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Abstract In this paper, a model will be derived
to describe the rain—wind-induced oscillations of an
inclined cable. Water rivulets running along the cable
and aerodynamics forces acting on the cable are taken
into account to describe these oscillations. A bound-
ary damper is assumed to be present near the lower
endpoint of the cable. For a linearly formulated initial-
boundary value problem for a tensioned beam equation
describing the in-plane transversal oscillations of the
cable, the effectiveness of this damper is determined
by using a two-timescales perturbation method. It is
shown how mode interactions play an important role
in the dynamic behaviour of the cable system. Some
resonant and non-resonant cases have been studied in
detail.
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1 Introduction

The study on how to damp vibrations in stay cables,
which are attached to a pylon at one end and to a
bridge deck at the other end, is of great importance
not only in structural engineering but also in applied
mathematics. The combined effect of rain and of wind
can change the aerodynamic properties of the cable-
stayed bridge and can lead to relatively large ampli-
tude vibrations of the cables. For example, one can
refer to the Erasmus bridge in Rotterdam, which started
to vibrate heavily under mild wind-rain conditions
shortly after its opening in 1996. This bridge was tem-
porarily closed to the traffic as a safety precaution.
As a temporarily measure, polypropylene ropes were
installed between the cables and the bridge desk. Later,
these ropes were replaced by hydraulic dampers as a
permanent measure and by conforming to the aesthetic
of the bridge designed by the architects. Much research
on this problem has been done both numerically and
experimentally to understand the mechanisms of rain—
wind-induced vibration of inclined stay cables [10,11].
For more recent experiments and numerical computa-
tions, the reader is referred to the following articles
[5,8,13,18].

As has been observed from wind-tunnel experi-
ments, raindrops hitting the inclined stay cable cause
the generation of one or more rivulets on the surface of
the cable. The presence of flowing water on the cable
changes the mass and the aerodynamic properties of
the bridge system that can lead to instabilities. These
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Fig. 1 The inclined stretched cable in a static state

water rivulets on the cable surface can be considered as
atime-varying mass in the system [1,3]. In order to sup-
press undesirable vibrations in bridge structures, differ-
ent kinds of dampers such as tuned mass dampers and
oil dampers can be installed between the cables and the
bridge deck. Numerous work has been done from the
theoretical and the experimental point of view to pre-
dict the optimal damper location and type. Jacquot [15]
calculated the optimal value and location of the viscous
damper which is located in a randomly forced horizon-
tal cantilever beam.

These physical problems of rain—wind-induced vibra-
tion of inclined cables can be modelled mathemati-
cally by initial-boundary value problems for string-like
or beam-like problems. For string-like problems, the
static state due to gravity and the dynamic state due to
a parametrical and a transversal excitation at one of the
ends of the inclined string were studied in [7]. For the
inclined cable subjected to wind with a moving rivulet
on its surface, the nonlinear dynamic model is inves-
tigated by considering the equilibrium position of the
rivulet [19]. The effect of the static condensation of
the longitudinal displacement due to the cable inclina-
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tion and the cable total tension is investigated by using
numerical and analytical techniques in [25]. In addi-
tion, the interaction among the three excitation sources:
self excitation, which is caused by a mean wind flow,
and external and parametric excitations due to vertical
motion of the ground support, on the nonlinear dynam-
ics of the inclined cable related to a cable-stayed bridge
were studied in [20]. In many papers, the rain—wind-
induced vibrations of inclined taut cables have been
studied, but much less work has been done on the rain—
wind-induced vibrations of an inclined cable subjected
to wind with time-varying rivulets on its surface.
From the practical point of view, the viscoelastic
materials are modelled with a combination of spring-
like and dashpot-like elements at the boundary in order
to represent restorative force component and damping
component, respectively. In this paper, we consider the
linear (and nonlinear) dynamic response due to only
a damper near one of the support ends of the inclined
cable. On the cable, a time-varying (rain) mass rivulet is
assumed to be present (see also Fig. 1). The stationary
wind flow will lead to the phenomenon of self excitation
of the cable. The damper location in the cable-stayed
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bridge is quite close to the anchorage of the cable. For
more information on the effect of the bending stiffness
of a tensioned cable for varying damper locations, the
reader is referred to [14,21,22].

The aim of this paper is to provide an understand-
ing of how effective boundary damping is for inclined
stretched beams with a small bending rigidity. These
problems for strings or beams are considered to be
basic models for oscillations of cables from a prac-
tical viewpoint. The outline of this paper is as follows.
In Sect. 2, we apply a variational method in order to
derive the governing equations of motion of the ten-
sioned Euler—Bernoulli beam, and obtain a system of
three coupled PDEs. By using Kirchhoff’s approach,
the number of PDEs in the system is reduced to two
PDEs (one for the in-plane motion, and one for out-of-
plane motion) or to a single PDE (only for the in-plane
motion). The main aim of this section is to give a model
to describe the dynamics of rain—wind-induced vibra-
tions of an inclined beam, where the gravity effect is
schematically shown in Fig. 1. In Sect. 3, we only con-
sider the in-plane motion of the inclined beam with only
one rivulet on the cable. In Sect. 4, the two-timescales
perturbation method is used to solve the problem and
some (non)resonance frequencies are determined. In
this paper, we will consider the pure resonance case
and the non-resonance case. All other resonance cases
can be investigated similarly. Finally, the conclusions
are presented in Sect. 5.

2 Equations of motion

We consider an inclined, perfectly flexible, elastic beam
with a small bending rigidity on a finite interval x €
[0, L], which is attached to a dashpot A at x = L, and
assumed to be simply supported at x = O (see Fig. 1).
u, w and v are the displacements in x-direction, y-
direction and z-direction, respectively. From Newton’s
second law, the equations of motion can be stated as
follows: the time derivative of the linear momentum of
the system is equal to the sum of external forces which
are elastic forces, gravity, drag and lift forces due to the
uniform wind flow vg, blowing under a yaw angle g as
can be seen in Fig. 1. Itis assumed that the water rivulet
is not blown off the cable. Furthermore, we assume
that the tension due to stretching in the beam is large
enough, such that the small sag of the beam, that is, the
displacements in x and z-directions due to gravity, can

be neglected. Similarly, due to this tension, we neglect
the wind force along the cable in x-direction. Hence,
the total tension in the beam at x = x( can be written
by:

L
T(x0.1) = To+/ M(X, 1)g Asin(a)d3, (1
X=xq

where Ty is the pretension in the beam, g is the accel-
eration due to gravity, A is the cross-sectional area of
the beam, « is the angle between the beam and the hor-
izontal plane, and M (x, t)) is the mass density of the
beam including the time-varying water rivulet.

Let the coordinates (x, y, z) of amaterial point of the
unstretched beam be (x, 0, 0) with x € [0, L], where
the x-axis, y-axis and z-axis are defined in Fig. 1. The
dynamic displacement of this material point is denoted
by u(x, H)i, v(x, )k and w(x, t)j, where i, k and j are
the unit vectors along the x-axis, y-axis and z-axis [7].
The vector position R(x, ¢) of this material point in the
dynamic state is obtained by:

1 X L
R(x,t) =[x+ — [To + M(x,t)gAsin(a)dx]ds
AE Jo T=s

Fu(x, )i+ v(x, 0)j+ w(x, Dk, 2)

where E is Young’s modulus. The relative strain per
unit length of the stretched beam is written by:

—1, (©)

Gl
€xo(X, 1) = ‘QR(X»Z)

o ! LM(‘t)A'()d‘+ 2+2+2 1
= _— —_— X, sSim(o )dx u ve ws — 1,
AE ' AE Ji_, § * S

where uy, vy ,and w, represent the derivative with
respect to x of u(x,t), v(x,t) ,and w(x,t), respec-
tively. By assuming that u)zc is small with respect to u,
and vf + w%, and by expanding the square-root in a
Taylor series, we have approximately

To 1

L
~ T /)E:x M (&, t)g Asin(e)d

2 2
v w
+ux+7x+ 7)‘ “)

For the curvature of the beam in the (x, y, z)-space
(out of plane) or for the curvature of the beam in the
(x, y)-plane (in plane), the reader is referred to [6,23].
The axial strain of a generic point of the beam located
at distances y and z (in the y and z directions) from the

€xo
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centre line of the beam is defined by:

€xx N —YUxx — ZWxx- ()

Hence, the total strain of a line-element of the beam
is approximately given by:

€x = €x0 T €xx,

T % Mg e sinds
N —— 4 — X, sin(o)dx
AE " AE J_, §
2 w2
+“x+7x+7x_yvxx_zwxx- (6)

The equations of motion describing the vibrations of
the beam will be obtained by using Hamilton’s principle
[12]. In order to apply this principle, the kinetic energy
and potential energy for the beam should be defined
and calculated. The potential energy of the beam is
given approximately by (using Hooke’s Law [16]) and
defined as:

EA (LT To | . ,
Ep = - A [E iE /)E:x M(x,t)gAsin()dx

U2 w2 2
+ux+?x+7x} dx

E (b, 2
+ — (Iyvy, + Lwy,)dx
2 Jo
L
— Agf M (x, t)[usin(x) + vcos(a)]dx. (7)
0

where I, and I, represent the axial moments of area
about the y- and z-axes, respectively. In addition, the
kinetic energy of the beam is given by:

_A / M(x, Olu? + v? + w?ldx. @®)

The Hamiltonian integral is F = F(t2) — F(t;) =

el t1 (Ex — Ep)dt. If we denote the integrand with
f(u, uy, uys, v, Vy, Uxx, Vs, Wy, Wiy, Wr), then the three
Euler-Lagrange equations of the variational problem
8F = 0, which we have to solve according to the

