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Abstract In this paper, the dynamics and the buckling loads for an Euler—Bernoulli beam resting on an inho-
mogeneous elastic, Winkler foundation are studied. An analytical, asymptotic method is proposed to determine
the stability of the Euler—Bernoulli beam for various types of inhomogeneities in the elastic foundation taking
into account different types of damping models. Based on the Rayleigh variation principle, beam buckling
loads are computed for cases of harmonically perturbed types of inhomogeneities in the elastic foundation,
for cases of point inhomogeneities in the form of concentrated springs in the elastic foundation, and for cases
with rectangular inclusions in the elastic foundation. The investigation of the beam dynamics shows the pos-
sibility of internal resonances for particular values of the beam rigidity and longitudinal force. Such types of
resonances, which are usually typical for nonlinear systems, are only possible for the beam due to its inho-
mogeneous foundation. The occurrence of so-called added mass effects near buckling instabilities under the
influence of damping have been found. The analytical expressions for this “added mass” effect have been
obtained for different damping models including space hysteresis types. This effect arises as a result of an
interaction between the main mode, which is close to instability, and all the other stable modes of vibration.

Keywords Buckling load - Inhomogeneous Winkler foundation - Space hysteresis - Internal resonance -
Added mass

1 Introduction

Buckling of an Euler—Bernoulli beam (E-B) resting on an elastic Winkler foundation has been thoroughly
studied from various points of view in many engineering fields for more than 80 years. A comprehensive
review on different theoretical elastic and viscoelastic foundation models in oscillatory systems can be found
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in [1]. The review covers the simplest foundation models to the most complicated ones, and fully describes the
recent theories on the topic of mechanical foundations. Special attention in [1] is paid to publications which
consider the dynamics of an E-B beam resting on a nonlinear elastic foundation. The dynamics and buckling
loads for an E-B beam resting on an inhomogeneous elastic Winkler foundation also plays an importing role in
the study of problems of soil-solid interaction [2]. Also E-B beams buckling is of interest for models of energy
harvesting E-B beams, in which instability is an important issue [3], and for controllable artificial devices
designing [4]. The buckling of beams on an elastic foundation has been discussed in the seminal work of [5].
Other references can be found in books such as [6,7], and in papers such as [8§—10]. In [11] two methods for
solving the eigenvalue problems of vibrations and stability of a beam on a variable Winkler elastic foundation are
presented and compared. The first is based on using the exact stiffness, consistent mass, and geometric stiffness
matrices for a beam on a variable Winkler elastic foundation. The second method is based on adding an element
foundation stiffness matrix to the regular beam stiffness matrix, for vibrations and stability analysis. In [12]
free vibrations of an Euler—Bernoulli beam resting on a variable Winkler foundation is considered. Constant,
linear and parabolic variations are considered. The problem is handled for three different boundary conditions:
simply supported-simply supported, clamped—clamped and cantilever (clamped-free) beams. The governing
differential equations of the beam are solved by using differential transform method. In [13] the buckling and
free vibrations of Timoshenko beams resting on variable elastic foundation are analyzed by means of a new
finite element formulation. In [14] vibration characteristics of axially functionally graded nanobeams resting
on variable elastic foundations are investigated based on a nonlocal strain gradient theory. The authors of [14]
considered linear, parabolic, and sinusoidal variations of the Winkler foundation in longitudinal direction. The
governing equations in [14] were solved by applying a Galerkin-based solution for different boundary edges.
The eigenvalue problem for the buckling loads and natural frequencies of a braced beam on an elastic foundation
were studied in [15, 16]. It was found that the location of the translational springs, which were attached to the
beam, has significant impact on the buckling loads, on the buckling shapes, and on the eigenfrequencies of the
structure. In particular it was shown that under special conditions, an ideal spring stiffness exists, such that the
elastic supports do not deflect when the beam buckles. Also, in [16] the eigenvalue problems for the buckling
loads and natural frequencies of a braced beam on an elastic foundation were investigated. The conclusion
made in [16] is that the study of the eigenvalues variation patterns can offer a design guidance for using a
lateral brace of translational springs to strengthen the structure. In [17] a tire model with a flexible belt on an
elastic multi-stiffness foundation is investigated via theoretical modeling and an experimental modal analysis.
In [18] the vibrations of an isotropic beam on a variable Winkler foundation were investigated by using a
modified differential quadrature method. In [19] the natural frequencies and the buckling stresses of a deep
beam-column resting on elastic foundations were obtained by using the method of power series expansions
of the displacement components and by using a numerical method. In [20] the general solution for a problem
describing the vibrations of a beam on a variable Winkler elastic foundation is presented. The exact solution of
the dynamic response of the beam is obtained by considering the reaction force of the foundation on the beam
as an external force acting on the beam, which is an integral equation including the displacement of the beam.
This integral equation was solved approximately and numerically. In [21] the finite difference and the finite
element methods are applied to determine the natural frequencies of non-prismatic and non-homogeneous
beams, subjected different boundary conditions and resting on a variable Winkler foundation. In this paper,
we consider the problem on how to determine the buckling load of an Euler—Bernoulli beam resting on an
inhomogeneous elastic Winkler foundation taking into account different damping models (including space
hysteresis type of models). Damping effects were considered in many studies (see, for example, [22-25]).
In contrast to previous papers, we investigate a beam on an inhomogeneous elastic foundation. Localization
phenomena in one-dimensional imperfect continuous structures were analyzed, both for dynamic cases and for
buckling cases in [26-29]. By using an asymptotic approach we find analytical formulas for the buckling load
for some particular types of inhomogeneities in the elastic foundation of the beam. The buckling load depends
on the inhomogeneities in the elastic foundation, and this effect exhibits a “space resonance,” i.e., the magnitude
of the critical force depends on the inclusion location. This result generalizes the results previously obtained in
[15,16]. Also analytically it will be shown that it is possible that a so-called added mass instability can occur
under the influence of damping. The analytical expressions for these “added masses” for different damping
models (including the space hysteresis one) will be given. These effects arise as a result of an interaction
between the main mode, which is close to instability, and all the other stable modes. This interaction is induced
by damping, and we will discuss how it depends on the type of damping model.
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2 Statement of the problem

