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a b s t r a c t
A singular rail or wheel surface irregularity, such as a squat, insulation joint or wheel ﬂat, can cause large wheelrail impact force. Both the magnitude and frequency content of the impact force need to be correctly modelled
because they are closely related to the formation, deterioration and detection of such irregularities. In this paper,
we compare two types of commonly used wheel-track interaction models for wheel-rail impact problems, i.e., a
beam and a continuum ﬁnite element model. We ﬁrst reveal the diﬀerences between the impact forces predicted
by the two models due to a typical rail squat using a time-frequency analysis. Subsequently, we identify the
causes for the diﬀerences by evaluating the eﬀects of diﬀerent model assumptions, as well as diﬀerent model
parameters. Results show that the impact force consists of a forced vibration peak M1 followed by free vibration
related oscillations with three dominant frequencies: f1 (340 Hz), f2 (890 Hz) and f3 (1120 Hz). Compared with
the continuum model, the beam model with a Hertzian contact spring overestimates the M1 peak force. The
discrepancy can be reduced by using a Winkler bedding contact model. For the track model, the beam model is
comparable to the continuum model up to about 800 Hz, beyond which the track damping starts to deviate. As a
result, above 500 Hz, the contact forces dominate at f2 for the beam while at f3 for the continuum model. Finally,
we show that the continuum model is more accurate than the beam model by comparing to ﬁeld observations.
The eﬀects of stress wave propagation on the diﬀerences are also discussed.

1. Introduction
Wheel-rail vertical impact usually occurs at short wavelength defects
(e.g., squats, poor welds, wheel ﬂats, short-pitch corrugations) or structure discontinuities (e.g., insulated joints, crossings). The appropriate
modelling of structural ﬂexibility of the wheel-track system is of major
concern for wheel-rail impact problems due to their high frequency nature [1,2]. Based on the assumptions adopted, two types of wheel-track
interaction models are commonly used for wheel-rail impact problems.
The ﬁrst type is referred to as the beam model in this paper, in which
rails are modelled using the Euler-Bernoulli or Timoshenko beams [3–
5]. The rail can be continuously supported on the elastic or Winkler
foundations [6–8], a layer of sleeper beam [9,10], discretely supported
on sleepers [11–13] or on substructures, such as bridges [14] or subgrades [15]. The second type drops the assumptions made in the beam
theories and treats the components of the wheel-track system (i.e. the
sleeper, rail, wheel or even railpads) as continua. This type of models
is referred to as the continuum model in this paper. Continuum mod-
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els are usually solved using the three-dimensional ﬁnite element (FE)
method [16–19] or the 2.5 dimensional FE (also called waveguide FE)
method [20–23]. The focus of those models has been on the transient
dynamic characteristics (such as wheel-rail impact), rolling contact solutions, rolling noise and wave propagations.
Diﬀerent modelling assumptions will lead to variability in simulation
results. To quantify and understand the causes of such variability, simulation results with diﬀerent model assumptions have to be compared.
The ﬁrst step towards such comparisons is to deﬁne certain metrics that
can characterize the dynamic responses of the problem in hands. For
instance, the frequency response function is commonly used to assess
the dynamic behaviour of the track. For wheel-rail impact problems,
the dynamic characteristics depend on the type of the defect that causes
the impact and therefore diﬀerent metrics may apply. For example, the
wheel-rail impact at dipped joints or wheelﬂats are usually characterized with the P1/P2 forces [24] (also including the P1 12 force).
This paper deals with the wheel-rail impact at a type of short wavelength singular defect in the rail surface, i.e., squats. The typical wave-
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length of squats is about 20-40 mm, e.g., in the Dutch railway network
[25]. With such a geometry, the contact force is characterized by the
continuous short wavelength peaks in the time domain [26]. In the frequency domain, two major frequencies at around 300 Hz and 1000 Hz
have been identiﬁed in the simulations and veriﬁed by the axle-box acceleration (ABA) measurements [27]. Both the magnitude and frequency
content of the impact force need to be correctly modelled because they
help better understand the formation [25,28], development [29] and
detection [30] of squats.
Diﬀerent wheel-track interaction models have been compared
through benchmark tests [31–33]. For example, six diﬀerent beam models were benchmarked against each other in [32]. The P1 forces at a
wheelﬂat were found to be ranging from 2 to 7 times the static load.
The track vibrations reproduced by the six models were not consistent
between each other or compared to the ﬁeld measurement [33]. Although the discrepancies can be pinpointed by the benchmark tests, it
is nonetheless diﬃcult to deduce exactly which assumption contributes
to an identiﬁed discrepancy, because there are usually more than one
diﬀerent assumptions between two benchmark participants.
Alternatively, comparative studies have been carried out by changing one assumption at a time per each track component to identify
their eﬀects on the dynamic characteristics. For rail models, the EulerBernoulli beam is considered adequate below about 500Hz due to the
neglecting of the shear deformation [1,34], whereas the Timoshenko
beam is accurate up to about 1500 Hz [35], beyond which the assumption of rigid cross section in the beam theories becomes invalid and a
continuum model should be adopted. Moreover, the Euler beam theory
tends to overestimate the P1 force compared to the Timoshenko beam
theory as well as the measurement [36]. Diﬀerent railpad/fastening
models have been compared in terms of the eﬀect of the support length
and size for beam models [37,38] and for continuum models [39,40].
The introduction of sleepers as discrete supports has two major eﬀects.
On one hand, the pin-pin resonance can be correctly modelled using
the discretely supported track [9]. On the other hand, the sleeper layer
could eﬀectively reduce the P1 force compared to the beam on elastic foundation model [41]. In the case of soft railpads, sleepers can be
modelled as rigid masses [23,42]. As railpad stiﬀness increases, the coupling between the rail and sleeper becomes stronger. As a result, ﬂexible
sleeper models should be adopted to model extra track resonances due
to sleeper bending [23,42,43].
Except for the track models, diﬀerent wheelset and contact models
have also been compared. For beam models, the wheelset can be modelled as a rigid mass or a ﬂexible body through modal superposition
[44,45]. Flexible wheelset models can slightly reduce the impact force
at wheelﬂats compared to rigid models [44]. In addition, diﬀerences can
be observed in the frequency domain of the contact force, limited to narrow frequency bands corresponding to the eigenfrequencies of the ﬂexible wheelset [45]. Diﬀerent contact models are compared in [46–49].
However, all these contact models are quasi-static, which do not consider local inertia eﬀects within or in the vicinity of the contact patch.
In contrast, the continuum model takes in to account local structural
vibrations in the vicinity of the contact patch and stress wave propagations in the wheel and rail [26]. For example, in [50], wheel-rail contact
induced Rayleigh waves have been reproduced by a continuum model.
In the literatures, despite the extensive comparisons between diﬀerent beam models, comparisons between beam and continuum models
can only be found in a few cases, such as in the unloaded condition
[23,42] or under parametric excitations [51], but not for wheel-rail impact problems. Even for beam models, the comparisons are almost all
based on wheel-rail impacts at wheelﬂats or joints, which are generally
larger geometrical irregularities than squats. As a result, the focus was
to compare the magnitudes of the contact force, e.g., the P1/P2 forces,
whereas the frequency or time-frequency characteristics of the impact
force have not been fully explored. Furthermore, the eﬀects of the local
inertia in the contact patch and the stress wave propagation in solids on
the wheel-rail impact force have not been studied.

This paper aims to compare a beam and a continuum model for simulating the impact forces induced by squats. To this end, two FE models,
meshed with beam and solid elements, respectively, have been developed (Section 2). We ﬁrst identify the major characteristics and discrepancies of the wheel-rail impact force simulated by the two models at a
typical squat, in the time, frequency and time-frequency domain (Section 3.1). Subsequently, we examine the eﬀects of the model assumptions made in the wheel, contact and track models separately (Sections
3.2), as well as the eﬀects of diﬀerent model parameters (Section 3.3).
In Section 4, a frequency domain model is adopted to investigate the
coupled eﬀects of the three components. Finally, we compare the simulated results with ﬁeld observations and discuss in detail the inﬂuence
of wave propagation (Section 5).

