the assumption in Theo-
rem 4.9.

We suspect that the R-boundedness condition in Theorems 4.13 and 4.14 can be
removed at the cost of a larger parameter % For a = = 0 this is indeed the case, with
1 1

1 : ; EE
» = 2(; — 4), as is shown in Corollary 5.5.

4.5. Results for asymptotically analytic semigroups

Here we consider polynomial stability for the asymptotically analytic semigroups from
[11]. Define the non-analytic growth bound ¢(T') of a Cy-semigroup (T'(t));>0 on a Banach
space X as

¢(T) := inf {w € R‘ supe “!|T(t) — S(t)|| < oo for some S € f:’-[(E(X))}7
>0

where H(L(X)) is the set of S: (0, 00) — L(X) having an exponentially bounded analytic
extension to some sector containing (0,00). One says that (T'(¢)):>0 is asymptotically
analytic if ((T) < 0. In this case s§°(—A) < 0, where s§°(—A) is the infimum over all
w € R for which there exists an R > 0 such that

{A e C[Re(A) 2 w,[Im(A)| = R} € p(—A)
and
sup{[|(A + A)"Hlz(x) | Re(A) > w, [Im(A)| > R} < o0.

The converse implication holds if X is a Hilbert space. More generally, it was shown in
[10, Theorem 3.6] that ((T") < 0 if and only if s§°(—A) < 0 and there exist R > 0 and
1 € CP(R) such that i(R\ [-R,R]) C p(A), » =1 on [-R, R] and

(L= 9()R(:, A) € Mpp(R; L(X))

for some (in which case it holds for all) p € [1, 00).

Note that if (T'(t));>0 is analytic, and in particular if A is bounded, then trivially
¢(T) = —oo. More generally, if (T'(t));>0 is eventually differentiable then ((T') = —oc.
For these facts and for more on the non-analytic growth bound see [6,10,11].

Theorem 4.16. Let o € [0,00) and let A be an injective sectorial operator with resolvent
growth (a,0) on a Banach space X. Suppose that (T(t))i>o is asymptotically analytic,
and let o € [0,00) be such that o > oo — 1. Then for each p € [0, 2L — 1) there exists a
C, €10,00) such that

IT(t)|cxox) <Cpt™  (t€[1,00)).
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Proof. Tt suffices to obtain (4.14) with 1 = max((n+1)a—1+4,0) and v = 0 for n € Ny.
There exist R € (0,00), ¥ € C°(R) and p € [1,00) such that

(1 — ()R-, A)F € M, ,(R; L(X)) (ke {o,...,n+1}). (4.19)

Since the inclusion X* C X is continuous, (4.19) also holds with £(X) replaced by
L(XH, X). It follows as in the proof of Theorem 4.9 that

Y()R(-, A)F € LR L(XH, X) C My oo (R L(X*, X)) (ke {0,...,n+1}).
Now Theorem 4.6 yields the required estimate. 0O

Remark 4.17. An injective sectorial operator A of angle ¢ € (0, 7/2) has resolvent growth
(1,0). The semigroup (T'(t));>0 generated by —A is analytic and for any o > 0 one has

1T zxox) St7 (t € [1,00)).

This follows from [23, Proposition 2.6.11]. This decay rate is optimal for the multipli-
cation semigroup (7'(t))t>0 on LP[0,00), p € [1,00), given by T'(t)f(s) = e f(s) for
f € LP[0,00) and ¢,s > 0.

4.6. Necessary conditions
In this subsection we study the necessity of the assumptions in our results.

4.6.1. Spectral conditions

The following lemma, an extension of [7, Proposition 6.4], shows that one can deduce
spectral properties of an operator A given uniform decay on suitable subspaces of the
associated semigroup. The proof follows that of [7, Proposition 6.4] and uses the Hille—
Phillips functional calculus for semigroup generators. For more on this calculus see [23,
Section 3.3] or [27, Chapter XV].

Lemma 4.18. Let —A be the generator of a Cy-semigroup (T'(t))i>0 on a Banach space
X. Suppose that there exist a, f € Ng, n € p(—A), and a sequence (tp)nen C [0,00) such
that

lim ||T(t,)A%(n+ A)~*P||zx) = 0. (4.20)

Then C_\ {0} C p(A).

Proof. Without loss of generality we may consider 8 € N and n > wo(T'). Let ¢t > 0 and
set fi(A) := e 2N (n + X\)~* P for A\ € C with Re()\) > —n. Let
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k(s) := (a+é—1)!%(5a+57167n8), 5 € (0,00),
' 0, s € (—00,0].

Then f; is the Laplace transform of §;*k, where ¢; is the Dirac point mass at t. Moreover,
fi(A) is defined through the Hille-Phillips functional calculus for A and

fo(A) = T(H)A(n+ A)~7 7.

By the spectral inclusion theorem for the Hille-Phillips functional calculus in [27, The-
orem 16.3.5] one obtains fi(c(A)) C o(fi:(A)). Let A € o(A) \ {0} and n € N. Then
ft., (A) € a(f, (A)), so [19, Corollary IV.1.4] shows that

— Re Al a —a—
e — 1 O] £ I ()] = T4 0+ ).

This concludes the proof since the right-hand side tends to zero as n — co. 0O

If n + A is a sectorial operator in Lemma 4.18, then one may consider 5 € [0,00) in
(4.20). Similarly, if A is a sectorial operator then one may let a € [0, 00).

A similar statement as in the following proposition can be obtained for more general
subspaces. It follows from Example 4.22 that the conclusion is sharp.

