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ABSTRACT: Hoek & Brown (HB) failure criteria have been employed over the past decades in common engineering applications
due to their extended capability to capture the non-linear yielding of different types of rocks. Often implemented within a perfect
plastic framework, this constitutive approach is here enhanced by introducing a softening rule to simulate the post-peak behaviour of
rocks in the brittle regime. For this purpose, the degradation of the material properties has been expressed as a function of an internal
variable (i.e., the cumulated value of deviatoric plastic strains) which allows one to simulate the rock failure resulting from dilating
shearing. Furthermore, to accurately describe the non-linear dilatancy after the peak, the same hyperbolic trend has been applied also
to the material properties governing the expression of the plastic potential. The performance of these constitutive equations has been
inspected through parametric analyses to emphasize the role of the softening parameters at material point level, as well as to study
the strain localization potential of the Hoek & Brown model with Softening (HBS). As a further validation, the shear band angles
predicted with the theory have been compared by performing the same tests with finite element code PLAXIS 2D, thus confirming
the model capability to simulate failure mechanisms within a strain localization regime.

1. INTRODUCTION
To describe the influence of joints, fractures and
discontinuities on the mechanical behaviour of rock
masses, the approach proposed by Hoek & Brown (HB)
has been successfully employed over the past decades in
common engineering applications, thus enabling their
mechanical characterization within a continuum
framework (Hoek, 1983; Hoek, 1990; Hoek and Brown,
1997; Martin et al., 1999; Hoek et al., 2002 and Eberhardt,
2012). The main advantage of this constitutive approach
is to provide a useful link between the theoretical
framework of the elasto-plastic theory and the geological
practice commonly used for the qualitative assessment of
rock mass properties (e.g., the GSI system detailed by
Marinos et al., 2005; Cai et al., 2004; Cai et al., 2007, and
Cai, 2010).
Although efficiently employed to solve practical
problems (Carranza-Torres and Fairhurst, 1999; Zhao and
Cai, 2010 and Cai, 2011), the HB approach has been
mainly used within a perfect plastic framework, thus
preventing further mechanisms of failure resulting from
material softening, which can potentially compromise the
behaviour of geo-engineering structures. To overcome

this limitation, several formulations have been recently
proposed (Alejano et al., 2010; Zou et al., 2016 and Lin et
al., 2018) which consider the HB yielding with a piecewise linear decrease of the material strength. Along these
lines, the goal of this study is to define a different decay
of the post-peak response by introducing a hyperbolic
decrease of the material properties (Barnichon, 1998;
Collin, 2002) to guarantee a smoother transition between
the peak stress and the corresponding residual behaviour.
Furthermore, the same hyperbolic expression has been
used to model a non-linear variability of dilation (i.e., the
formulation proposed by El Moustapha, 2014), thus
obtaining a more accurate trend of volumetric strain in the
brittle regime. After calibrating the model parameters to
simulate the mechanical behaviour of a porous rock (i.e.,
Rothbach sandstone), the performance of the selected
constitutive equations has been inspected through
parametric analyses with emphasis on the parameters
which govern the rate of softening and the rate of dilation,
respectively. Furthermore, to investigate the capability of
the implemented model, the strain localization theory
(Rudnicki and Rice, 1975) has been employed to study
possible failure mechanisms through the formation of
potential shear bands. The theoretical results have been
validated with numerical solutions obtained by solving

the same stress paths as an Initial Boundary Value
Problem (IBVP) by using PLAXIS 2D, thus confirming
the predicted values of the band angle with the numerical
solution computed with FE analyses.

mathematical expression of the yield surface, differing
from it through the variable 𝑚𝜓 (i.e., when 𝑚𝜓 ≡ 𝑚𝑏
the model is associated):
𝑔=

2. CONSTITUTIVE FORMULATION: A HOEK
& BROWN MODEL WITH SOFTENING (HBS)
The elasto-plastic characteristics of the Hoek & Brown
with softening (HBS) have been defined according to the
yield surface proposed by Jiang and Zhao, 2015 which
represents a generalization of the Hoek & Brown criterion
through the invariants associated with the stress tensor:
𝑓=

𝑞
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𝑞
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2 6
where 𝐺𝑆𝐼 represents the Geological Strength Index
which is aimed to determine the quality of the rock mass
from geological observations of joints, fractures and
discontinuities. Although the 𝐺𝑆𝐼 classification enables to
differentiate the initial yielding according to the spatial
distribution of discontinuities, there is no specific
reference to their rock-quality (i.e., the opening and the
roughness of joints and fractures). For this purpose, a
disturbance factor D has been introduced by Hoek et al.,
2002 to calculate the material properties 𝑚𝑏 , 𝑠 and 𝑎, as
reported in Eq. 2.
𝑚𝑏𝑖 = 𝑚 ⋅ exp (

