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ARTICLE INFO ABSTRACT

Keywords: Metastructures consisting of planar arrangements of bi-stable snap-through beams are able to exhibit multiple sta-
Metastructure ble configurations. Apart from the expected translational state transition, when all beam elements snap through,
Snapping beam rotational states may exist as well. In this paper we explore the rotational properties of multi-stable metastruc-

Multi-stability

] tures on the basis of both experimental and theoretical investigations, and define the conditions for achieving
Rotational state

rotational stable states. Results show that the metastructure is able to realize both translational and rotational
states, while the rotational transitions require less energy as compared to their translational counterparts. The
influence of geometric parameters on rotational stability is investigated via parametric studies. Furthermore, to
determine the design criteria for rotational stability, a theoretical investigation based on mode superposition
principle is performed to predict the nonlinear-deformation of a unit cell. The theoretical analysis predicts well
the rotational snap-through transitions that are observed in finite element simulations. It is found that the rota-
tional stability is determined by setting proper values for h/L and t/L (h, t, L represent apex height, thickness
and span of the bi-stable beam structure, respectively). Finally, we experimentally demonstrate that the proposed

metastructure with multiple layers is able to achieve large rotations and translations.

1. Introduction

The design of mechanical metastructures is a rapidly emerging field,
because of the potential to create unusual mechanical properties, such
as ultra-high stiffness but lightweight [1-5], negative Poisson’s ratio [6—
8], and negative thermal expansion [9-13]. These superior features are
mainly realized by the rational design of their unit structures. For exam-
ple, arranging unit cells in a re-entrant pattern can result in a negative
Poisson’s ratio of the macroscopic metastructure [14]. At present, a va-
riety of mechanical metastructures have been proposed and intensively
studied for various applications, including medical implants [15,16],
soft robots [17,18], and microelectromechanical systems [19].

More recently, the strategy of utilizing buckling, which is generally
avoided in classical structural designs, has been extensively reported in
metastructural design [20-24]. The designed instability-based mechan-
ical metastructures allow for large macroscopic deformations with re-
coverable shape changes, and thus they are also referred to as reconfig-
urable metastructures [25-28]. New functionalities, e.g. tuneable me-
chanical behavior, can be achieved by such metastructures. However,
these transformations of geometry or reconfiguration usually require
continuous power, in the sense that a continuous external actuation is
necessary to maintain the deformed configuration. One way to improve
energy efficiency is to introduce bi- or multi-stability, so that a structure
maintains different states without the need for continuous energy sup-
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ply. In designing such multi-stable metastructures, pre-shaped beams
have been commonly adopted as basic elements since they have large
loading-bearing capacity and can be easily manufactured via additive
manufacturing [21,29]. When an applied load reaches a critical level,
the beam will jump from one configuration into another configuration,
which is referred to as snap-through behavior [30]. By arranging mul-
tiple snapping beams, the associated metastructures are able to exhibit
multiple self-stable configurations. Many examples of regularly assem-
bled pre-shaped beams in one or two dimensions (1D or 2D), referred
to as multi-stable beam-type metastructures (MBMs), can be found in
literature [31-39].

In light of the stacking of the snapping beams with two stable
configurations, MBMs are normally capable of achieving a large re-
versible switching motion, which has been utilized for energy absorp-
tion [40-43]. It has been demonstrated that the multi-stability can en-
hance the ability of reducing peak acceleration while MBMs are still
reusable [44]. In addition, such MBMs, as reconfigurable structures, can
be widely used for designing motion-driven mechanisms including de-
ployable structures, shape-changing structures, actuators, soft robotics,
and motion systems [45-50]. These motion-driven applications usually
require multiple degrees of freedom and the monolithic multi-stable
structures might offer a compact solution for such challenges. For in-
stance, Chen et al. [45] presented a design for propulsion of soft robots,
exploiting motions from the snapping of beams. Santer et al. [47] ex-
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ploited 1D translational motion of a multi-stable structure to deploy a
surface. Pontecorvo et al. [48] proposed the concept of using bi-stable
elements to extend a helicopter rotor blade, based on the large trans-
lation of MBMs. Besides, Che et al. [51] designed a multi-stable beam-
type structure using different materials for each layer to control its de-
formation sequences. The dynamic behavior of MBMs was also inves-
tigated to analyze its vibration modes [52]. However, most proposed
MBMs are limited in terms of allowable directions and are only pre-
sented with their translational motions. Their potential to realize rota-
tional stable states has not been revealed and studied, and thus this lim-
its their feasibility in motion-driven applications where rotational move-
ments are typically needed, such as actuators, deployable structures and
robotics.