Proposition 4.19. Let A be an injective sectorial operator such that —A generates a

Co-semigroup (T(t))e>0 on X. Suppose that there exist o € {0} U [1,00), 8 € [0,00)
and a g € L*(R.) such that ||T(t)HL(Xg,X) < g(t) fort > 0. Then C_\ {0} C p(A) and

DUL+N P+ A) 7 A e Ty \ {0} € LX) (4.21)

is R-bounded. In particular, A has R-resolvent growth («, 8). Furthermore, if « = 0 then
also 0 € p(A).

Proof. Lemma 4.18 and the remark following it show that C_\ {0} C p(A). By assump-
tion, T(-)A*(1+ A)~* Pz € LY (R,; X) for all z € X, with

/ IT (A (1 + A) =Bz xdt < llglp eIl x-
0

Moreover, for each A € C, one has [t +— e~*] € L>°(R,). Set

P\ = / e~ MT($) A%(1 + A)-2—Fg dt
0
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for A € C; and » € X. By [33, Corollary 2.17], {F(A) | A € C; \ {0}} C L£(X) is
R-bounded. Lemma 3.1, applied to the semigroup (e M7'(t));>¢ generated by —(\+ A),
shows that F'(\) = (A + A)"'A%(1 + A)=> " for A € C; \ {0}. Now Proposition 3.4 (3)
implies that

A+ NP+ AT A e C\ {0}, [arg(V)] € [0, 7/2]} € L(X) (4.22)

is R-bounded for each ¢ € (0,7/2). In particular, since A is a sectorial operator, the
collection in (4.21) is uniformly bounded. Now a standard argument, considering a con-
volution with the Poisson kernel (see e.g. [30, Proposition 8.5.8]), shows that (4.21) is
R-bounded.

For the second statement suppose that o = 0. To show that 0 € p(A) we may consider
B €N, since (1 + A)~IP1-P) € £(X). Note that F(0) € L(X, D(A)), with

TH)(14+A)Prdt =1+ A) Pz

N
i
()
N—
8
Il
|
==
SE
>
T
—
=)
S~—
Il
==
SE
|
o\;_

for all z € X. Similarly, F(0)Ay = (1 + A)~Py for y € D(A). By iteration one obtains
that F'(0) € £L(X, X3). This shows that the part of A in Xg is invertible, with inverse
F(0)(1 + A)P|x,. Using the similarity transform (1 + A)™" : X — Xz one obtains
0 € p(A), which concludes the proof. O

4.6.2. Operators which are not sectorial

In several of the results up to this point we have considered operators A with re-
solvent growth («, ), for a, f € [0,00), which are in addition assumed to be sectorial.
Here we discuss which results are still valid when one drops the sectoriality assumption.
A complicating factor is then that A® is not well defined through the sectorial functional
calculus, and we only consider a € Ny.

Let A be an injective operator, not necessarily sectorial, with resolvent growth (c, 3)
on a Banach space X. First note that ¢ + A is a sectorial operator for each € > 0, since
— A generates a Cy-semigroup and C_ C p(e + A). Hence the fractional domains

Xs=D((A+A) ) =D(1-c+e+A)77

are well defined via the sectorial functional calculus for e + A, € € (0,1), and up to norm
equivalence they do not depend on the choice of €.
If oy = g € Ny in Lemma 4.2, then (4.1) still holds and (4.2) is replaced by

IT() <Ot (te[1,00). (4.23)

||L<X£;;‘”,X>
The proofs are identical except that one obtains (4.23) for v ¢ N by applying (4.1) to
the pairs ([v]aq, [¥]B1) and ([v]aq, [¥]51). One can also show that for each 7 € [0, c0)
there exists a o € N such that (4.5) holds for all p € [0, min(Z, %))
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Suppose that X has Fourier type p € [1,2] and let r € [1, 00] be such that 1 = % — 1%'
Then for all s > 0 and € > 0 there exists a Cs . > 0 such that
IT@)lcxe,x) < Cset™ (L€ [L,00)), (4.24)

where = [([s] +1)a] € No, v = (s + 1)+ 2 + ¢ for p € [1,2), and v = (s + 1) for

= 2. Versions of (4.24) in the settings of Theorems 4.13, 4.14 and 4.16 also hold. In
particular, if (T'(t)):>0 is asymptotically analytic then (4.24) holds with p:= |(s+ 1)«
and v = 0 for each s € Np.

4.7. Comparison and examples

In this subsection we compare the decay rates which we have obtained to what can
be found in the literature, and we present examples to illustrate our results.

4.7.1. Comparison

Let a, f > 0 and let A be an injective sectorial operator with resolvent growth (a, )
on a Banach space X. The decay rates which we have obtained so far are in general
not optimal when (T'(¢));>0 € L£(X) is uniformly bounded. Indeed, for o,7 > 0 and
N :=sup{||T(t)||z(x) | t € [0,00)} < o0 it follows from [8,15] that there exists a C, > 0
such that

1Tl cxe,x) < CpNA +10g@))t"  (t € [l,00)), (4.25)

where p = 2 if =0, p = % if « =0, and p = min(o,7) - min(é,%) if B > 0. It was
shown in [12] that (4.25) is optimal on general Banach spaces if @ = 0, but on Hilbert
spaces (4.25) can be improved to

1Tl exex) < CpN?F (t€ [1,00)), (4.26)

cf. [7,12]. Moreover, (4.26) is optimal, in the sense that for o,7 € {0,1} (4.26) implies
that A has resolvent growth (a, 8) (see [7,8]).

