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Summary

The Rayleigh criterion explains the diffraction limit and provides guidance for im-
proving the performance of an imaging system namely by decreasing the wave-
length of the illumination and/or increasing the aperture (NA) of the objective lens.
If the wavelength and NA are set, is it possible to improve the spatial resolution
further? This question motivates the research work of this thesis.

Polarization is an important property of light and it can not be ignored in a
tightly focusing system. It is demonstrated both theoretically and experimentally
that radially polarized light can produce a sharper focal spot in a high NA focusing
system because of the tight longitudinal field component. Based on this, in this
thesis, we start our investigation on the unique focusing properties of the radially
polarized beam with the vectorial diffraction theory. We show that the amplitude of
the focal field can be shaped by engineering the pupil field of the radially polarized
beam. The shaped focal spot is smaller than the unmodulated one, which can be
used to improve the resolution of optical systems. Here, we consider a confocal
scanning imaging system, offering several advantages over conventional widefield
microscopy. In the simulation, longitudinal electric dipoles are regarded as the ob-
jects to make the full use of the optimized longitudinal component. An experimental
proof is also given, showing that higher spatial resolution can be achieved when
the modulated radially polarized light is applied in the confocal imaging set-up as
compared to the non-modulated case. Radially polarized light can be obtained with
a liquid crystal based polarization convertor, starting with a linearly polarized beam.
Amplitude modulation of the pupil such as the annular pupil field and the designed
pupil field where the amplitude increases gradually with the radius can be realized
with a spatial light modulator (SLM).
The substrate is essential for supporting the sample to be imaged. Usually, the

material of the substrate is glass. In the near field, when the object interacts with
the light field, it may produce evanescent waves which decays very quickly and has
little influence on the imaging. However, the evanescent wave carries higher spatial
frequency than the propagating wave. A well designed substrate with a thin TiOኼ
layer on top can enhance the evanescent wave in the near field. The enhanced
field transfers to a propagating wave with the help of the object deposited on the
substrate and it can be detected in the far field. The principle can be explained
with a dipole model, and simulated using nanospheres. It is demonstrated that
the designed structure helps to improve the imaging quality including contrast and
resolution. In addition, such sample model can be combined with other imaging
techniques, e.g. confocal scanning microscopy, widefield imaging system, etc.
Besides amplitude and polarization, focal fields can also be shaped in phase. Un-

like the specific radially or azimuthally polarized vector beam, the cylindrical vector
beam is a more general form. The focusing properties and the spin-orbit interac-

ix



x Summary

tions of cylindrical vector vortex beams in high NA focusing systems are theoretically
studied. An absorptive nanosphere can be trapped at the hot-spot of the focused
field, even when the field has its axial symmetry broken. The analysis on the in-
fluence of parameters such as the initial phase of the vortex beam, the topological
charge, or the size and the material of the trapping sphere on the interplay between
spin and angular momentum may be helpful for optical trapping, particle transport
and super-resolution.



Samenvatting

Het Rayleigh criterium verklaart de diffractielimiet en geeft houvast voor het verbe-
teren van een beeldvormingssysteem, namelijk door de golflengte van de belichting
te verkleinen, en/of de apertuur (NA) van het objectief te vergroten. Als de golf-
lengte en NA vast staan, is het mogelijk de spatiële resolutie verder te verbeteren?
Deze vraag motiveert het onderzoek in dit proefschrift.
Polarisatie is een belangrijke eigenschap van licht en kan niet genegeerd worden

in een strak focuserend systeem. Het is zowel theoretisch als experimenteel aan-
getoond dat radiaal gepolariseerd licht een scherpere focale spot kan produceren
in een hoog-NA focuserend systeem vanwege de strakke longitudinale veldcompo-
nent. Hierop voortbouwend beginnen we in dit proefschrift ons onderzoek naar
de unieke focuseringseigenschappen van de radiaal gepolariseerde bundel met de
vectoriële diffractietheorie. We tonen aan dat de amplitude van het focale veld
kan worden gevormd door het pupilveld van de radiaal gepolariseerde bundel te
bewerken. De gevormde focale spot is kleiner dan de ongemoduleerde spot, en
deze kan worden gebruikt om de resolutie van optische beeldvormingssystemen te
verbeteren. Hier beschouwen we een confocaal scannend beeldvormingssysteem,
wat verscheidene voordelen biedt boven conventionele breedveld microscopie. In
de simulatie worden longitudinale elektrische dipolen beschouwd als de objecten
om optimaal gebruik te maken van de geoptimaliseerde longitudinale component.
Een experimenteel bewijs wordt ook gegeven, dat laat zien dat hogere spatiële re-
solutie behaald kan worden wanneer het gemoduleerde radiaal gepolariseerd licht
toegepast wordt in de confocale beeldvormingsopstelling vergeleken met het on-
gemoduleerde geval. Radiaal gepolariseerd licht kan verkregen worden met een
op vloeibaar kristallen gebasseerde polarisatie-omzetter, beginnend met een lineair
gepolariseerde bundel. Amplitudemodulatie van de pupil zoals het annulaire pu-
pilveld en het ontworpen pupilveld waar de amplitude geleidelijk toeneemt met de
straal kan worden gerealiseerd met een spatiële lichtmodulator (SLM).
Het substraat is essentieel voor het ondersteunen van het af te beelden monster.

Meestal is het materiaal van het subtraat glas. In het nabije veld, wanneer het ob-
ject interageert met het lichtveld, kan het evanescente golven produceren die zeer
snel afnemen en weinig invloed hebben op de beeldvorming. De evanescente golf
draagt echter een hogere spatiële frequentie dan de propagerende golf. Een goed
ontworpen substraat met een dunne TiOኼ laag erbovenop kan de evanescente golf
in het nabije veld versterken. Het versterkte veld wordt omgezet in een propage-
rende golf met behulp van het object dat is afgezet op het substraat en het kan
worden waargenomen in het verre veld. Het principe kan verklaard worden met
een dipoolmodel, en gesimuleerd worden met nanosferen. Het is aangetoond dat
de ontworpen structuur helpt om beeldkwaliteit te verbeteren, inclusief contrast en
resolutie. Bovendien kan zo’n voorbeeldmodel gecombineerd worden met andere
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xii Samenvatting

afbeeldingstechnieken, bijvoorbeeld confocale scanmicroscopie, breedveld afbeel-
dingssysteem, etc.
Naast amplitude en polarisatie kunnen focale velden ook in de fase gevormd

worden. In tegenstelling to de specifieke radiaal of azimuthaal gepolariseerde vec-
torbundel, is de cylindrische vectorbundel een algemenere vorm. De focuserende
eigenschappen en de spin-baan interacties van cylindrische vector vortex bundels
in hoog-NA focuseringssystemen zijn theoretisch bestudeerd. Een absorberende
nanosfeer kan gevangen worden op de hotspot van het gefocuseerde veld, zelfs
wanneer de axiale symmetrie van het veld verbroken is. De analyse van de invloed
van parameters zoals de initiële fase van de vortex bundel, de topologische lading,
of de grootte en het materiaal van de vangbol op het samenspel tussen het spin en
impulsmoment kan nuttig zijn voor optisch trapping, deeltjestransport, en superre-
solutie.
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2 1. Introduction

1.1. The point spread function
The common way to characterize the resolving capability of an imaging system is
to consider the image of a point source with a finite size, which can be defined as
point spread function (PSF). The standard derivation of the PSF is based on the
classical theory of scalar theory and the paraxial approximation [1–3]. For uniform
filling (plane wave) of the entrance pupil, the image is the inverse Fourier transform
of the pupil function. The resulting intensity for an ideal circular aperture is written
as:

𝐼 = |𝐽ኻ(2𝜋𝜌)𝜋𝜌 |
ኼ
, (1.1)

where 𝐽ኻ is the Bessel function of the first kind, and 𝜌 is the radial distance from
the center of the image normalized by multiplying by NA

᎘ . Here 𝜆 is the wavelength
of the illumination and NA is the numerical aperture. The intensity in Eq. 1.1 is the
PSF of the optical system. The PSF (also called the Airy disk, after George Biddle
Airy) is a widely used metric of imaging quality in optical design and manufacturing.
The narrower the PSF, the better the spatial resolution will be.
Each point source can be identified on the basis of its PSF having certain charac-

（a） （b） （c）

Figure 1.1: Profiles for describing spatial resolution. (a) Two points are well resolved, (b) Two points
are separated by the Rayleigh limit and barely resolved, (c) Two points overlap.

teristic width. If two point sources are getting closer and closer in the object plane,
their PSFs will start to overlap and as consequence that they will collapse to one
PSF, where they are not distinguishable in the image plane, see Fig. 1.1. This pro-
cess defines the spatial resolution, which depends on the minimum distinguishable
distance between two adjacent object points. The condition of being resolved or
not can be judged with Rayleigh criterion, which is given by

𝑑 = 0.61 𝜆
NA
, (1.2)

By this criterion, two closely spaced object points are defined as being resolved
when the central diffraction spot (Airy disk) of one point coincides with the first
diffraction minimum of the other point in the image plane. The Rayleigh resolution
limit pertains to two luminous points in a dark field or to objects illuminated by
incoherent light.
For an optical imaging system, Abbe’s formulation [4] states the diffraction limit
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given by:

𝐷 = 𝜆
2𝑛NA , (1.3)

Abbe’s resolution limit considers the paraxial PSF of two point sources with axes
perpendicular to the optical axis. However, when the point sources are aligned
along the optical axis and they emit coherently, the combined PSF will be different,
and one must redefine the criterion for resolution [5].
Regardless of the resolution defined by the Rayleigh criterion or the Abbe’s for-

mulation, one can see that spatial resolution is determined by the wavelength of
illumination and the NA of the objective lens. Once the NA increases, tighter fo-
cused spot can be formed so that higher spatial resolution can be achieved, and
the scalar theory should be replaced by the vectorial diffraction theory. For further
shrinking focal spot sizes, the light beam that is incident on the lens can be modu-
lated by different amplitudes, phase distributions as well as polarizations, which is
known as beam shaping.

1.2. Confocal microscopy
The invention of confocal microscopy is attributed to Marvin Minsky, who produced
a working microscope in 1955 [6]. A theoretical analysis of confocal and laser-
scanning microscopes was published in 1977 [7]. It was the first publication using
the term ”confocal microscope” and used epi-laser-illumination, stage scanning and
photomultiplier tubes (PMT) as detectors [8]. Confocal microscopes have several
advantages as compared to normal microscopes such as the possibility of optical
sectioning and resolution improvement, and have become quite popular in biological
applications [9]. Computer controlled confocal microscopy has been introduced in
1983 [10], and after that, commercial confocal laser scanning microscopy (CLSM)
was developed [11, 12]. Nowadays, the confocal imaging system has been widely
used in biological science and medical areas, quantum optics as well as nano-crystal
imaging and spectroscopy.
In wide field microscopy, all parts of the sample are excited at the same time and

the signal is detected including a large amount of unfocused (surrounding) light.
Confocal microscopy has better lateral and axial resolution, because the illumination
is a focused laser beam and at the detector on the image plane, a small pinhole is
added. The former gives a small illumination spot while the latter helps to remove
the out-of-focus light. Therefore, the total PSF of the confocal imaging system can
be regarded as the product of an excitation PSF and a detection PSF as follows

PSF፭፨፭ፚ፥ ≈ PSF።፥፥፮፦።፧ፚ፭።፨፧ × PSF፝፞፭፞፭።፨፧ . (1.4)

The benefit of confocal microscopy lies mostly in the axial sectioning capabilities
in dense samples. Thus over the past years, different variations of confocal mi-
croscope have been developed, especially combining with the fluorescent imaging.
The main purpose is to create 3D images of high resolution. The work on the im-
proving the performance of the optical system focuses on optimizing the pinhole
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size [13] or increasing the scanning efficiency with pinhole array, spinning-disk and
micro-lenses. However, the increase in the transverse resolution achieved by con-
focal microscopy is marginal, often only a small percentage. Once the numerical
aperture and wavelength are fixed, further improvement of the PSF።፥፥፮፦።፧ፚ፭።፨፧ can
be realized with pupil engineering, i.e., by shaping the amplitude, phase and polar-
ization of the illumination.

1.3. Thesis Structure
Light is a manifestation of electromagnetic force, while matter is made up of charged
particles due to the nature of atoms. The study of the interaction between light
and matter is the heart of optical physics and has further being developed with the
generation of structured optical fields as well as new materials [14, 15]. Modulation
of polarization, phase and amplitude of the electric field can be realized thanks to
the development of the techniques, including spatial light modulators (SLM) [16–
18], meta-surfaces [19–21], q-plates [22, 23], cylindrical lenses [24] and so on.
The produced optical field gives us a new perspective in exploring the physics of
the light and matter interactions and also brings new applications. For instance,
a tightly focused radially polarized spot can be used to detect the orientation of
fluorescent molecules [25] or achieve super-resolution in microscopy [26, 27]. An-
other example is optical trapping with focused light, which originates from forces
induced by electromagnetic fields; it has been used as a powerful scientific tool to
study physical, chemical and biological characteristics of sub-wavelength objects
[28, 29].
In this thesis, we show designs to obtain sharper focal spots for the confocal

system, optimization of structures on samples to improve resolution, and we also
explore the spin-orbit interactions for optical manipulation. The investigation in-
cludes theoretical modeling, numerical simulation and experimental validation. The
thesis is composed of the following chapters:
Chapter 2: Theoretical analysis on confocal imaging with radially polarized light.
We introduce the vectorial theory to calculate the focal field in the high NA sys-
tem, where it has been demonstrated that radially polarized light combined with
amplitude modulation results in a smaller focal spot than that of the conventional
(non-modulated) radially polarized light. The principle of confocal imaging system
is theoretically studied from the illumination to the imaging plane with the longi-
tudinal electric dipole as the sample at the objective plane. With the optimized
illumination, a distinguishable distance between two objects of 0.36𝜆 is achieved,
which is beyond the diffraction limit and makes super-resolution possible for non-
fluorescent samples.
Chapter 3: Experimental demonstration of resolution enhancement with modu-
lated radially polarized light. This chapter confirms the theoretical prediction in
chapter 2 with a confocal imaging set-up. The radially polarized light is produced
with a polarization convertor and modulated with a reflective SLM. Discussions on
the convertor and the sample preparation are included. The imaging quality is
quantified with visibility and analysis of the derivative of the image profiles. The
results show that 0.358𝜆 is the smallest distinguishable distance in a confocal sys-



References

1

5

tem with NA=0.9, which agrees well with the theoretical results.
Chapter 4: Super-resolution effect due to a thin dielectric slab for imaging with
radially polarized light. Evanescent wave carries high spatial frequency information
but decays rapidly and can not propagate to the far field. In this chapter, we show
that by designing a thin TiOኼ layer on the top of the glass substrate, the evanescent
wave in the near field can be enhanced. The evanescent wave re-excites the sample
which transfers it to propagating wave that is detectable in the far field. Numeri-
cal analysis validates the idea and a simple experiment is conducted to show the
resolution improvement. The proposed method is easy to realize compared with
other special structures and the designed model of the sample can be combined
with other microscopy techniques.
Chapter 5: Angular momentum properties of cylindrical vector vortex beams. The
previous work excludes the influence of the phase of the light in focus, since the
obtained image is at focal plane in confocal microscopy. In this chapter, we discuss
the tightly focusing properties of symmetrical and asymmetrical cylindrical vector
vortex beams using Richards-Wolf vector theory. Because of the vortex phase, the
light has orbital angular momentum (OAM). The interaction and transfer between
spin and orbital angular momentum, and the optical force and torque of an ab-
sorptive nanosphere in the vortex beam are studied. The influence of parameters
like initial phase’s angle, topological charge, polarization state on the motion of the
nanosphere provides guidance for the optical manipulation or optical trapping.
Chapter 6: Conclusion and outlook. A summary of the thesis and discussion for
the potential future work are presented.
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2
Theoretical analysis on

confocal imaging with radially
polarized light

Rigorous vectorial focusing theory is used to study the imaging of small ad-
jacent particles with a confocal laser scanning system. We consider radially
polarized illumination with an optimized amplitude distribution and an annu-
lar amplitude distribution at the lens to obtain a narrower distribution of the
longitudinal component of the field in focus. A polarization convertor at the
detector side is added to transform radial polarization to linear polarization
in order to make the signal detectable with a single mode fiber.

Parts of this chapter have been published in Optics Express 26, 29600 (2018) [1].
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2.1. Introduction
Many super-resolution microscopes such as STED [2], PALM [3], and STORM [4]
have become very important in science and applications because of their high qual-
ity images. While the applications of these super-resolution microscopy are at-
tractive, there are some disadvantages like extremely expensive systems, time-
consuming data acquisition and choices of fluorescent dyes, which limit the tech-
niques in some cases. Although the lateral resolution of conventional confocal imag-
ing systems is limited because of the diffraction limit, confocal microscopy has a
wide range of applications in the biological and medical sciences [5–7], as well as
nano-crystal imaging and spectroscopy [8, 9]. Thus, the development of a cheap
and simplified confocal system combined with super-resolution imaging is very at-
tractive.
The total point spread function (PSF) of the confocal system is determined by

both the excitation PSF and the detection PSF, where the former is related to the
focused illumination and the latter depends on the small pinhole or a fiber in the
detector plane [10]. A very small pinhole which can remove the out of focus in-
formation plays an important role in improving both the axial and lateral resolu-
tions in confocal microscopy. Wilson [11] compares the images theoretically and
experimentally of scatterers using conventional and confocal microscopes. How-
ever, only linearly and circularly polarized beams are considered there. Cylindrical
vector beams are well-established tools in optics because of the applicability of ra-
dially polarized beams in several areas. For example, using radially polarized light,
the longitudinal electric component of the illuminating focused spot can be made
small [12–14]. Provided the sample interacts only with the longitudinal component,
higher resolution can be obtained. For a high numerical aperture (NA) system, and
a radially polarized pupil field, the longitudinal component can be enhanced com-
pared to the transverse component by using an annular aperture in the pupil of
the focusing objective. The latter also results in a tighter focusing spot size of the
longitudinal component in the focal plane [15–17], although this is at the expense
of stronger side lobes which will reduce the imaging quality. However, annular
apertures do not give the largest longitudinal component in focus. Other pupil fil-
ter functions, for example, a BOE [18–21], a parabolic mirror and a flat diffractive
lens [22] are proposed to achieve sharper focal spot sizes and as a consequence,
higher resolution. By shaping the radially polarized pupil field such that the am-
plitude increases monotonically in a specific way as function of the pupil radius,
the full-width-at-half-maximum (FWHM) of the intensity of longitudinal component
reaches a value that is 15% to 30% lower than that of the spot of a focused linear
polarized pupil field [23]. Spot-size reduction by means of focusing the optimized
radially polarized light is shown experimentally according to theoretical productions
[24]. However, in a confocal configuration, when strong longitudinal field excites
a longitudinal sensitive sample, for example, a dipole is oriented parallel to the
optical axis, the consequence is that its image with low NA that is formed at the
pinhole side has a zero at the center [25]. In order to make the signal detectable,
a polarization convertor placed in the path of detection plane is proposed to engi-
neer the detection PSF from a doughnut shape to one with maximum in the center
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[26]. In the reference [27], good imaging results are achieved with the confocal
microscope together with a polarization convertor experimentally. However, the
theoretical analysis of the entire system is not complete.
In this chapter, we present a fully rigorous vectorial theory to describe the whole

confocal imaging process in a high NA system with spatially shaped radially polar-
ized illumination. The optimized pupil field which maximizes the longitudinal electric
field component in the focal point [23] is compared with the linearly polarized and
traditional radially polarized pupil field to validate that the former one gives higher
lateral resolution. The annular pupil field with radially polarized illumination is also
considered. We use two longitudinally oriented electric dipoles at variable distances
as test object. Other orientations can be easily considered. A suitable pinhole size
is chosen before the detector plane to enhance the system performance, and a
polarization convertor is inserted in the collimated optical path before the pinhole
to transform the radially polarized light scattered by the object back to linearly
polarized light to optimize the power of the light after the pinhole.

2.2. Dipole excitation using a focused spot

Rigorous analysis of vectorial image formation in the confocal system can be found
in [10]. In this chapter we consider different polarizations and optimized pupil field
for the illumination. Fig. 2.1(a) shows the configuration of the confocal imaging
system. In order to make the whole analytical process clear, we consider first
the focusing spot which illuminates the sample. This focused spot excites electric
dipoles in the sample which are then imaged on the detector. The imaging of the
excited dipoles is studied in subsequent sections.

