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This paper introduces an analytical model analyzing the effect of groundwater flow on heat transfer in an infinite
conductive-convective porous domain representing shallow geothermal systems with arbitrarily configured cy
lindrical heat sources. The model is formulated based on the moving source concept and solved based on the
spectral analysis method and the superposition principle. Compared to models based on the Green’s function and
the Laplace transform, the proposed spectral model has a simpler formulation, computationally efficient and easy
to implement in computer codes. It can handle random time-dependent thermal loads and any arbitrarily
configured grid distribution. The verification and numerical examples demonstrate the computational capabil
ities of the model, and show how the groundwater flow can play an important role in the thermal interaction
between heat sources. They also feature how to make use of the direction of groundwater flow to avoid unde
sirable thermal interaction between neighboring installations, rapid depletion of energy sources and unfair
mining of geothermal energy.

1. Introduction
Groundwater flow in subsurface formations can have a notable effect
on the amount of energy gained from shallow geothermal systems, and
on the extent of thermal interactions between heat sources. The signif
icance of the heat gain due to groundwater flow and the thermal in
teractions between heat sources is highly manifested in the ground
source heat pump (GSHP) technology, which normally involves neigh
boring heat sources and installations consisting of arbitrarily configured
borehole heat exchangers (BHE). It primarily comprises vertical bore
holes that might go as deep as 300 m in the ground where the presence of
groundwater is very likely. This technology is appealing because it
makes use of free, moderate temperatures at shallow depths to produce
efficient and clean energy suitable for heating and cooling of buildings.
As the demand for green energy is increasing, the use of GSHP
technology has been multiplied in recent years. However, despite its
advantages in mitigating the CO2 emissions, utilization of this technol
ogy in densely populated areas incorporating neighbouring installations
can cause undesirable thermal interaction between boreholes, rapid
depletion of energy sources and unfair mining of geothermal energy. In
the presence of groundwater flow these problems become more

challenging and require careful treatment. As such, the configuration of
GSHP systems and their distances from nearby installations have
become essential measures in designing regional shallow geothermal
systems.
Modeling conduction-convection in a multiple heat sources GSHP
system involves two main computational aspects: 1) modeling heat
convection due to groundwater flow in a low enthalpy porous domain,
and 2) modeling thermal interactions in regions consisting of neigh
boring grids with different configurations and thermal loads. In general,
the numerical methods are equipped to tackle these two aspects in a
rather straightforward procedure. Solving the heat equation in a low
enthalpy porous domain can readily be made by a relatively simple
discretization procedure, and the coupling between multiple heat
sources is automatically done via a proper gridding/meshing of the
geometry. The finite element method and the finite difference/volume
method have been widely utilized for simulating GSHP systems consti
tuting multiple borehole heat exchangers embedded in soil layers with
groundwater flow. COMSOL Multiphysics (COMSOL, 2019), FEFLOW
finite element package (FEFLOW, 2020) and TOUGH2 finite difference
code (Pruess et al., 1999) are the most commonly utilized commercial
tools for this purpose. Many other academic tools have been introduced
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for analysing conductive-convective heat flow in GSHP systems. Among
others, Al-Khoury et al. (2005) and Nam et al. (2008) utilized the finite
element method for this purpose; Yavuzturk et al. (1999) and Nabi and
Al-Khoury (2012a,b) utilized the finite volume method; and Cimmino
and Baliga (2019) utilized the control-volume finite element method
(CVFEM), which is a hybrid between the finite element method and the
finite volume method. These tools can provide advanced numerical
features, but are computationally demanding, making the analytical
methods more appealing for engineering practice.
The analytical methods, however, are more intricate in solving the
governing heat equations. They are not by-definition equipped to tackle
these two aspects, and the solution has to be tailored to the physics of the
problem (1D, 2D or 3D), the geometry of the heat source (line or cy
lindrical), the kind of boundary conditions (Dirichlet or Neumann) and
whether the domain encompasses a single or multiple heat sources. Each
of these modeling features needs a special treatment. Carslaw and Jaeger
(1959) were among the firsts to introduce analytical solutions to heat
conduction-convection problems using the moving heat source concept.
They provided analytical solutions to the moving infinite line heat
source using the Green’s function method, and to the moving infinite
cylindrical heat source using the Laplace transform. Diao et al. (2004)
and Capozza et al. (2013) adopted Carslaw and Jaeger’s Green’s func
tion solution for the moving infinite line source to simulate heat flow in
GSHP systems in the presence of groundwater flow and multiple heat
sources. Erol et al. (2015) extended the moving infinite line source to a
moving finite line source in a pseudo 3D domain encompassing multiple
heat sources using the Green’s function method. In these works, the
superposition principle for the Neumann boundary condition has been
adopted to couple the effect of the heat sources. To our knowledge, no
analytical models have yet been introduced for moving multiple cylin
drical heat sources specifically applied to the GSHP systems. The essence
of considering a cylindrical heat source rather than a line is that it is a
better representation of the borehole heat exchanger, which is on
average 12 cm in diameter. With the presence of groundwater flow,
appropriate representation of the heat source geometry becomes even
more essential.
Here we present an analytical model capable of analyzing lateral
heat conduction-convection in areas consisting of arbitrarily distributed
cylindrical heat sources with random time-dependent thermal loads.
The heat flow is analyzed in a 2D, xy− plane, shown schematically in
Fig. 1a. The model is formulated based on the moving source concept
and solved based on the spectral analysis method and the superposition
principle. The spectral analysis is utilized to solve the heat equation for a
single cylindrical heat source subjected to Dirichlet (prescribed tem
perature) and Neumann (prescribed heat flux) boundary conditions in
the presence of groundwater flow (Fig. 1b). And the superposition
principle is utilized to couple the heat equations for multiple heat
sources. The spectral analysis is a powerful method for solving linear
initial and boundary value problems. It makes use of the eigenfunction
expansion for decomposing relatively complicated functions into
simpler basic functions such as the trigonometric or exponential