For unbounded semigroups (4.25) and (4.26) do not hold in general. Indeed, [45,
Example 4.2.9] gives an example of an operator A with R-resolvent growth (0,0) on X :=
LP(1,00) N LP (1,00), p € [1,2), such that IT(-)llz(x) grows exponentially. Moreover,
Example 4.20 shows that on Hilbert spaces (4.26) can fail for « = 0 and 5 > 0, and
Corollary 4.11 is optimal for this example when 7 = .

Note that (4.25) need not be optimal for uniformly bounded semigroups when a3 > 0,
and that Corollary 4.4 yields a sharper decay rate if e.g. « =0 = 1/e and § =7 = ¢ for

€ (0,1). On Hilbert spaces one can use [7, Theorem 4.7], Proposition 3.4 and Lemma 4.2

g T
a’ B
using the methods of [8,15] is not immediate.

to let p = min( ) in (4.26), but a similar improvement of (4.25) on Banach spaces
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The characterization of polynomial stability in Theorem 4.6 is new even for uniformly
bounded semigroups.

A scaling argument can be used to apply (4.25) to polynomially growing semigroups,
leading to sharper decay rates than those in Corollary 4.4. Suppose a = 0, 8 > 0 and
that || T'(t)|| xy St for all t > 1 and some p > 0. For a > 0 one has

sup{|le™ T (t) | c(x) | t € [0,00)} Sa™".
Now (4.25) yields
le™ T () c(x,,x) S a (1 +log(t) /Pt (t € [1,00)).
For ¢t > 1 set a := 1/t. Then
1T @)l 2(x,x) S (1+log())™/Pe#=7/7, (4.27)

which improves the rates from Corollary 4.4. However, other results in this section yield
faster decay rates than (4.27) for large p, such as Corollary 4.11 for p > 1.

In this article we make polynomial growth assumptions on the resolvent, whereas in
[7,8,15,54] more general resolvent growth is allowed. The scaling argument from above
can be used in certain cases to obtain decay estimates corresponding to more general
resolvent growth, but this depends on the growth behavior of the semigroup on X. We
do not know whether the techniques from this article can be used to obtain nontrivial de-
cay estimates for unbounded semigroups under, for example, exponential or logarithmic
growth conditions on the resolvent.

4.7.2. An exponentially unstable semigroup with polynomial resolvent

We now apply our theorems to an operator from [68, Example 4.1], which in turn
is a variation of a classical example in stability theory from [69] (see also [45, Example
1.2.4]). This example shows that Corollary 4.11 is optimal in the case where @ = 0 and

T=p.

Example 4.20. We show that for all 5 € (0,00) and ¢ € (0,1) there exists an operator A
with resolvent growth (0, 3) on a Hilbert space X such that ||T'()||z(x,,x) is unbounded
for 7 € [0, (1 —¢)B). In fact, || T'(t)||z(x,,x) grows exponentially in ¢ for 7 € [0, (1 —¢€)/3).
By Corollary 4.11 |[T'(-)|| £(x,,x) is uniformly bounded, and therefore the exponent 7 in
Corollary 4.11 is optimal.

It suffices to show that for all v,d € (0,1) there exists an operator A with resolvent
growth (0, 1&8%;) on a Hilbert space X such that ||T'(-)|z(x,,x) is unbounded for all
T €0, loé(ﬁ), as follows from the fact that 1—+ is the first order Taylor approximation

of log(1/7) near v = 1. Set Sy := igig%g, and for n € N let the n x n matrix B,, be

given by
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1 forl=k+1
B, (k1) := . ’
(k,1) { 0 otherwise.

Let m(n) := LICI)Z%Y/L();)J € Ny and let ng € N be such that m(ng) > 2. Next, let X =

@ Kfn(n) be the ¢2 direct sum of the m(n)-dimensional Efn(n) spaces for n > ng, and
n>ngo

consider the operator A := (—in+v — By, (n))n>n, 00 X. As shown in [68, Example 4.1],
—A generates a Cy-semigroup (T'(¢))i>0 € L£(X) such that w(T) = 1 —~. We claim that
C_ C p(A) and that there exists a C' > 0 such that

1+ i€+ A) ey CUEI* +1)  (n€[0,00), £ €R), (4.28)

which implies that A has resolvent growth (0, 5y).
To prove the claim let z := 1 + i¢ and note that BZS((Z)) =0 € L‘(éfn(n)) and

HBm(n)Hﬁ(@n(n)) =1 for all n > ng. Hence

m(n)—1 ” oy n)HL'(fm(n)) m(n)—1

1
i _ B < ) T e S —
Iz = in+7 = Bnw) " lle m(m) = ; |z —in + [kt — ;O |z — in + y|k+1
Fix € € R, and let n; € N be such that n; > ng and |n; — &| = min{|n —¢| | n € N,n >
ng}t. Note that |z —in + | > 7 for all n € N. Hence for £ > 0 and n € {ng,...,n1 + 1}
one has

m(n)—1

- ymmn)
[(z = in+7 = Bpmy) "l 2,0, S Z k+1 -

1—7

< (L= < (1= )T i+ )P SR 4,

where we used that n; < {4+2.If{ < 0orn > n1+2 then |z—intvy| > ¢y == /1 +72 > 1.
Therefore

H(Z—ZTL—F’}/—Bm( ) H[,(Em(_n) Z k+1 < 0,
k=0 &7

and now (4.28) follows. In fact, (4.28) is optimal for n = 0 (see [68, Example 4.1]).