To enrich multi-stable structure’s reconfiguration capability, in this
work we explore the possibility for MBMs to achieve rotational move-
ments. This paper aims to analyze the rotational behavior of MBMs and
study design conditions for structures to realize additional rotational
states. Although previous papers on MBMs give important insights into
the mechanics of the translational transitions, the potential of rotational
reconfiguration is restricted in most previous designs and little informa-
tion is available on the rotational stability of MBMs. In this paper, the
rotational behavior of MBMs is characterized via experimental and nu-
merical approaches, and the design requirements for rotational states
are investigated via an analytical model, which can rapidly identify the
design space for the rotational stability. The resulting multi-stable struc-
tures exhibit both translational and rotational motions, which can fur-
ther enhance multi-stable mechanisms’ deployment capacities. For in-
stance, the rotational transitions can be exploited to design multi-stable
bending actuators in which rotational degrees of freedom are essential,
while the intrinsic translational state can be harnessed to provide exten-
sions or contractions.

The remainder of this paper is organized as follows. Section 2 de-
scribes the structural geometry of MBMs and methods we use in this
work. The mechanical properties and resulting rotational stable states
are characterized experimentally and numerically via a parametric
study, as presented in Section 3. In Section 4, we conduct a theo-
retical analysis to investigate the rotational stability. Section 5 de-
scribes the mechanical behavior of multi-layer metastructures exhibit-
ing large rotations and translations. Conclusions are presented in
Section 6.

(a) Multi-stable metastructure
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2. Structural design and methods
2.1. Structural geometry and stable states

The structural design of MBMs studied in this paper is based on the
snap-through behavior of curved beams, which were first studied by
Vangbo et al. [53]. In this paper, pre-shaped curved beams are used
as basic elements to construct multi-stable metastructures, as shown in
Fig. 1. Each beam element illustrated in Fig. 1(b) is composed of a curved
beam, upper and lower frame (marked in blue). The geometric parame-
ters of the frames are shown in the inset table and are fixed in this study.
The original shape (w(x)) of the curved beam illustrated in Fig. 1(b) can
be expressed as:

wo(x) = g(l —cos(ZR%)) )

where h and L represent initial beam height and length, respectively.
The beam’s in-plane thickness and out-of-plane thickness are denoted
as ¢ and b, respectively. These three parameters (h, L, and ¢) are con-
sidered as design parameters and their influence on rotational behavior
is systematically discussed in this paper. As illustrated in Fig. 1(a), by
serially combining multiple beam elements, MBMs can be designed.
The resulting metastructures and their stable states are demonstrated
in Fig. 1(c), where the representative unit is referred to as a unit cell that
consists of two beam elements: left and right beam element, as denoted
in the figure. The unit cell can deform into flat or tilted stable config-
urations. These flat and tilted stable configurations are referred to as
translational and rotational states respectively in the remainder of this
paper. The unit cell possesses four stable configurations: the initial state
and three deformed stable states including one translational and two
rotational stable states. When the unit cell switches from the initial to
the translational state, both beams undergo the same deformations and
snap to the second stable state. Therefore, the behavior of translational
transitions can be obtained based on a study for one side, either the left
or right beam element. However, symmetry breaks up during the transi-
tion to the rotational state, where both curved beams deform with differ-
ent manners. In particular, the left beam element snaps while the right
beam element is mainly rotated. The resulting rotational state is enabled
by a collective effect of the left beam element’s snapping deformations
and rotational deformations of right beam element. Consequently, me-

(b) Single beam element

Parameters  Value (mm)
H,; 17
H, 9
H, 22.5
H, 9
b 6

(c) The metastructure with translational and rotational states

E
unit cell )
(i-initis R 2-translational state

eam

3-rotational state 4-rotational state

Fig. 1. A demonstration of multi-stable structures with translational and rotational stable states. (a) A schematic for the proposed multi-stable metastructure. The
structure is designed by serially stacking curved beams with thick frames. (b) Geometric parameters of the beam element are depicted. The out-of-plane dimension
is denoted as b. (c) Each unit cell (2 = 5 mm ¢ = 0.8 mm and L = 28 mm) possesses four stable states such that it can snap into the translational state or the rotational

states.
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Fig. 2. Characterization of snap-through transitions of the unit cell. (a) Stress-strain results for the material we used. (b) Experimental setup for measuring rotational
(left) and translational (right) transitions. Samples are clamped at the bottom and connected to the printed part at the top. (¢) Normalized load-displacement curves
of snap-through transitions. The blue regions represent positive stiffness phases while the yellow area stands for the snapping phase, exhibiting negative stiffness.
F,,. and F,,, represent the maximal and minimal force of each load-deflection curves, respectively. (d) Evolution of the normalized strain energy of the unit cell

during the uniaxial loading.

chanics and design requirements for the proposed rotational state are
different from that of translational transitions. To establish the design
criteria for reaching rotational states, an analytical study is performed
in Section 4.