functions. It also makes use of the fast Fourier transform (FFT) for
transforming partial differential equations expressed in the time domain
to ordinary differential equations expressed in the frequency domain
(Doyle, 1997; Al-Khoury, 2012). This combination brings about solu
tions given in series summations which are ideal for computer imple
mentation; and allows analysing any arbitrarily measured input data in
an exceptionally efficient manner. The novelty of the resulting spectral
model, compared to existing analytical models, can be summarized as
follows:
1 It can handle multiple cylindrical heat sources rather than line heat
sources.
2 It can simulate any arbitrarily configured heat sources with no spe
cial treatment for corner or middle heat sources.
3 It is stable and computationally efficient in dealing with any number
of heat sources and any time-dependent thermal load scenarios. It is
also stable in analyzing heat flow for a wide range of groundwater
flow velocities.
2. Single cylindrical heat source: Spectral analysis
The governing equation of heat conduction-convection in an infinite,
homogeneous, isotropic domain, moving with velocity − U along the x
-axis, can be expressed as

∂2 T ∂2 T U ∂T 1 ∂T
+
+
−
=0
∂x2 ∂y2 α ∂x α ∂t

(1)

in which T ≡ T(x, y, t) is the temperature (K) in an xy− plane, and α =
λ/(ρc) is the material thermal diffusivity (m2 /s) with λ the thermal
conductivity (W/(m.K)), ρ the mass density (kg/m3 ) and c the specific
heat capacity (J/(kg.K)).
The domain encompasses a single cylindrical heat source with radius
a. It is initially at zero temperature, and for times t > 0 the domain is
subjected to Dirichlet or Neumann boundary conditions at x2 + y2 = a2
(see Fig. 1b). The Dirichlet boundary condition entails
T(a, θ, t) = Tin (t)

(2)

where Tin (t) is any time-dependent temperature signal; and the Neu
mann boundary condition implies
⃒
∂T(r, θ, t)⃒⃒
− 2πaλ
= Qin (t)
(3)
∂r ⃒r=a
where Qin (t) is any time-dependent heat flux signal, and r, θ are the polar
coordinates of the cylindrical heat source.
Since the cylindrical cross section is periodic (continuous) in the
azimuth (θ− direction), the following physical constraints are main
tained:

Fig. 1. a) A schematic representation of the physical domain; b) Single heat source.
2

R. Al-Khoury et al.

Geothermics 93 (2021) 102063

line heat sources used in shallow geothermal engineering, such as those
referred to in Section 1, utilize the superposition principle for the Neu
mann boundary condition. Little work has been allocated for the
Dirichlet boundary condition. A notable one is the model introduced by
Pasquier and Marcotte (2013) who adopted an iterative algorithm to
describe heat flow in a multiple heat sources domain, though only
conduction heat flow was considered.

