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The background of the illustration on the
cover is a figure from a letter by
Christiaan Huygens to Estienne, dated
September 7th 1669. It shows a diagram
of Huygens’ pendulum clock that has its
pendulum suspended between cycloidal
cheeks, to ensure isochronism by forcing
the pendulum bob to follow a cycloidal
path. The equation describing anelastic
dislocation strain in Chapter 5 is closely
related to the cycloid equation, a
peculiar coincidence.
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Chapter 1. Introduction
Duct tape is like the force. It has a light side, a dark side, and it holds the universe
together....
Carl Zwanzig

1.1 Steel
Steel may very well be characterised as the most versatile technical material. Its
use is manifold: in transportation, building, construction, warfare, … The quote
above this chapter therefore applies equally well to steel. The history of
steelmaking stretches over four millennia [1]. With the exception of wood and
stone, steel has a longer history than any other technical material. Up to one
century ago, the manufacture and application of steel and steel products was a
matter of skill. Nevertheless that practice has led in the past to the
development of steel grades of exceptional quality and properties, like the
(in)famous (true) Damascene steel [2]. The secret to its manufacture has
however been lost, which is possibly the inevitable fate of skills that are
transferred by an oral tradition. It certainly needs to be known how steel
”works” internally in order to be able to work with it. During the last century
steelmaking and application of steel therefore has become increasingly a
matter of science and scientific engineering.
With the advance of computational power, we now have entered an era in
which successful manufacture and application of steel relies heavily on the
application of physical‐mathematical models that can explain and predict the
mechanical behaviour of steel in manufacture and application. Physical‐
mathematical modelling is increasingly crucial since there is a strong trend of
the industry to produce more advanced high strength steels that have a more
complex relation between microstructure and composition than plain carbon
steel grades.
A commonly used quantification for “mechanical behaviour” is flow stress. Flow
stress –or deformation resistance‐ is the stress that has to be applied to
plastically deform the material at the desired strain rate and at a given
temperature. Metals deform by propagation of lattice defects known as
dislocations through the crystal lattice. In Figure 1‐1 a schematic cross section
of a cubic crystal containing an edge dislocation is shown.
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The flow stress is the applied stress that is necessary to make the dislocations
propagate at a sufficiently high velocity to cause deformation to proceed at the
desired strain rate. Mobile dislocations are
eventually stored in the lattice, while new
dislocations
are
generated
during
deformation. The increase of dislocation
density causes an increase of the flow
stress, which is called work hardening. The
flow stress is thus the sum of a yield stress
that is necessary to make deformation
possible, a stress contribution that is
necessary for dislocation propagation at the
desired
velocity and a work hardening
Figure 1‐1. An edge dislocation.
contribution.
The subject of this thesis is to
Circles denote atoms.
investigate the flow stress of steel for the
range of temperatures and strain rates of the hot rolling process.
1.1.1 Industrial issues
Tata Steel IJmuiden is a manufacturer of sheet metal for the packaging and
automotive industry and for industries producing commodities such as
bathtubs, refrigerators, washing machines and such. Steel sheet is produced
from continuously cast slabs, which after reheating are either hot rolled and
sold as such or hot rolled and subsequently cold rolled, annealed, temper rolled
and either are coated or left uncoated. The full range of Tata Steel products can
be found at www.tatasteeleurope.com.
After the hot rolling process, the material undergoes a controlled
transformation on the runout table, where the optimal (either for hot rolled
qualities or for subsequent cold rolling) microstructure and properties are
acquired. A modern alternative for the conventional casting/reheating/hot
rolling process is the direct sheet process, where a strip rather than a slab is
cast, heated, hot rolled and transformed in one integrated plant.
The target process for the research in this thesis is the hot rolling process,
which involves a roughing mill phase, in which the material is reverse rolled for
a number of passes, and a final rolling phase, in which seven consecutive passes
in the finishing rolling mill train. A schematic of the conventional reheating/hot
rolling/transformation plant is shown in Figure 1‐2.
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As indicated in the figure, any precipitates that have formed in the prior casting
process are dissolved in the reheating step. In the roughing mill new
precipitates form by segregation of precipitating elements to the dislocations
that are “stored” in the material during deformation. Both in the roughing mill
section and in the finishing mill the material recrystallizes, either statically
between the deformation steps or dynamically during the deformation steps.
These two processes are influenced by the deformation energy that is stored in
the dislocation structures that are formed during the deformation process. This
is also the case for the subsequent transformation process. At present, a
project to establish a through process model with which the evolution of the
microstructure and the properties of the material during the hot rolling and
Reheating furnace
24
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Figure 1‐2. Schematic of Hot Rolling Mill 2 at IJmuiden. Strip width 2 m.

transformation process is currently carried out in Tata Steel IJmuiden R&D. A
physical understanding of the work hardening process is now crucial in through
process modelling of the evolution of the microstructure in the hot rolling
process.
1.1.2 Theoretical issues
In addition to the aspiration of developing a physical model for the flow stress
of steel at elevated temperatures that is to be used in computational
simulations of the hot rolling process, there are equally important matters to
be dealt with that are in the realm of physical understanding of the involved
7

mechanisms. It is the purpose of this study to address both: a viable flow stress
model will be developed, while some issues of a more philosophical character,
i.e. concerning the physical explanation of the expressions applied in the
model, will be addressed.

1.2 Outline of the thesis
In Chapter 2 the literature pertaining to the dislocation theory of the flow stress
of polycrystalline metals is reviewed. This is introduced by a qualitative
overview of formulating constitutive equations. This is followed by a discussion
on thermally activated dislocation glide, work hardening and dynamic strain
ageing.
In Chapter 3 the experimental methods and techniques used in this study are
discussed. The choice for executing tensile tests rather than compression
testing is explained and the advantages/disadvantages of the Gleeble
thermomechanical testing system discussed. Some techniques to remedy these
disadvantages are introduced, followed by a discussion of some special test
techniques (other than at constant strain rate and temperature) and post
processing methods that are helpful as a diagnostic tool for determining the
nature of the plastic flow process. The chapter is concluded with a section
pertaining to instrumental issues like machine stiffness corrections and
suppression of disturbances in the measured signals.
Chapter 4 is a theoretical exercise in which the relation between the onset of
Portevin‐ le Châtelier instabilities (which are associated with dynamic strain
ageing) and the strain rate sensitivity of the flow stress is discussed.
In Chapter 5 a physically based yield stress criterion based on Kocks‐Mecking
analysis of the flow stress is proposed. The pre‐yield theory based on reversible
dislocation glide that is developed in this chapter is further developed in
chapter 6 by incorporation of the effects of grain size hardening, and
dislocation glide resistance. The resulting yield stress theory is then fitted to a
comprehensive set of tensile test results.
In Chapter 7 the work hardening behaviour, obtained by subtraction of the
yield stress from the flow stress data, is first examined qualitatively. On the
basis of the results from that analysis, a suitable work hardening equation is
proposed and fitted to the experimental data. The last section contains a
discussion of theoretical character, in which the alternative explanation of the
Taylor relation between work hardening and dislocation density and the
consistency between the interpretation of the yield stress and work hardening
models are discussed. The chapter is concluded with the main conclusions and
recommendations that have been found in this study.
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Chapter 2. Background: the Flow Stress of polycrystalline
metals
Nothing is as practical as good theory.
Kurt Lewin

2.1 Introduction
The objective of this study is to formulate a constitutive model for the flow
stress of Steel grades in the temperature range where it is in the austenitic
state. This model will be applied as a sub‐model in hot rolling models that aim
to predict the influence of hot rolling parameters on the resulting
microstructure.
In this chapter the theory of flow stress is reviewed. First the limits that define
which mechanisms of plastic deformation of polycrystalline metals fall within
the scope of this study are outlined. After having identified dislocation glide
and multiplication as the mechanisms of interest, the choice for continuum
mean field modelling rather than more detailed descriptions is substantiated. In
the sections 2.2 to 2.4 the theories of plastic yielding and dislocation glide
resistance are reviewed, followed by a critical review of the Bergström and
Kocks‐Mecking theories of work hardening and dynamic recovery.
2.1.1 Flow stress phenomenology
Before reviewing the physical theories of plastic flow and flow resistance, we
will introduce the main basic phenomena.
Plastic deformation of crystalline solids is caused by propagation of crystal
defects known as dislocations through the crystal lattice. After the passing of a
dislocation, the crystal volume on one side of the plane in which the dislocation
has propagated (the glide plane) is displaced by one lattice constant relative to
the volume on the other side. Many dislocations must traverse the crystal to
result in macroscopically significant amounts of deformation. Dislocations can
therefore be regarded as the elementary carriers of plastic deformation.
Dislocation propagation is impeded by several kinds of obstacles that exert a
stress on the dislocations which must be overcome by the externally applied
stress. Some of these interactions between dislocations and obstacles are of
long range character, i.e. they act over distances that are large in relation to the
10

dislocation size. The applied stress must be larger than the maximum long
range stress to make dislocation propagation possible. The other class of
obstacles are local obstacles, which have a stress field that acts over a short
range. The short range stresses are superposed on the long range stresses
(section 2.2). These local obstacles can be passed by thermal activation, i.e.
occurring when the mechanical work that is needed to pass the obstacle can be
provided by thermal fluctuations of the dislocation’s energy. Since thermal
activation involves a waiting time for passing the obstacle, the applied stress
must be higher than the long range stress in order to make dislocation
propagation possible such that deformation proceeds at the desired strain rate.
A common phenomenon of plastic deformation of metals is work hardening.
This is caused by dislocation multiplication. The dislocations that are created in
the multiplication process are initially mobile. After having propagated over
some free path, they are eventually stored as immobile dislocations when they
encounter an unsurpassable obstacle. During plastic deformation the immobile
dislocations cause an increasing long range stress field. The stored immobile
dislocations are associated with an increase in internal energy, which constitute
a “driving force” for processes like recrystallisation, grain growth and
transformation. They are stored in a substructure in the form of a tangled
network after small plastic strain, which evolves into a cell like substructure for
larger strains. This rearrangement of the stored dislocation substructure is
influenced by diffusion processes, and that it thus causes work hardening to be
dependent on strain rate and temperature as well as on strain. Work hardening
must now be described by an evolution equation that predicts the dislocation
density as a function of strain. This will be discussed in more detail in
section 2.5.
Work hardening is of long range character and therefore inherently athermal,
which means that it cannot be overcome by thermal activation, its strength is
nevertheless is dependent on strain rate and temperature. This relationship is
however based on strain rate and temperature history rather than on their
instantaneous values. The work hardening contribution to the flow stress does
therefore not vanish immediately at zero strain rate as the glide resistance
does. It can only vanish due to static recovery, recrystallisation, grain growth
and phase transformation.
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The flow stress  f is thus seen to be the sum of a yield stress  y , a work
hardening contribution
glide 

*

w  ,,T  and a resistance due to thermally activated

,T  . In the equivalent stress notation :
1

 f   y  w  ,,T    * ,T  ,

(2.1)

where it is indicated that the work hardening contribution, which as discussed
in itself has a long range character, is nevertheless dependent on strain rate 
and temperature T . This type of strain‐rate/temperature behaviour is caused
by the evolution of dislocation density. After an increase of strain rate, the
effect on the work hardening contribution becomes noticeable only after an
increment of strain. It is described by the evolution equation, not in the flow
stress equation itself.
In contrast to this behaviour, the strain‐rate/temperature influence that is
caused by the effective stress is instantaneous: if the strain rate is increased,
the stress must directly increase in order to accelerate the thermally activated
passing of obstacles.
There exist therefore two types of strain rate sensitivities of the flow stress: a
direct strain rate sensitivity (DSRS)  D

d
(2.2)
d
that pertains to thermally activated glide mechanism sand an indirect strain

d 

rate sensitivity (ISRS)  I

I 

d  d 
d  d 

(2.3)

that pertains to the work hardening rate [1], [2]. Experimentally, these two
strain rate sensitivities ‐and consequently the work hardening and effective
stress‐ cannot be separated by performing deformation experiments at
constant strain rate and temperature. They can be distinguished only by
manipulation of the strain rate history. The most rigorous ‐and sensitive‐
method is imposing a constant strain rate followed by an instantaneous
1

In this thesis, shear stress and strain notation will be used when discussing
mechanisms on the dislocation scale, and equivalent stress and strain notation when
formulating equations that are to be used in an experimental context.
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increase or decrease of  : the strain rate jump test. In analogy to  D and I ,
similar temperature sensitivities can be defined, but these are of little practical
interest since it is virtually impossible to impose instantaneous temperature
changes experimentally. The strain rate and temperature sensitivities are
normally of positive respectively negative sign: higher temperature results in
lower stress. Only in the special case where Dynamic Strain Ageing occurs, they
may be of negative respectively positive sign. This will be discussed in
Chapter 4.
It must be noted that all contributions to the flow stress are proportional to the
elastic shear modulus G of the material, which is temperature dependent [3].
This is due to the fact that both long and short range interactions are
transmitted by stress fields that cause elastic distortions of the crystal lattice. It
is good practice to remove this trivial temperature influence from experimental
data by scaling stress values with

G T0 
G T 

, where T0 is an arbitrary reference

temperature, in order to have a clearer view on temperature effects that
pertain to dislocation glide and multiplication.
For steel in the temperature range where it is in the austenitic phase, we will
use the following empirical equation [3]

1  7.9921  107K 2T 2 
G T   92.648. 
GPa,
10 3 3 
T

.
.
K
3
31
7
1
1
0



(2.4)

where T is expressed in Kelvin.
The modelling approach of formulating constitutive equations obviously strives
to formulate models in the form of analytical functions. This style of modelling
has been called continuum or mean field modelling, as some a priori averaging
method is necessary. This averaging is often done tacitly, by formulating
models in terms of e.g. average dislocation densities, segment lengths, screw or
line character, of average grain sizes and so on. An important example is the a
priory averaging over all glide systems, which is a common feature of most
mean field hardening theories outside the field of crystal plasticity.
In the past two decades the methods of 3D discrete dislocation plasticity [4],
[5], [6], phase field plasticity [7], [8] and molecular dynamics [9], [10] have
been developed to a stage where the mechanisms of interest can in be
simulated in detail. These methods do not however, yield analytical equations
that describe bulk behaviour in the fashion of mean field continuum modelling.
Analytical expressions on the basis of these methods can only be derived by a
posteriori averaging of the results. Such an averaging procedure necessitates a
13

choice of an analytical expression to execute the averaging procedure, much
like the situation when dealing with experimental data. Another class of models
aims to describe the material behaviour at the mesoscale of e.g. the grain
structure. Models in this class are for instance cellular automata and Finite
Element Modelling Crystal Plasticity [4], [11], [12]. In these methods, the
collective behaviour at a smaller scale than the mesoscale level is again
modelled by continuum theories.
The important difference between these two approaches is that in mean field
modelling the averaging is done a priori when formulating the model
equations, and in discrete modelling averaging must be performed a posteriori.
If it is now assumed that averaging and computation are commutative, the
choice for mean field modelling ‐which we make here‐ simply implies that some
variables like dislocation segment length and density have to be interpreted as
being effective, a priory averaged parameters.
The choice for mean field continuum modelling that we have made also serves
a practical goal: the model equations are to be implemented in a model suite
that describes the evolution of microstructure in the hot rolling process. To
achieve that by using data generated by 3D discrete dislocation plasticity, phase
field and molecular dynamics will either throw us back in empiricism (albeit
that we have total control over the experiment), or a mean field model must be
used to perform the averaging. The challenge of mean field modelling lies in the
formulation of concise mathematical formulations that nevertheless capture
the collective behaviour of the complex interplay between ‐in the field of
dislocation plasticity‐ dislocations and obstacles. 3D discrete dislocation
plasticity, phase field and molecular dynamics can play an important role by
corroborating the assumptions made in that process.

2.2 Mechanisms of plastic deformation
Plastic deformation is generally understood as an irreversible change of shape
of a solid material in response to mechanical loading. In general this is
accompanied by a change of state of the material. Macroscopic shape is not a
physically acceptable state variable. Before discussing the constitutive models
that describe plasticity as occurring in the target process ‐viz. hot rolling of
steel‐ we must identify the relevant physical mechanisms and state variables.
A phenomenon that is typical for the case of plastic deformation of metals is
that they appear to show a yield stress. This is commonly understood as a
threshold stress below which no irreversible (plastic) deformation occurs. It is
often assumed that reversible deformation below the yield stress is linear
elastic deformation (in the sense of proportional to stress) of the crystal lattice.
It is an established fact that the strain increments as a function of stress
14

increments below the yield stress are small relative to those above the yield
stress. The yield stress is an important parameter since it defines a restriction
to the stress range where constitutive models for irreversible plastic
deformation can be applied. The mechanical behaviour of a deformable
material can formally be described by a set of constitutive equations that
consists of a rate equation that couples strain rate  to stress  , stress rate
 and temperature T and a number of evolution equations that describe the
change of the state of the material as a function of time [13], [14], [15]. The
response of the material to an external mechanical load depends on its state,
which enters in the constitutive equations through a number of state variables
Si  S1 ,S2 ,...Sn , which describe the microstructure.
A century after the pioneering work of Prandtl, developed further by Burgers,
Taylor and many others [16], [17], it is an established fact that plastic
deformation of mono‐ and polycrystalline metals is brought about by the
propagation of line defects called dislocations. It is indeed the combination of a
crystal structure, which is the cause of their strength, with the propensity to
form dislocations, which cause formability, which is responsible for the unique
place that metals have in engineering. In the field of constitutive modelling of
plastic deformation of polycrystalline metal alloys, the obvious state variables
are then grain size, dislocation density, dislocation segment length, solute atom
density, etc. The evolution of these microstructural variables depends on
physical parameters C j  C1,C2 ,...Cm which are diffusion constants,
activation energies, etc. This can be represented formally as

  f  , ,T ,Si ,C j 

(2.5)

S i  gi  , ,T ,Si ,C j  .

Strictly speaking, the strain and stress tensor components should appear in
these equations. We have chosen to use equivalent plastic strain  and stress 
instead, which are defined in terms of the Euclidean norm of their associated
tensors [18], [19], [20]:



3
SijS ji
2

2

 ij  ji ,
3
where Sij   ij 

(2.6)

 kk 
I is the deviatoric stress tensor with I the unit tensor.
3

15

Equivalent stress and strain are by definition positive definite variables. During
deformation, equivalent strain is a monotonously non‐decreasing function of
time, which is an expression of the fact that the plastic deformation process is
essentially irreversible. Since in this study we are interested in the response of
the material and the evolution of the microstructural parameters during the
deformation process, this has the advantage that the constitutive equations
can be formulated with strain rather than time as an independent variable, as is
customary in the dislocation theory of plastic deformation.
Equivalent stress and strain are concepts from the field of continuum
mechanics. Since the constitutive equations that are subject of this study will
be implemented in process models that are formulated according to that
paradigm, they must eventually be formulated in terms of equivalent stress and
strain.
Dislocation theory is however formulated in terms of shear strain  that is
caused by the propagation of dislocations under influence of shear stress  that
acts along the glide plane of those dislocations. The deformation of crystalline
material is caused by dislocation glide on one or more glide systems. In a
polycrystal, the glide systems of each crystallite are differently oriented. The
reformulation of expressions from dislocation theory to continuum mechanics
therefore requires an averaging over all orientations of the individual
crystallites and the glide systems inside the crystallites. An elementary
expression for the averaging of shear stress to equivalent stress developed in
the field of crystal plasticity is [21]
(2.7)
  M ,
where M is the Taylor factor, which expresses the equivalent stress in terms of
the directional average of the resolved shear stresses on all active glide systems
and crystallite orientations. The corresponding equation for the relation
between shear strain and equivalent strain is then found by application of the
virtual work principle [22], which is formulated as

 d   d ,

(2.8)

then follows the relation

 

1
 .
M

(2.9)

The constitutive rate equation (2.5) is written in the form of strain rate as a
function of the stress rate, or stress and time. From a physical point of view,
this is the correct description. Macroscopically however, it presumes a stress
controlled process, like e.g. creep testing. Many ‐if not most‐ macroscopic
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deformation processes are however strain controlled (e.g. tensile and
compression testing, rolling processes etc.) and a formulation of stress as a
function of strain is then more suitable from an engineering point of view. A
more physical argument has been formulated by Kocks [23], [24]. His argument
relates to the distinction between static and dynamic recovery. The former
pertains to softening of work hardened material as a function of time for
unloaded material and the latter to the decrease of hardening during
deformation (hence dynamic recovery). He noted that static recovery does not
produce a similar degree of softening as dynamic recovery during plastic
deformation during an equal time interval, and consequently that strain is the
more logical choice for the independent variable during deformation
2.2.1 Deformation mechanism maps
Frost and Ashby conceived the concept of deformation mechanism (DM) maps
[25], [26] which, however simplified as in some aspects they are, can guide us
to identify the physical processes that are relevant in industrial hot
deformation processes. A typical DM Map is shown in Figure 2‐1. It must be
borne in mind that these deformation maps are calculated from simplified
expressions that describe steady state flow, i.e. at constant flow stress. In other
words work hardening and dynamic recovery are supposed to be balanced and
mutually cancelled. This is an obvious disadvantage for the low‐temperature
plasticity region, where steady state flow does not occur in reality. At elevated
temperatures, steady state does not occur before appreciable hardening has
occurred.
They recognize five mechanisms of plastic flow of polycrystalline materials:
1.
2.
3.
4.
5.