2.2.1. Vectorial Diffraction Integral

In scalar diffraction theory the focal field of a lens is considered without taking into
account the vectorial nature of the light field. However, the scalar method is not
valid for optical systems of high NA and vectorial theory is needed to describe the
field near the focal plane. Originating from Ignatovsky’s diffraction theory [28],
later studied in details in [29, 30], the solution is referred as the vectorial Richard-
Wolf integral.
All optical fields here are time harmonic with time dependence given by the factor

exp(−𝑖𝜔𝑡), where 𝜔 > 0 is the frequency. This factor is omitted from all formulas
below. Consider an incoming beam that is propagating parallel to the optical axis
and is focused by a high NA objective lens Lኻ as shown in Fig. 2.1(b). We choose a
coordinate system (𝑥, 𝑦, 𝑧) with 𝑧-axis coinciding with the optical axis and origin at
the Gaussian focal point of lens Lኻ and such that the illuminating beam propagates
in the positive 𝑧-direction. When focused in a homogeneous medium with real
refractive index 𝑛, the electric and magnetic fields in the focal region of lens Lኻ can
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Figure 2.1: Schematic of the confocal microscope. A beam splitter (BS) divides the excitation path and
detection path into two arms. A laser beam is focused onto the sample by a high NA objective lens LᎳ.
The light scattered by the sample is collected by the same objective lens and focused by a small NA
lens onto a pinhole in front of a detector. a) The complete confocal microscopy system, b) Focusing and
dipole excitation, c) Imaging and polarization conversion.

be expanded into plane waves:

E፞(r) = 1
4𝜋ኼ ∬፤Ꮒጾ፤ᎲNAᎳ

A(kዊ) exp (𝑖k ⋅ r)𝑑ኼ𝑘ዊ,

H፞(r) = 1
4𝜋ኼ

1
𝜔𝜇ኺ

∬
፤Ꮒጾ፤ᎲNAᎳ

k × A(kዊ) exp (𝑖k ⋅ r)𝑑ኼ𝑘ዊ,
(2.1)

where A(kዊ) is the vector amplitude of the plane wave with the wave vector k =
(𝑘፱ , 𝑘፲ , 𝑘፳), kዊ = (𝑘፱ , 𝑘፲)is the part of the wave vector perpendicular to the optical

axis, with 𝑘ዊ = √𝑘ኼ፱ + 𝑘ኼ፲ its length, 𝑘፳ = √𝑘ኼ − 𝑘ኼዊ, where 𝑘 = 𝑘ኺ𝑛 with 𝑘ኺ =
2𝜋/𝜆ኺ with 𝜆ኺ the wavelength in vacuum. Note that the transverse wavenumber 𝑘�
satisfies: 0 ≤ 𝑘ዊ ≤ 𝑘ኺNAኻ, where NAኻ = 𝑛 sin𝜃(ኻ)max with 𝜃(ኻ)max the maximum angle
between the wave vectors and the positive 𝑧 direction. Without loss of generality,
we consider the optical system is placed in vacuum so that the refractive index is
𝑛 = 1 in both object and image space.
To define the polarizations of the plane waves, we define a positively oriented
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orthonormal basis k̂, p̂, ŝ in reciprocal k−space by:

k̂ = 𝑘፱
𝑘 x̂+

𝑘፲
𝑘 ŷ+

𝑘፳
𝑘 ẑ,

p̂(kዊ) =
𝑘፱𝑘፳x̂+ 𝑘፲𝑘፳ŷ− 𝑘ኼዊẑ

𝑘𝑘ዊ
,

ŝ(kዊ) =
−𝑘፲x̂+ 𝑘፱ŷ

𝑘ዊ
,

(2.2)

Since the electric field is free of divergence, the vector amplitude A can be written
as:

A(kዊ) = 𝐴p(kዊ)p̂(kዊ) + 𝐴s(kዊ)ŝ(kዊ), (2.3)

where 𝐴p and 𝐴s are the components of A on the basis of p̂ and ŝ, respectively.
The electromagnetic field in focus can be therefore rewritten as:

E፞(r) = 1
4𝜋ኼ ∬፤Ꮒጾ፤ᎲNAᎳ

(𝐴pp̂+ 𝐴sŝ) 𝑒።k⋅r𝑑ኼ𝑘ዊ,

H፞(r) = 1
4𝜋ኼ

1
𝜔𝜇ኺ

∬
፤Ꮒጾ፤ᎲNAᎳ

(−𝐴sp̂+ 𝐴pŝ) 𝑒።k⋅r𝑑ኼ𝑘ዊ.
(2.4)

According to the vectorial diffraction theory [28–30], the plane wave amplitudes
𝐴p, 𝐴s are linked to the radial and azimuthal components of the pupil field by:

𝐴p(kዊ) =
2𝜋𝑖𝑓ኻ
√𝑘𝑘፳

E፞,፩ (𝜌፩, 𝜑፩), 𝐴s(kዊ) =
2𝜋𝑖𝑓ኻ
√𝑘𝑘፳

E፞,፩Ꭳ (𝜌፩, 𝜑፩), (2.5)

where, 𝑓ኻ is the focal distance of the objective lens Lኻ and 𝜌፩, 𝜑፩ are polar pupil
coordinates defined by:

𝜌፩ = 𝑓ኻ
𝑘ዊ
𝑘ኺ𝑛

, 𝜌፩ cos𝜑፩ = −𝑓ኻ
𝑘፱
𝑘ኺ𝑛

, 𝜌፩ sin𝜑፩ = −𝑓ኻ
𝑘፲
𝑘ኺ𝑛

, (2.6)

Note that

cos𝜑፩ = −𝑘፱/𝑘ዊ, sin𝜑፩ = −𝑘፲/𝑘ዊ. (2.7)

2.2.2. Focal field of linearly and radially polarized light
When the pupil field is in all points of the pupil linearly polarized parallel to the
𝑥-direction, we have:

𝐸፞,፩ (𝜌፩, 𝜑፩) = 𝑔(𝜌፩) cos𝜑፩, 𝐸፞,፩Ꭳ (𝜌፩, 𝜑፩) = 𝑔(𝜌፩) sin𝜑፩, (2.8)

where 𝑔(𝜌፩) is the amplitude which may be a function of the radius. Using Eq. 2.7,
we get:

𝐴p(kዊ) =
−2𝜋𝑖𝑓ኻ𝑘፱
√𝑘𝑘፳𝑘ዊ

𝑔(𝑘ዊ), 𝐴s(kዊ) =
−2𝜋𝑖𝑓ኻ𝑘፲
√𝑘𝑘፳𝑘ዊ

𝑔(𝑘ዊ), (2.9)



2

14 2. Theoretical analysis on confocal imaging with radially polarized light

where for brevity, we have written 𝑔(𝑘ዊ) instead of 𝑔(𝑓ኻ𝑘ዊ/𝑘).
We substitute Eq. 2.9 into Eq. 2.4 and use the following integrals [31]:

∫
ኼ

ኺ
cos𝑛𝜙𝑒።፱ cos(ᎫዅᎣ)𝑑𝜙 = 2𝜋𝑖፧J፧(𝑥) cos𝑛𝜑,

∫
ኼ

ኺ
sin𝑛𝜙𝑒።፱ cos(ᎫዅᎣ)𝑑𝜙 = 2𝜋𝑖፧J፧(𝑥) sin𝑛𝜑,

(2.10)

where J፧(𝑥) is the Bessel function of 𝑛th order. By using cylindrical coordinates in
the focal region, we then obtain for the electric field in the focal region:

E፞(𝜌, 𝜑, 𝑧) = −𝑖𝑓ኻ
2𝑘ኽ/ኼ (

−𝐼ኺኺ(𝜌, 𝑧) − 𝐼ኺኼ(𝜌, 𝑧) cos 2𝜑
−𝐼ኺኼ(𝜌, 𝑧) sin 2𝜑
2𝑖𝐼ኺኻ(𝜌, 𝑧) cos𝜑

) , (2.11)

where

𝐼ኺኺ(𝜌, 𝑧) = ∫
፤ᎲNAᎳ

ኺ
𝑔(𝑘ዊ) (𝑘 + 𝑘፳) Jኺ(𝑘ዊ𝜌)

𝑘ዊ
√𝑘፳

𝑒።፤ᑫ፳𝑑𝑘ዊ, (2.12)

𝐼ኺኻ(𝜌, 𝑧) = ∫
፤ᎲNAᎳ

ኺ
𝑔(𝑘ዊ)𝑘ዊJኻ(𝑘ዊ𝜌)

𝑘ዊ
√𝑘፳

𝑒።፤ᑫ፳𝑑𝑘ዊ, (2.13)

𝐼ኺኼ(𝜌, 𝑧) = ∫
፤ᎲNAᎳ

ኺ
𝑔(𝑘ዊ) (𝑘 − 𝑘፳) Jኼ(𝑘ዊ𝜌)

𝑘ዊ
√𝑘፳

𝑒።፤ᑫ፳𝑑𝑘ዊ. (2.14)

A polarized pupil field can be written as a linear combination of the radially and
azimuthally polarized parts. For a pupil field which is in all points of the pupil
polarized in the radial direction, the radial and azimuthal components of the electric
pupil field are given by:

𝐸፞,፩ (𝜌፩, 𝜑፩) = 𝑔(𝜌፩), 𝐸፞,፩Ꭳ (𝜌፩, 𝜑፩) = 0, (2.15)

where the amplitude 𝑔 is a function of the pupil radius. By using Eq. 2.5, we get for
the p- and s-components of the electric field of the plane waves in the focal region:

𝐴p(kዊ) =
2𝜋𝑖𝑓ኻ
√𝑘𝑘፳

𝑔(𝑘ዊ), 𝐴s(kዊ) = 0, (2.16)

where (as above) we have written 𝑔(𝑘ዊ) instead of the formally more correct
𝑔 (𝑓ኻ𝑘ዊ/𝑘). Then with Eq. 2.4 and the integrals of Eq. 2.10, the electric field
in the focal region becomes in terms of cylindrical coordinates:

E፞(𝜌, 𝜑, 𝑧) = −𝑓ኻ
𝑘ኽ/ኼ (

𝐼ኻኻ(𝜌, 𝑧) cos𝜑
𝐼ኻኻ(𝜌, 𝑧) sin𝜑
𝑖𝐼ኻኺ(𝜌, 𝑧)

) , (2.17)
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where

𝐼ኻኺ(𝜌, 𝑧) = ∫
፤ᎲNAᎳ

ኺ
𝑔(𝑘ዊ)𝑘ዊJኺ(𝑘ዊ𝜌)

𝑘ዊ
√𝑘፳

𝑒።፤ᑫ፳𝑑𝑘ዊ, (2.18)

𝐼ኻኻ(𝜌, 𝑧) = ∫
፤ᎲNAᎳ

ኺ
𝑔(𝑘ዊ)𝑘፳Jኻ(𝑘ዊ𝜌)

𝑘ዊ
√𝑘፳

𝑒።፤ᑫ፳𝑑𝑘ዊ. (2.19)

2.2.3. Focused beam shaping
Focal field shaping by engineering the polarization, amplitude and phase on the
exit pupil of an optical system [13, 32, 33], especially with the help of spatial light
modulators (SLM) [34–36] and q-plates [37–39], has attracted a lot of attention
in recent years. Optial focal field shaping has many applications. For instance,
tight focusing behavior of polarized beams has been investigated to achieve sharp
resolution [40, 41].
We discuss now two optimized radially polarized pupil fields. The first is the pupil

field derived in [23] which gives the largest possible longitudinal (i.e. 𝑧-component)
of the electric field components in the focal point, for a given power Pኺ in the
pupil of the lens. The optimum pupil field is found to be radially polarized and its
amplitude increases monotonically with distance to the optical axis. This solution
makes the FWHM of the longitudinal component of the focused electric field 15%
-30% narrower than that of the classical Airy spot depending on the NA. It was
shown that the amplitude of this optimum pupil field is given by:

𝑔(𝑘ዊ) = −
𝑘ኽ/ኼዊ 𝑘ኻ/ኼ
2𝜋𝑖𝑓ኻ𝑘፳Λ

, (2.20)

where

Λ = ( 𝜋
Pኺ
)
ኻ/ኼ𝑛ኻ/ኼ

𝜆ኺ
( 𝜖ኺ𝜇ኺ

)
ኻ/ኾ
(23 − √1 − (NAኻ/𝑛)

ኼ + 13
√(1 − (NAኻ/𝑛)ኼ)

ኽ)
ኻ/ኼ
, (2.21)

Further details of the calculations of modulating the amplitude of radially polarized
light in the pupil are given in Appendix A. By substituting Eq. 2.20, Eqs. 2.18 and
2.19 become:

𝐼ኻኺ(𝜌, 𝑧) = −
𝑘ኻ/ኼ
2𝜋𝑖𝑓ኻΛ

∫
፤ᎲNAᎳ

ኺ
Jኺ(𝑘ዊ𝜌)

𝑘/ኼዊ
𝑘ኽ/ኼ፳

𝑒።፤ᑫ፳𝑑𝑘ዊ, (2.22)

𝐼ኻኻ(𝜌, 𝑧) = −
𝑘ኻ/ኼ
2𝜋𝑖𝑓ኻΛ

∫
፤ᎲNAᎳ

ኺ
Jኻ(𝑘ዊ𝜌)

𝑘/ኼዊ
𝑘ኽ/ኼ፳

𝑒።፤ᑫ፳𝑑𝑘ዊ. (2.23)

The second way for the amplitude 𝑔 of the radially polarized pupil field which
gives a narrow longitudinal component in the focal plane corresponds to an annular
pupil:

𝑔(𝜌፩) = {
1 𝑎 − Δ𝜌፩ < 𝜌፩ ≤ 𝑎
0 otherwise

, (2.24)
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where 𝑎 is the radius of the pupil of the lens Lኻ and Δ𝜌፩ is the width of the annular
ring. Then the focal field is obtained by substituting Eq. 2.24 for 𝑔 in Eqs. 2.17-
2.19.

2.3. Dipole imaging with a polarization convertor
Figure 2.1(c) shows the imaging part of the optical system. In the Born ap-
proximation, the focused field E። excites a dipole density P፝(r፝) at the position
r፝ = (𝑥፝ , 𝑦 , 𝑧 = 0), where the 𝑧 = 0 plane is, as before, assumed to coincide with
the focal plane of lens Lኻ. The dipole vector is given by:

P፝ = ⃖⃗𝛼E፞(r፝), (2.25)

where ⃖⃗𝛼 is the electric polarizability. It in general is a tensor, and we assume that
the elements of the tensor have principal axis that are parallel to the 𝑥, 𝑦, 𝑧−axis,
i.e

⃖⃗𝛼 = (
𝛼፱፱ 0 0
0 𝛼፲፲ 0
0 0 𝛼፳፳

) . (2.26)

Let E፝ be the electric field radiated by this dipole. Its plane wave amplitudes in
the entrance pupil of lens Lኻ, i.e. for 𝑧 = 𝑓ኻ, are given by [42]:

𝐴፝(kዊ) = −
𝑒።፤ᑫ Ꮃ፟

2𝑖𝜖ኺ𝑛ኼ𝑘፳
k × (k × P፝), (2.27)

Hence,

𝐴፝p (kዊ) =
𝑒።፤ᑫ Ꮃ፟

2𝑖𝜖ኺ𝑛ኼ𝑘፳
𝑘ኼP፝ ⋅ p̂, 𝐴፝s (kዊ) =

𝑒።፤ᑫ Ꮃ፟
2𝑖𝜖ኺ𝑛ኼ𝑘፳

𝑘ኼP፝ ⋅ ŝ. (2.28)

Although there exists longitudinal component of the field in the detector plane, it
cannot be easily measured by the detector. Therefore, we only detect the transverse
component. However, at the center of the detector the transverse component is
very weak because of the donut shape when the illumination is radially polarized. In
order to make the signal detectable, a polarization convertor [27] is added between
the collimator lens and the detector, which transforms the radially polarized light
into 𝑥-polarized light before being refocused by the detector. To see the difference,
we consider the imaging process both with and without polarization convertors.

2.3.1. Imaging without polarization convertor
For the case without polarization convertor, the radial and azimuthal components
of the pupil field can be expressed by using Eq. 2.5 and 2.6,

𝐸፝,፩ (𝜌፩, 𝜑፩) =
√𝑘𝑘፳
2𝜋𝑖𝑓ኻ

𝐴፝p (kዊ), 𝐸፝,፩Ꭳ (𝜌፩, 𝜑፩) =
√𝑘𝑘፳
2𝜋𝑖𝑓ኻ

𝐴፝s (kዊ), (2.29)
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The refocusing by the second lens Lኼ with focal length 𝑓ኼ yields plane wave
amplitudes in image space which are given by

�̃�፝p (k̃ዊ) =
2𝜋𝑖𝑓ኼ
√𝑘�̃�፳

E፝,፩ (𝜌፩, 𝜑፩) =
𝑓ኼ
𝑓ኻ
√𝑘፳̃𝑘፳

𝑒።፤ᑫ Ꮃ፟
2𝑖𝜖ኺ𝑛ኼ𝑘፳

𝑘ኼP፝ ⋅ p̂,

�̃�፝s (k̃ዊ) =
2𝜋𝑖𝑓ኼ
√𝑘�̃�፳

E፝,፩Ꭳ (𝜌፩, 𝜑፩) =
𝑓ኼ
𝑓ኻ
√𝑘፳̃𝑘፳

𝑒።፤ᑫ Ꮃ፟
2𝑖𝜖ኺ𝑛ኼ𝑘፳

𝑘ኼP፝ ⋅ ŝ,

(2.30)

with

𝜌፩ = 𝑓ኼ
�̃�ዊ
𝑘 , 𝜌፩ cos𝜑፩ = −𝑓ኼ

�̃�፱
𝑘 , 𝜌፩ sin𝜑፩ = −𝑓ኼ

�̃�፲
𝑘 ,

(2.31)

where the wavenumber 𝑘 = �̃�, as the two lenses are in the same medium.
Since the NAኼ of the lens Lኼ before the detector is smaller than that of the ob-

jective lens Lኻ, the focal distances of the two lenses are different. This implies the
following relationship between the wave vectors of corresponding plane waves on
the object side of lens Lኻ and the image side of lens Lኼ:

𝑘ዊ =
𝑓ኼ
𝑓ኻ
�̃�ዊ, 𝑘፳ = √𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ. (2.32)

By substituting Eq. 2.30 into Eq. 2.4, the electric field in image space becomes:

E(።)(r) = 1
4𝜋ኼ [∬̃፤Ꮒጾ፤ᎲNAᎴ

(�̃�፝፩(k̃ዊ)p̂(k̃ዊ) + �̃�፝፬ (k̃ዊ)ŝ(k̃ዊ)) 𝑒።k̃⋅r𝑑ኼ�̃�ዊ] ⋅ P፝

= 𝑘ኼ𝑓ኼ
4𝜋𝑖𝜖ኺ𝑛ኼ𝑓ኻ

[ ∬̃
፤Ꮒጾ፤ᎲNAᎴ

1
√𝑘፳ ̃𝑘፳

(p̂(k̃ዊ) ⊗ p̂(𝑓ኼ𝑓ኻ
k̃ዊ) + ŝ(k̃ዊ) ⊗ ŝ(𝑓ኼ𝑓ኻ

k̃ዊ))

⋅ 𝑒።፤ᑫ Ꮃ፟𝑒።k̃⋅r𝑑ኼ�̃�ዊ] ⋅ P፝ ,

(2.33)

where

p̂(k̃ዊ) =
1

𝑘ኼ�̃�ዊ
(
�̃�፱�̃�፳
�̃�፲�̃�፳
−�̃�ኼዊ

) , p̂(𝑓ኼ𝑓ኻ
k̃ዊ) =

1
𝑘ኼ�̃�ዊ

(
�̃�፱𝑘፳
�̃�፲𝑘፳
− Ꮄ፟

Ꮃ፟
�̃�ኼዊ
) ,

ŝ(k̃ዊ) = ŝ(𝑓ኼ𝑓ኻ
k̃ዊ) =

1
𝑘ኼ�̃�ዊ

(
−�̃�፲
�̃�፱
0
) ,

(2.34)
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Using polar coordinates, the field in the image space can be written as:

𝐸(።)፱ (𝜌, 𝜑, 𝑧) =
−𝑓ኼ

2𝜖ኺ𝑛ኼ𝑓ኻ
[(𝐾ኺኺኺ + 𝐾ኺ፳፳)p፝።፩፱ − 2𝑖𝐾ኻዊ፳ cos𝜑p፝።፩፳ + (𝐾ኼኺኺ − 𝐾ኼ፳፳)

⋅ (cos 2𝜑p፝።፩፱ + sin 2𝜑p፝።፩፲ )],

𝐸(።)፲ (𝜌, 𝜑, 𝑧) =
−𝑓ኼ

2𝜖ኺ𝑛ኼ𝑓ኻ
[(𝐾ኺኺኺ + 𝐾ኺ፳፳)p፝።፩፲ − 2𝑖𝐾ኻዊ፳ sin𝜑p፝።፩፳ + (𝐾ኼኺኺ − 𝐾ኼ፳፳)

⋅ (sin 2𝜑p፝።፩፱ − cos 2𝜑p፝።፩፲ )],

𝐸(።)፳ (𝜌, 𝜑, 𝑧) =
−𝑓ኼ

2𝜖ኺ𝑛ኼ𝑓ኻ
[2𝐾ኺዊዊp፝።፩፳ − 2𝑖𝐾ኻ፳፳(cos𝜑p፝።፩፱ + sin𝜑p፝።፩፲ )],

(2.35)

where

𝐾፧ኺኺ(𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

𝐾፧ዊዊ(𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
𝑞ዊዊ(�̃�ዊ)J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

𝐾፧ዊ፳(𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
𝑞ዊ፳(�̃�ዊ)J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

𝐾፧፳፳(𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
𝑞፳፳(�̃�ዊ)J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

(2.36)

with �̃�ዊ = √�̃�ኼ፱ + �̃�ኼ፲, �̃�፳ = √𝑘ኼ − �̃�ኼዊ, and

𝑞ዊዊ(�̃�ዊ) =
𝑘ዊ�̃�ዊ
𝑘ኼ , 𝑞ዊ፳(�̃�ዊ) =

𝑘ዊ�̃�፳
𝑘ኼ , 𝑞፳፳(�̃�ዊ) =

𝑘፳�̃�፳
𝑘ኼ .

(2.37)

We introduced the term ( ፤̃ᑫ፤ )
ኻ/ኼ

to account for an aplanatic lens.

2.3.2. Imaging with polarization convertor
As for the purpose of easy detection of the final signal, we apply a polarization
convertor to transform the polarization of the light from radial to linear 𝑥 before it
goes to the detector. And a 𝑥 polarizer is put before the detector to remove non-
linear 𝑥 polarized light as seen in Fig. 2.1(c). Then, the field in image space after
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the convertor and the polarizer becomes

E(።),፩(𝜌፩, 𝜑፩) = 𝐸፝,፩ (𝜌፩, 𝜑፩)x̂, (2.38)

Due to the convertor, the radial and azimuthal components of the field in the en-
trance pupil of the second lens become:

𝐸(።),፩ (𝜌፩, 𝜑፩) = 𝐸፝,፩ (𝜌፩, 𝜑፩) cos𝜙, 𝐸(።),፩Ꭳ (𝜌፩, 𝜑፩) = −𝐸፝,፩ (𝜌፩, 𝜑፩) sin𝜙, (2.39)

The vector amplitudes of the plane waves in image space corresponding to the pupil
field have p- and s- components are given by:

�̃�p(k̃ዊ) =
2𝜋𝑖𝑓ኼ
√�̃��̃�፳

E(።),፩ (𝜌፩, 𝜑፩), �̃�s(k̃ዊ) =
2𝜋𝑖𝑓ኼ
√�̃��̃�፳

E(።),፩Ꭳ (𝜌፩, 𝜑፩), (2.40)

Substituting Eq. 2.40 into Eq. 2.4 and using polar coordinates, finally, the field in
image space can be deduced as:

𝐸(።)፱ (𝜌, 𝜑, 𝑧) =
−𝑓ኼ

2𝜖ኺ𝑛ኼ𝑓ኻ
[ 𝑖2(𝐾

ኽ
፳፳ − 𝐾ኽ፳ )(cos 3𝜑p፝።፩፱ + sin 3𝜑p፝።፩፲ ) − 𝑖

2𝐾
ኻ
፳፳

⋅ (3 cos𝜑p፝።፩፱ + sin𝜑p፝።፩፲ ) − 𝑖
2𝐾

ኻ
፳ (cos𝜑p፝።፩፱ + 3 sin𝜑p፝።፩፲ )

− (𝐾ኼዊ፳ − 𝐾ኼዊ) cos 2𝜑p፝።፩፳ + (𝐾ኺዊ፳ + 𝐾ኺዊ)p፝።፩፳ ],

𝐸(።)፲ (𝜌, 𝜑, 𝑧) =
−𝑓ኼ

2𝜖ኺ𝑛ኼ𝑓ኻ
[ 𝑖2(𝐾

ኽ
፳፳ − 𝐾ኽ፳ )(sin 3𝜑p፝።፩፱ − cos 3𝜑p፝።፩፲ ) − 𝑖

2(𝐾
ኻ
፳፳ − 𝐾ኻ፳ )

⋅ (sin𝜑p፝።፩፱ + cos𝜑p፝።፩፲ ) − (𝐾ኼዊ፳ − 𝐾ኼዊ) sin 2𝜑p፝።፩፳ ],

𝐸(።)፳ (𝜌, 𝜑, 𝑧) =
−𝑓ኼ

2𝜖ኺ𝑛ኼ𝑓ኻ
[−𝐾ኺ፳ዊp፝።፩፱ + 𝐾ኼ፳ዊ(cos 2𝜑p፝።፩፱ + sin 2𝜑p፝።፩፲ ) + 2𝑖𝐾ኻዊዊ cos𝜑p፝።፩፳ ] ,

(2.41)

where

𝐾፧፳ዊ(𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
𝑞፳ዊ(�̃�ዊ)J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

𝐾፧፳ (𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
𝑞፳(�̃�ዊ)J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

𝐾፧ዊ(𝜌, 𝑧) = ∫
፤ᎲNAᎴ

ኺ
( �̃�፳𝑘 )

ኻ/ኼ �̃�ዊ

𝑘√𝑘ኼ − (𝑓ኼ/𝑓ኻ)ኼ�̃�ኼዊ
𝑞ዊ(�̃�ዊ)J፧(�̃�ዊ𝜌)𝑒።፤̃ᑫ፳ ⋅ 𝑒

።፳√፤Ꮄዅ( Ꮄ፟/ Ꮃ፟)Ꮄ፤̃ᎴᏂ𝑑�̃�ዊ,

(2.42)
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where

𝑞፳ዊ(�̃�ዊ) =
𝑘፳�̃�ዊ
𝑘ኼ , 𝑞ዊ(�̃�ዊ) =

𝑘ዊ
𝑘 , 𝑞፳(�̃�ዊ) =

𝑘፳
𝑘 .