Hamiltonian principle, are as follows:

9 af\ 8 ,f\ Of
G T3 G~ e =0

@ Springer

d /of 8% / of 3/ of af
o)~ (o) Y G) 50 = P
x \Qv, Ix2 \9vyy, at \ v, v

3 /0 3% /9 3 /9
()~ 5 () 3 Gy ) =

0x \ 0wy 0X% \0Wyy ot \ow;

or equivalently, the equations of motion are given by

d [M( 5 ] gl d To
ZAMGx, Dy | —
at ! ax

2 2
— M(x, t)gsin(a) = 0, 9)

d To
E—|v | —
ox AE

1 [t 2 w2
- —/ M(Z, 1)gsin(@)dF + uy + 2= + _xﬂ
E xX=x
F

1 (L vE o w?
+ = f M(x, t)gsin(a)dx + uy + = + —x}
E xX=x

%[M(x, t)v,] _

2 "2

Y (10)

3> (EI,
+ﬁ Tv” — M(x,t)gcos(a) = e

d [M( 5 ] E ad To
— X, Dw | — E—|wy| —
at ! ox| “\AE

1 [t v2 w2
+ E . M (x, t)gsin(a)dx + uy + ?x + 7>i|

N

where F) and F, are the aerodynamic forces in the
in-plane and in the out-of-plane, respectively, and are
defined by

—[D sin(¢) + L cos(¢)], (12)

Fy
F, = [D cos(¢) + L sin(¢p)]. (13)

Here D and L are the magnitudes of the drag and
lift forces, respectively, which may be given by:

1

D= EpachD(x, t; ¢>;k)v52, (14)
1

L= E,oachc(x,t; 2, (15)

where p, is the air density, d is the diameter of the cross
section of the circular part of the beam cable, L is the
length of beam, vy is the virtual wind velocity which is
given by

V2 = (V00c0s(y) — wy)? + (veosin(y) +v)%.  (16)
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Fig. 2 The model of the cross section of cable with rivulets
. . 2
vw
Figure 2 shows the centre of a cross section of the 4 t3 ' (40033()/) _ 3005()/))

cable with rivulets. ¥| and 1y, are the displacements of
the upper and the lower rivulet, respectively, and ¢} is w4, 1.
the wind attack angle, which is defined by ¢ = ¢ —;, + v3, (§COS (y)sin(y) — §Sm(y)) T

i = 1, 2. The angle between the virtual wind velocity 17
vs and the horizontal axis is defined by ¢, which can
be expressed as:

where voe = vov/cos2(B) + sin(a)sin®(B) is the
effective wind flow, and y is the angle of attack, which
depends on the inclination angle « and the yaw angle

w) B defined by Geurts and van Staalduinen [11]

Voo COS(Y) — wy

¢(t) = arctan(

& arctan(tan(y)) + icos(y) + ﬂsin(]/)
Voo Voo y(a, B) = arcsin(

v;é:t (2cos2(y) — 1)

sin(ar)sin(B) )
Veos2(B) + sin(@)sin?(B)”

v2
— —-sin(y)cos(y) +
v

00 (18)
wi v 4 3

+ @ sin(y)eos(y) + @ (cos(y) T3 (Y)) As canbe seen in Fig. 2, the position of the upper and

lower rivulet is determined by | and v, respectively.

2
Uy wy . 2 .
+ V3 (Sm(y) — 4cos (y)sm(y)) From experimental data [4], we may assume that the

oo
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total time-varying mass due to these rivulets on the
cable changes periodically and may be defined to have
the form [1,2]

mi(x, 1) = My (x, 1)

= M (1 + Ay sin(y1x — £211)), (19)
ma(x,t) = Mauo(x, t)
= M, (1 + A, sin(yrx — §221)), (20)

where M; > 0 and M, > 0 are the constant mass of
the upper and lower rivulets, respectively. A} > 0 and
Ay > 0 are small parameters, and y; > 0, y» > 0,
21 > 0, 2, > 0. If My > 0 is the constant mass of
the beam cable, the total mass can be given by:

M(x,t) = Mu(x,t) = M(1 + A; sin(y;x — 211t)
+A; sin(yrx — 251)), 21

where M = Mo+ My + My > 0, Ay = M A{/M,
and Ag = MyA>/M.

The quasi-steady drag cp(x, ¢; ¢;) and lift ¢ (x, ¢
¢;) coefficients may be obtained from wind-tunnel
measurements. A quasi-steady assumption can be used
due to the low-frequency oscillations of the cable. Yam-
aguchi shows the experimental results for the drag,
lift and moment coefficients at various angles of wind
attack with the ratio of diameters of rivulet and cable in
[27]. These results show that the drag, lift and moment
coefficients for different ratios of diameters of rivulet
and cable are similar to each other. Due to these results,
we define that the drag and lift coefficients may be writ-
ten in periodic form in a small «r, B and y neighbour-
hood of fixed “rivulet” profiles as follows:

epe.1:¢7) = ep[kimi .0 + ka0 @2)
cel.1:¢) = e, [ @F(0) — e (. 1)

+ @3() — a)pa(x )]

ez, @ (0 — ) (1)

@0 —a o] @3

Here «;, £; and &; are constants for i = 1, 2 indicat-
ing the effect of the mass change of the rivulets on the
drag and lift coefficients [17], and

cp = cp(1 + ag sin(ypx — £201)), (24)
C»Cl = CZl(l + 130 Sln()/()x - Qot))v (25)

@ Springer

cry = g, (1 + og sin(yox — £20t)), (26)

where «, B and oq are small parameters, and yy > 0,
£20 > 0. By neglecting terms of degree four and higher
terms, we obtain the in-plane wind force as follows:

0 v w
Fy ~ —Tadngo{Aoo + —tAl() + —tA()]
Voo Voo

2

v vrw
t t Wt
+ 5 A+ ——An
UOO UOO
w? v} v2w,
+ —-Ap + 5430+ —5— A
v w? w?
+TA12+TA03}, 27)
UOO UOO

and similarly, we compute the out-of-plane wind force
as follows:

V, w
F,~ &dngo[Boo + —LBjo+ — By
2 Voo Voo

2

Uy Vr Wy
+ —- B + —5—Bii
vOO vOO
w? v} v2w;
+ —-Bo2 + - B30 + —5— B2
2 3
vrw w
+ =51 B+ —-Bos | (28)
v3 v3
o o

where A;; and B;; fori, j =0, 1,2, 3 as follows:

Aij = CD[Klﬂl(x, 1) + k2 p2(x, t)]aijo
+cr, [K_lul(x, Baij1 + Ko p2(x, t)aijz]

+crs [K:lm (x, Daij3 + K2p2(x, t)aij4], (29)
and

Bij = CD[KlMl(x, 1) +kopa(x, t)]bijo
+cr, [K_lm (x, Dbij1 + Kk2p2(x, l)bijz]

ey [ (e, Dbijs + apa(x, Dbija ). (G0)

The detailed expressions of the a;jr- and b;ji-
coefficients for k = 1,2,3,4 can be found in
“Appendix A”. When we assume only in-plane horizon-
tal cable motion with only the upper rivulet present, that

is, y(a, B) = 0, ua(x, 1) = 0,and k1 = k] = K =
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w1(x, t) = 1, the same coefficients of cp, ¢z, and ¢z, and the initial conditions are
are obtained as in [26].
u(x,0) = up(x), u;(x,0) = u;(x), (35)
v(x,0) = vo(x), vr(x,0) =vi(x). (36)

3 Further simplifications

For further calculations, we only consider in-plane
motion (w = 0) of the inclined beam, and we assume
that there is only one rivulet on the cable, that is,
Y1 = y2, w1 X wy. Thus, we define M(x,t) =
M(1 +Asin(y1x —£211)), where Aisasmall parameter.
We substitute Eqs. (27) and (28), into Egs. (10)—(11)
and rewrite in order to obtain the equations of motion
for the beam with a time-varying mass, yielding

2

Uy — I %(”x + UEX) = I:A £21 cos(y1x — .Qlt)]u,
— [Asin(ylx — Qlt)]ut,
(3D
ﬂUxx)cx - To ——Uxx + Uy — Ei[vx (Mx + v%)]
AM AM M ox 2

- [A 21 cos(y1x — le)]v,
- [/i sin(y1x — .Qlt)]v,,
- [1 T Asin(yix — Qlt)]g sin(a@)vx

A
¥ [(L ) cos(yix = @)
1

i
— 2 cos(mL — :21;)] g Sin(@) v
yi

+ [1 +A sin(y1x — .Qlt)]g cos(a)
Vv v? v}
[A00+—A10+TA20+TA30],
Voo V5, V3,

(32)

2AM

where A;; fori, j = 0, 1, 2, 3 are defined in Eq. (29).
As can be seen in Fig. 1, the inclined cable is attached
to a sliding damper at x = L and to a pylon at x = 0.
The boundary conditions are given by:

u(0,1) = Elyve(0,1) = v(0,1) = u(L, 1)
= ElLv(L,1)=0, (33)

and

Elyvyy (L, 1) = Tove (L, 1) + Av (L, 1), (34)

Equations (31)—(32) represent the in-plane motion
of the inclined beam cable system in the longitudinal
and transversal direction, that is, in x-, and y-direction.
We introduce the new variables u(x, t) and v(x, t) as
defined by:

u(x,t) =iu(x, 1) +ax), 37
v(x, 1) = v(x,t) + 0(x), (38)

where i(x) and 0(x) are the “stationary” solutions
by neglecting small-time perturbation (see “Appendix
B”). When we substitute the new variables Eqs. (37)-
(38) into the Egs. (31)—(32), we obtain

- E d/_ _ .
i = 37 g (004 )
- [A.Qlcos(ylx _ Qlt)]zz,
_ [Asin(ylx - le)],z,, (39)
El, To
AM Uxxxx — Avax + Vgt
E 9 2

- Ma*[(vx + Ux)(”x + U0y + 7/‘)
2

A v
0+ )]

= [A £21cos(y1x — .Qlt)]ﬁ,

[ sin(y1x — 911)]11[1

1n(y1x .le)]g sin(a) (Uy + 0y ) — g sin(a) vy

A
+ [— cos(y1x — £21t)
14!