T(a, θ, t)= T(a, θ + 2π, t)
(4)
⃒
∂T(r, θ, t) ⃒⃒
− 2πaλ
⃒
∂r

r=a

⃒
∂T(r, θ + 2π, t) ⃒⃒
= − 2πaλ
⃒
∂r

r=a

The solution of the above initial and boundary value problem is
undertaken using the Fourier series for the spatial domain and the fast
Fourier transform (FFT) for the temporal domain. Details of the solution
is given in Al-Khoury et al. (2020). Here, we give a brief description of
the derivation and solution, to be utilized for formulating the super
position equations given in Section 3.
Eq. (1) is best expressed in the polar coordinate system in xy− plane,
giving

∂2 u 1 ∂u 1 ∂2 u U 2
1 ∂u
+
−
u−
+
=0
∂r2 r ∂r r2 ∂θ2 4α2
α ∂t

3.1. Multiple heat sources with Neumann boundary condition
The superposition principle for the Neumann boundary condition
implies algebraic summation over temperatures exerted by the indi
vidual heat sources on a point in space and time (referred to as the
reference point in Fig. 2), such that
∑∑∑
̂
u n|s (rs , θs , ωm ) e− U rs cosθs /2α eiωm t
(13)
T(r, θ, t) =
s

(5)

(6)

The spectral analysis is utilized to solve this equation, giving
∑∑
̂
u n (r, θ, ωm ) e− Urcosθ/2α eiωm t
T(r, θ, t) =

(7)

m

3.2. Multiple heat sources with Dirichlet boundary condition
The algebraic sum in the Neumann case is not directly applicable to
the Dirichlet boundary condition, as the explicit summation of temper
atures exerted by the heat sources would give an unphysical increase or
decrease of temperature at the reference point (BniLam and Al-Khoury,
2016). Here, the heat sources must be coupled such that the prescribed
temperature at the heat source is adjusted by the temperatures exerted
by the neighboring heat sources.
For a single heat source (s), the temperature at a reference point in
the domain making a radial distance rs and an angle θs from the heat
source (Fig. 2) is given by Eq. (7), which is, in the frequency domain,
expressed as
∑
̂ (rs , θs , ω) =
̂
u n (rs , θs , ω)e− Urs cosθs /2α
T
(14)

n

where, for the Dirichlet boundary condition:
̂
u (r,θ, ω)=

∑ T
̂ (ω) Ua
εn in In ( )cosnθKn (qr) ; n=0, 1, 2,⋯ε0 =1; εn =2forn≥1
Kn (qa) 2α
n
(8)

with
(
q=

)1/2
U 2 iω
+
2
α
4α

(9)

and for the Neumann boundary condition, the solution is:
∑
̂
u (r, θ, ω) =
an cosnθ Kn (qr) ; n = 0, 1, 2, ⋯

n

(10)

The spectral analysis for the Dirichlet boundary condition for a single
heat source is given in Eq. (8), which upon substituting in Eq. (14) gives

n

with

π

Urs cosθs /2α

(15)

1
Uas
)cosnθs Kn (qrs )
In (
Kn (qas ) 2α

(16)

̂ (rs , θs , ω) = As Rs e−
T

∫

1
a0 =
2π
∫
1
an =

n

where the subscript s denotes the heat source number, rs is the distance
from heat source s to the reference point, θs is the angle between the
source and the reference point (see Fig. 2), and ̂
u n|s (rs , θs , ωm ) is as given
in Eqs. (10)–(12).

with
u ≡ u(r, θ, t) = T(t)eUrcosθ/2α

m

2π

f (θ) dθ

in which

; n=0

0

(11)

2π

f (θ)cosnθ dθ

∑

εn

Rs =

; n≥1

n

0

in which
f (θ) =

̂ in (ω)eUacosθ/2α
αQ
π λ(Kn (qa)Uacosθ + 2Kn+1 (qa)αqa − 2Kn (qa)α n)

(12)