(2.43)

and 𝑘ዊ and 𝑘፳ are functions of �̃�ዊ given by Eq. 2.32. Other symbols are shown in
Eq. 2.37. Again, we introduced the term ( ፤̃ᑫ፤ )

ኻ/ኼ
to account for an aplanatic lens.

2.4. Numerical results and discussions
Through this section, we assume the light with wavelength 𝜆 = 500𝑛𝑚. With Eqs.
2.11 and 2.17, the focal fields of linearly and radially polarized illumination can be
obtained. It is important to note, that in the case of tightly focusing (NA=0.9), the
focal fields have different polarizations which vary across the focal spots. This is
clearly illustrated in Fig. 2.2. When the incident light is linear 𝑥 (Fig. 2.2(aኻ)-(cኻ)),
it not only produces a field at focus that is linear 𝑥, but also in the other two direc-
tions (𝑦− and 𝑧−). The total field intensity |E|ኼ is not cylindrically symmetric in the
case of linearly illumination as shown in Fig. 2.2(dኻ). However, the asymmetry can
be avoided by considering the cylindrically symmetric vector beam of radial polar-
ization, which can be seen in Fig. 2.2(aኼ)-(dኼ). Besides of this, one can see that
a radially polarized light results in a strong and narrow longitudinal component (𝑧
component) around the focus.
Fig. 2.3 compares the profiles of the different components when focusing linearly
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Figure 2.2: Intensity distributions of ፱ዅ, ፲ዅ, ፳ዅ and total field components at focus in air due to the
illuminations of linearly ፱ (ፚᎳ) ዅ (፝Ꮃ) and radially (ፚᎴ) ዅ (፝Ꮄ) polarized light at the NA=0.9 objective
lens pupil. ፱ and ፲ axes are normalized in units of ᎘ and the plots are normalized to the peak total
intensities.

and radially polarized beams. It follows that the FWHM (two times of the HWHM)
of the total intensity in the focal plane of the radially polarized pupil field, is slightly
smaller than that of a linearly pupil field (FWHM፫ፚ፝፭፨፭ፚ፥ ≈ 0.72𝜆, FWHM፥።፧፭፨፭ፚ፥ ≈ 0.76𝜆).
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In contrast, the FWHM of the squared modulus of the longitudinal component corre-
sponding to the radially polarized pupil field (FWHM፫ፚ፝፥፨፧፠ = 0.48𝜆), is much smaller
than the FWHM of |E|ኼ in the case of a linearly polarized pupil field. Thus, the
polarization state of the light strongly influences the size of the focused spot in the
case of high NA. If the sample is sensitive only to the longitudinal component of
the focal spot, then the use of radially polarized light can result in a substantial
improvement in resolution.
Figure 2.4(a) shows the comparison of intensities of the longitudinal components
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Figure 2.3: Profiles of the squared amplitude of the longitudinal and transverse components and total
energy density |E|Ꮄ in the focal plane in the case of a pupil field that is linearly polarized in the ፱ዅ
direction (ፚ) and a pupil field that is radially polarized (). The focusing lens has NA=0.9. The plots
are normalized to the on-axis peak values.

of the focal spots obtained in the case of radially polarized illumination with full aper-
ture, annular aperture and optimized radially polarized illumination, as described in
Eqs. 2.17-2.24. The optimized pupil field has FWHM which is 5.4% smaller than
that of the full aperture constant pupil field. The FWHM of the intensity distribution
of the longitudinal component obtained by focusing a radially polarized beam using
a ring mask function (with radius 90% of the total pupil) is even smaller than the
above two cases. However, the expanding side lobes in the annular case is larger
than for the full aperture and the optimized cases. But the energy in the focal region
is of course much weaker in the annular case. The corresponding total intensities
of the three different pupils are shown in Figure 2.4(b). From the values of the
FWHM of the intensity, the size of the focal spots is: Full aperture > Optimized >
Annular aperture with 90% blocked. This gives a conclusion that the narrower the
longitudinal component is, the smaller focal spot can be obtained.

We use expressions Eqs. 2.35 and 2.41 (with/without a polarization convertor)
to compute the normalized detector signal. In order to make full use of the lon-
gitudinal component, the electric dipole is set along the 𝑧-axis. A small pinhole is
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taken into consideration in the confocal system [43] which helps for improving both
lateral and axial resolution because of removing out-of-focus light. The smaller the
pinhole is, the higher resolution can be achieved. However, with the decrease of
the pinhole size, less light can pass through and the signal can be hardly collected
by the detector. Therefore, the criterion for choosing a suitable pinhole size is to
make an aperture giving 50% of the maximum intensity [44].
As is indicated in Fig. 2.1, we detect the intensity with a single-pixel camera at

-3 -2 -1 0 1 2 3

x/ λ

0

0.2

0.4

0.6

0.8

1

|E
|2

|E   |2
tot

|Ex|2+|Ey|2

|Ez|2

Figure 2.5: Profiles of the intensities at the detector plane with a polarization convertor and a small
pinhole with radius ፫  ኺ.ኻዂ᎙፦ which is ኺ.ኽዀ᎘ in terms of wavelength. The system is composed of: a
high NAᎳ  ኺ.ዃ focusing objective lens and a low NAᎴ  ኺ.ኽ lens for detection. For illumination, radially
polarized light of wavelength ᎘  ኺኺ፧፦ is used. The focal field can be seen in Eq. 2.17. The dipole is
set rigidly along the ፳ዅaxis direction (only ᎎᑫᑫ is relevant). The plots are normalized to on-axis maxima.

the focal point of the detector lens, which is located at 𝑟 = (0, 0, 0). However, if we
assume purely longitudinal dipole excitation, then without polarization conversion,
the intensity at the focal point is a local minimum, meaning that very little intensity
is detected. To solve this problem, we propose to use a polarization convertor in the
pupil of the lens Lኼ to change the radially polarized light to linearly polarized light,
which in the focal plane will result in an intensity distribution with its maximum at
the focal point. The intensity at the detector plane can be obtained by Eq. 2.41.
Figure 2.5 shows the final signal along the 𝑥 axis when the pinhole is set before
the detector and the dipole is scanned in the 𝑥-𝑦 plane at the object plane. Note
that because of the use of the polarization convertor, the original radial polarization
is turned into linear polarization and thus the ”transversal” component in Fig. 2.5
corresponds to the contribution of the radially polarized light emitted by the dipole.
To validate that the system has the advantage of higher lateral resolution, two

dipoles close to each other need to be analyzed with the above theory. Figure 2.6
shows the cross sections of the detected intensity when two dipoles that are par-
allel are scanned by a focused spot. The polarization of the illumination is taken
as either linear, radial or optimized radial as shown in Eqs. 2.11 and 2.17-2.24.
For linearly 𝑥-polarized illumination (diamond dot line), the dipoles are set along
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the 𝑥-axis (only 𝛼፱፱ is relevant). If we want to roughly distinguish the two dipoles,
the distance between them should be larger than 0.6𝜆 according to the Rayleigh
criterion. This value is approaching the diffraction limit 0.61 ᎘

NA
. However, for nor-

mal radial illumination (solid line), radial illumination with a ring mask (dashed line)
and optimized radial illumination (dot line), with the dipoles set along the 𝑧-axis
(only 𝛼፳፳ is relevant), the smallest distance at which they can be distinguished is
reduced to 0.4𝜆. Meanwhile, the optimized one gives more obvious contrast than
the normal radial case and the radial annular case gives the highest contrast. Even
when the distance between the two dipoles decreases to 0.36𝜆, it can be seen that
for the radial excitation with a ring mask and optimized radially polarized excitation,
the two dipoles can be distinguished better than for the other two focused spots.
Moreover, at this distance, note that in the case of linear polarization, the dipoles
cannot be resolved.

The visibility as a function of 𝑑/𝜆 can be seen in Fig. 2.7. Here the visibility is
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Figure 2.6: Profiles of the detected intensities as function of scanning distance of two separated dipoles
for different kinds of illumination and for several distances between the dipoles. The system is composed
of two lenses with NAᎳ  ኺ.ዃ, and NAᎴ  ኺ.ኽ and is illuminated by light with a wavelength of ᎘  ኺኺ፧፦.
The illumination is either linearly, radially or optimized radially polarized. The two dipoles are set along
the ፱ axis for the linear polarization and along the ፳ axis for the other radially polarized cases. A
polarization convertor is added in the case of radially polarized excitation. Four different distances
between the dipoles are chosen: ፝=0.8᎘ (red line), ፝=0.6᎘ (black line), ፝=0.4᎘ (yellow line), and
፝=0.36᎘ (blue line). The plots are normalized to the on-axis peak intensity.

defined as:
visibility = 𝐼፦ፚ፱ − 𝐼፦።፧

𝐼፦ፚ፱ + 𝐼፦።፧
. (2.44)

Here 𝐼፦ፚ፱ is the normalized intensity which equals 1 and 𝐼፦።፧ is the value of the
intensity at 𝑟 = (0, 0, 0) as shown in Fig. 2.6. When 𝑑/𝜆 > 1.2, for the four cases,
the two dipoles can be resolved very well. When 0.2 < 𝑑/𝜆 < 1.2, it is clearly seen
that the visibility value of linear excitation is smaller than the other three cases,
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which means the worst resolution. While the visibility value of radial excitation with
the annular objective is the highest in this range. When 0.2 < 𝑑/𝜆 < 0.3, the
resolution of the system is almost the same for the three radially polarized light
excitation cases. When 𝑑/𝜆 < 0.2, the dipoles can not be resolved any more in all
cases because of the diffraction limit. This property of visibility agrees well with
Fig. 2.6.
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Figure 2.7: Profiles of the visibility as a function of the ፝/᎘ for the four cases of pupil fields. The system
is the same as shown in Fig. 2.6.

2.5. Conclusion
In this chapter, we present a complete vectorial theoretical analysis to describe the
whole imaging process of the high NA confocal system from the illumination point to
the imaging plane. Strong longitudinal component as well as shaper focal spots are
achieved by comparing the linear (FWHM፥።፧፭፨፭ፚ፥ ≈ 0.76𝜆) and radial (FWHM፫ፚ፝፭፨፭ፚ፥ ≈
0.72𝜆) polarization pupil fields. In order to obtain the higher resolution, we apply
an optimized pupil field with an amplitude distribution that varies monotonically in
the radial direction, which provides 5.4% tighter focused spot for NA = 0.9 than
the full aperture constant pupil field. Additionally, the condition of radially polarized
illumination with an annular objective lens is also considered to provide the smallest
focal spot size, although at the expense of expanding side lobes.
Four kinds of focused spots are used to scan two parallel longitudinal dipoles

with variable distances in the objective plane. In order to efficiently detect the
field scattered by the longitudinally oriented dipoles, we insert a radial to linear
polarization convertor before the pinhole. From our analysis, we show that for a
pinhole in front of the detector with radius 0.36𝜆, by using a radial pupil field with
the an annular lens to excite the dipoles, a distance of 0.36𝜆 can be resolved, i.e.,
beyond the diffraction limit. The proposed method is easy to apply to other pupil
fields and helpful to analyze confocal systems. The experiment can be conducted
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on the basis of the theory and simulated results with different samples to validate
the superiority of the optimized radially polarized illumination combined with the
confocal system.
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3
Experimental demonstration
of resolution enhancement

with modulated radially
polarized light

Lateral resolution enhancement is demonstrated in a confocal imaging sys-
tem with amplitude-modulated radially polarized (RP) light at the wavelength
𝜆=632𝑛𝑚. Annular pupil fields and optimized amplitude distribution func-
tions can be realized with a spatial light modulator (SLM). By comparing im-
ages obtained with full and amplitude modulated apertures of RP illumina-
tions using a high numerical aperture (NA=0.9), spatial resolution of 𝑑=0.358𝜆
has been achieved experimentally. This result agrees very well with theoret-
ical simulation results and will be helpful in improving performance of the
non-fluorescent imaging systems.

Parts of this chapter have been published in Journal of Optics [1].
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3. Experimental demonstration of resolution enhancement with

modulated radially polarized light

3.1. Introduction
Radially polarized (RP) beams have attracted increasing interest due to the unique
focusing properties. In the previous work, it has been shown that a RP beam fo-
cused by a high NA objective can generate a sharp focal spot because of its strong
longitudinal component near focus [2–5], which has potentials in practical appli-
cations such as optical tweezers and manipulation [6–8], optical data storage [9],
accelerators [10] and super-resolution microscopy [11–14]. However, one limita-
tion is that although the longitudinal component dominates in three components
of the focal field, the transverse component still exists and has a donut shape.
The transverse component affects the optical process, especially the imaging qual-
ity. Therefore, an appropriately shaped focal spot is essential in many applications
such as optical recording, photolithography and microscopy. Intensive efforts on
phase, polarization and amplitude modulation [15–17] of the pupil field have been
made to modify the relative ratio between longitudinal and transverse components
of the intensity distribution in focus. One simple method is using an annular aper-
ture pupil field to obtain a tighter focusing spot in a high NA system with RP beam
illumination, although this happens at the expense of stronger side lobes [18, 19].
It is shown that the longitudinal component of the focused spot can be, depending
on the NA, 15% to 30% less than that of the classical Airy spot when shaping the
amplitude of the RP pupil field that increases monotonically as a function of the
pupil radius [20]. Spot-size reduction by means of focusing such an optimized RP
beam with a high NA objective on a photoresist is confirmed experimentally and
agrees with the theoretical analysis [21, 22].
Conventional confocal imaging system is a very commonly used microscopic tech-

nique, especially in the research field of biology. Due to advantages of laser exci-
tation, high resolution and 2D sections, it is widely applied in biological fluorescent
samples. However, the lateral resolution is limited by the Abbe diffraction limit.
Our motivation for this chapter is to implement amplitude modulated RP beam in a
confocal imaging set-up. This will provide general guidance for developing a higher
resolution confocal imaging system, which can be not only applied for imaging bi-
ological objects but also for nanostructures.

3.2. Experimental set-up
3.2.1. General description
The experimental confocal set-up is shown in Fig. 3.1(a). The incident He-Ne
laser (𝜆=632𝑛𝑚) passes through a single mode fibre and at the output of the fibre
the laser is collimated into a large beam of about 8 𝑚𝑚 diameter. The intensity
distribution of the laser light is shaped by polarizers and SLM, with the latter be-
ing a reflected amplitude-only Holoeye LC-R2500. The first polarizer is to produce
linearly polarized light from the unpolarized light and should be aligned with the
orientation of liquid crystal molecules in the SLM to maximum the reflectance. The
light after modulation passes through the second polarizer between the two BSs,
which should be cross-polarized for the required amplitude modulation. After that,
a liquid-crystal polarization convertor (THORLABS Zero-Order Vortex Half-Wave Re-
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tarder, as explained later in Chapter 3.2.3) is used to convert the beam from linear
to radial polarization by rotating the linear polarization over an angle that depends
on the azimuthal angle 𝜙 in the pupil. The purpose of adding a 4𝑓 system between
the SLM and the objective lens is to avoid the diffraction of modulated light after
long distance propagation. Therefore, the modulated pupil field stays the same at
the back focal plane as the one produced by the SLM. Then, the RP beam is tightly
focused by an objective (NA=0.9) lens on a sample supported on a substrate. The
detected sample is placed on a piezo-electric actuator operating by stepping in the
𝑥−𝑦 plane within its linear range. The reflected light goes back to the convertor to
convert the light back to linear polarization so that the signal can be easily detected
in the confocal system [23, 24]. The final signal is detected after being filtered by
the linear 𝑥 polarizer which can improve the image contrast and then collected by
a single mode fiber (THORLABS SM600). The fiber with a lens of small NA acts as
a pinhole to make an aperture giving 50% of the maximum intensity [25], which is
necessary in the confocal microscope. The detector is a silicon photodiode coupled
into a low noise amplifier. The laser exposure time and the position of the scan
table are controlled with the LabView software.

Figure 3.1: Scheme of the confocal imaging set-up with RP beam excitations (a). SLM modulated
amplitude functions: optimized amplitude (b), ring aperture 0.38 < NA < 0.9 (c), 0.57 < NA < 0.9 (d),
and 0.81 < NA < 0.9 (e). The grey level represents the amplitude of light (in reflection). Abbreviations:
beam splitter (BS), spatial light modulator (SLM), polarization convertor (Pol. con).

3.2.2. Amplitude modulation
There are two ways to realize the annular pupil as indicated in Eq. 2.24. One is
to use the hard customized ring mask as seen in Fig. 3.2(a), the other is realized
with the SLM as seen in Fig. 3.2(b). As we consider three annular apertures with
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different ring size, the set-up changes once we change the hard ring mask from
one size to another. Therefore, we use a SLM device to get the modulated pupil
fields as discussed in Eqs. 2.20 and 2.24.

(a) (b)

Figure 3.2: Hard ring mask (a) and amplitude reflective SLM (b) [26].

The working principle of SLM is based on the interaction of liquid crystal molecules
with light, and subsequent transformation of light characteristics such as amplitude,
phase and polarization. Liquid crystal (LC) molecules are polar molecules, possess-
ing an axis. It is possible to position LC molecules in an organized way such that
the light of particular polarization with respect to their polarization axis is reflected
or transmitted whereas the light of the perpendicular polarization is not. The SLM
used is LC-R2500 from Holoeye, which is easy-to-use and based on a reflective liquid
crystal on silicon (LCoS) micro-display. It can be used to modulate light spatially in
amplitude and phase, where the modulation function can be electrically addressed
by a computer. The SLM has a 1024 × 768 resolution and 256 gray values. Basi-
cally, 1024 × 768 pixels of a picture of a maximum number of 256 gray levels is sent
by means of the software to the device to manage the position of the LC molecules
in space inside each pixel (pixel pitch is 19 × 19 𝜇𝑚ኼ). Each gray level is associated
with a certain voltage value that is applied to the LC cell. However, the gray level
does not react linearly to an applied voltage. The target image is mapped to a set of
voltages via a gamma correction curve onto the SLM driver unit [27]. Gamma cor-
rection compensates the non-linear electro-optical transfer function of the displays.
A special configuration of two polarizers should be considered, the first before and
the second after the SLM, to enable the controllable amplitude modulation of the
light beam. These alignment and polarizers positioning procedures are compulsory
to ensure a correct position of the polarization axis of the light in respect to the axis
of the LC molecules in the maximum and minimum values of the associated gray
levels and to have the largest possible range of modulation.
The optimum amplitude function given by Eqs. 2.20-2.21 and the annular shaped

mask which blocks the center of the beam up to NA=0.38 (42%), 0.57 (63%) and
0.81 (90%) described in Eq. 2.24 are shown in Figs. 3.1(b)-(e), respectively. All
these modulated pupil fields can be realized by the SLM. The example of three
modulated annular pupils corresponding to Figs. 3.1(c)-(e) in the back focal plane
is given by Fig. 3.3.
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(a)    0.38 < NA < 0.9 (b)    0.57< NA < 0.9 (c)    0.81< NA < 0.9

Figure 3.3: Measured amplitude distributions in the back focal plane after modulating the annular func-
tions.

3.2.3. Polarization convertor
There are various methods to design a structured RP pupil, such as binary phase
masks [16], reversing the electrical dipole array radiation at the focus [28–30], in-
terferometric techniques [31], using optical fibers [32, 33] and space variant grat-
ings [34, 35]. Although interferometric methods provide high quality radially polar-
ized light, they imply usage of bulky set-ups. The polarization convertor (THORLABS
Zero-Order Vortex Half-Wave Retarder𝑚=1) we use is a liquid crystal device match-
ing the operational wavelength, which generates radially or azimuthally polarized
pattern from linearly polarized light depending on the incident polarization [36]. 𝑚
is the number of complete polarization rotations per full azimuthal rotation. The ori-
entation of the considered linearly polarized light 𝜙 depends only on the azimuthal
angle 𝜃 and can be expressed as

𝜙(𝜃) = 𝑚 ⋅ 𝜃 + 𝜙ኺ, (3.1)

where 𝜙ኺ is a bias polarization orientation for 𝜃=0. 𝑚 = 1, namely 𝜙(𝜃) = 𝜃
and 𝜙(𝜃) = 𝜃 + 𝜋/2 represent radially and azimuthally polarized light. Figure 3.4
illustrates the generation of the two polarization modes with a 𝜃-cell. The 𝜃-cell
represents an LC cell with a spatially varying twist angle, which is the heart of the
convertor [37]. The linearly polarized light, hitting first the unidirectional alignment
layer, with the polarization direction oriented parallel (or perpendicular) to the cell
axis will emerge as linearly polarized light oriented parallel (or perpendicular) to the
circular alignment layer. The described 𝜃-cell is thus able to convert linearly polar-
ized light into azimuthally or radially polarized light or vice versa. The polarization
convertor is not only easy-to-use, but also it can convert the light back to linear
polarization from the back side, which helps the signal detection [24].
To obtain a high quality radially polarized beam, the polarization convertor must

be well-aligned. To do so, a coupled charge device (CCD) camera is used to observe
the beam shape while moving the screw of the convertor manually until the two
dark dots merge to one bright dot as shown in Fig. 3.5(a)-(b). The detection of
the spatial distribution of the longitudinal field in the focal plane is not easy. In
the literature, using a quantum well hetrostructures is proposed to study the lon-
gitudinal electric field [38] and with fluorescent single molecules, the longitudinal
component is also possible able to analyze [39]. However, given the unavailability
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(a)

(b)

Figure 3.4: Generation of radially (a) and azimuthally polarized (b) light by use of a ᎕ cell [36].

(a) Not aligned (b) Well aligned

(c) Focal spot

Figure 3.5: Alignment of the polarization convertor (a)-(b), and the radially polarized focal spot (c).
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of such detection system, practically only the transverse field is detected. Once
the polarization convertor is aligned well, we can focus the radially polarized beam
using a high NA (NA=0.9) objective lens and re-image it with a low NA lens to
demonstrate the focusing performance of the beam. The donut shaped transversal
field component of the focused spot is recorded by a CCD camera shown in Fig.
3.5(c). Judging from the symmetry of the transversal component at focus, one can
assure that the phase, intensity and polarization is well shaped in the pupil and
conclude that the obtained focal spot is of high quality.