2. Method
2.1. Beam model
The track is represented by a two-layer discretely supported model,
see Fig. 1(a). The rails and sleepers are meshed with the Timoshenko
beam element. At each node, only the vertical and in-plane rotational
degrees of freedom are considered. By a convergence analysis, the optimal mesh sizes for the rail and sleeper are determined, with 24 elements
per sleeper span for the rail and 20 elements per sleeper. Ballast and railpads are modelled as discrete spring-damper pairs.
Two track model options are made: the full track model and the half
track model. The latter is the former halved along the track central line,
where the symmetrical boundary conditions are applied. The wheelset
is simpliﬁed as a rigid body in the full track model and as a rigid mass
in the half track model. The bogie and car body are simpliﬁed as static
loads applied vertically on the wheel.
Only the vertical wheel-rail contact is considered with two options.
The ﬁrst one is a non-linear Hertzian spring model, for which the halfspace assumption applies. The contact force is calculated as
{
𝐹 (𝑥 ) =

(
)3∕2
𝐶𝐻 𝑍𝑤 (𝑥) − 𝑍𝑟 (𝑥) − 𝑍𝑖𝑟𝑟 (𝑥)
0

𝑖𝑓 𝑍𝑤 (𝑥)−𝑍𝑟 (𝑥)−𝑍𝑖𝑟𝑟 (𝑥) < 0
𝑖𝑓 𝑍𝑤 (𝑥)−𝑍𝑟 (𝑥)−𝑍𝑖𝑟𝑟 (𝑥) ≥ 0
(1)

where Zw (x), Zr (x), Zirr (x) are the vertical coordinates of wheel, rail and
defect geometry, respectively, and CH is the Hertzian coeﬃcient and can
be approximated as
𝐶𝐻 =

2𝐸 𝑅1∕2
3(1 − 𝜐2 )

(2)

where E and 𝜐 are the Young’s modulus and Poisson’s ratio of the wheel
and rail (assumed equal for both materials), and R is the radius of the
rail head in the lateral direction. The defect geometry is analytically
deﬁned as a cosine function:
{ [ (
}
)]
𝐷
2𝜋
𝑍irr (𝑥) =
cos
(3)
𝑥 − 𝑥0 − 1 , for 𝑥0 ≤ 𝑥 ≤ 𝐿
2
𝐿
where D, L and x0 are the depth, the length and the starting location
of the defect. The second contact model is a Winkler bedding model
[60] which uses multiple springs in the longitudinal direction, see
Fig. 1(b).
The wheel-track interaction model is solved in the time domain using the Newmark integration with a ﬁxed time step length of 4e-5 s.
To ensure the convergence for the contact force, the Newton-Raphson
iteration is adopted within each time step. The solution process is implemented in Matlab.
2.2. Continuum model
The second model is a detailed three-dimensional (3D) FE model
meshed with continuum elements, as shown in Fig. 2. To reduce the
2
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Fig. 1. The beam model. (a) Track model. (b) Wheel-track interaction model.

3. Comparisons between beam and continuum model

computational cost, only halves of the track and wheelset with the symmetrical boundary condition are considered. The bogie and car body are
simpliﬁed as sprung masses. The railpads and ballast are modelled as
discrete spring-damper pairs. For each railpad, a grid of 3 by 4 springdamper pairs is adopted between the rail and sleeper, see Fig. 2. The
rolling of the wheelset is enabled by applying a torque on the axle.
This model is developed and solved with the commercial FE program
ANSYS/LS-Dyna. An 8-node hexahedra element with reduced integration points is adopted due to its computational eﬃciency. The length of
both track models is 12 m (i.e. 20 spans), which has been shown to be
long enough to get rid of the boundary eﬀect for this problem [26]. The
wheel-rail contact is solved using a surface-to-surface contact algorithm
incorporated in LS-Dyna. This algorithm with the mesh size of 1 mm in
the contact patch has been shown to yield satisfactory results in comparison to the Hertz or CONTACT [52] model in the quasi-static wheel-rail
contact case [53]. The longitudinal geometry of the irregularity is deﬁned as in Equation (3), while its lateral geometry remains the same as
the lateral proﬁle of the rail head, see Fig. 2.
The dynamic wheel-track interaction is solved using an explicit time
integration scheme (a central diﬀerence method) with a time step length
of 3e-8 s, which is small enough to ensure both the stability and convergence. For the details of the modelling and solution procedure, the
readers are referred to [54].

3.1. Characterization of wheel-rail impact force
We ﬁrst consider the wheel-rail impact at a typical squat in the Dutch
railway network as a reference case. The model parameters are listed in
Table 1. These parameters are taken from [27,55], which have been validated by ﬁeld hammer tests [55] and ABA measurement [27]. We model
the fastening system as spring-damper pairs: railpads sustain compression and clamps and bolts sustain tension. This is a widely accepted
simpliﬁcation in railway track models. As in the loaded condition the
fastening system is in compression, we take the railpad stiﬀness value as
the spring stiﬀness. The sleeper is a prestressed concrete sleeper of type
NS90. We assume a uniform cross section for the sleeper with equivalent cross sectional properties. The squat geometry is deﬁned using
Equation (3) with D = 0.2 mm, L = 30 mm and x0 = 6.5 m. This geometry is chosen because a typical squat in the Netherlands is between
20 mm ~ 40 mm long [25] and less than 0.4 mm deep [56]. Besides,
the squat is located near a sleeper support at 6.6 m, which is also typical in the Dutch railway network [25]. For the convenience of comparing to measurements (Section 5), the velocity of the wheel is set to
30 m/s, which is the same velocity at which the ABA was measured in
[27].
3

C. Shen, X. Deng, Z. Wei et al.

International Journal of Mechanical Sciences 198 (2021) 106400

Fig. 2. The continuum model. The wheel, rail and sleepers are meshed with 8-node 3D FE elements.

Table 1
Model parameters for the reference case.
Component
Track
UIC54
rail

Rail
pad
Sleeper

Ballast
Vehicle
Sprung mass
Primary
suspension
Wheelset

Parameter

Value

Mass per meter
Young’s modulus
Poisson’s ratio
Moment of inertia
Density
Area of cross section
Timoshenko shear coeﬃcient
Stiffness
Damping
Young’s modulus
Poisson’s ratio
Moment of inertia (averaged)
Density
Area of cross section (averaged)
Timoshenko shear coeﬃcient
Length
Spacing
Stiffness
Damping

54.77 kg/m
210 GPa
0.3
2.337×10−5 m4
7800 kg
6.977×10−3 m2
0.4
1300 MN/m
67500 Ns/m
74.6 GPa
0.17
1.375×10−4 m4
2500 kg/m
0.043
0.833
2.58 m
0.6 m
90 MN/m
6400 Ns/m

Mass
Stiffness
Damping
Wheel radius
Mass (half)
Roll inertia
Speed
Wheel/rail contact
Hertzian
Constant CH
Linearised Coeﬃcient KH
spring
Squat
Geometry
Length L
Depth D

non-linear Hertzian spring contact model. The time domain responses
(Fig. 3(a)) consist of two stages. From 6.5 m to 6.53 m (indicated by
the vertical dashed line), the wheel-track system is in a forced vibration
stage, excited by the defect geometry. The contact forces show a local
dip (D1) followed by a local maxima (M1). The M1 magnitudes are 2.1
and 1.4 times the static load for the beam and continuum model, respectively. From 6.53 m on, the system is in a free vibration stage. The
contact forces oscillate in two major wavelengths, i.e. a shorter wave
D2M2D3 and a longer wave D3D4. In the frequency domain, there are
three major characteristic frequencies (see f1 , f2 and f3 in Fig. 3(b)). The
magnitudes calculated by the continuum model are lower at f1 and f2
than the beam model. In addition, the dominant frequency above 500
Hz is at f2 = 890 Hz and f3 = 1130 Hz for the beam and continuum
model, respectively.
The wheel-track system is not a constant but a time-variant system
as the wheel position changes. Consequently, the characteristic frequencies should also be changing with the wheel position. To illustrate this,
we apply the synchrosqueezed wavelet transform [57] to the contact
force and plot the synchrosqueezed wavelet power spectrum (SWPS) in
Fig. 3 (c)~(f). Three frequency bands are clearly visible in the plots.
There are a number of diﬀerences between the SWPS calculated by the
two models. The major diﬀerence lies between about 6.53 m and 6.6
m, where the largest power concentrates at f2 and f3 for the beam and
continuum model, respectively. The two dominant frequencies correspond to the two wavelengths of D2M2D3 in Fig. 3 (a), i.e., approximately 38 mm and 27 mm for the beam and continuum model, respectively. Besides, the frequency change of f3 is less abrupt for the continuum model than the beam model, as indicated with the white boxes in
Fig. 3 (e) and (f). This is mainly because of the modelling of railpad
as a grid of 3 by 4 spring-damper pairs in the continuum model as opposed to a single spring-damper pair in the beam model (see Fig. 2 and
Fig. 3 (g)). This unphysical abrupt change of stiﬀness due to the singlepoint supported railpad model has also been observed in Timoshenko
beam models [58,59] under parametric excitations. After 6.6 m, the two
models show similar results with only f1 and f3 presented. The diﬀerence is that the contact force decays more quickly for the continuum
model than the beam model, resulting a lower power in the SWPS after
6.6 m.