In the above equations, ω is the angular frequency, subscript m is the
FFT frequency counter, and In and Kn are the modified Bessel functions
of the first and second kinds of order n, respectively. The inner sum
mation over n in Eq. (7) is the Fourier series solution of the spatial
domain, and the outer summation over m is the inverse FFT for recon
structing the time domain from the frequency domain.
3. Multiple cylindrical heat sources: Superposition formulation
Eqs. (7)–(12) describe the temperature distribution in an infinite
conductive-convective solid domain subjected to a cylindrical heat
source with Dirichlet and Neumann boundary conditions. As the system
is linear, the superposition principle can be utilized to simulate heat flow
in a multiple heat sources domain. Almost all current finite and infinite

Fig. 2. Symbols and terms.
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configurations and thermal loads. There is no special treatment for
corner or middle heat sources, the boreholes can have any diameter and
flow rates, and the use of the FFT algorithm allows applying any thermal
load scenarios.

and As is the temperature amplitude at the heat source, equals, in a
̂ in (see Eq. (8)). However, in a multiple
single heat source domain, to T

heat sources domain, the amplitude at a heat source in the domain needs
to be adjusted by the temperatures exerted by neighboring heat sources,
such that, for heat source s, it reads:

4. Model verification

(17)

̂ (as , θs , ω) = As
T

We use the finite element method to verify the accuracy of the pro
posed spectral model. For this purpose a two-dimensional, fully satu
rated porous domain constituting a solid phase and a water phase is
considered. The domain includes nine cylindrical heat sources, 5 m
apart from each other (Fig. 3). The geometry resembles a soil layer with
a lateral groundwater flow passing through borehole heat exchangers.
The domain is in local thermal equilibrium and the heat equation is
averaged over the constituents, such that

Following this, the temperature at a reference point in a multiple
heat sources domain is expressed as
̂ (r, θ, ω) = A1 R1 e−
T

Ur1 cosθ1 /2α

+ A2 R2 e −

Ur2 cosθ2 /2α

+ ⋯ + AS RS e−

UrS cosθS /2α

(18)

where r1 , r2 , … rS are the radial distances between the reference point
and the heat sources s1 , s2 , … sS respectively (Fig. 2), and A1 , A2 , … AS
are their associated adjusted amplitudes.
Solving Eq. (18) at the heat source boundary for all heat sources
(discarding the dependent variables (r, θ, ω) for easy notation), consid
ering Eq. (17), yields

̂ in1 = A1
T
̂ in2 = A1 R21 e−
T
̂ inS = A1 RS1 e−
T

Ur21 cosθ21 /2α

UrS1 cosθS1 /2α

A2 R12 e−

Ur12 cosθ12 /2α

+ A2
⋮
+ A2 RS2 e− UrS2 cosθS2 /2α

∂2 T ∂2 T Ueff ∂T
1 ∂T
+
+
−
=0
∂x2 ∂y2 αeff ∂x αeff ∂t
where

+ ⋯ + AS R1S e− Ur1S cosθ1S /2α
⋯ + AS R2S e− Ur2S cosθ2S /2α

αeff =

Ur1S cosθ1S

and
Ueff =

φρw cw
U
ρceff

(25)

in which the subscripts w, s, eff denote the water phase, the solid matrix
and the effective parameter, respectively; φ is the porosity and Ueff is
termed the thermal retardation factor. The thermo-physical parameters
of the porous domain are given in Table 1.
The initial and boundary conditions are:
◦
Tinitial =
{ 0◦ C
0 C − 10 ◦ C
Tin =
10 ◦ C
{
0 W/m − 100 W/m
Qin =
100 W/m

⎞

̂ in1
T
⎜ ̂ in2 ⎟
⎟
⎟ ⎜T
⎠ ⎝ ⋮ ⎠
̂ inS
T
(21)

Ur2S cosθ2S /2α ⎟

⋮
1

(24)

ρceff = φρw cw + (1 − φ)ρs cs

(20)