2.2. Fabrication and experimental tests

To study the proposed multi-stable metastructures’ behavior, a series
of samples were fabricated via a fused deposition printer using flexible
thermoplastic polyurethanes (TPU, Flex-45, RS). TPU is an environmen-
tal friendly material with advantages of good wear resistance and large
recoverable elastic strains. Its properties were characterized by standard
tensile measurements according to ASTM D638-14 [40]. The measured
Young’s modulus (E) and Poisson’s ratio (v) are 95 MPa and 0.4, respec-
tively. The corresponding stress-strain curve is plotted in Fig. 2(a).

Uniaxial loading tests were conducted to characterize metastruc-
tures’ snap-through transitions as load-displacement curves. Quasi-static
loading conditions were applied using a universal testing system (Zwick-
Roell Z005) with a loading rate of 10 mm/min in a displacement-control
manner. For each sample, multiple tests were conducted to get average
load-displacement curves. Extra parts used for connecting samples to the
testing system were designed and printed using polylactic acid (PLA),
as seen in Fig. 2(b). To allow for unit cells’ rotations during uniaxial
testing, two rigid parts were assembled using screws to mimic hinge
connections. Loads were applied on one side of the frame. For character-

izing translational motions, clamped conditions were applied between
specimens and the extra parts, as displayed in Fig. 2(b).

2.3. Numerical methods

Finite element models were established by using software
ABAQUS/Standard (2017) to examine the structures’ mechanical be-
havior, where geometric parameters are in accordance with those of
experiments. A Marlow hyper-elastic material model was adopted as
a constitutive relation in finite element analysis (FEA) [54]. Here, the
stress-strain curve shown in Fig. 2(a) was imported to ABAQUS. Eight-
node brick elements (C3D8) were used to mesh the structure geometry,
with mesh convergence analysis performed to ensure accuracy. Nonlin-
ear geometric FEA based on static/general procedure was conducted by
prescribing vertical displacements at specific loading points on the top
of the unit cell, which is consistent with the experimental compression
tests shown in Fig. 2(b). The bottom of the structure is fully fixed in x,
y, z directions. The reaction forces were collected in each iteration from
nodes where vertical displacements were applied.

3. Mechanical response for rotational transitions

In this section, we characterize the rotational transitions of the rep-
resentative element, which is the unit cell defined before. Moreover, a
parametric study is performed to investigate the influence of primary
geometric parameters.
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3.1. Characteristics of snap-through behavior

The force and vertical displacement of loading points shown in
Fig. 2(b) are denoted as F and d, respectively. The measured force and
displacement are then normalized by Ebt and h, respectively. Fig. 2(c)
shows force-displacement curves for translational and rotational snap-
through behavior. It can be observed that there is a good quantitative
agreement between experimental and numerical results. Negative stiff-
ness is captured in both translational and rotational transition curves.
The force first gradually increases along with the displacement and then
instability (i.e. snapping) is triggered when reaching the maximum force
(denoted as F,,,,). Under force-control loading condition, snap-through
behavior typically exhibits “displacement jump” after reaching F,,,.. In
this work we apply displacement-control loading condition to capture
the full force-displacement curve shown in Fig. 2(c), with a negative
stiffness phase (the yellow region in the figure). In this paper, we refer
to this negative stiffness phase as snap-through transitions. F,,;, repre-
sents the minimum force in the force-displacement curve. In this figure,
the magnitude of F,,,, for translation is approximately two times larger
than for rotation. This is due to the fact that in case of translational
transitions, two beams undergo bending and compression deformations,
while for the case of rotations mainly the beam near the loading posi-
tion deforms. Moreover, the minimum force F,;, for translation is also
higher than for rotations as a result of deformations of two beams. This
implies that recovering from the translational to the initial state needs
larger force as compared to reversing the rotational state. In addition, we
assess the symmetry of snap-through transition by defining a quantity »
= |F,ux/ Fpinl- When 7 is close to 1, the structure intends to exhibit sym-
metric transitions. Here, the n for translational transitions in Fig. 2(c)
is 3.95, whereas the counterpart of rotational curve is 15.24. This indi-
cates that the unit cell’s rotational deformation exhibits a more evident
asymmetric characteristic as compared to translational deformations.
The highly asymmetric behavior of rotations is attributed to two as-
pects: the snapping deformation of the left beam element and rotational
deformations of the right beam element, as discussed in Section 2.1.

