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i n f o

a b s t r a c t
Recent ﬁnite element (FE) simulations have revealed the generation and propagation of waves in rail surfaces
induced by wheel-rail frictional rolling. These waves have rarely been addressed in the literature. This paper
presents an in-depth analysis of these waves, aiming to give new insights into the contact mechanics, a research
area in which waves have generally been ignored. The study ﬁrst categorises the simulated contact-induced
waves according to their generation mechanisms as impact-induced, creepage-induced and perturbation-induced
waves. The link between the generation of perturbation-induced waves and the stick-slip contact mechanism
is then explored. Next, by examining the rail surface nodal motion that forms the wave, the creepage-induced
wave is demonstrated to be a Rayleigh wave; this result also shows that the explicit FE method can eﬀectively
simulate physical contact-induced waves and provide reliable dynamic contact solutions. Finally, FE modelling
is presented to investigate the eﬀects of surface cracks on the waves, which may contribute to wave-based crack
detection.

1. Introduction
The contact-induced wave phenomenon [1] has rarely been addressed in the study of wheel-rail rolling. One possible reason is that
the waves initiated in dynamic frictional rolling contact and inﬂuenced
by the entire vibrating structures cannot be reproduced by the broadly
used contact theories based on the assumptions of a steady state and a
half space, e.g., Hertz contact theory [2] and Kalker’s theories [3]. The
fundamental diﬃculty lies is the combination of the strongly non-linear
friction law and the dynamics of the solids.
To our knowledge, wheel-rail contact-induced waves were ﬁrst mentioned in [4], in which wheel-rail frictional rolling contact was solved
with an explicit ﬁnite element method (FEM). Good agreement was
achieved when comparing the obtained explicit ﬁnite element (FE) contact solution with Hertz contact theory and Kalker’s boundary element
contact solution, but a small pressure ﬂuctuation existed in the FE results. This ﬂuctuation was considered to be caused by high-frequency
vibration and wave propagation in the wheel and rail continua because
the FE contact solutions intrinsically include all the relevant vibration
modes of the structures and continua and the associated wave propagations [5].
The explicit FEM has since been increasingly employed for the
simulation of wheel-rail dynamic contact involving, for example,
impact [6–15], ﬂanging [16–18] and friction-induced instability [19].
The overall picture of the contact-induced wave pattern was observed
when the authors of this paper simulated the non-steady-state transition
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of wheel-rail contact from a single point to two points [18]. The wave
was found to be initiated next to the juncture of the adhesion and slip
regions in the contact patch, where the maximum surface shear stress
is located. After this study, the waves generated by the impacts at an
insulated rail joint [11] and a crossing [13] and the waves caused
by wheel-rail lateral creepage [19] were reproduced with explicit FE
contact models. The explicit integration algorithm is considered to
be computationally attractive and naturally suitable for analysing the
contact-induced wave propagation because the total dynamic response
time that must be modelled is only a few orders of magnitude longer
than the stability critical time step [20] and the contact conditions are
updated within a small time interval, which facilitates the analysis of
high-frequency wave propagation [21].
The aforementioned studies, however, only presented the wave
phenomena observed in explicit FE contact simulations. The generation
mechanisms and physical characteristics of the simulated waves have
not been examined. This study, in this context, ﬁrst categorises the
waves observed in the previous explicit FE wheel-rail contact simulations according to their generation mechanisms as impact-induced,
creepage-induced and perturbation-induced waves. The possible link
between the generation of perturbation-induced waves and the stickslip contact behaviour is then discussed. After that, the study analyses
the physical characteristics of the creepage-induced wave observed in
[19], conﬁrming that the simulated wave is a Rayleigh wave. Although
the Rayleigh wave has been extensively proposed to enable detection
of the presence of rail cracking [22,23], its practical application to
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Fig. 1. Impact-induced wave patterns (see also
the animations in [25] and [26]).