8000 kg
1.15 MN/m
2500 Ns/m
0.46 m
900 kg
950 kg m2
30 m/s
9.0×1010 N/m3/2
4×108 ~ 1.2×109 N/m
30 mm
0.2 mm

Fig. 3 compares the contact forces calculated by the two models. For
the beam model, we adopt the half-track representation with the symmetrical boundary condition (the same as the continuum model) and the
4
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Fig. 3. Comparisons between the contact forces calculated by the continuum (left column) and beam (right column) model. (a) Time domain; (b) frequency domain;
(c)~(f) time-frequency representations; (g) the rail-fastening-sleeper model in the continuum model and beam model. The defect starts at 6.5 m with a length of 0.03
m and depth of 0.2 mm. The dotted vertical lines indicate the end of the defect (6.53m).
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Table 2
Diﬀerent assumptions adopted in the models to be compared.
Model No.

Track model

Wheelset model

Contact model

A1
A2
A3
B

Beam
Beam
Beam
Continuum

Rigid
Rigid
Flexible (modal superposition)
Flexible (solid 3D)

Hertzian spring
Winkler bedding
Hertzian spring
3D Contact

Fig. 4. Eﬀects of wheelset ﬂexibility on the contact
force in (a) time domain and (b) frequency domain.

Fig. 5. Inﬂuence of contact models on the contact force. (a) Time domain; (b) zoom-in of (a); (c) frequency domain.

Fig. 6. Inﬂuence of contact models on the contact solution. First row: contact pressure distribution normalized to its maximum value. The title of each subplots
indicates the wheel center position. Second row: contact patch and pressure distribution obtained by the continuum model.

The simulation results by the two models shown in Fig. 3 may
be inﬂuenced by two factors: one is the model assumptions and
the other is the model parameters. To make a more comprehensive comparison of the two models, we investigate the effects of model assumptions and parameters in Section 3.2 and 3.3,
respectively.

3.2. Eﬀects of model assumptions
Compared to the continuum model, more assumptions are made in
the beam model in terms of the wheel, contact and track model. In this
section, some key assumptions are varied, see Table 2, to investigate
their eﬀects on the simulation results. While varying model assumptions,
6
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Fig. 7. The two locations for calculating track receptance.

we use the same set of model parameters (see Table 1) for the analysis
in this section.
For the wheelset model, a rigid mass is assumed for the beam model
used in Section 3.1 (Model A1 in Table 2). Compared to a ﬂexible
wheelset model, this assumption might result in an overestimation of
the impact force for wheel ﬂats [44], as well as diﬀerent frequency contents of the contact force at corrugations [45]. Therefore, in Section
3.2.1, the eﬀects of wheelset ﬂexibility on the impact force at squats are
examined.
For the contact model, the half space assumption is made in the
Hertzian spring model. However, the typical length of a wheel-rail contact patch in the longitudinal direction is approximately 15 mm, which
is comparable to the typical length of squats (20 ~ 40 mm). This means
the half space assumption may no longer be valid in the longitudinal
direction. To account for local geometric variations within the contact
area in the longitudinal direction, a two-dimensional contact model with
multiple independent springs is considered (Model A3 in Table 2), referred to as the Winkler bedding model [60]. This model is compared to
the Hertzian spring model and the 3D contact model in Section 3.2.2.

Fig. 9. Comparisons between the damping ratios of the continuum and beam
model. The damping ratios are estimated using the least square rational fraction (LSRF) method. The LSRF method is applied to the receptances shown in
Figure 8 (a) between 10 Hz an 3000 Hz. The LSRF model order is 38. Only the
damping ratios for the stable modes are shown in this ﬁgure.

For the track model, the main diﬀerences between the beam and
continuum model are in the assumptions made for the rail and sleeper.
It is conventionally believed that the Timoshenko beam is accurate up to
about 1500 Hz, due to the assumption of a rigid cross section. Inherent
from the diﬀerent rail and sleeper models are the diﬀerent fastening
models. The rail is assumed to be supported at a single point in the beam
model, whereas in reality the support is over an area, which is more
realistically modelled in the continuum model, as shown in Fig. 2. The
eﬀects of these assumptions made in the track models are investigated
in Section 3.2.3.

Fig. 8. Comparisons between the track receptances of the continuum and beam model. (a) and (c) are calculated at x = 6.5 m; (b) and (d) are calculated at x = 6.6
m.
7
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Fig. 10. Eﬀects of wheel speed on the wheel-rail impact force at a squat (length: 30 mm; depth: 0.2 mm). (a)~(d) Space domain; (e)~(h) frequency domain.

3.2.1. Wheelset ﬂexibility
The natural frequencies and mode shapes up to 2000 Hz of the 3D FE
wheelset (Fig. 2) are obtained by eigen-analysis. The modal superposition method is then used to represent the ﬂexible wheelset, of which the
total DOF of the wheelset is reduced to 27 modal coordinates. In such
a way, the ﬂexible wheelset model is incorporated in the beam model
and the wheel-track interaction is solved in the time domain in the same
way as the rigid wheelset model.
The contact forces calculated by the ﬂexible and rigid wheelset
model are compared in Fig. 4. The contact force magnitudes of the ﬁrst
two peaks obtained by the ﬂexible wheelset model are slightly smaller
than those by the rigid wheelset model (Fig. 4(a)). The PSD of the contact force calculated by the ﬂexible wheelset model has three troughs at
three wheel resonances compared to the rigid wheel model (Fig. 4(b), indicated by the dotted-line boxes). The ﬁndings agree with previous studies, see for example [44] for the contact force magnitudes and [45] for
the frequency content. In general, the inﬂuence of wheelset ﬂexibility on
the contact force can be neglected. We therefore assume a rigid wheelset
for the rest of the paper.

with the Winkler bedding model, the dominant frequency above 500 Hz
is still at f2 , instead of at f3 as with the 3D FE model.
3.2.3. Track models
To exclude the inﬂuence of the wheelset and contact models, we calculate the point receptances of the track at two locations, at 6.5 m and
6.6 m along the longitudinal direction, as shown in Fig. 7. Fig. 8 compares the receptances of the two track models at the two locations. Three
major track resonances (TRs) are observed for both models in Fig. 8 (a).
TR1 and TR2 are the full track resonance and the rail resonance, respectively [55]. The peaks at around 1000 Hz are the pin-pin resonances.
The receptances are comparable up to the anti-resonance (at about 800
Hz) before the pin-pin resonance. Compared with the beam model, the
receptance magnitude of the continuum model at this anti-resonance is
larger (i.e. less deeper). In addition, the phase change predicted by the
continuum model is smaller at this anti-resonance than that by the beam
model; see the positive phase change at around 800 Hz in Fig. 8 (c). Another diﬀerence is that the receptance of the beam model at x = 6.5 m
shows a more distinct peak at the pin-pin resonance. These observations
indicate that the damping of the continuum model is larger than that of
the beam model before and around the pin-pin resonance. After the pinpin resonance, however, the beam model predicts smaller changes of
both the receptance magnitude and phase at the anti-resonance around
1300 Hz. This means after the pin-pin resonance, there is larger damping in the beam model than in the continuum model. In the track receptances at 6.6 m (Fig. 8 (b)), the pin-pin resonance completely vanishes
for the beam model, whereas for the continuum model, there is still a
small peak at around 1000 Hz.
To compare the damping properties of the two models, the modal
properties of the two models are identiﬁed using the least square rational fraction (LSRF) method [61] based on the receptances shown in
Fig. 8 (a). Fig. 9 shows the change of damping ratios with frequencies.
Around the pin-pin resonance (between about 800 Hz and 1100 Hz), the
damping ratio of the continuum model is higher than the beam model.
This is caused by the diﬀerent fastening models. The rail in the beam
model is supported with a single spring-damper pair, whereas in the
continuum model the rail is supported by a grid of spring-damper pairs
over an area; see Fig. 2 and Fig. 7. After the pin-pin resonance, there is
an abrupt increase of damping for the beam model, resulting in a larger
damping ratio between about 1100 Hz and 1800 Hz. This is likely to be
caused by the stress wave propagations in the rail, as will be discussed