The equation describing the beam dynamics is given by:
Eluyyxx + atyy +b(x)u + €D[u] +muy;; =0, (D

where u(x, t) is the beam displacement, t > 0 is the time, x € [0, L] is the space coordinate in the axial
direction of the beam, m = Ap is the mass of the beam per unit length, A is the beam’s cross sectional
area, p is the beam material density, E is the Young’s modulus, / is the moment of the cross-section inertia,
€ > 0 is a small parameter, a is a longitudinal force, which can have a positive (compression), or a negative
(expansion) sign, and E is the bending rigidity of the beam. In (1) D denotes a linear operator acting on
u(x, t) and its derivatives, and defines damping. The function »(x) > 0 is an elastic foundation coefficient.
Notice that the differential equation (1), and that given boundary and initial conditions can be transformed to
a dimensionless form when we rescale the variables. For the rescaling, the following choice is made: x = xL,

I _ 7L 2 £ - _ _a_ I Lzb . . . . .
Al =g =17 5= 3 b= Adp For simplification, the bar is omitted and the final

equation then takes the form:

u=ulL,ey=

eoUxxxx + auyy + b(xX)u + eDlu]l +uy =0, (2)
where x € [0, 1]. The following initial conditions are considered:
u(x,0) =vo(x), wu(x,0)=vi(x), xe€l0,1], (3)

where ||voy. ||+ ||v1]] < co. Here, we use the standard notation ||v]|| for the norm, || f||> = (f, f),and (f, g)
is the scalar product in L, [0, 1]: (f, g) = fol f(x)g(x)dx.
The boundary conditions are assumed to be simply supported ones:

u,1) =u(l,t) =0, ux(0,1) =uy(l,1) =0. “4)

However, the applied perturbation approach, which is used in this paper, is applicable to problems with other
boundary conditions.

3 Eigenfunctions

Our first step is to consider the unperturbed equation (2) with € = 0. The unperturbed equation (2) can be
solved by using Fourier’s method, i.e., by substitution of u(x, t) = Re ¥ (x)exp(iwt) into (2) with € = 0.
Then, for {» we obtain the following eigenfunction problem

Lwn = )Lnl//n’ (5)

where the orthonormal eigenfunctions 1, satisfy the boundary conditions (4).

For b(x) = const the eigenfunctions are well known (see [5]). To handle the case b # const we apply
perturbation theory [30,31] by assuming that b(x) = by + Spb1(x), where §, > 0 is a dimensionless small
parameter. For positive integers n and A,, > 0 let us denote by w, the natural frequencies, which are defined
by a),zl = Ay, wheren =1, 2, .... We set formally w_; = —wy. For a < 0 and the given boundary conditions
(4) it is well-known that the eigenvalues A, of the operator £ are always gositive. In this case with € = 0 we
have stable solutions, where the natural frequencies w, are positive and w;, = A,,. For the opposite case a > 0
an instability is possible, when A, < O for a certain n. There exists a critical value a, for the parameter a such
that for a > a. at least one eigenvalue A, < O occurs for some n. This can be shown, for example, by the
Raleigh variation principle for eigenvalues.

3.1 Unperturbed eigenfunctions

Let 6, = 0. We denote the corresponding unperturbed eigenfunctions and eigenvalues by 1//,20) and Af,o),
respectively. In the case of hinged ends we have

)‘1(10) = eo(mn)* —a(n)> +by, n=1,2,... (6)

and w,ﬁ(” = /2 sin(7nx).



A. K. Abramian et al.

3.2 Perturbed eigenfunctions: non-resonance case

For small positive §, we can apply the well-known perturbation theory [30,31]. Under the assumptions
A = 100 =201 > 85, VK #n (7)
we have the asymptotical formulas for the eigenvalues
hn =0y + 8 b1y ) + 067, ®)
and for the perturbed eigenfunctions:
U =¥ + 890 + 0, ©)

where

©) ., 0)y, (0
(O1ym ", Yy )y
D

0 0

k#n
Relation (8) can be used to find an approximation for the buckling load a. (see below). Note that in the

case Ay, = O(8p) for certain k 7~ n the relations (8), (9), (10) have to be modified. We consider this case in
the next subsections.

3.3 On condition (7)
A sufficient condition to satisfy (7), can be found as follows. Using the relation (6), we obtain
A = eo((n)* — (h)!) — a(@xn)® — (h)?),
which implies
Apn = ((ym)2 — (nk)z) (eo((Tm)2 + (nk)z) — a).

