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ABSTRACT

Pentamode metamaterials are a type of extremal designer metamaterials, which are able to demonstrate extremely high rigidity in one
direction and extremely high compliance in other directions. Pentamodes can, therefore, be considered as building blocks of exotic materials
with any arbitrarily selected thermodynamically admissible elasticity tensor. The pentamode lattices can then be envisioned to be combined
to construct intermediate extremal materials, such as quadramodes, trimodes, and bimodes. In this study, we constructed several primary
types of anisotropic pentamode lattices (with midpoint positioning of 10%, 15%, 20%, 25%, 30%, 35%, and 42% of the main unit cell
diagonal) and then combined them mutually to explore the dependence of elastic properties of hybrid pentamodes on those of individual
constructing lattices. Several anisotropic individual and hybrid pentamode lattice structures were produced using the MultiJet Additive
Manufacturing technique and then mechanically tested under compression. Finite element models were also created using the COMSOL
Multiphysics package. Two-component hybrid pentamode lattices composed of individual lattices with extensively different (as large as two
orders of magnitudes) B=G ratios were constructed and analyzed. It was demonstrated that it is possible to design and construct composite
intermediate extremal materials with arbitrary eigenvalues in the elastic tensor. It is concluded that the elastic E, shear G, and bulk moduli B
of the hybrid structure are the superpositions of the corresponding moduli of the individual lattice structures. Poisson’s ratio � of the hybrid
pentamode structure equals that of individual structure with higher Poisson’s ratio. The yield stress ry of the hybrid pentamode lattice struc-
ture depends on the elastic moduli of the constructing lattice structures, as well as the yield stress of the weaker lattice structure.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0014167

Mechanical metamaterials are rationally designed lattices that
demonstrate exotic mechanical properties such as negative compress-
ibility,1 negative Poisson’s ratio,2 double negativity,3 and fluid-like
behavior,4–7 which are not found or are very rare in nature. The latter,
commonly known as pentamode metamaterials, are a type of extremal
designer metamaterials,5,8 which are able to demonstrate extremely
high rigidity in one direction and extremely high compliance in other
directions. This has led to the proposition of pentamodes having bulk
moduli orders of magnitude greater than their shear moduli.9 This has
earned pentamodes the name “metafluids” as fluids also have very
small shear resistivity while they demonstrate very high

incompressibility levels.7 However, unlike fluids, pentamodes have the
capability of being designed to have characteristics such as stability,
inhomogeneity, and anisotropy.10

Pentamode metamaterials were first theoretically introduced by
Milton and Cherkaev in 1995,11 but they were not experimentally
realized until very recently9 thanks to extensive developments in addi-
tive manufacturing (AM) technologies. Mathematically speaking,
pentamodes are materials that have one extremely high pressure-type
eigenvalue in their elasticity tensor, while the values of other eigenval-
ues in the elasticity tensor are negligible. Pentamodes can, therefore,
be considered as building blocks of exotic materials with any
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arbitrarily selected thermodynamically admissible elasticity tensor.
The pentamode lattices can then be envisioned to be combined to con-
struct intermediate extremal materials, such as quadramodes, trimo-
des, and bimodes.11 Even though several designs have been proposed
for pentamodes,12–15 the most common pentamode metamaterials are
face-center cubic (fcc) diamond-shaped lattice structures made up of
double-cone linkages, the cones being attached to each other at their
larger diameter D at the midpoint of the linkage.6,16–20 If the smaller
diameter of the pentamode, d, is chosen small enough (i.e.,
d=a < 4%;5,7 where a is the unit cell size), the effect of the larger
diameter size on the elastic modulus becomes negligible and the
smaller diameter determines the macro-scale properties of the
structure.7