3.2.2. Contact models
In this section, we compare two contact models adopted in the beam
model, i.e. the Hertzian contact spring (Model 1A in Table 2) and Winkler bedding model (Model 1C), as well as the 3D FE contact model
(Model B). Results are shown in Fig. 5. By changing from the Hertzian
spring to the Winkler bedding, the M1 magnitudes, as well as the FFT
magnitudes at f1 , f2 and f3 , are reduced. Such decreases are mainly because that the contact ﬁlter eﬀect [60] in the longitudinal direction can
be taken into account with the Winkler bedding model as opposed to the
Hertzian spring model, while it is automatically considered in the 3D FE
contact model. Fig. 6 compares the contact solution of the three models
in more detail. When the wheel center is on the descending or ascending
edge of the defect, the contact patch centers of the 3D FE model and the
Winkler bedding model do not coincide with the wheel center. In particular, when the wheel center is at the lowest point of the defect, i.e.
at 6.515 m, the wheel is in contact with the rail on both the descending
and ascending edge of the defect, resulting in two contact patches. In
contrast, it is always single point contact and the contact point is right
underneath the wheel center for the Hertzian spring model. The contact
ﬁlter eﬀect does not change the frequency content; the f1 , f2 and f3 are
the same for the Hertzian spring and the Winkler bedding. Additionally,
8
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Fig. 11. Eﬀects of defect geometry on the wheel-rail impact force at a squat with wheel speed of 30m/s. (a) Space domain; (b) frequency domain. Diﬀerent defect
geometries are deﬁned according to Equation (3). The lengths and depths of the defects are indicated in the ﬁgure with the unit of mm.

this in detail in Section 5.2. The calculated damping change is in line
with the observations in Fig. 8.

Section 3.2.2, the impact force is also sensitive to contact models. We
therefore combine the change of model parameters with diﬀerent contact models, i.e., Model A1, A2 and B in Table 2, in the subsequent analysis. Other model parameters, such as the vehicle and track parameters,
are kept the same as in the reference case.

3.3. Eﬀects of model parameters
For the analysis in Sections 3.2, the same set of model parameters
were used. In this section, two model parameters, i.e., the wheel speed
and defect geometry, are varied to evaluate their eﬀects on the comparison of diﬀerent models. These two parameters are chosen because they
have been shown to have signiﬁcant inﬂuence on the wheel-rail impact
at wheel ﬂats [47] and squats [26,56]. Besides, as has been shown in

3.3.1. Wheel speed
Fig. 10 shows the impact forces calculated with diﬀerent wheel
speeds ranging from 10 m/s to 40 m/s. In the space domain, the
ﬁrst peak force (M1) calculated by the Winkler bedding model are almost identical to those by the continuum model for all the speeds.
9
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Fig. 12. Geometries of two typical rail surface defects in the space and frequency domain (a) Zirr (x) (b) Magnitude of the Fourier coeﬃcient X(𝜔). Blue line: length
30mm, depth 0.2 mm; red line: length 50mm, depth 0.2mm. Both defects start at 6.5m which is near the center of a sleeper support at 6.6 m.

Fig. 13. Frequency domain model of the wheel-track system ‘frozen’ at x = 6.5 m. Top row: receptances of contact spring 𝛼 c (𝜔), track 𝛼 t (𝜔) and wheel 𝛼 w (𝜔); the
contact receptances 𝛼 c are calculated with the contact stiﬀness between 4 × 108 N/m and 12 × 108 N/m. Bottom row: comparisons between the Fourier spectrums
calculated by the frequency domain and time domain models. (a) (c) and (b) (d) show the results for the continuum model and the beam model, respectively.

The Hertzian spring model, however, always yields larger M1 force.
In the frequency domain, as the wheel speed increases, high frequency components become more evident for all the three models.
At high speeds, e.g., 30 m/s and 40 m/s, the FFT magnitudes become dominant at f2 for the beam model and at f3 for the continuum model. In general, the discrepancies between the Winkler bedding
model and the continuum model become smaller as the wheel speed
decreases.

3.3.2. Defect geometry
Fig. 11 compares the impact forces calculated by diﬀerent models
for diﬀerent squat geometries. It can be seen that the impact force is
more sensitive to the length than the depth of squats. In the space domain, the two peak forces M1 and M2 merge into one peak as the length
increases. In the frequency domain, the FFT magnitudes at high frequencies (e.g., at f2 and f3 ) gradually diminish as the defect length increases. The FFT magnitudes calculated by the beam models are always
10
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Fig. 14. An illustration of coupled wheel-track dynamics based on the frequency domain model.

Fig. 15. Comparisons between the characteristic frequencies predicted by the time domain and frequency domain models. (a) Continuum model; (b) beam model.
The SWPSs are obtained by the time domain models. The red circles indicate a sequence of the frozen conﬁguration responses at each wheel position obtained by the
frequency domain models.

larger at f2 than those at f3 , whereas for the continuum model, the f2
magnitude only becomes dominant for longer defects, e.g., longer than
50 mm.
In both the space and frequency domain, the discrepancies between diﬀerent models become smaller as the defect length increases
or as the defect depth decreases. In general, beam models, especially with the Hertzian spring, are only comparable to the continuum model for longer defects, e.g., in the current case at least
longer than 50 mm. It should be noted that the maximum defect
depth considered here is 0.3 mm, which is typical for squats while
might be small for wheel ﬂats. Further investigations are needed
as to whether the conclusions made here are still valid for larger
defects.
In both Fig. 10 and Fig. 11, despite the change of the FFT magnitudes,
the characteristic frequencies of f1 , f2 and f3 remain the same for each
model. This suggests that f1 , f2 and f3 represent certain resonances of
the coupled wheel-track system. The origin of these resonances will be
further investigated in Section 4.