A , _ .
o cos(y1L — 910]3 sin(@) (Vyxx + Vxx)
+ (L—x)g sin(a)f)xx—i—[fi sin(ylx—Qlt)]g cos(a)

=2 E%
[TA10+7A20+ A30]

2AM
(40)

These coupled partial differential equations can be

reduced to a single partial differential equation by
applying Kirchhoff’s approximation. It will be assumed

@ Springer
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that 7 and i are O(e2), ¥ and v are O(e), A is O(e),
gsin(a) = Py is O(1), and % = P["is O(1/e), where
€ is a small parameter with 0 < € < 1. Then, by using
these assumptions, Eq. (39) up to order € becomes

WO D)
—Pf (i Bade + ) = 1)
X 2
First, we integrate Eq. (41) with respect to x from 0

to x, yielding

=2
_ _ A v
Py (4 b+ 2) = =) (42)

and then from O to L, obtaining

Pl*[ﬁ(L, 1) — (0, 1) + /OL (ﬁxﬁx + %X)dx]

L
2/ h(t)dx (43)
0
Hence,
i _ Lo
h(t) :T[M(L,t)—u(o, t)+/0 (vax-l-?)dx]
(44)

When we substitute Eq. (44) into Eq. (42), we obtain

<‘+‘A+E%) !
u Uy V —_— ) = —
X X Vx 2 L

n fOL (ﬁxﬁx + %’%)dx] (45)

Similarly, the equation for v in Eq. (40) can be
rewritten in

[ﬁ(L,t) — (0, 1)

Pz*l_)xxxx - P3*1_)xx + ﬁtt
P 0 [(5 +0 )(zz + U0 +5’%)
1 Ix x X X x Ux )
~2
/. v
+ i+ )]
= [A £21cos(y1x — .Qlt)]t'),
— [A sin(y1x — Qlt)]ﬁn

— [A sin(y1x — Qlt)]PS‘(ﬁx + 0x) — Pg iy

@ Springer

A
+ [— cos(y1x — £21t)
Y1

A _ ~
— ; cos(y1L — .Qlt):lpg(vxx + Vxyx)

(L = x) Py + [A sin(y1x — le)]P;

= 2 =3
U v v
dLv> {—A + A+ A }
Sl 7 20 By 30
(46)

__Pa
2AM

where P} = % isO(1/e), Py = AT—Z?/[ is O(1/¢), and
=2
P} = gcos(a) is O(1) . Substituting (ﬁx + Uy 0y + %‘)

~2
from Eq. (45) and (ﬁ x + %") from Eq. (241) as given
in “Appendix B” into Eq. (46) we obtain

Pz*l_)xxxx + Ett - P;I_}xx
P*
_B s s .
= (@ + o)LL 1) = (0. 1)
L l_)2
+/ (ﬁxﬁx + —de)]
A 2
[A Q21cos(y1x — .Q]t)]ﬁ, - [A sin(y1x — er)]a,,
- [A sin(y1x — .Qlt)]PJ(ﬁx + b)) — P

A A
+ [— cos(yix — £21t) — — cos(y1 L
" "
- Qlt)ilp(;k(ﬁxx + i)xx)
Pfort
+ [P —n+ ﬁ/o b2 i
+ [A sin(y1x — .Qlt)]P;
dLv2 {iA + B, + B, }
o] o A0 "y 20 Y 307-
47

__Pa
2AM

In order to put the equations in a non-dimensional
form, the following dimensionless quantities are used:

X*:i,l*zi —TO’
L LV AM
v(x,t) v
gt 1y = 20 gy = 20D
L
o,y V0(X)
vo(.x )_ L )
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AM
i =nL, vi(x*) = \ v,
To
i AM
QF =L |5
To

Then, Eq. (47) in a non-dimensional form becomes

MUxxxx + Vg — Uxx
2

1 -
- - A N %
=11 (Uxx + vxx)[/ (vxvx + _xdx)]
0 2
+ |4 21 costyix = 2i0) |5 + nod
— [Asingnx = 210 | + 037 + 07,

— [Asin(ix = 200 | + 82 - i

+ -A~ cos(y1x — §21t) — A cos(yr
mn .
- Qlt)]_(vxx + Uxx)
V1
!
+ [ﬁg(l — )+ —f ﬁﬁdx]ﬁxx
2 Jo
n [A sin(y1x — Qlt)]ﬁ3, (48)
with the boundary conditions

500, 1) = Dy (0,7) = 0(1,2) =0, (49)
Wirrx(1,8) = D (1, 1) + €rdy (1, 1), (50)

and the initial conditions

v(x,0) = vo(x), v;(x,0) = vy (x), (51
_ EL k _ A - EA :

where u© = TL}Z’ A= i ) is O(1),

M0 = —5 75 Pad L Voo A0 > 0 s O(e), fl20 =

— 54 PadL? Ao is O(e), il30 = —m o pad

L?Asg is O(e), n = AT”éLgsin(a) is O(e), and

3 = AT’%L gcos(a) is O(e). The damping coefficient

A is assumed to be of O(¢), that is, A = €. We also
assume that v(x, t) = ev(x, t), N10 = €110, N2 = €N2,
N3 = €n3, and A = €o. The asterisks indicating the
dimensional quantities are omitted in Egs. (48) through
(51), and henceforth for convenience. Then, by using

these assumptions, Eq. (48) up to order € becomes

MUxxxx + Vit — Uxx
= e{[mo + o £21 cos(y1x — Qlt)]v,
— o sin(y1x — £21t)vs
+m2(l = X)vxx — m2vx
+ o sin(y1x — .Qlt)n3}, t>0,0<x<1,
(52)

with the boundary conditions

v(0,1;€) = vy, (0,15 €) = v (1,2;€) =0, (53)
Pusex (1, 15€) = ve(1, 15 €) + vy (1, 15 €), (54)

and the initial conditions
v(x,0; €) = vo(x), v;(x,0;€) = v1(x). (55)

In the following section, the initial-boundary value
problem Egs. (52)—(55) will be studied further.

4 Application of the two-timescales perturbation
method

In this section, the initial-boundary value problem
Egs. (52)—(55) will be studied and an approximation of
the solution of the initial-boundary value problem up to
order € will be constructed by using a two-timescales
perturbation method. We assume that v(x, #) can be
expanded in a formal power series in €, that is,

v(x,t;€) = vo(x,t) +evi(x,t) + 621)2()(, )+,
(56)

where all v;(x,r) and their derivatives for i =
0,1,2,--- are O(1) on a time scale of order € ! The
approximation of the solution may have secular terms
which are unbounded terms in time. In order to avoid
these secular terms, we will apply the two-timescales
perturbation method by introducing a slow time scale
T = €t, and

v(x,t;€) = y(x,t,T;€). 57
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The following transformations are needed for the
time derivatives

Vr = Yyt + €Yy, (58)
Vi = Y +2€y0 + 62Yrr- (59)
Substitution of Egs. (57)—(59) into Eq. (52) yields:

MWYxxxx + Yir — Yxx = E{ —2yrr

+ [mo + 0§21 cos(y1x — 910])&

— o sin(y1x — £21t) v

+ m2(1 = X)yxx — M2Yx

+ o sin(yix — .Qlt)n3] + O, (60)

with the boundary conditions

vO0,1,75€) =y (0,1, 156) =y (1,1, 75€) =0,

(61)
Wyxax (1,2, T3 €) = yo (1,7, 75 €) + €[y (1, 1, T5 €)
+ey.(1,¢, 75 €))], (62)

and the initial conditions
y(x,0,0;€) = vo(x), y(x,0,0;¢€)
+€y:(x,0,0; €) = vy (x). (63)
Assuming that
y(x,t,t;€) = yo(x,t,t;€) +€eyi(x,t,T;€)
+En@ LT+, (64)

then by collecting terms of equal powers in e, it fol-
lows from the problem for y(x, f, t; €) that the O(1)-
problem is

KY0xxxx + Y0rr — Yoxx =0, (65)

Y0(0, £, T) = y0,, (0, £, ) =0, (66)
yox (L, £, 7) =0, (67)

WY0xxx (1,1, T) — o, (1,2, 7) =0, (68)

yo(x,0,0) = vo(x), and yo,(x, 0, 0) =v(x), (69)
and that the O(e)-problem is

MV xxxx T V1 — Vgx = _Zyotr
+ [7710 + o §2) cos(y1x — Qlt)]y()z

— o sin(y1x — $21)yo,, + 121 — X) Y0, x

@ Springer

— n2Y0, + 0 sin(y1x — §£211)n3, (70)
y100,£,7) = y1,,(0, ¢, 7) =0, (71)
yix(l,1,7) =0, (72)