In their early work, Milton and Cherkaev11 suggested creating
holes in the linkages or converting vertices into a cluster of vertices to
avoid interpenetration of individual pentamode lattices, which are
used to create intermediate extremal materials. Another approach to
avoid the intersection of linkages is to combine pentamodes with
anisotropic microgeometries. In that way, while the microgeometry of
each individual pentamode lattices is chosen to accommodate to its
corresponding pre-defined elasticity tensor, both lattices can be com-
bined in such a way that they do not intersect with each other, there-
fore maintaining their initial design intact. One way of making a
pentamode metamaterial anisotropic is to move the midpoint P at an
initial position of P ¼ ð0:75 a; 0:75 a; and 0:25 aÞ along the main
diagonal of the unit cell [Fig. 1(d)] in such a way that its initial distance
from the vertex is changed from 25% L to any other distance in the
range of 0 and 50% L, where L ¼

ffiffiffi

3
p

a is the length of the main diago-
nal of the unit cell.

While anisotropy in the design of pentamodes has been previ-
ously studied acoustically in Refs. 4 and 21, making composites out of

individual pentamode lattices and the effect of elastic properties, such
as elastic modulus, yield stress, and Poisson’s ratio of the primary indi-
vidual lattices on the elastic properties of the hybrid structure, have
never been studied before. Moreover, in the work conducted in Refs. 4
and 21, only elastic and bulk moduli can be extracted from the acous-
tic results of anisotropic pentamodes. In the current work, yield stress,
Poisson’s ratio, shear modulus, and relative density, which all become
practical in real applications of pentamode metamaterials, will all be
studied as well. More importantly, the direction of the wave propa-
gated inside the metamaterial in Refs. 4 and 21 [i.e., direction (1,1,1)]
was different from the direction in which mechanical properties in this
work have been obtained [i.e., direction (1,0,0)] and which is the direc-
tion for which mechanical properties are usually obtained in the works
in the field.7,9,10,16–18,22

In this study, we aim to construct several types of anisotropic
pentamodes and then to combine themmutually to explore the depen-
dence of the elastic properties (elastic modulus, shear modulus, bulk
modulus, Poisson’s ratio, and yield stress) of hybrid pentamodes on
the elastic properties of individual constructing pentamode lattices.
The influence of midpoint positioning on the elastic properties of
anisotropic pentamode lattices will be studied and discussed. The latti-
ces will be manufactured and tested experimentally. Static and
dynamic simulations will also be carried out to study the mechanical
properties of a larger range of anisotropic pentamodes and their
hybrid constructs.

In this study, the small diameter d ¼ 300 lm and the large diam-
eter D ¼ 1100lm were used in all the models. The unit cell size was
also kept constant a ¼ 8mm. We chose seven particular positions for
P with distances from the vertex of 10% L, 15% L, 20% L, 25% L, 30%
L, 35% L, and 42% L (Fig. 1). Finite element (FE) models were created
using the COMSOL Multiphysics package (Stockholm, Sweden). All
the FE models were lattices made up of 5� 5� 5¼ 125 unit cells, as
demonstrated in Fig. 1. The models were discretized using around 106

tetrahedral elements. A mesh sensitivity analysis was performed, and
the numerical result converged for element sizes smaller than 20lm at
diameter d and at 140lm at diameter D (see Figs. S1 and S2 in the
supplementary material for further information). MUMPS static solver
in COMSOL was used to solve continuum mechanics equations.
Linear elastic material model with mechanical properties of the con-
stituent polymeric material (Es ¼ 1:528GPa, rys ¼ 42:6MPa,
�s ¼ 0:4, qs ¼ 1020 kg=m3) was implemented, and a stepwise (in 10
steps) uniform displacement of 1010lm was applied on the top side
of the lattice structure. The lowermost nodes of the lattice structure
were constrained in all the directions, and the uppermost nodes of the
lattice structure were only allowed to move in the loading direction.
To obtain numerical yield stress values, stress–strain curves were also
necessary. Therefore, dynamic analyses by considering plasticity evolu-
tion in the constituent material were carried out. For the dynamic
solution, a bilinear perfectly plastic material model (see Fig. S8 in the
supplementary material) was implemented.

