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Abstract

This paper introduces a semi-discrete implicit Euler (SDIE) scheme for
the Allen-Cahn equation (ACE) with fidelity forcing on graphs. The
continuous-in-time version of this differential equation was pioneered by
Bertozzi and Flenner in 2012 as a method for graph classification problems,
such as semi-supervised learning and image segmentation. In 2013, Merkur-
jev et. al. used a Merriman-Bence-Osher (MBO) scheme with fidelity forcing
instead, as heuristically it was expected to give similar results to the ACE. The
current paper rigorously establishes the graph MBO scheme with fidelity forc-
ing as a special case of an SDIE scheme for the graph ACE with fidelity forcing.
This connection requires the use of the double-obstacle potential in the ACE,
as was already demonstrated by Budd and Van Gennip in 2020 in the context of
ACE without a fidelity forcing term. We also prove that solutions of the SDIE
scheme converge to solutions of the graph ACE with fidelity forcing as the dis-
crete time step converges to zero. In the second part of the paper we develop the
SDIE scheme as a classification algorithm. We also introduce some innovations
into the algorithms for the SDIE and MBO schemes. For large graphs, we use
a QR decomposition method to compute an eigendecomposition from a Nys-
trom extension, which outperforms the method used by, for example, Bertozzi
and Flenner in 2012, in accuracy, stability, and speed. Moreover, we replace
the Euler discretization for the scheme’s diffusion step by a computation based
on the Strang formula for matrix exponentials. We apply this algorithm to a
number of image segmentation problems, and compare the performance with
that of the graph MBO scheme with fidelity forcing. We find that while the
general SDIE scheme does not perform better than the MBO special case at this
task, our other innovations lead to a significantly better segmentation than that
from previous literature. We also empirically quantify the uncertainty that this

segmentation inherits from the randomness in the Nystrom extension.
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1 | INTRODUCTION

In this paper, we investigate the Allen-Cahn gradient flow of the Ginzburg-Landau functional on a graph, and the
Merriman-Bence-Osher (MBO) scheme on a graph, with fidelity forcing. We extend the definition of the semi-discrete
implicit Euler (SDIE) scheme (introduced in [13] for the graph Allen-Cahn equation (ACE)) to the case of fidelity forcing,
and prove that the key results of [13] hold true in the fidelity forced setting, that is

« the MBO scheme with fidelity forcing is a special case of the SDIE scheme with fidelity forcing; and

« the SDIE solution converges to the solution of Allen-Cahn with fidelity forcing as the SDIE time step tends to zero.

We then demonstrate how to employ the SDIE scheme as a classification algorithm, making a number of improve-
ments upon the MBO-based classification in [32]. In particular, we have developed a stable method for extracting an
eigendecomposition or singular value decomposition (SVD) from the Nystrom extension [21, 36] that is both faster and
more accurate than the previous method used in [6, 32]. Finally, we test the performance of this scheme as an alternative
to graph MBO as a method for image processing on the “two cows” segmentation task considered in [6, 32].

Given an edge-weighted graph, the goal of two-class graph classification is to partition the vertex set into two subsets
in such a way that the total weight of edges within each subset is high and the weight of edges between the two subsets
is low. Classification differs from clustering by the addition of some a priori knowledge, that is, for certain vertices the
correct classification is known beforehand. Graph classification has many applications, such as semi-supervised learning
and image segmentation [6, 15].

All programming for this paper was done in MATLAB R2019a. Except within algorithm environments and URLs, all
uses of typewriter font indicate built-in MATLAB functions.

1.1 | Contributions of this work

In this paper we have:

« Defined a double-obstacle ACE with fidelity forcing (Definition 2.6), and extended the theory of [13] to this equation
(Theorem 2.7).

+ Defined an SDIE scheme for this ACE (Definition 2.8) and following [13] proved that this scheme is a generalization of
the fidelity forced MBO scheme (Theorem 2.9), derived a Lyapunov functional for the SDIE scheme (Theorem 2.12),
and proved that the scheme converges to the ACE solution as the time-step tends to zero (Theorem 2.17).

» Described how to employ the SDIE scheme as a generalization of the MBO-based classification algorithm in [32].

« Developed a method, inspired by [3], using the QR decomposition to extract an approximate SVD of the normalized
graph Laplacian from the Nystrom extension (Algorithm 1), which avoids the potential for errors in the method from
[6,32] that can arise from taking the square root of a non-positive-semi-definite matrix, and empirically produces much
better performance than the [6, 32] method (Figure 4) in accuracy, stability, and speed.

« Developed a method using the quadratic error Strang formula for matrix exponentials [39] for computing fidelity forced
graph diffusion (Algorithm 2), which empirically incurs a lower error than the error incurred by the semi-implicit Euler
method used in [32] (Figure 6), and explored other techniques with the potential to further reduce error (Table 1).

« Demonstrated the application of these algorithms to image segmentation, particularly the “two cows” images from [6,
32], compared the quality of the segmentation to those produced in [6, 32] (Figure 11), and investigated the uncertainty
in these segmentations (Figure 14), which is inherited from the randomization in Nystrom.

This work extends the work in [13] in four key ways. First, introducing fidelity forcing changes the character of the
dynamics, for example, making graph diffusion affine, which changes a number of results/proofs, and it is thus of interest
that the SDIE link continues to hold between the MBO scheme and the ACE. Second, this work for the first time considers
the SDIE scheme as a tool for applications. Third, in developing the scheme for applications we have made a number of
improvements to the methods used in the previous literature [32] for MBO-based classification, which result in a better
segmentation of the “two cows” image than that produced in [32] or [6]. Fourth, we quantify the randomness that the
segmentation inherits from the Nystrom extension.
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TABLE 1 Comparison of the relative £ errors from the methods for approximating b on the image from Figure 5

Relative #2 error for r = 0.5 Relative #2 error for v = 4

|V|=1600, |[V|=1600, |V|=6400, |V|=1600, |V|=1600, |V|=6400,
Method K =1600 K=40 K=40 K =1600 K=40 K=40
Semi-implicit Euler [32] 1.434x107* 0.4951 0.4111 2.882x 1074 0.2071 0.1721
Woodbury identity 2.292x 1078 0.5751 0.4607 1.038 x 1077 0.1973 0.1537
Midpoint rule (3.3) 0.0279 0.1290 0.1110 0.4279 0.6083 0.6113
Simpson’s rule (m = 500) via Strang formula 2.592x107° 0.1335 0.1136 5.845x 1077 0.5124 0.4827
MATLAB integrate via Strang formula n/a 0.1335 0.1136 n/a 0.5124 0.4827
Simpson’s rule (m = 500) via Yoshida method ~ 8.381x107'*  0.1335 0.1136 9.335x10°12  0.5124 0.4827
MATLAB integrate via Yoshida method n/a 0.1335 0.1136 n/a 0.5124 0.4827

Note: We did not compute integrate for K =1600 as it ran too slowly. Bold entries indicate the smallest error in that column.

1.2 | Background

In the continuum, a major class of techniques for classification problems relies upon the minimization of total varia-
tion (TV), for example, the famous Mumford-Shah [34] and Chan-Vese [16] algorithms. These methods are linked to
Ginzburg-Landau methods by the fact that the Ginzburg-Landau functional I'-converges to TV [29, 33] (a result that
continues to hold in the graph context [23]). This motivated a common technique of minimizing the Ginzburg-Landau
functional in place of TV, for example, in [20] two-class Chan-Vese segmentation was implemented by replacing TV with
the Ginzburg-Landau functional; the resulting energy was minimized by using a fidelity forced MBO scheme.

Inspired by this continuum work, in [6] a method for graph classification was introduced based on minimizing
the Ginzburg-Landau functional on a graph by evolving the graph ACE. The a priori information was incorporated by
including a fidelity forcing term, leading to the equation

du _ _ay—Lwrou- APz (u —f),

dt €

where u is a labeling function which, due to the influence of a double-well potential (eg, W(x) = x*(x — 1)*) will take values
close to 0 and 1, indicating the two classes. The a priori knowledge is encoded in the reference f which is supported on Z,
a subset of the node set with corresponding projection operator Pz. In the first term A denotes the graph Laplacian and
g, fi > 0 are parameters. All these ingredients will be explained in more detail in Sections 1.3 and 2.

In [32] an alternative method was introduced: a graph MBO scheme with fidelity forcing. The original MBO scheme,
introduced in a continuum setting in [4] to approximate motion by mean curvature, is an iterative scheme consisting
of diffusion alternated with a thresholding step. In [32] this scheme was discretized for use on graphs and the fidelity
forcing term —M(u — f ) (where M is a diagonal nonnegative matrix, see Section 2 for details) was added to the diffusion.
Heuristically, this MBO scheme was expected to behave similarly to the graph ACE as the thresholding step resembles a
“hard” version of the “soft” double-well potential nonlinearity in the ACE.

In [13] it was shown that the graph MBO scheme without fidelity forcing could be obtained as a special case of a SDIE
scheme for the ACE (without fidelity forcing), if the smooth double-well potential was replaced by the double-obstacle
potential defined in (1.2), and that solutions to the SDIE scheme converge to the solution of the graph ACE as the time
step converges to zero. This double-obstacle potential was studied for the continuum ACE in [8-10] and was used in the
graph context in [11]. In [14] a result similar to that of [13] was obtained for a mass-conserving graph MBO scheme. In
this paper such a result will be established for the graph MBO scheme with fidelity forcing.

In [24] it was shown that the graph MBO scheme pins (or freezes) when the diffusion time is chosen too small,
meaning that a single iteration of the scheme will not introduce any change as the diffusion step will not have pushed
the value at any node past the threshold. In [13] it was argued that the SDIE scheme for graph ACE provides a relax-
ation of the MBO scheme: the hard threshold is replaced by a gradual threshold, which should allow for the use of
smaller diffusion times without experiencing pinning. The current paper investigates what impact that has in practical
problems.
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1.3 | Groundwork

We briefly summarize the framework for analysis on graphs, following the summary in [13] of the detailed pre-
sentation in [24]. A graph G=(V,E) will henceforth be defined to be a finite, simple, undirected, weighted, and
connected graph without self-loops with vertex set V, edge set ECV?, and weights {w;}ijev With w; >0, oy = wj;,
w;; =0, and w;; > 0 if and only if ij € E. We define the following function spaces on G (where X CR, and T C R an
interval):

V::{u:V—>R}, VX:={L[:V—>X}, 8={¢E_)]R}
vzeT = {u : T—>V}, VX,[eT = {u . T—)vx}

Defining d; := Zjevwij to be the degree of vertex i€V, we define inner products on V (or Vx) and &
(where r €0, 1]):

1
(u,v)y = Zuividir, (@, P)e = 5 Z(pijd)ija)ij,

eV ijev

and define the inner product on Vier (or Vx ter)

(U, V)ier = / (u(®),v(t))y, dt = Zd{ (Wi V) r2(r:R)-
T

iev
These induce inner product norms || - ||y, || - ||, and || - ||;e r- We also define on V the norm

llulleo = max|u;|.
iev

Next, we define the L? space:
LT3 V) := {u € Vier| lluller < 0},

and, for T an open interval, we define the Sobolev space H'(T; V) as the set of u € L(T; V) with weak derivative du/dt €
L%(T; V) defined by

do du
dt teT dt teT

where C®(T; V) is the set of ¢ € Vier that are infinitely differentiable with respect to time t € T and are compactly sup-
ported in T. By [13, Proposition 2.1], u € HY(T; V) if and only if u; € H'(T;R) for each i € V. We define the local H! space
on any interval T (and likewise define the local L* space L; (T;V)):

HY (T V) = {u € Vier ’ Va,beT, uc H(a, b);V)} .

loc

For A CV, we define the characteristic function of A, y4 € V, by

1, ifieA,
(xa)i = o
0, if i & A.

Next, we introduce the graph gradient and Laplacian:

Uj — u;, ij €E, .,
(Vu)lj = { ! ' (Au)i = di Za)ij(ui - uj).

0, otherwise, jev
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Note that A is positive semi-definite and self-adjoint with respect to V. As shown in [24], these operators are related via:
<Ll, Av>v = (Vu, VV)g.

We can interpret A as a matrix. Define D := diag(d) (ie, D; := d;, and Dj; := 0 otherwise) to be the diagonal matrix of degrees.
Then writing w for the matrix of weights w; we get

A:=D"(D - w).

From A we define the graph diffusion operator:

_1 ntn
ehu= ) ) A" u
n!
n>0
where v(t) = e~*Au is the unique solution to dv/dt = —Av with v(0) = u. Note that e7**1 = 1, where 1 is the vector of ones.
By [13, Proposition 2.2] if u € HY(T; V) and T is bounded below, then e~*u € HY(T; V) with
d

o (e7u) = e‘m% —e A

We recall from functional analysis the notation, for any linear operator F : ¥V — V,

o(F):= {4 : A an eigenvalue of F}
p(F) := max{[4]| : 4 € o(F)}
[|F|| :== sup [|Fully

[lully=1

and recall the standard result that if F is self-adjoint then ||F|| = p(F).

Finally, we recall some notation from [13]: for problems of the form argmin, f(x) we write f ~g and say f and g
are equivalent when g(x)=af(x)+ b for a>0 and b independent of x. As a result, replacing f by g does not affect the
minimizers.