U eex (1 1, T) =y, (1,1, 7) = Ay, (1,2, 7),  (73)
yl(-x9 01 O) = 07 and )’Ir(X, O? O) + yOr(-xv Os 0) = 0'
(74)

The method of separation of variables will be applied
to solve the problem Egs. (65)-(69). The solution of the
O(1)-problem may be given in a special form

yo(x, 1, 1) =T(t, T)¢(x). (75)

By substitution of Eq. (75) into Eq. (65) and
by dividing the so-obtained equation by 7'(¢, t)¢ (x)
yields:

D) _ a6
Ten e e

(76)

A separation constant is defined —w so that the time-
dependent part of the product solution oscillates for
real and positive eigenvalues (for the proof, we refer
the reader to [24]). We obtain a time-dependent part
T‘ll‘(ta T) + CDT(I, T) = 05 (77)

and the general solution of the time-dependent part is
a linear combination of sines and cosines in ¢,

T(t, ) = o1(7)cos(v/wt) + o2 (T)sin(/ot), (78)

where o1 and o7 are arbitrary function in 7. In addition,
we obtain a space-dependent part

1 )

Drxxx(X) — —Gxx(x) — —@(x) =0, (79)
M M

and the boundary conditions Egs. (66)—(68) yield

¢(0) = ¢xx(0) = ¢x(1) = M¢xxx(1) - (bx(l) =0.
(80)

The characteristic equation for Eq. (79) is given by

m'—— —— =0, (81)
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and the solutions of Eq. (79) are given by

¢ (x) = cysinh(ax) + cocosh(ax) + c3sin(bx)

~+ c4cos(bx), (82)
where ¢; for i = 1,2,3,4 are constants, and a =
rvitine V21+4“w and b = ) IE It V21+4“w, The non-trivial

solutions are found by using the boundary conditions
Eq. (80), leading to the characteristic equation

fulw) = —uabcos(b)cosh(a)(a2 + bz)
— acosh(a)sin(b)
+ bcos(b)sinh(a) = 0. (83)

It follows from Eq. (83) that the eigenvalues w, =
,ubﬁ +b5 can be numerically computed for given values
of w. The first ten eigenvalues w,, are listed in Table 1.
The eigenfunctions belonging to different eigenvalues
are orthogonal with respect to the inner product; for
details, the reader is referred to [24],

1
< In(0), $ulx) >= /0 B () (), (84)

and the eigenfunctions of the problem Egs. (79)—(80)
can be determined and are given by

¢n(x) = Oysinh(a,x) + sin(b,x), (85)
1+ /114710,
where 6, = —‘%,an = ,/+2—Z’“",andbn =
—1+J1+4pnw,
2u '

Hence, infinitely many non-trivial solutions of the
initial-boundary problem Eqs. (65)—(69) have been
determined. By using the superposition principle, the
solution is obtained

Yo, 1, 7) = Y [ An(D)cos(/@r)

n=1
By (D)sin(y/@n1) | (). (86)

where ¢, (x) is given by Eq. (85), and where A, and B,
are arbitrary functions in T which can be used to avoid
secular terms in yj(x, f, 7). By using the initial con-
ditions Eq. (69), we can determine A,(0) and B, (0),
which are given by:

1 1
An0) = fo W0 (¥ n (x)dx, (87)

n

and
1 1
@, By (0) = C_/o v1 (X) @ (x)dx, (88)
where
1
{ = / 2 ()dx. (89)
0

Now, we solve the O(e)-problem Egs. (70)—(74).
Due to having an inhomogeneous boundary condition
Eq. (73), we use the following transformation to con-
vert the problem into a problem with homogeneous
boundary conditions

x4 — x3
@D = Ve LD+ (o b D, 00
where
h(t, T) = Ayo, (1,1, 7). 1)

Substituting Eq. (90) into Egs. (70)—(74), we obtain

/’vaxxx + Vtt - Vxx = _2y01f
+ [7710 + 0 21 cos(y1x — -Qll)]yOt — M2Y0x

— o sin(y1x — §£212) Yo, + m2(1 — xX)Yoxy
+ o sin(y1x — £216)n3

12x2 — 12x — 24
( x Y “)h(r, )
12 +2
x* —2x3
—(———)h 2
(s et 0 ©2)
V(O0.1,7) = Ve (0.1, 7) = Vo(1,1, 7)
e (93)
12 +2
vaxx(laty ) —Vi(1,t, t) =0, (94)
x4 — 253
V(x,0,0) = —( —— )h(0,0), 95
(0,0 = =T33 )40 0 95)
x4 —2x3
V,(x,0,0) = —yo, (x, 0,0) — (m)h,(o, 0),
(96)

where h(z, T) is given by Eq. (91), and where 4 (0, 0),
and £, (0, 0) are given by

h(0,0) = Av; (1), 97)
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Table 1 Some eigenvalues w; which are roots of Eq. (83) with w; the i-th root

w w=0.001 n=0.01 n=0.1 n=1
w1 4.16497 4.30777 5.00501 10.54607
[2)) 24.68972 29.20039 73.56205 517.34633
w3 67.51921 101.78930 444.20353 3868.72929
w4 137.55593 269.11062 1584.65381 14, 740.35501
ws 241.83773 601.31819 4196.24404 40, 145.67525
w6 389.72154 1191.92269 9214.09788 89, 435.96197
w7 592.89840 2157.81266 17, 807.12342 174, 300.30645
wg 865.39593 3639.25581 31,378.01114 308, 765.61727
w9 1223.57912 5799.89869 51, 563.23375 509, 196.62255
10 1686.15056 8826.76635 80, 233.04556 794, 295.86667
hi(0,0) = Alvor (1) = tvo e (D] 98)  where
In order to solve Egs. (92)—(96), V (x, ¢, T) is written 1 [ x*—2x3
. SOIVE ) ) em = — (—)¢m(x)dx, (103)
in the following eigenfunction expansion tndo \ 12042
1Y 1202 — 12x — 24p
. dn=—| ( )om(x)dx,  (104)
Zn Jo 2u+2

VLT =) Vilt, D (x), (99)

m=1 and where ¢, is given by Eq. (89). By multiplying both

and by substituting Eq. (99) into the partial differential
equation Eq. (92), we obtain

D Wi (6, 0) 4 0 Vi (1, D1 (x) =

m=1

—2Y0;¢

+ [mo + o0 21 cos(y1x — Qlt)]yot — 12Y0x

— o sin(y1x — £218) Yo, + m2(1 — x) Yoy
+ o sin(y1x — £211)n3

12x2 — 12x — 24
(5 )heo
120 +2
(x4 _2x3)h (t.7) (100)
- L T).
Ru+2/"
We expand (12# 7> ) and (—ule}fﬁ;z“ﬂ) into a

series of eigenfunctions ¢,, (x), and we obtain

Gz,:ixz) Zcmqu(x) (101)
12x2 — 12x — 241 .
( 12 +2 ) _’;dm(bm(x), (102)

@ Springer

sides of Eq. (100) by ¢, (x), and then by integrating
from x = 0 to x = 1, and by using the orthogonality
properties of the eigenfunctions, we obtain

[V 0.0 + 0 Valt, 0] = =Cuhis(t,7) + duhi(t, )
2T, (1, 7)
n S

+ ?Tn(t, ) (Pun — Pun)

n

Z T (8, T)(Pun — Ppun)
m=1

m#n
o n3 - .
+ 22 (cos(21n Ty = sin(210) ) + 0T, (1, )

n

o $21
+

n

g . ~
7 T 1) (S (20008 — cos(210) 0 )
n

T, (1, 7) (coS(211) Wi + 5in (21000 )

+ {g Z [_Qler(z, T)(cos(.Q]t)‘Pmn

T m=1

m#n
+ sin(szlz)q?mn)

o T (1, ) (SIN(R10W0n = 08210 %hn ) .
(105)
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where

Tn(t, ) = Ap(T)cos(/Omt) + B (T)sin(y/ont),

(106)
and
1
By = / Wnx) , (o)dx., (107)
0 dx
1 2
B = / 1-n2 ﬁ”’f‘)%(x)dx, (108)
0 X
1
Wy = f COS(Y1) o () () dlx, (109)
0
1
o = f SiN(110) b (1) by (1), (110)
0
1
Ty = / cos(y1X)m (x)dx. (111)
0
1
T = / sin(y1x)@m (x)dx. (112)
0

It follows from Egs. (91) and (86) that a(¢, T) and
hy (t, T) can be written as

h(t.T) =3 T, (t. (1), (113)
m=1

hit(t,T) =AY Ty (8, D (1), (114)
m=1

Hence, by using Egs. (113) and (114) it follows that
Eq. (105) can be rewritten as

[Vi . 0) + 0V,

= > | €cnom + d)ign (1) Jom
m=1

m#n
[ — A (0)sin(/omt)

+ By, (r)cos(@t)] }

+ ? Z(qsmn - <Pmn)[Am (t)cos(y/omt)

m=1

m#n
+ By (0)sin(/onh) |

+ sin(yann) [2y/a, D)

dr

— (D) M0/ + bu (D Cneon + ) |

+ B0 (B — @)}

+ cos(\/a)_nt){ - ZJw_ndB(;'t(r)

+ B0 110/ + 3 (DS (eneon + d) |

+ An(r)[%(cﬁnn =l

o3

n (cos(let)“fn _ sin(.Qlt)Tn)

n

FSIN(R211 4 D) —— (21 /@ + o) X
2tn
[ - An (T)lpnn + Bn(f)lj/nn]
+sin(21 — Jw_nr>2‘;—n(91¢w_n — o) x
I:An(f)wnn + Bn(f)li/nn]
+cos(21 + mz)%mlmwn)x
n
[ 40 (@80 + B0
+cos(211 — \/a)_nt)%(()l\/w_n — )X
n

[ - 40 @ + Ba (010

+ % ; [sin(@11 + Vo) (@1/om + on)x
mn

[ = A @ + B (@) B |

+ sin(211 — /O 1) (821 /0n — @p) ¥

[ A (O + B (080 |

+ coS(211 + /1) (21 /O + @) X

[ A0 @ + B (01000

+ cos(£21t — Jwmt) (21 /W — wm) X

[ — A (D) + Bm(r)llfm,,“. (115)

It can be easily seen from Eq. (115) that there are
infinitely many values of §21, which can cause internal
resonances. The possible resonance cases are as fol-
lows:

(i) The non-resonant case: if §£2| is not within an
order e-neighbourhood of the frequencies /w, £ \/wm
for all m and n.
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(i1) The near resonance case (Resonance detuning):
if £2 is within an order e-neighbourhood of /w, +
/@p, for certain fixed m and n.