Elastic collapse at a stress equal to the ideal strength
Low‐temperature plasticity by dislocation glide
Low‐temperature plasticity by twinning
Power‐law creep by dislocation glide, or glide‐plus‐climb
Diffusional flow
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Of these, elastic collapse is an idealisation that pertains to defect‐free crystals.
It is of little importance to the study of materials commonly used in
engineering. The other four mechanisms generally occur at a much lower stress
than the ideal strength, and since the material of interest in this study is far
from defect‐free, elastic collapse can be ignored. Likewise, twinning can be

Figure 2‐1. DM map for pure iron of grain size 100 µm [26].
ignored since it generally occurs at low stresses and low temperatures, and
causes only a limited degree of deformation [25]. TWIP alloys are an exception
to this rule, but the TWIP mechanism falls outside the scope of this study.
Diffusional creep, which may be bulk/lattice diffusion or grain boundary
diffusion, occurs only at very low strain rates even at high temperature, and is
therefore of no interest in the context of the hot rolling process. The remaining
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two mechanisms are both dependent on dislocation glide. The plastic
deformation mechanism of polycrystalline materials at strain rates and
temperatures that are relevant for industrial manufacturing processes
therefore occurs almost exclusively by dislocation glide, as is widely recognized
in literature [13].
Plastic deformation of crystalline solids is caused by propagation of crystal
defects known as dislocations through the crystal lattice. Many dislocations
must traverse the crystal to result in macroscopically significant deformation.
Dislocations can therefore be regarded as the elementary carriers of plastic
deformation, and physical models of plastic deformation must involve some
kind of a priori /posteriori averaging over the individual glide events.
The flow stress can be interpreted as the stress that is required to make
dislocations propagate through the material at a sufficient velocity to attain the
externally imposed strain rate. It is generally accepted that the resistance that
mobile dislocations are subjected to is the sum of long and short range internal
stress fields according to a simple superposition principle [13], [23], [27], [28],
[29], [30], [31]. The terminology long respectively short range literally pertains
to the extensiveness of the stress fields relative to the size of the dislocation’s
core which is of the order of the lattice constant. A more practical distinction
can be made by the quality of the obstacle with respect to the question
whether it can be passed by thermal activation or only by raising the applied
stress to a level larger than the strength of the stress field. Thermally activated
passing of an obstacle that exerts a stress larger than the applied stress on the
dislocation is possible if the thermal fluctuations of the dislocation segment’s
energy are large enough to provide the mechanical work that is involved. This
will be discussed in detail in section 2.4. In the deformation mechanism map
shown in Figure 2‐1, thermally activated passing is labelled as “obstacle
controlled”. Note that it is absent in the austenitic temperature range
according to the DM map. In chapter 5 and 6 we will however find that it is far
from negligible for that condition.
2.2.2 Long and short range stress fields
In Figure 2‐2 a stress field   x  that is a superposition of an internal stress that
is independent of position, a stress field that varies slowly as a function of
position and the field due to a number of localized obstacles is schematically
visualized as a function of position x in the crystal. These stress fields can be
respectively categorized as long range, medium range and short range.
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Figure 2‐2. Superposition of long and short range stress fields (schematic).
Stress fields of different range can be caused by several types of
microstructural elements, viz. grain boundaries, other dislocations, precipitates
and solute atoms. Grain boundary stress fields are exceptionally pervasive,
since they are the result of the collective of grain boundaries and act over
distances that are large compared to the glide paths of dislocations which are
restricted to propagate within the individual grains at maximum. In the Hall‐
Petch theory presented in Chapter 6, grain boundary stresses are considered as
constant over the dislocation glide path.
Stress fields of intermediate range are commonly associated with the cell walls
of the dislocation cell‐like substructure that forms by the storage of immobile
dislocations during plastic deformation [32], [33], [34]. That interpretation
presumes that the dislocation walls defining the substructure are always of low
angle grain boundary character. There is no consensus on this matter: other
authors advance the idea that the structure of the dislocation walls is such that
there is “…mutual stress screening among near neighbour dislocations” [35],
according to which point of view the stress fields caused by the dislocation
substructure are small. This issue is of primary importance in the scope of this
study, since it pertains to the relation between the density of (stored)
dislocations and the associated work hardening (i.e. the long range stress due
to stored dislocations that has to be overcome by the externally applied stress).
We will return to this issue in section 7.4.
As noted above, a stress field caused by a microstructural feature can be
considered as short range if the stresses exerted by the obstacle on an
approaching dislocation are sufficiently localized for thermally activated passing
of the obstacle by the dislocation to be possible. More precisely, the energy
needed to overcome such obstacles must be small enough to be provided by
thermal fluctuations of the energy of the atoms in the dislocation segment that
is involved in passing the obstacle.

20

A long range stress field can only be overcome if the applied stress exceeds the
critical value of the internal stress associated with that field [13]. Below this
threshold, dislocations will not propagate over appreciable distances. The long
range stress fields can thus be interpreted as associated with a stress threshold
 y 0 , that has to be overcome by the applied stress to make macroscopic plastic
deformation possible, albeit at infinitesimally low deformation rates. This
threshold  y0 can therefore be interpreted as the proper yield stress. In Figure
2‐2 this threshold is shown as a dotted line. For applied stresses higher than
 y0 the dislocations will propagate over large distances at a velocity which is

* f  , , where  f is the flow stress
0
y

determined by the “effective” stress

(applied stress) at a finite strain rate.  is then the portion of the applied stress
that is in equilibrium with the sum of
*

1.
2.

the resistance due to the localized stress fields
the resistance due to drag mechanisms between the dislocations and
the crystal lattice.

For maintaining a finite strain rate therefore application of an external stress
larger than  y0 is necessary. A more practical definition of the yield stress is
therefore obtained by taking it equal to the flow stress at zero strain and a
finite strain rate.
Note that this interpretation of the yield stress allows a degree of local,
contained plastic deformation at stresses below the yield stress (within the
“valleys” of the long range stress field), and that it is interpreted as athermal,
i.e. independent of strain rate and temperature.
During plastic deformation mobile dislocations will propagate at a velocity that
is dependent on the effective stress and temperature. For deformation at an
imposed strain rate, the effective stress is therefore dependent on strain rate
and temperature. A more descriptive name for the effective stress is
“resistance associated with thermally activated dislocation glide”. In the
literature it is often referred to as “thermal stress” (which is a confusing
nomenclature since in engineering this pertains to stresses caused by
temperature gradients). Thermally activated dislocation glide will be discussed
in more detail in section 2.4.

2.3 The yield stress and pre‐yield phenomena
Strictly speaking, any internal stress field that fluctuates as a function of
position can be passed by thermal activation at temperatures above absolute
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zero temperature, even if the degree of localization of those stress fields is
small, e.g. long range stress fields that vary in strength over distances that are
large with respect to the dislocation size. Frost and Ashby [26] express this as
“Although it is often convenient to think of a polycrystalline solid as having a
well‐defined yield strength, below which it does not flow and above which flow
is rapid, this is true only at absolute zero”. Nevertheless, a large portion of a
typical deformation mechanism map shows virtually zero strain rates, and an
even larger area where the strain rate is negligibly low with respect to the
target process. Some authors label that region as elastic [36], as Ashby did in
his original publication [25]. In [13], the yield stress at absolute zero
temperature is called the mechanical threshold, above which no equilibrium of
a dislocation’s position is possible at T= 0, but below which thermally activated
glide is possible at higher temperatures. The problem is that Frost and Ashby’s
strict definition of yield only recognizes thermally activated mechanisms, some
of which are infinitesimally slow at low stresses and which hardly contribute to
the large degree of deformation that we are interested in. The fundamental
point of critique is that they assume that no athermal contributions to the yield
stress exist, which is contradicted by the existence of a grain size (Hall‐Petch)
contribution to the yield stress. The Hall‐Petch effect cannot be interpreted
otherwise than being athermal, since its cause is purely geometrical. The
definition of the yield stress given in section 2.2.2 better suits our purpose,
since it has the advantage that it discriminates between mechanisms that cause
storage of dislocations with the associated increase of long range stress fields
and mechanisms that do not. In practice, it also separates mechanisms that are
only of interest during long service periods of constructive elements at severe
circumstances, e.g. creep, from those that pertain to fast plastic deformation
processes.
2.3.1 Pre‐yield phenomena
The existence of a threshold yield stress below which no plastic deformation
occurs does not imply that below the yield stress the material behaviour is
purely elastic in the sense of linear elasticity of the crystal lattice. Non‐linearly
elastic reversible strains are frequently observed below the yield stress. The
term anelasticity was introduced by Zener [37]to denote non‐linear reversible
deformation effects below the yield stress. One particular mechanism is the
reversible bowing out of initially present dislocation segments under a stress
smaller than the yield stress [38], [39]. Dislocation anelasticity causes a
decrease of the pre‐yield modulus since the shear produced by dislocation glide
is additional to the elastic shear of the crystal lattice. The original authors of
this theory [40], [41], [42], derived expressions for the degradation of the
pre‐yield modulus at zero stress only, in which it is tacitly assumed that the
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dislocation segments in case are elements of a uniform dislocation network. In
Chapter 6 an expression that is valid up to the yield stress will be derived. The
pre‐existing dislocation segments that are the cause of this effect are potential
Frank‐Read (FR) sources [43] that cause dislocation multiplication once the
yield stress is exceeded.
The FR mechanism, which is the mechanism of dislocation multiplication as well
as of pre‐yield anelastic strain, is depicted schematically in Figure 2‐3. Consider
a dislocation segment BC that bows out under the action of the resolved shear
stress  in its glide plane. The end points B and C of the segment are defined
by the pinning by other crystal defects, like solute atoms, precipitates or other
dislocations. Another possibility is that the segment is part of a prismatic
dislocation loop. Let the applied shear stress increase from zero. The segment
1
will then bow out to a curvature for which the segment’s line stress is in
r
equilibrium with . The line stress of the segment is given by
Gb
 line 
,
(2.10)
2r
where b is the magnitude of the Burgers vector and G the elastic shear modulus
of the crystal lattice.



Figure 2‐3. The Frank‐Read mechanism [43]. The
sequence of configurations labelled 1…5 is
explained in the text.
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Up to configuration 2 in Figure 2‐3. The Frank‐Read mechanism [43]. the
process is reversible, as the dislocation will relax to its initial configuration
under the action of its line stress if the applied stress is removed. The local glide
that the crystal has undergone in the area bound by B, C and the stressed
dislocation segment (configuration 2), is then undone. This is the basic
mechanism of dislocation anelasticity, which is to be identified as reversible
dislocation glide. The reversible shear due to the dislocation’s glide over the
area between configuration 1 and 2 in Figure 2‐3 is large compared to the
elastic shear of the crystal lattice. It will effectively resolve the pre‐yield
stiffness of the material. This is the topic of Chapter 5 and 6.
If the stress is now increased above the line stress in configuration 2, the
curvature of the dislocation must decrease, and the line stress of the
dislocation will become lower than the applied stress. The equilibrium between
the applied stress and the line stress is then lost, and the segment bows out in
an unstable manner. The dislocation then bows around the original position of
the segment (configuration 3 and 4) where both branches re‐join and split into
a copy of the original segment and an expanding loop.
The line stress at the instant of incipient instability is the critical Frank‐Read
shear stress  FR , which is given by

Gb
,
(2.11)
L
where L is the length of the segment (the distance B‐C in Figure 2‐3). If no other
resistance to the motion (bowing out) of the dislocation would exist, FR would
be the yield stress, since it indicates the onset of irreversible dislocation
propagation. In reality, there do however exist additional resistances, like the
resistance due to thermally activated dislocation glide and the Hall‐Petch
stress.
Note that the contribution described by eq. (2.11) to the yield stress is
athermal. This is a second argument against Frost and Ashby’s characterisation
of the yield stress being exclusively due to thermally activated mechanisms.

 FR 
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20 m
Figure 2‐4. A Frank‐Read source in Si [44].
When the stress is increased above FR the dislocation bows out further to
configuration 3. Since the end points B and C are pinned, it must curve
backwards around the pinning points. When it has reached configuration 4, two
branches of screw character and opposite sign meet, and the contacting part is
annihilated. In configuration 5 the dislocation has dissociated into a loop which
expands in an unstable manner and a segment between the pinning points. The
latter is a recovered copy of the original segment (configuration 1 =
configuration 5), and therefore as long as the applied resolved shear stress is
larger than the critical stress for reaching the unstable configuration 2, this
process will repeat itself. The loop will expand since its line stress decreases
further below FR and will eventually be immobilized by impenetrable obstacles.
The critical Frank‐Read stress (eq. (2.11)) is therefore the actual yield stress,
since it is the external stress above which irreversible dislocation multiplication
and propagation occurs. A classic physical example of the FR multiplication
process is shown in Figure 2‐4. Recently the multiplication process has been
recorded by in situ TEM video technique by Louchet [45]2.
Note that the contribution described by eq. (2.11) to the yield stress is
athermal. This is a second argument against Frost and Ashby’s characterisation
of the yield stress being exclusively due to thermally activated mechanisms.
This elementary theory of the yield stress recognises the dislocation structure
only. It does not quantitatively explain the influences of grain size, strain rate,
solute and precipitation hardening on the observed yield stress. It is one of the
objectives of this study to develop a comprehensive model that incorporates
these effects, which is developed in Chapters 5 and 6.

2
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The Frank‐Read mechanism is now seen to be associated with pre‐yield
anelastic strain, which is a natural precursor of yield. The magnitude of the
dislocation anelasticity effect is dependent on the density and distribution of
segment lengths of the initially present dislocation segments. Since the crystal
structure deforms elastically under stress, the pre‐yield strain  PY is the sum of
crystal elasticity and dislocation anelasticity

 PY 



E

  AE ,

(2.12)

where E is Young’s modulus,

   y the applied stress with  y the yield stress

and  AE the dislocation anelastic strain which is a non‐linear function of stress.
An expression for  AE will be developed in Chapter 6.
From eqn. (2.12), the apparent pre‐yield modulus is
1



PY

 d PY 
EAE

,
 

d

E



AE

where  AE

 d AE 


 d 

(2.13)

1

The apparent ‐or technical‐ elastic modulus as measured in a tensile test can
therefore be appreciably lower than the value of Young’s modulus of the crystal
lattice. For steel at temperatures below T=300‐500 °C, the dislocations are
pinned by C atoms. The stiffness  AE pertaining to dislocation anelasticity
then becomes very large and the apparent pre yield stiffness approaches
theoretical value of E [46]. At higher temperatures, anelastic pre‐yield
phenomena can be expected to occur. The initially present dislocations that are
responsible for the pre yield deformation must be subject to a resistance due to
thermally activated glide. This is the reason why the elastic moduli of the
crystal lattice must be determined by high frequency acoustic techniques [47],
rather than by a macroscopic deformation process like a tensile test. In
chapter 5 of this thesis a model for anelasticity due to reversible dislocation
glide will be developed.
Plastic yield will occur when the “softest members” of the initial dislocation
distribution, i.e. those that have the longest segment length, will become
unstable and emit dislocation loops according to the Frank‐Read mechanism.
The yield stress is thus the applied stress for which the resolved shear stress in
the glide plane of the longest segments exceeds the critical Frank‐Read stress
 FR (eq. (2.11)).
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It is a well‐known fact that the yield stress is also dependent on the grain size.
This was first recognized by Hall and Petch [48], [49], who found that the yield
(and fracture) stress are in part proportional to the inverse of the square root
of the grain size:

 y   0  Ky

1
D

(2.14)

where D is the grain size, Ky the Hall‐Petch coefficient and  0 the limiting yield
stress for D   . A number of models have been proposed to explain this
behaviour [50], [51], [52], [53], [54], [55], [56], none of which address the
problem that the yield stress is dependent on both the grain size and the size of
the Frank‐Read sources. This is the subject of Chapter 6, where a model is
proposed that is a synthesis of the Frank‐Read mechanism and dislocation
anelasticity with a mechanism of generation of long range stresses by grain
boundaries. This model forms a viable explanation of the Hall‐Petch relation.
The stress at which dislocation propagation after prior plastic deformation and
work hardening is resumed can also be called a yield stress. In order to avoid
confusion with the yield stress of the undeformed material we will adopt the



term deformation resistance  d or  f



[13], [38], [15] for the yield stress

after (or during) prior work hardening.

2.4 Resistance due to thermally activated dislocation glide
When the long range stresses ‐i.e. the yield stress‐ have been exceeded by the
applied stress, the relation between dislocation velocity vm , shear strain rate 
and density of mobile dislocations  m is expressed by the Orowan equation
[57]:

   mbv m

(2.15)

The velocity of the mobile dislocations is controlled by dislocation glide
resistance mechanisms. Possible mechanisms are resistance caused by the
crystal lattice or by discrete localized obstacles.
The fundamentals of resistance due to thermally activated dislocation glide can
be understood by an elementary one‐dimensional representation of the
process [58] as shown in Figure 2‐5. Consider a dislocation segment that
propagates through the crystal under the influence of an applied shear stress

 f , which exceeds the deformation resistance  d . The difference  *   f   d
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is commonly called the effective stress since this is the stress responsible for
the velocity of the dislocations. Consider a back stress

 o  x  exerted by some

discrete obstacle at position xobs that is superposed on the long range internal
stress  d , as depicted in Figure 2‐5. The dislocation will come to rest at a stable
equilibrium position xs that is dependent on  * .


T

f

G

d
xs xobs xu

x

Figure 2‐5. Thermally activated passing of a local
obstacle. Resistive stress as a function of the position
of the dislocation. Solid line: local resistance d + l,
the dashed region is the Gibbs free energy G.
The local stress barrier can be overcome by thermal fluctuations in the energy
of the atoms in the vicinity of the dislocation. The Gibbs free energy  G is
given by [59]
xu

G  bla     d  dx  bla  xu  xs    d  ,

(2.16)

xs

where la is the length of the dislocation segment involved in passing the
obstacle and xu the unstable activated equilibrium position (see Figure 2‐5). The
first term at the right hand side is the change in free energy during passing of
the obstacle, the second is the work done by the applied stress during the
activation event [59].
After a successful activation event the dislocation moves toward the next local
obstacle at a velocity dependent on the resistance mechanism caused by the
interaction between the dislocation and the crystal lattice. The resistance
mechanisms due to the lattice are due to phonon drag. In the case where the
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average dislocation velocity is obstacle controlled, the velocity of a dislocation
between obstacles is much higher than the average velocity. The dislocations
then move in a jerky fashion [13] and their average velocity is governed by the
waiting time for thermal activation at localized obstacles.
Since the positions xs and xu are functions of the effective stress*, this is also
the case for the activation energy G .
The obstacle will be overcome after a waiting time tw has passed which is the
product of the inverse of an attempt frequency  a and the rate of success given
by the Boltzmann factor that gives the probability of an energy fluctuation of
amount G

tw 

 
*

 G 
exp 
,
a
 k bT 
1

(2.17)

where kb is Boltzmann’s constant and T the temperature. The attempt
frequency is associated with the thermal lattice vibrations that occur for
T > 0 K. At temperatures above the Debije temperature  D all possible
vibrational states are occupied, the shortest phonon wavelength is then equal
to the lattice constant. The vibration of a dislocation can be described as that of
a vibrating string [60], [61], the ground frequency  l of which is given by

l 

 Db
la

,

(2.18)

where D is the Debije frequency. The attempt frequency is often given as

 Db
2l a

[62], where it is assumed that the obstacle to be passed lies midway between
the pinning points [63]. A dislocation vibrates with a spectrum of simultaneous
harmonic modes having frequencies between the ground frequency (eq. (2.18))
and D. For a dislocation passing the obstacle, it is sufficient that a sub segment
that has a length of the order of the size of the local stress field performs the
passing event.
The relevant attempt frequency then pertains to a wavelength a which is of
the order of the size xu  xs of the local stress field of the obstacle that is being
passed [64]:

a 

 Db
a

(2.19)
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For steel in the austenitic phase, D = 2×1012 s‐1 [65] and D  335 K [66], and
consequently we can assume a to be a material constant in the temperature
regime of interest. After passing an obstacle, the dislocation glides over an area
A until it is stopped by the next local obstacle, producing a shear increment 
that is equal to   bA . The area A depends on the dislocation segment
length and the spatial distribution of the obstacles.
The number of dislocation segments per unit volume Nm that are
simultaneously operative is given by

m

Nm 

l

,

(2.20)

where  m is the density of mobile dislocations. Combining eqs. (2.17)..(2.20),
the macroscopic shear rate of the population of mobile dislocations is now

 

m
l

bA

 G 
 Db
exp  
.
a
 k bT 

(2.21)

The final step is now to formulate the relation between  G and  * . This
function is specific for different types of obstacles. These can for instance be
forest dislocations, solute atoms and small shearable precipitates which are
fixed obstacles to the dislocations, jogs and the Peierls mechanism [67], [68],
[69]. The latter two are obstacles associated with the dislocation itself (or
rather its interaction with the crystal lattice). G

  should therefore in
*

principle be formulated as a sum of different mechanisms. Such an approach is
however not suitable in an experimental context like here, where the aim is to
develop a practical model of flow stress as a function of strain, strain rate and
temperature, and not to study the fundamentals of each contributing
mechanism. For that reason the following semi‐empirical relation –“ empirical”
in the sense that the interaction between dislocation and obstacles is described
phenomenologically, “semi ” because it is formulated in accord with the
physical theory of thermally activated processes‐ is often used [13],[70], [71],
[72]
q

   * p 
(2.22)
G  G0 1   *   ,
   0  
*
where G0 is the activation energy at T=0 and  0 the maximal strength of
(resistance due to) the obstacle. The parameters p
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0  p  1

and q

1  q  2 are phenomenological parameters that define the shape of the
 *  x profile of the obstacle. Solving eq. (2.22) for  * yields:
1
 

G  q 
*
* 
  0 1 

  G0  



1

p

.