Lastly, we define the non-fidelity-forced versions of the graph MBO scheme, the graph ACE, and the SDIE
scheme.

The MBO scheme is an iterative, two-step process, originally developed in [4] to approximate motion by mean
curvature. On a graph, it is defined in [32] by the following iteration: for u, € V(o1;, and = > 0 the time step,

1. v, = e "2u,, that is, the diffused state of u,, after a time .
2. Uy4 = O(v,) where O is defined by, forallie Vandv e V,

1, if v;>1/2,
©W)); = , (1.1)
0, if v, <1/2.

To define the graph ACE, we first define the graph Ginzburg-Landau functional as in [13] by
1 2 1
GL.(u) = 3 [[Vullz + Z<WOU, 1)y

where W is a double-well potential and ¢ > 0 is a scaling parameter. Then the ACE results from taking the (-, -) gradient
flow of GL,, which for W differentiable is given by the ODE (where Vy is the Hilbert space gradient on V):

AU Y ,GL. (1) = —Au— 2wou.
dt €
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To facilitate the SDIE link from [13] between the ACE and the MBO scheme, we will henceforth take W to be
defined as:

{1x(1—x), for 0<x<1,
W(x):=< 2 (1.2)

00, otherwise,
the double-obstacle potential studied by Blowey and Elliott [8-10] in the continuum and Bosch et al. [11] on
graphs. As W is not differentiable, we redefine the ACE via the subdifferential of W. As in [13] we say that a

pair (u,f) € Vioajer X Vier is a solution to the double-obstacle ACE on an interval T if u e Hlloc(T ; V) and for
ae.teT

e%(t) +eAu(d) + %1 —u@® =40, PO € Bu®),
where B(u) is the set (for Ijo,1)(x):=0 if x € [0, 1] and I}y, 1)(X) := co otherwise)
B) = {(x ey | VieV,a e —01[0,1](”i)} : (1:3)

That is, B(u) = #if u & Vo1, and for u € Vo it is the set of § € V such that

[0, 00), u; =0,
pi €4 {0}, O<u;<1,
(—00,0], u; =1.

Finally, the SDIE scheme for the graph ACE is defined in [13] by the formula

T
Ay, — <W'ollyyy
€

Upy1 =€

or more accurately, given the above detail with the subdifferential,

e A
1 - ADup —e Aun + 51 = APn+1,
where A := 7 /e and f,4+1 € B(uy+1). The key results of [13] are then that:

« When 7 = ¢, this scheme is exactly the MBO scheme.
« For ¢ fixed and 7 | 0, this scheme converges to the solution of the double-obstacle ACE (which is a well-posed ODE).

1.4 | Paper outline

The paper is structured as follows. In Section 1.3 we introduced important concepts and notation for the rest of the paper.
Section 2 contains the main theoretical results of this paper. It defines the graph MBO scheme with fidelity forcing, the
graph ACE with fidelity forcing, and the SDIE scheme for graph ACE with fidelity forcing. It proves well-posedness for the
graph ACE with fidelity forcing and establishes the rigorous link between a particular SDIE scheme and the graph MBO
with fidelity forcing. Moreover, it introduces a Lypunov functional for the SDIE scheme with fidelity forcing and proves
convergence of solutions of the SDIE schemes to the solution of the graph ACE with fidelity forcing. In Section 3 we explain
how the SDIE schemes can be used for graph classification. In particular, the modifications to the existing MBO-based
classification algorithms based on the QR decomposition and Strang formula are introduced. Section 4 presents a com-
parison of the SDIE and MBO scheme for image segmentation applications, and an investigation of the uncertainty in
these segmentations. In Appendix A it is shown that the application of the Euler method used in [32] can be seen as an
approximation of the Lie product formula.
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2 | THE ACE, THE MBO SCHEME, AND THE SDIE SCHEME WITH
FIDELITY FORCING

2.1 | The MBO scheme with fidelity forcing
Following [20, 32], we introduce fidelity forcing into the MBO scheme by first defining a fidelity forced

diffusion.

Definition 2.1 (Fidelity forced graph diffusion). For u € H}OC([O, ); V) and uy € V we define fidelity forced diffusion
to be:

%(t) = —Au(t) - M(u(t) - f) =: —Au(t) + Mf, u(0) = uo, 2.1

where M := diag(u) for u € Vjo.») \ {0} the fidelity parameter, A := A + M, and f € Vo1, is the reference. We define Z :=
supp(u) # @, which is the reference data we enforce fidelity on. Note that y; parameterizes the strength of the fidelity
to the reference at vertex i. For the purposes of this section we shall treat ; and f (and therefore M and Z) as fixed and
given. Moreover, since f only ever appears in the presence of M, we define f := Mf which is supported only on Z. Note

that f; := u;f; € [0, ;).

Note. This fidelity term generalizes slightly the one used (for ACE) in [6], in which u = fiy7 for fi > 0 a parameter (ie,
fidelity was enforced with equal strength on each vertex of the reference data) yielding M = jiP; where P is the projection
map:

Ui, ifie Z,
(Pzu); = o
0, ifigZ.

This generalization has practical relevance, for example if the confidence in the accuracy of the reference were higher
at some vertices of the reference data than at others it might be advantageous to use a fidelity parameter that is non-
constant on the reference data. This is due to the link between the value of the fidelity parameter at a vertex and the
statistical precision (ie, the inverse of the variance of the noise) of the reference at that vertex (see [7, Section 3.3]
for details).

Proposition 2.2. A is invertible with o(A) C (0, [|A]| + || #]|e]-

Proof. For the lower bound, we show that A is strictly positive definite. Let u # 0 be written u = v+ a1 forv.L 1. Then
(u, Auyy = (v, Av)y + (u, Mu)y,
and note that both terms on the right-hand side are nonnegative. Next, if v# 0 then
(u Au)y > (v, Av)y = || V]2 > 0
since v L 1 and hence Vv #0, since G is connected. Else, v=0so « # 0 and
(u,Au)y = a*(1, u)y > 0.

For the upper bound: A is the sum of self-adjoint matrices, so is self-adjoint and hence has largest eigenvalue equal to
Al = 1A +M]|| < [|A[l +[IM]] = Al + []#]]c- =
Theorem 2.3. For given uy € V, (2.1) has a unique solution in Hlloc([O, 0); V). The solution u to (2.1) is C1((0, 00); V) and

is given by the map (where I denotes the identity matrix):

u(t) = Siug = e “uy + A7II — e . 2.2)
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This solution map has the following properties:

i. If ug <vg vertexwise, then for all t >0, S;uy < Spvg vertexwise.
ii. S v[O,l] bd v[O,l] fOV all t >0, that is, lf Ug € V[o’l] then u(t) € v[O,l]-

Proof. Ttis straightforward to check directly that (2.2) satisfies (2.1) and is C! on (0, c0). Uniqueness is given by a standard
Picard-Lindelof argument (see eg, [40, Corollary 2.6]).

i. By definition, S;vy — Siup = e"(vy — up). Thus it suffices to show that e is a nonnegative matrix for t>0. Note
that the off-diagonal elements of —fA are nonnegative: for i#j, —tA; = —tA; = tdiw; > 0. Thus for some a >0,
Q:=al —tA is a nonnegative matrix and thus e? is a nonnegative matrix. It follows that e=4 = ¢~%¢? is a nonnegative
matrix.

ii. Letug € Vo1 and recall thatf € V1. Suppose that for some ¢ >0 and some i € V, u;(t) < 0. Then

min min u;(f') <0

t'el0,t] ieV
and since each u; is continuous this minimum is attained at some t* €[0,¢] and i € V. Fix such a t". Then for any i’
minimizing u(t"), since u;(t*) < 0 we must have t* > 0, so u;- is differentiable at t* with du;- /dt(t*) = 0. However by
2.1

dui*
dt

(t") = —(Au(t))i + pi-(fy — up (%))

We claim that we can choose a suitable minimizer i* such that this is strictly positive. First, since any such i" is a
minimizer of u(t"), andfi > Oforall i, it follows that each term is nonnegative. Next, suppose such an i"hasa neighbor
Jj such that w;(t*) > u;:(t*), then it follows that (Au(*));» < 0 and we have the claim. Otherwise, all the neighbors of
that i are also minimizers of u(¢"). Repeating this same argument on each of those, we either have the claim for the
above reason or we find a minimizer i* € Z, since G is connected. But in that case ;- (f o — Up (1%)) = —ppu=(t*) > 0,
since y is strictly positive on Z, and we again have the claim. Hence du;- /dt(t*) > 0, a contradiction. Therefore u;(t) >0
for all t. The case for u;(t) <1 is likewise.

u

Definition 2.4 (Graph MBO with fidelity forcing). For uy € Vjo1; we follow [20, 32], and define the sequence of MBO
iterates by diffusing with fidelity for a time = > 0 and then thresholding, that is

1, if (Srun)i >1/2,
(1)t = ! / 23)
0, if (S;up); <1/2,

where S, is the solution map from (2.2). Note that (2.3) has variational form similar to that given for graph
MBO in [24], which we can then re-write as in [13]:

llu— Seunll3

7 (2.4

. 1
Upy € argmin (1 —2S,uy, u)y ~ — (1 —u,u)y +
ueVpy 27

2.2 | The ACE with fidelity forcing

To derive the ACE with fidelity forcing, we re-define the Ginzburg-Landau energy to include a fidelity term (recalling the
potential W from (1.2)):

GL g0 =3 IVull} + (Wou, 1)y + 3~ F, MGt = Py. 2.5)
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Taking the (-, -)y gradient flow of (2.5) we obtain the ACE with fidelity:
g%m + e(Au(t) + M(u(t) = f)) + %1 —u(®) = p@), B € Bu®)). (2.6)

Where B(u(t)) is defined as in (1.3). Recalling that A:=A+M and f:= Mf, we can rewrite the ODE
in (2.6) as

du 1 _
e (O +eAu®) = ef + =1 - u(®) = (0.

As in [13], we can give an explicit expression for g given sufficient regularity on u.

Theorem 2.5. Let (u, f) obey (2.6) ata.e. t€ T, withu € Hlloc(T; V)N CUT; V)N Vo yeer- Thenforallie Vandae teT,

3 +e(Bu); - efs ui(t) = 0,
Bi(t) =40, u;(t) € (0, 1), 2.7
=5 +e(Au@) + e — ), w(®) =1

Henceata.e. teT,

() € Vic12.1/2-

Proof. Follows as in [13, Theorem 2.2] mutatis mutandis. n

Thus following [13] we define the double-obstacle ACE with fidelity forcing.

Definition 2.6 (Double-obstacle ACE with fidelity forcing). Let T be an interval. Then a pair (u, f) € Vjo1rer X
Vier is a solution to double-obstacle ACE with fidelity forcing on T when u € H}OC(T; V)N C%T; V) and for almost
everyteT,

We frequently will refer to just u as a solution to (2.8), since f is a.e. uniquely determined as a function
of u by (2.7).

We now demonstrate that this has the same key properties, mutatis mutandis, as the ACE in [13].
Theorem 2.7. Let T=][0, To] or [0, 00). Then:

(a) (Existence) For any given uy € Vo1, there exists a (u, #) as in Definition 2.6 with u(0) = u.
(b) (Comparison principle) If (u, ), (v, y) € Vioajer X Vier with u,v € H. (T; V) n C°(T; V) satisfy

e%(t) + eAu(t) — ef + %1 —u® > B0, ) € Bu)), 2.9)
and
5%(0 + eAV(D) — ef + %1 v <y, (D) € Bo®), (2.10)
vertexwise at a.e. t € T, and v(0) < u(0) vertexwise, then (t) < u(t) vertexwise for all t € T.
(©) (Uniqueness) If (u, §) and (v, y) are as in Definition 2.6 with u(0) = v(0) then u(t)=() for all t € T and p(¢) = y(t) at

aeteT.
(d) (Gradient flow) For u as in Definition 2.6, GL, , Hu(t)) monotonically decreases.
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(e) (Weak form) u € Vjo1jrer nHlloc(T; Y)NC(T; V) (and associated p(t) = 6%(1’) + eAu(t) — ef + %1 —u(t) a.e)is a
solution to (2.8) if and only if for almost every t € T and all n € Vjg1;

<e% + eAu(t) — ef + 1 u(t),n — u(t)> > 0. (2.11)
di 2 ;

(f) (Explicit form) (u, p) € Vio)ter X Vier satisfies Definition 2.6 if and only if for a.e. teT, p(t) € Bu(t)), pt) €
Vi-1/21/2) and (for B:= A— eI and e & o(A)):

t
u(t) = eBu(0) + B (I — &%) (f - 2i1> +1 / e~ 9B g(s) ds. (2.12)
£ € Jo
(2) (Lipschitz regularity) For u as in Definition 2.6, if e~ & c(A), then u € C*\(T; V).
(h) (Well-posedness) Let ug, vy € Vo1 define the ACE trajectories u, v as in Definition 2.6, and suppose e ! & o(A). Then,
for & := min ¢(A),

[lu(e) = v(O)lly < e~5'e’*[|ug — vol|y. (2.13)

Proof.