(iii) The pure resonance case: if 21 = \/w, + /on
for certain fixed m and n. This is the sum-type reso-
nance case. If 2 = /o, — /o, for certain fixed m
and n, it is the difference-type resonance case.

In the following subsections, we will study the
non-resonant case, the sum-type resonance case, the
difference-type resonance case and by considering only
some of the first few modes and omitting the higher-
order modes.

For simplicity, we will now assume that £2; =
Jori + Jwy (or 21 = Jw; — /o1). Resonance can
occur when 2| = £,/w, £ \/w,, for some n and m.
We have to consider the following three cases:

(i) 21 = —./w, — /o, which has no solution since
the right-hand side is negative, while the left-hand
side is positive.

(ii) £21 = J/w, + /wm, which has only the trivial
solutionm =2, n=1orm=1,n =2.

(iii) £21 = /w, — /oy (or equivalently £2 = /w, —
/®r), which has only solutions by looking at Table
4.1 for certain values of p. There are possibili-
ties that three modes are interacting. For example,

Jo1 + Jor = Jws — Jwr for p = 0.001.

4.1 The non-resonant case

When 21 # /w, £ /wp, + O(€) for all m and n only
resonances occur due to the fourth and fifth term in the
right-hand side of Eq. (115), that is, Eq. (115) can be
rewritten as:

[V (10 + 0, Valt, 0| = sin(Jann) |2/
= An (@) m03/@n + An (D (Cnton + )|

+ B0 (B = @)}
4B, (D)

dr

+ cos(\/aT,,t)i — 2w,
+ Ba () m0/@n + Adn (D (cneon +dy) |
A (@[ (Bun — @) ||

+ “NST”, (116)
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dA, (1)

where “NST” stands for terms that lead to nonsecular
terms in V;,. In order to remove secular terms, it follows
from Eq. (116) that A,,(7) and B, (7) have to satisfy

dA,(z)

qr An@Xn 4 By (1)Y= 0, (117)
% = By(D)Xn — Ap(D)Y, =0, (118)

where X,, and Y, are defined by

_[mo | A

Xy = [BE+ 5o e +d]. (119)
_ s

Yn - Zé_n\/aTn(¢nn (pnn)~ (120)

The solution of Egs. (117) and (118) is given by

An(D) = [An(O)cos(¥, ) — By O)sin(¥, 1) [,
(121)

B, (1) = [An(O)sin(an) n Bn(O)cos(an)]ex"t,
(122)

where A,(0) and B, (0) are given by Egs. (87) and
(88), respectively. By using Eqs. (103) and (104) with
Egs. (79) and (80) it can easily be shown that %(c,, wp +

2
dy) = b 24 — 5 ¢a(1). Hence, Eq. (106)

with Eq. (119) and Eq. (122) can be rewritten as:

T(t, 1) = eXmT[Am(O)cos( ot — YuT)
+B,,(0)sin(/ant — Ymr)]. (123)

Now, from Eq. (116) with Egs. (117)-(123), we can
obtain V,, (¢, t) straightforwardly. Obviously, V,, (¢, 7)
will be bounded on a time scale of order 1/¢, and so
will be V,,(x, ¢, 7).

In Table 2, numerical approximations of w,, and the
damping parameter p, are given for different values of
(. For different bending stiffness, we can choose the
damping parameter in such a way that all modes are
damped by taking X appropriately compared to the 719
coefficient. It is also clear to see from Table 2 that for
smaller values of u, we should take larger 2 to have
damping for all modes. In Table 3, it can be seen as
expected that the bending stiffness p and the damping
parameter A influence the stability.

For © = 0.001, Figs. 3 and 4 demonstrate the vibra-
tion response at the middlex = 0.5and attheendx = 1
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—25.03887

1686.15056

41,022.73344
609,002.39910

25

points of the beam for different values of the damping
factor A, Fig. 3 is plotted for A = 0.5 and Fig. 4 is
plotted for A = 2; the initial conditions are specified
as vg(x) = 0.1sin(rrx) and vy (x) = 0.05sin(7rx). For
= 1, Figs. 5 and 6 illustrate similar behaviour. These
figures show that the amplitudes of the transverse vibra-
tions decrease faster for increasing of 1 and . Similar
results for the string-like problem have been observed
in [9].

4.2 The sum-type resonance case: 21 = /w2 + /o1

We will consider now only the first two modes and
omit the higher-order modes. That is, we will assume
that for the given u values only these two modes might
occur in a resonance interaction. Equation (115) can be
rewritten as

[Vl,r(f )+ o1 Vi, f)] _SIH(\/—t)HZ\/_dAl(f)

+ Bl(f)_?@n — o]

—A1(7) _7710«/60_1+ A1 (1) /o1 (cror + dl)]]
+cos(¢_t){—2¢_d31(f)

Fa[ 2@ - )]

+ Bi(0)| mov/ar + iqsl(wa»_l(clwl +dn|
+ sin(£21¢ — \/_t) (.Ql\/_ — wy) X
[Az(f)‘l’zl + Bz(f)%l]

+ cos(£21t — J_t) (.Ql\/_ — w)) X

[ — Ay(0)¥ + Bz(f)ll’zl]

+ “NST”, (124)
and a similar equation for V, (¢, T) can be obtained from
Eq. (124). In order to avoid secular terms, it follows
from the equations for V1 (¢, ) and V> (z, t) that A1 (1),
Bi(t), Az(t) and Bs(7) have to satisfy

% = AI(OX1 — Bi()Y1 — A2(1) 22
_B(0)C, (129
% = A(D)Y1 + Bi(1) X1 — Ay(1)Cy
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Table 3 Numerical approximations of @, in the non-resonance case for nj9 = g2 = y; = 0.1, ¢ = 2.8, and different values of p

Wn @j A=0 % =0.05 A=0.1 A=05
w=0.001
w @ 0.05000 — 0.05043i 0.01553 4-0.05043i —0.01893 — 0.05043i —0.29467 +0.05043i
@ 0.05000 +0.05043i 0.01553 — 0.05043i —0.01893 +0.05043i —0.29467 — 0.05043i
w @1 0.05000 +0.12096i 0.00138 4-0.12096i —0.04724 — 0.12096i —0.43620+0.12096i
@ 0.05000 — 0.12096i 0.00138 —0.12096i —0.04724 +0.12096i —0.43620 — 0.12096i
w3 @1 0.0500040.19285i —0.00293 +0.19285i —0.05586 +0.19285i —0.47929 +0.19285i
@ 0.05000 — 0.19285i —0.00293 —0.19285i —0.05586 — 0.19285i —0.47929 — 0.19285i
ws @ 0.05000 — 0.26094i —0.00648 +0.26094i —0.06295 — 0.26094i —0.51477 — 0.26094i
@ 0.05000 4 0.26094i —0.00648 — 0.26094i —0.06295 +0.26094i —0.51477 +0.26094i
n=0.01
o) @1 0.05000 — 0.04832i 0.01277 +0.04832i —0.02445 — 0.04832i —0.32227 —0.04832i
@ 0.05000 4 0.04832i 0.01277 — 0.04832i —0.02445 +0.04832i —0.32227+0.04832i
w @ 0.05000 — 0.10884i —0.01009 +0.10884i —0.07018 —0.10884i —0.55092 — 0.10884i
@ 0.05000+0.10884i —0.01009 — 0.10884i —0.07018 +0.10884i —0.55092 +0.10884i
w3 @ 0.05000+0.15541i —0.02986+0.15541i —0.10972 —0.15541i —0.74859 —0.15541i
@ 0.05000 — 0.15541i —0.02986 —0.15541i —0.10972+0.15541i —0.74859+0.15541i
w4 @ 0.05000+0.18567i —0.05762 +0.18567i —0.16524+0.18567i —1.02618+0.18567i
@ 0.05000 — 0.18567i —0.05762 —0.18567i —0.16524 —0.18567i —1.02618 —0.18567i
n=0.1
w @ 0.05000 +0.04081i 0.00075 +0.04081i —0.04851 +0.04081i —0.44254+0.04081i
@n 0.05000 — 0.04081i 0.00075 — 0.04081i —0.04851 — 0.04081i —0.44254 —0.04081i
w @ 0.05000 +0.06758i —0.06988 +0.06758i —0.18975 —0.06758i —1.14876 +0.06758i
@n 0.05000 — 0.06758i —0.06988 — 0.06758i —0.18975 4 0.06758i — 1.14876 — 0.06758i
w3 @ 0.05000 +0.07432i —0.19296 4 0.07432i —0.43592 — 0.07432i —2.37961 +0.07432i
@ 0.05000 — 0.07432i —0.19296 — 0.07432i —0.43592+0.07432i —2.37961 — 0.07432i
w4 @ 0.05000 — 0.07654i —0.37789 4+ 0.07654i —0.80578 — 0.07654i —4.22886 +0.07654i
@ 0.05000 +0.07654i —0.37789 — 0.07654i —0.80578 +0.07654 —4.22886 — 0.07654i
n=1
w @ 0.05000 4 0.02687i —0.01575 40.02687i —0.08150+0.02687i —0.60751+0.02687i
@ 0.05000 — 0.02687i —0.01575 —0.02687i —0.08150 — 0.02687i —0.60751 —0.02687i
w @1 0.05000 +0.02550i —0.15874 40.02550i —0.36747 +0.02550i —2.03737 +0.02550i
@ 0.05000 — 0.02550i —0.15874 +0.02550i —0.36747 — 0.02550i —2.03737—0.02550i
w3 @ 0.0500040.02519i —0.44062 +0.02519i —0.93125+0.02519i —4.85625+0.02519i
@ 0.05000 — 0.02519i —0.44062 +0.02519i —0.93125 —0.02519i —4.85625—0.02519i
wy @1 0.05000+0.02510i —0.86360+0.02510i —1.77718 +0.02510i —9.08590+0.02510i
@n 0.05000 — 0.02510i —0.86360+0.02510i —1.77718 — 0.02510i —9.08590 — 0.02510i
+By(1) 2>, (126) +B(1) X2, (128)
dAx(7)
dr —A1(1)Z1 — B1(1)C1 + A2(0) X2 where X1, X5, Y1, Y2, Z1, Z», C1 and C; are defined
—By(1)Y2, (127) by
4B2(T) _ A (1)Cy + BI(D)Z1 + As(D)Y. i
dr R X =[5+ So1cror +dn .
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Fig. 3 Transverse displacements yp at a x = 0.5 and at b x = 1 against time ¢ with the initial displacement vo(x) = 0.1sin(;rx) and
the initial velocity vy (x) = 0.05sin(zx) for u = 0.001, njp =n2 =€ =0.1, A =0.5,and N = 10
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Fig. 4 Transverse displacements yg ata x = 0.5 and at b x = 1 against time ¢ with the initial displacement vy (x) = 0.1sin(7x) and
the initial velocity vy (x) = 0.05sin(x) for u = 0.001, nj19p = n2 =€ =0.1, L =0.05,and N = 10