The evolution of strain energy (P) during the loading process is
shown in Fig. 2(d). P is equal to the area under the corresponding force
displacement curve. It indicates that both the translational and rota-
tional state transitions exhibit a local minimum in the energy landscape,
which correspond to the deformed (translational and rotational) stable
states. The rotational snap-through (negative stiffness) can be under-
stood as: by applying prescribed displacements as shown in Fig. 2(b),
the right beam element is mainly bent. The left beam element experi-
ences bending and compression deformations, where the compression
energy first increases and then decreases, leading to the decline of the
unit cell’s strain energy. In addition, it can be observed that the energy of
deformed stable state is larger than that of the initial undeformed state,
which implies a sufficiently large disturbance may cause the structure
to switch back to its initial state that has a lower potential energy.

3.2. Influence of geometric parameters on rotational states

For multi-stable metastructures, tuning geometric parameters can re-
sult in different mechanical properties including strength, stiffness and
stability. Rotational behavior of these metastructures is mainly con-
trolled by the beams’ geometric parameters defined before: the beam
height (h), the thickness () and the length (L). Here, parametric studies
are carried out for unit cells’ rotational transitions and a series of unit
cells with different parameters is tested. Moreover, we have character-
ized the tangent slope of each force-displacement curve for the initial
and rotational state. k, and k; are referred to as the tangent slope of
each force-displacement curve at the points corresponding to the initial
and rotational state, as illustrated in Fig. 3(a). Similarly, when varying
h and L, ky and k, can also be quantified for the corresponding load-
displacement curves.

International Journal of Mechanical Sciences 193 (2021) 106172

3.2.1. Thickness variation

Results of the unit cells’ rotational transitions with different thick-
ness (¢) are presented in Fig. 3(a)—(c). Fig. 3(b) shows the change of F,,,
and F,,;, versus the variation of thickness. The minor deviations between
experimental and numerical results are mainly attributed to manufac-
turing imperfections and local defects introduced during printing. It can
be seen that F,,,, is increasing dramatically with respect to the change of
thickness. This is due to the fact that both bending and compression en-
ergy of the unit cell increase monotonically with the increasing of 7. The
variation of minimum force (F,,;,) shows a small distinction as compared
to that of F,,,,. Nevertheless, it is clear that when thickness is large, the
corresponding F,,;, is a positive value, which means that the structure
switches back to the initial state after removal of load. This is verified in
FEA (shown in Fig. 3(b)) as well as experimental demonstrations such
that unit cells with small ¢ can realize self-stable rotational states while
the unit with a thickness of 1.6 mm recovers back to the initial state
upon removing the load (see Supplementary Video). This shows that
t is crucial for rotational stability. Moreover, results in Fig. 3(c) show
that the stiffness k, increases monotonically when 7 increases. However,
k, first increases and then dramatically decreases when ¢ is larger than
1.38 mm in this case. This indicates that the unit cell possesses tunable
stiffness, which is related to its multiple stable states.

3.2.2. Length variation

Fig. 3 (d)-(f) display the influence of the beam length (L) on ro-
tational properties while keeping other parameters unchanged. Results
show that the value of F,,, decreases with the increase of L, while F,,;,
is increasing. Similar characteristics can be captured for both k, and k,
that stiffness decreases when L is increased. Furthermore, it can be seen
from Fig. 3(e) that the slope of the F,,;, curve gradually decreases. As
compared to the effect of 7, the beam length L has minor effects on the
sign of F,,;,, which is still negative despite its magnitude is decreasing.
Similarly, it was also found that L has minor influence on the sign of
F,,;, of translational transitions [55]. It should be mentioned that this
effect of L is only applicable for shallow and thin beams, where L is
much larger than # and 7.