ﬁeld detection is still under development. This study ﬁnally presents
an explicit FE wheel-rail contact model with a crack to investigate the
inﬂuence of cracks on the waves, which may contribute to wave-based
crack detection.
2. Categorisation and generation mechanisms of the simulated
waves
The contact-induced waves discovered in the previous explicit
FE wheel-rail contact studies may be categorised according to the
generation mechanisms as impact-induced, creepage-induced and
perturbation-induced waves. The generation mechanisms of the former
two appear to be evident: the signiﬁcant dynamic eﬀect or kinetic energy [24] induced by the wheel-rail impact or large creepage results in
large oscillations of the wheel/rail surface particles in the vicinity of
the contact patch. The large local oscillations then propagate and form
regular wave patterns. The generation mechanism of the perturbationinduced wave is however less apparent because the perturbation arises
during seemingly steady-state rolling.
2.1. Impact-induced waves
The propagation of elastic waves inevitably occurs upon impact [24].
The contour graphs of Fig. 1 present two examples of wheel-rail impactinduced waves. Because the impact excitation is normal to the wheelrail contact surface, the normal (out-of-plane) nodal vibration velocities
play much more important roles than the tangential (in-plane) ones in
the formation of the impact-induced wave [11]. The magnitude of the
normal nodal velocity on the rail surfaces is indicated by the colour
depth of the contour graphs; the leading and trailing edges of the contact
patch can thus be identiﬁed by the blue and red colours, respectively.
Fig. 1(a) shows an impact-induced wave produced by simulating the
impact of a wheel on an insulated rail joint (IRJ); details of the modelling
were presented in [11]. When the wheel rolls over the IRJ and hits the
rail end on the other side of the joint, an impact-induced wave occurs
at the leading edge of the contact patch and propagates forward along
the wheel rolling direction. Fig. 1(b) shows another case of an impactinduced wave produced by the wheel-rail two-point contact transition

discussed in [18]. The impact-induced wave arises at the second contact
patch on the rail gauge corner immediately after the wheel ﬂange comes
into contact with, or hits, the rail gauge corner. The generation and
propagation of the impact-induced waves shown in Figs. 1(a) and (b)
can be more clearly seen in the animations [25] and [26], respectively.
2.2. Creepage-induced waves
When large wheel-rail creepage occurs, wave patterns embodying the alternation of the compression intensiﬁcation and relaxation
[18] may be generated. Two examples of creepage-induced waves are
presented in the contour/vector diagrams in Fig. 2. Fig. 2(a) shows a
creepage-induced wave pattern calculated with the explicit FE squealexciting contact model presented in [19], in which the wheel-rail rolling
contact with a large lateral motion of the wheel is simulated; Fig. 2(b)
shows another creepage-induced wave pattern observed in the simulation of the wheel-rail two-point contact transition [18], in which large
creepage occurs at the ﬁrst contact patch on the rail top when the rolling
wheel negotiates with the rail via ﬂange contact. The animations corresponding to Fig. 2(a) and (b) displaying the generation and propagation
of the creepage-induced wave can be found in [27] and [28], respectively.
In the contour/vector diagrams in Fig. 2, the magnitudes of the
normal relative velocities of the wheel/rail nodes are indicated by the
colour depth within the contact patches, and the tangential relative velocities between the wheel nodes and the rail nodes, i.e., the micro-slip,
are indicated by the blue arrows. The arrows point in the direction of
the micro-slip, and their lengths are proportional to the magnitude. Both
the normal and tangential nodal velocities contribute to the formation
of the creepage-induced wave. The creepage-induced wave appears to
propagate parallel to the micro-slip vectors, and the micro-slip in the
compression relaxation area (darker colour) is larger than that in the
adjacent compression intensiﬁcation area (lighter colour).
2.3. Perturbation-induced waves
Perturbation-induced waves have also been observed in the previous explicit FE wheel-rail contact simulations: perturbation of the nodal
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Fig. 2. Creepage-induced wave patterns (see
also the animations in [27] and [28]).