4.1. Frequency domain model
The defect geometry Zirr (x) deﬁned in Equation (3) can be transferred into the time domain by dividing Zirr (x) by the velocity of the
wheel that passes over the defect. Then the time domain defect geometry can be further transferred into the frequency domain using the
Fast Fourier Transform (FFT). The Fourier coeﬃcient at diﬀerent frequencies f is denoted as X(𝜔), where 𝜔 = 2𝜋f is the circular frequency.
Fig. 12 shows the geometries of two short-wave rail surface defects with
diﬀerent lengths. In the frequency domain, the Fourier coeﬃcients are
ﬂat up until a certain cut-oﬀ frequency and the larger defect has a lower
cut-oﬀ frequency.
The contact force YF (𝜔) can then be solved in the frequency domain
assuming a linear time-invariant system as
𝑌𝐹 (𝜔) = 𝐻𝐹 (𝜔)𝑋(𝜔)

(4)

where HF (𝜔) is the transfer function that represents the characteristics
of the wheel-track system and can be formulated as [9,62],
𝐻 𝐹 (𝜔 ) =

1
𝛼𝑤 (𝜔) + 𝛼𝑡 (𝜔) + 𝛼𝑐 (𝜔)

(5)

where 𝛼 w , 𝛼 t , 𝛼 c are the point receptance of the wheel, track and contact spring at the contact point, respectively. It should be noted that
Equation (5) is derived under the condition that only half of the track
is considered.
To employ this frequency domain model for the analysis, we need
to make some assumptions. First, a linearized contact spring stiﬀness
KH is assumed. To account for the nonlinear behaviour of the Hertzian
contact spring, i.e., the change of contact stiﬀness with contact force,we
adopt a range of KH between 4 × 108 N/m and 1.2 × 109 N/m, according to the range of the contact force, see, e.g., Fig. 3(a). The receptance
of the contact stiﬀness can be calculated as 𝛼 c (𝜔) = 1/KH [9,62]. Second, as the eﬀect of wheelset ﬂexibility is negligible (see Section 3.2.1),

4. Coupled dynamics of the wheel-track system
We have analysed the inﬂuences of the wheelset, contact and track
models separately in Section 3. The three characteristic frequencies of
the impact force, i.e., f1 , f2 and f3, are not sensitive to the change of
wheelset and contact models. For diﬀerent track models, we only compared their eﬀects on the track receptance (see Fig. 8); how the track
receptance is correlated with the impact force still remains unclear. In
this section, we use a frequency domain model to combine the eﬀects
of the three components. In such a way, the origin of the characteristic
frequencies, as well as the contribution of each model component to the
characteristic frequencies are clariﬁed.
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the wheel is considered as a rigid mass of Mw = 900 kg (approximately
half of a motorized wheelset). Thus the wheel receptance can be calculated as 𝛼 w (𝜔) = 1/𝜔2 Mw [9,62]. Third, to represent the non-stationary
feature of the wheel-track system as shown in Fig. 3 (c)~(f), we adopt
the concept of ‘frozen conﬁguration’ [63] of the wheel-track system for
each wheel position x. More speciﬁcally, we assume that at each wheel
position x, the system is ‘frozen’ (made stationary) with the track receptance denoted as 𝛼 t (𝜔,x). Examples of 𝛼 t (𝜔,x) at x = 6.5 m and 6.6 m
are shown in Fig. 8. Thus, the ‘frozen’ transfer function HF (𝜔,x) and the
force spectrum YF (𝜔,x) can be calculated according to Equation (5) and
(4), respectively. In such a way, the non-stationary wheel-track system
changing with the wheel position can be represented by a sequence of
‘frozen’ stationary systems.

domain model as a baseline, we can compare the dynamic eﬀects of the
two time domain models. In Fig. 15, the SWPSs are obtained by the
time domain models. Unlike the frequency domain solutions, the time
domain solutions of f2 and f3 are asymmetrical about the sleeper support
at 6.6 m. For both the continuum and beam model, the largest deviations
of the time domain solutions from the frequency domain solutions occur
between 6.55 m and 6.6 m, predominately at f3 . The deviations are
larger for the beam model than the continuum model. This means the
dynamic eﬀects, such as due to wave propagations (to be discussed in
Section 5.2), in the beam model are more pronounced than those in the
continuum model, when the wheel is approaching the support.

4.2. Correlating track receptance to impact force

5. Discussions

We ﬁrst calculate the frozen conﬁguration response at x = 6.5 m.
Fig. 13 shows the receptances 𝛼(𝜔) (top row) and force spectrums YF (𝜔)
(bottom row) calculated at x = 6.5 m for the continuum model (ﬁrst
column) and the beam model (second column). From the frequency domain model, we can see that f1 , f2 and f3 are due to the coupling between
the diﬀerent components of the wheel-track system. At these frequencies, the wheel receptance is much smaller than the track and contact
receptance. Therefore, the characteristic frequencies of the contact force
can be approximated by the intersection points of the track receptance
curves with the contact stiﬀness line, neglecting the eﬀect of wheel mass.
More speciﬁcally, the contact stiﬀness line intersects with the receptance
curve to the right side (the mass dominated part) of the three track resonances, i.e., the TR1, TR2 and pin-pin resonance, resulting in f1 , f2 and
f3 , respectively. Hence, fi (i = 1, 2, 3) can be seen as the resonance frequency of a single-degree-of-freedom system, as shown in Fig. 14, with
the equivalent mass 𝑚𝑖𝑒𝑞 and the contact stiﬀness KH
√
𝜔𝑖 = 2𝜋𝑓𝑖 = 𝐾𝐻 ∕𝑚𝑖𝑒𝑞 (𝑖 = 1, 2, 3)
(6)

5.1. Accuracy of the modelling results compared to ﬁeld observations
Continuum models with similar approaches have been validated using both the axle-box acceleration measurement [27] and the wear patterns observed in the ﬁeld [64]. We discuss how the simulation results
in this paper ﬁt with these measurements and observations.

For comparison, the Fourier spectrums from the corresponding time
domain models are also presented in Fig. 13. The f1 , f2 and f3 obtained
by the time domain models agree relatively well with their counterparts
obtained by the frequency domain models with KH = 1.2 × 109 N/m. In
terms of the FFT magnitudes, the time-domain continuum model predicts lower magnitudes at f2 and f3 compared to its frequency domain
model with KH = 1.2 × 109 N/m (Fig. 13 (c)). This is because in the
frequency domain model, the contact ﬁlter eﬀect is not considered. For
the beam model, in which the contact ﬁlter eﬀect is also not considered,
the FFT magnitudes agrees well between the time and frequency domain
models. It is also noticed that above 500 Hz the frequency-domain model
with KH = 1.2 × 109 N/m predicts a higher magnitude at f3 for the continuum model whereas at f2 for the beam model (Fig. 13 (c) and (d)).
This is in line with the time-domain predictions. This means the diﬀerence in the dominant frequencies between the two models is due to the
diﬀerence in the track models. More speciﬁcally, it is due to the diﬀerent damping properties of the two track models. As shown in Fig. 9, the
damping ratio above the pin-pin resonance is much larger in the beam
model, which leads to the attenuation of the f3 magnitude in Fig. 13 (d).
Likewise, as the damping ratio is larger in the continuum model before
the pin-pin resonance, the f2 magnitude in Fig. 13 (c) is smaller than the
f3 magnitude.
Now we examine the time-variant feature of the wheel-track system
using the frequency domain model. We compare the predictions of f1 , f2
and f3 by the frequency domain model with those by the time domain
models, as shown in Fig. 15. Comparing the frequency domain solutions
(see the red circles in Fig. 15), the beam model predicts a larger variation
of f3 with the change of wheel positions than the continuum model. This
is due the diﬀerent support lengths in the longitudinal direction of the
fastening models in the two models (see Fig. 3 (g)).
The time domain response is equal to its ‘frozen’ part plus a term
representing the dynamic eﬀects [63]. Therefore, by using the frequency

Fig. 16. Examples of wear patterns after diﬀerent squats. (a) Class A; (b) class
B; (c) class C; (d) an artiﬁcial defect cut on rail surface. (a), (b) and (c) are taken
from [25] and (d) is taken from [27].
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Fig. 17. Simulated wave propagations in the rail due to wheel-rail impact using the continuum model. (a) Wave generation and initial propagation; (b) wave reﬂected
by the sleeper. In each subplot, we show six states of the velocity ﬁeld, with the begin and end time stamps and wheel positions indicated in the ﬁgure. The time
interval between each state is 8 𝜇s. Note the ﬁrst state in (a) corresponds to the ﬁrst dip D1 of the contact force, see Figure 5 (b).