(2.23)

From eq. (2.21) the activation energy  G can be written as

  
G     k bTln   ,
 0 
where 0 

m
l

bA

(2.24)

D
. Substituting eq. (2.24) in eq. (2.23) yields
a

1
 
q




k
T

*
*
b

   0 G 1  
ln
 
  G0  0   



1

p

.

(2.25)

Equation (2.25) has been formulated in terms of a shear strain and shear stress
in the glide plane of a dislocation. It can be converted to the experimentally
more practical variables equivalent stress  * and equivalent strain rate  by
using the relations eq. (2.7) and (2.9), resulting in
1
 
q




k
T

*
* 
b
   0 1  
ln
 
  G0  0   



where 0 

1

p

(2.26)

,

1 m

bA D .
a
M l

Note that by the definition in eq. (2.24), G can be regarded as a strain rate‐
compensated temperature, a term often used for the Zener‐Hollomon
parameter Z [73], and 0 as its scaling parameter. If a single value of 0 scales all

 *  ,T  data to a single valued function  *  G for the complete range of
stresses (which must be made as large as possible by choosing a wide  ,T
window), it may be concluded that a single mechanism is dominant. This scaling
method is employed in Chapter 6 section 6.3.2. figs, 6.5 and 6.6.
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Of the possible mechanisms associated with thermally activated dislocation
glide, the Peierls mechanism is special in that it is localized, but the position
along the dislocation segment where it occurs is not predetermined. This is due
to the fact that the Peierls activation energy is the formation energy of a kink
pair [74], [1] in the dislocation segment, which occurs at a random position
along the dislocation segment. A Peierls barrier must be overcome every time
the dislocation propagates to the next crystal plane. The Peierls glide resistance
therefore has the quality of a crystallographic drag resistance: it causes jerky
glide, but over very small displacement increments. The sheared area for a
dislocation segment of length l between activation events is then A=la (where a
is the lattice constant), which is relatively small. The Peierls energy of FCC
materials is also rather small  G  0.2 eV [72], and the glide resistance due

to this effect is expected to be negligible, even at room temperature.
Resistance associated with thermally activated passing of local obstacles is
often ignored in constitutive models for deformation at high temperatures,
with some exceptions [70], [71], [72]. This is probably due to the notion of an
athermal limit, i.e. the temperature where thermally activated glide ceases to
give an appreciable contribution to the flow stress (for a given strain rate) [75].
In Chapter 6 we will find that the resistance due to thermally activated glide is
far from negligible in the austenitic temperature region.

2.5 Work hardening
Since Ludwik [76] published the first equation for the description of hardening
due to cold work as a function of strain, a plethora of empirical stress‐strain
equations have been proposed, some of which include dependencies on strain
rate and temperature [27]. Modelling of work hardening on a physical basis has
become possible after it was found that the structures that are responsible for
plastic deformation are dislocations by Dehlinger [77], Orowan, Polanyi and
Taylor [78] and Burgers [79]. A formulation that describes work hardening  w
as a function of dislocation density  was proposed by Taylor [80]:
(2.27)

 w  MGb  .

Taylor derived this equation for the case of regularly distributed, infinitely long,
straight and parallel edge dislocations on the same glide plane. The
proportionality constant  denotes an average over the actual distribution of
dislocations which are not straight, of infinite length, have different
orientations and directions and are of mixed screw/edge character and have
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different glide planes. The averaging over glide systems is taken care of in
eq. (2.27) by the Taylor factor M .
Extensive experimental research on the relation between dislocation density
and flow stress [81], [82], has shown that eq. (2.27) is not very sensitive to the
spatial distribution of the dislocations [24]. As noted before in section 2.2.2, the
explanation of the resistance to the propagation of mobile dislocations by
immobile dislocations is subject to debate. It is one of the more theoretical
objectives of this study to comment on this further.
Since work hardening obviously is a function of strain, an evolution equation for
the dislocation density must be formulated. In eq. (2.1) it is anticipated that
work hardening is also dependent on strain rate and temperature.
The mobile dislocations that are created by e.g. the Frank‐Read mechanism can
be annihilated e.g. at the grain boundaries or due to interactions between
dislocations of opposite sign. Alternatively, they can be immobilized or stored
by encountering insurmountable obstacles, or by forming intangible structures
with other dislocations, which is called immobilisation. Bergström [83] has
introduced the possibility of remobilisation of stored dislocations. The work
hardening rate (“rate” to be understood as pertaining to strain rather than
time), and therefore the net dislocation storage rate are decreasing functions
of strain, the explanation of which must be sought in the change of the balance
between creation‐immobilisation‐annihilation/immobilisation rates.

d
, which is the increment d  of dislocation
d
density that remains in the system per increment d  of strain, is the difference
The net dislocation storage rate


d
and the annihilation/remobilisation rate
between the creation rate
d


d d
d


d d
d



(2.28)

which is the starting point of most work hardening theories. The hardening rate

d  d w

d
d
is related to the dislocation storage rate eq. (2.28) by eq. (2.27).
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(2.29)

The property that the hardening rate decreases as a function of strain implies


d
d
that either
must be a decreasing function of strain, and/or
d
d



must be

an increasing function of strain.

d
Alternatively, the rates
d





d
and
are often interpreted as dislocation
d

storage and –dynamic‐ recovery rates rather than creation and annihilation
rates. We will return to this issue in the section on Kocks‐Mecking and
Bergström theories.
From TEM studies on plastically deformed single and polycrystals it is known,
that dislocations are stored in the form of a dislocation microstructure of
immobile dislocations. At strains larger than a few percent the spatial
distribution of these dislocations is a cellular network of dislocations, consisting
of walls having a high dislocation density with virtually empty interiors, an
example of which is shown in Figure 2‐6.
Staker and Holt [84] found that the dislocation cell size dc is proportional to the
average dislocation spacing

dc 

K sh



1



according to

,

(2.30)

where KSH  10  15 is a proportionality constant. Holt [85] theoretically
rationalized this equation by modelling the decomposition of a uniform one‐
dimensional array of dislocations in analogy to spinodal decomposition.
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Figure 2‐6. Dislocation substructure after wire drawing
to   0.2 at room temperature. A: transverse, B:
longitudinal cross section [86].

Staker and Holt showed that this relation holds over two decades of dislocation
density, which according to eq. (2.27) is equivalent with one decade of stress.
This work also showed that there is a strong tendency for the formation of
dislocation cells at high temperatures for Cu, which, like steel in the austenitic
phase, has a low stacking fault energy.
2.5.1 The Bergström model
Bergström developed his work hardening model [83] on the basis of a balance
equation of dislocation creation, immobilisation and annihilation rates.
Bergström considered in his model development that the total dislocation
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density  is the sum of the density of mobile dislocations  m and the density
of immobile dislocations i . He assumed that the density of mobile
dislocations is constant, arguing that the resistance due to thermally activated
dislocation glide ‐which depends on the density of mobile dislocations by eq.
(2.26)‐ is virtually independent of strain. This will be shown to be a reasonable
assumption in section 7.1.1. Bergström further introduced the concept of
remobilisation, which is conceived as the release of immobile dislocations from
the immobile dislocation substructure, enabling them to become mobile.
After it has become possible to observe dislocation motion in real time by in‐
situ TEM techniques [87], some video footage of dislocation multiplication and
other mechanisms has become accessible. An example of dislocation
immobilisation and remobilisation in Ge is shown in Figure 2‐7, which shows
two stills from a clip where incoming mobile dislocations (A) can be seen to be
immobilized (B) at the tail of an immobile pile‐up (C).
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1 m

Figure 2‐7. Two consecutive frames of in‐situ observation
of immobilisation‐remobilisation events [88]. The
dislocations move from left to right.

At the head of the pile up, dislocations are remobilized (D). This is probably an
early stage of cell wall formation. An example of remobilisation of dislocations
from fully developed cell walls is shown in Figure 2‐8.
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R
R
R
R
Figure 2‐8. Remobilisation events (marked R) from
dense dislocation walls [89].
The dislocation loops that are seen to be emerging from the cell walls in Figure
2‐8 cannot be interpreted as loops that have been emitted by a continuously
operating Frank‐Read source, since the restoration of the source segment after
emission of a loop like shown in Figure 2‐3, from configuration 2 to5 is
obstructed by the cell wall. A more probable explanation is that these are
occurrences of the remobilisation, or the regeneration of a segment by a
dislocation stored earlier in the wall structure, which is a single rather than a
recursive event. Such an event might be triggered by the changing local stress
field in the wall due to the arrival and immobilisation of mobile dislocations at
the wall, like in Figure 2‐7.
The basic principle of the model is the creation‐annihilation balance, eq. (2.28)

d i d m
d


,
d
d c d a

(2.31)

where the subscripts c and a denote the creation respectively the annihilation
rate. The creation term on the right hand side pertains to mobile dislocations
since a newly created dislocation is by definition mobile. The annihilation term
is the sum of the annihilation rates of mobile and immobile dislocations.
For the mobile dislocation density to remain constant, the immobilisation rate
of mobile dislocations

U

d m
,
d i

(2.32)

where the subscript i denotes immobilisation, is the sum of the rate at which
mobile dislocations are created and immobile dislocations are remobilized:
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U

dm
d
 i ,
d c d r

(2.33)

where the subscript r stands for remobilisation. From eqs. (2.31) and (2.33)
follows:

d
d
d
U  m 
d
d r d

(2.34)

a

At this stage, the model expresses the equivalence of the creation‐annihilation
and storage‐recovery interpretations of eq. (2.28) mathematically. A schematic
rendition of the dislocation evolution balance by Bergström is shown in Figure
2‐9.
The time rate with of immobilisation of mobile dislocations is proportional to
their velocity v, to their density and to the inverse of the dislocation mean free
path  :

d m
v
 m

dt i

(2.35)

The immobilisation rate U, which is a rate with respect to strain is then

U

d m
1 d m

d i  dt

(2.36)

i

Substituting for the strain rate  from the Orowan equation (2.15) expressed in
equivalent strain using eq. (2.9), U can be expressed as:

U

M
b

(2.37)

Dynamic recovery is interpreted as the sum of remobilisation and annihilation
in the model. Remobilisation pertains to immobile dislocations only, and is
assumed to follow first order kinetics, so the remobilisation rate is proportional
to the density of immobile dislocations:

d i
d

 1 i

(2.38)

r

where 1 is a constant.
Likewise, the annihilation rate of mobile dislocations at annihilation centres of
combined density Na, like voids, grain boundaries and the surface is
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proportional to the density of mobile dislocations, and the annihilation rate due
to reactions between pairs of mobile dislocations is proportional to the square
of the density of mobile dislocations. Finally the annihilation rate due to
reactions between mobile and immobile dislocations is proportional to the
product of the density of both types:

d
d

 1 m 2  2  m  i   2Na  m

(2.39)

a

where 1 , 2 and  2 are constants.

Dislocation
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d m
d
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Dislocations
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Immobilisation
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d
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d
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Figure 2‐9. Flow diagram of the dislocation balance. The subscript m stands
for mobile, the subscript i for immobile dislocations after Bergström [83].
Since the density of mobile dislocations is constant, the rate of increase of
mobile dislocations vanishes, and

d di d m d i



d
d
d
d

(2.40)

d
 U  1     m   1 m 2  2  m     m   2Na  m
d

(2.41)

So that with eqs. (2.34), (2.38), (2.39) and substituting  i     m follows:
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Now define

  1  2  m
and
Am   1  2   m 2   2Na  1   m ,

(2.42)

where is a probability factor that pertains to the combined remobilisation of
immobile dislocations with annihilation through reactions between mobile and
immobile dislocations. The parameter Am pertains to the annihilation of mobile
dislocations due to mutual dislocation reactions and at intrinsic annihilation
sites.
Substitutingand Am in eq. (2.41) then yields the expression

d i
 U   i  A
d

(2.43)

In a series of subsequent papers [90], [91], [92], it was found from experiments
on dynamic strain ageing that the contribution of annihilation is negligible. In
Chapter 7 section 7.1 it will be demonstrated that this holds true for non‐ageing
material at elevated temperatures. Kocks and Mecking also found that the
dynamic recovery rate is much larger than the ‐time dependent‐ static recovery
rate, which is associated with dislocation annihilation processes [24].
Neglecting annihilation leads to the final form of Bergström’s evolution
equation of the dislocation density:

d i
 U   i
d

(2.44)

This equation has the required property that the rate of increase of the
dislocation density is smaller at higher dislocation densities, that is for
increasing strain. This is in agreement with the experimental observation of a
decreasing work hardening rate.
Although Bergström ‐correctly‐ identified  with the diameter of the cells of
the dislocation substructure in which the immobile dislocations are stored, he
assumed  , and consequently U, to be constant.
This issue was addressed by Vetter and van den Beukel [93], who described the
strain dependence of  by the relation for dislocation cell size dc as a function
of dislocation density by Staker and Holt eq. (2.30) [84]
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  fd c  f

K sh



,

(2.45)

where f is a constant of the order 1 and K SH is Staker and Holt’s constant
which has a value of approximately KSH  10...15 . Vetter and van den
Beukel’s modified Bergström dislocation density evolution equation reads

d i M  i

  i
d
bfK SH

(2.46)

which is mathematically identical to the equation proposed by Kocks and
Mecking [23].
With eq. (2.27) the corresponding expression for the hardening rate as a
function of stress reads:



M


w
2bfK SH 2 MGb

(2.47)

The hardening rate according to the Bergström/Vetter‐van den Beukel theory is
proportional to stress. This property forms the basis of Kocks and Mecking’s
method of analysing work hardening behaviour by means of a plot of the
hardening rate vs. stress, which will be discussed in section 2.5.2.

Dynamic recovery
In a subsequent paper [94], Bergström found that the dynamic recovery
parameter is strain rate and temperature dependent.
Assuming that dislocation climb induced by vacancy diffusion is responsible for
the increase of the remobilisation factor  , he arrived at



   o  knv 2D0



2

3

 Q
exp   m
 3k bT

  13
  ,


(2.48)

where D0 and Qm are a pre factor and activation energy pertaining to vacancy
diffusion, nv the vacancy density and k a proportionality constant (that has the
dimension of volume) that pertains to the success of the vacancies to reach the
cell walls. A vital step in the development of eq. (2.48) is that it is recognized
that the vacancy diffusion ‐which is essentially a time dependent process‐ must
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be coupled to an equation with strain as the independent variable. This is not a
trivial matter: as Kocks noted, dynamic recovery is a process that proceeds at
the rate of strain, not as a function of time [23]. This problem is solved in the
following way. According to Bergström’s theory, since the dynamic recovery
parameter expresses the probability of remobilisation of an immobilized
dislocation segment. The time rate at which dislocations are remobilized is

d
d d
 ,

 
dt r d r dt

(2.49)

where the subscript r denotes remobilisation. Integration of this expression
yields

  0exp  t  ,

(2.50)

where  0 is an initial dislocation density. The mean time tR that elapses before
a remobilisation event takes place is now


tR





0

t  dt



0

 dt



1

 v 

(2.51)

,

where  v is the contribution due to vacancy capture to the remobilisation rate

 and 0 is neglected.
This derivation is not dependent on a particular interpretation of the nature of
the remobilisation process. Bergström’s idea of dislocations being fully
remobilized could well be replaced by a picture where immobile dislocations
can act as one‐off or recurrent sources of new dislocations due to the
constantly changing configuration of dislocations and local stress fields inside
the dislocation walls. Such an interpretation still renders the derivation of tR
fully valid. The possibility to incorporate time dependent interactions between
dislocations and other crystal defects in the inherently strain dependent
dislocation density evolution equation is an invaluable feature of the Bergström
theory.
In deriving eq. (2.48), Bergström assumed that vacancy diffusion is controlled
by the Einstein relationship [95]

lv   2Dbt  2 ,
1

(2.52)

where lv is the distance covered by a vacancy in time t and Db the diffusivity, i.e.
Bergström assumed bulk diffusion through a crystal lattice that is not disturbed
by other defects, like in the Cottrell‐Bilby theory for diffusion of point defects
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influenced by the stress field of a dislocation [96]. The number of vacancies per
unit area that arrive at the cell walls during the time interval tR is then

N  2nv  2DbtR 

(2.53)

1
2

Substituting for tR from eq. (2.51) yields:

 2D 
N  2nv  b 
 v  

1
2

(2.54)

Assuming that the partial probability of remobilisation events due to
dislocation climb  v is proportional to N,  v is given by



 v  knv 2D0
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 Q
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 3k bT
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(2.55)

which is the second term in eq. (2.48).

2.5.2 The Kocks‐ Mecking model
The Kocks‐Mecking equation [97], [23], [98], which is a much cited single state
variable hardening model, was formulated as a synthesis of work hardening
with dislocation recovery creep phenomena. By careful analysis of experimental
stress‐strain experiments on several pure metals and alloys, they proposed a
differential equation for the evolution of dislocation density as a function of
strain, which can be regarded as a rationalisation of the Voce equation for work
hardening.
The Voce equation reads:
(2.56)
       exp n ,
s



s

y







where n is a hardening parameter and  s the saturation stress, which is the
flow stress at the limit at high strains. Eq. (2.56) can be written in a differential
form as


d
 
 o  1 
(2.57)
,
d
s 

where 0  n s is the work hardening rate at yield (   0 ). According to eq.

 

(2.57), the work hardening decreases linearly as a function of stress from the
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initial hardening rate  0 to zero at the saturation stress. This kind of behaviour
is indeed often observed in hardening rate vs. stress graphs for many pure
metals and alloys. Kocks and Mecking made most of their analysis of work
hardening behaviour by plotting the hardening rate vs. flow stress, which now
often is referred to as a Kocks‐Mecking plot in literature.
By analysing the dependence of the saturation stress as a function of stress and
strain rate, Kocks arrived at a variant of the Voce equation that includes strain
rate and temperature:
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b
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(2.58)

where  so is the saturation stress at T= 0 K , r a reference strain rate and

QK

an empirical constant that has the dimension of energy.
Starting from the storage‐recovery interpretation of eq. (2.28), Kocks arrived at
an expression for the increase of dislocation density as a function of strain only,
which reads in the shear stress/strain notation as

 Lr
d



d 2 2b

(2.59)

Note that this equation is mathematically identical to Vetter’s version of
Bergström’s equation (2.46), where annihilation is neglected. The notion that
first term at the right hand side pertains to the dislocation mean free path 
was arrived at by similar arguments as Bergström’s, and further by taking 
proportional to the average spacing between ‐stored‐ dislocations according to



km
, where  km is a proportionality constant. The second term was


formulated from the assumptions that it is due some “…recovery or
rearrangement process…”, and that an average length LR of dislocation gets
annihilated or become ineffective at each potential recovery site, the density of
which was taken proportional to the dislocation density. Substituting shear
stress for dislocation density from the Taylor relation (eq. (2.27)) which in shear
stress/strain notation reads   Gb  , they showed that eq. (2.59) is
mathematically to the Voce equation eq. (2.57) in differential form:
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If we now compare this result to eq. (2.58) it follows that LR must be

  
proportional to  r 
  



kbT
Qk

. This observation does not seem to be justified by

the assumptions that have been made in the derivation of eq. (2.59), namely
that LR is basically a structural athermal variable. For this reason, for the
possibility to incorporate time dependent mechanisms, and since the basic
principle of the KM model is identical to Bergström’s dislocation balance
equation (2.34), we prefer Bergström’s approach over that of Kocks and
Mecking.

2.6 Other Bergström/Kocks‐Mecking like models
Some authors recognize additional impenetrable obstacles besides the
dislocation cell walls that may restrict the dislocation mean free path [99],
[100]. Obvious candidates are grain boundaries and precipitates. Since the
smallest distances between the obstacles will define the actual free path  ,
this is then taken as the harmonic mean of the individual contributions, which
are respectively equal to that pertaining to the dislocation cell size d ( eq.
(2.45)), the grain size

1
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(2.61)

1 1
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The dislocation evolution equation then reads:

d i M  1 1  M  i
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(2.62)

and with eq. (2.27) the corresponding expression for the hardening rate reads
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(2.63)

1 1
  term causes the model to predict an infinite
D
d p 


Note that the 


hardening rate at zero work hardening. This problem will be addressed in
Chapter 7.

2.7 Dynamic strain ageing
Static strain ageing at room temperature is a time dependent process in which
an upper yield stress and the associated Lüders instability ‐which are
characteristic features of annealed material at room temperature‐ return after
these phenomena have been removed by cold work [101], [102]. It is explained
by the diffusion of free interstitial solute atoms ‐notably C and N in steel‐ that
segregate to the dislocations [96]. By this process, the dislocations acquire an
atmosphere of N and/or C atoms. This causes the dislocations to be pinned,
with the consequence that potentially mobile dislocations are no longer
mobile, and immobile dislocations will be harder to remobilize.