(a) We prove this as Theorem 2.17.
(b) We follow the proof of [13, Theorem B.2]. Letting w:=v — u and subtracting (2.9) from (2.10), we have that

e‘é—”f(t) + eAw(t) — w(t) < 7(t) — (D)

vertexwise at a.e. t € T. Next, take the inner product with w, := max(w, 0), the vertexwise positive part of w:
dw
6<E(t),W+(t)> + (AW, wi (0)y — (WD), wi(D)y < (r (1) — B, Wi (D).
y

As in the proof of [13, Theorem B.2], the RHS<0. For the rest of the proof to go through as in that
theorem, it suffices to check that (Aw(t), w,(t)) > (Aw,(t), w,(¢)). But by [13, Proposition B.1], (Aw(t), w,(t))y >
(Aw, (1), we(8))y, and (Mw(t), w,(t)) = (Mw,(t),w.(t)) since M is diagonal, so the proof follows as in [13,
Theorem B.2].

(c) Follows from (b): if (u, #) and (v, y) have u(0) =v(0) and both solve (2.8), then applying the comparison principle in
both directions gives that u(t) =v(t) at all t € T. Then (2.7) gives that g(t) = y(t) ata.e. t€T.

(d) We prove this in Theorem 2.20 for the solution given by Theorem 2.17, which by uniqueness is the general solution.

(e) Let u solve (2.8). Then for a.e. teT, p(t) € B(u(t)), and at such t we have (f(t),n —u(t))y >0 for
all € V1 as in the proof of [13, Theorem 3.8], so u satisfies (2.11). Next, if u satisfies (2.11)
at teT, then as in the proof of [13, Theorem 3.8], A(¢):= 5%(0 + eAu(t) — ef + %1 — u(t) € B(u(t)), as
desired.

(f) Let (u, p) € Vo1 rer X Vier. If: We check that (2.12) satisfies (2.8). Note first that we can rewrite (2.8) as

du 1 1

— (@) + Bu(t) —f + —1 = =p(t).

d [( )+ Bu(t) - f e 6/3( )
Next, let u be as in (2.12). Then it is easy to check that

t
1 1) +1p0-1p / e~ 9B (s ds
2 £ € Jo

du . . B, 1
~E(0) = ~Be"u(0) + e <f -

and that this satisfies (2.8). Next, we check the regularity of u. The continuity of u is immediate, as it is a sum of two
smooth terms and the integral of a locally bounded function. To check that u € Hlloc: u is bounded, so is locally L?,
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and by above du/dt is a sum of (respectively) two smooth functions, a bounded function and the integral of a locally
bounded function, so is locally bounded and hence locally L2.
Only if: We saw that (2.12) solves (2.8) with g(t) € B(u(t)) and f(t) € V_1/2,1/21> and by (c) such solutions are
unique.
(g) We follow the proof of [13, Theorem 3.13]. Let 0<t; <t,. Since (2.8) is time-translation invariant, we have
by (f) that

-t
u(ty) = e Py(t) + B! (I — e”B7P) (f - %1) + l/ e Bp(t, —s) ds
€ e Jo

and so, writing Bs := (e~ —I)/s for s > 0 (which we note commutes with B),

t,—t
uty) = ut) = 6= 0B, (w) =57 (1= 31))+ 3 [ e pea -9y ds
0

13

Note that B; is self-adjoint, and as —B has largest eigenvalue less than e~ we have ||BslI< (¢¥¢ —1)/s, with RHS
monotonically increasing in s for s> 0.! Since f € Vo 4l and for all ¢, f(t) € Vi_1/21/2) and u(t) € Vjo,1j, we have
fort, —t; <1:

[u(tz) — ut)lly _ 1, .- 1 _
—————— < |IBy |l - (1+I|MIIwIIB 1II+ZIIB 1II) ||1||v+—eS(S)sup||e BBt —9)||,
se(0,t

h—h 3 [0,t,—1;]

(t=t))/e _

e27h 1 _ 1, 1 _ 1

e (L Nl B+ o 1B Ly + = sup [Je™|[- S1illy
Lh—14 2¢e € se[0,t,—1;] 2

elb—t)/e _ 1 = 1,1 1 tyye 1

= (L LI+ o BT ) 1L+ e i
L—-th 2e € 2

A

_ 1, - 1
((1+ allecl BT+ S=1BT) (e = 1) 4 5-eV ) 1]y
2¢ 2¢
and for t, — t; > 1 we simply have

[[u(tz) — u(t)|ly

< Hutz) — u)lly < 111y
L1

completing the proof.
(h) We prove this as Theorem 2.21 for the solution given by Theorem 2.17, which by uniqueness is the general solution.
|

Note. Given the various forward references in the above proof, we take care to avoid circularity by not using the
corresponding results until they have been proven.

2.3 | The SDIE scheme with fidelity forcing and link to the MBO scheme

Definition 2.8 (SDIE scheme with fidelity forcing, cf. [13, Definition 4.1]). For uy € Vjo1}, n € N, and 4 := /e € [0, 1]
we define the SDIE scheme iteratively:

A
1= Dupy — Sup + 51 = APn+1 (2.14)

for a f,41 € B(u,y1) to be characterized in Theorem 2.9.

As in [13], we have the key theorem linking the MBO scheme and the SDIE schemes for the ACE.

1%((85/‘ —1)/s) =52/ (e7/ =1 +s/e) > 0fors>0.
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1 0.5 FIGURE 1 Plotof the SDIE updates u,,; (blue, left axis,
see (2.16)) and f,,, (orange, right axis) at vertexifor0 < A < 1
as a function of the fidelity forced diffused value at i. Cf. [13,

Figure 1]
t 05 0 E
) N
0 -0.5
0 1 0.5 1=1;1
(sfun)i

Theorem 2.9 (Cf.[13, Theorem 4.2]). For 4 € [0, 1], the pair (W11, Pn+1) iS a solution to the SDIE scheme (2.14) for some
Pn+1 € B(uysr) if and only if u, 41 solves:

Ups1 € argmin Au, 1 — u)y + ||u — Scuu|[3, . (2.15)
u€V

Note that for A =1 (2.15) is equivalent to the variational problem (2.4) that defines the MBO scheme. Furthermore, (2.15)
has unique solution for A € [0,1)

0, if (S;up); < %/1,
(e =924 G2 i 1) < (S < 1- 14 (216)
1, if (S;up); >1- %1,

with corresponding fn.1 = A7 ((1 - ADu-—Su, + %1), and solutions for A =1

{1}, (Scun)i > 1/2,
(un+1)i € 510,11, (S;up); =1/2, (2.17)
{0}, (Scun)i < 1/2.

(ie, the MBO thresholding) with corresponding f,.+1 = %1 - S uy.
Proof. Identical to the proof of [13, Theorem 4.2] with the occurrences of “e~*2” in each instance replaced by “S,;.” =

Asin [13, Figure 1], we can plot (2.16) to visualize the SDIE scheme (2.14) as a piecewise linear relaxation of the MBO
thresholding rule. Next, we note that we have the same Lipschitz continuity property from [13, Theorem 4.4].

Theorem 2.10 (Cf. [13, Theorem 4.4]). For A € [0,1)? and all n € N, if u, and v, are defined according to Definition 2.8
with initial states uy, vy € Vo 1) and &; := min o(A) then

[un = vally < e™7(1 = )" uo — vol|y- (2.18)

Proof. Follows as in [13, Theorem 4.4] mutatis mutandis. L

For the MBO case A = 1 the thresholding is discontinuous so we do not get an analogous property.
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2.4 | A Lyapunov functional for the SDIE scheme

Lemma 2.11 (Cf. [24, Lemma 4.6]). The functional on V
Ju) = (u,1 =247 YI — e™f — e u)y
has the following properties:

i. Itis strictly concave.
ii. It has first variation at u

L) = (v, 1 =247 —e7™)f —2¢7u) , = (1,1 - 2S.u)y,.

Proof. Letw =1 —2A71(I — e~™)f. We expand around u:

Ju+w)=(u+tw,w—eu+n)y

= (u,w — e u)y + tv,w — eu)y — t{u, e )y — (v, e )y,

i 5_;J(u + tv) = =2(v,e ")y < 0 for v#0.

ii. Since e~ is self-adjoint, J(u + tv) = J(u) + tL,(v) + O(t?).

Theorem 2.12 (Cf. [13, Theorem 4.9]). For 0 < A < 1 we define on Vo) the functional
H@w) :==Jw) + (4 — 1){u,1 —u)y.
This has uniform lower bound

H@w) = =27||f[Iv]11]]y

13 of 43

(2.19)

(2.20)

and is a Lyapunov functional for (2.14), that is, H(u, +1) < H(u,) with equality if and only if u, 1 =uy for u, . defined by

(2.14). In particular, we have that
H(un) = HWUns1) 2 (1= ) |1 = a5
Proof. We can rewrite H as:

Huw) = Mu, 1 —u)y + (u,u — 24711I — e™™)f — e ™u)y
> (u, (I — e ™u)yy — 2(u, AT — e7™)f)y since u € Vo,
> —2(u, A7YI — e )f)y since I —e™™ is positive definite
> =2||flIvllully ||A™d — ™|
> =2||flvl1Llly [JA'd = e7™H]| = =27]If v 11|y,

where the final line follows since A~1(I — e=™) is self-adjoint (since A is) and has eigenvalues

{ 1 _;_” | = o-(A)}

so we have by Proposition 2.2 that

-1 —tA l1-—e™
[|A7'd —e™)|| < sup
x€@lAll+Hulle] X

(2.21)
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1—e ™
=lim
x—0 X

as x +— x (1 —e™™) is monotonically decreasing3

=T.
Next we show that H is a Lyapunov functional. By the concavity of J:

H(uy) = H(upt1) = J(Un) = JWns1) + (1 = D(Unt1, 1 = Uns1)y — (1 = AU, 1 = un)y
> Ly, (Un — Uns1) + (1 = DUn1, 1 = Upg1)y — (1 = D(Un, L = Up)y (%)
= (Up — Uns1, 1 = 25:up)y + (1 = AD(Uns1, 1 = Upga)y — (1 = A(up, 1 = up)y
= (Un — Unt1,1 = 28 Un)y + (1 = DUnt1 — Un, 1)y + (Un, Un )y — (Uns1, Uns1)v)
= (Un = Uns1, AL = 25Uy + (1 = Dty + (1 = Dun)y
= (Un = Uns1, 24Bs1 + (1 = DUn — Uns1))y by (2.14)
> (1= A) ||ups1 — unll3, > 0

with equality in (*) if and only if u, .., = u, as the concavity of J is strict, and where the last line follows since by f,.1 €
B(uni1)

“2>0" (Uunis (Uns1)i =0
(Pr+1)i((Wn)i = (Uns1)i) = {0, (Uns1)i € (0,1) ¢ 20
<07 (Wi -, Ui =1

and so (U, — Upy1, fps1)y = 0. L

Corollary 2.13. For A = 1 (ie, the MBO case) the sequence u,, defined by (2.14) is eventually constant.
For0 < A <1, thesum

o0
D ltner = unll}
n=0

converges, and hence

lim [|uy41 — unlly = 0.
n—oo

Proof. For the first claim, the proof follows as in [24, Proposition 4.6] mutatis mutandis. For the second claim, the proof
follows as in [13, Corollary 4.10] mutatis mutandis. n

2.5 | Convergence of the SDIE scheme with fidelity forcing

Following [13], we first derive the nth term for the semi-discrete scheme.

Proposition 2.14 (Cf. [13, Proposition 5.1]). For the sake of notation, define:
w = —%/11 AT — e,

Then for 4 € [0, 1) the sequence generated by (2.14) is given by:
n i n
U= (1= D" ug + ) (1= NtV LN (1 - g)~ R brap, (2.22)
k=1 1-1{5

3 fx("_l(l —e ™) =x2e (1 +1x—e™) < 0.
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Proof. We can rewrite (2.14) as
A= Dpgr = e Au, + AT — e ) — %,11 + Aus1 =€ Uy + W+ APt
We then check (2.22) inductively. The n =0 case is trivial, and we have that
-1,-7A -1 A
Q-2 e“u,+1-1)"w+ ﬁﬁn.}.l
n n
— (1 _ i)_(n+l)e_(n+1)TAuo + 2(1 _ ﬂ)_(k+1)e_kTAW + LZ(l _ i)_((n+1)_k)e_((n+1)_k)TAﬂk
1-4 =

k=1

_ A
+A-D'w+ mﬂnﬂ

n n+1
=(1- A)—(n+l)e—(n+l)rAuO + 2(1 _ ﬂ)'(k"'l)e'kmw + A 2(1 _ A)—((n+1)—k)e—((n+1)—k)rAﬁk
1-24
k=0 k=1
= Up41
completing the proof. m

Next, we consider the asymptotics of each term in (2.22).