X = [0y 2 ¢2(1)(02w2+d2)] h= g @ - o)

2
Y, = (D2 — 4522)]
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Fig. 5 Transverse displacements yp at a x = 0.5 and at b x = 1 against time ¢ with the initial displacement vo(x) = 0.1sin(zx) and
the initial velocity vy (x) = 0.05sin(zx) foru = 1,910 =n2 =€ =0.1,A =0.5,and N = 10
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Fig. 6 Transverse displacements yp ata x = 0.5 and at b x = 1 against time ¢ with the initial displacement vy(x) = 0.1sin(7x) and
the initial velocity vy (x) = 0.05sin(zx) for u = 1,910 = n2 =€ = 0.1, A = 0.05,and N = 10

o oW,

Z) = 44_«/_(91\/ — 1), C = 4§¢_(Q1«/ —wy),
oYy

Z) = a5 «/_(‘Qh/ — w2),
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Table 4 Numerical approximations of @, in the sum-type resonance case for nj9 = 72 = y; = 0.1, 0 = 2.8, and different values of p
@ 1=0 % =0.05 =0.1 1=0.5
=0.001
o 0.048454-0.110791 0.018004-0.040431 —0.0505440.111451 —0.441894-0.116111
573 0.04845—0.11079i 0.01800 — 0.04043i —0.01564 + 0.040851 —0.44189—0.11611i
3 0.05155+0.040171 —0.00109+0.11104i —0.01564 — 0.04085i1 —0.28898 4+ 0.045571
o 0.05155—0.040171 —0.00109 —0.111041 —0.05054 —0.111451 —0.28898 —0.045571
=0.01
1 0.04786 4 0.09626i 0.01689 +0.03638i —0.07576 4+ 0.098341 —0.31627+40.045571
573 0.04786 — 0.09626i 0.01689 —0.03638i —0.07576 —0.098341 —0.31627 —0.04557i
3 0.05214 4 0.03554i —0.01421 4 0.097051 —0.01887+40.03772i —0.55691+40.106101
w4 0.05214 — 0.03554i —0.01421 —0.097051 —0.01887 —0.03772i —0.55691 —0.10610i
n=0.1
1 0.0351440.028271 0.01955 4+ 0.02646i —0.03344 +0.03425i —0.43828 4+ 0.040901
273 0.03514 —0.02827i 0.01955 — 0.02646i —0.03344 —0.034251 —0.43828 — 0.04090i
@3 0.07761 4 0i —0.08868 + 0.05346i —0.20482 4 0.061081 —1.15302+40.06767i
o) 0.05210 — 0i —0.08868 — 0.05346i —0.20482 —0.06108i —1.15302 - 0.067671
n=1
w1 0.15268 4+ 0.00330i 0.03971 4 0.02213i —0.04650+40.026941 —0.59965 + 0.028001
223 0.15268 — 0.00330i 0.03971 —0.02213i —0.04650 — 0.026941 —0.59965 — 0.02800i
3 —0.04855 —0i —0.21419 4 0.02066i —0.40248 +0.025531 —2.04522+0.02662i
4 —0.05682 — 0i —0.21419 — 0.02066i —0.40248 —0.025531 —2.04522 —0.02662i
C, — o 11/2 1 9 o Jar — wn). tem due to the wind force 119. While for increasing
4¢1 Jor values of A, we observe that the cable system becomes
We obtain from the system Eqs. (125)~(128), stgble, which also depends on the value of the bending
stiffness .
X = AX
where 4.3 The difference-type resonance case:
21 = Jor = Jor
Ai(7) X1 Y1 -2, - o , )
B (1) Yi Xi —C> Z» A similar analysis, as given for the sum-type resonance
X = Aoy | and A= —7Z1—-C; X» -V, case, can also be applied in the difference-type res-
By (1) —C1 ZI Y X, onance case. We will consider 21 = /w; — /o1,

and where X represents the derivative of X with respect
to 7. The matrix A for a given configuration is only
depending on the damping parameter A. The other
parameters are determined by the physics, which are
taken from [1,3] in Table 4. In order to stabilise the
system, we should determine the damping parameter A
in such a way that all the real parts of the eigenvalues
of the matrix A are negative. As can be seen in Table 4,
if we assume A = 0, there is an instability in the sys-

which is assumed to have only solutionm = 2,n = 1
(orm = 1,n = 2). Then, Eq. (115) can be rewritten as

Aq(7)

[Vl,t(r )+ o1 Vi, r)] - sm(\/_t)HZ\/_
B[ @0 - o)
— A1 @[mover + i1 (D yoi o +d)] |
+ Cos(\/_t){ _ 2¢_d31 (®)
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Table 5 Numerical approximations of @, in the difference-type resonance case for njop = n2 = y1 = 0.1, 0 = 2.8, and different
values of 1
& 2=0 A =0.05 A =0.1 1=05
n = 0.001
@1 0.02801 4 0.096371 0.03561 4 0.067861 —0.06584+0.10811i —0.44619+40.119511
%) 0.02801 —0.096371 0.03561 —0.06786i1 —0.06584 —0.10811i —0.44619—0.11951i
@3 0.07199 4 0.07502i —0.0187040.10353i1 —0.00034 +0.06328i —0.28469+40.05188i1
4 0.07199 —0.07502i1 —0.01870—0.10353i1 —0.00034 —0.06328i —0.28469 —0.05188i1
n=0.01
1 0.019104-0.08773i1 0.037464-0.06118i —0.090854-0.100971 —0.31460+40.047911
2% 0.01910—0.08773i 0.03746 —0.06118i —0.09085 —0.100971 —0.31460—0.04791i
3 0.08090 4 0.06943i1 —0.03478 4+ 0.09599i —0.003784+0.05619i —0.55859+40.109261
4 0.08090 — 0.06943i —0.03478 — 0.09599i —0.00378 — 0.05619i —0.55859 — 0.10926i
n=0.1
1 0.103344-0.04419i 0.03048 4-0.03872i1 —0.02966 4-0.037661 —0.438374-0.039471
2% 0.10334 —0.04419i 0.03048 — 0.03872i —0.02966 — 0.03766i1 —0.43837—0.03947i
@3 —0.00334 4-0.064201 —0.09961 4 0.069661 —0.208604-0.070721 —1.152934-0.068911
4 —0.00334 —0.064201 —0.09961 —0.069661 —0.20860 — 0.07072i —1.15293 —0.068911
n=1
1 0.15598 4-0.006471 0.04008 4-0.010161 —0.047244-0.014951 —0.59996 — 0.02397i
2% 0.15598 — 0.006471 0.04008 — 0.01016i1 —0.04724 —0.01495i1 —0.59996 4 0.02397i
3 —0.05598 +0.04590i —0.21457+0.04221i —0.40173+0.03742i —2.04492 — 0.028401
4 —0.05598 — 0.045901 —0.21457—0.04221i —0.40173 —0.03742i —2.04492 4+ 0.028401
+A1(r)[@(q§11 —@11)] +By(7) Za, (131)
3 dAs (1) : -
+Bl(f)[n10\/w_1+5»¢1(1)«/w_1(01w1 +d1)“ dr A1z = Bi(DG
+A2(7) X2 — Ba(7) Y2, (132)
+s1n(91t+\/_t) (91f+w2)x dBs (1) . .
it =A1(0)C1+ Bi(1)Z;
[—Az(f)%l +Bz(f)¥’21] +A2(1)Ys + Ba(1) X2, (133)