10mm

Figure 2‐10. Repetitive propagation of DSA bands. Propagation direction is from
right to left. T = 250 °C, time interval = 0.333 s. Steel composition (wt%):
0.039 C, 0.207 Mn, 0.025 Al, 0.038 N, 0.012 P.
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Dynamic strain ageing (DSA) is basically the same mechanism, but occurring
during deformation. The magnitude of DSA phenomena is dependent on the
strain rate. This is a natural consequence of the fact that the time available for
C and N segregation is shorter at a higher strain rate. Since solute diffusion is a
thermally activated process, the observable occurrence of the DSA
phenomenon shifts to higher temperatures for increasing strain rates. The most
conspicuous feature of DSA is associated with the occurrence of plastic
instabilities known as Portevin–Le Châtelier bands [103]. These have the
appearance of propagative deformation bands, much like the Lüders bands that
form during deformation of statically aged or annealed steel, but with the
difference that Lüders bands traverse the volume only once, whereas the DSA
bands are repetitive [104], [105].
An example of DSA bands that repetitively traverse a tensile sample is shown in
Figure 2‐10. The bands are recorded by infrared thermography. In the figure
the local strain rate is shown, which was obtained from the IR footage by
application of a digital filtering technique based on the heat transport equation
[107].
These instabilities show as serrations in the stress‐strain curves, a typical
example of which is shown in Figure 2‐11.
After Penning [108] explained the DSA plastic instability by the condition of the

Figure 2‐11. Typical serrations by DSA [106]. (A weak Lüders phenomenon is
seen at T<200 °C.)
strain rate sensitivity being negative, a large body of models have appeared in
literature, all of which are based on the assumption that the direct strain rate
sensitivity is negative, which is a simplification made for reasons of
mathematical simplicity and clarity by Penning.
These theories therefore attribute the DSA effect to the dislocation glide
resistance (eq. (2.26)). The effect is then explained by intermittent locking by
solute atoms and unlocking due to the increased applied stress that is required
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to maintain the strain rate by propagation of the decreased (due to locking)
density of mobile dislocations.
According to these theories, this intermittent decrease/increase of the mobile
dislocation density and the increase/decrease of the glide resistance eq. (2.26)
is the cause of the stress serrations.
Another obvious feature of DSA that can be seen in Figure 2‐11 is that the work
hardening rate for increasing temperature first increases as a function of
temperature, before it decreases at higher temperatures. The indirect
temperature sensitivity is thus positive for T<200 °C. This implies that the
indirect strain rate sensitivity is negative in that region. It has been shown in a
paper that is included in this thesis as chapter 4, that a negative indirect strain
rate sensitivity can also lead to plastic instabilities of DSA type. The occurrence
of such anomalous hardening rates cannot be explained by a theory that relies
on the dislocation glide resistance alone.
An important additional characteristic of DSA effect is thus an anomalously high
work hardening rate in a temperature regime that depends on the strain rate
[109], [110], [111] [112], [113]. Qualitatively, this can be explained by the
pinning of immobile dislocations by solute atoms. A pinned dislocation cannot
be easily remobilized, and can be categorized as locked. From Bergström’s
d
equation (2.46) it now follows that for a decreased remobilisation rate
d
increases, the consequence of which is an increased hardening rate.
The decrease of the hardening rate at higher temperatures can be explained as
follows. At high temperatures, the interstitials segregate onto the dislocations
at a very high rate. Since the density of interstitials is finite, the interstitial
reservoir will be depleted at an increasingly lower strain at increasing
temperatures. The vacancy density however remains constant, and dynamic
recovery ‐which causes a decrease of hardening rate with temperature‐, will
eventually remain as the only mechanism that causes an indirect strain rate
sensitivity.
Additionally, a competition between segregation of interstitials and of
vacancies to dislocations will exist. A dislocation can therefore be remobilized
before it is completely locked. The balance between locking and remobilisation
will depend on the ratio of the diffusivities of vacancy and solute diffusion,
which depends on temperature.
Locking of immobile dislocations is obviously more likely than that of mobile
dislocations. At higher strain rates, the velocity of mobile dislocations increases
proportionally to the strain rate. Since the diffusion rate of solute atoms is
independent of strain rate, this implies that the probability of locking of mobile
dislocations decreases linearly with increasing strain rate, since the locking rate
will be proportional to the inverse of dislocation velocity.
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The remobilisation rate of immobile dislocations on the other hand increases
1

with increasing strain rate as  3 due to vacancy‐assisted climb according to
eq. (2.48). This is counteracted by the decrease of the probability of solute
atoms to arrive at the immobile dislocations. Consequently, the probability of
locking of immobile dislocations will not be very sensitive to the strain rate
since they are stored in relatively permanent structures and their velocity is
zero.
A simple calculation shows that the likelihood of solute C atoms segregating to
mobile dislocations is negligibly small:
Assuming that the density of mobile dislocations is m  1.10 m , then from
12

10

2

1

eq. (2.15) and b  2.58 10 m their velocity for   1 s 1 is v  4 10 ms . The
diffusion coefficient of carbon in ‐Fe at T = 300 °C is D=10‐12 m2s‐1 [15]. At
  1 s , the time of the deformation process is of the order of 1 s, so that from
3

1

6

1

eq. (2.52) it follows that the diffusion velocity of carbon is vc  1.4 x10 ms .
This is more than two orders of magnitude slower than the velocity of mobile
dislocations. Additionally, the absence of an appreciable upper yield stress at
this temperature, as seen in Figure 2‐11, indicates that the locking stress
exerted by solute atoms on dislocations is negligible. That implies that solute
drag by solute atoms on mobile dislocations also is improbable. DSA and the
associated plastic instabilities are therefore most probably caused by a negative
strain rate sensitivity of the work hardening rate due to the segregation of
solute atoms to immobile dislocations. In Chapter 4 it will be shown that a
negative strain rate sensitivity of the work hardening rate can explain DSA
instabilities.

computed the nominal strain rate sensitivity defined as m 

n
n l
l
d
d

Virtually all studies of DSA pertain to Fe in the ferritic phase. Stewart and Jonas
have found for an austenitic stainless steel that DSA also occurs in the FCC
phase [114]. They claim to have found evidence of DSA effects at temperatures
around T = 950°C by strain rate sensitivity analysis. They did not distinguish
between direct strain rate sensitivity and indirect strain rate sensitivity, but

 f  . This
 

quantity did not attain negative values, but showed a decreasing trend
between T=800 and 950 °C. Actually, the nominal strain rate sensitivity is a
compound quantity, since from eq. (2.1) and the definition of the work
hardening rate follows
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The nominal strain rate sensitivity is therefore a summation of the indirect and
the direct strain rate sensitivities. In two earlier papers Barnett and Jonas [115],
[116] reported the strain rate sensitivity m of low carbon steel up to
T = 1250 C. A similar decrease of m as in [114] was found in the intercritical
temperature range, which appears to indicate that DSA does not occur in
austenitic low carbon steel.
The possibility of anomalous work hardening due to DSA in low and medium
carbon steels in the austenitic temperature range can nevertheless not be ruled
out, and indeed is of some interest in the scope of this thesis.
In an earlier publication [117] a further development of the Bergström model
including additional evolution equations that describe dislocation locking and
its effect on the work hardening rate has been described, which will now be
reviewed. The model is based on ideas on dislocation locking that were
published in a paper by Bergström [90] in which he analysed DSA by fitting
U T  and  T  to his model sans DSA in the ferritic temperature regime.
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Figure 2‐12. Dislocation balance for strain ageing material according to
the Bergström model (sans annihilation)

The dislocation balance must now be extended with respect to the original
theory by making a distinction between locked and free immobile dislocations
and a locking rate, as depicted in Figure 2‐12, where immobile dislocations
become locked by the formation of a Cottrell atmosphere of solute atoms that
have segregated to immobile dislocations, concurrently with the remobilisation
process due to vacancy assisted climb of immobile dislocations.
Let f be the density of free immobile dislocations (i.e. free to be remobilized)
and  l the density of locked dislocations

f    l

(2.66)

Depending on the number of solute atoms that have segregated to the
dislocations per unit of dislocation line length, there must exist a degree of
locking, i.e. the remobilisation probability will gradually decrease to zero when
this number increases. The model however only recognizes totally free or
locked dislocations. Further, dislocations that are created or remobilized are
free dislocations. The dislocation evolution equation is now from eq. (2.46)

d f M 

     l  ,
d
bfK sh

(2.67)
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where the mean free path is assumed to obey Staker and Holt’s relation
(eq. (2.45)), expressed in terms of the total dislocation density.
There will be a competition between remobilisation due to vacancy induced
dislocation climb and dislocation locking by solute atoms. Not all free
dislocations will be locked, since some are remobilised before locking is
complete. From eq. (2.51) follows, that the strain increment  during which
free dislocations remain immobile and are susceptible to locking is:

 

1

(2.68)



Two additional differential equations are now required, respectively for the
description of the change of  l and for the density Nsf of interstitial solute
atoms that have not been segregated onto dislocations( free solute atoms) and
which are still available for the locking process.
Since the locking rate will be proportional to Nsf, the number Ns of solute atoms
per unit of dislocation line length that arrive at free dislocations during  is
similar to eq. (2.54)
1

 2D  2
(2.69)
Ns  zl Nsf  s  ,




where zl is a proportionality constant pertaining to the affinity between


Qs 
 is the solute diffusivity
 k bT 

dislocations and solute atoms , Ds  Ds 0exp  

with Ds 0 the pre factor and Qs the activation energy for solute atom
diffusion. In [117] Cottrell diffusion kinetics [96] was assumed, which describes
diffusion under the influence of the gradient of the stress field of an isolated
dislocation. Our present view is that Einstein diffusion kinetics, which is
assumed here, is more appropriate, since the gradient of the stress field of a
dislocation wall is less steep than that of a single dislocation.
The density of free dislocations that are susceptible to locking f is then
l

 fl 

f
  ,T 

(2.70)

Assuming first order kinetics with respect to the density of free dislocations the
locking rate will now be proportional to the product of the density of free
dislocations f , the strain interval during which they can be locked before
l

remobilisation takes place,  (eq. (2.68)), and Ns (eq. (2.69)):
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(2.71)

Finally, the third differential equation for the rate at which the free solute
atoms segregate out of solution is necessary, since Nsf decreases due to the
locking process. This rate will be proportional to the sum of the density of free
solute atoms and ‐since solute atoms will still segregate to locked dislocations‐
1

 2Ds  2
the total dislocation density and the rate factor 
 from eq. (2.69):
  
dNsf
 zl Nsf
d

 f   2Ds 

  l      




1
2

(2.72)

This set of three simultaneous evolution eqs. (2.67), (2.71) and (2.72) can only
be solved numerically. The resulting total dislocation density can then be
substituted in the Taylor relation(2.27) to compute work hardening as a
function of strain. An example result of the model is shown in Figure 2‐13.
The DSA model that we now have formulated describes the temperature and
strain rate dependence of work hardening, taking dynamic recovery and
dynamic strain ageing into account. The model has three state variables,
namely free dislocation density, locked dislocation density and solute density,
the last of which only appears in the evolution equations.
According to the model, the DSA effect manifests itself as an anomalously high
hardening rate at an intermediate temperature range as shown in Figure 2‐13.
The work hardening peak decreases and shifts to higher T at increasing strain
rates. This is in agreement with the behaviour that is schematically depicted in
[115] and [116]. Negative DSRS values occur at temperature ranges where the
flow stress of a low strain rate curve exceeds that of one at higher strain rate.
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Figure 2‐13. Computed strain ageing work hardening peak (= 0.4) for
three strain rates (BCC Fe).
This model has been fitted to work hardening data obtained by axisymmetric
compression testing for several steel grades [117]. The success of that fit may
only yield circumstantial evidence of dynamic strain ageing in the austenite
temperature range, since the model did not incorporate a glide resistance
equation for that temperature range, and no proper assessment of DSA from
the raw data was conducted. This problem will be revisited in Chapter 7.

2.8 Scientific questions
The following scientific subjects of inquiry may now be formulated


How does the anomalous work hardening rate that is associated with
DSA contribute to the onset of Portevin‐le Châtelier plastic instabilities?
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Which mechanism causes the yield stress to depend on both the
initially present dislocation structure and the grain size?
How are strain rate and temperature sensitivity of the flow stress
dependent on work hardening and glide resistance?
Can the disagreement between the Bergström and Kocks‐Mecking
interpretations of the dislocation density evolution equation be
resolved?
Does dynamic strain ageing occur in the austenitic temperature range?
Why is the Taylor relation that describes work hardening as a function
of dislocation density not very sensitive to the spatial distribution of the
dislocations?

The first question is the subject of Chapter 4. In Chapters 5 and 6 a pre‐
yield/yield stress model is developed. In Chapter 7 the relative strengths of the
glide resistance and work hardening contributions to the flow stress are
evaluated and the occurrence of DSA in the austenitic temperature range is
discussed. In that chapter a contribution to the Kocks‐Mecking vs. Bergström
discourse is presented, and some thought given to answering the question
concerning the Taylor relation.
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Chapter 3.

Experimental methods & techniques

Door meten tot weten, zou ik gaarne als zinspreuk boven elk physisch laboratorium
willen schrijven.
H. Kamerlingh Onnes

3.1 Introduction
In this chapter a review of different mechanical tests that are commonly used
for obtaining stress‐strain data is presented. The choice for the tensile test to
conduct this research is based on a strength/weakness analysis of the different
tests in section 3.2. The details of the experimental equipment are summarized
in section 3.4, and some innovative methods that were developed to improve
on the weaknesses of the tensile test and to optimize the reliability of the
obtained data are described. Some special experimental techniques that are
helpful in recognizing different contributions to the flow stress and some issues
regarding the fitting of constitutive equations to the data are discussed in
section 3.5. The chapter closes with some sections that pertain to instrumental
effects.

3.2 Comparison of some testing techniques
The main challenges in the field of fitting constitutive equations to
experimental data are firstly that all sources of systematic errors in the
experiments must be identified and where possible, avoided. Secondly, if the
resulting model equations are to be used in the analysis and setup of an
industrial process, care must be taken that the parameter values are valid
within the process window. For plastic deformation processes the process
window can be characterized by the variables strain, strain rate and
temperature, of which in industrial processes the former two are either outside
the range that is accessible with laboratory equipment, or can only be accessed
with methods that compromise the requirements of minimal systematic error.
In the following subsections some commonly used techniques will be discussed
with respect to these issues and our choice of a suitable experimental method
for obtaining work hardening data will be substantiated.
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3.2.1 Plane strain compression
In order to obtain stress‐strain data at high temperatures, compression testing
and tensile testing are equally popular. Compression tests do not exhibit
obvious plastic instabilities like the necking phenomenon, which limits the
maximal accessible strain in the tensile test. The accessible strain rates are
commonly an order of magnitude higher than those that can be reached with
tensile testing, due to the more advantageous ratio between sample size and
deformation velocity.
On the other hand, friction is inevitable in compression testing, which is the
cause of an increase of the measured compression force relative to the ideal
value for zero friction and causes strain inhomogeneity. This effect becomes
more pronounced as the compression progresses, as a consequence of the
equilibrium between shear and normal stress, which will be explained in
section 0
The effect of friction during compression testing
Consider a plane strain compression process. In two dimensions for a
rectangular coordinate system (see Figure 3‐1) the equilibrium equation reads
 xy  d xy

 x  d x

x

y

 xy

x

Figure 3‐1. Equilibrium of stresses:
horizontal gradient of  x caused
by a vertical gradient of  xy

 x  xy

 0,
x
y

where x and xy are respectively the
normal and shear stress and x and y the
horizontal and vertical coordinates. At y
= 0 (mid‐thickness of the specimen), the
shear stress is zero for reasons of
symmetry, since the shear forces at the
top and bottom of the specimen have
the same and the corresponding surface
normals have opposite directions.
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whereis the shear stress at the surface of the specimen and t its thickness It
is obvious that the shear stress gradient, and therefore the gradient of the
horizontal stress component becomes larger for decreasing values of t, since
from eqs.(3.1) and (3.2) the horizontal stress gradient reads

 x
2

x
t

(3.3)

The horizontal stress can now be computed by integration along the width of
the

contact

area

w



w
w
x .
2
2
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boundary

 x x  w / 2,w / 2  0 for the horizontal stress and

conditions

are

  w / 2  x  0    f
for
  0  x  w / 2    f

the shear stress, the value of which for simplicity is taken constant here:
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The horizontal stress function then reads:
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The vertical stress component follows from the horizontal stress component
and the flow stress by application of the von Mises expression for equivalent
stress:
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In the case of plane strain deformation,
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which when substituted in eq. (3.5), yields
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By substitution of eq. (3.4) into eq. (3.5) and integrating over the width of the
deformation zone, an equation for the mean vertical stress as a function of
friction shear stress, sample width and thickness can be derived as:

 3  2  2  w 
f
f
 f ,
y  2

3
4t 



(3.8)

where f is the flow stress, which is equal to the equivalent stress during plastic
deformation. Eq. (3.8) can be regarded as an elementary constant friction plane
strain compression model. The assumption of constant friction, which simplifies
the mathematics considerably, yields a more conservative estimation of the
effects of friction and thickness to width ratio on the compressive stress than
the assumption of Coulomb friction.
Introducing a friction factor1 vM 
rtw 

f
and the thickness to width ratio
f

t
, the ratio R of the mean stress to the flow stress reads
w

3vM  4 3rtw 1  3 vM 2
(3.9)
.
6rtw
For the variable range 0  vM  0.3 and 0.2  rtw  1 , this function is plotted
R

in Figure 3‐2. For moderate to high values of m, this shows that R differs
considerably from R=1, and increases as a function of the thickness to width
ratio. The correction factor to compute true stress from the compression force
thus increases during compression

vM is a “constant friction” factor, where it is assumed that the shear stress is
proportional to the flow stress. It must not be confused with Coulomb’s coefficient of
friction.
1
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Figure 3‐2. Compressive to yield stress
ratio R as a function of vM and rtw
This problem is aggravated by the complex nature of the friction process, which
cannot adequately be described by simple relationships like Coulomb’s or
constant friction equations [1], [2].
A second effect of friction is that it causes deformation gradients, since
according to the Lévy‐von Mises flow rule the strain rate tensor is proportional
to the deviatoric stress tensor S


    S,

(3.10)

where  

3 e
and the stress tensor S are not constant in the deforming
2 e

volume by virtue of eq. (3.1). Hence the equivalent strain will not be
homogeneous, and this inhomogeneity will increase during the test. In the next
section a second type of inhomogeneity of strain (and consequently of stress),
that occurs due to the two dimensional nature of deformation in the plane
strain process, will be discussed.
Slip‐line field‐like inhomogeneity in the compression test
In the analysis of force displacement measurement obtained by compression
testing, in particular for the calculation of true stress and strain curves, it is
often assumed that the strain distribution is continuous (like in the previous
section) or even homogeneous. The opposite assumption, namely that the
distribution of strain is discontinuous, forms the basis of (discrete) slip‐line field
analysis. In this approach, the strain distribution of the plane strain
compression test is described as a collection of infinitely narrow slip planes that
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separate blocks of material that do not plastically deform. The slip‐line field
theory can only be formulated for two dimensional deformation processes, like
rolling, sheet drawing and the plane strain compression test. In the absence of
friction the shear planes are flat; if friction is taken into account they are
curved. The slip planes are chosen so as to meet the kinematic boundary
conditions. During deformation, the pattern obviously has to change to
maintain the boundary conditions. The optimal slip‐line field as a function of
the thickness to length ratio  according to this theory is found by a principle of
minimum energy dissipation.

Figure 3‐3. Slip‐line field for frictionless plane
strain compression [3].

Figure 3‐4. Tool pressure p normalized by yield stress
in shear y as a function of  [3].

For the plane strain compression problem of Figure 3‐3 this is shown in Figure
3‐4, where the normalized tool pressure which is proportional to the energy
dissipation rate is plotted for three slip‐line con Figurations. In this figure, n is
the number of slip‐line pairs in the solution. (For each possible field only the
part of the curve that is lower than any of the others is plotted.) Note that for
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integer values of

1



the energy dissipation is minimal, and the orientation of

the slip‐lines to the horizontal is  


4

.

Figure 3‐5. Discontinuous strain distribution in plane
strain compression. FEM simulation.
From Gelin et al. [4].
The slip‐line field theory, which assumes rigid‐ideally plastic (zero work
hardening) behaviour, has become quite obsolete in practice, as FEM
simulations are able to describe any stress and strain gradient and pose no
restrictions to the constitutive behaviour. Surprisingly, the assumption of a
discontinuous strain distribution appears to be valid to a certain degree [4] as
shown in Figure 3‐5 Figure 3‐6, where the strain gradients appear to be quite
localized and resemble a mildly smoothed slip‐line field picture.
In the latter it is seen that the pattern of shear planes adapts to the changing
kinematic boundary conditions during the test, not unlike what is predicted by
slip‐line field theory. The FEM and experimental results suggest that a localized
strain distribution is energetically favourable to an –as usually assumed‐
continuous strain gradient or homogeneous strain distribution. This was also
concluded by Kudo [5], who calculated the internal energy dissipation rates for
continuous and discontinuous velocity fields in plane strain extrusion.
Backofen [3] noted that eventually the pattern has to spread out from the slip‐
lines due to work hardening. From results of hardness tests on deformed
material he however concluded that even for work hardening material, there is
evidence of a deformation pattern resembling a more discrete slip‐line field.
The consequence of this behaviour is that the local strains and strain rates are
larger than their nominal values, and that a temperature gradient will develop.
At large strains, this becomes less severe due to the refinement of the
deformation pattern, which smooths out the deformation gradients. This
implies that the measured stress‐ strain curve in a plane‐strain compression
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test is a weighted average of a distribution of stress‐strain curves over a range
of strain, strain rate and temperature.

Figure 3‐6. Discontinuous strain distribution in plane strain
compression of Al. From Gelin [4]

To address this problem, the analysis of compression test results is now
sometimes done with the aid of inverse FEM methods in order to identify the
parameters that can be related to a constitutive model [6], [7].