3.2.3. Height variation

Results presented in Fig. 3(g)-(i) show that the beam height (&) has
a different influence on the rotational behavior. The effect can be sum-
marized as: i) F,,,, increases with an increasing of A, similar to the effect
of 1; differently, the F,, curve gradually increases in a linear manner
(see Fig. 3(h)). i) When enlarging A, F,,, and the slope of F,;, curve
decrease, as shown in Fig. 3(h). iii) The changes of k, and k, exhibit
different characteristics. The k, increases with increasing 4 in a pro-
portional manner, while the k; increases with a small rate of change.
This relation results from the energy variation of the unit cell, where
the height (4) influences both initial curvature and length of the beam.
Changing the geometric parameters can control the variation of elastic
energy during deformations. The tunability of stiffness offers the po-
tential to tune structures’ dynamic behavior by switching into different
stable states.

4. Design criteria for rotational states

From the previous section, it is found that geometric parameters
(1, L, h) affect rotational transitions in different manners. With chang-
ing these parameters, the rotational response can shift from stabilizing
at the rotational states (F,,, < 0) to switching back to the initial state
(no rotational states, F,,;, > 0). In order to explore the design space for
realizing rotational stable states, we present an analytical investigation
of the rotational behavior on the basis of parameters defined before.

4.1. Model formulation

The theoretical analysis is established for the unit cell’s rotational
transitions by combining buckling modes of the beam elements. It has
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F,,. and F,

max min

(b) presents

of force-displacement curves as a function of thickness. The positive sign of F,,;, indicates that the rotational stable state does not exist. (c)

represents the change of k, and k, when varying thickness in FEA. (d)-(f): The effect of L on rotational transitions. (g)—(i): The effect of 4 on rotational transitions.

been reported in literature that utilizing buckling modes can provide a
good estimation of load-displacement responses for the snapping beams
[35,56-58]. Here, since the unit cell undergoes both symmetric and
asymmetric deformations (see Fig. 4(a)), dominant modes (symmetric
Mode 1 and asymmetric Mode 2) are employed to construct displace-
ment fields, as displayed in Fig. 4(b). Based on the assumed displace-
ment field, the potential energy is then formulated to derive the gov-
erning equations.

4.1.1. Elastic energy for a single beam

We first derive energy formulas for each single clamped-clamped
pre-shaped curved beam illustrated in Fig. 4(d), and then formulate the
model for the unit cell. The beam’s geometric parameters are depicted in
Fig. 4(d), with X — Y coordinate defined. According to Euler Bernoulli
equations [59], the first and second buckling modes of a straight beam
that is axially compressed to buckle are given as:

Y, :l—cos<N1%> with N, =2z @)

h=1-27 —cos(Nz% 3)

2 . X
) + ESM(NZE)

where N, is the first positive solution of equation tan(N,/2) = N,/2.
The deformed beam shape (Y) under a given load is described as:

Y =AY, + A,Y, and 1/0=§Yl 4)

d=Y,-Y ®)
where Y is the initial beam shape and d is the displacement of the
beam. A, and A, are unknown coefficients, which need to be solved
on the basis of the principle of minimum energy. The elastic energy
for the curved beam is obtained, which includes bending energy (U,)
and compression energy (U,). The bending and compression energy is
derived respectively by:

L 2 2 2 3
EI a’y d’Y, bt
Ub = 7 A (ﬁ — 2 dx where I = E, (6)
Ebi(As)?
U= =57 and As=s-s %)

Here, s is the beam’s total length at any position, while s, is the
beam’s initial length. Assuming small deformations, s can be approxi-
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Fig. 4. Modeling a single beam based on buckling modes. (a) The rotational transitions observed in both experiments and FEA show evident asymmetric deformation
modes. (b) The first two buckling modes (Mode 1 and 2) for a clamped-clamped beam. These modes are employed as bases to approximate the displacement field.
(c) Geometry of the unit cell. (d) Illustration of a single curved beam. Each beam of the unit cell is modeled as a single beam. Based on the X-Y coordinate in the
figure, the first two buckling modes are described by function Y; and Y,, respectively.

(a) Model geometry

e Point A © Point B
e Point C @ Point D

left unit right unit

(b) Bending of the vertical branch

Fig. 5. Model the rotational deformation of the unit cell. (a) Unit cell’s geometry and predefined parameters. b is the out-of-plane dimension. (b) As observed, the
vertical branch is bent during rotational transitions. The associated bending energy is taken into account when calculating the total potential energy of the system.

mated as:

dx N [1 +1 dY)2]d ®)

By combining Egs. (7) and (8), U, and U, can be expressed as a
function of A, and A,, as shown in Egs. (9)-(10). C,,C,,D,.D, are con-
stants, which follow from integrations along the x axis (see Supporting
Material).