3.2.4. Detection
A single mode fiber Thorlabs SM600 with a cladding diameter of 125 𝜇𝑚 and mode
field diameter of 3.6-5.3 𝜇𝑚, working in the operating wavelength range of 632-
780 𝑛𝑚 is chosen to transmit the signal. The small aperture of the optical fiber
acts as a pinhole, which is necessary in a confocal imaging system as previously
introduced and the NA is between 0.10-0.14. As the aperture of the lens in the
fiber is really tiny, we need to correctly adjust the orientation of the coupling light
with the help of the micro-metric screws so that the maximum signal is collected.
The fiber is connected to a low-noise current pre-amplifier and the amplified signal
can be observed with a oscilloscope. During the scanning process, the values of
the collecting voltage should be in the range of 0-5V and cannot saturate.

3.2.5. LabView program
Once the fiber is correctly aligned, a LabView program is built in order to do the
scanning automatically. The program operates in a loop-like fashion, which can be
controlled by setting the array dimensions 𝑁 × 𝑀, the initial exposure time 𝑡, the
linear increase in exposure time Δ𝑡 per column step, the distance between two spots
(Δ𝑥, Δ𝑦), and stopping the platform for a time of approximately 1s to ensure that
the piezo element has stopped vibrating. An example of the LabView interface is
shown in Fig. 3.6. It can be seen that it is an efficient way to record data, because
only the initial parameters and the step sizes need to be stored. The sample is
at the focal plane so that the assumed focal position corresponds to 𝑧 = 0. The
detailed algorithm of the LabView program is attached in Appendix B.

3.3. Experimental results and discussions
Before giving the imaging examples, here we firstly give the theoretical results of
normalized total intensities in the focal plane for RP beams with different pupils and
linear illuminations in Fig. 3.7. Although this figure is similar to Fig. 2.4, Chapter 2,
here it is more specific and the optimized pupil matches well with the later produced
in the experiment. Figure 3.7 shows the advantage of modulating the amplitude
of the pupil. Considering the normalized total intensity distribution with NA=0.9 at
focus, FWHM≈0.7514𝜆 of the spot size with linearly 𝑦 polarized illumination, while
FWHM≈0.5186𝜆 for the case of linearly 𝑥 polarized illumination. However, the opti-
mized pupil function has a FWHM of total intensity 0.434𝜆, which is 16.3% smaller
than the case of conventional RP beam. By blocking 90% in terms of the pupil
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Figure 3.6: Example of a LabView interface.

radius from the center, the value of the FWHM reduces to 0.3916𝜆, almost 24.5%
sharper than the unmodulated conventional RP beam. In our previous theoretical
work, we regard subwavelength particles as electric dipoles. And to make full use
of the narrow longitudinal component of the RP beam, two nearby dipoles with
longitudinal dipole vectors are considered. It is demonstrated that the smallest dis-
tinguished distance of the two ideal longitudinal dipoles is 0.36𝜆 with both annular
and optimized pupil fields, i.e., beyond the diffraction limit of 0.68𝜆. However, for
the annular pupil field, the light only propagates through the 10% unblocked area.
As a consequence, the signal is very weak in the experiment. Strong side lobes
can be produced in focus, which has negative influence on imaging a non-isolated
object.

The sample we used to demonstrate superresolution is composed of random
structures of paint on a glass substrate (𝑛glass=1.5) covered with a very thin layer
(∼ 20𝑛𝑚) of Titanium dioxide (TiOኼ, 𝑛TiOᎴ=2.3897) on the top of it. The thin layer
functions as a substrate with guided mode excitation to further enhance the reso-
lution and sensitivity [40–42]. The effect of the thin TiOኼ will be discussed in the
next chapter in details. A wide view of the sample provided by the digital micro-
scope KEYENCE VHX-6000 is shown in Fig. 3.8 with the magnification ×30. The
area in the red dashed box amplified as an inset is the final research target, which
is zoomed in by 2000 times in Fig. 3.8(b). Here we need to draw attention to the
magnification defined by KEYENCE microscope, which is very high and thus differ-
ent from the normal optical magnification. In fact, there is a multiplication factor
of ∼22 after the calibration. One group of strips which can be distinguished are
separated by 𝑑=1.49𝜆. Figures 3.8(c)-(g) display the images of the area obtained
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Figure 3.7: Theoretical results of normalized total intensities of in the focal plane for the RP beam with
the pupil field of full aperture (red), annular aperture with 90% blocked ring (yellow) in terms of radius,
optimized aperture (blue), linearly (purple: along ፱ axis, green: along ፲ axis) polarized illumination
when the objective NA=0.9.

Figure 3.8: Images of a sample mounted on a substrate resolved by the digital microscope (a) in the
wide field view with magnification ×30 and (b) ×2000, and by the improved confocal imaging system
with different excitations of RP beams (c) conventional, (d) with optimized amplitude pupil field, and
annular pupil fields with (e) 42% blocked, (f) 63% blocked, and (g) 90% blocked.
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by our confocal imaging system with the excitations of a scanning focused spot
corresponding to the conventional RP beam (c), to the optimized RP beam (d) and
the annular mask with 42% (e), 63% (f) and 90% (g) of the light being blocked.
The stripes with various distances in the structure are useful to determine the spa-
tial resolution. The marked stripes with a distance of in Fig. 3.8(b) can be seen in
all the images obtained with the amplitude modulated RP beams (Fig. 3.8(d)-(g)),
except in the case of the conventional RP beam (Fig. 3.8(c)). In Fig. 3.8(d), after
the sample illuminated by the RP beam with the optimized pupil field as described
in Eqs. 2.20-2.21, even the distance of 226.24𝑛𝑚(𝑑=0.358𝜆) between two stripes
can be observed clearly. The highly resolved distance agrees well with the resolu-
tion of 𝑑=0.36𝜆 as mentioned in our previous theoretical calculation [23]. For the
annular pupil fields, the medium size of the ring aperture (63% blocked) gives the
best imaging result. This is reasonable, since with the increase of the blocked area
(Fig. 3.8(g)), the effect of the side lobes becomes significant. Therefore, in the
experiment, the image quality is not so good with the illumination of the RP beam
of the annular aperture (90% blocked) as predicted in the simulations. Another im-
portant reason is that the sample is not the ideal longitudinal dipole anymore in the
experimental work. Although the image quality in Fig. 3.8(e) with 42% of the pupil
light being blocked is worse than the other two annular aperture cases (Figs. 3.8(f)
and (g)), it is better than the unmodulated conventional condition (Fig. 3.8(c)).
Therefore, the RP beam with the optimized amplitude of pupil field gives the most
amount of detailed information and the best resolution. The RP beam with the pupil
field of an annular ring also has advantages in the application of imaging, but the
size of the ring mask should be chosen properly.

Figure 3.9 shows another larger scanning area (40𝜇𝑚 × 40𝜇𝑚) of the sample
with five different RP beam illuminations. The scanning is with a step size of 0.2𝜇𝑚.
It is not difficult to see that the optimized and annular RP beam excitation in Fig.
3.9(b) and (d) give the best resolutions among the five conditions (Figs. 3.9(a)-
(e)), especially at the center part of the black-white stripes. In order to quantify
the quality of the image, we use the visibility defined by:

𝑣𝑖𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 = 𝐼፦ፚ፱ − 𝐼፦።፧
𝐼፦ፚ፱ + 𝐼፦።፧

, (3.2)

with 𝐼፦ፚ፱ and 𝐼፦።፧ the maximum and minimum normalized intensities. The higher
the visibility is, the better image quality is achieved. Figure 3.9(f) presents the
normalized signal distributions at the position of yellow dashed line labeled P1 as
shown in Fig. 3.9(b), and also at the same position for other four conditions. The
main reason to choose this position is that, in Figs. 3.9(b) and (d), the stripes can
be found, but in other three images, these stripes cannot be observed clearly. Thus,
this position is interesting and worth to analyze with the visibility. The fluctuations
in Fig. 3.9(f) are related to the dark and bright stripes in the subplots. It can be
found that there are some position shifts of the peaks and valleys in five conditions
due to the scanning of the sample. The sample is difficult to keep going back to the
same original position. Thus we compute the average visibility in the certain range
shown in Fig. 3.9(f) and they are 0.2599 (blue), 0.7196 (red), 0.3127 (yellow),
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Figure 3.9: Images of another scanning area of the sample mounted on a substrate resolved by the
improved confocal imaging system with different excitations of RP beams (a) conventional, (b) with
optimized amplitude pupil field, and annular pupil fields with (c) 42% blocked, (d) 63% blocked, and (e)
90% blocked. Cross sections are shown in (f) to make comparisons of the visibility in above five cases.
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0.5731 (purple) and 0.5312 (green), respectively. The two lines labeled P2 and P3
as shown in Fig. 3.9(b) are also investigated. The corresponding average visibilities
are listed in Table 3.1.
The method to quantify the resolution is to differentiate the measured intensity

Table 3.1: Average Visibilities for Different Modulated RP Beams

Position Unmodulated Optimized 42% 63% 90%

1 0.2599 0.7196 0.3127 0.5731 0.5312

2 0.2175 0.5959 0.3149 0.4775 0.3701

3 0.0116 0.0908 0.0237 0.0562 0.0228

with respect to position and the definition of the derivative is defined as following :

𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 = √( 𝜕𝐼𝜕𝑥)
ኼ
+ ( 𝜕𝐼𝜕𝑦)

ኼ
. (3.3)

where 𝐼 is the normalized intensity at each position. The case with highest derivative
has the highest resolution. Through calculating the derivative along the dashed line
P2 in five conditions. The average value is 0.0384 (without modulation), 0.0689
(optimized pupil), 0.0455 (annular pupil 42% blocked), 0.0573 (annular pupil 63%
blocked) and 0.0462 (annular pupil 92% blocked). From the data, it is clear that the
optimized RP pupil field can provide best image resolution and quality, which is much
better than the unmodulated conventional RP pupil field. Annular RP pupil fields
can improve the image quality compared to the conventional RP beam illumination
to some extent. It is shown that with the medium sized ring, the quality of the
image is the best. Thus, the size of the ring mask should be chosen properly before
making use of it, as the effect of side lobes and the strength of the signal should
be taken into account. This result is consistent with images presented in Fig. 3.8.

3.4. Conclusion
In this chapter, we show the effect of amplitude modulated RP beams in the res-
olution of a confocal imaging system. Our previous theoretical prediction in the
previous Chapter 2 is confirmed experimentally. With a SLM, we have been able
to obtain the optimized pupil field and annular aperture pupil fields with different
ring sizes of high quality, and shown that the performance of the confocal imag-
ing system is improved, resulting in better image quality than that provided by the
conventional RP beam. The smallest distinguishable distance of two nearby strips
is 𝑑=0.358𝜆 in the experiment with the optimized RP beam, which is beyond the
diffraction limit. Such results match very well with the simulated value 𝑑=0.36𝜆.
Instead of considering the usual fluorescent samples, our experimental results ap-
ply to non-fluorescent samples. We believe that by combining the superiority of the
amplitude modulated RP beam with the confocal imaging system should open up
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an avenue for applying high resolved imaging technique in not only biological and
medical research fields, but also other fields, such as nanostructure characteriza-
tion.
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4
Super-resolution effect due to

a thin dielectric slab for
imaging with radially

polarized light

Improving the imaging of small particles is a classic problem and especially
challengingwhen the distance between particles are below the optical diffrac-
tion limit. We propose an imaging system illuminated with radially polarized
light combinedwith a suitable substrate which contains a thin dielectric layer
to demonstrate that imaging ability of particles that are placed close together
can be enhanced. The coupling between the evanescent wave produced in a
designed thin dielectric layer, the small particles and the propagating wave,
forms a mechanism to transfer sub-wavelength information about the parti-
cles to the far field. The smallest distinguished distance reaches to 0.634𝜆,
when the imaging system is composed of a high numerical aperture (NA=0.9)
lens and the illumination wavelength 𝜆= 632𝑛𝑚, beyond the diffraction limit
0.678𝜆. The lateral resolution can be further improved by combining the pro-
posed structure with super-resolution microscopy techniques.

Parts of this chapter have been published in Optics Express [1].
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4.1. Introduction
Conventional imaging using lenses and mirrors are naturally limited by diffraction
limit. This limit comes from the loss of high-resolution details in the far field. In
general, a substrate is necessary for supporting the sample when observing with the
microscope. A specially designed substrate containing a thin layer of some designed
material and thickness on top of it can be helpful in improving the imaging perfor-
mance. Veselago was the first to mention materials with negative refractive index
[2]. Pendry demonstrated that besides focusing light, these materials would be
able to enhance evanescent waves and lead to imaging beyond the diffraction limit
[3]. It is then possible to achieve so-called super-resolution. However, negative
refractive index materials are not available in nature and they cannot be artificially
fabricated at optical frequencies. But Pendry further showed that in the electrostatic
regime, metals can mimic those materials. Experimental confirmation of super-
resolution with planar silver slabs are shown in Refs. [4, 5]. Although evanescent
waves carry the information of high spatial frequency, they are confined to the
near field and decay exponentially in a medium with positive permittivity and per-
meability and are lost before reaching the final imaging plane. Optical superlenses
are designed to significantly enhance the evanescent waves and convert them into
propagating waves that can be measured in the far field [6, 7]. It was found that a
thin dielectric layer can restore evanescent waves as a silver lens does and realize
super-resolution, with the advantage that it is easier to deposit thin layers without
percolation issues observed for metals [8, 9]. A simple but complete system of
evanescent-wave generation, amplification, and the consequent modulation of the
far field was designed in Ref. [10]. The far field propagating waves containing
information about sub-wavelength objects by coupling evanescent waves can be
used in microscopy to recover sub-wavelength details.
In this chapter, we investigate the effect of evanescent waves for imaging sub-

wavelength particles on a flat substrate coated with a very thin evanescent wave
amplifying layer. In the section of theoretical model, the model is built by consider-
ing the subwavelength particle as an electric dipole. It is demonstrated analytically
that the evanescent wave can be enhanced in the near field compared with the
case of no enhanced layers in the section of simulation results and discussion.
Also, we use numerical analysis based on a three-dimensional (3D) finite difference
time domain (FDTD) method to simulate the near field distributions when one or
two nanospheres are taken into account. The images of the spheres are recon-
structed using the methods of angular spectrum and Fourier transform. Through
the calculations, far field imaging quality of both signal-to-noise ratio (SNR) and
lateral resolution can be enhanced in a simple designed structure. Finally, it can be
summarized that the results can be easily applied in other imaging systems, hence
immediately improving their performance.

4.2. Axial resolution
In the previous Chapters 2 and 3, we pay main attentions to the lateral resolution
enhancement with the tightly focal spot. However, in many areas, and particularly
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Figure 4.1: Schematic overview of an aplanatic imaging system. The field EᎲ(፤ᑣ , ፤ᒣ , ኺ) in the entrance
pupil ᖤ is focused by the lens to the focal point. The focal field Eᑚ(፤ᑣ , ፤ᒣ , ፤ᑫᑚ) is obtained by an
integration over the exit pupil distribution, where several medium transitions can be encountered at
፳  ፝ᑚ. The first medium at the exit pupil has electric permittivity ᎨᎳ and the final medium has electric
permittivity Ꭸᑅ.

in microscopy not only lateral but also axial resolution is important, since in many
cases one is interested in a three-dimensional image of an object, such as confocal
microscopy. In a confocal imaging system, the problem of poor axial resolution
can be solved by setting a small pinhole at the detector plane. Even though this
technique is a big breakthrough in 3D imaging, the considerable low efficiency due
to the loss of light that is blocked by the pinhole limits its applications in some situ-
ations. Since we take the substrate into account in this chapter, we firstly present
an example to demonstrate higher axial resolution is achieved by focusing RP beam
on an interface.
The aplanatic imaging system with a numerical aperture NA and the coordinate

system adopted here is shown in Fig. 4.1. The transition from the entrance pupil,
disc defined by Ωᖣ, to the exit pupil, a spherical shell defined by Ω can be considered
as a rotation of the field vector around the angular axis (�̂�) in a cylindrical basis (�̂�,
�̂�, �̂�). The general problem of focal fields on stratified media has been worked out
earlier and the expression for the electric field distribution at focus is given by [11]

E።(r) = −
𝑖𝑅
2𝜋 ∬ᖤ

𝑒።፫፤ᑣ cos(፤ᒣዅᎫ)

√𝑘፳ኻ𝑘ኻ
[𝑒።፤ᑫᑚ፳Mዄ

። + 𝑒ዅ።፤ᑫᑚ፳Mዅ
። ] ⋅ Eኺ(𝑘፫ , 𝑘Ꭻ)𝑘፫𝑑𝑘፫𝑑𝑘Ꭻ ,

(4.1)

where the subscript 𝑖 denotes the medium where the field is calculated, and 𝑘ኼኻ =
𝑘ኼ፳ኻ + 𝑘ኼ፫ is the propagating vector of the first medium. The integration domain Ωᖣ
is restricted to 0 ≤ 𝑘Ꭻ < 2𝜋 and 0 ≤ 𝑘፫ < NA𝑘ኺ. The propagation matrices M±

። for
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the medium 𝑖 are defined as

M±
። =

1
2 (

𝑔ኺ±። − 𝑔ኼ±። cos 2𝑘Ꭻ −𝑔ኼ±። sin 2𝑘Ꭻ 0
−𝑔ኼ±። sin 2𝑘Ꭻ 𝑔ኺ±። + 𝑔ኼ±። cos 2𝑘Ꭻ 0
−𝑔ኻ±። cos 𝑘Ꭻ −𝑔ኻ±። sin 𝑘Ꭻ 0

) , (4.2)

with the effective reflection and transmission coefficients in medium 𝑖 for the TE (s)
and TM (p) polarization components are given by

𝑔ኺ±። = 𝑓፬±። ± 𝑓፩±።
𝑘፳።
𝑘።
,

𝑔ኼ±። = 𝑓፬±። ∓ 𝑓፩±።
𝑘፳።
𝑘።
,

𝑔ኻ±። = 2𝑓፩±።
𝑘፫
𝑘።
,

(4.3)

where the ± sign denotes the field traveling in the forward or back ward directions.
When the incident radially polarized light (p polarized) is focused on the one layer

interface, Eqs.4.1-4.3 can be simplified. And the field is propagated to the interface
by the method of angular spectrum representation [12, 13]. The initial, reflected
and transmitted fields are assumed and Maxwell’s boundary conditions are applied
to these fields [14, 15]. The results are

E፟(𝜌, 𝑧) = ∫
᎕ᑞᑒᑩ

ኺ
𝑙ኺ(𝜃)Eጼ፟ cosኻ/ኼ 𝜃 sin𝜃𝑑𝜃, (4.4)

E፫(𝜌, 𝑧) = ∫
᎕ᑞᑒᑩ

ኺ
𝑙ኺ(𝜃)Eጼ፫ cosኻ/ኼ 𝜃 sin𝜃𝑑𝜃, (4.5)

E፭(𝜌, 𝑧) = ∫
᎕ᑞᑒᑩ

ኺ
𝑙ኺ(𝜃)Eጼ፭ cosኻ/ኼ 𝜃 sin𝜃𝑑𝜃, (4.6)

with

Eጼ፟ = 𝑒።፤Ꮃ፳ cos᎕ (
𝑖 cos𝜃𝐽ኻ(𝜌𝑘ኻ sin𝜃)

0
− sin𝜃𝐽ኺ(𝜌𝑘ኻ sin𝜃)

) , (4.7)

Eጼ፫ = −𝑟፩𝑒ዅ።፤Ꮃ፳ cos᎕𝑒።ኼ፤Ꮃ፳Ꮂ cos᎕ (
𝑖 cos𝜃𝐽ኻ(𝜌𝑘ኻ sin𝜃)

0
sin𝜃𝐽ኺ(𝜌𝑘ኻ sin𝜃)

) , (4.8)

Eጼ፭ = −𝑡፩𝑒።፤Ꮃ፳Ꮂ cos᎕𝑒
።፤Ꮄ√ኻዅ(

ᑜᎳ
ᑜᎴ

sin᎕)
Ꮄ
(፳ዅ፳Ꮂ)⎛

⎜⎜

⎝

𝑖√1 − (፤Ꮃ፤Ꮄ sin𝜃)
ኼ
𝐽ኻ(𝜌𝑘ኻ sin𝜃)

0
፤Ꮃ
፤Ꮄ
sin𝜃𝐽ኺ(𝜌𝑘ኻ sin𝜃)

⎞
⎟⎟

⎠

,

(4.9)
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where 𝑘ኻ and 𝑘ኼ are the wavelength in the medium 𝑛ኻ and 𝑛ኼ, respectively. 𝑧ኺ rep-
resents the interface position. The 𝑟፩ and 𝑡፩ are Fresnel reflection and transmission
coefficients, which can be expressed as

𝑟፩ =
𝑛ኼ cos𝜃ኻ − 𝑛ኻ cos𝜃ኼ
𝑛ኻ cos𝜃ኼ + 𝑛ኼ cos𝜃ኻ

,

𝑡፩ =
2𝑛ኻ cos𝜃ኼ

𝑛ኻ cos𝜃ኼ + 𝑛ኼ cos𝜃ኻ
,

(4.10)

An apodization function which describes the Bessel-Gauss beam [16] can be given
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Figure 4.2: (a) Total electric field intensity in the focal region with NA=0.9. The input field is a radially
polarized donut. (b) Same as (a) but with the addition of a TiOᎴ substrate at the geometrical focus of
the lens. (c) and (d) are the profiles of the total electric field intensity of (a) and (b) along the ፳ axis
at ፱  ኺ respectively. (e) and (f) are the profiles of the total electric field intensity of (a) and (b) along
the ፱ axis at ፳  ኺ respectively. The intensities are all normalized by the maximum intensity value.
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by

𝑙ኺ(𝜃) = 𝐸ኺ exp(−𝛽ኼ
sinኼ 𝜃

sinኼ 𝜃፦ፚ፱
) 𝐽ኻ (2𝛽

sin𝜃
sin𝜃፦ፚ፱

) . (4.11)

where 𝜃፦ፚ፱ is the maximum entering angle of the beam, and 𝛽 is a ratio of of
the pupil radius to the entering beam radius. In the following example, we choose
𝛽 = 1.
Figure 4.2(a) and (b) show a total field distribution at focus in the 𝑧𝑥 plane

without and with the interface. The illumination is radially polarized light with the
wavelength 𝜆=632𝑛𝑚 and is tightly focused by an objective lens with NA=0.9. The
refractive indices of the free space and the TiOኼ substrate is 𝑛ኻ=1.0 and 𝑛ኼ=2.3897,
respectively. The position of the interface in at 𝑧ኺ=0, which is indicated by the white
dashed line in Fig. 4.2(b). The cross sections of the focal fields along the 𝑧 axis
and 𝑥 axis are shown in Figs 4.2(c)-(d) and (e)-(f). We see that the presence of the
interface implies a reduction of the FWHM of the field intensity along the 𝑧 axis from
1.775𝜆 to 0.220𝜆 and along the 𝑥 axis from 0.439𝜆 to 0.401𝜆. It is interesting to
note that compared with the spot size in the lateral direction, the reduction in the 𝑧
direction is much larger, which is clearly understood since destructive interference
occurs between the incident and reflected fields. Sharper PSF in the 𝑧 direction
when a substrate is considered results in higher axial resolution, which is important
for imaging a deep 3D object. The FWHM of the field along the 𝑥 axis does not get
narrower too much in the above example. The further optimization of the substrate
is considered in the next section to improve the resolution in the lateral direction.