velocity suddenly occurs within the contact patch and spreads radially,
consequently developing into a wave pattern. The main diﬀerence in the
perturbation-induced wave compared with the former two wave types
is that the perturbation-induced wave, or the perturbation to be precise, may be initiated during seemingly steady-state rolling without the
involvement of signiﬁcant dynamic eﬀects caused by either impacts or
large creepage.
Perturbation-induced waves are found to be initiated either close to
the leading edge of the contact patch [11] or close to the juncture of
the adhesion-slip regions [18]. Two animations of the generation and
propagation of perturbation-induced waves are presented in [29] and
[30]. The perturbation initiates close to the leading edge of the contact
patch in [29] and at the juncture of the adhesion-slip regions in [30].
The animations were obtained by explicit FE simulation of wheel-rail
frictional rolling contact without wheel lateral motion (simulation case
1 in [19]).
Each animation consists of two windows: the upper window displays
the simulated evolution of the wheel-rail relative velocities within the
contact patch, and the lower window displays the simulated evolution
of the normal and tangential velocities of the rail surface nodes within
the entire solution zone (a region on the rail top surface for which the
wheel-rail contact solution is output). The wheel-rail relative velocities
(in the upper window) can clearly indicate the range of the contact patch
and the adhesion-slip regions and thus enable the initiation position of
the perturbation to be located, while the rail surface nodal velocities
(in the lower window) can more clearly show the wave propagation.
Figs. 3(a) and (b), extracted from the upper windows of the animations
in [29] and [30], respectively, show the generation processes of the two
typical perturbation-induced waves. The range of the contact patch is
indicated by the dashed black ovals, and the initial adhesion and slip
regions are roughly divided by the dashed curves within the contact
patch. The interval between each pair of consecutive graphs in Fig. 3 as
well as the time step of the animations in [29] and [30] is 1 μs. Note that
the time steps used in all the animations of this paper are more than 10
times larger than the computational time step used in the simulations.
In Fig. 3, the perturbation occurs at instant t2 and gradually spreads at
instants t3∼t6.
The division of the adhesion and slip regions can be determined either by the presence of micro-slip, i.e., micro-slip exists only in the slip
region, or by comparing the wheel-rail surface shear stress with the traction bound (the product of the contact pressure and coeﬃcient of friction), i.e., an element is in the slip region if its surface shear stress equals
the traction bound, as indicated in Fig. 4. Note that at the initiation locations of the perturbation-induced waves, i.e., close to the leading edge of
the contact patch and close to the juncture of the adhesion-slip regions,
the surface shear stress is close, but not equal, to the traction bound,
as indicated by the two green circles in Fig. 4; therefore, the contact
nodes/elements originally in adhesion at these locations are more likely
to slip than those elsewhere with an increase of the surface shear stress
or a decrease of the traction bound (or a decrease of the pressure when

the coeﬃcient of friction is constant). This phenomenon may occur during the dynamic frictional rolling contact in which the contact stresses
vary periodically [19]. As shown in Fig. 5 and its corresponding animation in [31], in each period, a moving local peak of the surface shear
stress, indicated by the green arrow in Fig. 5, starts at the leading edge
of the contact patch, moves towards the trailing edge, and ultimately exits the adhesion region at the juncture of the adhesion-slip region. This
local peak or increase of the surface shear stress appears capable of causing sudden slip in the original adhesion area either close to the leading
edge of the contact patch or close to the juncture of the adhesion-slip
regions, acting as a perturbation within the wheel-rail contact patch and
then developing into a wave. Because the variation in the stress distribution is caused by vibration [32], the perturbation-induced waves can
be considered to be intrinsically generated by dynamic eﬀects similar
to the impact-induced wave and the creepage-induced wave. However,
the dynamic eﬀects of the wheel-rail frictional rolling that trigger the
perturbation-induced wave may be much less signiﬁcant than the dynamic eﬀects that initiate the other two types of waves; therefore, the
perturbation-induced wave observed in the explicit FE simulations is
weaker and lasts for a shorter time.
The initiation location of the perturbation-induced wave can be
inﬂuenced by the simulated traction condition of the rolling wheel.
Figs. 6(a) and (b) extracted from the animations in [33] and [34] show
the perturbation-induced waves simulated by a braking wheel rolling
model and a tractive wheel rolling model, respectively. The braking
rolling is simulated by applying an opposite-direction torque to the
wheel axle. The directions of the micro-slip vectors within the slip regions shown in Fig. 6(a) are thus opposite to the wheel rolling direction. Although the time steps used in the animations [33] and [34] (30
μs) are not suﬃciently small to capture the entire process of wave generation and propagation, the animations and Fig. 6 still indicate that
the perturbation-induced waves generally occur at the leading edge
of the contact patch in the simulation of wheel braking, whereas the
waves occur more often at the juncture of the adhesion-slip regions in
the simulation of wheel traction. The correspondence between the traction/braking condition and the initiation position of the wave might support the actual existence of a perturbation-induced wave during wheelrail frictional rolling contact because turbulence caused by numerical
errors occurs more randomly.
Perturbations occur regularly in the animations in [33] and [34] with
a period of approximately 0.6 ms (20 time steps in the animations),
corresponding well to the period of the surface shear stress oscillation
shown in Fig. 5 and [31]. This result supports the aforementioned
ﬁnding that the perturbation is generated when the local peak of the
surface shear stress periodically passes the boundary of the adhesion
region at either the leading edge or the juncture of the adhesion-slip
regions. Moreover, Fig. 3 shows that the adhesion region decreases
gradually with the spread of the perturbation. The adhesion region can
be expected to vanish under certain contact conditions (e.g., by applying a certain coeﬃcient of friction or when the applied traction/braking
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Fig. 3. Generation processes of two typical
perturbation-induced waves (see also the animations in [29] and [30]).