2
U, = s [( —hA; + A} + )C1+A§C2] ©
2n2
EA 2 44 4 D2 A% 10 D,
. 8L3{D A} + DA} +2D, D, AT A} — ——LA]

R2D,D h*D?
- 21 242+ 16‘ (10)

4.1.2. Model the unit cell

Based on the derived formulation for a single beam, we now build
the model for the unit cell which is composed of two pre-shaped beams
connected by frames. The geometric parameters of the unit cell are il-
lustrated in Fig. 5(a), where each beam’s shape (represented as left and

right unit) is modeled using the formula derived in Section 4.1.1. Specif-
ically, each beam’s geometry is determined by ¢, L, and A, which are the
same notations used before. The vertical branch denoted in Fig. 5(a) rep-
resents the vertical part of the upper frame, with dimensions depicted
as H and W. As observed in simulation, this vertical branch is bent dur-
ing loading, as shown in Fig. 5(b). Therefore, the bending energy of the
branch is taken into account in the following energy formulation. The
unit is compressed by a load (F) at point A, as illustrated in Fig. 5(a).
The angle of the upper frame is depicted as 6.

a. Kinematics

As discussed in the previous section, the left and right beam’s shape
(denoted as YL and Y &) can be described as:
YL =41y, + ALy, and YR = A Ry, + 4,RY, an
where Y, and Y, are the first two buckling modes, as defined before.
AE,A,E,A R AR are unknown factors, which need to be solved. The
displacement of each beam’s midpoint (Point B and D), denoted as d?
and d?, can be expressed as:
dB=n-24%, d°P=h-24R 12)

Kinematic relationship between the vertical displacement of Point A
(denoted as d4) and C (denoted as d€) is presented in Eqgs. (13). The
relation between A,* and A, R is derived, as shown in Egs. (14).
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Fig. 6. Identification of design space for ro-

9.0x10°

6.0x10° 1

3.0x10° fr

Normalized force [F/(Ebt)]

0.0
0.03

! 1 L

| No rotational stable states

-F_min(N)  tational stable states as a function of t/L
. and h/L. (a) Theoretical predicted load-
displacement curves for the units with dif-

ferent parameters. FEA results are used as
references. (b) With changing ¢/L and h/L,
the design space for rotational stable states
- is identified by the model. The grey area
represents the situation, in which there are
no rotational stable states; the colored re-
gion represents the range of parameter val-
ues, for which the structure does have rota-
tional stable states. Green dots are specific

L
0.0 0.5 1.0 15 20

data points (denoted as t,/L, and h,/L,)
along the boundary. (c) The change of F,,,.
(b) with respect to t/L and h/L. (d) The 1,/L,
and h,/L, predicted by the model and FEA,

0.15 0.20

005 0.10
normalized displacement [d/h]
(a)
7 F_max (N)

0.05F 20
No rotational stable states

tL
h/L,

0.04 -

003

0.0312 0.0375
h/L
(c)
d4 =d€ + L,sin(9) (13)
AL =R Besn@ ok L0 (14)
2 2

L, is the distance between Point A and C, which is a constant value.

b. Potential energy

The total potential energy for the unit under the point-force
loading is formulated to obtain the four unknown coefficients
(A F,4,1,4, R A,R). There are four energy contributions, which are the
bending energy of left and right beam (U, and U,R®), the compression
energy of left and right beam (U,t and U,R), the bending energy of
vertical branch (U,) and potential energy (U,).

U,L,U.L can be derived by substituting A, 4,~ for A, and 4, in
Egs. (9) and (10) (see Supporting Material). Similarly, by combining
Egs. (9), (10) and (14), we can get the expression of U R, U.R, as a
function of A, L, A,® and 6. Finally, there are four independent unknown
variables (A, %, A,%, 9, A,®) in the governing equations. Moreover, the
bending energy of the vertical branch can be expressed as:

akc : ARc :

EIB<2TA+0> EIB<2TA+0>
U, = 15
v 2H * 2H .

where EI represents the bending stiffness of the vertical beam and C;
is a constant value, as shown in the Supporting Material. The potential
energy, associated to applied force, is simply:

U, =-Fd* (16)
Finally, the total potential energy is:
Uy, =Ut+ULt+UR+U0R+U,+U, a7

and the governing equations are obtained by taking the derivative of
U,,, with respect to four variables (A,%,4,%,0,4,%). The equations are

respectively. The error bars marked in FEA
represent that the simulated 4,/ L, that is ex-
actly corresponding to F,,, = 0 is located be-
tween the upper and lower limits.