Conclusion
From the discussion in the previous two sections it follows that the effect of
friction on process force increases with strain, but that the slip‐line field like
gradients are becoming less pronounced at increasing strains.
3.2.2 Axisymmetric compression
The situation in axisymmetric compression has many similarities to that of
plane strain compression, and we will not discuss it here in the same detail.
There are however a few important differences.
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A discontinuous gradient like that of the slip‐line field of the plane strain test is
not likely to occur, since the plastic flow is three dimensional. Any continuous
strain gradients associated with friction will be observable to a certain extent as
an increasingly barrel like shape of the outer surface. In many cases the strain
gradients can be considerably more complex as the outer shape suggests, as
can be seen in Figure 3‐7, where the segregation bands were originally parallel.
FEM

10 mm
Figure 3‐7. Barrelled uniaxial compression sample.
simulations of an axisymmetric compression test [8] also show large strain
gradients, see Figure 3‐8.
The effect of friction on the
stress and strain state will be
much larger in axisymmetric
compression than in in plane
strain compression, since the
contact area increases during
deformation (whereas that in
plane strain compression is
constant),
so
that
the
equivalent of the integration in
eq. (3.3) leads to much higher
Figure 3‐8. FEM simulation of an
compressive stresses.
axisymmetric compression test. Local strain
The conclusion is that the
contours (top right hand quarter ), nominal
correction for friction for
strain  e  0.69 . From [8].
axisymmetric
compression
testing is probably more problematic than that for plane strain compression.
Another adverse effect of friction is that the stress gradients cause yielding not
to take place in the complete volume at the same stress, but that it gradually
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spreads from the position where the equivalent stress is maximal. The result is
that the apparent stiffness gradually decreases, and that the yield point is
poorly defined.

3.2.3 Torsion
The torsion test is free from friction and its associated stress and strain
gradients.
On the other hand, the torsion test exhibits a pronounced strain gradient in the
radial direction, which is however of geometrical origin, and can therefore quite
reliably be taken into consideration.
The usual algorithm [9] for reducing torque vs. torsion curves to true stress and
true strain relies on the assumption of constant work hardening behaviour as a
function of radial position of the considered material elements. This is not an
unrealistic assumption in the case of slow torsion tests at room temperature,
but will be unrealistic at higher temperatures, where the mechanical behaviour
is strongly dependent on strain rate and temperature. High torsion rates will
worsen the situation, as they will cause temperature gradients due to the strain
rate gradient in the radial direction.
A workaround is to perform the torsion test with hollow samples, which will
however become prone to buckling for thin walled samples (which are
desirable for reducing radial strain rate and temperature gradients). Another
approach is differential torsion [9], [10] the principle of which is to repeat each
torsion test with one where the specimen has a slightly different diameter.
Subtracting the torsion signals of the two tests will yield the torsion value for a
(virtual) hollow sample. The buckling problem is effectively circumvented by
this method.

3.3 Tensile test
Like the torsion test, the tensile test is free from friction. Provided that the
length to width region of the tensile sample is large enough, the stress state is
one of uniaxial stress and is constant in the gauge section. Consequently, the
strain tensor will have a zero gradient in that region.
An important advantage of the lack of stress gradients is that the observability
of the yield stress is optimal. This will be further discussed in the section on the
yield criterion. It is assumed that the sample is free from residual stresses,
which may also have a negative effect on the observability of the yield stress.
Since our experiments are conducted at elevated temperatures, and after a
phase transformation, it is safe to assume that residual stresses will be absent.
A disadvantage of the tensile test is the development of a plastic instability as
soon as the work hardening rate of the material becomes smaller than the
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geometrical softening rate due to the decreasing cross section. This is the
necking phenomenon, which is essentially the development of a strain gradient
(and to a lesser degree a stress gradient) after an initially uniform elongation
range of strain. The onset of necking can be predicted by the well‐known
Considère criterion

d
d



(3.11)

onset of necking

This condition is equivalent to that of maximal force in the tensile test, which
condition is met when the work hardening rate becomes smaller in magnitude
than the geometrical softening rate. In eq. (3.11),  and  have the meaning of
equivalent stress and strain. In the tensile test  and  are equal to the
longitudinal stress and strain, which in that case are by definition equal to the
equivalent stress and strain.
The onset of necking is readily observable from the raw data, as the
engineering stress reaches its maximum at that instant. In the case of
deformation in the austenitic temperature range, the uniform elongation is
typically a few tens of percent, which is much smaller than the thickness
reduction of the material in a Hot Rolling mill stand.
The necking phenomenon thus limits the range of strains that are accessible in
a tensile test. Without special measures only the data obtained in the uniform
strain range can be used to be converted to true stress vs. strain curves, for
example by a post‐mortem analysis of the depth of the neck, which after
interpolation of necking between onset of necking and failure can be used to
compute true stress vs. strain curves that extend into the post uniform strain
range by the application of a Bridgman correction [11]. Another option is to
measure local strains during necking with a contacting [12] or non‐contacting
device. In the case of flat specimens, all relevant stress and strain gradients are
observable. In this study a non‐contacting method applying simple means will
be developed, which will be described in section 3.4.5.
The disadvantage of a limited useful strain range in the tensile test can now be
overcome by straightforward methods, and values of true stress and strain can
be obtained up to the strain at which local necking sets in. Combined with the
absence of intrinsic deformation and stress gradients this has been decisive for
our choice to apply tensile test as standard method to obtain stress‐strain data.
The other disadvantage, i.e. the limited strain rates, will be discussed in section
3.5.1 on ausforming.
In the following sections we will show how the advantage of the tensile test
with regard to observing deformation gradients can be put into practice by the
employment of imaging techniques.
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3.4 Hot tensile testing techniques
Several methods for conducting tensile tests at elevated temperature have
been developed. Some of these apply an external heating source, like a
radiation furnace. Another is by heating of the specimen by means of an
electrical current, which allows superior control of temperature and
heating/cooling rates. This is implemented in the DSI Gleeble system, which will
be used in this study.
3.4.1 General description of the Gleeble system
The tensile testing machine used in our research project is a Gleeble 3800
thermomechanical simulator. The Gleeble system excels in fast and accurate
temperature control. In the Gleeble system, the sample is heated by an electric
current, which results in a quite direct temperature control.

The specifications of the Gleeble can be summarized as
 Displacement rate up to 2000 mm/s (depending on load)
 Maximum stroke distance 150 mm (depending on sample length)
 Maximum force/load: in tension 98 kN, in compression 196 kN
 Heating rate up to 10.000 °C/s (for welding simulations, depending on
sample size)
 Steady state equilibrium temperatures within +/‐ 1 °C
 Cooling rate: up to 250 °C/s (depending on material and sample size,
quench media)
 Atmospheric conditions: rough/high vacuum, protective gasses (argon,
nitrogen)
 Sample sizes and shapes: round, hollow and square shapes, maximum
cross‐section area 250 mm2
 maximum length 250 m
 Measured parameters: displacement, dilatation, temperature (4
couples of any kind + 1 infrared pyrometer) , force,
 Other devices: Hot zone LVDT, Dilatometer LVDT, spot welder for
attaching thermal couples
 Digitally controlled force or displacement system
 Maximum sample rate 20.000 Hz
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A3

20 mm

Figure 3‐9. Temperature map Gleeble specimen (below) obtained
by thermal imaging (above),

A disadvantage of the Gleeble tensile system is that no heated grips are
available. Consequently, a large temperature gradient will develop in the
sample. The temperature difference between the centre and ends of the gauge
section can become in excess of 200 C as shown in Figure 3‐9, which was
produced by visible light imaging and thermography. This will contribute to the
necking phenomenon: a neck which is not due to plastic instability in the sense
discussed in section 3.3 will be initiated at the very start of the test, because
the centre of the gauge section is softer than its extremities.
At nominal temperatures close to the  transformation temperature this can
lead to a situation where the centre of the sample is in the austenitic phase,
while close to the shoulders it
will still be in the ferritic state.
Since the yield and flow
stresses
of
ferrite
at
temperatures just below the
transformation
temperature
are lower than that of austenite
just above that temperature Figure 3‐10. Sample that has transformed to
[13], the sample will then ferrite at the shoulders.
deform more easily in the ferrite regions, as shown in Figure 3‐10.
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From the thermal image shown in Figure 3‐9, it is obvious that the image
contrast between the shoulders and the background is lost due to the
temperature gradient. Since we ‐as will be discussed in a subsequent section‐
will make use of an edge detection technique to measure local deformation
during necking, this is a second disadvantage of the heating system. In order to
minimize the thermal gradients and their associated negative effects, a new
type of sample was developed.

3.4.2

A tensile specimen design to minimise the temperature gradient

Aims
The aim of the development of a low T‐gradient sample combined with a
method to measure local strains is to arrive at a situation where the
temperature at any point of the gauge section is as close as possible to the
nominal temperature, and to extend the useful strain range beyond the
uniform strain. These requirements can be stated more precisely as follows.
A major goal of the development is to measure local strains, so that true stress
and strains can be computed in the post‐uniform strain range of the test. We
will restrict the application of the correction for local strains of the stress‐strain
curve to the diffuse necking phase of the post uniform strain range. In that
range it may be assumed that the strain gradient in the width direction is
negligible. It is therefore sufficient to measure the total strain in the width
direction (and for non‐isotropic materials in the thickness direction). We have
chosen to achieve that by recording the sample shape during deformation by a
video device. To obtain the width (and thickness) strain from the video stream
an edge detection technique is applied to the resulting images, as will be
described in section 3.4.5. This also requires a constant contrast between the
sample surface and the background. It is therefore of importance to avoid
temperature gradients in the gauge section, as the intensity of radiation of the
surface is a strong function of temperature at the target test temperatures.

The video stream can at the same time be utilized for pyrometry, so that the
temperatures at the specimen surface can be recorded as a function of time
and position. This is applied in setting up the sample for achieving a minimal
temperature gradient.
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Design considerations
The temperature gradient in a conventional tensile sample that is heated by an
electrical current is caused by the heat flow from the heated gauge section to
the cooled grips of the
tensile machine. In addi‐
tion, the current density
in the wider shoulders of
the specimen is lower
than that in the gauge
section, by a factor equal
to the ratio of the gauge
cross section to the
shoulder
cross section.
20 mm
Consequently, there is a
substantial heat flow
from the gauge to the
Figure 3‐11. The low T gradient design sample.
shoulders. By virtue of
Fourier’s law of heat
condition this heat flow is associated with a temperature gradient in the
direction of the heat flow. Compensation of this heat flow and the associated
temperature gradient requires an additional heat source between the gauge
section and the grips. Ideally, if two regions on the sample can be controlled to
have the same temperature, no heat will flow between them and no
temperature gradient
will develop. This
D
however requires two
25
power sources (for
the
gauge
20
B C
A
respectively
the
shoulder regions) that
can be separately
controlled.

Therefore a simplified
approach was chosen,
where the electrical Figure 3‐12. Low temperature gradient specimen
current density in the design (dimensions in mm).
shoulders is made
equal to that in the gauge section. If the distance between the grips and the
shoulder to the gauge section is large enough, this will lead to an equal heating
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rate and eventually equal temperatures of in the shoulder and gauge section.
Consequently, no temperature gradient will develop.
This can be achieved by shunting a part of the electrical current between the
grips past the gauge section
as shown in Figure 3‐11. The
shunt resistance is imple‐
mented by the legs that pro‐
trude in the transverse di‐
rection between the gauge
region and the shoulders,
which are connected by a
flexible braided copper ca‐
ble. The shunt resistance is
adjustable by the positioning
of copper clamps with which
the cables are bolted to the
shunt legs, as shown in
Figure 3‐11 and Figure 3‐13.
The position of the clamps
should be chosen such that
the electrical current densi‐
ties in the gauge, shoulder
and shunt sections are
equal.
The heating rates will then
be equal and consequently
50 mm
the temperatures in these
sections will eventually be‐
come equal to the gauge
temperature that is con‐
Figure 3‐13. Fully rigged sample mounted in trolled by the heating sys‐
Gleeble tensile machine.
tem. The temperature gradi‐
ent in the gauge section will become minimal. An optimal adjustment can be
achieved by monitoring the temperature in these three parts of the sample
with the pyrometric technique that will be described in section 3.4.4
Additionally, as the shoulders now have a higher temperature, additional
shoulders wider than the existing ones will have to be added, to avoid
deformation of the sample close to the grips.
The new tensile specimen design, the dimensions of which are shown in Figure
3‐12, has an additional section C of intermediate width between the gauge
section A and the shoulders B. As customary in tensile sample design, the width
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wC of section C taken wC  2 wA , where wA is the width of the gauge section.
This is in order to avoid plastic deformation in the C section, which cannot
occur before the engineering stress in the gauge section A has increased to
twice the value of the yield stress.
The shunt resistance consists of strips of metal D projecting perpendicularly
from the joint between the gauge and auxiliary sections. Two of these sets of
shunt strips are im‐
plemented on each
side of the speci‐
20
men, in order to
mm
maintain symmetry
of electrical cur‐
rents and heating
rates in the width
direction. The width
wD of the shunt
strips is taken as

wC 
900

950

1000

1050

1100

1
w A.
2

To ensure that the
current densities in
the sections A, C
and D are equal,
the widths should be chosen according to the rule: wA + 2 wD = wC. Equal
current densities are equivalent to equal heating rates and eventually to equal
temperatures in the three sections. That ensures that no heat flows into or out
of the gauge section. The joints between sections C and D, respectively A and
D, are rounded to avoid both electrical current and stress concentrations.
Figure 3‐14. Temperature distribution in the low T
gradient design sample.
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T °C

The performance of this setup is quite satisfactory, as shown in Figure 3‐14
and Figure 3‐15. The temperatures in these figures were determined by the
method described in section 3.4.4 The temperature differences within the
gauge section of the improved sample are smaller than 5 °C. This has recently
been corroborated by a FEM simulation of the system [14]. The temperature in
the joining areas between sections A, C and D is 50‐100 °C below the nominal
temperature. This is caused
1055
by the inevitable locally lower
electric current density in this
region because of the larger
local width. During defor‐
1050
mation, especially after the
onset of necking, the temper‐
ature gradient will deterio‐
rate somewhat, which is
1045
caused by the non‐uniform
0
10
20
30
cross section of the gauge
x mm
section and the consequently
higher current density and
heating rate in the necking Figure 3‐15. Example of the temperature
region.
gradient in the gauge section. T vs. position in
the gauge section.
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Frame# = time [0.04 s]

Gauge position (%)

830

T  C


850

870

890

910

Figure 3‐16. Temperature along the gauge during deformation.

T  910 C =0.2 s1 .
In the tests at strain rates higher than   0.02 s 1 the heating has been
switched off during deformation. This proved to be possible since the resulting
cooling rate is small, and the temperature drop during deformation is negligible

  5 C  . This is beneficial for the noise in the force and elongation signals


caused by the heating system that is discussed in section 3.7.2. During necking,
the temperature will rise again slightly in the necking region as a consequence
of the higher local strain rate in the neck region. The performance of the
system with regard to temperature distribution during deformation is shown in
Figure 3‐16. The remaining temperature gradient poses no problems in fitting
stress strain data to a model equation, since we will measure strain rate and
temperature locally in the middle of the sample where necking occurs and the
strain becomes maximal.
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3.4.3 Video equipment
All deformation experiments are routinely recorded with a digital video camera,
which enables to quantify any visually observable phenomena like strain and
temperature gradients2. For experiments at strain rates   0.2 s 1 a standard
commercial digital HD camcorder was used, the resolution and frame rate of
which are 1920X1080 pixels and 25 fps. For higher strain rates, a Phantom V5.0
by Vision Research was used. The frame rate of this camera is dependent on
the resolution. We have chosen for a resolution of 1024X512 pixels, which
yields optimal image definition. The maximal frame rate for this setting is 2100
frames.s‐1. At the maximal applied strain rate   15 s 1 , 40 frames can be
recorded at an estimated total strain range   .3 which is considered to be
adequate. The video streams of either camera can be read by the open source
image processing application ImageJ [15], which is implemented in the Java
programming language. With this application all final image processing and
conversion of video data to ASCII data files was performed.
3.4.4

Contactless temperature measurement

Due to the necking phenomenon a temperature gradient will develop in the
neck (Figure 3‐16), as the deformation rate inside the neck increases relative to
the more slowly deforming sections. More deformation energy will therefore
be dissipated in the neck. Additionally, the electrical current density will
become non uniform and be maximal in the neck. The latter situation can be
avoided for fast    0.1 s-1  deformation tests by switching the heating off
during deformation.
It is therefore desirable to quantify the temperature field in the sample during
the tests. As the tests on steel in the austenitic phase are executed at
temperatures where the emitted radiation by the specimen is in the visible part
of the spectrum, we have chosen for visible light pyrometry.

2

The idea to measure temperatures visually was inspired by the blacksmith’s traditional
skill of judging temperature.
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R
G
B
T

Figure 3‐17. RGB intensities HD camera during a heat cycle. R, G, B
channels and thermocouple temperature are shown.
The measurement of temperatures as a function of time and position is carried
out by extracting the RGB intensities from the video stream as a function of
time and position from a video stream using ImageJ. For calibrating the
recorded intensities to actual temperatures, a series of heat cycles was
programmed. The camera recording is started by a Gleeble system relay at a
programmed instant. A sample of the recorded RGB intensities and the
thermocouple readout are shown in Figure 3‐17. Note that particularly the red
channel tends to saturate at the chosen exposure setting. This could be avoided
by choosing a less sensitive exposure, which however proved to be detrimental
for the signal to noise ratio. Therefore, and since the high‐speed equipment
records in B&W, the actual calibration is carried out by fitting the thermocouple
temperature during the heating cycle as a function of luminosity L, defined as

L

R G B
, where R, G and B are respectively the 8‐bit pixel intensity
3

values of the red, green and blue channels of a pixel at the position of the
thermocouple. Fitting was done by a simple polynomial. This was carried out
for the range of exposure settings of the camera used for the range of
temperatures covered in the experiments.
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Figure 3‐18. Fit of temperature to intensity signal.
0
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This procedure, of which a result is shown in Figure 3‐18, yields an accuracy of 5
degrees, which was considered to be adequate for our purpose.
We conclude that in the austenitic temperature range visible light pyrometry
using a commercial HD video system is an adequate method for measuring
temperature.
3.4.5 Contactless strain measurement
A major disadvantage of the tensile test is that a spontaneous strain gradient
evolves once the work hardening rate drops below the flow stress (necking). In
Figure 3‐19 a sample in an advanced stage of necking is shown.

10 mm
Figure 3‐19. Video frame of a deforming sample. Note the mirror for thickness
measurements that is mounted above the sample at 45°.
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Beyond the onset of diffuse necking, the calculation of true stress and strain
data is no longer straightforward: a method of observing the strain gradient is
necessary to find the value of the local true strain in the neck. Commonly, only
data from the uniform strain range is used in the calculation of true stress and
strain.
In a tensile sample designed to deform in uniaxial tension, the strain
distribution across the width of the specimen remains fairly uniform during
necking [16]. This is confirmed by the results of a tensile experiment that was
recorded with the Aramis digital image correlation system present at Tata Steel,
an example of which is shown in Figure 3‐20, where it is compared with the
strain measured with the system developed here. Even at the fairly advanced

20
mm

Figure 3‐20. Strain distribution recorded with Aramis (above) and the system
developed here (below).
stage of necking shown, the transverse strain gradient is negligible. The strain
distribution calculated with the system developed here compares favourably
with the Aramis graph.
This implies that full knowledge of the two dimensional strain gradient, as can
be obtained for example by digital image correlation is not strictly necessary for
evaluation of the test results in the post uniform strain region. It is sufficient to
compute the local transverse stresses from the local displacements of the
sample edges.
We record the shape of the specimen by a digital video camera for low
deformation rates or by a High speed camera for strain rates larger than 0.2 s‐1.
A sample of a frame of a typical video stream is shown in Figure 3‐19.
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The edge coordinates of the sample as a function of time are determined by
application of an edge detection filter technique [17]. For the edge filter, an
implementation of the Canny‐Deriche filter was chosen, which is available in
the public domain as a plug‐in for the ImageJ package [18]. This filter produces
the detected edges in the form of a video stream. Prior to application of the
edge filter, the video stream is convoluted by a Gauss blur filter, in order to
avoid the necessity to clean up the edge video stream for artefacts and spatial
noise. It was found that application of a Gauss filter with a radius of 4 pixels
does not have an effect on the detected edge positions. Finally, the grey scale
edge video stream is thresholded and the edge position data written to an ASCII
file.
The detected edge shown in corresponds to the frame shown in Figure 3‐19. A
requirement for success of this technique is that the image contrast between
the edge and the background is of a good and constant quality. The improved
sample design provides just that, which is a second advantage of the newly
designed specimen.
In order to identify the region of interest (ROI, which here is the gauge section)
of the edge detected video stream, the centres of the quarter circle fillets of
the specimen shoulders between the gauge section and the auxiliary heating
sections C of the sample are detected by a Hough transform technique from the
edge detected stream. The Hough transform is a feature extraction technique
used in image analysis, computer vision and digital image processing [19],
which is used extensively in EBSD devices to detect the individual lines of
Kikuchi patterns. The technique is applicable for detection of any general shape
that can be parameterized, including circles and ellipses.

Figure 3‐21. Output of the edge detection and
Hough transform.
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For our requirements a Hough Circle ImageJ plug‐in [20] was slightly adapted.
The measured coordinates of the extremities of the gauge section serve a
secondary purpose as a virtual or contactless clip on gauge. Both the shoulder
fillet centre coordinates and the coordinates of the specimen edges are written
to files, from which then the local transverse strain  y ( x,t ) as a function of
time and position along the gauge section is computed. An example of a map of
the true strain is shown in Figure 3‐22 where the locus of maximal strain, which
eventually becomes the position of the deformation neck, is shown.