4.3. Lateral resolution
4.3.1. Evanescent wave and super-resolution
In electromagnetics, an evanescent wave is an oscillating electric and/or magnetic
field that does not propagate as an electromagnetic wave but whose energy is
spatially concentrated in the vicinity of the source. In optics, evanescent waves are
formed when waves traveling in a medium undergo total internal reflection at its
boundary because they strike it at an angle greater than the so-called critical angle
[17]. In microscopy, systems that capture the information contained in evanescent
waves can be used to create super-resolution images. To explain this principle, we
discuss the problem of propagation of the time-harmonic plane waves 𝑈(x) = 𝑒።k⋅x
from the plane 𝑧 =0 to some other plane [18]. Firstly, we decompose the field in
the plane 𝑧=0 into two-dimensional (2D) plane waves:

𝑈(𝑥, 𝑦, 0) = ∬�̂�ኺ(𝑓፱ , 𝑓፲)𝑒ኼ።( ᑩ፟፱ዄ ᑪ፟፲)𝑑𝑓፱𝑑𝑓፲ , (4.12)

where 𝑓፱ and 𝑓፲ are the spatial frequencies. Each plane wave has a weight �̂�ኺ(𝑓፱ , 𝑓፲),
and this function is called the angular spectrum of the field and one can see that
𝑈 and �̂�ኺ are related to each other by a 2D spatial Fourier transform. Then each
plane wave should propagate separately to some plane 𝑧ኺ. It is known that a 3D
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plane wave is of the form 𝑒።k⋅x = 𝑒።(፤ᑩ፱ዄ፤ᑪ፲ዄ፤ᑫ፳), where the wave vector has a fixed
length |k| = 𝑘 = √𝑘ኼ፱ + 𝑘ኼ፲ + 𝑘ኼ፳ =

ኼ
᎘ that is determined by the wavelength. So

we see that our 2D plane wave describes the 3D plane wave in the plane 𝑧 = 0 if
substituting 𝑘፱,፲ with 2𝜋𝑓፱,፲. The longitudinal component of the wave vector 𝑘፳ is
then fixed up to its sign by the length of the wave vector 𝑘

𝑘፳ = ±√(
2𝜋
𝜆 )

ኼ
− 𝑘ኼ፱ − 𝑘ኼ፲ , (4.13)

The sign of 𝑘፳ is determined by whether the field propagates in the positive or
negative 𝑧-direction, which depends on whether the sources of the field are located
before or after the plane 𝑧 = 0. This value for 𝑘፳ determines for each 2D plane
wave how it will propagate to any other plane. Finally, all the plane waves are added
back together to find the total propagated field 𝑈(𝑥, 𝑦, 𝑧ኺ), and it can be express as

𝑈(𝑥, 𝑦, 𝑧ኺ) = ∬�̂�ኺ(𝑓፱ , 𝑓፲)𝑒
ኼ።( ᑩ፟፱ዄ ᑪ፟፲ዄ፳Ꮂ√(

Ꮃ
ᒐ )
Ꮄ
ዅ፟Ꮄᑩ ዅ፟Ꮄᑪ )𝑑𝑓፱𝑑𝑓፲ , (4.14)

Eq. 4.14 can also be written differently by using Fourier transforms

𝑈(𝑥, 𝑦, 𝑧ኺ) = ∬Fዅኻ {F {𝑈(𝑥, 𝑦, 0)}(𝑓፱ , 𝑓፲)𝑒ኼ።፳Ꮂ
√( Ꮃᒐ )

Ꮄ
ዅ፟Ꮄᑩ ዅ፟Ꮄᑪ } (𝑥, 𝑦), (4.15)

We Fourier transform the initial field to decompose it into plane waves, and then
multiply the spectrum with a phase term, and at the end inverse Fourier transform
the product to add all the waves together.

In the above result of the angular spectrum method, there is an evanescent

wave. If 𝑓ኼ፱ + 𝑓ኼ፲ > ( ኻ᎘)
ኼ
, the expression √( ኻ᎘)

ኼ
− 𝑓ኼ፱ − 𝑓ኼ፲ is imaginary and this

equation describes a circle with radius ኻ
᎘ in a frequency space as shown in Fig.

4.3. For all the frequencies inside the circle the expression is real, and for all the
frequencies outside the circle the expression becomes imaginary. When the expres-

sion is imaginary, the complex exponential 𝑒ኼ።፳Ꮂ√(
Ꮃ
ᒐ )
Ꮄ
ዅ፟Ꮄᑩ ዅ፟Ꮄᑪ becomes a decaying

exponential 𝑒ዅኼ፳Ꮂ√|(
Ꮃ
ᒐ )
Ꮄ
ዅ፟Ꮄᑩ ዅ፟Ꮄᑪ | as the propagation distance 𝑧 increases. The phys-

ical meaning is that all the spatial frequencies within the circle with radius ኻ
᎘ can

propagate, whereas the spatial frequencies outside the circle decay exponentially
as they propagate, hence the term evanescent field.
The higher spatial frequencies of that field are required to describe the small

details in that field, so they correspond to high-resolution information. When this
information is lost, the resolution of the field is limited, and this limit is determined
by the illumination wavelength 𝜆. If there is an imaging system where the field has
to propagate for a distance that is significantly larger than the wavelength of the
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Figure 4.3: Definition of evanescent and propagating waves with different spatial frequencies.

light, the imaging resolution will be limited by the wavelength of the illumination
because the evanescent wave decays exponentially as it propagates. This limit is
called the diffraction limit.

There are certain methods to achieve a resolution higher than the diffraction

Figure 4.4: Methods for super-resolution with evanescent waves.

limit, which is called super-resolution. One of these methods is near field scanning
optical microscopy (NSOM) (see Fig. 4.4(a)), where the field is probed so close to
the sample that the evanescent field has not decayed yet. Another method to con-
vert evanescent fields to propagating fields through interaction with some material,
so that high resolution information can still be detected far away (see Fig. 4.4(b)).
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Figure 4.5: Schematic diagram of the imaging system. (a) A complete imaging setup with the illumi-
nation of radially polarized beam at the wavelength ᎘=632፧፦. (b) The mechanism of enhancement
of evanescent waves by considering a sample on the glass substrate with a thin dielectric film on the
top. Abbreviations: beam splitter (BS), spatial light modulator (SLM), polarization convertor (Pol.con),
nanoparticle (NP).

4.3.2. Single dipole model
Based on the principle of achieving super-resolution in the far field with the evanes-
cent wave as discussed in Fig. 4.4(b), it is important to enhance the evanescent field
in the near field. A method is proposed to produce super-resolution patterns based
on a dielectric photonic crystal by transmitting high-k evanescent waves diffracted
from a grating [19]. Also, there are some fluorescent bio-sensing technologies
which utilize the evanescent fields enhanced by dielectric multi-layers [20–22]. Here
we design a sample on the top of a thin layer on the substrate which is easier to
realize. One example of imaging system is shown in Fig. 4.5(a). The radially polar-
ized light is formed after the red light (𝜆=632𝑛𝑚) passes through the polarization
convertor. Then the light is tightly focused by a high NA=0.9 objective lens on a
substrate. The information of the sample can be collected in the far field and fi-
nally recorded by the CCD. The complex interaction happens between the incident
beam, the sample and the thin layer. In order to understand the interactions better,
Fig. 4.5(b) gives a detailed illustration of the sample and explains the mechanism
of enhancement of evanescent waves [10]. When the incident light (red arrows)
illuminates the small particle, evanescent waves can be generated. The direct scat-
tered light (green arrows) includes both propagating and evanescent waves. Some
of the scattered light propagates to the far field, while others go into the substrate.
The reflected light contains propagating and evanescent waves. In the thin layer,
the evanescent wave can be enhanced. After that, the particle can be re-excited
by the propagating wave and enhanced evanescent wave. Finally, it will cause a
new round of scattering (yellow arrows) to the far field. Compared with the case
of no enhanced layer, the evanescent wave decays very quickly in the substrate
and cannot interact with the particle. However, by adding a specially designed thin
layer, the particle can be re-excited by the increased evanescent waves and new
propagating waves can be produced, which provides more information in the far
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field.
To understand the principle of the whole imaging process mathematically, let us

Dipole

0 ( , )pG r r

Substrate

( , )r pG r r

x
y

z

Figure 4.6: Schematic geometry of a dipole placed above the substrate.

consider a Cartesian system (𝑥, 𝑦, 𝑧) with 𝑧 as the propagation direction. Since the
particle here is sub-wavelength, it can be regarded as an electric dipole and Fig. 4.6
presents the schematic geometry of the problem. As it is known, the dyadic Green’s
function method [23] is widely used technique in solving problems involving dipole
emission near planar surfaces. The field emitted by the dipole in the upper free
space (𝑧>0) can be written as the summation from two contributions [24]: [1] the
emission of the dipole in free space described by the free space Green’s function
Gኺ and [2] the reflected field by the surface described by G፫:

Udipole(r) = (Gኺ(r, rp) +G፫(r, rp))p, (4.16)

where r = (𝑥, 𝑦, 𝑧) is the position vector of the observation, and rp = (𝑥p, 𝑦p, 𝑧p) is
the position vector of the dipole. The free space Green’s function Gኺ is

Gኺ(r) = −
1
4𝜋
𝑒።፤Ꮂ|rዅrp|
|r− rp|

𝑘ኼኺ
𝜖ኺ
, (4.17)

here 𝜖ኺ is the permittivity of the free space.
p represents the dipole moment, and we assume it is known and is expressed as

p = 𝜖ኺ𝛼U።፧tot(rp) + 𝜖ኺ𝛼G፫(r, rp)p, (4.18)

It is seen that the reflected field modifies the dipole moment and the effect is called
the Purcell effect. If the polarizability 𝛼 is known, so that

p =
𝜖ኺ𝛼U።፧tot(rp)

1 − 𝜖ኺ𝛼G፫(r, rp)
, (4.19)
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where U።፧tot is related to the total incident field. The reflective field is the inverse
Fourier transform of the reflection coefficient times the Fourier transform of the
field in homogeneous space and a phase factor due to propagation from 𝑧፩ to 𝑧.
The reflective Green’s function G፫ is

G፫(r, rp) =
1
4𝜋ኼ ∬R(𝑘ዊ)F (Gኺ) (

𝑘፱
2𝜋 ,

𝑘፲
2𝜋 , 𝑧፩) 𝑒

።[፤ᑩ(፱ዅ፱ᑡ)ዄ፤ᑪ(፲ዅ፲ᑡ)ዄ፤ᑫ፳]𝑑𝑘፱𝑑𝑘፲ ,
(4.20)

where

F (Gኺ(r, rp)) =
𝑒ዅ።(፤ᑩ፱ᑡዄ፤ᑪ፲ᑡዅ፤ᑫ|፳ዅ፳ᑡ|)

2𝑖𝑘፳
, (4.21)

where k = (𝑘፱ , 𝑘፲ , 𝑘፳) is the wave vector, 𝑘ዊ = (𝑘፱ , 𝑘፲) is the part of the wave

vector perpendicular to the optical axis, with 𝑘ዊ = √𝑘ኼ፱ + 𝑘ኼ፲ its length, 𝑘፳ =
√𝑘ኼኺ𝑛ኼ − 𝑘ኼዊ, where 𝑘ኺ = 2𝜋/𝜆ኺ is the wave number and 𝜆ኺ is the wavelength
in free space. R and F denote as the reflection coefficient after multiple transmis-
sions and reflections and the operation of Fourier transform, respectively.
Figure 4.7 shows a sketch of the incident field hitting the thin film on the top of

Figure 4.7: A sketch of an incident field hitting the film on top of the substrate. The arrows indicate the
direction of the field. The blue arrows inside the film with refractive index ፧Ꮄ are a reference to a guided
mode. The dashed arrows indicate transmissions into the substrate and into the half space above the
film. The red arrows are not part of a guided mode.

the substrate, which helps to find the reflection coefficient R in Eq. 4.20. To obtain
a guided mode inside the substrate, the wave has to be totally reflected inside the
film. This only happens when the angle of incidence is larger than the critical angle
of the material, which on itself can only happen when the refractive index of the
thin film layer 𝑛ኼ, is larger than refractive indices of the surrounding materials 𝑛ኻ
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and 𝑛ኽ. Furthermore, the interference of multiple reflected fields has to be con-
structive, meaning that after being reflected twice (once at z=0 and once at z=−d)
the phase of the field has to be increased by a integer multiple of 2𝜋. As shown in
Fig. 4.7, the wave inside the substrate goes up and down multiple times. At every
time of reflection, the energy loses since part of the field is transmitted into the
substrate or into the half space above the film, indicated by dashed arrows.
The Fresnel reflection coefficient for a wave incident from a medium with refrac-

tive index 𝑛። on an interface of a medium with refractive index 𝑛፣ is:

𝑟።,፣ =
𝑘፳,። − 𝑘፳,፣
𝑘፳,። + 𝑘፳,፣

, (4.22)

where 𝑘፳,፣ is the z component of the wave vector in the material with refractive index
𝑛።. The presence of the thin film gives rise to corrections of the reflection coefficient.
These corrections are a transmission at the 𝑛ኻ - 𝑛ኼ interface, a reflection at the 𝑛ኼ
- 𝑛ኽ interface, and lastly a transmission at the 𝑛ኼ - 𝑛ኻ interface. These corrections
are only valid if, after one round trip, the particular wave exits the substrate with a
phase difference of 2𝑚𝜋 (𝑚 is an arbitrary integer). The following equation shows
how the reflection coefficient is dependent on the extra reflections.

R(𝑘ዊ) = 𝑟ኻ,ኼ + 𝑡ኼ,ኻ𝑟ኼ,ኽ𝑡ኻ,ኼ𝑒ኼ።፤ᑫ,Ꮄ፝{1 + 𝑟ኼ,ኽ𝑟ኼ,ኻ𝑒ኼ።፤ᑫ,Ꮄ፝ + ...}, (4.23)

where the Fresnel transmission coefficient 𝑡።,፣ = 1 + 𝑟።,፣ =
ኼ፤ᑫ,ᑚ

፤ᑫ,ᑚዄ፤ᑫ,ᑛ
. Without con-

sidering the high order round trips because of the sharp decrease of the energy,
finally the reflection coefficient becomes

R(𝑘ዊ) =
𝑟ኻ,ኼ + 𝑟ኼ,ኽ𝑒ኼ።፤ᑫ,Ꮄ፝
1 + 𝑟ኼ,ኽ𝑟ኻ,ኼ𝑒ኼ።፤ᑫ,Ꮄ፝

. (4.24)

The previous formula are valid for an arbitrary point r in the upper half space,
However, when observing from the far field, the plane wave expansion for the
reflected field is not practical because the integrand is strongly oscillating. It can be
seen from the exponent in Eq. 4.20, as it is imaginary for the the propagating plane
waves, the integrand in the plane wave expansion of the reflected field oscillates
rapidly as function of the integration variable 𝑘ዊ. However, it is still possible to
compute the far field, namely using the method of stationary phase. Appendix C
shows the full derivation and here only the final result for the reflected field is given:
G፫ is

G፫(rጼ, rp) ≈ −R(𝑘ኺ𝑛ኻ sin𝜃)
1
4𝜋
𝑒።፤Ꮂ፧Ꮃ|rᐴዅrp|
|rጼ − rp|

, (4.25)

where

sin𝜃 =
√(𝑥 − 𝑥፩)ኼ + (𝑦 − 𝑦፩)ኼ

|rጼ − rp|
. (4.26)
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Another way to get the far field imaging information is: as the Green’s func-
tion can be calculated numerically with stratified media [25], and substituting Eqs.
4.17, 4.19 and 4.20 into Eq. 4.16, the near field Udipole radiated by the dipole can
be obtained. The far field imaging can be collected by considering the focusing pro-
cess which has been discussed in the previous chapters. Or performing the matrix
operations given in [26, 27] also gives the final imaging information.

4.4. Numerical results and discussions
4.4.1. Reflection coefficient
The most common materials to make photonic crystals are SiOኼ and TiOኼ. Besides,
some other materials can also be used in fabrication, for example, inorganic mate-
rials including SnOኼ, ZnO, InSb, SiኽNኾ as well as organic materials including poly-
methyl, methacrylate (PMMA), polystyrene (PS), polyethylene (PE), or even some
superconductor microstructures or nanostructures. In industrial practice, the cho-
sen materials always have high dielectric constants. For this reason, the materials
for the thin film on the substrate we consider in the following simulations are TiOኼ
and InSb. To validate the enhancement of the evanescent wave due to the thin layer
added on top of the substrate, three kinds of interfaces are taken into account in
the calculation: a thick glass (𝑛glass = 1.5) substrate without enhanced layer, 20𝑛𝑚
thin layer of TiOኼ (𝑛TiOᎴ = 2.3897) on top of the thick glass substrate, and 20𝑛𝑚
thin layer of InSb (𝑛InSb = 4.2842 + 1.8107𝑖) on top of the thick glass substrate.
Figure 4.8 illustrates the enhancement of the reflection coefficient (𝑟 > 1) when
the system is excited by evanescent wave (𝑘፱/𝑘ኺ > 1). For the s polarized light in
Fig. 4.8(a), the enhancement of the case with TiOኼ is much larger than that with
InSb slab. The peak amplification happens at 𝑘፱/𝑘ኺ = 1.499, which is 4.606 times
higher than the structure without the enhancement film. Similar phenomenon can
be seen in Fig. 4.8(b) for the illumination of the p polarized light. In this case, with
the thin InSb film, the enhancement starts from 𝑘፱/𝑘ኺ > 1, while with the TiOኼ, the
enhancement starts from 𝑘፱/𝑘ኺ > 1.281. Note that, the difference in the reflection
coefficient for the two enhancing layers is smaller with the p polarized excitation,
compared with the s polarized case. The results in Fig. 4.8 demonstrate that the
design of the thin film can amplify the evanescent wave in the near field, this does
not occur when only a thick glass substrate is used.

4.4.2. Near field
The dipole approximation makes the physical interaction between the illumination,
particles, thin layer and substrate more easily to understand. However, in order
to make the calculations more realistic, one should consider real nanospheres as
objects. Unlike the analytical method of dipole model, the scattering problem of
the sphere should be solved by the numerical method. Therefore, we perform nu-
merical simulations using the 3D finite difference time domain (FDTD) method to
obtain the near field in the case of finite size spheres. The images can be rebuilt
by taking the simulated near field as Udipole.
A dielectric nanosphere with a radius 𝑟 =200𝑛𝑚 is put on the top of the thin film
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Figure 4.8: The comparison modulus of the reflection coefficients for s- and p- polarizations in the near
field of xz plane with the illumination radially polarized beams on the top of the nanosphere (a) |፫ᑤ|
and (b) |፫ᑡ|. The solid, dashed and dotted lines corresponds to no slab, InSb slab, and TiOᎴ slab,
respectively.

layer. The material of the sphere is polystyrene latex (PSL). By using numerical
analysis-Lumerical FDTD, the near field distributions in the 𝑥𝑧 plane under the exci-
tation of focused radially polarized light with the wavelength 𝜆 =632𝑛𝑚 are shown
in Fig. 4.9. Strong scattering field can be seen with the adding slabs TiOኼ and InSb
when radially polarized light (Figs. 4.9(a)-(c)) is focused on the top of the sample.
Although the near field is enhanced, the scattering light is mainly localized. This
is because of the large longitudinal component contained in the tightly focused ra-
dially polarized light [28]. A dipole excited by a focused radially polarized beam,
will radiate radially polarized waves. If the dipole is on a substrate, there will be
the radially polarized reflected fields as well. Looking at the reflection coefficients
shown in Fig. 4.8, one observes that the values of |𝑟፩| are largest in the case of
the InSb slab, which explains the corresponding strongest near field distribution
in Figs. 4.9(c) when the sample is illuminated by the radially polarized light. The
enhanced signal can be achieved by inserting the enhancing layer and this gives an
explanation of the improved scattering in the far field.

4.4.3. Imaging
Once the near fields Udipole, which is related to field above the top of the nanosphere
in 𝑥𝑦 plane are obtained, the final imaging can be calculated by the process of refo-
cusing. Figure 4.10 displays the total scattering field distributions of one dielectric
sphere in the 𝑥𝑦 imaging plane without (Fig. 4.10(a)) and with the enhancing layer
(Figs. 4.10(b)-(c)) under the excitation of focused radially polarized beam. As the
previous discussion, the total scattering fields are donut shaped. Comparing Figs.
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（a） （b） （c）

Figure 4.9: The comparison of total intensity distributions in the near field of ፱፳ plane with the illumi-
nation radially polarized beams on the top of the nanosphere without (a), with TiO2 (b) and with InSb
(c) slab.

4.10(b) and 4.10(c) with Fig. 4.10(a), it can be seen that when thin slabs are in-
serted, the SNR in the imaging plane are higher than the case of no enhanced layer.
This agrees well with the results of near field distributions shown in Fig. 4.9. The
corresponding cross section of the normalized total scattering fields is presented
in Fig. 4.10(d). Even though the highest SNR is achieved with the InSb as an en-
hancing layer, the side lobes here are stronger than the case without the enhancing
layer and with the layer of TiOኼ. The side lobes will decrease the lateral resolution
if more spheres are present in the neighborhood. Besides, the sharper distribution
in the case of the TiOኼ thin layer, the more accurate particle localization [24]. This
will be further demonstrated by the following discussion of imaging two particles.

In order to see whether the lateral resolution in the imaging plane can be im-
proved or not, two identical nanospheres are considered as the new sample. The
characteristics of the nanospheres are the same as that in Fig. 4.10. The two
nanospheres are placed symmetrically with the 𝑦 axis and the distance between
them changes from 600𝑛𝑚 to the smallest resolved value. Based on the perfor-
mance of the high intensity and better localization in Fig. 4.10, we discuss the
imaging of two spheres on the substrate with the enhancing TiOኼ layer is shown
in Figs. 4.11(aኻ)-4.11(dኻ). For comparison, the imaging of two spheres on the
substrate without the enhancing layer is shown in Figs. 4.11(aኼ)-4.11(dኼ). When
the two spheres are separated by a large distance 600𝑛𝑚, they can be resolved
easily in both conditions. With the decrease of the separated distance, the resolved
ability decreases as well. Similar to the Rayleigh criterion, it can be found that
two spheres can still be distinguished with a distance of 𝑑 = 400𝑛𝑚 in the case of
with the enhancing TiOኼ layer, while they cannot be resolved anymore at the same
distance without the enhancing layer. When the distance is down to 200𝑛𝑚, the
two particles are not distinguished anymore for both substrate cases. According
to the diffraction limit 𝑑 = 0.61𝜆/NA, the smallest distance that can be resolved
is 𝑑 = 0.678𝜆 in our imaging system theoretically. However, due to the combi-
nation of focused radial polarization and the addition of the enhancement layers,
the two nanospheres can still be resolved when the distance between them de-
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Figure 4.10: Imaging of one sphere in the ፱፲ plane without (ፚ) and with (()-TiOᎴ, ()-InSb) the
enhanced layer under the illumination of radially polarized light. (d) is the cross section of the normalized
scattering intensity.

creases to 𝑑 = 400𝑛𝑚 = 0.634𝜆, which beyond the diffraction limit and meaning
improvement of the lateral resolution. Another important point to judge the imag-
ing performance is the position of two spheres in the imaging plane. The center
positions of the spheres in theory are given in red below each subplot and the cor-
responding positions in the imaging plane with and without the enhancing layer are
marked in black dashed line in each subplot. For example, when the 𝑑 = 600𝑛𝑚,
the positions of two spheres are 𝑥 = ±0.791𝜆 theoretically, which agrees well with
𝑥spheres = ±0.790𝜆 in the imaging plane with the TiOኼ layer. However, the error
is larger when the two spheres are only on the top of glass as presented in Fig.
4.11(aኼ). In the same way, with the separated distance of 500𝑛𝑚(Fig. 4.11(bኻ)),
the center position is 𝑥 = ±0.700𝜆 with the structure with TiOኼ slab, and the error is
only 0.012𝜆. But in the case of glass substrate, the center positions remain the same
with the decrease of separation between the spheres, as shown in Fig. 4.11(bኼ).
Therefore, the center position of the two identical spheres can also be used as a
criterion to determine the localization ability as well as to judge the performance of
the imaging system.