0.0437 0.05
L,
(d)

0.0562

then solved numerically by giving a range of F inputs. Consequently,
the corresponding load-displacement (F — d4) curves can be extracted.

4.2. Results of the analytical model

The corresponding load-displacement curves predicted by the ana-
lytical model are presented in Fig. 6(a). It can be seen that the model
gives a good approximation of rotational snap-through characteristics
that are observed in FEA. Specifically, the theoretical results exhibit the
same slope as that of FEA in the negative stiffness phase. This can be
explained by the fact that snapping behavior is mainly determined by
the asymmetric Mode 2, which has been used as a modal basis in the
analytical formulation. Meanwhile, it is shown that the deformed stable
position of the rotational state is well predicted by the model. As com-
pared to the FEA results, higher stiffness are observed in this model’s
predictions. The differences are mainly caused by two factors. First, the
theoretical model does not consider high order buckling modes since
using dominant modes already allow to capture the characteristic of
snap-through deformation at the snapping phase, which is our focus in
this study. Second, the model is based on small deformation hypothesis,
as reflected in the energy formulations.

The design criterion for the rotational stability is presented in
Fig. 6(b), based on two non-dimensional quantities (2/L and ¢/L). The
grey region in the figure is corresponding to the case that the structure
cannot stabilize at the deformed rotational state, where F,,;, is a positive
value. The colored region means that the unit is able to achieve rota-
tional stable states by setting proper /L and /L. Geometrical thresh-
olds along the boundary are highlighted as green dots, which are de-
notedast,/L,and h,/L,. Thet,/L, and h;/L, obtained from the model
are compared with FEA, as shown in Fig. 6(d). It is shown that the model
is able to give a reasonable prediction of the boundary that determines
the rotational states. Therefore, it allows a rapid and full identification
of the design space for rotational stability before manufacturing.
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Fig. 7. 2D multi-layer metastructures with serial arrangements of unit cells. (a) A two-layer metastructure. (b) A three-layer metastructure. (c) Experimentally
characterized load-displacement curves for the translational and rotational snap-through of the two-layer metastructure. The metastructure can stabilize at their
deformed states, as shown in the figure. (d) Snap-through responses of the three-layer metastructures. The translational and rotational transitions are characterized

respectively.

In addition, from Fig. 6(b), it can be noted that for a specified thick-
ness, the rotational stable state can be realized when // L of the structure
islarger than the s,/ L,. In order to reach the rotational stable state, h/L
should be larger than the critical value while 7/L should not exceed a
specific value. It can also be interpreted in the sense that /¢ should be
large for achieving the rotational stable states. Besides, we explore the
variation of F,,,, with respect to t/L and h/L, and results are plotted in
Fig. 6(c). As compared to i/L, t/L has a more substantial influence on
F,..- Thatis, the value of F,,, increases dramatically with the change of
t/ L, while the change of /L does not influence F,,,, much. Therefore, it
is more paramount to change the parameter t/ L when the maximal actu-
ation force needs to be tuned to accommodate different circumstances.

5. Multi-layer metastructures with rotations

Via rationally designing the beam with specific geometric parame-
ters, we can obtain the desired rotational states as well as the intrinsic
translational states for the unit cell. By assembling such units in series,
metastructures with multiple layers can be designed, which are able to
exhibit large rotations and translations. To demonstrate the feasibility
of the multi-layer metastructurese, we experimentally characterize their
snapping transitions.

Two-layer and three-layer metastructures are displayed in Fig. 7(a)-
(b). As the unit cell possesses four stable states, the printed two-layer
and three-layer metastructures have 4> and 43 stable states, respectively.
Here, two primary deformation modes are selected and characterized by
cyclic loading. The associated load-displacement responses are plotted
in Fig. 7(c)—(d), where each layer exhibits evident snap-through behav-
ior sequentially. In Fig. 7(d), a large difference between loading and
unloading during the third snapping occurs. This happens due to the
fact that during uniaxial loading, the top layer of the three-layer metas-
tructure also generates a horizontal displacement, which can not be han-
dled by the uniaxial testing. In terms of characterizing the rotations of
a metastructure with more layers, the horizontal displacement of the
metastructure needs to be taken into account. The multi-stable metas-
tructures are able to stabilize at their deformed (translational and rota-
tional) states after removal of loads. After unloading, the metastructure
can be fully reversed back to the initial state, which means that they can
be reused.