For k # n one has |(wn)? — (wk)?| > 372 and (7wn)? + (wk)? > 4x2. Therefore, if, for example,

47‘[260 >a
then condition (7) is satisfied. The resonance condition reads

Ain = 0(8p), (1D

for some k # n. It is satisfies if

|(wn)? + (mk)?> — aey '] = O(8p) (12)

for some positive integers n and k, n # k. Note that we are dealing here with an internal resonance. The
number of modes involved in the resonance depends on ae 1772 and on the right-hand side of Eq. (12). It
might be possible that not 2 but 4 or even more modes satisfy Eq. (12), that is, the sum of two squares can be
in more than one way equal to the same number. In the next subsection we will consider an internal resonance
involving only two modes.
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3.4 Perturbed eigenfunctions in case of an internal resonance

Let us represent the eigenfunctions ¥, and v as (see [31])

0
n = 61,11//,(10) =+ Clk‘/ﬁg ) + Spn,

0
A Cz;dﬂ;f )+ Sp,

where c1,, C1k, c2n, 2k are unknown coefficients and the correction functions ¢, and ¢y are orthogonal in

L,[0, 1] to both 1//,(,0), and w,go). Then, the unknown coefficients and corrections to the eigenvalues can be
found from the following 2 x 2 linear algebraic eigenvalue problem:

RC = AC, (13)

where
Ry = fo 1 b1 ()|, (0)Pdx,
Ry = /0 1 b)Y (1) 2 (x)dx,
Ry = /O 1 b)Y ()Y (x)da,

and C = (C1, C2)"", where tr stands for the transposed. The first eigenvalue A, of (13) gives us the perturbation
of kf,o), and the second one A_ is the perturbation of A,EO):

A=A 48t 4 0(87), (14)
=0+ 8A- + 0(8)). (15)

The A4 are given by

Ri1 + Rp + \/(Rn — R»)? +4R%,

5 (16)

Ay =

The two independent eigenvectors (C (l), Cg) ), 1 = 1, 2 are related to the coefficients c;, in the following
way:

cn=C" ep=cP 1=1,2 (17)

Note that the eigenfunctions are orthonormal, therefore the coefficients c;;, are also orthonormal. It is convenient

to write down cj,, as

cin = sin(&x), ¢ = cos(&nk),
cik = —cos(Enr), ¢ = sin(Enp),

where &, is a resonance angle. Under condition Ri» # 0 for that angle one has the following relation:

Ri2

tan = -,

Snk R12
2R1» = (Ri1 — R») — \/(Ru — R»)? +4R},. (13)

If Ri» = 0, then Rj» = 0 and we have no resonance, because system (13) is diagonal and the interaction
between the modes n and k is of order 0(8,%). The parameter &, plays an important role, as will be shown in
the coming subsection.
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3.5 A new resonance effect: harmonics disappear for a long time

We suppose that damping is absent, i.e., ¢ = 0. Suppose that the initial data are given by a simple harmonic
function, for example
u(x,0) = Asin(wnx), u;(x,0) =0,

where A is an amplitude (for a more general case, where u;(x, 0) = B sin(;rnx), our results are similar). We
have

u(x,1) =AY Cycos(@t)y(x), (19)

=1
where

1
Cul :/ sin(wnx)y;(x)dx.
0

The Fourier coefficient u, (1) = fol u(x, t)sin(rnx)dx evolves in time according to
0
un(t) = Ay Coycos(ayt). (20)
I=1

In the non-resonance case the main contribution in the sum (20) is given by the single term / = n and u, ()
oscillates with frequency w,,. The effect of the elastic foundation produces small contributions of order O ()

in all other terms in (20) for / # n. In the resonance case [that is , when (12) is satisfied for ae; - 572 we
obtain that the two modes v, and v give rise to significant contribution in the sum of (20), that is,

un(t) = A(Cy, cos(wnt) + C2y cos(wit) + O(8p)), (21)

and
ur(t) = A(CE cos(wxt) + Cy cos(wnt) + O (8p)). (22)

From the previous subsection it follows that
Chn = c1p = sinépg, Cyi = c1p = — o8&y

and, as a result, we have

Uy (t) = A((sin Enk)? cOS(wnt) + (cOS ) cos(wyt)

+0 (5,,)) . (23)
Note that in this resonance case w,, — wy = O(Jp). By introducing the mean frequency and the deviation by
_ wp + Wi ~ Wy — W
= = —
2 2

respectively, we can transform Eq. (23) as follows:
u,(t) = A ( cos(wt) sin(at)
+( sin’ £, — cos? Enic) cos(ar) cos(c?)t)) + 0(p). (24)
Using (18) one obtains
U (t) = A ( cos(@r) sin(@r)

P2 2
R12 — R12

+—_
2 2
R12+R12

cos(@t) cos(a)t)) +0®6y). (25)

Relation (25) shows a new internal resonance effect only possible for a beam on a Winkler foundation. It is
possible that u,,(¢) is close to O (§p) for large times and we observe beats (see the plot in Fig. 1). The maximal
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t

Fig. 1 This plot shows the time evolution of the Fourier coefficient u, () in the solution u(x, t) when u(x, 0) = A sin(;rnx) and
u;(x,0) = 0 in the resonance case. The plot is computed by using formula (24), where n = 1, k = 2 and the parameters are
o =1,k =n/4, o = 0.1 and A = 2. The correction O (8p) is approximated by the first three nonzero terms in the Fourier
series with small coefficients. We see beats induced by an internal resonance.

beat effect, when u, (¢) is close to 0 within a time interval, of 0(8;]), arises when &, &~ m/4. Note that
&k = /4 for |R11 — R = O(6p), i.e., for

1 1
/ b1 (x) sin®(wnx)dx — / b1 (x) sin’(wkx)dx = O(8p). (26)
0 0

We will use this condition (26) to have maximal beat effect in Sect. 4.