+ cos(£21t + J/w t)

[ A2 + Bz(f)‘l’zl]

+ uNST//’

(le/_-i-wz)x

(129)

where X, X», Y1, Y>, Zl, 22, C’l and 6’2 are defined
by:

and a similar equation for V, (¢, 7) can be obtained from
Eq. (129). In order to avoid secular terms, it follows
from the equations for Vi (¢, t) and V; (¢, 7) that A| (1),
Bi(t), Az(t) and By(7) have to satisfy

d14dl7:(t) — A](T)Xl — BI(T)Y] + AZ(T)ZZ
—32(7)62’ (130)
% = A1(DY1 + Bi(D) X1 + A1) Cs
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Appendix A: Aerodynamic parameters

and where X represents the derivative of X with respect
to t. As in the sum-type resonance case, this matrix

A for a given configuration is only depending on the bi= 1= + ) +arctan(tan(y))], (134)
damping parameter A. In Table 5, it can easily be seen ¢ := [~ (Y2 + a2) + arctan(tan(y))], (135)
that there is a change from instability to stability, which agoo = sin(y), (136)
is around X = 0.05. agor = b cos(y), (137)
appz = c cos(y), (138)
. agos := b3cos(y), (139)
5 Conclusions ao0s 1= ccos(y). (140)
In this paper, initial-boundary value problems for a ten- 100 1= 2 = cos” (). (141)
sioned beam equation are studied. The model is derived aor := cos(y)lcos(y) — b sin(y)], (142)
to describe the rain—wind-induced oscillations of an a102 = cos(y)[cos(y) — ¢ sin(y)], (143)
inclined cable. We applied a multiple-timescales per- a3 := b*cos(y)[3cos(y) — b sin(y)]. (144)
turbation method in order to observe whether or not aros 1= c2cos(y)[3cos(y) — ¢ sin(y)], (145)
mode interactions between vibration modes occur for ao10 := —sin(y)cos(y), (146)
.certam values of the bending stiffness and the .damp— a0 = sin(y)[cos(y) — b sin()], (147)
ing parameter. The results show that the system in both dopa = sin(y)[cos(y) — ¢ sin()], (148)
the pure resonance case and the non-resonance case - .
can be stabilised by a boundary damper. Some of these aot3 = b7sin(y)[3cos(y) = bsin(y)l, (149)
cases are studied in Sect. 4. Mode interactions between a4 = *sin(y)[3cos(y) — c sin(y)], (150)
two and more modes depending on the bending stift- a0 = sin(y) 12 + cos?(1)], (151)
ness  are possible. More complicated resonance cases 2
can be 21 = Jw, £ Jw, or 21 = 2,/w,, when axl = Cosz(y)[Zb—% cos?(y) — 2sin(2y)], (152)
91=M+\/W(0r521=\/.a)_—\/m)for  cos(y) R .
some fixed N and M. These cases still have to be stud- ap = ——[2c =3ccos’(y) = 2sin@2y)l,  (153)
;elds,‘:ztc.l Za(r)lfbte;l ?;ul;i;gcelfy using the techniques as shown s b cozs(y) (267 + co()(6 — 3b%)
This paper provides an understanding of how effec- — 6b sin(2y)], (154)
tive b01.1nd2'1ry damping can be for the in-plane transver- s = cos(y) 26 + cos? (1) (6 — 3¢2)
sal oscillations of the cable. The same approach can be
used for in-plane and out-of-plane transversal oscilla- — 6c sin(2y)], (155)
tions of elastic structures. aig = cos>(y), (156)
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ap = 4cos3(y) — 3cos(y) + b[sin(y)

— 3sin(y)cos>(¥)], (157)
appn = 4cos3(y) — 3cos(y) + c[sin(y)

— SSin(y)cosz(y)], (158)
apz = 6bsin(y)cosz(y) + b2[1200s3(y) — 9cos(y)]

+ b3 [=3sin(y)cos?(y) + sin(y)], (159)
aplg = 6csin(y)cosz(y) + 62[1200s3(y) — 9cos(y)]

+ A[=3sin(y)cos?(y) + sin(y)], (160)
ano =~ T3 4 o), (161)

. 2 . 3 .,
ag = 2sin(y)cos”(y) — sin(y) — - sin (y)cos(y),
(162)
. 2 . 3¢ . 5
ap22 = 2sin(y)cos”(y) — sin(y) — - sin (y)cos(y),
(163)
aps = 3b sinz(y)cos(y) + b2[6 sin(}/)cos2 v)
3

—3sin(y)] — %sinz(y)cos(y), (164)

agy = 3¢ sinz(y)cos(y) + c2[6 sin(y)cos2 (y)
3

—3sin(y)] — 3%sinz(y)cos(y), (165)
ax 1= (y) [5 cos?(y) — (166)
azy ‘= — cos(y)[ 15b sm(y)cos (y) + 23 cos (y)

+ 6b sin(y) — 18 cos(y)], (167)
azp = — cos(y)[ 15¢ sm(y)cos (y) + 23 cos (y)

+ 6¢ sin(y) — 18 cos(y)], (168)

23p? 5b3
asps = <1 - T)cos4(y) + <7 — 9b>sin(y)cos3(y)

— b sin(y)cos(y), (169)
23¢? 5¢3
asp4 = <1 — Tc)cos (y)+ <— — 9c)sm(y)cos )

+9¢? cos?(y) — ¢ sin(y)cos(y), (170)

+ 9% cos2(y)

azg = %sin(y)cos%y), (171)
ai =b [gcosz(y) - 50054(3/) —1]

+ 5sin(y)cos(y) — %sin(y)cof(y), (172)
%cesﬂy) —1]

15
ap =c¢ [ECOSZ(V) -

+ Ssin(y)cos(y) — %sin(y)cof(y), (173)

1503
a3 = <27b — T)cos4(y)

2
+ (3 — %)sin(y)cos%y)

@ Springer

+—(1%fj——21b)cos(y)

+ 15p% sin(y)cos(y) —

a4 : (27c — izg)cos (¥)

2

n <3 - %)sin(y)COSB(V)

15¢3
+( ;3 —21¢)cos’(y)
+ 15¢%sin(y)cos(y) — 2,

3.
apg = Esmz(y)cosz(y),
15 . 3 9 .
apy = b( — Esm(y)cos (y)+ Esm(y)cos(y)>

17 9 ,
+ — cos ) — 5 cos (y) +2,

15 . 3 9 .
ajp = c( — 7s1n(y)cos (y)+ Esm(y)cos(y)>
17 19
+ 70054(]/) — 70052(}/) + 2,

51p%
a3 = <

- - 3>cos (y)

1503
+—(27b-— A%Xf)sin(y)COSS(y)

57b%
+ (3 — T)cosz(y)
b
+—<2§7——ISb)suKy)cosQ/)4—6b{

a4 = (% - 3)008 62

15¢3 | 3
+ (27c - T)sm(y)cos (y)

+ (3 — ?)cosz(y)

93 . 2
+ <7 - 15c)s1n(y)cos(y) + 6c”,
1.3
@030 = 7sin (y)cos(y),

gln(V)

ap3) = [23 cos® (y) 17 cos(y)]

2
. b sm2 62) [1—5cos*(y)],

sm(y)

apsy ;= ——[23 cos (y) 17 cos(y)]
2
IO~ 5 cot ()],
23p?
aps3 = <T — 1>c0s3(y)sin(y)

_ (ﬂ - 9b>sm (y)cos(y)
2
2

) 17b2\ .
+< —T)sm(y)coso/)

(174)

(175)
(176)

(177)

(178)

(179)

(180)

(181)

(182)