𝑝

According to the elasto-plastic theory, plastic strains 𝜀𝑖𝑗
𝑝
are computed by using the classical flow rule: 𝜀𝑖𝑗 =
𝜆(𝜕𝑔⁄𝜕𝜎𝑖𝑗 ), where 𝜆 represents the plastic multiplier and
𝑔 the plastic potential, respectively. To introduce nonassociative plasticity in the constitutive equations, the
plastic potential has been selected with the same

(3)

The degradation of the rock mass due to shearing has been
simulated through a hyperbolic decreasing of the material
properties (i.e., the hardening variables α𝑗 of the model)
by considering the following hardening rule:
𝑚
𝜶 = { 𝑏} =
𝑠

(1)

Where 𝑝, 𝑞 and 𝜃 represent the mean stress (i.e., 𝑝 =
(𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧 )/3), the stress deviator (i.e., 𝑞 =
√1.5(𝑠𝑖𝑗 𝑠𝑖𝑗 ) where 𝑠𝑖𝑗 = 𝜎𝑖𝑗 − 𝑝𝛿𝑖𝑗 is the deviator
component of 𝜎𝑖𝑗 and 𝛿𝑖𝑗 represents the Kronecker’s
symbol) and the Lode angle (i.e., 𝑐𝑜𝑠(3𝜃) = √6𝑡𝑟(𝑠 3 )/
𝑡𝑟(𝑠 2 )3/2 ), respectively. In Eq. 1, the function 𝐴(𝜃) is
defined according to the formulation proposed by Jiang
and Zhao, 2015 in which 𝐴(𝜃) = 2cos(𝜋\3 − θ) and
𝜎𝑐𝑖 represents the uniaxial compression strength. 𝑚𝑏 , 𝑠
and 𝑎 are dimensionless parameters which are determined
through the empirical correlations proposed by Marinos
el al., 2015 and Brown, 2008 (i.e., the 𝐺𝑆𝐼 system):

𝑞
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In these equations, the subscripts 𝑖 and 𝑟 refer to the initial
𝑝
and the residual values of the corresponding variable. 𝜀̇𝑞
represents the increment of deviatoric plastic strain (i.e.,
𝑝

𝑝

𝑝

𝑝

𝑝
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𝜀̇𝑞 = √2(𝜀̇𝑠𝑖𝑗 𝜀̇𝑠𝑖𝑗 )⁄3, where 𝜀𝑠𝑖𝑗 = 𝜀𝑖𝑗 −

𝜀𝑣 𝛿𝑖𝑗
3

𝑝

and 𝜀𝑣

are the deviator component of the plastic strain and the
volumetric plastic strain, respectively) and the equivalent
𝑝
plastic strain ε𝑒𝑞 is its cumulated value. Consistently with
Eq. 4, the same hyperbolic function has been introduced
in the variable 𝑚𝜓 to simulate the non-linear trend of
volumetric strain in the brittle regime (El Moustapha,
2014):
𝑚𝜓 = 𝑚𝜓𝑖 − (

𝑚𝜓𝑖 − 𝑚𝜓𝑟
𝐵𝜓 +

𝑝
𝜀𝑒𝑞

𝑝

) 𝜀𝑒𝑞 .

(6)

In Eqs. 4 and 6, the parameters 𝐵𝑚 and 𝐵𝑠 govern the rate
of softening resulting from deviatoric shearing while 𝐵𝜓
dictates the rate of dilation after initial yielding. The
hardening rule reported in Eq. 4 is plotted in Fig. 1 to
highlight how the parameters 𝐵𝑚 , 𝐵𝑠 and 𝐵𝜓 (i.e., the
parameters 𝐵𝑗 ) enforce a given rate of decay on the
corresponding hardening variables.

Figure 1: Evolution of the hardening variables as a function of
the equivalent plastic strain. The letters A, B, C indicate the
𝑝
value of 𝜀𝑒𝑞 corresponding to 50% of the corresponding initial
hardening variable for three different values of Bj (i.e.,
BjA =0.005, BjB = 0.01 BjC = 0.02).
𝑝

By observing Fig. 1, it is worth remarking that 𝐵𝑗 =ε𝑒𝑞 is
the specific value for which the decaying evolution of 𝛼𝑗
reaches the 50% of its corresponding initial variable (i.e.,
α𝑗 = 0.5 α𝑗𝑜 ). For this reason, smaller values of 𝐵𝑗
involve a faster decrease of α𝑗 , thus resulting to a more
important decrease of the material strength.