Theorem 2.15. Considering O relative to the limit of = | 0 and n — oo with nt — t € [0, 7) for some fixed t > 0 and for fixed
£>0 (with e7! & 6(A))*, and recalling that A == t/e, B:=A—e ' Tand w = —%Al + AT — e7™)f:

i. (1= ) e Auy = ellfeuy + O(r) = e Bugy + O().
ii. Yp_, (1= ) ke k-Dray = B~1(] — e~ B)f — iB‘l(I — e B+ O(2).
iii. ﬁ Sr (1= Ay (Re-nmhrdg — S e=n=heBg 4 9(7),

Hence by (2.22), the SDIE term obeys

n
u, = e Buyg + B1(I — e B)f — ziB—l(I —e By 4+ /IZe‘(”‘k)TBﬁk + O(7). (2.23)
E
k=1

Proof. Let nt —t =: 5, = O(r). Note that emX = I + (O(r) for any bounded matrix X.
Note that O(r) is the same as (9(4), and also that, for bounded (in 7) invertible matrices X and Y with bounded (in 7)
inverses, X = Y + O(r) ifand only if X~! = Y~! + O(r).

i |1 = A "e ™ uy — e Bug||y < |1 = A" A — e B|| - ||ug||y, so it suffices to consider (1 — A)™"e "4 — !B,
Since (1 — A)™" = ™ + O(r?) we infer that

(1 = A) e A = el/eelf e Ae™A 1 O(72) = eB + O(1).

ii. We note that

2(1 — DK kDA (1= DI =™ TT=Q = D™ = (1 - DI —e ™)' T - e B) + O(1).
k=1

We next consider each term of w individually. First, we seek to show that
Q=D =™ T —eBAIT - e ™)f = BT - e B)f + O(1)

“More precisely, we will say for real (matrix) valued g, g(z, n) = O(z) if and only if limsup||g(r, n)/z|| < oo as (z,n) — (0, ) in
{(p,m)|p >0, mp —t € [0, p)} with the subspace topology induced by the standard topology on (0, c0) X N.
SSuppose X1 = Y~! + O(z). Then X = (YL + O(1))! = YT + O(0))! = YT + O(z)) = Y + O().
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so it suffices to show that

Q=D -e™ 1A T -e™) =B+ O®x).

This holds if and only if
B=(1- M -e™AI - e ™) +0O(1)
=A- A0 -e ™+ 0()

1
=A- 6_ITA<TA - %TZAZ +—- ) + O(1)
1 -1
=A—e—1<1— STA+ = ) +O(0)
=A—-¢eT+0()
and since B=A — £] the result follows. Next we seek to show that

(1= DI — ey L(1 = e—fB)%/u - 2%3—1(1 — )1 + O(r)

so it suffices to show that
(A =D —e ™ e =B 14+ 0(r)
which holds if and only if
B=1tHA - -e™)+0(r)=A-eT+0()

and since B=A — £~!1 the result follows.
iii. We follow [13, Proposition 5.1] and consider the difference

n n
A —(n—k) ,—~(n-k)z. —(n—k)t.
1_12(1_1) (n k)e (n—k) A.Bk_lze (n—k) Bﬂk
k=1 k=1

v
n

Z ((1 — pykrD) e(n—k)/l) e~ (n-beA g
k=1

n—-1
Z ((1 _ A)_(f+1) _ efﬂ) e—f’[Aﬁk
=0

=1

v

=1

v

n-1
< _ o+ _ fh H —£1A H ~ D _ P s
_zZ{)(u 2) e’ |le Prl|, as (1= ) et >0

<

N

n-1
_ _ 1
Allllle((l—ﬂ) @D — %) as ||le|| <1 and [|Belly < SIAly
=0

1 A-H"=-1 -1
=21 -
>l ”"(1—(1—,1) eh—1

1

= S1ly (=D —e")+0O(r) as /(" —1) =1+ O(1)

= 0O(r)
as desired.

Following [13] we define the piecewise constant function z, : [0, 0) —» V

e’Bﬂ[T], 0 S s S T
Z (S) = 1
kBl (k-1 <s<kr for ke N
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and the function

=B gl 0<s<z

r:() = €"Pze(s) =
{e(k"S)BﬂIET], (k—1)r <s<kr for keN

following the bookkeeping notation of [13] of using the superscript [7] to keep track of the time-step governing u, and
Bn. Next, we have weak convergence of z, up to a subsequence, as in [13].

Theorem 2.16. For any sequence 15,0) 1 0 with r,(,o) < € for all n, there exists a function z : [0,00) — V and a subsequence
T, such that z, converges weakly to z in leoc' It follows that:

(A) v, = yinL; ,wherey(s) = e’z
(B) Forallt>0,

t t
/ Z,(8) ds — / z(s) ds.
0 0

(C) Passing to a further subsequence of t,, we have strong convergence of the Cesaro sums, that is, for all bounded

T C[0,00)
1w 1w N
ﬁnz:;z,,, —~z and N;m -y in LXT;V)
as N — 0.
Proof. Follows as in [13, Proposition 5.2] and [13, Corollary 5.3] mutatis mutandis. m

We thus infer convergence of the SDIE iterates as in [13]. Taking = to zero along the sequence z,,, we can define for all
t>0:

a@ = lim (2.24)

n—oo,m=[t/7,]
By the above discussion, we can rewrite this as:

m
a(t) = e Pug + B — eB)f — =B = )1 + lim 2 Y g-tn-brB gl
2e n—o g &

mr,
— e Byy + B — e BYf — ZLB—l(I — e )1 + LimemB / 2. () ds.
£ & n—oo 0
Next, note that mz, = 7,,[t/7,] =: t + 5, Where 5, € [0, 1,). Therefore

mrt, t t+n,
lim e~ B / 2z (s) ds = lime™Pe™® / 2o (5) ds + ePe!B / 2 (s) ds
0 0 t

n—oo n—oo

n—oo

t t+n,
= lime ™8 / 2. (s) ds +e™® / Z. (s)ds as eB =1+ O(,)
0 t

t
= lime™8 / Z:,(s) ds as z. (s) is bounded on [, + max#,] uniformlyin n
0 n'

n—oo

t
=B / z(s) ds by Theorem 2.16(B).
0
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So we have that

t
a(t) = e Buy + B1(I — e B)f — le—l(I —e B+ 1 / e~ 9By (s) ds. (2.25)
£ e Jo
Note the similarity between (2.25) and the explicit form for ACE solutions (2.12). Thus, to prove that i is a solution to
(2.8) it suffices to show that:

(a) u() € Vi1 forallt>0,
(b) @ € H. ([0,00); V) n C°([0, 0); V), and
() y() € B(u(t)) for a.e. t > 0.

These results follow as in [13]. Item (a) follows immediately from the fact that for all n, u%"] € Vioa-

Towards (b), note that each term in (2.25) except for the integral is C*®([0, o0); V), and that /Ot z(s) ds is continuous
since z is locally bounded as a weak limit of locally uniformly bounded functions. Hence i is continuous. By (a), # is
bounded so is locally L2. Finally, it is easy to check that & has weak derivative

~ t
da _ —Be By, + 7B (f - i1) + le‘”gz(t) - lBe‘lB/ z(s) ds.
dt 2¢ € € 0
This is locally L? since (for T a bounded interval) B and e~*® are bounded operators from L%(T; V) to L(T; V), z is a weak
limit of locally L? functions so is locally L?, and /Ot z(s) ds is continuous so is locally bounded.
Towards (c), by Theorem 2.16(C) and [13, p. 25] mutatis mutandis there is a sequence N — oo, independent of ¢, with

1 &
f) = lim — L. ]
Y( ) k—»ooNk r; m

for a.e. t > 0. Then, at each such ¢, y(t) € B(ii(t)) follows from uEZ"] — 1i(t) and ﬁ,[,:"] € B(u%”]) as in [13, p. 25]. Hence we

can infer the following convergence theorem.

Theorem 2.17 (Cf. [13, Theorem 5.4]). For any given uy € Vjo1j, € >0 (with e & 6(A)) and t,, | 0, there exists a subse-

quence t,, of 7, with 7}, < € for all n, along which the SDIE iterates (u%"‘], ﬂ,[,f'”]) given by (2.14) with initial state uy converge

to the ACE solution with initial condition uy in the following sense: For each t >0, as n — oo and m = [t/1}], u%'”] — (1),

[z]

and there is a sequence Ny — oo such that for almost every t > 0, % Zi’il . — v(0), where (1, y) is the solution to (2.8) with
k
ﬁ(O) = Up.

Corollary 2.18. Let uy € Vjo1), €>0, e ! & 6(A), and t, | 0 with 1, < e for all n. Then for each t>0, as n— oo,
u[[:;]rn] — ().

[z,]
. .[t/Tn] . . . . .o, . .o, .
that Xn,, = it pointwise where ii is a solution to (2.8) with initial condition 7i(0) = ug. By Theorem 2.7(c) such solutions

are unique, so it = . Thus there exists x (in particular, x = 1) such that every subsequence of x, has a convergent
subsubsequence with limit x. It follows by a standard fact of topological spaces that x,, — @ pointwise as n — c0. m

Proof. Letx, : t—u and let 7, be any subsequence of 7,,. Then by the theorem there is a subsubsequence Tn,, such

Finally, we follow [13] to use Theorem 2.17 to deduce that the Ginzburg-Landau energy monotonically decreases
along the ACE trajectories by considering the Lyapunov functional H defined in (2.19). We also deduce well-posedness
of the ACE.

Proposition 2.19 (Cf. [13, Proposition 5.6]). Let H.(u) := 217H(”)‘ Then for u € Vo1

HA(w) = GL, 50 = 3 (- M)y + 57, Qeltt = 247 ),

%Suppose x,—x. Then there exists U which is open in the topology of pointwise convergence such that x € U and infinitely many x,, ¢ U. Choose X,
such that for all k, x,, & U. This subsequence has no further subsubsequence converging to x.
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where Q, := 77 2(I — tA — e~™). Hence H, + %(f, Mf)y — GL, , uniformly on Vjo1) as = — 0, and furthermore if u, — u
in Vo) then Ho(uz) + 5 (f, Mf )y — GL, , (u).

Proof. Expanding and collecting terms in (2.5), we find that for u € Vg1
1 1 1,2, =
GLE’”J(M) = Z(uvl - ”)V + §<u3Au - 2f>v + E(fst>v
Then by (2.19) and recalling that 1 := /¢
How) = —(u,1— )y + —u, (I — ey — 24711 = e~ )f)y,
2¢e 2T
= i(u, 1-u)y+ %(u, (tA+72Q)u — 247 (tA + T2Q.)f )y
1 1 1 _
= Z(u, 1—u)y+ E(u,Au —2f)y + ETW’ Q.(u—2A47Yf))y.

To show the uniform convergence, note that ||u||y and ||u — 247f||y are uniformly bounded in u for u € Vo 3;. Thus it
suffices to prove that ||Q;|| is uniformly bounded in 7. But Q; is self-adjoint, and if & is an eigenvalue of A then Q, has
corresponding eigenvalue t72(1 — &, — e"%%) € [—%513,0], 5o ||Q;]] < %HAHZ- Finally, it suffices to show that H,(u,) —
H.(u) — 0, since

1,2 .,z 1,2 .z
H‘r(u‘r) + §<f’ Mf)v - GLE,”J(M) = H‘r(u‘r) - H‘r(u) + H‘r(u) + E(f, Mf)v - GLE,”J‘(M)'
Then by the above expression for H,
1 1 O
() = Hew = 3 (1 = (1=t =)+ A+ 1Q)(us +u) = 20 +7QA™If ) 0
v

since the right-hand entry in the inner product is bounded uniformly in z. (]
Theorem 2.20 (Cf. [13, Theorem 5.7, Remark 5.8]). Suppose and €' & o(A). Then the ACE trajectory u defined by
Definition 2.6 has GL, , {u(t)) monotonically decreasing in t. More precisely: for all t > s >0,

1
2(t—9)

GL, ,ju(s)) = GL, , j{u(t)) > lu(s) — u(®)|3 - (2.26)

Furthermore, this entails an explicit C%'/? condition for u
[lu(s) —u®lly < VIt —sl4/2GL, , {u(0)). (2.27)

Proof. The proof is identical to that in [13, Theorem 5.7] and [13, Remark 5.8]. [

Theorem 2.21 (Cf. [13, Theorem 3.11]). Let uo, vo € Vo1 define ACE trajectories u, v by Definition 2.6, and suppose e ¢
o(A). Then, if & = minoc(A), then

u(®) = vy < e 5'e’[Jug — vol |v. (2.28)
Proof. Fixt>0andletm := [t/1,].By Corollary 2.18, we take z,, | 0such that uE;”] — u(t) and vEZ”] — v(t) as n — oo. Then
by (2.18):
lub! =i 1y < e (1 — 70/€) " uo — vol |y
m m

and taking n — oo gives (2.28). m
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3 | THE SDIE SCHEME AS A CLASSIFICATION ALGORITHM

As was noted in the introduction, trajectories of the ACE and of the MBO scheme on graphs can be deployed as classi-
fication algorithms, as was originally done in work by Bertozzi and coauthors in [6, 32]. In the above, we have shown
that the SDIE scheme (2.14) introduced in [13] generalizes the MBO scheme into a family of schemes, all of the same
computational cost as the MBO scheme, and which as 7 | 0 become increasingly more accurate approximations of the
ACE trajectories. In the remainder of this paper, we will investigate whether the use of these schemes can significantly
improve on the use of the MBO scheme to segment the “two cows” images from [6, 32]. We will also discuss other potential
improvements to the method of [32].