(183)
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+ (bg _ 3b)sin2(y), (184) biyg :=c? [30053(]/) — 2cos(y)]
302 +3¢2 [4cosz(y)sin(y) —sin(y)]
ans 1=( =~ = 1)e0s’ (sinGy) ~ bcleos* () — cos )] (210)
3
- (5% —9c>sin2(y)cos2(y) bono = — — (y)[cos ) — (211)
+ (1 a %&)Si“(y)cos(y) boo1 = Sm(y)Bb cos® (y) + 4sin(y)cos(y) — bl,  (212)
4 (% _ 3c)sin2(y), (185) boy = sm(y) [3c cos?(y) + 4sin(y)cos(y) —cl,  (213)
booo := cos(y), (186) bz = gsin(y)[Bb2 cos?(y) + 12b sin(y)cos(y)
boo1 := b sin(y), (187) — 6cos2(y) — b + 6], (214)
booz = ¢ sin(y), (183) b € GnONBE cos(y) + 12¢ sin(y)cos(y)
= —sin in
boos = bsiny). (189) 024 3= 5sin(y)[3¢” cos™(y ¢ sin(y)cos(y
2 2
b()()4 = C3Si1'1(}/), (190) — 6c0s ()/) —c + 6], (215)
b1oo = sin(y)cos(y), (191) b3oo == —lsin(y)cos3(y), (216)
bio1 = cos(y)[b cos(y) + sin(y)], (192) co%(y)
b1z 1= cos(y)le cos(y) + sin(y)], (193) ot = = 3b cos’(y) 4 23 sin(y)cos” ()
bio3 := b*cos(y)[3sin(y) + b cos(y)], (194) - 6sm(y)], (217)
bios == ccos(y)[3sin(y) + ¢ cos(y)], (195) bapa i= — COS(V) 2 3¢ cos’ (y) + 23 sin(y)cos?(y)
— 2
bo1o := —.1 —cos“(y), 4 (196) _ 651n(y) ’ (218)
bor1 := sin(y)[b cos(y) + sin(y)], (197) 5
bo12 := sin(y)[c cos(y) + sin(y)], (198) b3o3 == (9b - 7)C084()/)
boi3 := b’si si b cos 1 2
013 ;ln(y)[391n(y)+ cos(y)], (199) N <1 B g)sm(y)cos%y)
bo14 = c¢“sin(y)[3sin(y) + ¢ cos(y)], (200) 2
cos? () — 6b cos*(y) + 3b% sin(y)cos(y), (219)
baoo == 7 (201) 3
b3p4 = (‘)c — —)cos4(y)
cos(y) 2
byo1 = [2 — 4 cos (y) + 3b sin(y)cos(y)], 2302
(202) +(1- T)Sin(y)cos3()/)
2 2
S cos()’) [2 — 4 cos?(y) + 3 sin(y)cos()]. — 6¢ cos?(y) + 3¢* sin(y)cos(y), (220)
(203) bt = %smz(y)cosz(y), 221)
-3b .
bz 1= Tcos(y)[b2 sin(y)cos(y) — 4b COSZ(}/) by = b[—§0053(}/)si1‘1(]/) + 3sin(y)cos(y)]
— 2si 2b], 204
_s;:(y)cos(y) 2] (204 + %cos“(y) - gcosz(y) +1, (222)
baos := Tcos(y)[c2 sin(y)cos(y) — 4c cos>(y) 5
by12 :=c[——cos si 3si S
— 2sin(y)cos(y) + 2c], (205) 2=l 2 " (pdsin(y) +3siny)cos(y)]
1 17
bio = —sin(y), (206) + ;cos ()~ Seost(r) 1, (223)
biii == b [3cos’ (y) — 2cos(y)] 6952
b3 i=— -3
+ 4sin(y)cos>(y) — sin(y), 207) 21 < 2 >COS )
— 3 1563\ 5
b1z = ¢ [3cos’ (y) — 2cos(y)] T (27b - T)cos (y)sin(y)
+ 4sin(y)cosz(y) — sin(y), (208) 63h> 5
btz i= b [3cos’ () — 2c0s(y)] (355 )t
+ 352 [4cos2(y)sin(y) — sin(y)] + (3173 - 12b>cos(y)sin(y) 32, (224)
— 6b[cos3 (y) — cos(y)], (209)
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69¢2
byiy = (T - 3)COS4()/)
1563\ 5 .
+ (27c - T)cos (y)sin(y)
632\,
+ (3 — T)COS (v)
+ (303 — 126>COS(V)Sin()/) + 3c2,
3 .
bia = —ECOS(V)SHP(V),
15 15
biay 1= bl—-cos*(y) — —-cos’(y) + 1]
23 L 13 .
+ 5 cos (y)sin(y) — ECOS(y)sm(y),

15 5
—cos“(y) + 1]

15
b1z = c[7c054(1/) -3

2
+ ;cos3(y)sin(y)

13 .
— —-cos(y)sin(y),
2
1503
bioz == (—2 - 27b)cos (y)
+ (% - 3)cos (y)sin(y)

1563
+ (33b - T)cosz(y)
392 . ;
+ (3 - T)cos(y)sm(y) + b3 —6b,
15¢3
b1y = <T - 276)0054()/)
69¢%
+ (—2 — 3)003 (y)sin(y)
15¢3
+ (33c - TC )cos2(y)

39¢2 ) ;
+ (3 — T)cos(y)sm(y) + ¢’ — 6c,

2(V)

bozo == — [cos” () — 2cos(y) + 1]

boz1 == Sm(y)[l5b cos® (y) + 23 cos® (y)sin(y)
—9b cos(y) — Ssin(y)],

o2 == " 15 cos () + 23 cos (1 sin(y)

— 9c cos(y) —

5b3 )
bozz == (T - 9b>COS3(]/)Sm()/)

5sin(y)],

+ (&2122 — l)cosz()/)Sinz()/)
( 9h — —)sm(y)COS(V)
( )sm ),
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(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)

(233)

(234)

5¢3 .
bo3q = (7 — 9c)cos3(y)sm(y)

+(ﬁ_1

; Jeos(ysind ()

o 33 .
+ ( c — 7)sm(y)COS(V)

5 2
+ (1 - %)sinz(y). (235)

Appendix B: Stationary solution &, and v,

The stationary solution follows from Egs. (31) and (32)
by considering no time dependence, yielding

E 8/, 2
(i 3=

236
M 0x 2 (236)
EI, To . Edr,. (. 02
A]‘;Uxxxx - mvxx - Ma[vx (ux + ?x):l
=(L—-x)g sin(a)ﬁxx —g sin(a)ﬁx
237
+ g cos(a) — 2AM (237)

It will be assumed that i is O(e2), ¥ is O(e), A is
O(e), gsin(a) = Py is O(1), 7 = P is O(1/e),
b — Py is O(1/€), and 1o = P3 is O(1/€), where
e 1s a small parameter w1th 0 < € < 1. Then, by using
these assumptions, Egs. (236) and (237) become

9 ~2
—Pf o (ux—i-v—x):(),

5 (238)

ﬁz

. . s (A
Pz*vxxxx - P3*Uxx - Pl*a[vx(ux + %)]
o . . R
= —[PO (L — x)gsm(a)vx]
ox

+P —

(239)

with the boundary conditions

i(L) = i(0) = 0,
ﬁ(()) = ﬁxx(o) = ﬁx (L) =0,

El0xxx (L) = Tolx(L). (240)

When Eqgs. (238) and (239) are integrated with
respect to x, we may rewrite

f)2
Y<MX+7)C)=k17

. Py PH o, . 02
Uxxx — 5y x___[ (”x+_)]

(241)
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Py s
= F(L — x)gsin(a)vy
2

Pj‘x
P} 2AMP*

dLv2 Agox + ko, (242)

where k1 and k; are constants of integration. Substitute
Eq. (241) into Eq. (242), we obtain

{)xxxx - ﬁx (k3 — xkg) = ko + xks, (243)

where k4 = P—Oigsin(ot), ks = w + Lky4, and
P

ks = P* — 2MV“,,;dLv Ago. In order to solve the

non—homogeneous PDE Egq. (243), we will apply the
method of variation of parameters and obtain

. ¥ ks — xka
v(x)=/ CiA; 7)dx
A ( &
x ks — xka
+/ CoBi (2 ax
en (S5

_/Ox A; {/01 (kzwt(‘zs)B,-(k3kg/‘§k4)ds}d)z
X

k3 — Xkq
K"

(244)

Here A; and B; are Airy functions, and Cy, C; and
C3 are constants of integration, and

(B ()
B e

Substituting Eq. (244) into Eq. (241) and integrated
with respect to x, we obtain

Wr(x) =

— Xk
u(x)—klx—fh/ {CIA 2/3 4

+ C2B; (‘kBkE/)SCkA‘)

(L G ()

+ B; (k3 k}/;?lm ) [ /Of <k;;(1/;5 )Ai <k3k§/§k4 )ds] rdi

+Cy. (246)

where Cy4 is a constant of integration. By satisfying
boundary conditions of Eq. (240) for stationary solu-

o)
+ ([ (gl e

tion, we obtain

1 (E o,

ki = 3L A vdx, (247)
N3F| — F3N

ky = o1 3 (248)
N1F, + F1 N

Bi (L k§/2>

Cri=—C———, (249)
A,-(l, F)
N3 F N
Cy = 32 H 32 (250)
N> + Fi1N,
Cs:=Cy4 =0, (251)
where
) k
Ni e A k3 — Lky Bl(17 ki%>
1=y — l( k2/3 )A~(1 k73>
4 i\t kiﬂ
k3 — Lky
() a5
. k3 — Lk4 ) k3 — xka\ . _
M '—{ Ai( el / Wr(x) B ( & e

Lk4 — Xkyg
2/3 / Wr (X) i k2/3 ) } (253)
. . ks — Lk4 k3 — Xky
M= {A’< 2 / Wr(x)B’< 2P e

— Lky — Xkyg
-5 (% ) [ s k2/3 oz . @s4

k3 — Lky
Fi —Lk@{&-(W)
4
ks — Lkgy P\ 328
(et “)< G )], (255)
SR
4 (A ki/l
_ y Lk4 Lo (ks —Xkay
Fai= s = Lk4){ & Wr(j)B,( o )ax
Lk4 kg—xk4 _
I 1 d
2 / Wr(x) K2 )x}
Ely 13 ) k3 — Lkg 1 ) k3 — Lky
+T0k4 {A’(l’ 123 )WV(L)B’( 123 )
ks — Lkgy 1 ks — Lkq
-m(1 )WL)A,-( o )}, (256)
4
. EI Lk4 ) kq—,\_fk4 _
F3 = { 2/3 / Wr(x)' kiﬁ )dx

Lk4 kg — Xky )d’
1 e Wr(x) ' 2 *
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+

E?iyki/:‘{—Ai(l, k3—Lk4) Lks i(k3—Lk4)

K3 wrL) I
k3 — Lky Lks k3 — Lky
+ (1, R )Wr(L) i o )} (257)
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