4.5. Experimental validation
The above numerical results give an indication that with the TiOኼ on the glass sub-
strate, the imaging resolution will be enhanced. To support the simulated results,
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Figure 4.11: Profile of the imaging of two separated nanospheres supported on different substrates
with various distances between the spheres: ፝  ዀኺኺ፧፦, ፝  ኺኺ፧፦, ፝  ኾኺኺ፧፦ and ፝  ኼኺኺ፧፦.
(aᎳ)-(dᎳ): with the enhancing TiOᎴ slab on the top of glass, (aᎴ)-(dᎴ): without enhancing slab.

a simple experiment is conducted. The sample is a thin fish skin on the glass sub-
strate without (Fig. 4.12(a)) and with (Fig. 4.12(b)) a thin TiOኼ film on the top.
The sample is put in a reflection microscope illuminated by white light, and the
reflective wide field image is recorded on a CCD camera. It has been discussed in
Chapter 3 that the resolution can be quantified by the derivative of the intensity
which is given in Eq. 3.3 [29]. The derivatives in both cases (with and without the
slab) obtained from the dashed lines at the same position in Fig. 4.12(a) and (b)
are presented in Fig. 4.12(c). From the decreasing slope, it can be found that the
line corresponding to the case of with the film changes faster than that of no film,
which indicates that the resolution is better when a TiOኼ is added on the top of the
glass.

4.6. Conclusion
In this chapter, we theoretically investigate how the resolution can be enhanced by
inserting a thin dielectric slab on the top of a substrate. By using the principle of
evanescent wave amplification, it is demonstrated that higher SNR, better lateral
resolution and localization can be achieved when imaging subwavelength particles
nearby each other. Through comparison with the case of no enhanced layer, the
smallest distance between two nanospheres located on a 20𝑛𝑚 thin TiOኼ layer is
𝑑 = 400𝑛𝑚 = 0.634𝜆, which is beyond the diffraction limit. The findings have a wide
range of applications in the imaging process and can be extended in several ways,
such as combining with different microscopy techniques after fabricating suitable
enhancing layers for the sample, which is confirmed by a simple experiment.
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Figure 4.12: Wide field imaging of a fish skin attached on the glass substrates without (a) and with (b)
TiOᎴ layer on the top. The derivation lines along the dashed line in (a) and (b) are plotted in (c).
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5
Angular momentum

properties of cylindrical
vector vortex beams

Optical angular momenta (AM) have attracted tremendous research interest
in recent years. We theoretically investigate the electromagnetic field and
angular momentum properties of tightly focused arbitrary cylindrical vortex
vector (CVV) input beams. Numerical calculations show that an absorptive
nanoparticle can be trapped in the intensity hot-spots due to the interaction
between the spin and orbital angular momentum of the light beams. The
spin-orbit motions of the particle can be predicted and controlled when the
influences of different parameters, such as the topological charge, the polar-
ization and the initial phases are taken into account. These findings will be
helpful in optical beam shaping, optical spin-orbit interaction and practical
optical manipulation.

Parts of this chapter have been published in Optics Express [1].
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5.1. Introduction

Since the concept of optical vortices (OVs) was first proposed by Coullet et al. in
1989 [2], OVs have been used in a wide scope of applications [3], such as optical
tweezers [4–9], nonlinear optics [10–12], optical machining [13–15], microscopy
and imaging [16, 17]. Optical beams have been known to carry angular momentum
(AM) [18–20], which expresses the amount of dynamical rotation in the electromag-
netic field. There are two distinct forms of AM: spin angular momentum (SAM) and
orbital angular momentum (OAM) [21–24]. Allen et al. proposed the OAM in vortex
beams where the OVs propagate in paraxial beams, which unveiled a new under-
standing of the connection between macroscopic optics and quantum effects [25].
The OAM depends on the fundamental characteristics of electromagnetic fields,
and in particular on the wavefront shape, which makes the particle rotate around
the optical axis. The SAM is related to the optical polarization and in particular to
circular polarization, which causes the rotation of the particle around its own axis
[26, 27]. Generally, the two different AM forms are independent, but they can
interact and be mutually coupled in specific optical processes such as in inhomo-
geneous or anisotropic media [28–30] and tightly focusing of circularly polarized
beams [31].
In a high NA focusing system, one needs to take the polarization state of the light

into account. Cylindrical vector vortex (CVV) optical fields have raised a great deal
of interest due to their unique polarization and focusing properties [32–34]. Two
extreme cases are radially polarized vortex (RPV) and azimuthally polarized vortex
(APV) beams. Previous research work that was mainly on OAM can induce localized
SAM in the strong focusing of spin-free linearly, radially, azimuthally, and cylindri-
cally polarized beams [35–39]. However, when a CVV beam is focused, other optical
properties including initial phase, topological charge and optical torque should be
considered and exploited.
In this chapter, we study the spinning dynamics of particles with highly focused

CVV input beams. With the Richards and Wolf formulas for the calculation of fo-
cused field of an arbitrary CVV beam, we can theoretically obtain all components of
the electromagnetic field near focus in a high NA optical system, as well as SAM den-
sities of the focused field. The focusing behavior and SAM densities of CVV beams
with broken axial symmetry are also considered. An absorptive trapped particle is
introduced to discuss the influences of optical torque on the motions of the particle.
It is demonstrated that even if the illumination beam is asymmetrical, the nanopar-
ticle can still be trapped at the hot-spot of the focused field. The motions of the
particle are shown by considering the interaction between the spin and orbital AM.
Furthermore, the influence of the size and material of the nanoparticle, the topo-
logical charge and the initial phase of the beam, and different sector apertures, are
discussed in detail. These results can be used as guidance for the practical optical
manipulation, even with asymmetrical illumination beams, which can be used for
particle transport in particular.
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5.2. Local SAM of focal field for CVV beams
5.2.1. Properties of the symmetrical CVV beams
A generalized CVV beam can be written as a linear superposition of a cylindrically
symmetric RPV beam and a cylindrically symmetric APV beam, which are given by
[40]

Eኺ = Aኺ𝑒።፦Ꭳ(cos𝜑ኺê፫ + sin𝜑ኺêᎣ)
= Aኺ𝑒።፦Ꭳ[cos(𝜑 + 𝜑ኺ)ê፱ + sin(𝜑 + 𝜑ኺ)ê፲],

(5.1)

where 𝐴ኺ is a constant determining the relative amplitude distributions of the input
optical field, 𝜑 and 𝜑ኺ represent the azimuthal angle and initial phase, respectively.
ê፫ and êᎣ are the unit vectors along the radial and azimuthal directions in the
polar coordinate system. 𝑚 denotes the topological charge of the CVV beam. An
optical vortex beam with the azimuthal vortex phase exp(𝑖𝑚𝜑) can be physically
interpreted as light that has OAM of 𝑚ℏ per photon. For 𝑚 = 0, the polarization
distributions of CVV beams with different initial phases 𝜑ኺ = 0, 𝜋/6, 𝜋/4, 𝜋/3, 𝜋/2
are shown in Fig. 5.1. In particular, 𝜑ኺ = 0 and 𝜋/2, correspond to two special CVV
beams: RPV and APV beams.

For tightly focusing optical systems, vectorial theory is needed to accurately

（a） （b） （c） （d） （e）

Figure 5.1: Polarization distributions of CVV beams with ᎣᎲ  (a) ኺ, (b) /ዀ, (c) /ኾ, (d) /ኽ, and
(e) /ኼ, respectively, when the topological charge ፦  ኺ.

describe the field near the focal plane. When focused in a homogeneous medium
with a real-valued refractive index 𝑛, with the Richard-Wolf theory, the electric and
magnetic fields in the focal region can be expressed as [41]

E(𝑟, 𝜙, 𝑧) = −𝑖𝑘𝑓
2𝜋 ∫

ኼ

ኺ
∫
᎕max

ኺ
√cos𝜃𝑙(𝜃) sin𝜃𝑒።፦ᎣM፞ exp (𝑖k ⋅ r)𝑑𝜃𝑑𝜑,

H(𝑟, 𝜙, 𝑧) = −𝑖𝑘𝑓
2𝜋 ∫

ኼ

ኺ
∫
᎕max

ኺ
√cos𝜃𝑙(𝜃) sin𝜃𝑒።፦Ꭳk ×M፞ exp (𝑖k ⋅ r)𝑑𝜃𝑑𝜑,

(5.2)

where the wave numbers are 𝑘 = 𝑘ኺ𝑛 in the medium and 𝑘ኺ = 2𝜋/𝜆ኺ in free
space, with 𝜆ኺ the wavelength in vacuum; 𝑓 is the focal distance, and the maximum
tangential angle 𝜃max = arcsin(NA/𝑛) is determined by the objective lens; 𝜃 and 𝜑
represent, respectively, the tangential angle with respect to 𝑧 axis and the azimuthal
angle with respect to 𝑥 axis. M፞ is the propagating unit electric polarization vector
in the image plane. k = (− sin𝜃 cos𝜑,− sin𝜃 sin𝜑, cos𝜃) is the unit vector of
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the wave vector; r = (𝑟፬ cos𝜙፬ , 𝑟፬ sin𝜙፬ , 𝑧፬) is the position vector of an arbitrary
point in the image space, and 𝑟፬ and 𝜙፬ denote the polar coordinates in a plane
𝑧፬. 𝑙(𝜃) is the entrance pupil amplitude, which is related to Bessel-Gaussian beam
[41], here

𝑙(𝜃) = exp [−𝛽ኼ ( sin𝜃
sin𝜃max

)
ኼ
]𝐽ኻ (2𝛽

sin𝜃
sin𝜃max

) , (5.3)

where 𝛽 is the ratio of pupil radius to the beam waist and 𝐽ኻ is the first-order
Bessel function of the first kind. In this paper, simulations are performed with the
parameters NA= 0.9, 𝜆ኺ = 633𝑛𝑚, and 𝛽 = 1.0. The electric polarization vectors
M፞ in Eq. 5.2, can be shown to be

M፞ = [
− sin𝜑ኺ sin𝜑 + cos𝜑ኺ cos𝜃 cos𝜑
sin𝜑ኺ cos𝜑 + cos𝜑ኺ cos𝜃 sin𝜑

− cos𝜑ኺ sin𝜃
] , (5.4)

thus,

k ×M፞ = [
− cos𝜑ኺ sin𝜑 − sin𝜑ኺ cos𝜃 cos𝜑
cos𝜑ኺ cos𝜑 − sin𝜑ኺ cos𝜃 sin𝜑

− sin𝜑ኺ sin𝜃
] , (5.5)

Integrating along the azimuthal direction in Eq. 5.2, we can obtain the electric fields
of an arbitrary CVV beam in the focal region in cylindrical coordinates (𝑟፬ , 𝜙፬ , 𝑧፬)

E(𝑟, 𝜙, 𝑧) = −𝑖𝑘𝑓
2 ∫

᎕max

ኺ
𝑙(𝜃)P፦√cos𝜃 sin𝜃 exp (𝑖𝑘𝑧፬ sin𝜃)𝑑𝜃, (5.6)

where the polarization vector P፦ is

P፦ = 𝑖፦𝑒።፦Ꭻᑤ [
𝑖[𝐽፦ዄኻ(𝜉) − 𝐽፦ዅኻ(𝜉)] cos𝜑ኺ cos𝜃 − [𝐽፦ዄኻ(𝜉) + 𝐽፦ዅኻ(𝜉)] sin𝜑ኺ
[𝐽፦ዄኻ(𝜉) + 𝐽፦ዅኻ(𝜉)] cos𝜑ኺ cos𝜃 − 𝑖[𝐽፦ዄኻ(𝜉) − 𝐽፦ዅኻ(𝜉)] sin𝜑ኺ

2𝐽፦(𝜉) cos𝜑ኺ
] .

(5.7)
Here 𝜉 = 𝑘𝑟፬ sin𝜃 and 𝐽፦(𝜉) is the 𝑚th-order Bessel function of the first kind.
For an arbitrary time-harmonic beam, the time-averaged SAM density can be

written as [23, 42]

S = Im[𝜖(E∗ × E) + 𝜇(H∗ ×H)]
4𝜔 , (5.8)

where 𝜔 is the angular frequency of the light beam. The superscript ∗ denotes the
complex conjugate and Im[𝑧] denotes the imaginary part of 𝑧. Compared with the
dominant interaction between the electric field and particles in nature, the mag-
netic field acts weakly on them. Therefore, we only take the SAM originated from
the electric field into account. Then the three orthogonal components of S are in
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cylindrical coordinates given by

𝑆፫ =
𝜖
4𝜔 Im(𝐸

∗
Ꭻ𝐸፳ − 𝐸Ꭻ𝐸∗፳),

𝑆Ꭻ =
𝜖
4𝜔 Im(𝐸

∗
፳𝐸፫ − 𝐸፳𝐸∗፫),

𝑆፳ =
𝜖
4𝜔 Im(𝐸

∗
፫𝐸Ꭻ − 𝐸፫𝐸∗Ꭻ).

(5.9)

Now we first investigate the focusing properties of the CVV beams in free space.
The intensity distributions of the electric fields in the focal plane of CVV beams with
𝜑ኺ = 0, 𝜋/4, 𝜋/3, 𝜋/2 and −𝜋/4, when the topological charge 𝑚 = 0 are shown
in Fig. 5.2. For the illumination without OAM (𝑚 = 0), it is well known that the
radial component is a donut shape and the azimuthal component is zero while the
longitudinal component is strongly centered when 𝜑ኺ = 0, which corresponds to an
RPV beam in Figs. 5.2(aኻ)-5.2(dኻ). When increasing of 𝜑ኺ, the intensities of both
radial and longitudinal components decrease while the intensities of the azimuthal
components increase. In the extreme case 𝜑ኺ = 𝜋/2 only azimuthal component
exists, which corresponds to the APV beam shown in Figs. 5.2(aኾ)-5.2(dኾ). It
can be seen in Figs. 5.2(aኼ)-5.2(dኼ) and Figs. 5.2(a)-5.2(d) that the intensities
do not change, when the initial phase 𝜑ኺ changes from 𝜋/4 to −𝜋/4. Figure 5.3
shows the normalized SAM density distributions of the corresponding focused CVV
input beams in Fig. 5.2. All the SAM density profiles are donut-shaped and the
longitudinal SAM densities 𝑆፳ remain zero, because such focal field has a purely
transverse SAM locally [43]. From Eq. 5.9, when there is no OAM (𝑚 = 0), it can
be easily found that the radial and longitudinal SAM densities equal zero with the
RPV illumination shown in Fig. 5.3(aኻ)-5.3(cኻ) because of the lack of an azimuthal
component. Similarly and also interestingly, with the APV illumination, there are
no SAM densities at all as in Figs. 5.3(aኾ)-5.3(cኾ). Apart from these two extreme
conditions, for other initial phases, the focal fields all carry transverse SAM densities
𝑆፫ and 𝑆Ꭻ. Moreover, the signs between the radial and azimuthal SAM densities are
opposite whenever the initial phase 𝜑ኺ is positive. It is worth noting that when
𝜑ኺ = −𝜋/4, as seen in Figs. 5.3(a) and 5.3(b), the sign of 𝑆፫ changes to positive
while 𝑆Ꭻ keeps the same sign compared with Figs. 5.3(aኼ) and 5.3(bኼ).

Next, we discuss the influence of the topological charge 𝑚 on the local spin
state. For comparison, we start again from the focal field profiles of CVV beams
with 𝑚 = 1 and 𝜑ኺ = 0, 𝜋/4, 𝜋/3, 𝜋/2 and −𝜋/4 in Fig. 5.4. As opposed to focus-
ing CVV beams without OAM in Fig. 5.2, the CVV beams with 𝑚 = 1 generate solid
focal spots. The donut-shaped longitudinal intensities disappear gradually with the
increase of the initial phase 𝜑ኺ, while the focal spots get increasingly sharper as
seen in Figs. 5.4(dኻ)-5.4(dኾ). The special cases of field distributions generated by
RPV and APV beams are shown in Figs. 5.4(aኻ)-5.4(dኻ) and Figs. 5.4(aኾ)-5.4(dኾ),
respectively. It is well known and widely used that the RP beam provides tight
focus, but the focal spot of APV beam with 𝑚 = 1 shown in Fig. 5.4(dኾ) gives
the smallest size compared with focal spots given by RPV beams as shown in Fig.
5.2(dኻ). This fact was noted in earlier work [44] and can be used for improving the
resolution of optical imaging systems. Figure 5.5 gives the results of SAM density
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Figure 5.2: Electric field intensity distributions in the focal plane of CVV beams with ᎣᎲ 
ኺ, /ኾ, /ኽ, /ኼ and ዅ/ኾ (rows 1-5, respectively), when the topological charge ፦  ኺ. All the
intensities are normalized to the maximum intensities near focus for each illumination mode.

distributions of the corresponding focused CVV input beams with 𝑚 = 1 as in Fig.
5.4. In Fig. 5.5 one observes similar as in Fig. 5.3, but in addition one can notice
that the purely transverse spin states in Fig. 5.3 change to three components here.
Strong longitudinal SAM densities appear in the focal plane and dominate in three
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Figure 5.3: Normalized SAM density distributions in the focal plane for CVV beams in Fig. 5.2 with
ᎣᎲ  ኺ, /ኾ, /ኽ, /ኼ and ዅ/ኾ from left column to right, respectively. Rows ኻ-ኽ are radial, azimuthal
and longitudinal components of SAM density.

components, even in the special cases of RPV and APV input beams. The SAM den-
sities of the other two components are getting weaker, which means the properties
of the local spin state have been converted. Obviously, the varying ratios between
transverse and longitudinal SAM densities is because of different initial phases and
the induced OAM. To avoid the misunderstanding, we should point out that the
global axial SAM 𝑆፳ is zero, which can be validated by numerically integrating the
𝑆፳ density over the whole focal plane.
To explore further the influences of the initial phases and OAM on the distribu-

tions of SAM density, Fig. 5.6 depicts the normalized cross sections of SAM densities
in the focal plane of strongly focused input CVV beams with 𝜑ኺ = 0, 𝜋/6, 𝜋/4, 𝜋/3, 𝜋/2
and −𝜋/4 and topological charge 𝑚 = 0 (Figs. 5.6(aኻ)-5.6(cኻ)), 𝑚 = 1 (Figs.
5.6(aኼ)-5.6(cኼ)) and 𝑚 = −1 (Figs. 5.6(aኽ)-5.6(cኽ)). All distributions have been
normalized to their maximum values. In Figs. 5.6(cኼ) and 5.6(cኽ), it is demon-
strated that the longitudinal SAM densities 𝑆፳ only exist when there is OAM, i.e.,
𝑚 ≠ 0. We can see that the sign of 𝑆፳ changes from positive to negative when the
topological charge changes from 𝑚 = 1 to 𝑚 = −1, while the absolute values of the
amplitudes remain unchanged. With the increase of initial phase 𝜑ኺ, the absolute
values of 𝑆፳ increase as well. Conversely, the absolute values of 𝑆Ꭻ decrease to
zero when 𝜑ኺ reaches to 𝜋/2 no matter what the topological charge is, seen in Figs.
5.6(bኻ)-5.6(bኽ). Figures 5.6(aኻ)-5.6(aኽ) display that the radial SAM density values
are zero when 𝜑ኺ = 0 or 𝜋/2 for any value of 𝑚. Moreover, the 𝑆፫ curves overlap
when 𝜑ኺ = 𝜋/3 and 𝜋/6. From the first column (Figs. 5.6(aኻ)-5.6(aኽ)), one can
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Figure 5.4: Electric field intensity distribution in the focal plane of CVV beams with ᎣᎲ 
ኺ, /ኾ, /ኽ, /ኼ and ዅ/ኾ (rows 1-5, respectively), when the topological charge ፦  ኻ. All the
intensities are normalized to the maximum intensities near focus for each illumination mode.

see that the sign of the initial phase 𝜑ኺ only affects the radial spin density. When
changing the 𝜑ኺ = 𝜋/4 to −𝜋/4, the value of 𝑆፫ changes from negative to positive.
The other two components do not change. As aforementioned discussion in Fig.
5.3(aኻ) and Fig. 5.5(aኻ), with RPV illumination (𝜑ኺ = 0), the radial SAM density is
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Figure 5.5: Normalized SAM density distributions in the focal plane for CVV beams in Fig. 2.4 with
ᎣᎲ  ኺ, /ኾ, /ኽ, /ኼ and ዅ/ኾ from left column to right, respectively. Rows ኻ-ኽ are radial, azimuthal
and longitudinal components of SAM density.

always zero regardless of the value of 𝑚, which agrees well with the results shown
in Figs. 5.6(aኻ)-5.6(aኽ). With APV illumination (𝜑ኺ = 𝜋/2), one can only produce
longitudinal spin density.
Next, we turn to the impacts of the topological charge on the SAM density. Based

on the analysis in Fig. 5.6, the case of 𝜑ኺ = 𝜋/4 is chosen as a general example.
As presented in Fig. 5.7, 𝑆፫ and 𝑆Ꭻ are donut-shaped for all values of topological
charge that have been tested. However, for the longitudinal SAM densities 𝑆፳, they
are donut shapes, only for𝑚 > 2. In all three components, the density distributions
expand from the center to two outer sides and the peak intensity value decreases
as the value of 𝑚 increases. For high m, the peak intensity values are of the same
order of magnitude. In fact, the redistributions of SAM densities are caused by
the spin flux, which originates from the changes of OAM. As the OAM increases,
the dark channel expands from the center of the SAM densities [36]. All of these
observations validate the interaction between SAM and OAM in the tightly focusing
process. The above results will be helpful in the application of optical trapping and
tweezers.