3.1 | Groundwork

In this section, we will describe the framework for applying graph dynamics to classification problems, following [6, 32].
The individuals that we seek to classify we will denote as a set V, upon which we have some informationx : V' — R4.
For example, in image segmentation V is the pixels of the image, and x is the grayscale/RGB/etc values at each pixel.
Furthermore, we have labeled reference data which we shall denote as Z C V and binary reference labels f supported on
Z. Supported on Z we have our fidelity parameter y € Vjo, \ {0}, and we recall the notation M := diag(u) and f := Mf
(recall that the operator diag sends a vector to the diagonal matrix with that vector as diagonal, and also vice versa).

To build our graph, we first construct featurevectorsz : V' — R?. The philosophy behind these is that we want vertices
which are “similar” (and hence should be similarly labeled) to have feature vectors that are “close together.” What this
means in practice will depend on the application, for example, [41] incorporates texture into the features and [6, 15] give
other options.

Next, we construct the weights on the graph by deciding on the edge set E (eg, E=V?\ {(i,i) | i€ V}) and for each ij € E
computing w;; == €(z;,z;) (and for ij ¢ E, w;; := 0). There are a number of standard choices for the similarity function Q,
see for example [6, 12, 43, 45]. The similarity function we will use in this paper is the Gaussian function:

_ llz=wl?

Qz,w):==e 2 .

Finally, from these weights we compute the graph Laplacian so that we can employ the graph ODEs discussed in the
previous sections. In particular, we compute the normalized (a.k.a. random walk) graph Laplacian, that is, we will hence-
forth take r=1 and so A = I — D~'. We will also consider the symmetric normalized Laplacian A, := I — D~/2@D~1/2,
though this does not fit into the above framework (extending the above theory to the symmetric normalized Laplacian
case is a topic for future research). This normalization matters because, as discussed in [6], the segmentation properties of
diffusion-based graph dynamics are linked to the segmentation properties of the eigenvectors of the corresponding Lapla-
cian. As shown in [6, Figure 2.1], normalization vastly improves these segmentation properties. As that figure looked at
the symmetric normalized Laplacian, we include Figure 2 to show the difference between the symmetric normalized and
the random walk Laplacian.

3.2 | The basic classification algorithm
For some time step 0 < 7 < € note that
S, u=e"u+b,
where b := A~}(I — e~™)f is independent of wu.
Input: Vector x : V — RY, reference data Z, and labels f supported on Z.
Convert x into feature vectorsz : V — R,

Build a weight matrix @ = (w;) on V? via w;j := Q(z;, zj)-
Compute A and therefore b.

Hwbh e
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FIGURE 2 Second, third, Second eigenvector Second eigenvector

and fourth eigenvectors of the
random walk Laplacian (left) and

symmetric normalized Laplacian

(right) for the graph built on one
of the “two cows” images from
Section 4, computed using
Algorithm 1

Third eigenvector Third eigenvector

Fourth eigenvector Fourth eigenvector

5. From some initial condition uy, compute the SDIE sequence u, until it meets a stopping condition at some n=N.
6. Output: uy thresholded to lie in Vg3, that is, we output ®(uy) where O is as in (1.1).

Unfortunately, as written this algorithm cannot be feasibly run. The chief obstacle is that in many applications A
is too large to store in memory, yet we need to quickly compute e~*u, potentially a large number of times. We also
need to compute b accurately . Moreover, in general A does not have low numerical rank, so it cannot be well approxi-
mated by a low-rank matrix. In the rest of this section we describe our modifications to this basic algorithm that make it
computationally efficient.

3.3 | Matrix compression and approximate SVDs

We will need to compress A into something we can store in memory. Following [6, 32], we employ the Nystrom extension
[21, 36]. We choose K <« |V to be the rank to which we will compress A, and choose nonempty Nystrom interpolation sets
X1 CV\Z and X, CZ at random such that [X|=K where X :=X; UX,. We write |X;|=:K; and |X,|=:K,. Then using the
function ij — w; we compute wyx = o(V,X) (ie, wyx = (@j)iev jex) and wxx = o(X, X) and then the Nystrom extension
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is the approximation:

Note that this avoids having to compute the full matrix @ which in many applications is too large to store in memory. We
next compute an approximation for the degree vector d and degree matrix D := diag(d) of our graph

A

d~d:= wVXa);Ql( ‘T,Xl, D~D:= diag (El)

‘We thus approximately normalize @

An~L/2 -1, T

@=DY2wD 2~ D WYX Dy Dy 2

D

~ 1 ~T
= OyXWyy Wyxs

- A—1/2
where @yx := D / wyx.

Following [6, 32], we next compute an approximate eigendecomposition of @. We here diverge from the method of [6,
32]. The method used in those papers requires taking the matrix square root of wxy, but unless wxy is the zero matrix it
will not be positive semi-definite.” While this clearly does not prevent the method of [6, 32] from working in practice, it
is a potential source of error and we found it conceptually troubling. We here present an improved method, adapted from
the method from [3] for computing a SVD from an adaptive cross approximation (ACA) (see [3] for a definition of ACA).

First, we compute the thin QR decomposition (see [25, Theorem 5.2.2])

dyx = QR,
where Q € RIV*K js orthonormal and R € R¥*K is upper triangular. Next, we compute the eigendecomposition
— T T
RwyR" = 0307,
where ® € RXXK is orthogonal and T € RXXX is diagonal. It follows that & has approximate eigendecomposition:
@~ QPZdTQT = U,zUT,
where U; := Q® is orthonormal. This gives an approximate eigendecomposition of the symmetric normalized Laplacian
Ay =1—& =~ Ugx — 2)UL = UAUY,
where I is the K X K identity matrix and A := Ix — X, and so we get an approximate SVD of the random walk Laplacian
A = D7V2A,DV? ~ U,AUT,
where U := p? Usand U, := p'? Us. Asin [3], it is easy to see that this approach is O(K|V|) in space and O(K?|V| + K3)
in time. We summarize this all as Algorithm 1.
3.3.1 | Numerical assessment of the matrix compression method
We consider the accuracy of our Nystrdm-QR approach for the compression of the symmetric normalized Laplacian®
A, built on the simple image in Figure 3, containing V| = 6400 pixels, which is small enough for us to compute
the true value of Ay to high accuracy. For K € {50,100, - - -, 500}, we compare the rank K approximation U;AU! with
the true A in terms of the relative Frobenius distance, that is, ||UAUT — Ag||r/||As||r. Moreover, we compare these

It is easy to see that nonzero wyy has negative eigenvalues, as it has zero trace.
8The case of the random walk Laplacian is similar (due to the similarity of the matrices) except for a small additional error incurred by the
approximation of D.
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Algorithm 1. QR decomposition-based Nystrém method for computing an approximate SVD of A, inspired by [3].

1: function NYSTROMQR(ij » wy, V,Z,K) 1> Computes Uy, A, and Us; A = U1AU2T is an approximate SVD of rank K

2 X7 = random_subset(V \ Z,K;) > A random subset of V' \ Z of size K;

3: X, = random_subset(Z,K;) > A random subset of Z of size K,, note that K; + K, = K

4: X=Xx1UX,

5: wxx = o(X,X)

6: oyx = o(V,X)

7: d= wyx (a))_Ql( (w‘T,Xl))

8 vy = dV? 0 wyy > Applying ® columnwise, that is, (@vx); = (Ail._l/ Z(wvx)ij

9: [Q,R] = thin gr(dvx) > Computes thin QR decomposition @yx = QR
10: S = Rw R”
11: S=(S+S80)/2 > Corrects symmetry-breaking computational errors
12: [D,2] = eig(S) > Computes eigendecomposition S = OZPT
13: A=Ix—-X
14: Us; = QD > Note that Ay ~ U;AU/!, so to return the decomposition of A terminate here
15 Uy =d2oeU; > Le. (Up)y = d; /AUy
6 Uy=d2oU > Le. (Un)y = d,*(Uy)y
17: return U;, A, U,

18: end function

FIGURE 3 The 80x80image on which the Laplacian A, is constructed to test the low-rank e
approximations

errors to the errors incurred by other low-rank approximations of Ag, namely the Nystrom method used in [6, 32], the
Halko-Martinsson-Tropp (HMT) method® [26], and the optimal rank K approximation of A; with respect to || - ||z, which
(by the Eckart-Young theorem [19]; see also [25, Theorem 2.4.8]) is obtained by setting all but the K leading singular val-
ues of A to 0. In addition to the methods’ accuracy, we measure their complexity via the runtimes of MATLAB R2019a
implementations of them on the set-up as in Section 4.2.

We report the relative Frobenius distance in Figure 4. As the Nystrom (and HMT) methods are randomized, we repeat
the experiments 1000 times and plot the mean error in the far-left figure and the standard deviations in the center-right
figure. To expose the difference between the methods for K > 100, we plot the percentage increase of the other errors
above the SVD error (ie, [error/errorsyp — 1] X 100%) and show this percentage in the center-left figure. In the far-right
figure, we compare the complexity of the algorithms in terms of their average runtime. The SVD timing is constant in K
as we always computed a full SVD and kept the largest K singular values.

We observe that the Nystrom-QR method outperforms the Nystrom method from [6, 32]: it is faster, more accurate,
and is stable for small K. In terms of accuracy, the Nystrom-QR error is only about 0.012% larger than the optimal low-rank
error. Notably, this additional error is (almost) constant, indicating that the Nystrom-QR method and the SVD converge
at a similar rate. The Nystrom-QR randomness has hardly any effect on the error; the standard deviation of the relative

9The HMT results serve only to give an additional benchmark for the Nystrom methods: HMT requires matrix-vector-products with A, which was
infeasible for us in applications. However, as we were finalizing this paper we were made aware of the recent work of [5], which may make computing
the HMT-SVD of A, feasible.
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Mean Error [rel. Frobenius distance]

® Mean Error increment w.r.t. optimal error StD Errors Elapsed time [seconds]
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FIGURE 4 Error of the low-rank approximations of A; in terms of their relative Frobenius distance to the true A, (far-left), percentage
increase above the optimal error reached with the SVD (center-left), and standard deviations (StD) of the errors (center-right). Timings of the
methods in seconds (far-right). In the far-left figure the red and cyan lines are both plotted but cannot be distinguished from each other by
the eye

error ranges from 8.87 x 10~7 (K = 50) to 5.00 X 10~8 (K = 500). By contrast, for the Nystrom method from [6, 32] we see
much more random variation. The bump in the HMT error at K =450 is an outlier that is present (though not always for
the same K) in many repeats of this experiment.

3.4 | Implementing the SDIE scheme: a Strang formula method

To compute the iterates of our SDIE scheme, we will need to compute an approximation for S,u,. In [32], at each itera-
tion S,u, was approximated via a semi-implicit Euler method, which therefore incurred a linear (in the time step of the
Euler method, that is, 6t in the below notation) error in both the e=*u,, and b terms (plus a spectrum truncation error).
In Appendix Al we show that the method from [32] works by approximating a Lie product formula approximation (see
[27, Theorem 2.11]) of e=*4, therefore we propose as an improvement a scheme that directly employs the superior Strang
formula'® to approximate e~"4u,—with quadratic error (plus a spectrum truncation error). We also consider potential
improvements of the accuracy of computing b: by expressing b as an integral and using quadrature methods!!; by express-
ing b as a solution to the ODE from (2.1) with initial condition 0, and using the Euler method from [32] with a very small
time step (or a higher-order ODE solver)!2?; or by computing the closed form solution for b directly using the Woodbury
identity. We therefore improve on the accuracy of computing S,u at low cost.
The Strang formula for matrix exponentials [39] is given, for k> 0 a parameter and O relative to the limit k — oo, by

& = (2R e Ik 1 (k).

Given A ~ U;AU] as in Algorithm 1 (the case for A is likewise) for any u € V we compute (writing 6t := 7 /k)

1 1 k
oAy = <e—zr/kMe—r/kAe—Ef/kM> U+ Ok

. k
- (e‘i‘”M (I+ Uy(e™ = I)UT) e‘i‘”M) u+E+ 0682
=+ E + O@612), (3.1)

where E is a spectrum truncation error'3 and vy is defined by vy :=u, and v, for r €{1, ..., k} is defined iteratively by

Vel = e~y 4 e—%étMUl(e—étA _ IK)UZT e—%étMvr
= a1(81) @ v + a3(51) © (Ur (a2(61) © (U, (a3(6t) ©vy))))
=: S(6t)vy, (3.2)

10We owe the suggestion to use this formula to Arieh Iserles, who also suggested to us the Yoshida method that we consider below.
"'We again thank Arieh Iserles for also making this suggestion.
12We can afford to do this for b, but not generally for the S,u,, because b only needs to be computed once rather than at each n.

1 - 1 1 o 1
BSpecifically, E = (e”2°™e 310 2™Myky — (e73™(I + Uy (679 — I)UT)e™2°™)*u is incurred by the spectrum truncation in the middle of the latter term.
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where © is the Hadamard (ie, elementwise) product, a;(6t) := exp(—5tu), a(6t) = exp(—6 t diag(A)) — 1k, and a3(6t) =
exp(—%&tﬂ) is the elementwise square root of a;(5t) (where exp is applied elementwise, and 1k is the vector of K ones).
In Figure 6, we verify on a simple image that this method has quadratic error (plus a spectrum truncation error) and
outperforms the [32] Euler method. Furthermore (3.2) is as fast as (A2) (ie, a step of the [32] Euler method). This is because
by defining @, := 1 — 6ty and @, := (1x + 6 t diag(A))™! (applying the reciprocation elementwise), we can rewrite (A2) as

Ve = Ui (62 © (U] (@1 © vr + uétf)))

and so both (3.2) and (A2) involve two O(NK) matrix multiplications and the vectors in (3.2) and (A2) and are at most
N-dimensional, hence the Hadamard products in (3.2) and (A2) are all at most O(N) and so are not rate-limiting.