By observing Fig. 2, it is possible to note that the selected
calibration slightly anticipates the axial strain
corresponding to the peak strength and postpones its value
in proximity of the minimum of volumetric strain. This
trend of behaviour is explained by the fact that the model
neglects the presence of dissipative phenomena due to
micro-cracking growth and homogeneous cements
debonding occurring before the peak stress, thus
considering a linear elastic response until the peak.
Moreover, it is worth remarking that the proposed set of
parameters results from material point analyses, thus
neglecting the strong non-homogeneous strain-field
consequent from the appearing of strain localization
phenomena in the sample.

3. MODEL CALIBRATION
To test the performance of the HBS model, a first-order
calibration has been proposed to simulate the post-peak
regime of a porous sandstone loaded through a drained
triaxial test. For this purpose, the experimental tests
performed by Bésuelle et al., 2003 to investigate the
mechanical behaviour of Rothbach sandstone have been
considered to evaluate the initial yielding and the model
characteristics during the post-peak regime. Specifically,
as the experiments have been performed on the intact
material, the 𝐺𝑆𝐼 and the disturbance factor D have been
selected equal to 𝐺𝑆𝐼 = 100 and D = 0, thus having the
initial values of 𝑚𝑏 , s and 𝑎 equal to 𝑚𝑏𝑖 = 𝑚𝑖 , 𝑠𝑖 = 1 and
𝑎 = 0.5, respectively. A further constitutive choice
employed to reduce the number of the calibrated
parameters, concerns the parameters characterizing the
residual material properties which have been selected
equal to zero (i.e., 𝑚𝑏𝑟 = 𝑚𝜓𝑟 = 𝑠𝑟 = 0), thus assuming a
complete material destructuration of the rock for large
values of shear strain. This hypothesis simplifies the
calibration process during the brittle regime, in that it
assumes the post-peak response only governed by the
parameters 𝐵𝑚 , 𝐵𝑠 and 𝐵𝜓 with a resulting reduction of the
number of material parameters. The performance of the
resulting calibration is illustrated in Fig. 2 which shows
the ability of the HBS to capture the post-peak behaviour
in terms of both resistance and deformability
characteristics for the set of parameters listed in Table 1.
Table 1 Model parameters for the HBS model used to calibrate
Rothbach sandstone.
E [MPa]

8500

ν [-]

0.17

𝜎𝑐𝑖 [MPa]

38

𝑚𝑖 [-]
𝑚𝜓𝑖 [-]

10

𝐵𝑚 [-]

0.017

𝐵𝑠 [-]
𝐵𝜓 [-]

0.017

8

0.0035

er ent
o e
nt

con n ent

Figure 2: Calibration of the HBS model against the mechanical
behaviour of Rothbach sandstone tested with a drained triaxial
test performed at 5 MPa of initial confining pressure (data after
Bésuelle et al., 2003).

For this reason, although the underlying calibration
enables a first order estimation for the value of the model
parameters, a rigorous calibration process in the brittle
regime should implement an inverse analysis method
which compares full-field experimental data with the
numerical solution of the experimental test simulated as
an initial boundary value problem (El Moustapha, 2014;
Bésuelle and Lanatà, 2017).

4. PARAMETRIC ANALYSES
To investigate the effect of the model parameters during
the post-peak response, sensitivity studies have been
performed through a set of drained biaxial tests (BXD)

performed at 5 MPa of initial confining pressure.
Specifically, the parameters tested in these analyses are i)
the parameter 𝑚𝑖 which prescribes the shape of the elastic
domain, ii) the parameter 𝑚𝜓𝑖 which influences the
evolution of volumetric strains in the post-peak regime,
iii) the parameters 𝐵𝑚 and 𝐵𝜓 governing the rate of
softening and the rate of dilation, respectively. The
numerical results are presented in Figs. 3-6, where the
parameters used to simulate Rothbach sandstone are
employed as a reference set of parameters and they are
reported with a blue line.
r

st

etr c
on

on n n

ress re

of volumetric strain. As a matter of fact, it is possible to
observe that the dilation trend is more accentuated for
decreasing values of 𝐵𝑚 resulting from a more important
decay of the material properties (Fig. 3(c)). At variance
with 𝐵𝑚 , the parameter 𝐵𝜓 has an important influence on
the development of volumetric strain which for lower
values of 𝐵𝜓 tends to approach a regime of zero-dilation
corresponding to lower values of 𝜀𝑣 (Fig. 4). Fig. 5 shows
the effect of 𝑚𝑖 on the mechanical behaviour of the rock
which results in a homothetical expansion/shrinking of q
and 𝜀𝑣 (Figs. 5(b)-5(c)) due to the corresponding
variation of the elastic domain. Analogously, Fig. 6
reports the sensitivity study on the parameter 𝑚𝜓𝑖 which
affects significantly the initial evolution of volumetric
strain after the peak, thus bringing the material response
to higher values of 𝜀𝑣 at the end of the loading process.