‐‐‐‐‐ neck position
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Figure 3‐22. Map of the computed longitudinal strain in a tensile
1

test. T
By definition, the true strain  e is defined as the logarithmic longitudinal strain

 x in the tensile test. The transverse strain values must therefore be converted
to longitudinal strains. If the material is plastically isotropic, this poses no
problem, because then the transverse and thickness strains are equal, and both
equal to minus ½ times the longitudinal strain: result from  x  2 y  2 z .
For anisotropic materials, the ratio of transverse to thickness strain is expressed
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by Lankford’s r‐ value, in which case  x  

1 r
 y . In our research project,
r

Frame #

most experiments are carried out on steel in the austenitic phase, which is
expected to be nearly isotropic. In order to check this, a mirror is mounted
above the specimen at a 45 ̊ angle to the horizontal, so that the thickness
change during deformation can be observed during the test. The mirror is
visible above the gauge section in Figure 3‐19.
The image in the mirror is post processed by the same steps (except the Hough
transform) as that of the gauge section, leading to a map of the thickness strain
as a function of time and position, an example of which is shown in Figure 3‐23.
Note that an increasing part of the sample disappears out of view due to the
limited size of the mirror, and
that some artefacts appear at
large strains. Therefore, after
selection of an area where the
measurement is considered
reliable, an average of Lank‐
ford’s rL value is computed,
which is used to convert the
transverse strains to longitudi‐
nal and equivalent strain. The
Position along gauge (%)
computed rL values on average

s

2
.
0

=

o

C

0
5
9

=

have a value rL  1.0  0.1 for all
experiments, so that the mate‐
rial behaviour can considered
Figure 3‐23. Thickness strain map
to be isotropic.
1

.
From the strain map, the de‐ T
formation history, which can be defined as the equivalent strain and strain rate
of any material point can be calculated. Although this can be done for any
arbitrary point, we have chosen to consider only the neck locus, because that
yields the maximum range of strains.

3.5 Special deformation techniques
In this section some techniques will be discussed that are either necessary to
circumvent limitations of the experimental equipment, or that are helpful in
determining the relative importance of different contributions to the flow
stress.
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3.5.1 Ausforming: deformation of metastable austenite
The strain rates that can be attained with our sample size on the Gleeble
Tensile Test rig are   20 s1 at maximum. This is one order of magnitude
lower than the strain rates in the hot rolling process.
In general, the flow stress  f is the sum of a yield stress  y , a resistance due

to work hardening that is associated with dislocation multiplication  w and a
resistance associated with thermally activated dislocation glide  . As is
discussed in Chapter 2, the latter two are a function of strain rate and
temperature:
*

 f   y   w  ,T    * ,T 

(3.12)

Temperature (°C)

The strain rate and temperature sensitivities of work hardening and dislocation
glide resistance are in general ‐except when dynamic strain aging occurs‐ such
that the flow stress increases for increasing strain rate and decreasing
temperature. This behaviour can now be put to advantage to compensate for
the limited experimental strain rate by executing hardening tests at
temperatures lower than that of the hot rolling process: a lower temperature
will increase the flow
CCT diagram
stress, as will a higher
1,000
strain rate.
900
The temperature range
800
of the target Hot Rolling
process
extends
700
Ferrite
downwards to the A3
600
Pearlite
temperature at which
500
austenite
starts
to
Bainite
400
transform to ferrite.
Considering the Iron‐
300
Carbon diagram only, it
200
would seem that trading
100
high strain rate for
0
lower temperature is
1,000
100
10
1
0.1
0.01
0.001
0.000
Cooling rate (°C/s)
not feasible since the
Figure 3‐24. Calculated CCT diagram of investigated material will transform
to ferrite below theA3
steel grade.
temperature.
This may be the case for plain low carbon steel grades, for which the
transformation rate is high. However, the steel grade that is investigated in this
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study, an Fe‐C‐Mn alloy of composition 0.09 wt.% C, 1.63 wt.% Mn, 0.25 wt.% Si
and 0.55 wt.% Cr, transforms rather slowly, as is shown in Figure 3‐24. This CCT
diagram was calculated with a model available at TUDelft and Tata Steel [21].
By quenching with Ar, a quenching rate

dT
 60 Cs 1 can be achieved. This
dt

leaves 2.5 s before transformation sets in, which is ample time to perform a
tensile test after quenching to temperatures as low as T= 600 °C, except for
tests at strain rates below   0.2s . It is therefore possible to quench the
steel rapidly after austenitisation to a temperature below A3, and perform a
tensile test on the metastable austenite before transformation starts. This
technique is similar to the ausforming process described by Mukherjee [22] and
to Hot Forming [23] of car body parts.
1

3.5.2 Strain rate jump tests
The flow stress of steel (or any other metal) is a sum of several contributions,
like lattice resistance, solute and precipitation hardening, the grain size
dependent Hall Petch effect, work hardening and dislocation glide resistance.
Of these, the strain dependent work hardening and the dislocation glide
resistance are functions of strain rate and temperature due to the underlying
thermally activated mechanisms. As discussed in Chapter 2, the flow stress  f

can be written as

f  o 

Ky
Dg

 w   * ,

(3.13)

where 0 is the sum of lattice resistance, solute and precipitation hardening, Ky
the Hall‐Petch coefficient, Dg the grain size, w is work hardening and * the
dislocation glide resistance. The sensitivity to strain rate (and temperature) of
* is direct because the velocity of dislocations will change immediately when
the strain rate (or temperature) is changed. This is not the case for work
hardening, as it is the hardening rate  

d
which depends on strain rate
d

and temperature. The effect of a change in strain rate (or temperature) is
therefore only reflected by a change in work hardening after an increment of
strain. For this reason, the strain rate sensitivities of dislocation glide resistance
and work hardening have been termed direct respectively indirect strain rate
sensitivity (DSRS and ISRS) by the author [24], (Chapter 4).
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For this reason –viz. the difference between indirect and direct strain rate
sensitivity‐ the strain rate jump test is a tool that has been used by some
authors [25], [26], [27], [28], [29], to distinguish between the work hardening
and dislocation glide resistance contributions to the flow stress, something that
is impossible with constant temperature – strain rate testing. An alternative
name for this technique is “constant structure test” [30], [31]. This name
emphasizes that the internal (dislocation sub‐) structure does not change
appreciably during the strain rate jump. An example is shown in Figure 3‐25,

where two tests at a constant strain rate   0.01 respectively 0.1s are
compared to tests where the strain rate is abruptly changed at   0.08 from
the higher to the lower rate and vice versa. Note that the DSRS is clearly
observable as an abrupt change of the flow stress.
‐1

120

100

f (Mpa)

80

60

40

20

0
0

0.1

0.2

0.3

0.4

0.5


‐1

0.1 s

‐1

==> 0.01 s

‐1

0.01 s

==> 0.1 s

-1

0.01 s

‐1

0.1 s

‐1

Figure 3‐25. Strain rate jump tests at 950 °C. Engineering stress
vs. strain.

Another use of this test is to detect any differences between the transient
hardening after the jump for jumps from low to high strain rate respectively in
the reverse direction. This might reveal different dynamic recovery kinetics in
the case of an excess respectively a shortage of dislocation density between
these cases. These results will be analysed in more detail in Chapter 7 on work
hardening. Repeated strain rate changes during the course of the deformation
experiment will reveal whether the glide resistance is a function of strain or
remains constant. If the latter proves to be the case, it is also an argument that
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ε0

corroborates Bergström’s assumption [32] that the mobile dislocation density
 m is constant, since the glide resistance parameter  is proportional to  m .
3.5.3 Stress cycling
Stress cycling is a technique that can provide information with respect to the
question whether deformation is reversible or irreversible. Stress cycling at
stress amplitudes that remain below the yield stress as depicted Figure 3‐26
[33] generally shows the following behaviour:

3
2
1

Figure 3‐26. Stress cycling behavior below the yield stress.
Linear elastic (1), anelastic (2) and microplastic (3)
behaviour [33].
Reversible linear elasticity at low stresses. The modulus of the stress is
equal to the elastic modulus of the crystal lattice.
2. At stresses above the elastic limit  E the stress becomes a nonlinear
function of strain, and generally shows hysteresis between the loading
and unloading legs of the cycle. This indicates that other processes than
elastic deformation of the crystal lattice occur, and that energy is
dissipated during the cycle. This behaviour is conventionally called
anelasticity.
3. At stresses above the anelastic limit  A the loops are not closed and the
behaviour is called microplastic.

1.
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Anelasticity is modelled in chapter 6 and 7 as reversible dislocation glide
associated with bowing out of dislocation segments under stress. That implies
that the linear elastic strain below the elastic limit can only occur if the
dislocations are pinned –probably by solute atoms‐ and therefore unable to
move. The elastic limit must then be interpreted as the stress at which
dislocations break free of their solute atmosphere. According to this
interpretation, the elastic limit is not unlike the upper yield stress that is
observed for statically
aged material, the main
difference being that the
upper yield stress is
higher than the yield
stress. Since the unlock‐
ing process of dislocation
segments from a solute
atmosphere is a ther‐
mally activated process,
 E is expected to ap‐
proach zero at elevated
temperatures.
The nonlinear anelastic
behaviour for stresses Figure 3‐27. Unloading/reloading in the post yield
above  is explained in regime at room temperature [34].
E

chapter 6 as being a natural consequence of bowing out of a dislocation
segment under stress. The hysteresis can be explained by the resistance due to
dislocation glide associated with thermally activated passing of local obstacles
by the moving dislocations. The hysteresis is then a consequence of the fact
that forward glide during loading is easier to be activated than backward glide
during unloading. Finally, microplasticity can be explained by trapping of
dislocations during unloading behind obstacles that were easy to be passed
during loading.
That implies that microplasticity is a natural phenomenon associated with
relaxation of previously stressed dislocations towards an equilibrium position
during unloading. The same phenomenon is known to occur after much larger
strain amplitudes than those in the pre‐yield regime [35], [36], as shown in
Figure 3‐27. Although stress cycling can provide clues about the degree of
reversibility of strain in the pre‐yield regime, it cannot provide information on
the question if deformation is in the pre or post yield regime. That problem can
only be resolved by a proper method to determine the yield stress, which will
be developed in section 3.6.1 and chapter 6. In that chapter stress cycling is
utilized in interpreting and modelling pre yield behaviour.
93

3.6 Data assessment
3.6.1 Kocks‐Mecking diagram
The Kocks‐Mecking (KM) diagram is a valuable tool in the estimation of work
hardening parameters. A
KM plot is basically a plot
of the work hardening
d
rate  
versus stress
d
. The KM plot, an
example of which taken
from [37] is shown in
3‐28, is mainly used in the
analysis of work hardening
behaviour.
The principle of KM
analysis can be explained Figure 3‐28. A Kocks Mecking plot of Cu [37].
from elementary work
  101 s‐1 (solid lines) and 104 s‐1 (dashed).

hardening theory:
The flow stress f can be T  100...400 C.
written as

(3.14)

 f   y  MGb  ,

where y is the yield stress.  is a crystallographic constant, M the Taylor
factor, G the shear modulus and b the magnitude of the Burgers vector. The
second term in eq. (3.14) is the Taylor relation [38]. The dislocation density  is
a function of strain , which can be approximated for low and medium strains
by the elementary work hardening equation

d
 U   
d

(3.15)

which here is presented in the Bergström notation where U is a hardening
parameter and  is the dynamic recovery parameter. The Bergström model is
mathematically identical to the Kocks‐ Mecking model [39]. These models
describe elementary stage III hardening behaviour.
From eqs.(3.14) and (3.15) follows for the work hardening rate:
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1
GbU   w 
2

(3.16)

This shows that approximate values of U and  can be obtained from the initial
value   w  0  and of the slope of a KM plot. The factor

GbU
2

is the

athermal hardening rate at the yield point, and the intercept must be evaluated
at the yield stress f= y.
In practice, this requires an estimate of y, and  is usually plotted vs.
 w   f   y . The conventional KM plot does not provide information on the
value of y. The common method to evaluate y is by the 0.2% offset yield
stress Rp02 that is computed by most tensile machine process computer
programs. This definition of the yield stress lacks a physical basis and its use is
commonly justified by the fact that metals often “...do not show a clearly
defined yield point in the tensile curve…” [40], [41], [42].
150

The Rp02 algorithm
requires that a reli‐
able estimate of the
120
f
elastic modulus can
(MPa)
be extracted from
90
the tensile curve.
This frequently pre‐
60
Rp02
sents problems in
hot tensile tests
30
that are due to
temperature
gradients in the
0
0.01

sample or to pro‐
Figure 3‐29. Initial part of the flow stress curve of the
nounced nonlinear‐
Fe C Mn steel. Rp02 construction shown (dotted lines)
ity of the pre‐yield
T  910 C,   0.1 s 1
modulus, which ac‐
tually is the cause of
the difficulty to observe the yield stress in the stress strain curve. Temperature
gradients in particular may be the cause of a gradual transition from elastic to
fully plastic deformation of the gauge section. In compression experiments that
situation is aggravated by strain gradients that are caused by friction.
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The new sample design described in section 3.4.2 ensures that temperature
gradients are minimized, thereby creating optimal circumstances for the
observation of the yield stress. Nevertheless, no clear yield point is observable
in the stress strain curve, as shown in Figure 3‐3, which shows only the initial
part of the hardening curve. The Rp02 construction shown in this figure does not
seem to indicate a point of particular interest.
A technique to improve the observability of the yield stress is to construct an
extended KM plot, i.e. to extend it to zero stress. Where in the case of linear
elasticity in the pre‐yield range a constant value   E and a sheer drop to a
lower value at the yield point is expected (in which case the yield point should
be clearly observable in a     plot), this is in practice only the case for aged
materials at room temperature.
In Figure 3‐30 the extended
KM plot corresponding to the
flow stress curve of Figure
3‐29 is shown for the total
range of stresses up to
localized necking. Two distinct
branches at low respectively
high stress are observable,
that are distinguishable by a
clear transition in   

40


(GPa)
30

20

behaviour.
10
We
propose
that
this
transition is the proper yield
stress,
which
will
be
substantiated in chapter 6.
50
100
150
0
f (MPa)
The yield stress can be found
by intersection of two linear Figure 3‐30. Extended Km plot of the
functions to the distinctive Fe C Mn steel. T  910 C,   0.1 s 1 .
branches, as shown in Figure Yield stress construction shown
3‐30. We conclude that the (dotted lines).
extended KM plot is a valuable
tool in determining the yield stress, and does not rely on arbitrary definitions.
In chapter 5 and 6, this claim will be substantiated by theoretical arguments
and experimental evidence.
The new tensile sample design ensures that temperature gradients are
minimized, thereby creating optimal circumstances for the observation of the
yield stress.
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The extended Km plot is also
a valuable tool in assessing
the quality of a deformation
test. In Figure 3‐31 it is
applied to an axisymmetric
compression test at elevated
temperature of a material of
composition C= 0.09 Mn=
1.688 Si= 0.264 Al=.014
wt. %. If we compare this to
Figure 3‐30, it is seen that
Figure 3‐31. KM plot of an axisymmetric
although the yield stresses
are of similar value, the
compression test, T  950 C,   1.0 s 1.
apparent
pre yield stiffness
Dotted lines: Yield point construction.
is an order of magnitude
lower in the compression
test than in the tensile test, and that the uncertainty in the yield point is much
larger, since the lines fitted to the pre‐ and post‐yield branches do not differ
much in slope.
For the uniform strain range of the hardening curve obtained by tensile testing,
the KM plot is also helpful in deciding whether a model for simple Stage III
hardening behaviour according to Bergström‐Vetter/ Kocks‐Mecking [43], [39]
applies. For a standard tensile test the uniform strain range is limited by the
onset of diffuse necking. In our case, since local strains can be determined, the
useful strain range is extended to the onset of localized necking.
The onset of diffuse and localized necking in a tensile test, which occurs at

   respectively  



2

[3], the latter of which is the limit at which the

calculated equivalent strain and stress is correct, can be readily determined
from the KM diagram. Any non‐linear decrease of the    curve at lower
stresses than for which  


2

indicates the onset of a structural weakness or

stress recovery mechanism like recrystallisation or phase transformation of the
material. This is for example the case at   125 MPa in Figure 3‐31. KM plot of
an axisymmetric compression
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3.7 Instrumental issues
3.7.1 Machine stiffness
The technique of non‐contacting strain measurement does not allow the
application of a clip‐on strain gauge, since this would obstruct the view. While
this is not a problem for the measurement of large strains, any observations in
the lower strain range, particularly of pre‐yield phenomena, must now be made
by the stroke/ crosshead displacement signal. For the study of pre‐yield
phenomena the sensitivity of the local contactless strain measurement method
described in section 3.4.5 is not adequate.

Obtaining the gauge strain from the crosshead displacement requires
knowledge of the machine stiffness. The machine stiffness is usually measured
by comparison of the crosshead displacement signal to the clip‐on gauge signal.
In our case this requires a dedicated test run.
The usual assumption is that any deformation outside the strain gauge span is a
machine effect. This implies that the machine stiffness is partly affected by the
compliance of a part of the tensile specimen. Strictly, this requires that the
machine stiffness should be determined for each specimen thickness and at
elevated temperatures for each temperature if the usual procedure is followed.
For the new sample design described in section 3.4.2 this is a particularly
important issue, since the out of gauge parts are rather large. It may be
assumed that strain gradients in the shoulders are negligible, since they are not
loaded to stresses above the yield stress.
Since the shoulders are maintained at the same temperature as the gauge,
both are subject to the same pre yield phenomena. The machine elongation
xm  F  is a function of the tension force F only, since the clamps are
maintained at room temperature. The stress in the shoulders is ½ times that in
the gauge, since the shoulder width w C  2w A with w A the width of the gauge
section. This makes it possible to separate the part of the out of gauge strains
in the shoulders from that of the tensile machine. In the case where the pre‐
yield behaviour of the material is linearly elastic, the strain in the shoulders
 sh in relation to the gauge strain  sh is given by

   1 1
 sh     
 g,
2 2 E 2

(3.17)

where E is Young’s modulus at the experimental temperature and  

F
is
A

the nominal stress with A the cross section of the gauge section of the sample.
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Figure 3‐32. Local pre‐yield strain in the sample, room
temperature.

result at a stress  

The validity of
eq. (3.17)
was
corroborated by a
tensile test at
room
tempera‐
ture where local
strains
were
measured
with
the Aramis digital
image correlation
system available
at Tata Steel la‐
boratories
IJmuiden.
In
Figure 3‐32 the

1
 y is shown. The local strain in the gauge region
2

appears to be twice as large as that in the shoulder within experimental error.
The total elongation xt is the sum of the machine deformation  xm and that
of the gauge and shoulder sections xg and xsh :

xt  xg  2xsh

(3.18)

Since the elongation  x  l  , where l is the length of the section, and the
length of the shoulders lsh including that of the gauge section l g in our design
(see Figure 3‐12) is

xt  xm  lg


E

 xm  2lg

 2lsh


2E



E
 xm  2xg

(3.19)



xm  xt  2xg
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The machine elongation as a function of tensile force was determined by a
testing at room temperature, on a sample that showed linear elastic behaviour
in the pre‐yield regime. This ensures that the assumptions made in deriving eq.
(3.19) are valid. Another advantage
is that the range of force is large,
since the yield stress at room
x
4
temperature is high. Testing was
410
(m)
done by cycling the force F in the
4
range 2  F  6 kN .
310
In Figure 3‐33 the result of the
machine
stiffness test is shown. The
210
measured
total
(crosshead)
elongation, that of the sample
4
110
which was computed from the
measured strain gauge elongation
F (kN)
and
the
resulting
machine
0
2
4
6
8
elongation are plotted vs. the
tensile force. Note that all
Crosshead
Machine
elongations are linear functions of
Sample
the tensile force. The linearity of the
strain gauge elongation indicates
Figure 3‐33. Correction of the
that the material behaviour is
crosshead elongation for sample
indeed linearly elastic.
strain.
With the machine elongation
xm  F  known, the procedure for correction for of out of gauge deformation
4

is now

x g 

1
xt  xm  F 
2

(3.20)

In practice, the pre‐yield behaviour –especially at high temperatures‐ is seldom
purely elastic. In chapter 6 and 7 it will be shown that at elevated temperatures
the pre yield stiffness is degraded by anelasticity and becomes a non‐ linear
function of stress. In the next section it will be shown that the correction
developed above is still adequate under those conditions.
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e
g
u
a

ΘgΘs

Sample stiffness at elevated temperature
A simulation with the anelastic model developed in chapter 6 and shown in
Figure 3‐34 yields the result that the average ratio of the gauge stiffness to that

 2.

e
l
p
m
a

of the total sample is approximately

Figure 3‐34. Sample and physical stiffness for moderate (  L2  1 , top) and
strong anelasticity (  L2  16 , bottom) T = 800 °C, austenitic phase. Repre‐
sented as stiffness as a function of stress (KM plot).
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e
g
u
a

ΘgΘs

 2 approximation is rather crude for stresses

e
l
p
m
a

It may seem that the

Figure 3‐35. Sample and gauge strain for moderate (  L2  1, top) and strong
anelasticity (  L2  16 , bottom) T= 800°C, austenitic phase.
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larger than

1
 y , especially for strong anelasticity. The KM representation is
2

however quite sensitive to differences in stiffness. The equivalent
approximation

 gauge
 2 is shown to be adequate (within 2‐10%) even for
 sample

strong anelasticity in the more conventional stress vs strain representation in
Figure 3‐35.