At the cost of extra O(NK) matrix multiplications, one can employ the method of Yoshida [44] to increase the order of
the (non-spectrum-truncation) error by 2. If we set ag := —\3/5 /(2 - \3/5) and g :==1/(2 — \3/5) then we can define the map

Y (51) := S(a15t)0S(apdt)oS(a1 51)

which gives Y*(6t)u = e *u + O(5t*) plus a spectrum truncation error.!* However, as can be seen in Figure 6C,D,
the spectrum truncation error can make negligible any gain from using the Yoshida method over the Strang
formula.

It remains to compute an approximation for b := A~}(I — e~*)f" It is easy to show that b can be rewritten as the integral

b=/ eAf dt
0

which we can approximate via a quadrature, for example, applying respectively the trapezium, midpoint, or Simpson’s
rules we get

1 1

b= %r([ + e + O = e AL 4 O3 = %T(I +4e A 4 e 4 O() (3.3)

any of which we can approximate efficiently via the above methods. Furthermore, as we only need to compute b
once, we can take a large value, kjp, for k in those methods. As is standard for quadrature methods, the accuracy can
often be improved by subdividing the interval. For example, using Simpson’s rule and subdividing into intervals of
length h := 7 /(2m) we get

m-1 m
— 1 —2jhA —(2j—1)hA —TA 4
b_§h<1+22e ] +4Ze ] +e ™ | f+ O(ht

Jj=1 Jj=1

which if k, = 2m, that is, the Simpson subdivision equals the Strang/Yoshida step number, can be approximated efficiently
by

m-1 m
1
b= gh <f + ZZVZj + 421)2]'_1 + V2m> +E1 + Ez + (9(1]’14),

=1 =1

where v, := S"(h)f with E; = O(t2h) or v, := Y"(h)f with E; = O(¢2h?), and E, is the spectrum truncation error. Finally, we
can also let MATLAB compute its preferred quadrature using the built-in integrate function, using either the Strang
formula or Yoshida method to compute the integrand. However, we found this to be very slow.

Another method to compute b is to solve an ODE. We note that, by (2.2), b is the fidelity forced diffusion of 0 at time
7, that is,

%(t) =—-Av(t) -Mv(t) +f, v(0)=0,

4This method can be extended to give higher-order formulae of any even order, but consideration of those formulae is beyond the scope of this paper.
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has v(r) = b. Hence we can approximate b by solving

%(t) = —UI AU, ¥(0) — u O () +f, (0)=0,

via the semi-implicit Euler method from [32]. Since we only need to compute b once we can choose a small time step,
that is, a time step of ¢ /kj for k; large, for this Euler method. One could also choose a higher-order ODE solver for
this same reason, however as [32] notes this ODE is stiff, which we found causes standard solvers such as ode45 (ie,
Dormand-Prince-(4, 5) [18]) to be inaccurate, and we ran into the issue of the MATLAB stiff solvers requiring matrices too
large to fit in memory.

Finally, we can try to compute the formula for b directly. By the Strang formula or Yoshida method, we can efficiently
compute g := f — e~"f. It remains to compute b = A~'g. Given our approximation A ~ U1AU2T , by the Woodbury identity
[42]

A=A +M) ' I -USU; + M) =Y YU (-ZF + UZTY‘lUl)_lUZTY‘l.

where Y :=1 + M, superscript + denotes the pseudoinverse, and recall that ¥ = Ix — A. Then

b=yo(Eg-Uw),

where y := (1 + )7L, reciprocation applied elementwise, and x is given by solving

(-2 +UJpoU))x=U,(y0g.

where we define y ©® U; as columnwise Hadamard multiplication, that is, (y © Uy);; :=yi(U1);;. We compare the accuracy
of these approximations of b in Table 1, and observe that no method is hands-down superior. Table 1 also indicates that
the likely reason for methods like Simpson’s rule not performing as well as expected is that the spectrum truncation error
is dominating.

Given these ingredients, it is then straightforward to compute the SDIE scheme sequence via Algorithm 2.

3.4.1 | Numerical assessment of methods

In this section, we will build our graphs on the image in Figure 5, which is small enough for us to compute the true values
of e~ u (with A here given by A; + M) and b to high accuracy. First, in Figure 6 we investigate the accuracy of the Strang
formula and Yoshida method vs the [32] Euler method. We take |V|=1600, = = 0.5, u a random vector given by MATLAB’s
rand(1600,1), and u as the characteristic function of the left two quadrants of the image. We consider two cases: one
where K = |V (ie, full-rank) and one where K = \/m . We observe that the Strang formula and Yoshida method are more
accurate than the Euler method in both cases, and that the Yoshida method is more accurate than the Strang formula,
but only barely in the rank-reduced case. Furthermore, the log-log gradients of the Strang formula error and the Yoshida

FIGURE 5 The40x40 or 80 x 80 image that we build our graphs on, using feature vectors as
described in Section 4.2
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Algorithm 2. The SDIE scheme via a Strang formula method.

1: function SDIE(y, f, Uy, A, Us, 1, €, Ug, k, kp, K, 5) > Computes the terminus of the SDIE scheme.
2 if using the quadrature method then
3 Fi it e ™Af > Computed using Strang formula or Yoshida method, with parameter k;
4 b = quadrature(Fy, [0, 7]) > Approximates for F(t) dt by some quadrature method
5 else if using the ODE method then
6 Fy:xe (-UAUIY) — 0 x +f)
7 ¥ = ode_solver(F,,[0,7],0) > Solves ¥/ (t) = F5(V) on [0, ] with (0) = 0
8 b =19(7)
9 else if using the Woodbury identity method then
10: g=f—ef > Computed using Strang formula or Yoshida method, with parameter k;
11 y=0+p!
12: =Ix—-A
13: (=Xt + UZT yoUnx= U2T o9 > Solving the linear system for x
14: b=yo(@Eg-Ux)
15: end if

16: a; = exp(—7/ku)
17: a, = exp(—7/kdiag(A)) — 1x

18: as = sqrt(ap)

19: n=0

20 while ||uy — up1|13/[|unll; > 6 do

21: V=1u,

22: forr=1tokdo

23: v=0a,0v+a;0 (U (a2 0 (Ul (a3 0V)))) > Strang formula iteration
24: end for

25: v=v+b > Approximates v = S;u,
26 Vi={ieV|v elr/21—1/2)}

27: Vo,={ieV]|vy>1-1/2¢}

28: Uppn = (1 —7/e) (v —1/261) © yv, + 1v, > Applies (2.16), the piecewise linear thresholding
29: n=n+1

30: end while

3L return u,

32: end function

method error (excluding the outliers for small k values and the outliers caused by errors from reaching machine precision)
in Figure 6(b) are respectively 2.000 and 3.997 (computed using polyfit), confirming that these methods achieve their
theoretical orders of error in the full-rank case.

Next, in Table 1 we compare the accuracy of the different methods for computing b. We take Z as the left two
quadrants of the image, 4 = yz, f as equal to the image on Z, and k, =1000 in the Strang formula/Yoshida method
approximations for e”f and in the [32] Euler scheme. We observe that the rank reduction plays a significant role in
the errors incurred, and that no method is hands-down superior. In the “two cows” application (Example 4.1), we have
observed that (interestingly) the [32] Euler method yields the best segmentation. A topic for future research can be
whether this is generally true for large matrices.

4 | APPLICATIONS IN IMAGE PROCESSING
41 | Examples

We consider three examples, all using images of cows from the Microsoft Research Cambridge Object Recog-
nition Image Database (available at https://www.microsoft.com/en-us/research/project/image-
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FIGURE 6 Comparison of the #? error from approximating e~*u via the semi-implicit Euler method (blue), Strang formula (red), and
Yoshida method (green) approximations for e*u on the graph built on the image in Figure 5. A,B, K=V|. C,D, K = 1/|V|. The gradient of
the line in (D), excluding outliers for small k, is 2.000. In (C), the green and red lines are both plotted but cannot be distinguished by the eye

understanding/!®). Some of these images have been used before by [6, 32] to illustrate and test graph-based
segmentation algorithms.

Example 4.1 (Two cows). We first introduce the two cows example familiar from [6, 32]. We take the image of two
cows in the top left of Figure 7 as the reference data Z and the segmentation in the bottom left as the reference labels
f, which separate the cows from the background. We apply the SDIE scheme to segment the image of two cows shown
in the top right of Figure 7, aiming to separate the cows from the background, and compare to the ground truth in the
bottom right. Both images are RGB images of size 480 x 640 pixels, that is, the reference data and the image are tensors
of size 480 X 640 X 3.

We will use Example 4.1 to illustrate the application of the SDIE scheme. Moreover, we will run several numerical
experiments on this example. Namely, we will:

« study the influence of the parameters € and =, comparing non-MBO SDIE (z < €) and MBO SDIE (r = ¢);

« compare different normalizations of the graph Laplacian, that is, the symmetric vs random walk normalization;

« investigate the influence of the Nystrém-QR approximation of the graph Laplacian in terms of the rank K; and

« quantify the inherent uncertainty in the computational strategy induced by the randomized Nystrom approximation.
Example 4.2 (Grayscale). This example is the grayscale version of Example 4.1. Hence, we map the images in Figure 7

to grayscale using rgb2gray. We show the grayscale images in Figure 8. We use the same segmentation of the reference
data image as in Example 4.1. The grayscale images are matrices of size 480 x 640.

The grayscale image is much harder to segment than the RGB image, as there is no clear color separation. With
Example 4.2, we aim to illustrate the performance of the SDIE scheme in a harder segmentation task.

15 Accessed 20 October 2020.
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FIGURE 7 Two cows: the Data image Image
reference data image, the image to be
segmented, the reference f, and the
ground truth segmentation associated to
Example 4.1. Note. During proofing, the
authors noticed that a mistake during
the hand-segmentation had caused 35
pixels in the bottom-left of the data
segmentation to be mislabelled as “cow”.
The figures in this paper were produced

with this slightly misclassified reference

data. Test runs with this mistake fixed

Data segmentation Ground truth segmentation

suggest that its impact was negligible.
Both segmentations were drawn by hand
by the authors

FIGURE 8 Two cows grayscale: Data image Image
the reference data image and the
image to be segmented associated to
Example 4.2. Note that the reference f
and the ground truth segmentation
are identical to those in Figure 7

FIGURE 9 Manycows: the image to be segmented associated to Example 4.3. Note that the reference data image and labels are
identical to those in Figure 7 (left)

Example 4.3 (Many cows). In this example, we have concatenated four images of cows that we aim to segment as a
whole. We show the concatenated image in Figure 9. Again, we shall separate the cows from the background. As ref-
erence data, we use the reference data image and labels as in Example 4.1. Hence, the reference data is a tensor of size
480 % 640 x 3. The image consists of approximately 1.23 megapixels. It is represented by a tensor of size 480 x 2560 X 3.

With Example 4.3, we will illustrate the application of the SDIE scheme to large scale images, as well as the case where
the image and reference data are of different sizes.
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Note. In each of these examples we took as reference data a separate reference data image. However, our algorithm does
not require this, and one could take a subset of the pixels of a single image to be the reference data, and thereby investigate
the impact of the relative size of the reference data on the segmentation, which is beyond the scope of this paper but is
explored for the [32] MBO segmentation algorithm and related methods in [37, Figure 4].

4.2 | Set-up

Algorithms

We here use the Nystrém-QR method to compute the rank K approximation to the Laplacian, and we use the [32]
semi-implicit Euler method (with time step 7 /k) to compute b (as we found that in practice this worked best for the
above examples).

Feature vectors

Let N'(i) denote the 3 x 3 neighborhood of pixel i€V in the image (with replication padding at borders performed
via padarray) and let K be a 3x 3 Gaussian kernel with standard deviation 1 (computed via fspecial(‘gaus-
sian’,3,1)). Thus x|\ can be viewed as a triple of 3 x 3 matrices x| ~ for J€{R, G, B} (ie, one in each of the R, G, and
B channels). Then in each channel we define

Zfz =9k @le_,\/‘(l'), ZLG =9 OXGI_/\/‘(D, ZlB =9 OxB|N(i),
and thus define z; == (28, 2%, 2°) € R®>®3, which we reshaped (using reshape) so that z € RIVI*?7.

Interpolation sets

For the interpolation sets X, X, in Nystrom we took K; = K, = K/2. That is, we took K/2 vertices from the reference data
image and K/2 vertices from the image to be segmented, chosen at random using randperm. We experimented with
choosing interpolation sets using ACA (see [3]), but this showed no improvement over choosing random sets, and ran
much slower.