3.6 Strong Winkler foundation

In the case where the perturbation b is not small, we can apply the Rayleigh variation principle: the minimal
eigenvalue A can be found as the minimum of the Rayleigh quotient Q over all test functions, that is,

Viyl
w2

where the test functions i € C2[0, 1] should satisfy the boundary conditions (4), and V is given by

Amin = rr:bin olyl, 0= 27)

1
VY] = eoll¥axll* — allye|? +/O b(x)yr (x)*dx.

We will use this approach with test functions to study so-called localized modes, in Sect. 4. In [28] a similar
problem is studied, but with a different type of method. The advantage of the use of test functions is that we
can avoid complicated integral equations.

4 Beam buckling load for localized and non-localized modes

In this section we will consider different particular types of inhomogeneities in the elastic foundation of the
beam, and we will approximately determine for which parameters values buckling occurs.

Example A a regular harmonic perturbation in the foundation. Consider a smooth perturbation bj(x) =
sin(yx), where y > 0. Then, (8) gives

(1 —cosy)(2mn)?
y(y? — Q2mn)?)

Ay =2y — 20~ g, (28)
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for y # 2mn. For y = 2mn + y, where y = O(8p), we can simplify the expression in the right-hand side of
(28) by using 1 — cos(y) = 72/2 + O(7*) , yielding

Ay = =87 /4. (29)
For the buckling load a.(n) corresponding to the stability loss for the n-th mode we approximately obtain
ac(n) = (wn)"2(bo + Akn) + eo(wn)?, (30)

where AL, is defined by (28) for y # 2wn or by (29) for y = 2wn + O(3p).

Example B the elastic foundation has point inhomogeneities in the form of concentrated springs with negative
or positive stiffness.

Let us consider a case which corresponds to point inhomogeneities in the form of concentrated springs
with negative or positive stiffness. We will consider an irregular perturbation b1 (x) = Z;fd:l Bid(x — xj),
where § stands for the Dirac delta function and B; are coefficients. For this case we will also observe a “space
resonance” effect. Suppose that x; = (j — 1/2)r + X, where j = 1,...,n4 and r = 1/n4. The parameter
B may have negative, or positive values. So, we assume that all point inclusions of the elastic foundation are
equidistant and the parameter x € (0, 1/2n,4) describes a shift of the inclusion coordinates with respect to the
beam edges. Under these assumptions, all inclusions lie within (0, 1). When x = 0 all inclusions are located
symmetrically with respect to the beam edges. Moreover, we suppose that ng < O (3, .

Let B; = B for all j. Then, there two cases have to be considered. In the first case, where k = n/ng is not
an integer, the perturbation of A,, depends on the number of inclusions only and does not depend on the mode
number n and the shift x (see “Appendix”):

Ay = dp = M = BSyng + O (87). 31)

This means that the contributions of the inclusions mutually cancel each other.
In the second case, when k = n/ng is an integer, we obtain (see “Appendix”)

Ay = Bpna(l — (=1DF cosQrnid)) + 0(8,°). (32)

The last relation shows that a “space resonance” effect occurs, which depends on x. This effect is stronger if
X = 0 (see Fig. 2). Then, for the odd k we have A\, = 288,ng4, i.e., the effect is doubled with respect to the
case of a non-integer k, while for even k one obtains AA,, = 0. In both cases we can use (30) for a.(n). So, we
obtain a higher value for AL, , if n/ng is an odd integer and X = 0. The results are illustrated in Figs. 2, 3, 4
and 5. Figure 2 shows the effect of the “space resonances,” where we see that the number of peaks decreases
with the number of inclusions n4. Figure 3 shows the dependence of the buckling load on b for a given §;, and
different inclusion numbers. In Fig. 4 we observe a weak effect of irregularity in the dashed and solid curves
for the dependence of a. on by. This effect can be explained if we take into account that the number of the
critical modes is an integer depending on by, and which makes jumps for some bg. The effect is induced by the
inclusions (74 = 3) and the “space resonances.” The dashed curve corresponds to the inhomogeneous elastic
foundation (6, = 0.1), the star curve shows the case of the foundation without inclusions, and the solid one
describes the case for a negative 8, (5, = —0.1). We can observe those jumps in Fig. 5, and we see that the
jumps exactly correspond to the small irregularities in Fig. 4. In Fig. 5 we also see the most essential effect
of the inclusions in the elastic foundation: the number of the critical modes is different for the cases with
inclusions and without inclusions, and it sharply depends on the sign of §;. For negative 5, we obtain more
jumps. Note that, as it follows from the Central Limit Theorem that for random x; and ngs > 1, when we are

dealing with a random perturbation, the effect of the inclusions is almost absent and 8, ! (A, — kﬁ,o)) is small.
In fact, then the contributions of different inclusions mutually cancel each other. By the relations obtained
above we can analyze condition (26) leading to the maximal beats in the examples A and B. In example A we
use the results of “Appendix,” and the expressions (28) and (29). Then, after elementary algebra, we obtain
that (26) is satisfied for y = 2wl 4+ O(8p), where [ is a positive integer (this integer can be equal to n or k).