5.2.2. Properties of the asymmetrical CVV beams
Most previous efforts on the topics of AM have been devoted to beams with axial
symmetry. However, breaking of the symmetry is also a significant and interest-
ing issue because this condition widely exists and has technological applications
[45, 46], although this issue has rarely been discussed in the literature so far. A
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Figure 5.6: Normalized cross-sectional electric spin densities in the focal plane of strongly focused input
CVV beams with ᎣᎲ  ኺ, /ዀ, /ኾ, /ኽ, /ኼ and ዅ/ኾ and topological charge ፦  ኺ (Figs. 5.6(aᎳ)-
5.6(cᎳ)), ፦  ኻ (Figs. 5.6 (aᎴ)-5.6(cᎴ)) and ፦  ዅኻ (Figs. 5.6 (aᎵ)-5.6(cᎵ)), respectively. The
distributions in all plots are normalized to their maximum values.

partial vortex output distribution is rotated by 𝜋/2 compared with the input beam
when the angular phase pattern occupying half of the input plane is blocked [47].
Franke-Arnold et al. [48] investigated the asymmetrical beam produced by using
a sector aperture. It was found that the focused axial-symmetry-broken linearly
polarized light can be separated into a pair of partial rings which belong to the
right-handed (RH) and left-handed (LH) circularly polarized field components car-
rying the opposite OAM and SAM [49]. It was experimentally confirmed that the
focal field of a RPV beam with broken axial symmetry can be used to transport
particles in an optical tweezer system [50]. The asymmetrical spinning and orbiting
motions of trapped Rayleigh particles can be realized by the use of a tightly focused
power-exponent azimuthal variant vector field [51].
Mathematically, a CVV beam with broken axial symmetry that is blocked by a

sector aperture and propagates in the 𝑧 direction can be expressed in cylindrical
coordinates (𝑟, 𝜑, 𝑧) with the directional unit vectors (ê፫ , êᎣ , ê፳) as in [52]

Eኺ = Aኺ ⋅M(𝜑) ⋅ 𝑒።፦Ꭳ[cos(𝜑 + 𝜑ኺ)ê፫ + sin(𝜑 + 𝜑ኺ)êᎣ], (5.10)

where 𝐴ኺ is the relative amplitude of the input field, 𝜑 and 𝜑ኺ are the azimuthal
angle and initial phase, respectively. 𝑚 represents the topological charge of the
CVV phase and M(𝜑) is the sector aperture, which can be described by the following
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beams with ᎣᎲ  /ኾ and topological charge changes from 0 to 4. The distributions in all plots are
normalized to their maximum values.

function:

M(𝜑) = {1 𝜑 ∈ [0, 𝑏)
0 otherwise. (5.11)

The field in the focal plane can be obtained with the same method as described
in Chapter 5.2.1. The schematic diagram of the input CVV beam can be seen in
Fig. 5.8. Except for Fig. 5.8(a), all subfigures are CVV beams with broken axial
symmetry realized by different sector apertures and determined by the value of 𝑏.

Figure 5.9 shows the focal field intensity distributions with the illumination of

（a） （b） （c） （d） （e）

Figure 5.8: Schematic diagram of the input CVV beam with axial symmetry (a)   ኼ, and broken axial
symmetry (b)   /ኼ, (c)   , (d)   ኽ/ኼ and (e)   ዅ.

CVV beams in free space. The initial phase is chosen to be 𝜑ኺ = 𝜋/4 and the
topological charge is 𝑚 = 4, which means there is non-zero OAM. For compari-
son, the first row (Figs. 5.9(aኻ)-5.9(dኻ)) displays the tightly focused spots of the
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Figure 5.9: Electric field intensity distributions in the focal plane of CVV beams with initial phase ᎣᎲ 
/ኾ and topological charge ፦  ኾ. The first row shows the axially symmetric case for   ኼ;
the second, third, fourth and fifth rows show the symmetry breaking case for   /ኼ, , ኽ/ኼ and
ዅ, respectively. The columns from the left to right show the focal behavior of radial, azimuthal,
longitudial components and total intensity distribution, respectively. All the intensities are normalized to
the maximum value of the total intensities for each illumination mode.

symmetric input CVV beam (𝑏 = 2𝜋). The four columns from left to right are:
radial, azimuthal, longitudinal components and total intensity distribution. Unlike
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the conventional radially or azimuthally polarized light, all these components are
donut shaped and the longitudinal component is dominant because of the high NA
of the system. When the input CVV beam is partially blocked by different sector
apertures with 𝑏 = 𝜋/2, 𝜋, 3𝜋/2 and −𝜋 as shown in Figs. 5.8(b)-5.8(e), the axial
symmetry of the beam is broken and the corresponding intensity distributions in
the focal plane can be found from the second to fifth row in Fig. 5.9. While the
generated CVV beam with a sector aperture for 𝑏 = 𝜋/2 occupies the first quadrant
as shown in Fig. 5.8(b), the focused intensity distributions of all the components
are quarter rings that occupy the fourth quadrant (Figs. 5.9(aኼ)-5.9(dኼ)). In the
same manner, for the input CVV beams with 𝑏 = 𝜋 and 𝑏 = 3𝜋/2, it is worth to
notice that all the components at focus are rotated clockwise by an angle of 𝜋/2
with respect to the input fields (Figs. 5.9(aኽ)-5.9(dኽ)) and Figs. 5.9(aኾ)-5.9(dኾ)),
which agrees well with the finding for the focal behavior of a scalar vortex beam
with broken axial symmetry [47]. When 𝑏 = −𝜋, the focused field distributions in
Figs. 5.9(a)-5.9(d) are rotated counterclockwise by an angle of 𝜋 on the basis of
the condition in Figs. 5.9(aኽ)-5.9(dኽ) as 𝑏 = 𝜋.
The intensity distributions in the focal plane with illuminations of the asymmet-

rical CVV beams with initial phases 𝜑ኺ = 0, 𝜋/4, 𝜋/3, 𝜋/2 and −𝜋/4 are presented
in Fig. 5.10, where the topological charge 𝑚 = 4 and the sector aperture 𝑏 = 3𝜋/2.
The initial phase 𝜑ኺ = 0 is related to an asymmetrical RPV beam, the focal intensity
distributions are shown in Figs. 5.10(aኻ)-5.10(dኻ). The radial component is very
weak and the longitudinal component dominates the total intensity. When increas-
ing 𝜑ኺ from 0 to 𝜋/2, the intensities of the radial component in the first column
increase gradually while the azimuthal and longitudinal components in the second
and third columns decrease. In particular, the longitudinal component is zero when
𝜑ኺ = 𝜋/2 in Fig. 5.10(cኾ), which is related to an APV input beam. Conversely, the
radial component reaches its maximum and dominates in the total intensity. When
observing how the total intensity distributions change with increasing initial phase
from 0 to 𝜋/2, we find that the size of the hot-spots becomes sharper. Figures
5.10(a)-5.10(d) illustrate that the sign of the initial phase 𝜑ኺ does not change
the focal intensity distributions, compared with Figs. 5.10(aኼ)-5.10(dኼ).

The normalized local SAM density distributions for the focused field of CVV
beams in Fig. 5.9 are summarized in Fig. 5.11. The rows are related to the
three field components while the columns are related to different sector apertures
𝑏 = 2𝜋, 𝜋/2, 𝜋, 3𝜋/2 and −𝜋 from left to right, respectively. Note that for the
symmetrical input CVV beam, the SAM density is also donut shaped. For the asym-
metrical input CVV beams, the SAM densities are not symmetrical, but the shapes
and positions of the local SAM density distributions are similar to the focal spots.
One common point for all kinds of input CVV beams is that the signs of the radial
and azimuthal components are always opposite and the longitudinal components
𝑆፳ are much stronger than the transverse SAM densities 𝑆፫ and 𝑆Ꭻ. The sign of 𝑏
which changes from 𝜋 to −𝜋 only causes the SAM density distributions to be rotated
counterclockwise by an angle of 𝜋 (see Figs. 5.11(aኽ)-5.11(cኽ) and Figs. 5.11(a)-
5.11(c)). Similarly, considering the influence of the initial phase 𝜑ኺ, Fig. 5.12
gives the results of SAM density distributions corresponding to the focused field



5

80 5. Angular momentum properties of cylindrical vector vortex beams

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1
y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

-1 0 1
x/λ

-1
0
1

y/
λ

0

0.5

1

（a1） （b1） （c1） （d1）

（a2） （b2） （c2） （d2）

（a3） （b3） （c3） （d3）

（a4） （b4） （c4） （d4）

（a5） （b5） （c5） （d5）

Ir Iф Iz Itot

Figure 5.10: Electric field intensity distributions in the focal plane of CVV beams with broken axial
symmetry   ኽ/ኼ and topological charge ፦  ኾ. Different initial phases ᎣᎲ are considered from the
first row to the last row: 0, /ኾ, /ኽ, /ኼ and ዅ/ኾ. The columns from the left to right show the
focal behavior of radial, azimuthal, longitudial and total components, respectively. All the intensities are
normalized to the maximum value of the total intensities for each illumination mode.

with broken axial symmetry as shown in Fig. 5.10. As in the preceding discussion,
the first and fourth columns correspond to the RPV and APV input beams. In Figs.
5.12(aኾ)-5.12(cኾ), only the longitudinal component of the SAM 𝑆፳ exists due to the
lack of a longitudinal component of the electric field 𝐸፳ (Fig. 5.10(cኾ)). This is the
same as the case of a symmetric APV input beam. For the RPV beam, the radial
SAM density 𝑆፫ is smaller than the other two components (Figs. 5.12(aኻ)-5.12(cኻ)).
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Figure 5.11: Normalized SAM density distributions in the focal plane for the symmetrical and asym-
metrical CVV beams in Fig. 5.9 with different sector apertures   ኼ, /ኼ, , ኽ/ኼ and ዅ from left
column to right, respectively. The first, second and third rows are the radial, azimuthal and longitudinal
components of the SAM density.

As the initial angle 𝜑ኺ increases from 0 (first column) to 2𝜋 (fourth column), the
strength of the transverse components of the SAM density decay gradually to zero,
but this does not affect the longitudinal component too much. Special attention is
paid to the influence of the sign of the initial phase in Figs. 5.12(aኼ) and 5.12(a),
the signs of the radial SAM density distributions with the initial phase 𝜑ኺ = 𝜋/4 and
−𝜋/4 are opposite.

The topological charge 𝑚, i.e the OAM, is another factor which influences the
SAM density distribution. Figure 5.13 shows the SAM density distribution at focus
for the asymmetric CVV beam with a sector aperture 𝑏 = 3𝜋/2 and initial phase
𝜑ኺ = 𝜋/4. The area of the SAM density distribution expands by increasing the
topological charge from 1 to 8 as seen in the left four columns. Besides this, the
sign of the topological charge 𝑚 makes a big difference in the distribution of the
SAM density, which is shown in Figs. 5.13(aኽ)-5.13(cኽ) and 5.13(a)-5.13(c). All
three components are rotated clockwise by an angle of 𝜋 as 𝑚 changes from 4
to -4, and the magnitudes of the transverse SAM densities 𝑆፫ and 𝑆Ꭻ are not af-
fected. However, the sign of the longitudinal SAM density 𝑆፳ is flipped. The above
discussion reveals the interaction between the OAM and SAM. Since the motion of
small particle can be influenced by the AM, understanding the spin-orbit (SAM-OAM)
interaction is important for optical trapping and manipulation.
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Figure 5.12: Normalized SAM density distributions in the focal plane for the asymmetrical CVV beams in
Fig. 5.10 with initial phases ᎣᎲ  ኺ, /ኾ, /ኽ, /ኼ and ዅ/ኾ from left column to right, respectively. The
first, second and third rows are the radial, azimuthal and longitudinal components of the SAM density.

5.3. Optical force and torque on nanoparticles
5.3.1. Expressions for optical force and torque
As discussed above, small particles can be trapped due to the localized optical SAM.
In other words, the local SAM can also be detected by a small particle. Therefore,
we now consider the motion of a Rayleigh sphere with permittivity 𝜖ኼ in the CVV
focal field with a medium of permittivity 𝜖ኻ. The small sphere with a radius 𝑎, which
should be smaller than the trapping wavelength can be regarded as an electric
dipole. The dipole moment is p = 𝛼E [53–55], where 𝛼 is the electric polarizability
given by

𝛼 = 𝛼ኺ
1 − 𝑖(2/3)𝑘ኽ𝛼ኺ

, 𝛼ኺ = 4𝜋𝜖ኻ𝑎ኽ
𝜖ኼ/𝜖ኻ − 1
𝜖ኼ/𝜖ኻ + 2

, (5.12)

As it is known, when a CVV beam is tightly focused on a Rayleigh nanoparticle, the
optical force exerted on the particle can be calculated in the dipole approximation

F = (p ⋅ ∇)E+ (1/𝑐)(𝜕p/𝜕𝑡) × B, (5.13)

where 𝑐 is the light speed in vacuum and B is the magnetic induction. Therefore,
the time-averaged optical force is given by [56, 57]

⟨F⟩ = 1
2Re[𝛼𝐸፣𝜕።(𝐸፣)

∗], (5.14)

where 𝑖 and 𝑗 denote the Cartesian components (𝑥, 𝑦, 𝑧), and the dummy index
means a summation.



5.3. Optical force and torque on nanoparticles

5

83

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-2 0 2
x/λ

-2

0

2

y/
λ

-2 0 2
x/λ

-2

0

2

y/
λ

-2 0 2
x/λ

-2

0

2

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1 0 1
x/λ

-1

0

1

y/
λ

-1

-0.5

0

0.5

1

Sф Sф Sф Sф Sф

Sr Sr Sr Sr Sr

Sz Sz Sz Sz Sz

（a1） （a2） （a3） （a4） （a5）

（b1） （b2） （b3） （b4） （b5）

（c1） （c2） （c3） （c4） （c5）

Figure 5.13: Normalized SAM density distributions in the focal plane for the CVV input beams with broken
axial symmetry   ኽ/ኼ and initial phase ᎣᎲ  /ኾ. Topological numbers change from left column to
right: ፦  ኻ, ኼ, ኾ, ዂ and -4, respectively. The first, second and third rows are the radial, azimuthal and
longitudinal components of the SAM density.

Just like transferring linear momentum from light to a particle generates an optical
force on the particle, transferring AM to particle produces an optical torque ΓΓΓ=
p × E. When the electric field E of the CVV beam oscillates harmonically in time,
the time-averaged optical spin torque becomes

ΓΓΓ = 1
2|𝛼|

ኼRe [ 1𝛼ኺ∗
E × E∗] , (5.15)

Therefore, the three orthogonal components of the torque are given in cylindrical
coordinates by

Γ፫ =
1
2|𝛼|

ኼRe [ 1𝛼ኺ∗
(𝐸Ꭻ𝐸∗፳ − 𝐸፳𝐸∗Ꭻ)] ,

ΓᎫ =
1
2|𝛼|

ኼRe [ 1𝛼ኺ∗
(𝐸፳𝐸∗፫ − 𝐸፫𝐸∗፳)] ,

Γ፳ =
1
2|𝛼|

ኼRe [ 1𝛼ኺ∗
(𝐸፫𝐸∗Ꭻ − 𝐸Ꭻ𝐸∗፫)] .

(5.16)

5.3.2. Particle’s motion with symmetrical CVV beams
Figure 5.14 shows the three-dimensional optical spin torque distributions in the
focal plane. An absorptive sphere with refractive index 𝑛ኼ = 1.59+0.005𝑖 is placed
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in a general focused CVV field with topological charges 𝑚 = ±4 (Figs. 5.14(a)
and 5.14(b) ) and 𝜑ኺ = 𝜋/4. The size of the particle is 𝑎 = 30𝑛𝑚. The green
arrows indicate the direction of the optical torque, while the magnitude has been
normalized. The torque has the same magnitude but opposite direction for opposite
signs of 𝑚. The reversion is due to the change of the directions of the SAM density
shown in Fig. 5.6. Compared with Eqs. 5.9 and 5.16, it is easy to find that the
torque is proportional to the SAM density. Figures 5.14(c) and 5.14(d) display the
motions of the spheres at hot-spots with the corresponding topological charges in
Figs. 5.14(a) and 5.14(b). The green arrows and circles are the orientations of the
spinning and the orbital motions, respectively. The spheres can be trapped at the
hot spot of the maximum intensities. Such orientations depend on the illumination
polarization as well as topological charge signs.
The influences of the topological charge 𝑚 (OAM) on the local maximum values

Figure 5.14: Three-dimensional optical torque ጁጁጁ distributions in the focused fields of general CVV beams
with ᎣᎲ  /ኾ and topological charges (a) m=4 and (b) m=-4. The corresponding spin and orbital
motions of trapped absorptive spheres illuminated by the same focal beams with (c) m=4 and (d) m=-
4.

of optical torque at the hot-spot position versus the angle 𝜑ኺ are presented in Fig.
5.15. In Figs. 5.15(a)-5.15(c), it can be seen that for different topological charges,
the three torque components vary as a function of 𝜑ኺ in similar ways. The maximum
longitudinal spin torque at the hot-spot dominates in the three components for any
values of angle 𝜑ኺ. Γ፳ starts from minimum value when 𝜑ኺ = 0 and increases gently
to the maximum value somewhere when 𝜑ኺ = 𝜋/2. However, the local maximum
azimuthal torque decreases from maximum value to zero till 𝜑ኺ increases to 𝜋/2.
Meanwhile, the local maximum value of radial torque starts from minimum value
zero when 𝜑ኺ = 0, and increases until 𝜑ኺ = 𝜋/4, then it decreases together with
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Figure 5.15: Three components of local maximum optical torques ጁጁጁ at the hot-spots in the focused
fields of CVV beams with topological charges (a) m=1, (b) m=2 and (c) m=3 versus the angle ᎣᎲ
changes from 0 to 2. Different colors refers to different components: blue-the radial torque, red-the
azimuthal torque and yellow-longitudinal torque. For comparison, (d)-(f) show the variations of each
maximal optical torque components at the hot-spot as the topological charge changes from 1 to 5 and
ᎣᎲ changes from 0 to 2. Different line styles represent different topological charges.

the radial torque till 𝜑ኺ = 𝜋/2. The amplitudes of the local maximum optical torque
decrease with the topological charge increases. In order to make it clear to observe,
Figs. 5.15(d)-5.15(f) plot variations of each maximal optical torque component at
the hot-spot separately. The colors of lines agree with the three components in the
above subplots (Figs. 5.15(a)-5.15(c)), and different line styles represent different
topological charges. The trends in each case are similar to the examples in Figs.
5.15(a)-5.15(c). With the increase of 𝑚, the values of local maximal optical torques
decrease. Another common point is that the fluctuation goes more slightly when
𝑚 increases, which means the influences of the topological charge on the local
maximal values of optical torques at the hot-spot position become tiny, and so as
the influences come from the initial phase 𝜑ኺ.

5.3.3. Particle’s motion with asymmetrical CVV beams
We now discuss the optical force experienced by a Rayleigh nanosphere in the focal
field of a normal CVV input beam and a CVV beam with broken axial symmetry.
The sphere has the same parameters as that in Fig. 5.14 and it is placed in the
focused CVV beam with the initial phase 𝜑ኺ = 𝜋/4 and topological charge 𝑚 = ±6.
The transverse optical forces in the focal plane can be seen in Fig. 5.16. The
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black arrows indicate the directions of the optical force and they point together to
the maximum values of the intensity distribution (hot-spots) in the bright circle as
shown in Figs. 5.16(a) and 5.16(c) with opposite topological charges. As a result,
the nanosphere can be trapped around the optical axis. The sphere orbits clockwise
for 𝑚 = 6, whereas it orbits counterclockwise for 𝑚 = −6 around the 𝑧- axis. In
Figs. 5.16(b) and 5.16(d), the intensity distributions of optical force are shown for
an input CVV beam with a sector aperture 𝑏 = 𝜋 with topological charge 𝑚 = ±6.
Even though there is asymmetry, the optical forces still point to the hot-spots. Due
to the sign of the topological charge, the spheres move along the blue solid lines
around the optical axis in two opposite directions: clockwise (Fig.5.16(b)) and coun-
terclockwise (Fig.5.16(d)). As the sign of the topological charge 𝑚 is related to the
optical OAM, the results in Fig.5.16 give an explanation of transfer of OAM to the
particle with symmetrical and asymmetrical illuminations.
Figure 5.17 displays the sketch of the spin and orbital motion of the nanoparti-

Figure 5.16: Transverse force distributions focused by the symmetrical CVV beams with the topological
charges of (a) ፦  ዀ and (c) ፦  ዅዀ, and by asymmetrical CVV beams (  ) with the topological
charges of (b) ፦  ዀ and (d) ፦  ዅዀ. The initial phase ᎣᎲ  /ኾ.

cle under the excitation of the CVV beams with different sector apertures 𝑏 = 2𝜋,
𝑏 = 𝜋 and 𝑏 = 3𝜋/2 in columns, respectively. The topological charges are 𝑚 = 6
and 𝑚 = −6 in the upper and bottom rows. Regardless of whether the input CVV
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（a） （b） （c）

（d） （e） （f）

xy

z

Figure 5.17: Three-dimensional optical torque ጁ distributions in the focused fields of input CVV beams
with sector apertures   ኼ for (a) and (d),    for (b) and (e), and   ኽ/ኼ for (c) and (f). The
topological charge ፦  ዀ for the upper three figures and ፦  ዅዀ for the bottom three figures. The
initial phase ᎣᎲ  /ኾ.

beam is symmetrical or not, the particle can be trapped at the intensity maxima
(hot-spots) as indicated with green arrows. The green arrows represent the or-
bital motion directions of the particle around the 𝑧-axis, which are determined by
the signs of the topological charge. The blue up and down arrows correspond to
the directions of the optical torques that determine the spinning motions of the
sphere. It can be found that the sphere experiences a counterclockwise motion
with the topological charge 𝑚 = 6 (Figs. 5.17(a)-5.17(c)), and a clockwise motion
for 𝑚 = −6 (Figs. 5.17(d)-5.17(f)). By considering Eqs. 5.8 and 5.15, and combin-
ing the simulated results of the SAM density distributions in Figs. 5.13(aኽ)-5.13(cኽ),
Figs. 5.13(a)-5.13(c), and the three dimensional orientations of the spin torques
in Fig. 5.17, we can conclude that the spin torque on the nanosphere comes from
the transfer of the SAM from the incident light beam to the particle.
Figure 5.18 considers the influence of the topological charge 𝑚 (OAM) on the

local maximum values of three components of optical torque at hot-spots versus
the initial phase 𝜑ኺ. For comparison, the results obtained by the symmetrical illumi-
nations are taken into account firstly, see in Figs. 5.18(a)-5.18(c). The properties
are the same as that in Figs. 5.15(d)-5.15(f). The similar trends observed in the
case of asymmetrical input CVV beams with 𝑏 = 𝜋 (Figs. 5.18(d)-5.18(f)), but the
radial torque behaves differently. The transverse components of the optical torque
decrease monotonically (Figs. 5.18(d) and 5.18(e)). One common point is that the
longitudinal torque is the dominant component of the optical torque, regardless of
whether the CVV excitation is symmetrical or not. Another common point for both
conditions of the symmetrical and asymmetrical CVV excitations is the curve fluc-
tuates less when the topological charge 𝑚 increases, which means the influence of
the topological charge on the local maximal values of optical torques at the hot-spot
position becomes tiny. And also the influence of the initial phase 𝜑ኺ becomes weak.
As mentioned previously, optical torque is related to the SAM density. Discussions



5

88 5. Angular momentum properties of cylindrical vector vortex beams

such as the preceding one can help us understand the interaction between the OAM
and SAM, and in addition, they can also provide a guide to trapped particle motions
with symmetrical and asymmetrical focused CVV beams.
The motion of the particle not only depends on the illumination light, but also is
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Figure 5.18: Variations of the maximal optical torque components at the hot-spot as the topological
charge ፦ changes from 1 to 15 and the initial phase ᎣᎲ changes from 0 to ኼ. For comparison, (a)-(c)
are three components of optical torques with symmetrical CVV input beams, while (d)-(f) correspond
to asymmetrical CVV input beams with a sector aperture   . Different colors refer to different com-
ponents: blue-the radial torque, red-the azimuthal torque and yellow-the longitudinal torque. Different
line styles represent different topological charges.

affected by the characteristics of the nanoparticle. Figure 5.19 shows how the total
optical torques at the hot-spots depend on the particle’s size and materials. The
trend of lines is similar in all conditions: the optical torque is largest when the par-
ticle is excited by the CVV beam with broken axial system 𝑏 = 3𝜋/2, and smallest
with the CVV beam with 𝑏 = 𝜋/2. The other two cases (𝑏 = 𝜋 and symmetrical CVV
beam) are in between. In Fig. 5.19(a), the total optical torques change as a function
of the radius of nanoparticle 𝑎 for a fixed refractive index 𝑛ኼ = 1.59+ 0.005𝑖 under
the illuminations of symmetrical (green lines) and asymmetrical (other color lines)
input CVV beams with topological charges 𝑚 = 6 (solid lines) and 𝑚 = −6 (dashed
lines), respectively. When the radius of the nanoparticle is 70𝑛𝑚 in each case, the
total optical torque reaches its maximum, which means this is the optimal size for
the trapping particle of that particular material. Figures 5.19(b) and (c) show the
dependence of the optical torque on the particle’s complex refractive index. The
particle has a fixed radius 𝑎 = 30𝑛𝑚. In Fig. 5.19(b), we fix the imaginary part
of the refractive index at 0.005 and let the real part vary from 1 to 4. It is noticed
that the strength of the optical torque decreases as the real part increases. When
fixing the real part of the refractive index at 1.59 and varying the imaginary part in
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the range of [0, 0.1], the optical torque grows with the increase of the imaginary
part. Therefore, to get large optical torque of the trapping particle, the dimension
and the material need to be chosen properly.
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Figure 5.19: The changes of the maximal total optical torques at hot-spots exerted on the nanosphere
with varying radius ፚ (a), real part (b) and imaginary part of the refractive index under illuminations of
symmetrical (green lines) and asymmetrical (other color lines) input CVV beams with topological charges
፦  ዀ (solid lines) and ፦  ዅዀ (dashed lines).