We now show that ||T'(-)||z(x,,x) is unbounded for 7 € [0, 1og1(_175 ). First note that

Tl eix, x) > [gps for each & € X, with 1 = [lflx, 2 [[(1 + A)7a||x. Let
n > ng and let * = ()5, € X be such that z*) = 0 for all k& # m(n) and
(™) =(0,...,0,1). Then, for 7 € Ny, Newton’s binomial formula yields

11+ A)7]x = [[(=in+ 1475 = Bu) @l Sn” (4.29)

m(n) ™
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The moment inequality [23, Proposition 6.6.4] extends (4.29) to all 7 € [0, 00). Now set
t:=m(n)— 1€ [l,00). Lemma 5.10 yields

m(n)—1

B - thy2y1/2
IT(®)allx = e leBreae = (Y (5))
k=0
B CON ey
= (m(n))1/4 ~ log(n)l/‘i.
Combining this with (4.29) shows that, with v := —10;(_1%) -7,
nv etU

T(t 2171 ~ T3
17°( )”ﬁ(XT,X) ~ 10g(n)1/4 t1/4

for an implicit constant independent of n > ng and ¢ > 1. The latter is bounded as
n — oo if and only if 7 > lo;(% holds, and otherwise it grows exponentially.
4.7.8. Operator matrices

We now give an example of an operator A with resolvent growth (n,0), for n €
N\ {1}, such that ||T'(-)||z(xm, x) is unbounded for all m € {0,...,n — 2}. Moreover,
|T(t)|| z(xn-1,x) does not tend to zero as t — oo. Hence the example would show that
the exponent “TH — 1 in Theorem 4.16 is sharp, if A were a sectorial operator. However,
it turns out that this is not the case. As noted in Section 4.6.2, our theory also applies
to operators which are not sectorial.

Example 4.21. Fix n € N\ {1}. We give an example of an injective bounded operator A
with dense range on a Hilbert space X such that o(A) = [0, 1],

SUP{%(AJFA)_W(X) AeTI\{0}} < o0, (4.30)
and
ITE)A™ || ex) =~ "™ (t e [1,00)) (4.31)

for all m € {0,...,n—1}, where (T(t))¢>0 is the Cp-semigroup generated by —A. More-
over, A is not sectorial.

We construct A using operator matrices. Let A € £(L?(0,1)) be the multiplication
operator given by Af(x) := zf(x) for f € L*(0,1) and = € (0,1). Set X := (L?(0,1))"
and let N € L£(X) be the nilpotent operator matrix with Ny 41 = Ip20,1) for k €
{1,...,n = 1), and N, = 0 € L(L*(0,1)) for k,l € {1,...,n} with I # k + 1. Set
A= AlIx — N. Then A is bounded and has dense range. Let (T'(t)):>0 € £(X) and
(S(t)i>0 € L(X) be the Cp-semigroups generated by —A and —AIx. Then T(t) =
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S(t)etN for all t € [0,00), where we use that Alx and N commute. Since N* # 0 if and
only if £ < n —1, one has [|[T(t)||zx) =~ t"~* for t > 0. Also, o(A) = [0,1] and, using
the Neumann series for the resolvent,

n—1
R(\, A) = RO, A)(Ix + RO A)N) ™ =" RO, A (=N

k=0

for A € C\ [0, 1]. This implies (4.30).
Fix m € {0,...,n—1}. Then A™ =37, (") (=1)*A™"*N* and

k=0 k

T(t)A™ = i <m) (—1)FS(H) AR NNF (¢ € [0,00)). (4.32)

Let k € {0,...,m} and ¢ > m. Then

ISt 20,1 (=A™l oiL20,0y) = sup e ™ F <k
s€(0,1)

The dominating matrix element of eV N* is %I r2(0,1)- Hence

||S(t)An_1_k€tNNkH£(X) = tk—mtn—k—l
for an implicit constant independent of t. Now (4.31) follows from (4.32).

4.7.4. Multiplication operators on Sobolev spaces

We now consider another typical setting where one encounters generators of un-
bounded semigroups with polynomial growth of the resolvent. It is included to show that
even straightforward multiplication operators can generate unbounded Cp-semigroups
when the underlying space is a Sobolev space. The example also shows that Proposi-
tion 4.19 is sharp.

Example 4.22. Fix a € (0,00) and b € (0,1) with a+b > 1. Set ¢(s) := s~ +is® for s €
(1,00). Let X := W12(1,00) and let A be the multiplication operator on X associated
with ¢. Then o(A) C C; and —A generates the Cy-semigroup (T'(¢))i>0 € L£(X) given
by T(t)f(s) = e ) f(s) for t € [0,00), f € X and s € (1,00). We prove that A has
resolvent growth (0, &=4+2) by showing that [|(n — i€ + 4) 7! z(x) < 9(&) = [¢] e
for each n € [0,00) and £ € R.