3.7.2

Signal noise of the Gleeble force and elongation channels

Now that all possible sources of systematical error in our test have been
identified, we must turn our attention to instrumental sources of experimental
noise in order to improve the accuracy of the results. It may be argued that a
valid model is the best noise filter, but since we will have to differentiate the
stress strain curves for the construction of KM plots, application of noise
filtering techniques is inevitable. Furthermore, we will find that the noise in this
case is dominated by a deterministic disturbance, rather than being a random
error of measurement.
A major source of ex‐
2
perimental noise in the
Gleeble system is due to
the choice of heating by
F
an AC electrical current.
(kN)
The current is controlled
by a phase fired thyristor
1
control circuit. This type
of control conducts the
AC current during a part
of each phase. The re‐
t (s)
sulting output contains
0
strong higher harmonics
in
its power spectrum,
80
70
50
60
which cause disturbances
Figure 3‐36. Typical Noisy F(t) signal.
in the force and dis‐
T  910 oC   0.02 s‐1 .
placement
transducer
signals. This is especially
problematic at high temperatures, where the force signal is low. A typical load
vs. time signal is shown in Figure 3‐36, an enlarged detail of which is shown in
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Figure 3‐37. The high harmonic content of both is clearly visible. This type of
noise can effectively be attenuated by a low pass filter.
1.6
e
(mm)

1.84
1.5
1.84

F
(kN)

1.4
t (s)
1.3

1.8
60

60.04

60.08

Force F
Elongation e

Figure 3‐37. Detail of Figure 3‐36 with displacement
signal e also shown.

We have chosen to apply a type II Chebychev filter [44] in the frequency
domain, as the setting of the filter can then be conveniently chosen on the
basis of the Fourier power spectrum

FChII ,c   1 

1
  
1   a pCh  n, c 
  

,

(3.21)

 c 
 is a Chebychev polynomial with  the Fourier frequency of
 

where pCh  n,

the signal, c the cut‐off frequency of the filter and n a non‐negative integer.

 a is an attenuation parameter.
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Type II Chebychev filters have no ripple in the passband gain. It is of importance
to check the low strain region of the filtered signal, to make sure that no
artefacts in the pre‐yield region and around the yield point are produced. The
power spectrum and filter response of the force signal of the hardening curve
shown in Figure 3‐36 are shown in Figure 3‐38. The power spectrum is quite
smooth below 50 Hz. The attenuation of the disturbances is 8 orders of
magnitude.
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110
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0.4

110
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110

 18
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100

Frequency (Hz)
Power spectrum
Filtered
Filter response ‐‐>

Figure 3‐38. Power spectrum and filter response.
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0
4
110

Filter Attenuation

Power density (kNs)

110

1

3

σf

To show the full
potential
of
this
technique, it is applied
MPa40

to the test shown in
3‐39 that has an
 s1  Figure
extremely low signal to
 f 30
noise ratio.
The upper yield point‐
MPa 
0.1
like detail at yield is an
20
artefact caused by an
overshoot in the strain
rate. While this must be
10
remedied by better
settings of the PID
0.01
velocity control, it
0
0.1
0.2
0.3
0.4
shows
what level of

detail can be obtained

from the rather noisy
Raw
Rawdata
data
raw signal by this
Filtered
Filtered
technique. The example
Strainrate
Strain rate
shown is the worst
case, the temperature
Figure 3‐39. Filtering an extremely noisy signal.
and strain rate are the
T  1200 oC   0.02 s‐1 .
maximal
respectively
lowest values in the set
of experiments. The flow stress and signal to noise ratio are consequently
minimal.
This technique has proven to be crucial in producing noise‐free KM diagrams.
50

1

1

s

 

3.7.3 Conclusion
In this chapter, a number of experimental methods were developed aimed at
improvement of the accuracy of the tensile test at elevated temperatures on
the Gleeble system as well as to aid in post processing and interpretation of the
obtained stress‐strain data. These methods will be employed in Chapter 5‐7 for
obtaining experimental data and post processing.
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Chapter 4. A Revised Criterion for the Portevin–Le Châtelier
Effect Based on the Strain‐rate Sensitivity of the Work
1
Hardening Rate
Equation Chapter 4 Section 1

Merlin, explaining his inverse sense of time to the Wart:
You see, one gets confused with Time, when it is like that. All one’s tenses get muddled,
for one thing. If you know what is going to happen to people, and not what has
happened to them. It makes it difficult to prevent it happening, if you don't want it to
have happened, if you see what I mean? Like drawing in a mirror.
T.H. White: The Once and Future King.

Abstract
An improved analysis is presented of the stability of plastic deformation under
conditions where dynamic strain ageing (DSA) occurs, which leads to
instabilities known as the Portevin‐Le Châtelier (PLC) effect. It is shown that PLC
instabilities can occur for conditions that are not covered by the currently
prevailing criterion [Y. Estrin and L. P. Kubin., Mat. Sci. Eng., A 137 (1991) 125‐
134], which focuses on a negative strain‐rate sensitivity of the flow stress,
caused by interactions of solute atoms with thermally activated glide of mobile
dislocations. The present analysis recognizes that the strain‐rate sensitivity of
the flow stress consists of two contributions, one associated with glide of
mobile dislocations, the second with work hardening, related to storage of
immobile dislocations. In the present paper, an instability criterion is proposed
that takes into account the possibility of a negative strain‐rate sensitivity of the
work hardening rate, which is caused by diffusion of solute atoms to immobile
dislocations. The latter contribution leads to an extended instability criterion.
This criterion also provides an explanation for the existence of a critical strain
above which instabilities occur. In this paper previously published tensile test
data are used to show that a negative strain‐rate sensitivity of the work

1

Published as: van Liempt, P., & Sietsma, J. (2011). A revised criterion for the
Portevin–Le Châtelier effect based on the strain‐rate sensitivity of the work‐
hardening rate. Metallurgical and Materials transactions A, 42(13), 4008‐4014.
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hardening rate, which significantly influences the occurrence of the PLC‐effect,
can indeed occur under DSA conditions.

4.1 Introduction
The Dynamic Strain Ageing (DSA) phenomenon, also commonly referred to as
the Portevin‐Le Châtelier (PLC) effect, is an anomaly of the mechanical
properties of many metals and alloys. DSA manifests itself in the form of
instabilities in the flow‐stress curve during plastic deformation in a certain
range of temperatures and strain‐rates. The instabilities are associated with
repetitive stationary or propagating bands of localized deformation. Physically,
DSA is related to static strain ageing, which occurs after deformation, and is the
cause of yield phenomena (Lüders effect). Lüders instabilities are also
propagating deformation bands, but in contrast to PLC‐instabilities, they are
not repetitive.
In industrial processes like deep drawing, both types of instability are the cause
of surface defects, and are therefore undesirable. The Lüders phenomenon can
be suppressed by temper rolling prior to the sheet‐forming process. For
instabilities due to DSA an easily applicable countermeasure is not readily
available, since DSA occurs when ageing conditions are met during
deformation, and can only be avoided by a careful choice of the temperature
and strain‐rate for the sheet‐forming process. A reliable instability criterion is
an important prerequisite for making that choice.
The presently prevailing criterion, proposed by Estrin and Kubin, recognizes
that DSA is caused by the diffusion of solute atoms to dislocations [1], [2], [3],
[4]. The dislocations eventually become locked by the acquired solute
atmosphere, which affects the flow stress, in particular its dependence on
strain‐rate and temperature. Commonly, PLC‐stabilities due to DSA are
explained by assuming that the strain‐rate sensitivity of the flow stress
becomes negative due to dislocation locking.
Negative strain‐rate sensitivity is generally accepted as a cause of plastic
instability, but the effect of negative strain‐rate on the work‐hardening rate has
so far not been analyzed in the literature. In the present paper, we analyze the
general case in which both the flow stress and the work hardening rate are
functions of strain‐rate. This results in a new formulation of the criterion for
flow instability, in which the strain‐rate sensitivity of both the flow stress and
the work‐hardening rate are taken into account. Its validity will be discussed on
the basis of previously published experimental data.
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4.2 Background
In the literature, modeling of the dynamic features of the PLC‐effect (stress
drops and PLC‐band nucleation and propagation) has received wide attention.
Physically, the PLC‐effect is commonly explained [1], [2], [5] by a dynamic
interaction between mobile dislocations and diffusing solute atoms. Mobile
dislocations that are temporarily arrested at local obstacles (which is the origin
of the thermal flow‐stress contribution), will become pinned by solute
atmospheres that form while the dislocation is immobilized. This causes an
increase of the thermal flow‐stress contribution. At low strain‐rates the waiting
time increases, and consequently the pinning becomes more prominent and
the flow stress increases. At high rates the diffusion rate of the solute atoms is
too low to cause pinning, and the thermal flow‐stress contribution is then an
increasing function of the strain‐rate, as is normal for thermally‐activated
dislocation propagation. In the majority of these models the hypothesis of
negative strain‐rate sensitivity is the central element. This concept was
introduced by Penning [3], based on the assumption that the constitutive
equation can be separated in the variables  and  , where  is the plastic
strain and  the strain‐rate. The described mechanism leads to a range of
strain‐rates for which the strain‐rate sensitivity of the flow stress is negative. In
practice, this range of strain‐rates is unattainable by the process. This is
schematically shown in Figure 4‐1. If the nominal strain‐rate is increased to the
lower limit of the region of negative slope, the stress is sufficient for the strain‐
rate to jump to a value beyond the upper limit of the unstable range. The strain
will then become localized in order to maintain the nominal strain‐rate.

Figure 4‐1. Flow stress as a function of strain‐rate.
strain‐rates between 1 and  2 are inaccessible [3].

The occurrence of a negative strain‐rate sensitivity has recently been the
subject of debate, after Korbel [6] dismissed the idea of the occurrence of
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negative strain‐rate sensitivity as an artifact, arguing that the PLC bands are
localized plastic instabilities having at least three degrees of freedom that can
be responsible for the stress drop following an increase in cross head velocity
[7], [8], [9].
Penning’s theory of DSA [3] and most subsequent work on the subject treat the
strain‐rate sensitivity as an instantaneous increase or decrease of the flow
stress after a change in strain‐rate. This is the normal case for steel at room
temperature, where the strain‐rate sensitivity is related to thermally activated
glide of dislocations.
1



0


1


0



Figure 4‐2. Stress response to a strain‐rate jump in
the case of DSRS only (above) and both ISRS and
DSRS (below).

It is widely recognized that at elevated temperatures, including the range in
which DSA occurs, the work‐hardening rate
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 f
, where  f is the flow


stress, which is also a function of temperature T and strain‐rate  . Obviously,
the strain‐rate influence on  will not cause an immediate change in flow
stress when the strain‐rate changes: the effect will become significant on
continued straining. Some authors therefore use the terminology
“instantaneous strain‐rate sensitivity” for the strain‐rate sensitivity associated
with thermally activated glide and “strain‐rate sensitivity of work hardening”
for the strain‐rate sensitivity of the athermal stress [10]. Also, “explicit”
respectively “hidden” strain‐rate and temperature sensitivity is used [11]. We
will use the terminology “direct strain‐rate sensitivity (DSRS) “and “indirect
strain‐rate sensitivity (ISRS)” for strain‐rate sensitivity of the flow stress and the
work‐hardening rate, respectively. The difference between these two is
illustrated qualitatively in Figure 4‐2.
Figure 4‐2a shows the behaviour of a material exhibiting athermal work
hardening and thermally activated dislocation glide. The stress response to the
strain‐rate jump is then instantaneous. Figure 4‐2b shows the response of a
material exhibiting thermally activated effects on the work hardening rate, in
addition to thermally activated dislocation glide. The response then shows an
instantaneous change followed by a transient in stress. Similar behaviour is
expected for temperature changes. In general, the work hardening of BCC
metals, like ‐Fe, is athermal at low temperatures, whereas the thermally
activated dislocation glide resistance is large at those temperatures. At higher
temperatures, where the glide resistance becomes negligible, the work
hardening of Fe is dependent on temperature and strain‐rate due to
interactions between dislocations and diffusing point defects. For FCC materials
like Al, the thermal effects on the work hardening dominate the thermally
activated glide resistance effects at room temperature [12].
Physically, the existence of ISRS can be explained as follows. The contributions
to the flow stress f can be written as

 f   0  Gb    * ,

(4.1)

where 0 is the sum of lattice resistance, solute hardening, precipitation
hardening and Hall‐Petch hardening. The second term is due to the work

hardening and the third to the contribution  of thermally assisted dislocation
glide, which is associated with short range interactions between dislocations or
between dislocations and the crystal lattice. The parameter  is a
crystallographic constant, G the shear modulus, which is temperature
dependent, and b the magnitude of the Burgers vector. The variable  denotes
the dislocation density, which in general increases with increasing strain . The

thermal stress  , which is the stress contribution associated with thermally‐
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activated passing of local obstacles by mobile dislocations, is only non‐zero
during deformation and is the cause of the direct strain‐rate sensitivity [13].
Work hardening is a contribution to the flow stress that is not thermally
activated since it is caused by the long range stresses generated by the
dislocation substructure resulting from the net storage rate associated with
dislocation generation and recovery processes. However, for homologous
temperatures above Th =0.2 / 0.3, diffusing solute atoms and vacancies interact
with the recovery mechanism, which causes the work hardening rate to
become a function of strain‐rate and temperature. In that case, the work
hardening term in eq. (4.1) becomes a function of strain‐rate and temperature
in addition of being dependent of strain. Note the interesting feature that work
hardening which is associated with the essentially athermal process of
dislocation storage, is nevertheless a function of strain‐rate and temperature.
This is directly associated with the existence of the indirect strain‐rate
sensitivity, which is explained as follows.
The increase of the dislocation density during deformation follows an evolution
law that can be formally written as [14]

d
 H  R  ,T  ,
d

(4.2)

where H is the dislocation storage rate and R the recovery rate. In the
Bergström model [15], U is interpreted as the rate of immobilization of mobile
dislocations by trapping in the dislocation substructure, and R as the probability
of remobilization and annihilation of immobile dislocations.
By eq. (4.1) and (4.2), any change due to strain‐rate changes in flow stress that
can be attributed to the work hardening contribution is transient in nature. The
strain‐rate sensitivity that is associated with work hardening is therefore
indirect. The activation energy of the work hardening term is associated with
recovery due to dislocation climb caused by vacancy diffusion [16], [17], while
the dislocation glide resistance is related to dislocation kink pair formation or
forest dislocation cutting in the case of BCC respectively FCC metals [18].
Many authors have found that a distinguishing feature of DSA is the increased
work‐hardening rate [19], [20], [21] [22], [23]. The effect has been proposed as
an alternative hardening mechanism to work hardening at room temperature
by some investigators [24], [25], or as an increased bake‐hardening effect [21].
Brindley [26] reported measurements of increased dislocation densities after
deformation at temperatures up to 700 K. Static strain ageing is also known to
cause an increase of the work‐hardening rate [27], [28]. It can therefore be
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concluded that strain ageing and therefore the strain‐rate does affect the work‐
hardening rate. An adequate stability criterion for the occurrence of Portevin –
Le Châtelier instabilities should therefore take the strain‐rate sensitivity of the
work‐hardening rate into account.

4.3 Stability criterion
Estrin and Kubin [4] [5] analysed the stability of a strain and strain‐rate
sensitive material subjected to a local disturbance in plastic strain. For purposes
of stability analysis, the constitutive equation describing the flow stress as a
function of strain and strain‐rate is linearized around a working point

 f  ,    f  0 ,0  , according to

    
,
 0  
  

 f  ,    f  0 ,0       0   S   ln

where

S



 f


(4.3)

is the work‐hardening rate at constant strain‐rate, and


 f
is the strain‐rate sensitivity at constant strain. The variation of
 ln 


stress  caused by fluctuations  in strain and  in strain‐rate then reads:

     S




(4.4)

This equation was originally proposed by Penning [3] in a slightly different
form, under the simplifying assumption that  f  ,  is separable in the
variables  and  . Noting that from stress equilibrium and plastic
incompressibility it follows that

    .

(4.5)

The analysis proposed in [4] and [5] continues by introducing a disturbance in
plastic strain in the mathematical form

   0 exp  t  ,

(4.6)
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where  0 is the magnitude of the disturbance at t = 0 and is a growth
parameter. A negative value for  implies that fluctuations fade with a time
constant 1/, while positive values of mean that the disturbance will grow
into an instability. The value of is a consequence of the deformation
behaviour, notably , S and . The eqs.(4.4) to (4.6) lead to an expression for 
in terms of the deformation characteristics given by



    f 
S

.

(4.7)

In obtaining this result the relation      0 exp      , which
follows directly from eq. (4.6), was used. In the case >f, where the tensile
test is intrinsically stable, i.e. before necking, noting that the equivalent strain‐
rate  is positive and considering that  > 0 leads to instabilities, Estrin and
Kubin’s instability criterion reads

S0

(4.8)

So, within this framework, negative strain‐rate sensitivity is a necessary and
sufficient requirement for PLC instabilities to occur. Eq. (4.8) forms the basis of
many subsequent analyses in literature [110], [29], [30], [31], [32]. Zbib et al.
[33], working from the same assumptions as used in [4], arrived at eq. (4.8) by
means of a non‐linear instability analysis using strain gradient plasticity.
The strain‐rate sensitivity parameter S in eq. (4.4) can be identified as
pertaining to the stress contribution caused by thermally activated dislocation
glide. This is however not the only strain‐rate dependent factor in the
constitutive equation, and consequently eq. (4.4) is not the total differential
with respect to the strain‐rate.
A more comprehensive formulation takes into account also the strain‐rate
sensitivity of the work‐hardening rate (ISRS), leading to
(4.9)

S

     



  .


Estrin and Kubin [4] assumed the term due to the strain‐rate dependence of
the work‐hardening rate to be zero. As discussed in section 4.2, there is

evidence that
is not negligible, and that the extra term in eq. (4.9) can
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therefore have a significant effect. This leads to a revised expression for
derived from eq. (4.9) in the same way as eq. (4.7) follows from eq. (4.4), and
which is written as
(4.10)
    
,
  S

where  
. An alternative criterion for PLC‐instability can now be
 ln  



formulated:

     0

(4.11)

  S

For the strain range where  > , the conclusion is that instability will occur if

  S  0,

(4.12)

which is the extended stability criterion.
In the case where  is negative and S is positive, the appearance of the strain 
in eq. (4.12) predicts that instability will start when a critical strain  c is
exceeded, which is given by

S

c   .


(4.13)

Eq. (4.13) implies that c < 0 if S and  are both negative, in which case
instabilities will occur from the start of the deformation process. For positive
values of S and negative  , sudden stress drops are not expected to occur,
since those must be associated with a negative value of S which describes
direct response on a strain‐rate jump. The indirect strain‐rate sensitivity ,
which is associated with work hardening, can only cause transient stress
changes. Most probably the deformation bands will propagate steadily in this
case, with gentle undulations of the flow‐stress curve. Within the scope of this
paper we will not consider further analysis and modelling of the dynamics of
the PLC instabilities as in [29…32].

4.4 Discussion
The conventional explanation of the PLC effect is based on the concept of
negative direct strain‐rate sensitivity. Published theoretical models focus on
ageing effects acting on the mobile dislocations, and only address possible
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changes of the thermal stress that are associated with thermally activated glide
of mobile dislocations. Although some recent publications [34], [35] criticize
the proposed physical mechanisms in earlier publications, the models those
authors proposed again are restricted to a description of DSA effects pertaining
to mobile dislocations. The assumed mechanism in these theories is solute drag
on mobile dislocations by interstitial solute atoms that have segregated to the
dislocations forming a Cottrell atmosphere [36], [37].
Experimental evidence has to be treated with caution, firstly because during
PLC instabilities the local strain‐rate inside the deformation bands will be higher
than the nominal strain‐rate, and secondly because the range of strain‐rates
where DSRS is negative, is experimentally inaccessible, see Figure 4‐1.
Practically, the feature of the theory pertaining to negative values of DSRS is
particularly awkward, as it precludes a meaningful confrontation of the theory
with the experiment. On the other hand, the work‐hardening rate and its
strain‐rate sensitivity are observable quantities, and it is worthwhile to analyze
experimental data and relate observed strain‐rate sensitivities to the
occurrence of the PLC ‐instabilities.
Not much attention has been paid in literature to the strain‐rate sensitivity of
the work‐hardening rate associated with DSA and to the problem whether it
exhibits negative values. Keh et al. [38] reported “an inverse strain‐rate
dependence of the flow stresses… [that] shifted to higher strain‐rates at still
higher temperatures”. Kocks et al [39] observe that “It is evident that the lower
strain‐rate causes more hardening”. This influence of DSA on the
work‐hardening rate is not surprising, as obviously the ageing time, which can
be defined as the time available for a sufficient number of solute atoms to
diffuse to a dislocation segment to produce locking, is larger for immobile
dislocations than for mobile dislocations. The ageing time can be identified with
the resting time of immobile dislocations between a storage event and a
remobilization/annihilation event in the Bergström model [40]. The immobile
dislocations therefore have a greater probability than mobile dislocations to
acquire a Cottrell atmosphere, and be locked or pinned by it. This will in turn
decrease the (dynamic) recovery rate, which leads to an increased
work‐hardening rate. At high strain‐rates, the ratio of the locking rate to the
rate of dislocation storage will decrease, which explains the negative value of
the work‐hardening rate.
Referring to ageing of mobile dislocations only, Soare and Curtin [35] observed
that “bulk diffusion of Mg in Al at room temperature is far too slow, by a factor
of 106, to account for the dynamic strain‐aging effects observed”, and that “pipe
diffusion is also inadequate for accelerating the accumulation of solute atoms
in the dislocation core”. This suggests that the mechanism of pinning of mobile
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dislocations, which is associated with DSRS, is insufficient to explain Portevin ‐
Le Châtelier instabilities. Therefore, in addition to negative direct strain‐rate
sensitivity, an additional effect is influencing the mechanical behavior. We will
now show using published experimental data that ISRS is negative in the range
of temperatures and strain‐rates where Portevin‐Le Châtelier instabilities occur.