waves with the wheel-rail friction-induced instability – the root cause of
squeal [36] and possibly of corrugation [37]. Because the initiation of
the perturbation is inﬂuenced by the wheel traction/braking condition
as analysed above, squeal and corrugation can possibly be mitigated by
optimising the traction and braking control strategies based on a better
understanding of perturbation-induced waves.

3. Physical characteristics of creepage-induced waves

Fig. 4. Contact stress distribution within the contact patch (the green circles
indicate the initiation locations of the perturbation: close to the leading edge
and the juncture of the adhesion-slip regions).

force exceeds a threshold value), and the stick-slip contact behaviour,
characterised by sudden, periodic shear stress drops and markedly
inﬂuenced by vibration and waves [35], may consequently occur. This
study, therefore, seems to link the generation of perturbation-induced

The physical characteristics of the wheel-rail contact-induced wave
can be obtained by analysing the nodal motion on the contact surface
that forms the wave. As a ﬁrst attempt to examine the physical characteristics of wheel-rail contact-induced waves, this study limits the
analysis of the wave characteristics to creepage-induced waves because
more diﬃculties arise when analysing the surface nodal motion forming
impact-induced and perturbation-induced waves: the impact-induced
waves shown in Fig. 1 are interfered with either by the reﬂected wave
due to the rail joint (see [38]) or by the waves generated at the contact patch on the rail top (see [28]), and the perturbation-induced wave
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Fig. 5. Periodic surface stress distributions (see also the animation in [31]. blue curve: traction bound; red curve: surface shear stress; A: adhesion region; S: slip
region; the green arrows indicate the position of the moving local peak) [19].
Fig. 6. Perturbation initiations simulated under wheel braking and traction conditions (see also the animations in
[33] and [34]).

generated by the much less pronounced dynamic eﬀect is of too short a
duration to analyse.
3.1. Preliminary inference of the wave type
A typical creepage-induced wave pattern is presented in the contour/vector diagrams in Fig. 7 (see also [39] for the corresponding animation with a time step of 0.3 μs). The wave is obtained by simulating wheel-rail frictional rolling contact with large lateral motion of the
wheel (simulation case 4 in [19]). The wave phenomena can be observed from the distribution of the wheel-rail relative velocities within
the contact patch (Fig. 7(a)) and the distribution of the rail surface
nodal velocities within the entire solution zone (Fig. 7(b)). The regions
of the contact patch are indicated by the dashed black ovals in Fig. 7. In
the contour/vector diagrams, the magnitudes and directions of the normal (relative) velocities are indicated by the colour depth, and those of
the tangential (relative) velocities are indicated by the red arrows. The
creepage-induced wave shown in Fig. 7(a) embodies the alternation of
the compression intensiﬁcation and relaxation within the contact patch
(see also Fig. 2), whereas the wave in Fig. 7(b) reﬂects the vibration
velocities of the rail surface nodes. The wavelengths shown in Fig. 7 are
approximately 6 mm.
Assuming that the time step used in the animation in [39] – 0.3
μs – is suﬃciently small to capture the physical characteristics of the
wave, e.g., wave speed and travelling direction, and thus to identify the
wave type, three lines of evidence link the simulated creepage-induced