⎞− 1 ⎛
/2α

λeff

ρceff

λeff = φλw + (1 − φ)λs

boundary A1 plus temperatures exerted by all neighbouring heat sour
ces, which themselves experienced adjustment of their temperature
amplitudes.
In a matrix format, Eq. (19) is expressed as
⎛
⎞ ⎛
⎞⎛ ⎞
̂ in1
A1
1
R12 e− Ur12 cosθ12 /2α ⋯ R1S e− Ur1S cosθ1S /2α
T
−
Ur
cosθ
α
−
Ur
cosθ
α
/2
/2
⎜T
⎟ ⎜
21
21
⎜ ⎟
1
⋯ R2S e 2S 2S ⎟
⎜ ̂ in2 ⎟ = ⎜ R21 e
⎟⎜ A2 ⎟
⎝ ⋮ ⎠ ⎝
⎠⎝ ⋮ ⎠
⋮
⋮
⋮
⋮
̂ inS
AS
RS1 e− UrS1 cosθS1 /2α RS2 e− UrS2 cosθS2 /2α ⋯
1
T

⋯ R1S e−
⋯ R2S e−
⋮
⋯

(19)

+ ⋯ + AS

̂ in1 is the prescribed temperature at heat source 1, etc., r12 is
in which T
the radial distance between heat source 1 and heat source 2, etc. and θ12
is the angle between heat source 1 and heat source 2, etc. (Fig. 2). This
set of equations indicates that the prescribed temperature at heat source
̂ in1 is equal to its adjusted temperature amplitude at its
1 (for instance) T

Solving Eq. (20) for vector A, yields
⎛ ⎞ ⎛
A1
1
R12 e− Ur12 cosθ12 /2α
⎜ A2 ⎟ ⎜ R21 e− Ur21 cosθ21 /2α
1
⎜ ⎟=⎜
⎝⋮⎠ ⎝
⋮
⋮
AS
RS1 e− UrS1 cosθS1 /2α RS2 e− UrS2 cosθS2 /2α

(23)

;
;
;
;
;

t=0
0 ≤ t ≤ 10 d
; Dirichlet case
0 ≤ t ≤ 10 d
0 ≤ t ≤ 10 d
; Neumann case
t > 10 d

Solving Eq. (21) and substituting the resulting amplitudes into Eq.
(18), the general solution in the time domain can then be obtained using
the inverse fast Fourier transform (IFFT), as
∑∑
T(r, θ, t) =
As Rs (rs , θs , ωm )e− Urs cosθs /2α eiωm t
(22)
m

s

This equation gives the temperature at a reference point in the
domain that is at a distance rs from each of the heat sources and making
an angle θs with them (Fig. 2). To make contour plots, such as those
given in Figs. 5 and 9, Eq. (22) is solved for 0 ≤ θs ≤ 359 in a relatively
dense xy− grid of reference points.
As it can be observed from the above formulation, using the matrix
technique allows coupling heat sources with any arbitrary

Fig. 3. Heat sources configuration.
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figure clearly shows a very good matching between the spectral model
and the finite element model.
Fig. 6 shows the temperature contours of the same analysis but for
the Neumann boundary condition. As for the Dirichlet case, the figure
shows a very good matching between the two models.

Table 1
Physical and thermal parameters.
parameter

magnitude

unit

Solid mass density (ρs )

2650

kg/m3

Solid specific heat (cs )

900

J/kg.K

Solid thermal conductivity (λs )

2.5

W/m.K

Water mass density (ρw )

1000

kg/m3

Water specific heat (cw )

4180

J/kg.K

Water thermal conductivity (λw )

0.56

W/m.K

Porosity (φ)

0.2

–

Water flow velocity

1e-5

m/s

Heat source radius (a)

0.1

m

5. Thermal interactions in arbitrarily configured cylindrical
heat sources: a numerical example
This numerical example is meant to demonstrate the computational
capabilities of the proposed spectral model in simulating conductionconvection heat flow in a porous domain subjected to arbitrarily
configured cylindrical heat sources. It is also meant to highlight the
physics of such a system and show how the groundwater flow can in
crease or decrease the thermal interaction between the heat sources.
The heat sources are assumed to be distributed into two GSHP in
stallations with different configurations, as shown in Fig. 7. GSHP 1
consists of 5 cylindrical heat sources and GSHP 2 consists of 4 cylindrical
heat sources. This configuration highlights the capability of the model to
simulate unsymmetrical distribution of heat sources with no special
treatment for corner or middle heat source. The material and physical
parameters are given in Table 1. We apply the Neumann boundary
condition on the heat sources, as it is physically more realistic to
describe operating GSHP systems. The two GSHP systems operate for 12
months with thermal loads varying between +50 W/m and -50 W/m, as
shown in Fig. 8. During the day, the two systems are ON between 08:00