Three of the anisotropic pentamode designs with midpoint posi-
tionings of 15% L, 25% L, and 42% L were selected for AM and
mechanical testing (Fig. 2). All the specimens were fabricated using a
Projet 3500 HD Max 3D printer (3D SYSTEMS, SC, US). 3D
SYSTEMS’ proprietary VisiJet M3 Crystal polymer was used for
manufacturing the body of the lattice structure, and a pure VisiJet
S300 wax was used as the support material to hold the overhanging

FIG. 1. Anisotropic unit cells of pentamode metamaterial with P positioning from
10% to 42%.
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parts, which was removed after the printing process by heating the
samples up to 60 �C. All the specimens had good production quality,
and the maximum surface roughness Ra was less than 2lm (see also
Table I). In addition, a hybrid pentamode metamaterial with two con-
stituting pentamode lattices with midpoint positionings of 15% L and
42% L was manufactured (Fig. 3) using the same manufacturing
parameters. In order to avoid free movement of the two lattices with
respect to each other, the two lattices were softly connected to each
other by means of two very thin (200lm in diameter) bars printed on
two opposite edges of the lower-most surface of the specimen.

An INSTRON 5969 servo mechanical testing machine with an
INSTRON 2580–500N load cell was used to load the specimens under
uniaxial compressive loads with a displacement rate of 5mm/min. The
elastic properties of the structures (elastic modulus, yield stress, and
Poisson’s ratio) were calculated from the obtained linear regime of
load–displacement curves in accordance with the ISO standard
13314:2011. The properties were then normalized using the mechanical
properties of the constituent material (Es ¼ 1:528GPa and
rys ¼ 42:6MPa). The stress–strain curves of all the lattices are provided
in Fig. S3 of the supplementary material, and the stress–strain curve of
the constituent material is provided in Fig. S8 of the supplementary
material. Relative density is defined as the ratio of the density of a lattice
structure to that of the constituent material. Experimental relative den-
sity was measured by the dry-weighing method, and the numerical rela-
tive density was calculated by dividing the volume occupied by the
constituent material in a unit cell to the volume of the whole unit cell.

Even though there are several methods developed for obtaining
bulk modulus of solid materials,23 there is no standard known for the
hydrostatic compression of open-cell foams (which are, in essence,

similar to pentamode metamaterials as pentamodes are also open-cell
and allow for the permeability of fluids).24 In their work, Moore
et al.24 have developed a test apparatus for testing bulk modulus in
open cell foams, which is out of the scope of this study. Performing
bulk modulus experiments on pentamodes is very complex, and that is
why in many works9,10 conducted on the bulk modulus of pentamode
metamaterials, the bulk modulus is calculated indirectly using formu-
las and measured elastic modulus rather than performing experiments
dedicated for bulk modulus. Regarding shear modulus, the setup
required for shear testing was not available. However, the validation of
numerical results for elastic modulus, yield stress, and Poisson’s ratio
in Fig. 4 demonstrates the reliability of the numerical models and,
thus, the computational values for shear modulus and bulk modulus.

All the physical and mechanical properties obtained from experi-
mental tests and numerical models are in good agreement with each
other. The maximum differences between the numerical and experi-
mental values for relative density, elastic modulus, Poisson’s ratio, and
yield stress are 16.7%, 8.1%, 29.9%, and 21.8%, respectively (Fig. 4).

As expected, the variation of the relative density l with respect to
its diagonal location is almost symmetrical and varies in a small range

FIG. 2. Images of the specimens manufactured with midpoint positioning of (a)
P ¼ 25%, (b) P ¼ 42%, and (c) P¼ 15%.

TABLE I. Geometrical characteristics of different specimens manufactured.