5.1.1. Axle box acceleration
In [27], the ABA signals were obtained with accelerometers mounted
on the four axle boxes of a bogie. The sampling frequency was 25000
Hz, which is also the sampling rate we used in this paper to sample
the simulation outputs. The measured ABA signals were low pass ﬁltered with a cut-oﬀ frequency of 2000 Hz. In this paper, the simulation
results were not ﬁltered as they are less noisy than the measurement.
However, as the frequency of interest is up to about 1200 Hz in this paper, the ﬁltered ABA measurements are still valid for comparison with
simulations. In addition, a uniform lateral proﬁle of the squat is considered in this paper, see Fig. 2. In comparison, the ABA signals were
obtained at squats with non-uniform lateral proﬁles. Nevertheless, it was
shown in [65] that the wavelengths or characteristic frequencies of the
impact force are not inﬂuenced by the lateral proﬁle of squats.
The ABA measured at various squats show two distinct frequency
bands, with the lower frequencies between 300 ~ 500 Hz and the higher
frequencies between 1000 ~ 1200 Hz [27]. In this paper, the two models yield nearly identical f1 frequency at around 340 Hz. However, the
higher frequency calculated by the beam model is at f2 = 890 Hz and
that by the continuum model is at f3 = 1120 Hz. This means the continuum model ﬁts better with the ABA measurements in terms of the
higher frequency (between 1000 ~ 1200 Hz).

ing in solids. In general, there are three types of waves due to dynamic
loadings, i.e. Rayleigh waves, shear waves (S-waves) and dilatational
waves (P-waves). Rayleigh waves propagate near surface while S-waves
and P-waves can travel within solids, hence also called body waves.
Rayleigh waves generated by the wheel-rail impact have been reproduced and discussed in detail in [50]. Here we show the simulated body
waves generated by the wheel-rail impact and their reﬂections by the
sleeper in Fig. 17. It can be seen that away from the contact point, the
velocity is approximately constant across the rail section (see e.g. the
section indicated by the dashed red box), meaning the assumption of
rigid cross section of the beam model may reasonably apply. However,
near the contact point, the beam model is unable to capture the waves
propagating from the rail top to bottom, as well as the reﬂected waves
by the sleeper.

5.2.1. Eﬀects on M1 magnitude
Whether the wave propagation should be considered depends on the
problem in concern. For example, Rayleigh waves inﬂuences the contact solutions as they are generated by the wheel-rail creepage within
the contact patch and subsequently propagate through the contact patch
[50]. More relevant to this paper are the body waves. For the continuum
model, the eﬀective inertia of the rail that participates in the vibration
of wheel-track system (e.g. the meq shown in Fig. 14) comes ﬁrst from
the point of contact and then “gradually” expand as the waves spread
out, see Fig. 17. While for the beam model, any vibration always involves the whole cross section, which has a larger inertia. A smaller meq
leads to a smaller M1 peak predicted by the continuum model. It should
be noted that although the Winkler bedding model yields nearly identical M1 magnitude to the continuum model, it tends to underestimate
the peak force compared to the Kalker’s variational method [47,52].
This means there should be other factors that cause the discrepancies of
the M1 magnitude between the two models, such as the eﬀect of wave
propagation discussed above. In general, taking into account stress wave
propagations will lead to a smaller M1 peak. However, the quantitative
eﬀect of the wave propagation on the M1 magnitude depends on many
factors and thus needs further investigations.

5.1.2. Wear pattern following squat
Corrugation-like wear patterns can be observed after squats in the
train traﬃc direction [25,64]. Examples of such patterns are shown in
Fig. 16. The direct dynamic eﬀect of a squat is the ﬁrst wave pattern after
it, which is usually shorter than 30 mm. This wave is caused by the ﬁrst
peak of the contact force after the defect, i.e. the D2M2D3 in Fig. 3.
In this paper, the continuum model gives a more accurate prediction
of this wavelength (26 mm), while the beam model overestimates the
wavelength (38 mm).

5.2. Stress wave propagation in track
One major dynamic eﬀect that is more realistically modelled in the
continuum model than in the beam model is the stress waves propagat13
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Fig. 18. Comparisons between the track velocities at the rail seat at 6.6 m. Upper: rail velocity; bottom: sleeper velocity.

6. Conclusions

5.2.2. Eﬀects on f3 resonance
The wave propagation is asymmetrical to the two sides of the contact
point; see the asymmetrical velocity ﬁeld in Fig. 17. The stress waves
travel more freely in the direction away from the support while are more
decayed in the direction towards the support. This asymmetry mainly
concerns the frequency region around the pin-pin resonance [66]. This
may explain why the change of f3 is asymmetrical about the sleeper
support in Fig. 15.
For the continuum model, the body waves propagate more freely
near the rail surface while are more easily reﬂected and attenuated by
the fastenings at the rail bottom (see Fig. 17). In contrast, the wave propagation in the beam model does not distinguish between the rail top and
bottom. As a result, the beam model might experience more reﬂected
waves at the wheel-rail contact, which further leads to larger frequency
ﬂuctuations at f3 , especially when the contact is near the sleeper support
(see Fig. 15).

We compare the simulation results of a continuum and a beam FE
model for the wheel-rail impact force at a typical rail squat defect. We
also compare the simulations with ﬁeld measurement and observations,
which suggests the continuum model is more accurate than the beam
model.
The impact force consists of a forced vibration peak M1 followed
by free vibration related oscillations with three dominant frequencies f1
(340 Hz), f2 (890 Hz) and f3 (1120 Hz). The three frequencies are independent of wheel speed and defect geometry. They correspond to the
eigenfrequencies of the wheel-track system according to the proposed
frequency domain model.
The beam model with a Hertzian contact spring overestimates the
M1 peak of the impact force. The discrepancy can be reduced but not
entirely eliminated by using the Winkler bedding model, because it can
better model the wheel-rail contact solution in the longitudinal direction.
Diﬀerent from the conventional belief that the Timoshenko beam
is accurate up to about 1500 Hz for the rail model, we show that the
beam model is only accurate up to about 800 Hz in terms of the track
receptance. As to the impact force, the valid frequency range of the
beam model is further reduced. The beam models produce larger FFT
magnitudes at the ﬁrst characteristic frequency at about 340 Hz. The
beam models are only comparable to the continuum model for long and
shallow squats, e.g., longer than 50mm while not deeper than 0.3 mm
in the case considered in this paper.
The two track models show diﬀerent damping behaviour around the
pin-pin resonance, i.e., between about 800 Hz and 1800 Hz. The damping of the continuum model is larger below and at the pin-pin frequency,
whereas the damping of the beam model is larger above the pin-pin frequency. The diﬀerences of the damping are caused by the diﬀerent modelling of the stress wave propagation in the rail. As a result, the contact

5.2.3. Eﬀects on damping
The damping of the track at higher frequencies (above 1000 Hz) is
mainly controlled by the railpad damping. In both the continuum and
beam model presented in this paper, the railpads are viscously damped.
This means the amount of damping depends on the velocities of the rail
and sleeper at rail seats. Fig. 18 compares the rail and sleeper velocities
at the rail seat at 6.6 m. It can be seen that the rail velocity magnitude
calculated by the beam model is closer to that by the continuum model
at the rail top, while is larger than that at the rail bottom. For the sleeper
velocity, the beam model also predicts a larger magnitude than the continuum model. The major frequency of the velocities for both models
is at around 1100 Hz, which is higher than the pin-pin resonance. Consequently, the continuum model show a lower damping than the beam
model at f3 .
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force dominates at f3 (1120 Hz) for the continuum model while at f2
(890 Hz) for the beam model.
The propagation of the body waves in the rail caused by the wheelrail impact is reproduced by the continuum model. We show that the
stress wave propagation contributes to the smaller M1 peak and smaller
track damping after the pin-pin resonance in the continuum model.
The ﬁndings contribute to a better understanding of the dynamic
characteristics of the wheel-rail impact force, as well as the root causes
for the diﬀerent simulation results between the two models. In engineering practice, this study can assist engineers in choosing the appropriate assumptions for the wheel, contact and track models when solving
wheel-rail impact problems.