First note that the operator (n — i€ + A)~! is the multiplication operator on X
associated with s — —(n 4+ s7% +i(s® — £))~!. Furthermore,

sup{]| (7 — i€ + A) "Ml eex) [0 € [0,00),€ € [=(a/b)” 1Y), (a/b)P/ (D]} < oo,
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where we use that —A is a semigroup generator and that o(A) C C4. For £ € R
with [£] > (a/b)%(@*Y we bound ||(n — i€ + A)~ z(x), using the supremum norm of
s —(n+ s +i(s® — €)1 and its derivative, by

1 n | —as™2 1 +ibs®~ 1
sup —
s€(1,00) |77+S a+2<sb_§)|2

as™ 1 4 psb1
<V2 sup ——— 4+ sup —— .
s€(1,00) s74+ |Sb - £| s€(1,00) s720 + (Sb - 5)2

sup -
s€(1,00) |77 +s70+ Z(Sb - 5)'
(4.33)

For the first term in (4.33) note that
1
supy ————— |z € [1, 1/b}< a/b <
p{ e e LI =€ <09

and that s — (s~ %4 |s? —£|) ! is decreasing for s > |€|Y/® > (a/b)*/ (Y For the second
term and for €] > (a/b)*/(**Y) > 1 and s € (1, (|¢] + 3)'/%), write

asfafl +bsb71 w1 bsbfl
524 (sb—g)2 = R < 9(8)-

We conclude that A indeed has resolvent growth (0, 2=522).
Let ¢t € [1,00) and write

LA 5
IT(t)zx)~ sup  sup [e14(9)]

ke{0,1} s€(1,00) @

—a— s @ _ g™ _1-b
a 1t€ ts |; b lte ts Ztl =

~ sup [ibs" e " —as sup s
s€(1,00) s€(1,00)

for implicit constants independent of ¢. It follows from Corollary 4.4 that

1-b
1Tl ex, x) St 7 (te[l,0)

for each 7 € [0,00) and p € [0,7b/(b—1+42a)). On the other hand, explicit computations
yield

dk _T
IT()lz(x,,x)~ sup  sup ?[e t¢(s)¢(s) ]
ke{ovl} 56(1700) (434)

11— g™ _ 1—bibT
b—1 the ts Ztl - .

~ sup s
s€(1,00)

Thus [|T(-)||z(x,,x) decays faster than Corollary 4.4 would imply. We also obtain from
(4.34) that |T(t)]lzx, . x) € L*[0,00) if and only if 7 > 2=4t22 Therefore Proposi-
tion 4.19 yields that A has resolvent growth (0,53) for each 8 > %. Since the
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notions of uniform boundedness and R-boundedness coincide on the Hilbert space X,
this shows that the parameters in Proposition 4.19 cannot be improved.

5. Exponential stability

In this section we use the theory from the previous sections to derive in a unified
manner various corollaries on exponential stability.

Let —A be the generator of a Cy-semigroup (T'(t));>0 on a Banach space X. Set
s(—A) :=sup{Re(A) | A € 0(—A)}, and for § € [0, 00) let

sp(—A) = inf{w > s(=A) [ sup{(1+ [A) | (A + 4)"l2ex) [ Re(A) > w} < oo},
sp(—A) == inf{w > s(—A) | Rx({(\ + A) 7 | Re(\) > w}) < oo}
Then Proposition 4.19 yields

so(—A) < sr(=A) < wo(T).

In particular, for each n € (wo(T'), 00) the operator A+ is sectorial. Hence for 3 € [0, c0)
the fractional domain X = D((n + A)”) is defined as in Section 2.3, and up to norm
equivalence Xz does not depend on the choice of € (wo(T'), 00). Throughout this section
we fix a choice of 1 € (wo(T'), 00) and the associated spaces Xz for 5 € [0,00). For z € X
let

w(x) :=inf{w € R | tli)m lle=“'T(t)x||x = 0},
and for a Banach space Y continuously embedded in X set
wy (T) := sup{w(x) |z € Y}.

For 8 € (0,00) we write wg(T') := wx,(T). The uniform boundedness principle implies
that for all w > wy (T) there exists an M € (0, 00) such that

1Tl cv,x) < Me" (t € [0,00)). (5.1)

We need two preparatory lemmas. The first is [65, Lemma 3.5], and it follows directly
from Lemma 4.2 and from basic properties of convex functions.

Lemma 5.1. Let —A be the generator of a Cy-semigroup (T(t))i>0 on a Banach space X .
Then the function (0,00) — [—00,00), 8 + wg(T), is continuous on open subintervals
of {f €R|ws(T) € (—o0,0)}.

The following lemma is [65, Theorem 3.1] (see also [67, Theorem 3.2]). We show that
it follows directly from Lemma 5.1 and Proposition 4.3.
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Lemma 5.2. Let —A be the generator of a Co-semigroup (T(t))i>0 on a Banach space X .
Then wp1(T) < sg(—A) for all 8 € [0, 0).

Proof. First note that by Lemma 5.1 it suffices to show that wgt14-(T) < sg(—A) for
all 5> 0and e € (0,1). Also, by a scaling argument we may suppose that sg(—A4) <0
and prove that wgi14.(T) < 0. But in this case A has resolvent growth (0, 3), and
Proposition 4.3 then shows that sup,q [|T(t)|lz(xs ..., x) < 0. O

5.1. The resolvent as an (LP, LY) Fourier multiplier

The following theorem is the main link between exponential stability and (LP, L?)-
Fourier multipliers. This result appeared in [26] and in full generality in [37, Theorem 3.6].
Here we give a proof using Theorem 4.6.

Theorem 5.3. Let —A be the generator of a Cy-semigroup (T'(t))i>0 on a Banach space
X, and let B € [0,00). Then, for all p € [1,00) and q € [p, ],

wp(T) = inf{w > sp(—A) | (w+i-+A)"" € M, ,(R; L(X5, X))} (5.2)
In fact, (w+i-+A)"1 € M, (R L(Xg, X)) for all w > wg(T).

Proof. Fix p € [1,00) and ¢ € [p, o0, and denote the right-hand side of (5.2) by pp 4.5(A).
We first show that wg(T) > pipq,8(A). Let w > wg(T'), and apply Proposition 4.19 to
(e7“'T(t))t>0 to obtain w > sg(—A). Now (w+i-+A4)"! € M, ,(R; L(Xg, X)) follows
from Lemma 3.1 and Young’s inequality for convolutions. Hence w > p, 4 3(A), and the
statement follows by letting w | wg(T).