wave to a Rayleigh wave. First, the observed wave is a surface wave
formed by the simulated rail surface nodal velocities, as has been shown.
Second, both the normal and tangential nodal motions contribute to the
formation of the wave, and the direction of the tangential nodal motion
is roughly parallel and opposite to the wave propagation direction (see
[39]), as will be shown in detail in Section 3.3. Third, the wave speed
estimated by dividing the wave travelling distance of 1 mm in each time
step by the time step size of 0.3 μs approximates the Rayleigh wave
speed in steel (approximately 3 km/s); this result will be further veriﬁed
in Section 3.3.
3.2. Rayleigh surface wave
A Rayleigh wave is a commonly known type of surface wave formed
by retrograde elliptical particle motion on the surface, as shown in
Fig. 8: the surface particles move in both the tangential (parallel and
opposite to the wave propagation direction) and transverse (normal to
the surface) directions, and the phase diﬀerence between the tangential motion and the transverse motion is 𝜋/2. The travelling speed of a
Rayleigh wave in steel is approximately 3 km/s.
3.3. Nodal motion forming creepage-induced waves
Section 3.1 infers that the simulated creepage-induced wave is a
Rayleigh wave based on the assumption that the time step used in the
animation in [39] is suﬃciently small. To validate this assumption and
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Fig. 7. Creepage-induced wave simulated by the wheel lateral motion model (see also the animation in [39]).

wavelength 𝜆w = 6 mm and the frequency fw = 0.495 MHz as:
𝑣𝑤 = 𝜆𝑤 × 𝑓𝑤 ≈ 3 km∕s

Fig. 8. Retrograde elliptical particle motion of a Rayleigh wave.

the inference made in Section 3.1, this section analyses the simulated
nodal motion on the rail surface that forms the creepage-induced wave.
The normal and tangential velocities of three rail surface nodes N1∼N3,
denoted by the solid blue points in Fig. 7, are analysed. The nodes are
located approximately on the central lateral line of the contact patch.
N1 and N2 are within the contact patch, while N3 is outside the contact patch. The selected nodes have the same longitudinal coordinate of
510 mm and lateral coordinates of 0 mm, −4 mm and −10 mm.
Fig. 9(a) plots the time histories of the simulated normal and tangential velocities of the three selected nodes during the period of 18.18 ms
∼18.27 ms (the animation [39] displays the wave in the same period).
The tangential nodal velocities have trend components because of the
wheel lateral motion prescribed in the simulation. The power spectrum
densities of the time histories are correspondingly shown in Fig. 9(b),
which indicate that all the nodal velocities are narrow-band signals and
have a dominant frequency of approximately 0.495 MHz. The travelling
speed of the simulated wave may thus be calculated by multiplying the

(1)