Initial condition

We took the initial condition, that is, u, to equal the reference f on the reference data vertices and to equal 0.49 on the
vertices of the image to be segmented (where f labels “cow” with 1 and “not cow” with 0). We used 0.49 rather than the
more natural 0.5 because the latter led to much more of the background (eg, the grass) getting labeled as “cow.” This
choice can be viewed as incorporating the slight extra a priori information that the image to be segmented has more
non-cow than cow.

Note. Itisnotanimprovement to initialize with the exact proportion of cow in the image (about 0.128), as in that case the
thresholding is liable to send every u; for i € V' \ Z to zero. If one has access to that a priori information, one should use
such an initial condition alongside a mass-conserving scheme. We investigate a semi-discrete scheme for mass-conserving
Allen-Cahn (without fidelity forcing) in [14], which can be extended to the fidelity-forced case in a manner similar to
that of this paper. What the 0.49 initial condition does is more modest. After the initial diffusion, some pixels will have
a value very close to 0.5; by lowering the value of the initial condition, we lower the diffused values, introducing a bias
towards classifying these borderline pixels as “not cow.” As there is more non-cow than cow in the image, this bias
improves the accuracy. It is unknown to the authors why this was necessary for us but was not necessary for [32] nor
for [6].

Fidelity parameter
We followed [32] and took u = fi yz, for i > 0 a parameter.

Computational set-up

All programming was done in MATLAB R2019a with relevant toolboxes the Computer Vision Toolbox Version 9.0, Image
Processing Toolbox Version 10.4, and Signal Processing Toolbox Version 8.2. All reported runtimes are of implementations
executed serially on a machine with an Intel” Core™ i7-9800X @ 3.80 GHz [16 cores] CPU and 32 GB RAM of memory.
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(A) (B)

Reference data image, image to be segmented, and image masked with ground 7=0.001 << 0.003 = ¢. Relative segmentation error: 1.6416%,

truth segmentation. elapsed time: 13.0 sec.
©) (D)

7=0.0025 < 0.003 = ¢. Relative segmentation error: 1.9424%, 7=¢=0.003 (following [2]). Relative segmentation
elapsed time: 4.9 sec. error: 1.5378%, elapsed time: 2.4 sec.

FIGURE 10 MBO SDIE and non-MBO SDIE segmentations for the two cows segmentation task. In the top left figure, we show the
reference data image, the image to be segmented, and the image masked with the segmentation we consider the ground truth, see also
Figure 7. The other figures (B-D) show the labels on the reference data, the segmentation returned by the respective algorithm, and the
original images masked with the segmentation

4.3 | Two cows

We begin with some examples of segmentations obtained from the SDIE scheme. Based on these, we illustrate the pro-
gression of the algorithm and discuss the segmentation output qualitatively. We will give a quantitative analysis in
Section 4.3.1. Note that we give here merely fypical realizations of the random output of the algorithm—the output is
random due to the random choice of interpolation sets in the Nystrom approximation. We investigate the stochasticity of
the algorithm in Section 4.3.2.

We consider three different cases: the MBO case 7 = ¢ and two non-MBO cases, where 7 < ¢, and 7 < e. We
show the resulting reconstructions from these methods in Figure 10. Moreover, we show the progression of the algo-
rithms in Figure 12. The parameters not given in the captions of Figure 10 are ji = 30, 0 =35, kp=1,k=1,6 = 10719,
and K =70.

Note. The regime 7 > ¢ is not of much interest since, by [13, Remark 4.8] mutatis mutandis, in this regime the SDIE
scheme has nonunique solution for the update, of which one is just the MBO solution.

Comparing the results in Figure 10, we see roughly equivalent segmentations and segmentation errors. Indeed, the
cows are generally nicely segmented in each of the cases. However, the segmentation also labels as “cow” a part of
the wall in the background and small clumps of grass, while a small part of the left cow’s snout is cut out. This may
be because the reference data image does not contain these features and so the scheme is not able to handle them
correctly.

In Figure 11 we compare the result of Figure 10(d) (our best segmentation) with the results of the analogous
experiments in [6, 32]. We observe significant qualitative improvement. In particular, our method achieves a much
more complete identification of the left cow’s snout, complete identification of the left cow’s eyes and ear tag,
and a slightly more complete identification of the right cow’s hind. However, our method does misclassify more
of the grass than the methods in [6, 32] do. Note that as well as the change in method, the reference that we
hand-drew (see Figure 7, bottom-left) is different from both the reference used in [6, Figure 4.6] and the reference [32,
Figure 2(e)].

We measure the computational cost of the SDIE scheme through the measured runtime of the respective algorithm.
We note from Figure 10 that the MBO scheme (r = ¢) outperforms the non-MBO schemes (z < €); the SDIE relaxation
of the MBO scheme merely slows down the convergence of the algorithm, without improving the segmentation. This can
especially be seen in Figure 12, where the SDIE scheme needs many more steps to satisfy the termination criterion. At
least for this example, the non-MBO SDIE scheme is less efficient than the MBO scheme. Thus, in the following sections
we focus on the MBO case.
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(A) (B) (©)

Segmentation from [5, Figure 4.6] Segmentation from [2, Figure 2(f)] Segmentation from Figure 10(d)

FIGURE 11 Comparison of our segmentation (using the set-up in Figure 10D) with the analogous segmentations from the previous
literature [6, 32], both reproduced with permission from SIAM and the authors. Note that unfortunately in reproduction the color balances
and aspect ratios have become slightly inconsistent, but we can still make qualitative comparisons

4.3.1 | Errorsand timings

We now quantify the influence, on the accuracy and computational cost of the segmentation, of the Nystrom rank K,
the number of discretization steps k; and k in the Euler method and the Strang formula respectively, and the choice
of normalization of the graph Laplacian. To this end, we segment the two cows image using the following parameters:
e =7 =0.003, 1 = 30,0 = 35,and 6§ = 107'°. We take K €{10, 25, 70, 100, 250}, (kp, k) €{(1, 1), (10, 5)}, and use the random
walk Laplacian A and the symmetric normalized Laplacian A;.

We plot total runtimes (ie, the time elapsed from the loading of the image to be segmented, the reference data image,
and the reference, to the output of the segmentation) and relative segmentation errors in Figure 13. As our method has
randomness from the Nystrom extension, we repeat every experiment 100 times and show means and standard devia-
tions. We make several observations. Starting with the runtimes, we indeed see that these are roughly linear in K, verifying
numerically the expected complexity. The runtime also increases when increasing kj, and k. That is, increasing the accu-
racy of the Euler method and Strang formula does not lead to faster convergence, and also does not increase the accuracy
of the overall segmentation. Finally, we see that the symmetric normalized Laplacian incurs consistently low relative seg-
mentation error for small values of K. This property is of the utmost importance to scale up our algorithm for very large
images. Interestingly, the segmentations using the symmetric normalized Laplacian seem to deteriorate for a large K. The
random walk Laplacian has diametric properties in this regard: the segmentations are only reliably accurate when K is
reasonably large.

4.3.2 | Uncertainty in the segmentation

Due to the randomized Nystrom approximation, our approximation of the SDIE scheme is inherently stochastic. There-
fore, the segmentations that the algorithm returns are realizations of random variables. We now briefly study these
random variables, especially with regard to K. We show pointwise mean and standard deviations of the binary labels in
each of the left two columns of the four subfigures of Figure 14. In the remaining figures, we weight the original two
cows image with these means (varying continuously between label 1 for “cow” and label 0 for “not cow”) and standard
deviations. For these experiments we use the same parameter set-up as Section 4.3.1.

We make several observations. First, as K increases we see less variation. This is what we expect, as when K = V|
the method is deterministic so has no variation. Second, the type of normalization of the Laplacian has an effect: the
symmetric normalized Laplacian leads to less variation than the random walk Laplacian. Third, the parameters k;, and
k appear to have no major effect within the range tested. Finally, looking at the figures with rather large K, we observe
that the standard deviation of the labels is high in the areas of the figure in which there is indeed uncertainty in the
segmentation, namely the boundaries of the cows and the parts of the wall with similar color to the dark cow. Determining
the exact position of the boundary of a cow on a pixel-by-pixel level is indeed also difficult for a human observer. Moreover,
the SDIE scheme usually confuses the wall in the background for a cow. Hence, a large standard deviation here reflects
that the estimate is uncertain.
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(A)

FIGURE 12

data, image, and ground truth, as in Figure 10. The middle rows, showing the reshaped label vector u, and the image masked by the
thresholded label, each represent one iteration of the considered algorithm, to be read from top to bottom. The last row gives the state
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33 0f43

Progression of MBO and non-MBO SDIE for the two cows example. In each subfigure: the first row shows the reference

returned by the scheme, that is, the state satisfying the termination criterion, which correspond to the subfigures in Figure 10. For layout
reasons, we have squashed the figure in (A)
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FIGURE 13 Error and timing of 100 independent segmentations of the two cows image (Example 4.1) with the MBO SDIE scheme.
The solid lines represent the means averaged over 100 runs, the dotted lines show means +standard deviations

This is of course not a rigorous Bayesian uncertainty quantification, as for instance is given in [7, 37] for graph-based
learning. However the use of stochastic algorithms for inference tasks, and the use of their output as a method of
uncertainty quantification, has for instance been motivated by [31].

4.4 | Grayscale

We now move on to Example 4.2, the grayscale problem. We will especially use this example to study the influence of the
parameters ji and o. The parameter i > 0 determines the strength of the fidelity term in the ACE. From a statistical point
of view, we can understand a choice of /i as an assumption on the statistical precision (ie, the inverse of the variance of the
noise) of the reference f (see [7, Section 3.3] for details). Thus, a small 2 should lead to a stronger regularization coming
from the Ginzburg-Landau functional, and a large /i leads to more adherence to the reference. The parameter ¢ > 0 is the
“standard deviation” in the Gaussian kernel Q used to build the weight matrix w. For our methods we must not choose
too small a ¢, as otherwise the weight matrix becomes sparse (up to some precision), and so the Nystrém submatrix wxx
has a high probability of being ill-conditioned. In such a case this sparsity can be exploited using Rayleigh-Chebyshev [2]
methods as in [32], or MATLAB sparse matrix algorithms as in [6], but this lies beyond the scope of this paper. If ¢ is too
large then the graph structure no longer reflects the features of the image.

In the following, we sete = 7 = 0.00024, ky =10, k=5,and 6 = 1071°, To getreliable results we choose a rather large K,
K =200, and therefore (by the discussion in Section 4.3.2) we use the random walk Laplacian. We will qualitatively study
single realizations of the inherently stochastic SDIE algorithm. We vary i € {50,100, 150,200} and ¢ € {2, 35,10%,10%}.
We show the best results from these tests in Figure 15. Moreover, we give a comprehensive overview of all tests and the
progression of the SDIE scheme in Figure 16.

We observe that this segmentation problem is indeed considerably harder than the fwo cows problem, as we anticipated
after stating Example 4.2. The difference in shade between the left cow and the wall is less visible than in Example 4.1,
and the left cow’s snout is less identifiable as part of the cow. Thus, the segmentation errors we incur are about three times
larger than before. There is hardly any visible influence from changing ¢ in {35,10%}. However, ¢ = 2 and ¢ = 10* lead
to significantly worse results. For ¢ = 2, the sparsity (up to some precision) of the matrix deteriorates the results and the
method becomes unstable; for ¢ = 10*, the weight matrix does not sufficient distinguish pixels of different shade, which
is why the method labels everything as “not cow.”
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FIGURE 14 Mean, standard deviation, and images weighted by mean and standard deviation of 100 independent segmentations of
Example 4.1 with the MBO SDIE scheme, with set-up as in Section 4.3.1

Given ¢ in {35,10%}, the strength of the fidelity term 4 has a significant impact on the result, as well. Indeed, for
# = 50 the algorithm does not find any segmentation. For s > 100, we get more practical segmentations. Interestingly, for
f# =150 and ji = 200 we get almost all of the left cow, but misclassify most of the wall in the background; for i = 100, we
miss a large part of the left cow, but classify more accurately the wall. The interpretation of /i as the statistical precision
of the reference explains this effect well. For 4 = 100, we assume that the reference is less precise, leading us (due to the
smoothing effect of the Ginzburg-Landau regularization) to classify accurately most of the wall. With 4 > 150, we assume
that the reference is more precise, leading us to misclassify the wall (due to its similarity to the cows in the reference data
image) but classify accurately more of the cows. At ji = 200, this effect even leads to a larger total segmentation error. The
runtime varied throughout the experiments: the standard seems to be between 6 and 7 seconds. By doing an additional
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(A)

i1 = 150,06 = 103, error = 5.54 %, time = 6.6 sec. i = 150,06 = 35, error = 5.8226 %, time = 12.9 sec.

FIGURE 15 MBO SDIE segmentations for the grayscale segmentation task. In the centered top figure, we show the reference data
image, the image to be segmented, and the image masked with the ground truth segmentation, cf. Figure 7. The other figures show the
reference f, the segmentation returned by the algorithm, and the original images masked with the segmentation

step in the iteration, the times for ¢ = 2 as well as (i, ) = (50, 35) are significantly increased. We also see a larger runtime
in the case of ({1, 0) = (150, 35).