To prove the reverse inequality it suffices to assume that f, 4 5(A) < 0 and show
that wg(A) < 0. Note that R(i-, A) € M, 45(R; L(Xg,X)). Indeed, this follows by us-
ing Proposition 3.4 and [53, Theorem 5.18] to express (i - +A)~! € L¥(R; L(X3, X))
as a convolution of the Poisson kernel with (w + i - +A)~! for sg(—A) < w < 0,
and by applying Young’s inequality. From Theorem 4.6 with ¢ = 0 one now obtains
sup;>o [|7(8) | c(x,5,x) < o0 and ws(T) < 0. Here one may use Lemma 5.2 to see that Xp
satisfies the assumptions of Theorem 4.6. 0O

The first part of the following theorem is [65, Theorem 3.2] (see also [49, Theorem
4.4] and [67, Remark 3.3]). The proof avoids the use of Mikhlin’s multiplier theorem on
Besov spaces (see [65, Theorem 2.1]) and instead relies on the elementary Proposition 2.2.
Part (2) is the main result of [47].

Theorem 5.4. Let —A be the generator of a Cy-semigroup (T'(t))i>0 on a Banach space X.
Then the following assertions hold:

(1) If X has Fourier type p € [1,2] then wa
P
(2) If X has type p € [1,2] and cotype q € [2,00] then w
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Proof. By Lemma 5.1 and a scaling argument, for (1) we may assume that sq(—A) < 0
and show that w%_%H(T) < 0 for any € > 0. The latter follows directly from The-
orem 4.9. In the sanple way (2) follows from Theorem 4.13. Alternatively, one can give
direct proofs by combining Theorem 5.3 with Proposition 3.4 and the multiplier results
in Propositions 2.2 and 2.3. O

The geometry of X and regularity of the resolvent can be used to obtain R-bounds
from uniform bounds, leading to the following corollary.

Corollary 5.5. Let —A be the generator of a Cy-semigroup on a Banach space X with
type p € [1,2] and cotype q € [2,00]. Then wz_2(T) < so(—A).

Proof. Let % = %—% and 8 > %—%. By Lemma 5.2 we may suppose that 8 € (0,1/2). By

Lemma 5.1, Theorem 5.3 and Proposition 2.3 it suffices to show that for each w > so(A)
the set {(1+|¢])?(w+i+A)~! | € € R} C L(Xq5, X) is R-bounded. Let E := £(Xa5, X)
and define f : R — E by f(&) := (1 + [£])?(w + i€ + A)~! for € € R. Then ||f(¢)|r <
C(1 + [€])~# by Proposition 3.4, so that f € L"(R; E). Moreover,

1 llemy < BA+ €D H(w+i€+A) e+ 1+ [€) |(w+ié+ A) 72| e
SA+ENP a4 1Ehr.

So f € WHT(R; E), and Lemma 2.1 shows that the range of f is R-bounded. O

For X = L"(Q) with r € [1,00), Corollary 5.5 and part (1) of Theorem 5.4 yield the
same conclusion. It is an open question whether in this case the index |2 — 1| can be
improved.

Remark 5.6. In Theorem 5.4 and Corollary 5.5 one can add a parameter 3 € [0,00), as

in Lemma 5.2. Then Theorem 5.4 (1) says that wg,1_1(T) < sg(—A), and (2) that
P p

wgp1_1(T) < sgp(—A). Here

spp(—A) :=inf{w>s(—A) | Rx({(Q+ A) P\ +A4)7 | Re(N) > w}) < ool

In Corollary 5.5 the more general inequality is wog 22 (T') < sg(—A). The proofs are
P p
the same, using Proposition 3.4.

5.2. The resolvent as a Fourier multiplier on Besov spaces

In this subsection we give an alternative characterization of wg(T), 8 > 0, using
Fourier multipliers on Besov spaces. We then use this characterization to obtain a new
stability result for positive semigroups.

For the definition and basic properties of vector-valued Sobolev and Besov spaces
which are used below we refer to [58,59].
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Theorem 5.7. Let —A be the generator of a Co-semigroup (T'(t))i>0 on a Banach space X,
and let 5 € (0,00). Then for all p € [1,00) and q € [p, <],

wp(T) = inf{w > s5(~A) | T, € L(BS | (R; X), LU(R; X))},

where my,(+) == (w+1i-+A)7 for w > sg(—A).
Proof. Denote the right-hand side of (5.2) by v, 4.3(A). We first show that wg(T) <
Vp q,8(A). By shifting A and using Lemma 5.1 we may assume that v, 4 3(A) < 0 and
prove that wg4.(T) < 0 for any € > 0. Without loss of generality we may suppose that
(B,B+e]NN=g@. Let n:=[B+e], a € (B,f+¢)and let Da(a,1) = (X, D(A™))a/n1
be the appropriate real interpolation space. Set m(§) = (i€ + A)~! for £ € R. As
in Theorem 5.3 one sees that T, € L(By;(R; X), LY(R; X)), where we also use that
By, (R; X) C Bf}l(R; X) continuously.