Computational results obtained from the spectral model are
compared to those obtained from the finite element package: Multi
physics, Multidomain, Multiphase finite element analysis, MMM-FEM,
developed at Delft University of Technology (Arzanfudi et al., 2020).
The finite element domain is 90 m × 60 m, encompassing 9 cylin
drical heat sources with radius 0.1 m; but due to symmetry, only half of
the domain is modeled. The finite element mesh consists of 9391, 2D 4node quadrilateral elements with a minimum size of 0.0104 m along the
heat sources circumferences. The top view of the mesh with a zoom
around the heat sources is shown in Fig. 4.
Fig. 5 shows the temperature contours for both models after 50 and
100 days of operation for the Dirichlet boundary condition case. The

Fig. 4. Top view of the finite element mesh with a zoom around the heat sources.

Fig. 5. Spectral model versus finite element model for the Dirichlet boundary condition case: a) 50 days; b) 100 days.
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Fig. 6. Spectral model versus finite element model for the Neumann boundary condition case: a) 50 days; b) 100 days.

Fig. 7. Two GSHP installations with different configurations. Case 1: flow direction 0◦ with x-axis; Case 2: flow direction 45◦ with x-axis.

Fig. 8. Operating thermal loads scenario for the individual heat sources.

and 20:00 hours, and OFF for the rest of the day.
The following three cases have been examined:
1. Case 1: groundwater flow along the x-axis.

2. Case 2: groundwater flow making an angle 45◦ from the x-axis.
3. Case 3: GSHP 1 extracting ± 75 W/m instead of ± 50 W/m.
Case 1:groundwater flow along the x-axis
6
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Fig. 9. Monthly temperature distribution for Case 1: groundwater flow along the x-axis.

Fig. 9 shows the computed temperature distribution for Case 1, for
12 months. The figure signifies the fluctuation of the temperature in the
soil mass with the operation scenario of the months (Fig. 8), and shows
the affected areas due to the combined effect of the heat sources.

Remarkably, it displays plumes of heat moving in times when the
operation stops or changes modes, as can be seen in June, July and
August for the cold plume (in blue); and in October, November and
December for the hot plume (in red).
7
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Fig. 10. Highlights on the thermal interactions for March and September. a) Case 1: groundwater flow along the x-axis; b) Case 2: groundwater flow making an angle
45◦ with the x-axis.

The figure also indicates that the thermal interaction between the
two installations is essentially negligible, with some insignificant in
teractions in March, April and September. However, within the in
stallations themselves, the thermal interaction between the heat sources
can be considered significant. As it can be seen from this figure, the soil
temperature in the area around the downstream heat sources for both
installations has been affected by their upstream heat sources. In winter,
the soil temperature in the downstream is lower than that in the up
stream, and in summer it is higher. Fig. 10a highlights this for March,
which marks the end of winter months; and September, which marks the
end of summer months. Accordingly, the heat sources in the downstream
would exhibit less energy efficiency compared to their upstream coun
terparts. Apparently, this sort of analyses is vital for engineers, who can
during the design process avoid this kind of thermal interactions simply
by deploying different configurations and distancing.