5. LOCALIZATION ANALYSES
To investigate the intrinsic capability of the selected
constitutive equations to deform in narrow shear bands,
the strain localization theory (Rudnicki and Rice, 1975)
has been employed in this study to characterize the
inception of localized strain during a given stress path.
r
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Figure 3: Sensitivity study performed on the parameter 𝐵𝑚
through a set of drained biaxial test (BXD) performed at 5 MPa
of initial confining pressures: (a) stress paths, (b) stress-strain
response, (c) evolution of volumetric strain. The blue line
indicates the solution of the stress path computed with the
reference set of parameters reported in Table 1.

Specifically, a sensitivity study on the parameter 𝐵𝑚 is
plotted in Fig. 3 which shows the material response in
terms of stress path and stress-strain response.
Consistently with the plot illustrated in Fig. 1, Fig. 3
emphasizes i) the reduction of the strength resistance
corresponding to decreasing values of 𝐵𝑚 (Figs. 3(a)-(b)),
ii) the influence of the softening process on the evolution

Figure 4 Sensitivity study performed on the parameter 𝐵𝜓
through a set of drained biaxial test (BXD) performed at 5 MPa
of initial confining pressures: (a) stress paths, (b) stress-strain
response, (c) evolution of volumetric strain. The blue line
indicates the solution of the stress path computed with the
reference set of parameters reported in Table 1.

r
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to the angle 𝜑̅ corresponding to the minimum of the
localization criterion ℒ(𝜑) (i.e., the angle 𝜑 at which
min(ℒ) = ℒ(𝜑̅) as illustrated in Fig. 7).
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Figure 5: Sensitivity study performed on the parameter 𝑚𝑖
through a set of drained biaxial test (BXD) performed at 5 MPa
of initial confining pressures: (a) stress paths, (b) stress-strain
response, (c) evolution of volumetric strain. The blue line
indicates the solution of the stress path computed with the
reference set of parameters reported in Table 1.

For elastoplastic constitutive equations, a criterion to
identify bifurcated solutions in the form of narrow shear
bands can be written as:
𝑒𝑝

ℒ(𝜑) ≤ det[𝑛𝑗 (𝜑)ℂ𝑖𝑗𝑘𝑙 𝑛𝑙 (𝜑)],
𝑒𝑝

where ℂ𝑖𝑗𝑘𝑙 is the elasto-plastic constitutive tensor and 𝜑
is the angle defining the unit vector 𝑛𝑗 orthogonal to the
band (Fig. 7). In particular, although all the angles
satisfying the condition reported in Eq. 7 are susceptible
to predict strain localization, to evaluate the effective
angle at which the strain localizes, reference will be made

Figure 6: Sensitivity study performed on the parameter 𝑚𝜓𝑖
through a set of drained biaxial test (BXD) performed at 5 MPa
of initial confining pressures: (a) stress paths, (b) stress-strain
response, (c) evolution of volumetric strain. The blue line
indicates the solution of the stress path computed with the
reference set of parameters reported in Table 1.

This theoretical framework is here employed to explore
the model performance of the HBS, thus investigating the
evolution of the shear-strain characteristics during plane
strain stress paths. A similar strategy is proposed by
Marinelli and Buscarnera (2015) and Papazoglou et al.,
2017 in which the strain localization theory is used as a
further tool to calibrate the mechanical response of porous
rocks in the compaction regime.
The results are shown in Fig. 8 where the evolution of the
localization angle 𝜑̅ is plotted as a function of the
prescribed axial strains. From this figure, it is possible to
observe that, for a given confining pressure 𝑝𝑜 , there is a
decreasing evolution of the angle 𝜑̅, which indicates a
rotation of the shear band during the loading process.

n
he r

of 60° and 54° for a radial confinement of 𝑝𝑜 = 20 MPa
and 𝑝𝑜 = 30 MPa, respectively).
n

Figure 7: Plot of the bifurcation criterion ℒ(𝜑) for the HBS
model.