In example B, expression (31) shows that (26) is satisfied for all non-integers n/ng and k/ngy, i.e., periodic
delta-like inclusions practically always induces maximal beats for internal resonances.

Finally, in case of a point inhomogeneity in the form of a concentrated spring with a negative stiffness, we
note that localized modes can exist [29]. We discuss these effects related to localized modes in the following
example.
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Fig. 2 The dependence of AX, up to 0(813) on the mode number 7. The parameters are ¢y = 107°, L = 1, the maximal mode
number Npax = 50, bg = 1, § = 0.01, and B = 1. The shift x = 0. The curves correspond to the cases, where the number of
point inclusions are ny = 3 and ny = 10

-3
1 x10 i

10+

1 12 14 16 18 2 22 24 26 28 3

Fig. 3 The dependence of the buckling load a. on the parameter by. The value 6, = 0.1 is fixed. The parameters are eg = 1079,
L = 1, the maximal mode number Ny,x = 50, X = 0, and the number of inclusions ny = 1, 3, 10

Example C Rectangular inclusions in the elastic foundation.

If b(x) is piecewise constant then so-called localized modes can occur. These modes are concentrated at
inhomogeneities of the elastic foundation. These modes can also lead to beam buckling. To simplify the problem
we consider the following, simple coefficient b(x), which depends on the positive parameters xq, by, bmin < bo,
and d:

b(x) =bo, |x —xo| >d,
b(x) = bmin, |x —x0| <d,

where xo > d and x9 +d < 1. Let us denote by Ab = by — by, the “depth” of the inclusion. The quantity 2d
is its width. If d < 1 then so-called localized modes concentrated at x = xo and exponentially decreasing in
|x — xo| exist [28]. These eigenfunctions are studied in [28], where also their influence on the Euler instability
is considered. For b = const, ey < 1, and for compression force a(x) depending on x, the localized modes
can be investigated by the WKB method, see [26]. Note that in the limit d — 0 we obtain a point inclusion as
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Fig. 4 The dependence of the buckling load a. on the parameter by. We see a weak irregularities for the dashed and solid curves.

The effect is induced by the inclusions (74 = 3) and the “space resonances.” The dashed curve corresponds to the inhomogeneous
elastic foundation (8, = 0.1), the star curve shows the case of the foundation without inclusions, and the solid one describes the

case of the negative 8, (6, = —0.1). The parameters are eg = 107%, L = 1, the maximal mode number Np,x = 50, by = 1,
x=0
8 . . . .
* 6b=0
751 !
5 76b- 0.1
7+ K- R E I 0,=0.1 %
6.5 1
BF % % % % % *x % «
c®55F ]
5 - -
4.5 1
4+ ]
35 4
1 1.2 14 1.6 1.8 2 2.2 2.4 2.6 2.8 3
by
Fig. 5 The dependence of the critical mode index 7. on the parameter bg for three different values of §;: 8, = 0.1, 8, = 0 and
8p = —0.1. The parameters are eg = 107%, L = 1, the maximal possible mode number Npax = 50, (i.e., we take the mode
indices n from the set {1, ..., Nmax}), bo = 1, ¥ = 0 and the number of inclusions n; = 3

considered in [29]. For d < 1 the unperturbed non-localized eigenfunctions 1, have the form V2 sin(mnx).
Then, we have the asymptotics, which are valid up to corrections of the order d*:

VYl & @(z4) = eozy — azz + by — 2d Absin*(Tnxy), (33)
where 7z, = n, and V[,] is defined in (27). If a buckling mode has number rn, then
de nloc(n) & eg(rwn)* + (wn) 2 (bo — 2d Ab sin® (wnxp)). (34)

For small ey we can consider z, as a real valued parameter (since the minimum of @(z,,) is obtained for
large n). Then we minimize @ (z) with respect to z, which implies:

n & 4/a/2eo,
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and
2

min V ~ ——— 4 by — 2d Ab sin (znxo).
4ey

The value of a. can be found by the condition that min V = 0, which implies:

Aenloc ™ 2\/60(190 — 2d Absin® (ncx)), (35)

where the critical mode number is
ne = [(bo/eo) 711,

and where [z] stands for the integer nearest to z.