5.4. Conclusion
To summarize, we have proposed theoretical investigations on electric field and AM
properties of arbitrary highly focused symmetrical and asymmetrical CVV beams.
With Richard-Wolf vectorial focusing theory, all components of the electric field near
the focus can be obtained, as well as the SAM density produced by the focal field. It
is revealed that the properties of the input beam such as the polarization state, the
topological charge and initial phase can affect the SAM distribution. The interaction
between the SAM and OAM is demonstrated by changing the topological charge
𝑚. The redistributions of SAM density are due to the spin flux, which originates
from the changes of OAM. The sign of 𝑚 only changes the direction of longitudinal
SAM density and the sign of the initial phase 𝜑ኺ only changes the direction of
transverse SAM density. Compared with the case of symmetrical input CVV beam,
the symmetry of the focal field is broken if the illumination is an asymmetrical CVV
beam, and the three field components at focus can be rotated by an angle of 𝜋/2
with respect to the input beam. In particular, the optical forces and torques of the
highly focused CVV beam on an absorptive nanosphere are discussed. The sphere
can be trapped, moving clockwise or counterclockwise around the optical axis and
is confined to the hot-spot of the maximal optical torque and rotates around itself,
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no matter with the normal CVV beam or the beam with broken axial symmetry. The
motion directions are determined by the sign of topological charge, which confirms
the interaction between OAM and SAM. Finally, it is noted that the optical torque
can be optimized by choosing the size and material of the trapped particle properly.
These findings make the particles’ motion under the illumination of the CVV beams
predictable and controllable, which will be helpful in achieving good performance
in optical manipulation and particle transport in highly focusing optical systems.
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6
Conclusion and outlook

6.1. Conclusion
In this thesis, we aim to shape the focal spot for two main purposes. The first one
is to apply it in an optical system to improve its image performance (chapters 2-4).
The second is to understand the motion of nanoparticles driven by a focused light
beam (chapter 5).
According to the Rayleigh criterion, the lateral resolution is limited by the wave-

length and the NA of the objective lens. Therefore, we start our work from analyzing
the focusing properties in high NA systems with the Richards-Wolf vectorial theory.
On the basis of the fact that the radially polarized light creates sharper focal spot
than linearly polarized light due to the tight longitudinal component, the radial po-
larization state can be considered in order to increase the resolution of a confocal
imaging system. In addition, by considering amplitude modulation, such as annular
and optimized pupil field, even smaller focal spots can be achieved. In most com-
mercial confocal microscopes, the light source is laser light without considering its
polarization. Here, we use modulated radially polarized laser beam to illuminate the
sample in the confocal imaging set-up to improve the lateral resolution further. It is
demonstrated theoretically that the smallest resolved distance between two identi-
cal longitudinal dipoles is 0.36𝜆 with NA=0.9, which is beyond the diffraction limit
compared with the conventional confocal microscope. Experimental result shows
good agreement with the theoretical calculation. An experimental confocal set-up
to shape and focus a laser beam of the wavelength 𝜆 = 632𝑛𝑚 by a high NA objec-
tive lens on the sample is designed, built and tested. The experimental realization
involves many optical elements including polarization convertors, SLM, single mode
fiber, and piezo electric-driven translator stage. Special attention has been given
to the sample scanning procedure, controlled by the LabView programs.
The question ’Can we improve the performance of the imaging system further

after the illumination is optimized?’ motivates us to modify the sample substrate.
The design of the substrate is such that evanescent waves generated by the ob-
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ject placed on it can be enhanced and re-scattered in the far field, resulting in
super-resolution effect. The evanescent wave amplification structure we consider
is simply a thin TiOኼ film layer on the top of the original glass substrate. This is eas-
ier to realize than other meta-material structures that have been suggested in the
literature. We validate the idea by analyzing the problem of a dipole scattering on
an interface analytically, building two nanospheres numerically using the Lumerical
software and finally calculating the far field image in a wide field microscopy setup.
The second part of the thesis regards the focusing properties and angular mo-

mentum of symmetrical and asymmetrical CVV beams to consider the effect of the
phase of the light to shape the focus. The spin and orbital coupling is demonstrated
by adjusting the different parameters such as the topological charge and the ini-
tial phase of the light. The interaction between the SAM an OAM also reveals on
the optical torque and force when an absorptive nanosphere is introduced, which
makes the motion of the nanoparticles predictable and controllable.

6.2. Outlook
Regarding the work we have proposed involving the high spatial frequency infor-
mation carried by the amplified evanescent wave, one may envision plenty of useful
applications such as far field microscopy (see in Fig. 6.1).
We show the design of a simple evanescent wave enhanced structure in chapter

Figure 6.1: Far field microscopy application of the amplifying stack for evanescent waves.
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4 and, to understand the problem, we use an analytical model of one dipole on
the interface combining with the FDTD method to calculate numerically the far field
of two nanospheres on the designed substrate. If multiple particles exist, rigor-
ous analytical method is necessary. For instance, to consider the near field of two
dipoles next to each other on the proposed substrate, it is helpful to understand the
complicated interactions between the original focal field, the enhanced layer, and
the two dipoles. The iterative algorithm and convergence speed should be taken
into account.
The work in chapter 4 is inspired by the previous work on coherent Fourier scat-

terometry (CFS) for particle detection [1]. Besides the improvement of the imaging
quality, the detection sensitivity of particles on a substrate is also highly enhanced
by using the principle of evanescent-wave amplification [2]. However, all the de-
signed substrate applied in these papers are simple because of the purpose of
achieving a first demonstration of its application. Studying material absorption of
dielectric films provides another way to observe the evanescent enhancement. A
dielectric stack that is properly designed to reach a total absorption (100%) which
corresponds to an enhancement maximum is discussed in Ref [3]. Therefore, the
enhancement layer can be optimized by investigating the light transmission and re-
flection, as well as the absorption through the multilayer structure (see in Fig. 6.2).
By appropriately optimizing the thickness and reasonably choosing the material for
each layer, the evanescent enhancement would be further improved.

Figure 6.2: An example of one dimensional multilayer photonic structure consisting of two repeating
materials with dielectric constants ᎨᎳ and ᎨᎴ.
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A
Derivation of the focal fields

of given power with a
maximum longitudinal

electric component

The purpose of this section is to present closed form expression for the electric field
in the lens pupil, which maximizes the longitudinal electric field component at the
focal point is larger than any other focused field with the same power. The optimum
pupil field is shown as in Eqs. 2.20 and 2.21. It is found to be radially polarized;
however, the amplitude is not of doughnut type but increases monotonically with
distance to the optical axis in a way that depends on the NA [1–3].
The plane wave expansions of the electromagnetic field at focus are given in Eq.

2.1 in the section 2.2.1 as well as the definition of the polarizations of the plane
waves in Eq. 2.2. Here we shall use spherical coordinate system in the reciprocal k
space, therefore the positively orientated orthonormal basis k̂, 𝜃𝜃𝜃 and �̂�𝜙𝜙 are defined
as:

k̂ = sin𝜃 cos𝜙x̂+ sin𝜃 sin𝜙ŷ+ cos𝜃ẑ,
𝜃𝜃𝜃 = cos𝜃 cos𝜙x̂+ cos𝜃 sin𝜙ŷ− sin𝜃ẑ,
�̂�𝜙𝜙 = − sin𝜙x̂+ cos𝜙ŷ,

(A.1)

where 0 ≤ 𝜃 ≤ 𝜃፦ፚ፱, 0 ≤ 𝜙 ≤ 2𝜋 are polar and azimuthal angles, correspondingly.
The Jacobian of the transformation of spherical coordinates 𝜃, 𝜙 into k components
𝑘፱ and 𝑘፲ is written:

(
Ꭷ፤ᑩ
Ꭷ᎕

Ꭷ፤ᑩ
ᎧᎫ

Ꭷ፤ᑪ
Ꭷ᎕

Ꭷ፤ᑪ
ᎧᎫ
) = 𝑘ኺ𝑛 (

cos𝜃 cos𝜙 − sin𝜃 sin𝜙
cos𝜃 sin𝜙 sin𝜃 cos𝜙 ) , (A.2)
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longitudinal electric component

and d𝑘፱d𝑘፲=𝑘ኼኺ𝑛ኼ cos𝜃 sin𝜃d𝜃d𝜙. The vector amplitude A in Eq. 2.3 can also be
expressed as:

A(𝜃, 𝜙) = 𝐴᎕(𝜃, 𝜙)𝜃𝜃𝜃 + 𝐴Ꭻ(𝜃, 𝜙)�̂�𝜙𝜙, (A.3)

According to the property of orthonormality of the unit vectors:

k̂ ×𝜃𝜃𝜃 = �̂�𝜙𝜙, 𝜃𝜃𝜃 × �̂�𝜙𝜙 = k̂, �̂�𝜙𝜙 × k̂ = 𝜃𝜃𝜃, (A.4)

then

k̂ × Â = 𝑘ኺ𝑛(−𝐴Ꭻ𝜃𝜃𝜃 + 𝐴᎕�̂�𝜙𝜙), (A.5)

The plane wave expansion in Eq. 2.1 can be written as integrals over the angles 𝜃
and 𝜙:

E፞(r) = 𝑛ኼ
𝜆ኼኺ
∫
ኼ

ኺ
∫
᎕ᑞᑒᑩ

ኺ
(𝐴᎕𝜃𝜃𝜃 + 𝐴Ꭻ�̂�𝜙𝜙) sin𝜃 cos𝜃𝑒።k⋅r𝑑𝜙𝑑𝜃,

H፞(r) = 𝑛ኽ
𝜆ኼኺ
( 𝜖ኺ𝜇ኺ

)
ኻ/ኼ
∫
ኼ

ኺ
∫
᎕ᑞᑒᑩ

ኺ
(−𝐴Ꭻ𝜃𝜃𝜃 + 𝐴᎕�̂�𝜙𝜙) sin𝜃 cos𝜃𝑒።k⋅r𝑑𝜙𝑑𝜃,

(A.6)

In the optimization, 𝐸፳(0) is considered as a functional of 𝐴᎕ and is given by:

𝐸፳(0) = −
𝑛ኼ
𝜆ኼኺ
∫
ኼ

ኺ
∫
᎕ᑞᑒᑩ

ኺ
𝐴᎕(𝜙, 𝜃) sinኼ 𝜃 cos𝜃𝑑𝜙𝑑𝜃, (A.7)

By using Plancherel’s formulas, we can get the total time-averaged power flow in
the 𝑧 direction through a plane 𝑧=const by integrating the the normal component
of the vector ኻ

ኼRe S over the plane, where S = E × H∗ represents the complex
Poynting vector. The integral of Re S can be written as:

𝑃(𝐴᎕ , 𝐴Ꭻ) =∫
ጼ

ዅጼ
∫
ጼ

ዅጼ

1
2Re[E

፞(r) ×H፞(r)∗] ⋅ ẑ𝑑𝑥𝑑𝑦,

= 𝑛
ኽ

2𝜆ኼኺ
( 𝜖ኺ𝜇ኺ

)
ኻ/ኼ
∫
ኼ

ኺ
∫
᎕ᑞᑒᑩ

ኺ
[|𝐴᎕(𝜙, 𝜃)|ኼ + |𝐴Ꭻ(𝜙, 𝜃)|ኼ] cosኼ 𝜃 sin𝜃𝑑𝜙𝑑𝜃.

(A.8)

𝑃(𝐴᎕ , 𝐴Ꭻ) is called the power flow, which is independent of the plane 𝑧=const and
should be in a medium without losses.
The optimization problem is to find the plane wave amplitude A(𝜃, 𝜙) = 𝐴᎕(𝜃, 𝜙)𝜃𝜃𝜃+

𝐴Ꭻ(𝜃, 𝜙)�̂�𝜙𝜙 for which the amplitude of the longitudinal component of the electric field
at the origin is maximum among all fields with the same mean power 𝑃ኺ flow through
a plane 𝑧=const and the same NA, i.e.,

maximize ∶ 𝐸፳(0), under the constraint ∶ 𝑃(𝐴᎕ , 𝐴Ꭻ) = 𝑃ኺ, (A.9)
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As the the object functional 𝐸፳(0) depends linearly on the plane wave amplitudes
and the energy constraint functional P is quadratic in these amplitudes, the opti-
mization problem is a classical quadratic problem. Solving Eq. A.9 can be done
with the Lagrange multiplier rule,

𝛿𝐸፳(0) − Λ𝛿𝑃 = 0, (A.10)

where Λ denotes the Lagrange multiplier.
The Lagrange multiplier rule therefore yields a system of linear equations for the
optimum plane wave amplitudes. By using this system of equations the optimum
plane wave amplitudes can be expressed in the Lagrange multiplier Λ and one can
find

𝐴᎕(𝜃, 𝜙) = −
tan𝜃
Λ , 𝐴Ꭻ(𝜃, 𝜙) = 0, (A.11)

The Lagrange multiplier is obtained by substituting Eq. A.11 into the power con-
straint 𝑃(𝐴᎕ , 𝐴Ꭻ) = 𝑃ኺ, and this gives

Λ = ( 𝜋𝑃ኺ
)
ኻ/ኼ 𝑛ኽ/ኼ

𝜆ኺ
( 𝜖ኺ𝜇ኺ

)
ኻ/ኾ
(23 − cos𝜃፦ፚ፱ +

1
3 cos

ኽ 𝜃፦ፚ፱)
ኻ/ኼ
. (A.12)

Eqs. A.11 and A.12 are the same as Eqs. 2.20 and 2.21 except the different nota-
tions.
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B
LabView program

The purpose of this section is to give a detailed algorithm of controlling the piezo
for the scanning process in the experiment.
Require: (𝑥; 𝑦; 𝑧) =(0; 0; 𝑓) ⟼ The piezos are at their rest position and the
sample is at focus.
Function Expose (𝑥; 𝑦; 𝑧; 𝑡)
Make marker. ⟼ Create a marker point by heavily overexposing start of array.
for n= 0 to (N-1) do
for m= 0 to (M-1) do
𝑥 = 𝑥 + 𝑛 ⋅ Δ𝑥
𝑦 = 𝑦 +𝑚 ⋅ Δ𝑦
𝑡 = 𝑡 + 𝑚 ⋅ Δ𝑡
Pause at current location, pulse laser
end for
end for
Return to initial stage position
end Function Expose
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C
Full derivation of the

reflective far field

This appendix gives a detailed derivation of how to get the far field scattering by a
single dipole on a substrate with the stationary phase method. The reflected field
is given by

G፫(r, rp) = −
1
4𝜋ኼ ∫

ጼ

ዅጼ
∫
ጼ

ዅጼ
𝑞(𝑘፱ , 𝑘፲)𝑒።፟(፤ᑩ ,፤ᑪ)𝑑𝑘፱𝑑𝑘፲ , (C.1)

where

𝑞(𝑘፱ , 𝑘፲) =
𝑅(𝑘ዊ)
2𝑖𝑘፳

, (C.2)

𝑓(𝑘፱ , 𝑘፲) = 𝑘፱(𝑥 − 𝑥፩) + 𝑘፲(𝑦 − 𝑦፩) + 𝑘፳(𝑧 + 𝑧፩), (C.3)

where 𝑅(𝑘ዊ) is the reflection coefficient. The integrand in Eq. C.1 will oscillate
quickly as function of 𝑘፱ and 𝑘፲ when the obsevation position r is far from the
dipole r፩. The point of least fast oscillations (𝑘፱ኺ, 𝑘፲ኺ), is the one whose phase is
stationary, i.e.:

𝛿𝑓(𝑘፱ , 𝑘፲)
𝛿𝑘፱

=
𝛿𝑓(𝑘፱ , 𝑘፲)
𝛿𝑘፲

= 0, (C.4)

Solving Eq.C.4 gives the following results for 𝑘፱ኺ and 𝑘፲ኺ

𝑘፱ኺ = 𝑘ኺ𝑛ኻ
𝑥 − 𝑥፩
|r− rp|

, (C.5)

𝑘፲ኺ = 𝑘ኺ𝑛ኻ
𝑦 − 𝑦፩
|r− rp|

, (C.6)
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|r− rp|ኼ = (𝑥 − 𝑥፩)ኼ + (𝑦 − 𝑦፩)ኼ + (𝑧 + 𝑧፩)ኼ, (C.7)

Due to 𝑘ዊ becomes

𝑘ዊ = √𝑘ኼ፱ኺ + 𝑘ኼ፲ኺ = 𝑘ኺ𝑛ኻ
√(𝑥 − 𝑥፩)ኼ + (𝑦 − 𝑦፩)ኼ

|r− rp|
, (C.8)

then we have

𝑘፳ = 𝑘ኺ𝑛ኻ
𝑧 + 𝑧፩
|r− rp|

, (C.9)

At the point of stationary phase, Eq. C.3 is

𝑓(𝑘፱ , 𝑘፲) = 𝑓(𝑘፱ኺ, 𝑘፲ኺ) +
1
2𝑎(𝑘፱ − 𝑘፱ኺ)

ኼ

+ 12𝑏(𝑘፲ − 𝑘፲ኺ)
ኼ + 𝑐(𝑘፱ − 𝑘፱ኺ)(𝑘፲ − 𝑘፲ኺ) + ...

(C.10)

where the coefficients 𝑎, 𝑏 and 𝑐 are given by

𝑎 =
𝜕ኼ𝑓(𝑘፱ , 𝑘፲)

𝜕𝑘ኼ፱
|
፤ᑩ፤ᑩᎲ

= −
𝑧 + 𝑧፩
𝑘፳ኺ

− 𝑘
ኼ
፱ኺ
𝑘ኽ፳ኺ

(𝑧 + 𝑧፩), (C.11)

𝑏 =
𝜕ኼ𝑓(𝑘፱ , 𝑘፲)

𝜕𝑘ኼ፲
|
፤ᑪ፤ᑪᎲ

= −
𝑧 + 𝑧፩
𝑘፳ኺ

−
𝑘ኼ፲ኺ
𝑘ኽ፳ኺ

(𝑧 + 𝑧፩), (C.12)

𝑐 =
𝜕ኼ𝑓(𝑘፱ , 𝑘፲)
𝜕𝑘፱𝑘፲

|
፤ᑩ፤ᑩᎲ ,፤ᑪ፤ᑪᎲ

= −
𝑘፱ኺ𝑘፲ኺ
𝑘ኽ፳ኺ

(𝑧 + 𝑧፩), (C.13)

Substituting Eqs. C.5- C.9 in Eqs. C.11- C.13 results in

𝑎 = −
|r− rp| [(𝑥 − 𝑥፩)ኼ + (𝑧 + 𝑧፩)ኼ]

𝑘ኺ𝑛ኻ(𝑧 + 𝑧፩)ኼ
, (C.14)

𝑏 = −
|r− rp| [(𝑦 − 𝑦፩)ኼ + (𝑧 + 𝑧፩)ኼ]

𝑘ኺ𝑛ኻ(𝑧 + 𝑧፩)ኼ
, (C.15)

𝑐 = −
|r− rp|(𝑥 − 𝑥፩)(𝑦 − 𝑦፩)

𝑘ኺ𝑛ኻ(𝑧 + 𝑧፩)ኼ
, (C.16)

Eq. C.1 can be rewritten as

G፫(rጼ, rp) ≈ −
1
2𝜋

𝜎
√|𝑎𝑏 − 𝑐ኼ|

𝑞(𝑘፱ኺ, 𝑘፲ኺ)𝑒።፟(፤ᑩᎲ ,፤ᑪᎲ), (C.17)
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where 𝜎 is given by

𝜎 =
⎧

⎨
⎩

𝑖, if 𝑎 > 0 and 𝑎𝑏 − 𝑐ኼ > 0,
1, if 𝑎 > 0 and 𝑎𝑏 − 𝑐ኼ < 0,
−𝑖, if 𝑎 < 0 and 𝑎𝑏 − 𝑐ኼ > 0,
1, if 𝑎 < 0 and 𝑎𝑏 − 𝑐ኼ < 0,

(C.18)

and

|𝑎𝑏 − 𝑐ኼ| =
|r− rp|ኾ

𝑘ኼኺ𝑛ኼኻ(𝑧 + 𝑧፩)ኼ
, (C.19)

Since Eq. C.11 is always negative and Eq. C.18 is always positive, 𝜎 is −𝑖. Substi-
tuting Eqs. C.2, C.3, C.18 and C.19 in C.17, then we can get

G፫(rጼ, rp) ≈ −R(𝑘ኺ𝑛ኻ sin𝜃)
1
4𝜋
𝑒።፤Ꮂ፧Ꮃ|rᐴዅrp|
|rጼ − rp|

, (C.20)

where

sin𝜃 =
√(𝑥 − 𝑥፩)ኼ + (𝑦 − 𝑦፩)ኼ

|rጼ − rp|
. (C.21)
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