More importantly, from a kinematics perspective, the proposed
multi-stable structure is capable of not only providing translational but
also angular movements, which enriches the structure’s shape-morphing
ability. As shown in Fig. 8(a), the multi-layer metastucture can exhibit
different curved shapes that are enabled by the unit’s rotational states,
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Fig. 8. Demonstrations of conformal-morphing on a curved surface based on the rotational stable states. (a) An ensemble of unit cells stacked in series. By deforming
in different transition modes, it can switch to curved shapes with different curvatures. The angle « is the stable angle achieved by a single unit’s rotational transitions.
(b) An illustrative example of conformal morphing on a spatial free-form surface. To realize shape-matching, our deformed metastructures (grey) can deform into
a curved shape to match the target curved free-form shape (red). (c) The stable angle (a) is characterized experimentally and numerically, as a function of s for

different L.

aside from the 1D extension shown in Fig. 8(a). Such deformed curved
states can be useful for shape morphing, in which the ability to deform
into curved shapes is normally needed. An illustrative example is shown
in Fig. 8(b), where conformal morphing can be realized. To match a tar-
get curved shape (denoted in red), it is possible to make the metastruc-
tures (marked in grey) deform to fit into the shape of the target curved
shape via controlling the rotational stable state of each unit cell, while
the translational states of the presented structures shown in Fig. 8(a)
cannot realize the morphing behavior to match the curved surface. The
largest rotational angle can be calculated as na, where n is the number of
layers. Since the beam height () and length (L) have more substantial
effects on a than the thickness (7), we plot the change of « with the vari-
ation of 4 and L, as shown in Fig. 8(c). It can be seen that a increases ap-
proximately in a linear manner with the increasing of the beam height.
With larger # and L, the achievable angle a can be enlarged. Then, rota-

Fig. 9. 3D multi-stable metastructures with rota-
tional states. (a) The metastructure is designed by
arranging unit cells in an orthogonal pattern. (b)
The fabricated prototype of the 3D metastructure.
The structure is able to exhibit rotations along two
directions, which result in four rotational stable
states.

tional angles can be programmed by adjusting the number of layers and
the geometry of the unit cells. Meanwhile, it should also be noted that a
large a requires a large distance between the upper and bottom frame.
Here, we observe that a large /4 will lead to contact between the upper
and bottom frame when reaching the rotational state (see Supporting
Material). Therefore, when designing the structure with a large &, the
contact issue should be considered.

In addition, we demonstrate the rotations of a 3D multi-stable metas-
tructure. This metastructure is shown in Fig. 9(a), and is designed with
two units placed in an orthogonal pattern. It is fabricated using a poly-jet
based multi-material printer (Objet350 Connex 3). From Fig. 9(b), it can
be seen that this 3D metastructure is able to realize rotations along two
directions, which is an extension of 2D structures. The rotational states
in Fig. 9(b) can be seen as the deformations of two rows of 2D unit cells
arranged in parallel. Therefore, it can be expected that the magnitude
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of this 3D structure’s rotational force-displacement response, including
force thresholds and stiffness, should be two times as large as a single
2D unit cell with the same length scales. This 3D structure can be fur-
ther extended to design bending actuators by stacking more unit cells.
Overall, the design of 3D structure here paves the way for forming 3D
deployable structures by patterning structures in x, y, z directions.

6. Conclusions

In this work, the rotational stable states of multi-stable beam-type
metastructures have been presented, apart from the expected transla-
tional states. Both translational and rotational transitions exhibit neg-
ative stiffness (snap-through) behavior while the rotational transition
exhibits more evident asymmetric characteristics as compared to the
counterpart of translations. The parameters, including the beam height
(h), thickness () and span (L), have been found paramount for rota-
tional stability. Moreover, the criterion for reaching rotational states
is established through a theoretical investigation. The proposed model,
validated by finite element simulations, effectively predicts the rota-
tional snap-through transitions in the negative stiffness interval and cap-
tures thresholds of /L and ¢/ L. It is shown that for realizing rotational
states, h/L should be larger than critical values while 7/L needs to be
small, and 7/L is more influential than A/L for tuning the maximum
force of rotational transitions. This criterion serves as a guideline to tai-
lor rotational snap-though behavior such as controlling force thresholds.
Finally, we demonstrate the large rotations of metastructures with fabri-
cated two- and three-dimensional metastructures, where the rotational
stable states can be programmed by serially assembling units along mul-
tiple directions. With the proper units arrangement and design, the pro-
posed multi-stable metastructures with rotational states can open up
new opportunities for designing adaptive structures.
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when increasing h.

Supplementary video: With changing thickness, the unit cells exhibit
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