In this context, the initial confining pressure 𝑝𝑜 has
mainly two effects on the localization angle 𝜑̅: i) for
increasing values of 𝑝𝑜 , the range of rotations between the
initial yielding and the end of the loading tends to
decrease, ii) for increasing values of 𝑝𝑜 , the angle 𝜑̅ at
first yielding shows a decreasing trend as reported by the
red line in Fig. 8. The results shown in Fig. 8 are
consistent with the experimental evidence which report a
decrease of the band angle inclination for higher values of
the confining pressure, especially if the stress path
approaches the transition from brittle-dilation to ductile
compaction behaviour (Wong et al., 1997; Wong and
Baud, 2012).
oc
t on n e
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Figure 8: Evolution of the shear band angle 𝜑̅ during a biaxial
stress path (BXD). The tests are controlled through the axial
strain 𝜀𝑎𝑥 and are repeated for different values of the initial
confining pressure 𝑝𝑜 by using the set of parameters reported in
Table 1. The red line represents the shear band inclination at the
inception of strain localization.

Moreover, the band angle inclinations are consistent with
the experimental results presented in El Moustapha, 2014;
Lanatà, 2015 in which biaxial stress experiments are
performed on Vosges sandstone, a porous rock
characterized by the same initial porosity of Rothbach
sandstone (i.e., the experiments show a band inclination

one o

e k e e ents

Figure 9: Gauss points distribution calculated with PLAXIS 2D
to solve biaxial tests at two initial confining pressures of 5 MPa
and 20 MPa

As a further validation, the shear band angles calculated
with the strain localization theory have been compared
with the numerical results obtained with the finite element
code PLAXIS 2D with which two biaxial tests have been
solved at 5 MPa and 20 MPa of initial confinement,
respectively. To trigger the formation of a shear band and
avoiding an initial homogeneous plastic state, a squared
zone characterized by a smaller value of the uniaxial
compression (i.e., 𝜎𝑐𝑖 = 37 MPa) has been prescribed in
the bottom-left corner of the sample. The results are
shown in Fig. 9, where the distribution of the Gauss points
in plastic loading at the inception of strain localization
have been plotted with a red symbol. The inclination of
the shear band has been measured with the postprocessing tools available in PLAXIS 2D Output and the
results show values consistent with the band angles
predicted by the strain localization theory for both the
initial confining pressures (Fig. 9).
To avoid the pathological mesh sensitivity characteristics
of classical continuum models, a viscous regularization
technique has been employed to restore the objectivity of
the numerical solution during the shear band formation
(Sluys, 1992). This approach has been successfully used
by several authors in the compaction regime (Das and
Buscarnera, 2014; Shahin et al., 2019) and will be here
employed to regularize the numerical problem during
brittle failure. For this purpose, the inviscid model
presented in Eqs. (1)-(6), has been replaced within a ratedependent framework based on the overstress theory
proposed by Perzyna 1966, in which the visco-plastic
strains are calculated through a viscous nucleus function
𝑣𝑝
Φ(𝑓) according to the equation: 𝜀𝑖𝑗 =< Φ > 𝜕𝑔⁄𝜕𝜎𝑖𝑗 .
In this study, the following expression of the viscous
nucleus has been used: Φ = 𝜇(< 𝑓 >/σ𝑐𝑖 ), where 𝜇

represents a fluidity parameter, and < >, the McCauley
brackets. The global mechanical response of the sample
shown in Fig. 9(b) is illustrated in Fig. 10 where the
sample behavior is expressed as a function of the vertical
reaction 𝑅𝑦 and the normalized displacement 𝑢𝑦 \𝑢𝑦,𝑡𝑜𝑡 .
The total value of the applied displacements 𝑢𝑦,𝑡𝑜𝑡 has
been considered equal to 𝑢𝑦,𝑡𝑜𝑡 = 5 𝑐𝑚, while a fluidity
𝜇 has been prescribed equal to 𝜇 = 1.15 ∗ 10−5 \𝑠.

dilatant shear bands, the strain localization theory has
been employed to calculate the shear band inclination of
potential strain localization phenomena. The results
predicted by the strain localization theory have been
confirmed by numerical computations performed with the
finite element code PLAXIS 2D in which biaxial tests
have been solved as an IBVP. The enhanced constitutive
framework based on a HB yield criterion opens the
avenue to improve the analyses of geoengineering
systems in which an accurate description of the failure
mechanisms represents a crucial ingredient to guarantee
more reliable design strategies.
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