4.5 | Many cows

We finally study the many cows example, that is, Example 4.3. The main differences to the earlier examples are the larger
size of the image that is to be segmented and the variety within it. We first comment on the size. The image is given by a
480 % 2560 X 3 tensor, which is a manageable size. The graph Laplacian, however, is a dense matrix with 1.536 x 10 rows
and columns. A matrix of this size requires 17.6 TB of memory to be constructed in MATLABR2019a. This image is much
more difficult to segment than the previous examples, in which the cows in the image to be segmented are very similar
to the cows in the reference data. Here, we have concatenated images of cows that look very different, for example, cows
with a white blaze on their nose.

As the two cows image is part of the many cows image, we first test the algorithmic set-up that was successful at
segmenting the former. We show the result (and remind the reader of the set-up) in Figure 17(a). The segmentation
obtained in this experiment is rather mediocre—even the two cows part is only coarsely reconstructed. We present two
more attempts at segmenting the many cows image in Figure 17: we choose € = r = 0.00025, a slightly larger Nystrom
rank K =100, and vary (ks, k, fi) € {(1,1,500), (10,10,400)}. In both cases, we obtain a considerably better segmentation
of the image. In the case where i = 500, we see a good, but slightly noisy segmentation of the brown and black parts of
the cows. In the case where i = 400, we reduce the noise in the segmentation, but then also misclassify some parts of the
cows. The blaze (and surrounding fur) is not recognized as “cow” in any of the segmentations, likely because the blaze is
not represented in the reference data image. The influence of the set-up on the runtimes is now much more pronounced.
For the given segmentations, however, all the runtimes are at most a factor of eight larger than the smallest runtimes in
the previous examples, despite the larger image size.

5 | CONCLUSION

Extending the set-up and results in [13], we defined the continuous-in-time graph ACE with fidelity forcing as in [6] and
a SDIE time discretization scheme for this equation. We proved well-posedness of the ACE and showed that solutions
of the SDIE scheme converge to the solution of the ACE. Moreover, we proved that the graph MBO scheme with fidelity
forcing [32] is a special case of an SDIE scheme.

We provided an algorithm to solve the SDIE scheme, which—besides the obvious extension from the MBO scheme
to the SDIE scheme—differs in two key places from the existing algorithm for graph MBO with fidelity forcing: it imple-
ments the Nystrom extension via a QR decomposition and it replaces the Euler discretization of the diffusion step with
a computation based on the Strang formula for matrix exponentials. The former of these changes appears to have been
a quite significant improvement: in experiments the Nystrom-QR method proved to be faster, more accurate, and more
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(A)

A=50,6=2, i =100,6 =2, A=150,6 =2, A =200,06 =2,
error: 25.2741%, time: 15.4 sec. error: 27.098%, time: 15.6 sec. error: 28.0225%, time: 14.7 sec. error: 8.013%, time: 15.1 sec.

B (€) (H)

i =100,0 =35, i =150,6 =35, i =200,0 =35,
error: 5.9385%, time: 6.7 sec. error: 5.8226%, time: 12.9 sec. error: 6.2301%, time: 6.7 sec.

=500 =35,
error: 13.0137%, time: 14.5 sec.
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4=50,6=10%, 4=100,0 = 10%, 4 =150,6 = 103, i =200,6 =103,
error: 12.8148%, time: 6.7 sec. error: 6.5934%, time: 6.6 sec. error: 5.54%, time: 6.6 sec. error: 6.3376%, time: 6.6 sec.
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4 =50,0=10% , i =100,0 = 10%, 4 =150,6 = 10*, fi =2000,0 = 104,
error: 12.8089%, time: 6.5 sec. error: 12.8092%, time: 6.6 sec. error: 12.8122%, time: 6.5 sec. error: 12.8171%, time: 6.4 sec.

FIGURE 16 Progression of the MBO SDIE scheme for the grayscale segmentation task. In each subfigure: The first row shows the
reference data, the image to be segmented, and the ground truth segmentation. The middle rows, showing the reshaped label vector u, and
the image masked by the label, each represent one iteration of the considered algorithm, to be read from top to bottom. The last row gives the
state returned by the scheme, that is, the state satisfying the termination criterion
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Segmentation with parameters € = 7 = 0.003, K = 70,k, = 1,k = 1, i = 30,6 = 35, and the symmetric normalised Laplacian. Elapsed time for segmentation: 9.1
sec.

B),

Segmentation with parameters € = 7 = 0.00025, K = 100, k, = 1,k = 1, ji = 500, 6 = 35, and the symmetric normalised Laplacian. Elapsed time for segmentation:
14.0 sec.

Segmentation with parameters e = 7 = 0.00025,K = 100,k, = 10,k = 10,2 = 400,06 = 35, and the symmetric normalised Laplacian. Elapsed time for
segmentation: 19.1 sec.

FIGURE 17 Segmentations of the MBO scheme for the many cows segmentation task. In each subfigure: the top row shows the
reference data image and twice the image that is to be segmented, and the bottom row shows the reference f, the segmentation returned by
the respective algorithm, and the original image masked with the segmentation

stable than the Nystrom method used in previous literature [6, 32], and it is less conceptually troubling than that method,
as it does not involve taking the square root of a non-positive-semi-definite matrix.

We applied this algorithm to a number of image segmentation examples concerning images of cows from the Microsoft
Research Cambridge Object Recognition Image Database. We found that while the SDIE scheme yielded no improvement
over the MBO scheme (and took longer to run in the non-MBO case) the other improvements that we made led to a
substantial qualitative improvement over the segmentations of the corresponding examples in [6, 32]. We furthermore
investigated empirically various properties of this numerical method and the role of different parameters. In particular:

« We found that the symmetric normalized Laplacian incurred consistently low segmentation error when approximated
to a low rank, while the random walk Laplacian was more reliably accurate at higher ranks (where “higher” is still less
than 0.1% of the full rank). Thus for applications that require scalability, and thus very low-rank approximations, we
recommend using the symmetric normalized Laplacian.

« We investigated empirically the uncertainty inherited from the randomization in the Nystrom extension. We found
that the rank reduction and the normalization of the graph Laplacian had the most influence on the uncertainty, and
we furthermore observed that at higher ranks the segmentations had high variance at those pixels which are genuinely
difficult to classify, for example, the boundaries of the cows.

« We noted that the fidelity parameter u corresponds to ascribing a statistical precision to the reference data. We observed
that when the reference data were not fully informative, as in Examples 4.2 and 4.3, it was important to tune this
parameter to get an accurate segmentation.

To conclude, we give a number of directions we hope to explore in future work, in no particular order.
We seek to investigate the use of the very recent method of [ 5] combined with methods such as the HMT method [26] or
the (even more recent) generalized Nystrom method [35] to further increase the accuracy of the low-rank approximations
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to the graph Laplacian. Unfortunately, we became aware of these works too near to finalizing this paper to use those
methods here.

We will seek to extend both our theoretical and numerical framework to multiclass graph-based classification, as
considered for example in [22, 28, 37]. The groundwork for this extension was laid by the authors in [14, Section 6].

This work dovetails with currently ongoing work of the authors with Carola-Bibiane Schonlieb and Simone Parisotto
exploring graph-based joint reconstruction and segmentation with the SDIE scheme. In practice, we often do not
observe images directly, but must reconstruct an image from what we observe. For example, when the image is noisy,
blurred, has regions missing, or we observe only a transform of the image, such as the output of a CT or MRI
scanner. “Joint reconstruction and segmentation” (see [1, 17]) is the task of simultaneously reconstructing and seg-
menting an image, which can reduce computational time and improve the quality of both the reconstruction and the
segmentation.

We will also seek to develop an SDIE classification algorithm that is scalable towards larger data sets containing
not just one, but hundreds or thousands of reference data images. This can be attempted via data subsampling: rather
than evolving the SDIE scheme with regard to the full reference data set, we use only a data subset that is randomly
replaced by a different subset after some time interval has passed. Data subsampling is the fundamental principle of
various algorithms used in machine learning, such as stochastic gradient descent [38]. A subsampling strategy that is
applicable in continuous-in-time algorithms has recently been proposed and analyzed by [30].
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APPENDIX A. AN ANALYSIS OF THE METHOD FROM [32]

In [32], the authors approximated S.u by a semi-implicit Euler method for fidelity forced diffusion. That is, since S,u
is defined to equal v(z) where v is defined by
dv

% =—-Av-M@y-[), v(0) = u,
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the authors of [32] approximate trajectories of this ODE by a semi-implicit Euler method with time step 5t > 0 (such that
t/6t € N), that is, vy :=u and

Vi1 — V) -
= —Ave — M(ve - )

ot
with solution (recalling that f := Mf)

Vi1 = ([ + 8tA) ™" (v = SIM (v = f))
= (I + 6tA) (I = 6tM)y vy + 6t + 6tA)'f (A1)

and then (A1) leads to the approximation S;u = v, /s;. To compute (Al), they use the Nystrdm decomposition to compute
the leading eigenvectors and eigenvalues of A.

Note. In fact, in [32] the authors use Ag not A. It makes no difference to this analysis which Laplacian is used.

Given A ~ U1AU2T , an approximate SVD of low rank, the authors approximate (A1) by

Der1 = UnUx + 8EA) U] (9 — StM (D — )
= Ui(Ix + 6tA) UL — 8tM)D + 8tU (g + 6tA) ' US f. (A2)

Therefore, the final approximation for S;u in [32] is computed by setting ¥y = u and S;u ~ D, /5.

A.1 Analysis
Both (A1) and (A2) are of the form

Vir1 = Avg + g

By induction, this has kth term

k-1
ve = Afvg + ) A'g = Ay + (A - D7H(A* - Dg. (A3)

r=0

Thus taking k = /6t and vy = u, we get successive approximations

Sew ~ [+ 8t8) (1 = 6eM)) “u (A4)
+ [T+ 6t8)™" (I - 6tM) -1 ! ( [d+6tA) U - 5tM)]k - I> St + 6tA)'f

~ Uk + 8t0) " UT (A - s0v)]“u (A5)
+ [Unlli + 801U (0 = 36 = 17 ([U + 8tA) U (1 = 6eM)] = 1) 6U Ik + 6tA) UL,

To see what these approximations are doing, note that
I+ 6tX = X + O(51%)
and note the Lie product formula [27, Theorem 2.11]
XN/l — X/koY/k L 9(k™?) and therefore X*Y = (eX/keY/k)k + Ok™).
Then, since két = 7,

(T + 6tA)™ (T = 66M)] " = [e702e™™ 4 O(51%)]"
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= [e2e™]* 4 Oksr)
= (e7" &M 4+ O(ks1%)) + O(kst®)
=e ™ 4+ O(51) (A6)

and the second term in (A4) becomes

[ =+ 6tA) (T = 6eM)| ™" (I — e + O61)) 61(T + 51A) ™"
=(A+M)' T +6tA) (I—e ™ +0@1)) I + 6tA)~!
=AM T —e™) +E+ 051

where (writing [X, Y]:= XY — YX for the commutator of X and Y)

E=A"'I+6tA) [I—e ™, (I +6tA)7"]
= —ATN(I + 6tA) [e7™, (T + 6tA)7']
=A7" e T+ 6tA)| I+ 5tA)7
=8tA™! [e7™, Al (I + 5tA)™! = O®51)

is the commutation error. Hence the overall error for (A4) is O(6t). The error for (A5) is similar but also contains an extra
error from the spectrum truncation.
We can also relate this Euler method to a modified quadrature rule. It is easy to see from (2.2) that

T
S;u=e"u +/ e”Af dt.
0

—TA

We understand the Euler approximation for the e~**u term by (A6). By (A3), we can write the Euler approximation for

the integral term as

k-1

/ ' e Afdt = 5tz [+ 6tA)7 (I — 6tM) "I+ stA)7f (A7)

0 o

k-1 ’

~ 5:2 [U1(Ix + 6tA) UL - 6tM)] Uy U + 8¢A)T UL (A8)
r=0

We note that, since M = diag() (and assuming that 6t|| || < 1),
d - &tM)~™" = diag (1 - 6tp)™")

applying the reciprocation elementwise. Therefore, we can rewrite (A7) as

k-1

b= / ’ e Af dt ~ 61 Y [T+ 6tA)™ (I — 5tM)] "@a-swof)
0 r=0
k

= 6t2 (e (@ =stw™ of) + O(rst)) by (A6) and relabeling r

r=1

k
= <5t2e—'5‘A (@-stw"o f)> +O(*5t)

r=1

recalling that két = 7. This can be seen to be a quadrature by the right-hand rule of the integral

/T e (@-stw of) dr.
0
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Likewise, we can rewrite (A8) as

- k
/ e Af dim 8ty (Ui + 6t UL (I = uétP)| (A= stw)™ of)
0

r=1

where going from (A7) to (A8) has incurred an extra error from the spectrum truncation alongside the quadrature and
Lie product formula errors.

A.2 Conclusions from analysis
The key takeaway from these calculations (besides the verification that we have the usual ©@(5¢) Euler error) concerns
(A6). That equation shows that the Euler approximation for the e~ term is in fact an approximation of a Lie product
formula approximation for e=*4. This motivates our method of cutting out the middleman and using a matrix exponential
formula directly, and furthermore motivates our replacement of the linear error Lie product formula with the quadratic
error Strang formula.

We have also shown how the Euler method approximation for b can be written as a form of quadrature, motivating
our investigation of other quadrature methods as potential improvements for computing b.