Let w > wo(T) and let F € L(X, LP(R; X)) be given by Fx(t) := t"e “'T(t)x for

t € R and x € X, where we extend the semigroup by zero to all of R. Then F : X,, —
W™P(R; X) is bounded and, by real interpolation,

F:Da(a,1) = (LP(R; X), W"P(R; X))o /n1 = By 1 (R; X)
is bounded. Now fix © € X,4+1 and let f := Fx. Then

1T ()l awsx) S N fllBg,ix) S 2llDaay S I2llxsse (5:3)

where we have also used that Xg,. < Xp,(q,1)- By Lemmas 3.1 and 5.2 one has

T f(t):= /T(t —s)f(s)ds =T (f)(t) (¢ €[0,00)) (5.4)

and T, (f)(t) = 0 for t € (—00,0). On the other hand, T'(t — s)f(s) = s™e “*T(t)x for
s € [0,¢]. Hence, for t > 1,

t
1Tzl x S T )| x /Sne_wsds =T f(#)llx.
0
Now, using that sup,¢jo 17 [|7(t)[| £(x) < o0, it follows from (5.3) and (5.4) that

o0
1
([ 1m®slsar)” < ol + 17 Flzwaomy) S Il
0
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Therefore Proposition 4.8 implies that R(i-, A) € M 4(R; £L(Xpg4e, X)). Here one may
again use Lemma 5.2 to see that Xz, . satisfies the conditions of Proposition 4.8. Finally,
Theorem 5.3 shows that wgy.(A4) < 0.

Next, we prove that wg(T") > vp 4,58(A). To do so it suffices by Lemma 5.1 to show that
for all o € (0,8) and w > wq(T') one has Ty, € L(Bpﬂ’l(]R; X), LY(R; X)). Moreover, we
may suppose that o ¢ N. Let n € N be such that «, 8 € (n — 1,n]. By (5.1) there exist
M, e € (0,00) such that e™“*||T'(t)||z(x,,x) < Me =" for all t > 0. For f € S(R; X) set
Sof = (w+ ATy, f- Then S, € L(LP(R; X), LY(R; X)) by Theorem 5.3. We claim
that S, € L(IWFP(R; X), LY(R; X})) for each k € [1,...,n}. Indeed, let f € CK¥(R) ® X
and t € [0,00). Lemma 3.1 and integration by parts yield

(w+ A8 F(E) = / (W + AV =Tt — §)(w + A)~ f(s)ds
== [ Gl IR ) A (s)ds
—(w+ AFf() + / (w+ AT (= 5) (w + A) 7 f'(s)ds

— 00

= —(w+ AT + (w+ A8 f (1)

By iterating this procedure one obtains
k
@+ A)FSaf(t) = =D (w+ AT fUI () + Sa f 0 (0).
j=1

Since kK — 1 — a < 0 this yields

k
1w + A)*Sa fllzo@ax) < D @+ AP 77 F0 D Loy + [0 f Pl o)
j=1

S fllwe-ramx) + ”f(k)”LP(R;X) S Fllwer @;x)s

and the claim follows since (w + A)~% : X — X}, is an isomorphism.

Now, if § = n then Bﬁl(R;X) C Wy p(R; X) continuously so S, : Bgyl(R;X) —
L1(R; Xp) is bounded. On the other hand, if 3 < n then real interpolation for the
exponents k = n — 1 and k = n shows that S, € E(Bg’l(R;X),Lq(R; D4(8,1))). Since
a < B, in both cases we obtain that T, : Bﬁl(R;X) — L(R; X) is bounded, which
concludes the proof. O
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The following theorem unifies [64, Theorem 1] and [47, Corollary 1.3] and is new for
1<p<g<2and2 < p<q< o0 Here there is no use in adding an additional
parameter § as in Lemma 5.2 and Remark 5.6, since so(—A) = s(—A).

Theorem 5.8. Let —A be the generator of a positive Co-semigroup (T(t))i>0 on a Ba-
nach lattice X which is p-convex and g-concave for p € [1,00) and q € [p,00). Then
wi_1(T) < s(—A4).

Proof. First note that so(—A) = s(—A) (see [3, Theorem 5.3.1]). Let r € (1, 00] sat-
isfy 1 =1 — 5 and let w > so(—A). By Theorem 5.7 it suffices to show that T}, €
) =

P
LB} (R; X), LUR; X)) for m(€) = (w + i€ + A)~", ¢ € R. For n € N with n > wy(7T)
set K,,(t) := e “'T(t)n(n+A)~1, t >0, and let K,, = 0 on (—00,0). Then K, (t) € L(X)
is positive for all ¢t € R, and K,,(-)r € L'(R; X) for all # € X by Lemma 5.2. Further-
more, F(K,z)(&) = m,(&)z for £ € R, where m,,(€) := (w+ i + A)"In(n+ A)~L. Note
that supgcg [[mn(§)[lc(x) < oo. Now, since X has cotype ¢ < oo (see [18, p. 332]), it

follows from Proposition 2.4 and the continuous embedding Bl/ T(R: X) € Hy"(R; X)

that

C :=sup||Tpn < 0.
n

n ||£<B,i(f'<R;x>,Lq<R;x>>

Now fix f € S(R; X). Then || T5,, (f)|lpamy) < CHfHBl/T(R x) for all n. Moreover, for

¢ € Rand 2 € X one has lim,_,oc m,(&)z = m(§)z by [19, Lemma 3.4]. Now [55,
Lemma 3.1] implies that T;,, € £(B 1/T(]R X), L1(R; X)), as required. O

Using Theorem 5.8 and [22, Example 5.5b] one can modify an example due to Arendt
(see [3, Example 5.1.11], [67, Section 4] and [47, Example 1.4]) to construct for all
1 <p < g < o a positive Cy-semigroup (T'(t))¢>0 on X = LP(1,00) N LI(1,00) with

generator —A such that wo(T) = —

w (T) = SR(_A) = So(—A) = —

9

3 =
Q=

1
q
and such that o — w,(T) is linear on [07% - E] This shows that the index 2 i % in
part (2) of Theorem 5.4 and in Theorem 5.8 is optimal, which shows in turn that [55,
Theorem 3.24] is optimal. Moreover, it follows from [65, Example 4.4] that the positivity

assumption in Theorem 5.8 cannot be omitted.
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Appendix A. Technical estimates

In this section we provide the proofs of a few technical results which are used in the
main text.