The good agreement of the wave speed calculated with Eq. (1) and
that estimated in Section 3.1 indicates that the time step of the animation [39] is suﬃciently small to show the main characteristics of
the wave. The bandpass-ﬁltered time histories around the dominant frequency (between 0.48 and 0.51 MHz) are plotted in Fig. 9(c), and closeup views are plotted in Fig. 9(d), which clearly show that both the normal and tangential nodal velocities contribute to the formation of the
creepage-induced wave with comparable magnitudes. Fig. 9(e) indicates
that the phase diﬀerences between the tangential and normal motions of
N1 and N2 inside the contact patch are approximately 𝜋/2, corresponding to a Rayleigh wave, whereas that of N3 outside the contact patch
is approximately 0.65𝜋, which is possibly caused by the superposition
of other waves. Fig. 9(f) shows that the coherence of the tangential and
normal motions is 0.98 for N1 and N3 and greater than 0.8 for N2 in
the frequency range of interest. Fig. 9(g) plots the retrograde elliptical
nodal motion of N1∼N3 in displacement, which strongly indicates the
presence of a Rayleigh wave (see also [40] for the animations of the
corresponding retrograde elliptical nodal motion). The elliptical trails
of each node for diﬀerent cycles do not exactly overlap due to the dynamic eﬀects of wheel-rail frictional rolling.
4. Waves generated by a crack
Experimental attempts [22,23] have suggested that Rayleigh waves
can be used to detect rail cracks. However, their ﬁeld application is
still under development. As the explicit FEM can eﬀectively capture the
contact-induced Rayleigh wave, as analysed in Section 3, this section
presents explicit FE modelling of wheel-rail dynamic frictional rolling
contact for a rail top surface with a crack to investigate the crack effects on the contact-induced waves. The model was developed from the
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Fig. 9. Simulated surface nodal motion (left, middle and right
graphs are for the rail surface nodes N1, N2 and N3, respectively).
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Fig. 10. Wheel-rail contact model with a crack on the rail top surface.

Fig. 11. Contact-induced waves inﬂuenced by
a crack (see also the animations in [41] and
[42]).

wheel-rail contact model without wheel lateral motion (simulation case
1 in [19]) by adding a ‘seam’ in the rail top, as shown in Fig. 10(a).
Fig. 10(b) shows the size and position of the added crack. Contact between the surfaces of the crack is included, with a static coeﬃcient of
friction of 0.35.
The contour/vector diagrams in Figs. 11(a) and (b) show the distributions of the rail surface nodal velocities within the entire solution
zone when the simulated wheel approaches and rolls over the crack, respectively. The contact patch is indicated by the dashed black oval; the
crack is denoted by the bold black line. Wave patterns can be observed in
Fig. 11, which are generated at the location of the crack and propagate
radially. The wave generated when the wheel rolls over the crack (in
Fig. 11(b)) is much stronger than the wave generated when the wheel
approaches the crack (in Fig. 11(a)). See [41] and [42] for the corresponding animations with a time step of 1 μs. The characteristics of the
waves generated by rail cracks can be investigated in future studies and,
together with experimental validation, be used for the development of
wave-based detection of rail surface cracks.
5. Conclusions and future research
This paper presented an analysis of the contact-induced waves simulated by explicit FE wheel-rail frictional rolling contact models. According to the generation mechanisms of the waves, this study categorised the simulated waves as impact-induced, creepage-induced and

perturbation-induced waves. All three types of waves should be intrinsically generated by the dynamic eﬀects of the wheel-rail frictional rolling
contact; the dynamic eﬀect triggering perturbation-induced waves is
however much less signiﬁcant than those causing impact-induced and
creepage-induced waves.
This study also discussed a possible link between the generation of
perturbation-induced waves and the stick-slip contact mechanism and
found that the initiation location of the perturbation-induced wave can
be inﬂuenced by the traction/braking condition of the railway wheel:
the perturbation generally occurs at the leading edge of the contact
patch during wheel braking, whereas it occurs more often at the juncture of the adhesion-slip regions during wheel traction. The cause of
periodic perturbation-induced waves should be further studied. A better understanding of perturbation-induced waves may contribute to the
mitigation of rail corrugation and squeal as consequences of stick-slip
contact by enabling optimisation of the traction and braking control
strategies.
This study demonstrated that the simulated creepage-induced wave
is a Rayleigh wave by comparing the physical characteristics of the
waves. The reproduction of the Rayleigh wave conﬁrmed that the explicit FEM is an eﬀective tool for the analysis of wheel-rail dynamic contact and the associated waves. An explicit FE wheel-rail contact model
with a crack in the rail top surface was ﬁnally presented to investigate
the eﬀects of the crack on the rail surface waves. The generation and
propagation of rail surface waves were observed in simulations in which
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the wheel approached and rolled over the crack. Further investigation of
the physical characteristics of the crack-generated waves and their experimental validation may facilitate the development of a wave-based
crack detection method.
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