Specimen d (lm) D (lm) h1 (lm) h2 (lm)

Surface roughness,

Ra (lm) Rz (lm)

15% L 3076 7 11086 13 20406 36 40406 16 1.34 12.14
25% L 3056 9 11166 15 33666 49 33236 41 1.06 13.31
42% L 30468 1112618 5040671 3201614 1.63 9.56

FIG. 3. (a) Lattice and (b) a unit cell of a structure combined of two pentamode
metamaterials with 15% and 42% midpoint positionings. (c) and (d) The manufac-
tured hybrid pentamode metamaterial.
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(0:046 < l < 0:054). As seen in Figs. 4(b) and 4(e), by moving the
midpoint from the vertex (10% L) toward the centroid (42% L) of the
unit cell, there is a continuous decrease in the normalized elastic mod-
ulus (from 3:25� 10�4 to 1:26� 10�4, i.e., 61% decrease), normal-
ized shear modulus (from 3:79� 10�4 to 1:38� 10�4, i.e., 64%
decrease), and Poisson’s ratio (from 0.59 to 0.37, i.e., 37% decrease).
For the case of yield stress, the normalized yield stress steadily
increases from 0:93� 10�4 (at 10% L) to 1:61� 10�4 (at 42% L).
Analytical study demonstrated that for smaller diameter, larger diame-
ter, and strut length ranges considered in this study (i.e., d ¼ 300lm,
D ¼ 1100lm, and 0:1L < l < 0:5L), if the strut is purely stretched
for d, the strain energy stored in the struts is at least two orders of

magnitude larger than that when the strut is purely bended for d.
Stress analysis in the struts demonstrated that as the midpoint position
changes from the vertex towards the centroid, the main type of load
sustained by the struts changes from compression to bending, which
contributes to a decrease in the elastic modulus. Inversely, the
described increase in flexibility and bending presence in the struts of
the structure as a result of the change in the midpoint positioning
from the vertex toward the centroid contributes to an increase in yield
strength.

On the other hand, normalized bulk modulus has a bell-shaped
curved with a peak of 2:1� 10�3 at 25% L and a minimum value of
1:4� 10�4 at 42% L [Fig. 4(b)]. Accordingly, the ratio B=G (also
known as figures-of-merit, FOM) has a bell-shaped curve with a peak
point of 50 at 25% L and a minimum of �3 at 10% L and 42% L
[Fig. 4(c)]. Analysis of numerical results demonstrated that in the case
of 25%L, and under triaxial stress, all the struts go under pure axial
contraction (with no lateral deformation). As the positioning of the
midpoint is varied toward the lower or higher ends of the spectrum
(i.e., respectively, 10% L and 42% L), bending takes a larger role in the
total deformation of the struts and, therefore, the structure as a whole,
which leads to a bell shape in the bulk modulus curve with its maxi-
mum point at 25% L.

The value of Poisson’s ratio is in the range of 0.5–0.6 for most of
the range of midpoint positioning. The only exception is the case of
42% L, in which Poisson’s ratio drops suddenly to 0.36. At 42% L mid-
point positioning, two of the struts become horizontal and contribute
very little to lateral deformation of the unit cell, which leads to a huge
decrease in Poisson’s ratio.

As for the case of hybrid pentamode metamaterial, the differ-
ences between the numerical and experimental values of relative den-
sity, elastic modulus, Poisson’s ratio, and yield stress were 22.1%,
2.7%, 8.1%, and 23.4%, respectively (experimental results being:
l ¼ 0:131, E ¼ 545 kPa, � ¼ 0:507, and ry ¼ 12:87 kPa). The rela-
tive density, elastic modulus, Poisson’s ratio, and yield stress values of
FE hybrid models constructed from individual lattice structures with
different %L are demonstrated in Fig. 5, and the values are listed in
Table S1 in the supplementary material. As for the relative density, it
was expected that the relative density of the hybrid structure is the
summation of the relative density of each individual lattice structures.
This is confirmed since the expected and numerical surfaces have very
similar topologies and both lie in the range of 0.0921 and 0.1079 [Figs.
5(a) and S6(a) in the supplementary material]. As for the elastic, shear
and bulk moduli, a similar superposition hypothesis was expected as
the stiffness of the whole hybrid structure originates from the stiffness
of the individual structures, and, as a result, the hybrid structure can
be considered as two separate structures working in parallel and, thus,
each taking part of the load. The hypothesis was confirmed by numeri-
cal results, and, as it can be observed in Figs. 5(b)–5(d) and
S6(b)–S6(d) in the supplementary material, the expected surfaces cor-
relate well with the corresponding numerical results for elastic, shear,
and bulk moduli.