[13] Baeza L, Roda A, Nielsen JCO. Railway vehicle/track interaction analysis using a modal substructuring approach. J Sound Vib 2006;293:112–24.
doi:10.1016/j.jsv.2005.09.006.
[14] Zeng ZP, Liu FS, Lu ZH, Yu ZW, Lou P, Chen LK. Three-dimensional rail–bridge
coupling element of unequal lengths for analyzing train–track–bridge interaction
system. Lat Am J Solids Struct 2016. doi:10.1590/1679-78252551.
[15] Ribes-Llario F, Velarte-Gonzalez JL, Perez-Garnes JL, Real-Herráiz JI. Study of vibrations in a short-span bridge under resonance conditions considering train-track
interaction. Lat Am J Solids Struct 2016. doi:10.1590/1679-78252773.
[16] Zhao X, Li Z, Liu J. Wheel-rail impact and the dynamic forces at discrete supports
of rails in the presence of singular rail surface defects. Proc Inst Mech Eng Part F J
Rail Rapid Transit 2011;226:124–39. doi:10.1177/0954409711413975.
[17] Bian J, Gu Y, Murray MH. A dynamic wheel-rail impact analysis of railway
track under wheel ﬂat by ﬁnite element analysis. Veh Syst Dyn 2013;51:784–97.
doi:10.1080/00423114.2013.774031.
[18] Pletz M, Daves W, Ossberger H. A wheel set/crossing model regarding impact, sliding and deformation-Explicit ﬁnite element approach. Wear 2012;294–295:446–56.
doi:10.1016/j.wear.2012.07.033.
[19] Wei Z, Shen C, Li Z, Dollevoet R. Wheel–Rail Impact at Crossings: Relating
Dynamic Frictional Contact to Degradation.. J Comput Nonlinear Dyn 2017;12.
doi:10.1115/1.4035823.
[20] Gavrić L. Computation of propagative waves in free rail using a ﬁnite element technique. J Sound Vib 1995;185:531–43. doi:10.1006/jsvi.1995.0398.
[21] Kostovasilis D, Thompson DJ, Hussein MFM. A semi-analytical beam
model for the vibration of railway tracks. J Sound Vib 2017;393:321–37.
doi:10.1016/j.jsv.2016.12.033.
[22] Gry L. Dynamic modelling of railway track based on wave propagation. J Sound Vib
1996;195:477–505. doi:10.1006/jsvi.1996.0438.
[23] Zhang X, Thompson DJ, Li Q, Kostovasilis D, Toward MGR, Squicciarini G, et al. A
model of a discretely supported railway track based on a 2.5D ﬁnite element approach.. J Sound Vib 2019. doi:10.1016/j.jsv.2018.09.026.
[24] Jenkins HH, Stephenson JE, Clayton GA, Morland GW, Lyon D. The Eﬀect of Track
and Vehicle Parameters on Wheel; Rail Vertical Dynamic Forces. Railw Eng J
1974;3:2–16.
[25] Li Z, Zhao X, Esveld C, Dollevoet R, Molodova M. An investigation into the causes
of squats-Correlation analysis and numerical modeling. Wear 2008;265:1349–55.
doi:10.1016/j.wear.2008.02.037.
[26] Zhao X, Li Z, Dollevoet R. The vertical and the longitudinal dynamic responses of
the vehicle–track system to squat-type short wavelength irregularity. Veh Syst Dyn
2013;51:1918–37. doi:10.1080/00423114.2013.847466.
[27] Molodova M, Li Z, Núñez A, Dollevoet R. Validation of a ﬁnite element model for axle
box acceleration at squats in the high frequency range. Comput Struct 2014;141:84–
93. doi:10.1016/j.compstruc.2014.05.005.
[28] Li Z, Zhao X, Dollevoet R, Molodova M. Diﬀerential wear and plastic deformation
as causes of squat at track local stiﬀness change combined with other track short
defects. Veh Syst Dyn 2008;46:237–46. doi:10.1080/00423110801935855.
[29] Deng X, Li Z, Qian Z, Zhai W, Xiao Q, Dollevoet R. Pre-cracking development of weldinduced squats due to plastic deformation: Five-year ﬁeld monitoring and numerical
analysis. Int J Fatigue 2019;127:431–44. doi:10.1016/j.ijfatigue.2019.06.013.
[30] Molodova M, Li ZL, Nunez A, Dollevoet R. Automatic Detection of Squats in Railway
Infrastructure. Ieee Trans Intell Transp Syst 2014;15:1980–90.
[31] SL GRASSIE. Models of Railway Track and Vehicle/Track Interaction at
High Frequencies: Results of Benchmark Test. Veh Syst Dyn 1996;25:243–62.
doi:10.1080/00423119608969199.
[32] Steﬀens DM. Identiﬁcation and Development of a Model of Railway Track. Queensland University of Technology; 2005.
[33] Leong J, Murray MH, Steﬀens D. Examination of railway track dynamic models capabilities against measured ﬁeld data. In: Larsson-Kraik P-O, Toyra G-M, editors.
Int. Heavy Haul Conf. Spec. Tech. Sess. High Tech Heavy Haul. Kiruna, Sweden:
International Heavy Haul Association Inc.; 2007. p. 257–67.
[34] Zhang X, Thompson D, Sheng X. Diﬀerences between Euler-Bernoulli
and Timoshenko beam formulations for calculating the eﬀects of moving
loads on a periodically supported beam. J Sound Vib 2020;481:115432.
doi:10.1016/j.jsv.2020.115432.
[35] Thompson DJ. Experimental Analysis of Wave Propagation in Railway Tracks. J
Sound Vib 1997;203:867–88. doi:10.1006/jsvi.1997.0903.
[36] Dukkipati Rao V, Dong Renguand. Impact Loads due to Wheel Flats and Shells. Int
J Veh Mech Mobil 1999;3114:1–22. doi:10.1076/vesd.31.1.1.2097.
[37] Ferrara R, Leonardi G, Jourdan F. A contact-area model for rail-pads connections
in 2-D simulations: Sensitivity analysis of train-induced vibrations. Veh Syst Dyn
2013;51:1342–62. doi:10.1080/00423114.2013.801996.
[38] Blanco B, Alonso A, Kari L, Gil-Negrete N, Giménez JG. Distributed support
modelling for vertical track dynamic analysis. Veh Syst Dyn 2018;56:529–52.
doi:10.1080/00423114.2017.1394473.
[39] Zhao X, Li Z, Dollevoet R. Inﬂuence of the fastening modeling on the vehicletrack interaction at singular rail surface defects. J Comput Nonlinear Dyn 2014;9.
doi:10.1115/1.4025895.
[40] Oregui M, Li Z, Dollevoet R. An investigation into the modeling of railway fastening.
Int J Mech Sci 2015. doi:10.1016/j.ijmecsci.2014.11.019.
[41] Di Gialleonardo E, Braghin F, Bruni S. The inﬂuence of track modelling options on the simulation of rail vehicle dynamics. J Sound Vib 2012;331:4246–58.
doi:10.1016/j.jsv.2012.04.024.
[42] Shih J-Y, Kostovasilis D, Bezin Y, Thompson DJ. Modelling options for ballast track
dynamics. In: 24th Int Congr Sound Vib ICSV 2017; 2017. p. 1–8.
[43] Grassie SL, Cox SJ. Dynamic Response of Railway Track With Flexible Sleepers
To High Frequency Vertical Excitation. Proc Inst Mech Eng Part D Transp Eng
1984;198:117–24. doi:10.1243/PIME.