Note that under our assumptions Ab < bg. Relation (35) is the expression for the buckling load for an
infinite beam (see [29]). We see that the onset of the Euler instability can give rise to a high-frequency mode.
Moreover, we see an effect of “space resonance”: that is, the magnitude of a., induced by the inclusion,
depends on the inclusion location. In the “space resonance” case, the change of a. is proportional to the
inclusion number n.. Let us now consider the case of the localized modes. We suppose that eq is a small
parameter. In the Rayleigh quotient [see (27)] we substitute the test functions, which are well localized at xg,
for example,

Vtest. loc = 1 10((x — x0)/7),

where 0(y) is a well localized function at y = O (for instance, we can take 6(y) = exp(—y"?), y > 2). Here,
the parameter r defines the characteristic radius of the test mode localization. For small » < d one has:

V[Vest. loc] & @ (r) = coeor —> — crar > + cabminr !
+0(1) (36)

for r — 0, where the positive constants ¢y, c2, and c¢ are independent of r, and are given by

o= [ e e [ e

o0 [o.¢]

[o¢]
—00

The same expression (36) can be obtained for an infinite beam. Thus

Adc loc = 2\/ €0 bmin(1 4+ 0(1)), 37)

where o(1) — 0as ep — 0. Note that our approach does not need a solution of a complicated integral equation
and numerical simulations, and it can be extended to study more general forms for the functions b(x) . By
comparing the relations (35) and (37), we observe that for by, < bg the onset of the Euler instability starts
at the localized modes. If a localized mode exists then the buckling load a., which corresponds to this mode
is always less than the buckling load for a non-localized mode. To see this, we have to compare relations (35)
and (37) and take into account that by > bp,. Note that the Euler beam buckling in presence of localized
modes is also studied in [28] by another method.

5 The influence of damping on buckling

Let us consider the influence of damping on the behavior of the beam near buckling. Solutions of Eq. (2) can
be expressed in an eigenfunction expansion by using the orthonormal eigenfunctions v,:

(e, 1) =Y X (Y (%), (38)
neN

where X, (#) are unknown functions. Then, the coefficients X, (#) have to satisfy:

dz’X, il
ZdT + a),%Xn = —¢ <D |:Z Xk(t)lﬂk(x):| , 1//n(x)> (39)

k=1
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Assume that the Euler—Bernoulli beam becomes unstable for a certain a = a.. Let us consider values of
a close to this critical value a.. Let us denote by Y the magnitude of the mode corresponding to v, = ¥,
which is close to instability, and n, denotes its number. Note that it is possible that n, # 1, as was shown in
the previous section. For small |a — a.| the frequency wy,+ is small and close to zero for a certain n,. For that
reason we introduce a new small parameter w,+ = @ > 0. Obviously the amplitude ¥ = X,,, of the mode for
which the beam lost its stability, is slowly varying in time.

We suppose that §p, € and p are small parameters which are related in the following way:

8p = €8y, 11 = €no, (40)

where 110 and §, are positive parameters, which are independent of the small, positive parameter €. Further, to
solve the equations describing the time evolution of the stable (fast) modes X,, with n # n,, we use a multiple
time-scale perturbation method with fast time ¢ and slow time 7 = ¢t . Note that the parameter §; is not
involved directly in the suggested multiple time-scale approach, but it is present in the equation for a.(8p) and
in the orthonormal eigenfunctions v, (x), which depend on §, according to the expressions as obtained in the
previous section. To solve (39), we assume that Y = Y (¢, T) and X,, = X,,(¢t, T) for n # n,. We obtain then
the following system of equations for Y = X, and the fast modes X,,(¢) with n # n, :

%Y 5 2
A + BY + e upY +e(D[YV], ¥)
[o¢]
=—c Y (DX, T)n], W), (41)
n=1,|n|#ny
92X, (1, T) 5
SR+ BX, R X,
oo
= —¢ <D[w + > X, ka} wn>, (42)
k=1, k|#ny
where B is the following differential operator:
3? 3?
B=2 .
“orar T a12

The + sign in (41) before the term €2 ,u%Y in the left-hand side of (41) corresponds to a weakly stable situation,
when a < a.. To study the weakly unstable case, when a > a., we should put the — sign in the left-hand side
of (41) before the term 62M(2)Y. To fix ideas, we choose the + sign.

To find asymptotic approximations of the solutions of (41) and (42), we should define the form of the
operator D. To this end, let us discuss briefly some damping models. We will use damping models which are
for instance suggested in [25]. In this paper, two cases will be distinguished: external and internal damping.
For the external damping we have

1 t
Dlu] = / / hoa(r — &, 1 — Dy €, T)dzEdzr, 43)
0 0

and for internal damping
1 pt
Dl = [ [ huatx = &1 = o) Lo 6. vtz (44)
0o Jo

where L is a linear operator, Lsu = %. The simple damping (air damping) and Kelvin—Voigt damping
(referred to as the SD and KV cases) occur if ;g = §(t — )8 (x —&) in the relations (43) and (44), respectively.
For space hysteresis induced damping (that we will be referred to as the SH case) we will take the kernel /4
[25] as a function which is well localized in |x — &, for example, it may be a Gaussian function:

hia = hea = 8(t — T)(o/m) " exp (— (x — £)%/207),
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where o a positive parameter with o < 1. From (41) it follows that the first order part of Y (¢, T) depends
only on 7. And so Eq. (42) has the following asymptotic solution:

X,(t,T) = X,(T) + X, (t, T), (45)

where _
Xn(t, T) = Ap(T) sin(wyt) + B, (T) cos(wpt)

and _

Xn(T) = —o, (DIYW], i), (46)
where A,, B, are functions of the slow time 7, which can be found by the standard procedure [32-36]. We
suppose that A,, B, = O(1). Then, the terms X, (t,T) produce small contributions in ¥ with respect to the
terms X, (7). To see this, let us consider Eq.(41) with X, = X, (t, T)inthe right-hand side. The corresponding
asymptotic solution Y (t, T) involves the harmonics sin(wy?), cos(w,?) withn # n, and coefficients depending
on T'. This part of the solution has order O (¢) because the right-hand side of Eq. (41) is proportlonal to €. Now
let us consider (41) with X,, = X,,(T) in the right-hand side, which is proportional to € and depends only on
T. The corresponding solution Y is defined by

de’y Y D[Y¥], ¥
de +M0 +e ( [ 1,¥)
=" Y (DIXW(T)Yn] W), “7)
[n|#ns

and, in general, has order O (1). Therefore, we conclude that X,, = X,(T) and Y (T) satisfy Egs. (41) and (42)
up to terms of higher orders in €. In fact, let us substitute Y = Y into Eq. (42), giving

32X, (1)
912

=—€<D|:YII/+ Z Xk(t)llfkilv WH>

k|

+ BX, + 02X,

The function X, (¢, T) = X, (T) satisfies the last equation up to

6<D[ ) Xk(ka}, wn> = 0,

Ikl #ns

and since Y is a function of T only, it follows that the function X, (T) is of order €.

We substitute the relations (45) and (46) into Eq. (41). Since Y (T') is slowly varying in time, it follows for
the cases SD, KV and SH that B
dzY
aTr
where the constants «,, determine an interaction force between the unstable mode and the n-th stable one, and
have the form:

Xu(T) = ay

3

1
oy =/ ¥ (x)y, (x)dnx, (48)
0 d4
o = / (i, 49)
4y
o = / / it 2 gf)wn(x)hwz(x—s>dxdzs (50)

and

1 1
oy = /0 /0 W (E)hya(x — ) (x)dx 1)
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for SD, KV damping, internal space hysteresis damping, and for external space hysteresis damping, respec-
tively. Taking into account that in (47)

- 2 ,dz2?Y
(D[XH(T)'(//I’!]’ lp) i anﬁ
which follows from X, (T) = o, %, and from the arguments given after (47), and so we finally obtain::
dz2y 25 dzY
(1+madd)ﬁ +M0Y+Kd—T =0, (52)
where the relative “added mass” m,qq 18
o
Madd = — Z a)”_zarzl, (53)
NF Ny
where
k=1, (54)
Lty
K = A FW(x)dx, (55)
1 1 dZ411/(§)
K = — Y (Whsa(x — §)dxdzé, (56)
o Jo d&
and Lo
k= / / Y (E)hsa(x — )W (x)dx (57)
0o Jo

for SD, KV damping, internal space hysteresis damping, and for external space hysteresis damping, respec-
tively.

So, we conclude that a weak interaction between modes produces an “added mass” effect. This “added
mass” effect diminishes when the natural frequencies increase, and is proportional to the square of the damping
magnitude. However, it does not depend on the parameter €(, which determines the deviation between a and
the critical value a.. In fact, this effect is proportional to the coefficient «,,, which is defined by the relations
(48), (49) (50) and (51). Now we can conclude the following:

(a) in the SD case «,, = 0 and the added mass effect is absent at the order 1 level,

(b) in the KV damping case «, = 0 for beams on homogeneous elastic foundations, and «,, is proportional to
38p for inhomogeneous elastic foundations and hinged supported beams;

(c) similar results can be obtained for the external and internal SH cases. Let 0 <« 1. Then, we conclude that
for simply supported beams and external or internal space hysteresis damping o, = O (exp(—1/0)) for
beams on homogeneous elastic foundations, and «,, = O (§) for inhomogeneous elastic foundations.

Note that the modal interaction does not change (up to order €) the value of the critical Euler force a.. Indeed,
the value of a. depends on parameters involved in the self-adjoint operator £ since the instability arises when
the spectrum of that operator contains 0.

To study damping effects, let us consider Eq. (52). By solving (52) we find that

Y = c1exp(6T) + c; exp(627),

where

b TR Apg (1 + maaa)
1 = 9
2(1 4 magq)

i = k2 — 41+ maga)
2 = .
2(1 + maqa)

2 (58)
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Here, we have two regimes, the first one corresponds to the case for which the system is relatively far away
from an instability, and damping forces dominate (« > 4 ;/,(2) (14madq)). Whena < a, it follows from (58) there

exists a weakly decreasing mode with Re 6 ~ — M%K_l, and for a > a, we also obtain a weakly decreasing
mode with Re 6] ~ — ,u%/c_l. We conclude that in both cases the “added mass” does not affect stability. The
second regime corresponds to the case for which the damping forces are relatively small (k < 4 ,u(z) (1+ma4q)).

For a < a. we have Re(f1) = —k/2(1 + myqq) and Im(01) =~ wo+/1/(1 + magq). In this case we see that
the negative “added mass” effect leads to an increase in the oscillation frequency and moreover that effect
decreases the damping. For a > a. we see that the negative “added mass” effect also reinforces the instability.