As for the yield stress, it is expected that the yield stress of the
hybrid structure is determined by the load, which causes the weaker
structure to reach its maximum load. If two structures I (compliant)
and II (stiff) with the elastic modulus and yield stress of EI , ry;I , and
EII , ry;II are combined, the ratio of the applied load sustained by the
more compliant structure is EI

ðEIþEIIÞ F, where F is the total external load

FIG. 4. Variation of (a) relative density, (b) normalized elastic modulus, (c) FOM, (d)
normalized yield stress, and (e) Poisson’s ratio with respect to midpoint positioning.
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applied on the structure. Therefore, the maximum stress in the com-
pliant component in the absence and presence of the second stiff
component II is rmax; I and

EI
ðEIþEIIÞ rmax; I , respectively. Therefore, the

yield structure of the hybrid structure can be considered as ry

¼ ðEIþEIIÞEI
ry;I . The yield strength surface obtained from this hypothesis

and the numerical yield strength surface are demonstrated in Figs.
5(d) and S6(d) in the supplementary material, and as it can be seen,
they have very similar topologies. The expected results are in the range
of 5.58–12.04 kPa, and the numerical results are in the range of
6.08–12.8 kPa, which are very close to each other.

As for Poisson’s ratio, as long as the two individual structures do
not interact with each other, the lattice with higher Poisson’s ratio
expands greater. As the imposed strain on both individual structures is
identical (and equal to that of the hybrid structure), it is expected (and
later confirmed numerically) that Poisson’s ratio of the hybrid struc-
ture is determined by Poisson’s ratio of the individual structure with a
higher Poisson’s ratio value. Comparison of the expected and numeri-
cal results shows their good accordance in both topology shape and
range (i.e., 0:36 < � < 0:63).

In summary, the effect of varying the midpoint positioning of the
pentamode structure (as a way of making pentamode anisotropic) on
its mechanical properties was investigated numerically and experimen-
tally. Moving the midpoint point along the main diagonal from the
vertex to the centroid of the unit cell decreases the elastic modulus,
shear modulus, and Poisson’s ratio almost steadily, while in contrast, it
increases yield stress steadily. The bulk modulus has a bell shape with
its peak at the midpoint original position (i.e., 25%L). Hybrid interme-
diate pentamode lattice structures were also constructed from individ-
ual pentamode lattice structures with different B/G ratios (with the
difference in B/G as large as two orders of magnitude). First and fore-
most, it was demonstrated that it is possible to design and construct
composite intermediate extremal pentamode materials with arbitrary
eigenvalues in the elastic tensor. Furthermore, it was concluded that
the relative density, elastic modulus, shear modulus, and bulk modulus
of the hybrid structure can be determined by the superposition of the
noted properties of the individual lattice structures. The results also
showed that Poisson’s ratio of the hybrid pentamode structure equals
that of individual structure with higher Poisson’s ratio. Moreover, the
yield stress of the hybrid pentamode lattice structure depends on the
elastic moduli of the constructing lattice structures, as well as the yield
stress of the weaker lattice structure.

See the supplementary material for the results of mesh sensitivity
analysis, stress–strain curves, stress contours, tabled data of mechani-
cal properties, and results of the constituent material.

Professor I. Shishkovsky thanks the Russian Science
Foundation (Grant Agreement No. 20-19-00780) for their support.
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