Declaration of Competing Interest
The authors declare that they have no known competing ﬁnancial
interests or personal relationships that could have appeared to inﬂuence
the work reported in this paper.
CRediT authorship contribution statement
Chen Shen: Conceptualization, Methodology, Software, Formal
analysis, Data curation, Investigation, Writing - original draft, Writing review & editing, Visualization. Xiangyun Deng: Software, Validation.
Zilong Wei: Software, Validation. Rolf Dollevoet: Resources, Supervision, Project administration, Funding acquisition. Arjen Zoeteman:
Validation, Project administration, Funding acquisition. Zili Li: Conceptualization, Methodology, Resources, Writing - review & editing, Supervision, Project administration, Funding acquisition.
Acknowledgement
This work was supported by European Union’s Horizon 2020 research and innovation programme under grant agreement No. 826255
(project IN2TRACK2); and under grant agreement No. 101012456
(project IN2TRACK3). The ﬁrst author acknowledges the ﬁnancial support of China Scholarship Council. The third author is partly supported
by the Science and Technology Research Plan of China Academy of Railway Sciences No. 2020YJ063.
References
[1] Knothe KL, Grassie SL. Modelling of railway track and vehicle/track
interaction
at
high
frequencies.
Veh
Syst
Dyn
1993;22:209–62.
doi:10.1080/00423119308969027.
[2] Popp K, Kruse H, Kaiser I. Vehicle-Track Dynamics in the Mid-Frequency Range. Veh
Syst Dyn 1999;31:423–64. doi:10.1076/vesd.31.5.423.8363.
[3] Nielsen JCO, Abrahamsson TJS. Coupling of physical and modal components for
analysis of moving non-linear dynamic systems on general beam structures. Int J
Numer Methods Eng 1992;33:1843–59. doi:10.1002/nme.1620330906.
[4] Cai Z, Raymond GP, Bathurst RJ. Natural vibration analysis of rail track as a system of elastically coupled beam structures on Winkler foundation. Comput Struct
1994;53:1427–36. doi:10.1016/0045-7949(94)90408-1.
[5] Heydari-Noghabi H, Varandas JN, Esmaeili M, Zakeri JA. Investigating the inﬂuence
of auxiliary rails on dynamic behavior of railway transition zone by a 3D train-track
interaction model. Lat Am J Solids Struct 2017. doi:10.1590/1679-78253906.
[6] Clark RA. An investigation into the dynamic eﬀects on the track
of wheelﬂats on railway vehicles. J Mech Eng Sci 1979;21:287–97.
doi:10.1243/JMES_JOUR_1979_021_046_02.
[7] Steenbergen MJMM. Quantiﬁcation of dynamic wheel-rail contact forces at short
rail irregularities and application to measured rail welds. J Sound Vib 2008.
doi:10.1016/j.jsv.2007.11.004.
[8] Toscano Corrêa R, Pinto da Costa A, Simões FMF. Finite element modeling of a rail
resting on a Winkler-Coulomb foundation and subjected to a moving concentrated
load. Int J Mech Sci 2018. doi:10.1016/j.ijmecsci.2018.03.022.
[9] Grassie SL, Gregory RW, Harrison D, Johnson KL. The dynamic response of railway
track to high frequency vertical excitation. J Mech Eng Sci 1982;24:77–90.
[10] Sheng X, Jones C J C PM. Ground vibration generated by a harmonic load acting on
a railway track. J Sound Vib 1999;225:3–28.
[11] Nielsen JCO, Igeland A. Vertical Dynamic Interaction Between Train and Track
Inﬂuence of Wheel and Track Imperfections. J Sound Vib 1995;187:825–39.
doi:10.1006/jsvi.1995.0566.
[12] Wu TX, Thompson DJ. On the impact noise generation due to a wheel passing over
rail joints. J Sound Vib 2003;267:485–96. doi:10.1016/S0022-460X(03)00709-0.
15

C. Shen, X. Deng, Z. Wei et al.

International Journal of Mechanical Sciences 198 (2021) 106400

[44] Baeza L, Fayos J, Roda A, Insa R. High frequency railway vehicle-track dynamics through ﬂexible rotating wheelsets. Veh Syst Dyn 2008;46:647–59.
doi:10.1080/00423110701656148.
[45] Nielsen JCO. High-frequency vertical wheel-rail contact forces-Validation
of a prediction model by ﬁeld testing. Wear 2008;265:1465–71.
doi:10.1016/j.wear.2008.02.038.
[46] Wiest M, Kassa E, Daves W, Nielsen JCO, Ossberger H. Assessment of methods for
calculating contact pressure in wheel-rail/switch contact. Wear 2008;265:1439–45.
doi:10.1016/j.wear.2008.02.039.
[47] Pieringer A, Kropp W, Nielsen JCO. The inﬂuence of contact modelling on
simulated wheel/rail interaction due to wheel ﬂats. Wear 2014;314:273–81.
doi:10.1016/j.wear.2013.12.005.
[48] Ford RAJ, Thompson DJ. Simpliﬁed contact ﬁlters in wheel/rail noise prediction. J
Sound Vib 2006;293:807–18. doi:10.1016/J.JSV.2005.08.049.
[49] Deng X, Qian Z, Li Z, Dollevoet R. Applicability of half-space-based methods to
non-conforming elastic normal contact problems. Int J Mech Sci 2017;126:229–34.
doi:10.1016/j.ijmecsci.2017.04.002.
[50] Yang Z, Li Z. A numerical study on waves induced by wheel-rail contact. Int J Mech
Sci 2019;161–162:105069. doi:10.1016/j.ijmecsci.2019.105069.
[51] Nguyen K, Goicolea JM, Galbadón F. Comparison of dynamic eﬀects of high-speed
traﬃc load on ballasted track using a simpliﬁed two-dimensional and full threedimensional model. Proc Inst Mech Eng Part F J Rail Rapid Transit 2014;228:128–
42. doi:10.1177/0954409712465710.
[52] Kalker JJ. Three-Dimensional Elastic Bodies in Rolling Contact, 2. Dordrecht: Kluwer
Academic Publishers; 1990. doi:10.1007/978-94-015-7889-9.
[53] Zhao X, Li Z. The solution of frictional wheel-rail rolling contact with a 3D transient ﬁnite element model: Validation and error analysis. Wear 2011;271:444–52.
doi:10.1016/j.wear.2010.10.007.
[54] Yang Z, Deng X, Li Z. Numerical modeling of dynamic frictional rolling
contact with an explicit ﬁnite element method. Tribol Int 2019;129:214–31.
doi:10.1016/j.triboint.2018.08.028.
[55] Shen C, Dollevoet R, Li Z. Fast and robust identiﬁcation of railway track stiﬀness from simple ﬁeld measurement. Mech Syst Signal Process 2021;152:107431.
doi:10.1016/j.ymssp.2020.107431.

[56] Molodova M, Li Z, Nunez A, Dollevoet R. Parametric study of axle box acceleration at squats. Proc Inst Mech Eng Part F J Rail Rapid Transit 2015;229:841–51.
doi:10.1177/0954409714523583.
[57] Daubechies I, Lu J, Wu HT. Synchrosqueezed wavelet transforms: An empirical mode decomposition-like tool. Appl Comput Harmon Anal 2011;30:243–61.
doi:10.1016/j.acha.2010.08.002.
[58] Koro K, Abe K, Ishida M, Suzuki T. Timoshenko beam ﬁnite element
for vehicle—track vibration analysis and its application to jointed railway
track. Proc Inst Mech Eng Part F J Rail Rapid Transit 2004;218:159–72.
doi:10.1243/0954409041319687.
[59] Yang SC. Enhancement of the ﬁnite-element method for the analysis of vertical traintrack interactions. Proc Inst Mech Eng Part F J Rail Rapid Transit 2009;223:609–20.
doi:10.1243/09544097JRRT285.
[60] Pieringer A, Kropp W, Thompson DJ. Investigation of the dynamic contact ﬁlter
eﬀect in vertical wheel/rail interaction using a 2D and a 3D non-Hertzian contact
model. Wear 2011;271:328–38. doi:10.1016/j.wear.2010.10.029.
[61] Arda Ozdemir A, Gumussoy S. Transfer Function Estimation in System
Identiﬁcation Toolbox via Vector Fitting. IFAC-PapersOnLine 2017;50:6232–7.
doi:10.1016/j.ifacol.2017.08.1026.
[62] Thompson D. Wheel/Rail Interaction and Excitation by Roughness. Railw. Noise Vib.
2009:127–73. doi:10.1016/B978-0-08-045147-3.00005-0.
[63] Spiridonakos MD, Fassois SD. Non-stationary random vibration modelling and analysis via functional series time-dependent ARMA (FS-TARMA) models - A critical survey. Mech Syst Signal Process 2014;47:175–224. doi:10.1016/j.ymssp.2013.06.024.
[64] Li Z, Dollevoet R, Molodova M, Zhao X. Squat growth-Some observations and the validation of numerical predictions. Wear 2011;271:148–57.
doi:10.1016/j.wear.2010.10.051.
[65] Molodova M, Li ZL, Dollevoet R. Axle box acceleration: Measurement and simulation
for detection of short track defects. Wear 2011;271:349–56.
[66] Thompson D. Track Vibration. Railw. Noise Vib., Elsevier 2009:29–95.
doi:10.1016/B978-0-08-045147-3.00003-7.

16