6 Interaction of resonant modes and damping
6.1 Main equation

This section is “served” as an example to show additional existing and interesting phenomena. We restrict
ourselves to the case of space hysteresis damping, and we only indicate what might be expected. For sure,
there is much to be discovered, but this is outside the scope of this paper. Let v, ¥ be two resonant modes
(see Sect.3.4). For these modes, we introduce the detuning parameter w, by

Ok = € Nwy — wp). (59)

Let us consider the most interesting case of space hysteresis damping:

1 pl
Du(x,t) = / / G(x, xDu,(x', t)dx'.
0 JO

To describe the mutual evolution of two resonant modes, we are restricting ourselves to the following solution
form:

u(x, 1) = Xp(OVn + Xe (O,

where X,,, X; are unknown functions. We neglect here effects of added mass and buckling, and we assume
that w,,, wx = O(1) (these effects will be interesting to study in a future research). Then, for X,,, X; we obtain
the following system of equations

d2x dXx dXy
_dtzn + a);%Xn = —¢€ (dnn_dtn + dnk_dt ) ) (60)
d2X; dXy dx

a2 + C’)/%Xk = —€ (dkkw + dknd_tn> ) (61)

where
1,1
d11,2=/ f G (x, x" ), (x) ¥, (x")dxdx’,
o Jo

where /1, [, take values in the set {n, k}. This system can be solved analytically, however, to find oscillation
magnitudes, it is simpler to seek solutions in the following asymptotic form:

Xi(t) = A|(T)exp(iwit) + O(€), ..., l=n,k, (62)

where T = et is a slow time and i = +/—1. We focus our attention on the oscillation amplitude behavior.
The phase angle behavior can be studied in a similar way. Then, by applying the standard two time-scales
perturbation method one obtains for A,,, and Ag:

dA .
20y —— = — (dynwn Ay + dppor A exp(—ionT)) (63)

dAyg .
2wkﬁ = —€ (drpnwp Ap expiwp T) + digowr Ax) (64)
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By using (63) we express Ay in A,;, giving

-1 -1 . dA,
Ap = —d, ; wqw; exp(ionT) | 2 a7 +du, Ay ),
and then, it follows from (64) that A,, satisfies
P 520 4 ea =0 (65)
ar? " Uar T T

where

b = 2(dpn + dik + 2iwnk),
¢ = 2idppwnk + dirdpn — d,%k

By using (66) we obtain
A(T) =Cqexp(0+T)+ C_jexp(0-T), [ =n,k,

where
1
0+ = g(—bi\/Do), (66)

and where Dy = b? — 16¢. For a given damping model the coefficients dy,;,,dx, and d,x can be determined,
and so, the interaction of these resonant modes can be studied in detail. The analysis performed reveals that
depending on the dj,;, parameters, the modal interaction can lead either to an increase or a decrease in the
oscillation amplitudes. The reader should note, that the imaginary parts of the expression obtained for 64
corresponds to a small variation of the oscillation frequency induced by damping.

7 Conclusions

In this paper, the dynamics of and the buckling load for an Euler—Bernoulli beam resting on an inhomogeneous
elastic Winkler foundation are studied. An analytical, asymptotic method is proposed to study the stability
of the Euler—Bernoulli beam for various types of inhomogeneities in the elastic foundation and for different
types of damping. Based on the Rayleigh variation principle, beam buckling loads are determined for cases
of harmonically perturbed types of inhomogeneities in the elastic foundation, and for cases of point inhomo-
geneities in the form of concentrated springs in the elastic foundation, and for cases with rectangular inclusions
in the elastic foundation. Buckling loads are influenced by inhomogeneities in the elastic foundation, and this
effect exhibits a “‘space resonance”: that is the magnitude of the critical load depends on the inclusion location.
We can control the magnitude of the buckling load by using this “space resonance” effect, and by taking
a particular number of inclusions. The investigation of the beam dynamics shows the possibility of internal
resonances for particular values of the beam rigidity and longitudinal force. Such types of resonances, which
are usually typical for nonlinear systems, are only possible for the beam due to its inhomogeneous foundation.
For large times also a beat effect can be observed. The maximal displacement during this beating was observed
for a specific relation between the beam rigidity and the magnitude of the longitudinal force. Instead of a beat
caused by an external force, the beat effect in the considered system is caused by modal interactions. Also
analytically it was shown that damping can give rise to “added mass” effects for beams near buckling. The
analytical expressions of this “added mass” effect for different damping models (including space hysteresis
types) have been obtained. This effect arises as a result of an interaction between the main mode, which is
close to instability, and all the other stable modes. This interaction is induced by damping, and we discussed
how it depends on the type of damping model.
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Appendix: Computation of A\,
To find A, in the examples A and B in Sect. 4, we use relation (8). In the example A we obtain
Ay = 8pJn + O(8).
where
Jy=2 /O | sin(yx) sin’ (nx)dx.
Using the formulas 2 sin?x = 1 — cos(2nx), and 2 cosa sin b = sin(a + b) — sin(a — b), we obtain

22(1 — cos(y))

Jp = —
" y(y?—22)

s Z=27Tl’l,

or equivalently (28).
By using (8) for example B one obtains

Ak = 8ySn + 0(8),
with

ng
Sy, =2 Z sinz(nnxjH),
j=1

where x; =X +r/2+ (j — D)r and r = 1/n4. To compute S, we use the relations

ng—1
Sp=Y_ (I —cosmnxji1) =ng— S,
j=0

where
ng—1
S, = Re Z exp(v —12mnxjyp).

j=0

We observe that the quantity S, is the real part of sum in the geometric sequence with initial value
exp (vV—127(x +r/2))

and common ratio ¢ = exp(+/—1 27 nr), leading directly to (31) and (32).
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