Case 2:groundwater flow making an angle 45◦ with the x-axis
In this case the groundwater is assumed to flow at an angle 45◦ from
the x-axis. As indicated in Section 2, the governing heat equation, Eq.
(1), is explicitly formulated based on a fluid flow along the x-axis, and
hence this case cannot directly be analyzed by the solution given in Eq.
(7). To tackle this issue, we apply the rotation of axes technique to map
the 2D xy -Caterisan coordinate system to an x’y’ -Cartersain coordinate
system making an angle equal to the angle of the fluid flow, α, as shown
in Fig. 11. In a matrix form, the rotation of axes is expressed as
[ ′] [
][ ]
cosα sinα x
x
=
(27)
′
− sinα cosα y
y
Fig. 12 shows the computed temperature distribution for Case 2, for
12 months. As for Case 1, the temperature distribution and the size of the
affected area of the soil mass fluctuate significantly with the operating
scenario of the months. Also, the motion of cold and hot plumes in times
when the operation stops or changes modes is apparent. The difference
with Case 1, however, is in the thermal interaction between the two
installations. As the fluid is moving from GSHP 1 directly towards GSHP
2, the soil mass around GSHP 2 gets cooler in winter and hotter in
summer. This can be seen in March and April, and in August and
September, respectively. However, within the individual installations,
the thermal interaction is less significant. Fig. 10b highlights this for
March and September. It can be seen that the areas at the vicinity of the
downstream heat sources are not much affected by their upstream
counterparts. Remarkably, comparing Fig. 10a for Case 1 to Fig. 10b for
Case 2 it can be noticed that downstream heat sources which have been
affected by thermal interactions in Case 1 are almost not affected in Case
2. Evidently, this kind of analysis can be of significant importance to
geothermal engineers, who can employ different grid configurations to
make the best use of the direction of the groundwater flow.
Case 3:GSHP 1 extracting ± 75 W/m instead of ± 50 W/m

Fig. 11. Rotation of axis for groundwater flow making an angle α with the
x-axis.
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Fig. 12. Monthly temperature distribution for Case 2: groundwater flow making an angle 45◦ with the x-axis.

This case is introduced to highlight one of the engineering problems
in regional ground source heat pump systems where one or more in
stallations with larger power are constructed at the upstream of existing
installations. This kind of problems can lead to unfair mining of

geothermal energy, rapid depletion of the energy source, declining en
ergy efficiency of the downstream installations and triggering conflicts
among users.
Here we assume the same setup as for Case 2 except that the thermal
9
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Fig. 13. Temperature distribution around GSHP 2. a) GSHP 1 operating with ± 50 W/m; b) GSHP 1 operating with ± 75 W/m.

loads of the heat sources in GSHP 1 are designed to use ± 75 W/m
(instead of ± 50 W/m) and those for GSHP 2 remain using ± 50 W/m.
Fig. 13 shows the temperature contours in March and September around
GSHP 2 for two cases: a case in which GSHP 1 is operated with ± 50 W/
m (as in Case 2), and a case in which GSHP 1 is operated with ± 75 W/m.
Apparently, in the latter case the soil mass at the vicinity of GSHP 2
exhibits lower temperature in March and higher temperature in
September, that would eventually reduce its energy efficiency.

The verification and numerical examples demonstrate the compu
tational capabilities of the model and highlight important physical
characteristics of the GSHP system in the presence of groundwater flow.
One of the main issues that concerns geothermal engineers is the thermal
interaction between neighboring borehole heat exchangers and in
stallations that can significantly affect the energy efficiency of the
involved systems. The proposed model provides the computational
means to easily modify the grid configurations based on the ground
water flow direction in order to make optimal use of the subsurface
energy sources. It enables analyzing the effect of excessive mining of
geothermal energy in populated neighborhoods, and facilitates miti
gating the rapid depletion of geothermal energy sources. The model has
a relatively simple formulation and can easily be incorporated in engi
neering computational tools.

6. Conclusions
Heat convection due to groundwater flow can have a significant ef
fect on the amount of energy gained from the ground source heat pump
(GSHP) system; a booming technology for yielding thermal energy from
shallow depths of the earth to be utilized for heating and cooling of
buildings. Despite its advantage as a non-intermittent technology, its
excess use in highly populated areas can bring in undesirable thermal
interferences between neighboring installations, leading eventually to
rapid depletion of the energy sources, unfair mining of geothermal en
ergy, declining long-term energy efficiency of the heat pumps and
causing conflicts among users. This becomes more challenging in the
presence of groundwater flow. As a result, the grid configuration and
distances between neighboring GSHP systems have recently become
important design criteria. This paper addresses this issue and introduces
an analytical model for conductive-convective heat flow in an infinite
domain subjected to multiple cylindrical heat sources. The spectral
analysis is utilized to solve the governing heat equation for a single heat
source; and the superposition principle is utilized to couple the com
bined effect of neighboring heat sources and installations. The proposed
spectral model is formulated such that it is applicable to any random
input thermal load signals and any arbitrarily configured heat source
grids; all made in a highly efficient CPU time and capacity.
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