A.1. Contour integrals

We start with a lemma which is needed when dealing with certain contour integrals
in Proposition 3.4.

Lemma 5.9. Let ¢ € (0,%] and 0 € (7 — ¢,m). Set Q := C; \ (S, U {0}) and let

= {re?|re€[0,00)}U{re ™ |r e [0,00)} be oriented from ooe?® to coe™®. Then for
all a € [0,00), 5 € (0,00), n € (0,1] and X € Q one has

1 2z (I—n—X)"
L dz = . Al
omi ) T+ 2 Bt Asn—1) " = (I Nets (A1)
I

Furthermore, for all v € [1,00) and § € [0,00) there exists a constant C € [0,00) such
that

|z[7 1= A 1+ Al
<C d <(C A2
TR N P u T Py pp T A2

forall z €T and X € Q.

Proof. Let a € [0,0), f € (0,00), n € (0,1] and A € Q. For r € (0,Im(\)/2] and
R>2\+2set Ty :={se”? | s [r,R]}, T_ :={se | sc[rR]}, T, :={re"|ve
[—6,0]} and g := {Re™ | v € [-0,0]}, and let ', p := ' UL, UT_ UT'g be oriented
counterclockwise. Then
g 1+

|2 dl7] = / Rlte »

[+ 20 Pl + A+ — 1 [+ Retv |48 |Ret + A+ 1 — 1]
~6
0

I'r

:R’B/ , L , s
S ‘%+ezv|a+ﬁ|ew+ ;_7{ |

< 22-~—oz+ﬂth—ﬂ7

and the latter tends to zero as R — co. Similarly, one sees that
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2|

In+ z|¢tB|lz + A+ 1 —1]

dfz|

T

tends to zero as r — 0. Now Cauchy’s integral theorem yields

1 z¢

d
2mi ) (p+2)2tB(z+A+n—1) :
r

i 1 z% d (I—-np—X1)"
= 11m -— =
r—0,R—o00 27Ti (m+2)2tB8(z+A+n—1) : (1= N)otp’

R

which proves (A.1).

Next, let v € [1,00), § € (0,00), z € T' and X € Q. Note that |z + A| = |2| [eT?? + X
for some N € €. Since the distance from e** to —Q is nonzero, there exists a constant
C; € (0,00) such that |z 4+ A| > C1|z|. Hence

2] 1= |2 (I1+zl 27 (O
< 1) < ( C 1),
[T+ 2740 |24+ A = [T+ 27\ |2+ )| )= |1+ z[7+9 T

2]

and the latter is uniformly bounded in z € T'.

For the second term in (A.2) first note that the distances from z — % to I, and hence
to —, and from z + % to 0 are bounded uniformly from below by a constant Cy > 0.
Hence |z + A — | > Co and |4 + 2| > C, for all z € I' and A € Q. Therefore, for the

second term in (A.2) it suffices to bound \z+|))il| uniformly. Let v € [, §] be such that
. 2
A = |Ae”, and set w := 7 € I Then
A 1
lz4+x— 3] |w+ei”—ﬁ|

Now the required results follows, since by geometric inspection one sees that
|(w— ﬁ) — (—€™)| > dist(', —e®) > dist(I', —e*). O
A.2. Estimates for exponential functions

The following lemma provides a two-sided exponential estimate, one part of which is
used in Example 4.20.

Lemma 5.10. Let m € N. Then

(S () a3)
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Proof. Both estimates are clear for m = 1, so we may consider m > 2 throughout. Let
k € NN|[1,|v/m]] and note that

mmfk

log | —— ) =(m—k)l —1 —k)!
08 (G —gy1) = (m M) log(m) — log((m — k)Y
> (m —k)log(m) — (m —k+ %) log(m — k) +m —k —1,
where we used Stirling’s formula. Moreover,
log(m — k) = log(m) + log(1 — %) < log(m) — %,

where we used that log(1 — s) < —s for s € (0,1). Hence

m—k

log (m) > (m — k) log(m) — (m — k + 4)(log(m) — £) +m —k -1

>11()k2+ 1>11()+ 2
2 —glog(m) — — +m 2 —5 log(m) +m -2,
where in the last step we used that k2 < m holds. We now see that (Tnmfz;, > m_1/2e_2em,
from which we deduce the first inequality in (A.3):
N m 2
Z (TL) > (L) > mimle=4e2m — p1/2e—42m.
; J! (m —k)!
j=0 k=0
For the second inequality let a; := ”;—,J for j € {0,...,m}. Then another application
of Stirling’s formula yields
- mm1 em (1+ 1 )m—% < em
A1 < . = < —.
LS V2m(m— D) ie—m=D) T e Brym\ | om—1 Jm
Also, aj < ay,—1 for each j € {0,...,m — 1}, where we use that a;11/a; > 1 for each
j €10,...,m—1} and that ;%=— = 1. Since }77" ja; < €, the upper estimate in (A.3)
follows from
O

m m 2m
9 e

E aj < am—1 E aj; < —

=0 j=0

3)
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