Figure 4‐3. Stress vs. strain curves for
specimens tensile tested at various
temperatures and a strain‐rate of:
(a)  =10‐4 s‐1 (b)  =10‐1 s‐1. (composition (in
wt%): 0.07 C, 0.46 Mn, O.04 Si, O.006 P,
0.012 S, O.04 Cu, 0.07 Ni, 0.05 Cr, 0.001 V,
0.03 Co, O.0032 N) [41].

Karimi Taheri et. al. [41] pub‐
lished a series of tensile
curves of low carbon steel
that quite clearly show the
anomaly in hardening rate
and its dependence of tem‐
perature and strain‐rate,
which are reproduced in
Figure 4‐3. Additionally they
published the flow stress at a
number of constant strain
values as a function of tem‐
perature for a wide range of
strain‐rates. Because of the
completeness of these data
in combination to the promi‐
nent anomalous hardening
peak, we chose this study as
the basis for the following
quantitative analysis. Similar,
but less comprehensive data
or results from experiments
on alloys showing a less
prominent effect can be
found in [21], [22], [24], [26],
[38] and [42].

Comparison of the mechani‐
cal behaviour for T ≤ 100 ºC
for low strain‐rate (Figure
4‐3a) to that for high strain‐
rate (Figure 4‐3b) shows that the work‐hardening rates at both strain‐rates do
not significantly differ (the curves have the same shape). Therefore, the strain‐
rate sensitivity in these experiments should be classified as direct, and it is posi‐
tive for this temperature.
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At temperatures above 100ºC the shape of the hardening curve changes
conspicuously, and the work‐hardening behaviour becomes sensitive to the
strain‐rate. This can be classified as indirect strain‐rate sensitivity. Since the
work hardening is clearly stronger in Figure 4‐3a than in Figure 4‐3b, ISRS is
negative for 100 °C < T < 350 °C. The flow‐stress curves are jerky in this range,
so that we may conclude that both the PLC‐instabilities and negative ISRS are
caused by DSA.
At temperatures above 350 °C, the DSA‐effect decreases, and will eventually be
superseded by dynamic recovery, because of which ISRS becomes positive.
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Figure 4‐4. Strain‐rate sensitivity  of the work
hardening rate. Computed from [41]. Errors
estimated from PLC fluctuations in Figure 4‐3.

From the flow stress vs. temperature and strain‐rate data [41] an estimate of
the strain‐rate sensitivity of the work‐hardening rate

 


as a
 ln  

function of temperature for different strain‐rate intervals was made (Figure
4‐4). From these results it is seen that ISRS becomes negative in the
temperature ranges where instabilities occur. Figure 4‐3 shows that the
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instabilities vanish at temperatures above 250 ºC and 350 ºC for strain‐rates of
10–4 s–1 and 10–1 s–1, respectively, which is in agreement with the crossover of
 to positive values shown in Figure 4‐4. The position of the minimum in 
shifts to higher temperatures if the strain‐rate is increased. The magnitude of


is 400–700 MPa. It must be stressed that these are nominal values.
 ln   
Because of the strain localization during the PLC‐instabilities, the local strain‐
rate will be larger than the nominal strain‐rate. The physically correct value of
which has to be computed from local strain‐rates) will differ from the
nominal value in cases where PLC‐instability occurs.
Values of S for LC steels used in early work on negative DSRS values are in the
range S = 1‐2 MPa [43]. The term  in eq. (4.11) will therefore exceed S at
quite small values of strain (less than 0.5% with


being 400–700 MPa),
 ln   

and cannot be neglected in the analysis of PLC instabilities and in models that
aim to predict the dynamics of PLC band nucleation and propagation.
The remaining question to be answered lies in the physical explanation of the
negative strain‐rate sensitivity of the work‐hardening rate. In contrast to the
state of affairs regarding modelling the dynamic aspects of DSA, models of the
increased work‐hardening rate during DSA are few in number. The Bergström
model [15], [40] has been developed to describe the increase of work‐
hardening rate in the case of Fe containing free interstitial solute atoms [44].
The Bergström model is mathematically equivalent to the Kocks‐ Mecking
model, but differs in the interpretation of the recovery term. In the Bergström
theory, remobilization of immobile dislocations is a secondary source of mobile
dislocations in addition to dislocation creation. At higher temperatures, the
remobilization process is enhanced by dislocation climb due to vacancy
diffusion, which lowers the work‐hardening rate. At increasing strain‐rates this
effect decreases, so that the strain‐rate sensitivity of the work‐hardening rate
(ISRS) due to this effect is positive. The remobilization concept is similar to that
of dynamic recovery, albeit that in the prevailing KM interpretation recovery is
interpreted as an annihilation mechanism. Neither the Bergström nor the
Kocks‐ Mecking model offer a viable explanation for the increased work
hardening rate for conditions where DSA occurs.
In the extended Bergström model [44], the increased rate of work hardening is
explained by locking of immobile dislocations by diffusing solute atoms , which
renders them ineffective for remobilization. This interaction leads to an
opposite effect as in the case of dislocation‐vacancy interaction: the strain‐rate
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sensitivity of the work‐hardening rate will be negative. Consequently, the
creation rate of mobile dislocations will increase, to fulfill the requirement that
the mobile dislocation density remain constant. The model recognizes locked
and free immobile dislocations with respect to their ability to remobilize.
Formally, a locking rate term is added in this model to the dislocation evolution
equation (4.2), which then reads

d
 H  R  ,T   L  ,T 
d

(4.14)

A more detailed description of this model can be found in [44]. The model was
used to describe experimental data in the stable austenite temperature range,
which led to the conclusion that DSA occurs in austenite as well as in ferrite.
The model predicts that ISRS is negative for temperatures where DSA occurs.
This can be understood as follows: DSA increases the work hardening rate by
locking/pinning immobile dislocations. At high deformation rates, the
remobilization rate increases, and the probability of locking will decrease. The
increase in work hardening rate due to DSA will then be lower than for a low
strain‐rate. In other words, during DSA the hardening rate decreases with
increasing strain‐rate.

4.5 Conclusion
In this paper an extended criterion for the onset of Portevin ‐ Le Châtelier
instabilities is presented. The proposed criterion is an extension of the Kubin ‐
Estrin criterion by including the indirect strain‐rate sensitivity. The criterion
indicates that plastic deformation will become unstable at a critical strain if the
direct strain‐rate sensitivity or the indirect strain‐rate sensitivity (or both, in
which case the critical strain is zero) becomes negative.
Experimental evidence is presented that shows ISRS to be negative in the range
where DSA/PLC instabilities occur. Analysis of literature data showed the
contribution of ISRS to stress variations to be of the same order of magnitude
or even larger than the DSRS‐contribution. Consequently, the strain‐rate
sensitivity of the work‐hardening rate should be taken into account in
dynamical models of PLC instabilities.
The occurrence of negative ISRS‐values can be explained by the extended
Bergström model. If this model is used to describe a comprehensive set of
tensile data, it can in conjunction to the derived stability criterion be employed
to map the strain‐rate / temperature regime where instabilities will occur.
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Chapter 5. A physically based yield criterion I1
Determination of the yield stress based on analysis of pre‐
yield dislocation behaviour
Equation Chapter 5 Section 1

Can you see anything?"... "Yes, wonderful things
G.E.S.M.H. Carnarvon & H. Carter

Abstract
In this paper a physically based method to determine the yield stress of metals
from tensile curves is proposed. The criterion is based on the identification of
the transition in dislocation behaviour from limited reversible glide in the pre‐
yield stage, without essential changes in the dislocation structure, to
dislocation multiplication in the post‐yield stage. This transition point is a
clearly distinguishable feature in a plot of the hardening rate vs. the flow stress
(a Kocks‐Mecking plot). Literature shows that this is a common feature shared
by metallic alloys under different circumstances. The present paper shows, on
the basis of stress‐cycling experiments, that the pre‐yield behaviour, i.e. at
stresses below the observed transition point, is explained by reversible
dislocation behaviour. Schoeck’s classical theory of this anelastic deformation is
extended to give a quantitative description of dislocation behaviour in the pre‐
yield stage. The extended theory provides a very accurate description of pre‐
yield deformation and can be used to determine structural parameters that
characterise the initial dislocation structure.

5.1 Introduction
The yield stress is by far the most widely used parameter to define the strength
of metallic alloys. The yield stress is normally determined from a stress‐strain
curve resulting from a tensile test, but these curves seldom show a clear
transition between (an)elastic and plastic deformation. For this reason, the
practical concept of the 0.2% off‐set is used to determine the yield stress. Apart
from the value of 0.2% strain being rather arbitrary, the method does not rely
on a physical basis that is related to the actual onset of plastic yielding. It is
obvious that it would be of great scientific and industrial interest to have an
1
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adequate criterion to actually determine the stress value at which plastic
deformation starts.
In many fields of engineering, from structural engineering [1] to that of surgical
tools [2], knowledge of the yield stress of the applied materials is of great
importance, as it defines the limits of structural integrity of constructional
elements. In the field of process engineering of manufacturing steel and other
metals the yield stress also plays a crucial role. The successful manufacture of
advanced high‐strength steels calls for physically based constitutive models. A
trend is emerging for through‐process modelling of the hot‐rolling process,
from reheating furnace to hot coiling. Reliable rolling models play an essential
part in this development, since during roughing and finishing deformation
processes the final precipitate and grain structures form. The models for these
processes must be able to predict the flow stress during hot rolling for the
purpose of Hot Mill Process control as well as to predict the microstructure at
the moment that the material enters the run‐out table. In this stage of the
process the evolution of the microstructure, which can be defined as the
phases present, grain size and dislocation structure, depends on dynamic and
static recrystallization, influenced by Zener pinning by precipitates or solute
drag, and on the thermodynamic driving force that can be identified with the
stored energy, which in turn is constituted by the dislocation density formed
during work hardening.
The understanding and quantification of strength and stored energy relies on a
robust definition of the yield stress, which is supposed to be the stress at the
onset of plastic deformation. The commonly used 0.2% offset yield stress lacks
a physical basis and its use is commonly justified by the fact that metals often
“...do not show a clearly defined yield point in the tensile curve…” [3], [4], [5]. In
the present paper the stress‐strain curve from a tensile test will be interpreted
in terms of dislocation behaviour in the stress regime before yielding (pre‐yield)
and after yielding (post‐yield). In the pre‐yield regime it is widely accepted that
dislocations show reversible bowing due to the relatively low applied stress
(anelastic deformation), the post‐yield regime is defined by Frank‐Read sources
being active and dislocation multiplication taking place (plastic deformation). It
will be shown that the transition between these regimes can be clearly
identified in a graph of the hardening rate as a function of the flow stress,
which provides a well‐defined and physically based yield criterion.
Related fundamental questions that will be addressed in this paper pertain to
the nature of pre‐yield behaviour. Pre‐yield behaviour is not strictly linearly
elastic up to the yield point, with Young's modulus as the proportionality
constant between stress and strain. Distinct non‐linearity occurs in the pre‐
yield regime, which is related to reversible behaviour of dislocations. The
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relation between the non‐linear pre‐yield behaviour and the motion of
dislocations will be investigated. It will be experimentally shown and
theoretically discussed that the pre‐yield behaviour is largely determined by
dislocation glide that is mainly reversible and does not involve changes in the
dislocation structure. This enables a characterisation of the dislocation
structure in the metal from the pre‐yield tensile curve.

5.2 Pre‐yield behaviour
The yield stress y is commonly defined as the value of equivalent von Mises
stress above which irreversible, plastic strain occurs. This definition implies that
for stresses below the yield stress, the strain is reversible. Note that this
definition only involves macroscopic observations and does not relate to the
microscopic mechanisms at the level of dislocation motion. Nevertheless, it is
widely accepted that plastic deformation is accompanied by massive
multiplication of dislocations acting as Frank‐Read sources and consequently
significant changes in the dislocation structure and density. An appropriate
physical definition of the yield stress at the microscopic level is therefore the
stress at which Frank‐Read sources become activated and the dislocation
structure starts to change.
The standard procedure for determining the yield stress [6], [7] consists of
constructing the tangent to the stress‐strain curve in the pre‐yield regime and
determining the intersection of that tangent with the measured stress strain
curve after applying a strain offset of 0.2%. The resulting yield stress is often
indicated as the Rp02‐value. Although the chosen magnitude of 0.2% strain is
arbitrary, this method is widely accepted due to the difficulty in most cases to
identify the yield transition. However, this yield criterion is not directly related
to the physical transition from pre‐yield to post‐yield behaviour of the material.
In other words, there is no physical reason to assume that the Rp02‐value
represents the actual onset of plastic deformation.
In order to analyse the strain behaviour in the pre‐ and post‐yield regimes, the
total strain  is taken equal to the pre‐yield strain pre for stresses lower than
the yield stress y, and equal to the sum of pre and the post‐yield strain post for
higher stresses, which can be expressed as

   pre   post , with post = 0 for  < y.

(5.1)

The stress‐strain relation for deformation below the yield stress is basically not
linear; it depends on two contributions: (i) linear elastic behaviour according to
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Hooke’s law; (ii) bowing out of dislocation segments under a relatively low
stress, i.e. a stress below the critical stress for Frank‐Read sources. On the other
hand, the relation between stress and plastic strain above the yield stress is
determined by the dislocation multiplication process and interactions between
dislocations and the various microstructural obstacles that restrict their
propagation. Note that the non‐linear stress‐strain behaviour in the pre‐yield
regime compromises the accuracy of the Rp02 determination.
An alternative view on the tensile curve is provided by the so‐called Kocks‐
df
Mecking plot, a graph of the work‐hardening rate  
versus the flow
d
stress f at constant strain rate and temperature. This plot is based on the
Kocks‐Mecking model [8], [9], [10], or alternatively the Bergström model [11],
[12], [13], which describes the increase of dislocation density  in the post‐yield
regime as a function of strain, combined with the Taylor relation [14] between
 and the work‐hardening contribution w to the flow stress. The relation
between flow stress, yield stress and work‐hardening contribution is by
definition f = y + w. The dislocation theory leads to a linear relation between
and w in the so‐called Stage‐III regime that can be expressed as

 post 





(5.2)

1
 MGbU   w ,
2

where U and  are parameters describing the dislocation storage rate and the
dynamic recovery rate, respectively, in Bergström’s notation. G is the elastic
shear modulus, which is a function of temperature [15], [16], M is the Taylor
factor and  is a material parameter that pertains to the dislocation density and
distribution. For the non‐textured ‐as found in additional measurements‐
austenite that was used = 0.15 and M = 3.06 [17], [18], [19]. Dynamic
recovery is associated with thermally activated dislocation climb, and
consequently the recovery parameter is a function of the strain rate  and
the temperature T. The parameters  and U can respectively be determined
from the slope of the Kocks‐Mecking curve in Stage III and from the value of 
at y (w = 0). Values of during Stage‐III work hardening, including that at
the yield stress, are typically two orders of magnitude smaller than the
theoretical Young’s modulus [10].
In the literature, the Kocks‐Mecking (KM) plot is usually given as a function of
the work‐hardening contribution w, i.e. after subtraction of the yield stress
from the flow stress, as shown in the recent example of Figure 5‐1, where  is
linear for w > 0 (or  > y) on the basis of eq. (5.2). However, it can be
interesting to consider the slope  of the tensile curve also in the pre‐yield
region, as will be done in the present paper.
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Figure 5‐1. Kocks‐Mecking plot of an Al–Mg–Sc alloy tested at T = 77 K after
different ageing treatments [20]. The model that is indicated by the black solid
line is a model for plastic deformation.

In view of the non‐linearity of the stress‐strain curve in the pre‐yield region, the
term “anelasticity” was coined by Zener [21] to denote the deviating behaviour
of metals for small strain, where “strain is not a linear single‐valued function of
stress alone, but yet where no permanent plastic deformation takes place” [22].
This anelastic behaviour is based on limited, predominantly reversible
dislocation motion. The pre‐yield strain is thus the sum of the linear elastic
strain and the non‐linear anelastic strain AE, according to

 pre 



E

  AE

(5.3)

where  is the equivalent stress, which is equal to the applied stress in a tensile
test, and E is Young’s modulus. From eq. (5.3), the pre‐yield slope pre of the
tensile curve is derived as
1



pre



pre



pre
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 d pre 
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(5.4)

The anelastic contribution to the pre‐yield deformation behaviour, quantified
by a, is determined by the dislocation structure and behaviour. Dislocation
segments bow out under the influence of the applied stress before reaching the
yield stress, which is the stress at which Frank‐Read sources are activated.
The anelastic behaviour of dislocations can schematically be described by the
configuration sketched in Figure 5‐2. Here, it is shown that, when a shear stress
v

A

L





r

Figure 5‐2. Dislocation segment with length L (dash‐dot line) bows out under an
applied stress  to the solid line: part of a circle with radius r, causing a shear
strain that is proportional to the dashed area A. v is the vertex position of the
bowed‐out segment.

 is applied, a dislocation segment of length L bows out, thus causing a shear
strain that is proportional to the area A swept by the dislocation. This area can
be calculated by
A = ½r2(  sin()).

(5.5)

The relation between A and the total shear strain  is



 bA
L

(5.6)

.

At equilibrium, the line stress caused by the radius of curvature r (Figure 5‐2)
counteracts the applied stress . Thus, the stress needed to bend a dislocation
to a radius r is given by



Gb
2r

(5.7)
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For the determination of the area A, Schoeck [23] assumed that all segments
are of equal size and made the approximation  = L/r for small angles, which
3
results in A  L and eventually in

12r

 AE 

(5.8)

3M 2E
,
 L2 1   

in which  is the Poisson ratio. However, Schoeck’s approximation is not valid
for larger values of , and eq. (5.8) can therefore not be applied for stresses
that approach the yield stress. When instead the exact expression of eq. (5.5) is
used, the mathematical derivation presented in the Appendix leads to the
relation between the normalised applied stress s = /c and the anelastic slope
a given by
 AE 

M 2Es 3 1  s 2



 L2 1    s  1  s 2 arcsin  s 

(5.9)



and pre , with eq. (5.4), by

Θ pre 

M 2Es 3 1  s 2



M 2s 3 1  s 2   L2 1    s  1  s 2 arcsin  s 



(5.10)

The critical stress c is defined as the stress at which a dislocation segment of
length L yields and starts acting like a Frank‐Read source, given by
c 

MGb
MEb

L
2 1    L

(5.11)

Note that eqs. (9) and (10) are applicable for entire range 0 <  < , and can
therefore be used for stresses up to the critical stress (s = 1).
At the critical stress c a transition to the Stage‐III behaviour described by eq.
(5.2) is expected. Figure 5‐1 shows that indeed distinct deviations from the
Stage‐III behaviour of plastic deformation occur at low stress. This deviating
behaviour can be identified as pre‐yield behaviour, and the transition between
these regimes as the yield stress, as will be shown in the present paper.
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5.3 Experimental details
The alloy used for the experimental research is an Advanced High Strength steel
grade of the nominal composition 0.09 wt% C, 1.63 wt% Mn, 0.25 wt% Si and
0.55 wt% Cr. No precipitates are present in the microstructure. The steel is
industrially hot rolled to a thickness of 2.0 mm. The material is tested at 910°C,
at which temperature it is completely austenitic.
Tensile tests were performed in a Gleeble 3800 thermo‐mechanical simulator.
This system can perform uniaxial tensile tests under controlled thermal
conditions, during which heating is by electric current. Samples can be
quenched by a gas/mist nozzle system. The system is mounted inside a vacuum
chamber, in order to minimize oxidation and decarburisation of the sample.
In the Gleeble tensile test module, the specimen is held by grips that are kept at
room temperature. For standard specimens this causes a large temperature
gradient, with temperature variations of typically 200°C over the gauge length.
In order to reduce temperature gradients, a tensile specimen of a special design
is employed [24]. The temperatures achieved with this technique are uniform
within 510°C.
Elongation was measured by the cross‐head extensometer. The tests have been
routinely recorded with a CCD camera to measure local temperatures and
transverse/thickness strain. The machine stiffness was determined by a series
of stress‐cycling tests in the stress regime below the yield stress and corrected
for. In these tests a clip‐on strain gauge was used to compare crosshead
elongation to the elongation of the gauge section.
For the calculation of the stress derivative, an adequate noise filtering
procedure is required. The experimental noise in the Gleeble system is mainly
due to interference of the electrical AC heating current in the stress and strain
measurement system. The observed noise contains 50 Hz and harmonic
components, due to the method of control of the electric current. The data
have been filtered by processing with a FFT Chebychev low pass filter.

5.4 Results and discussion
5.4.1 Pre‐yield behaviour
In Figure 5‐3a the low‐strain part of a tensile curve of austenite at T = 910°C
recorded at a strain rate of 0.11 s1 is shown. The procedure to determine the
Rp02‐value is indicated in the figure. The enlargement of the low‐strain data
shows that the yield stress, in its physical meaning of the stress at which Frank‐
Read sources are activated, cannot be determined unambiguously.
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Figure 5‐3 (a) Yield regime of a tensile
test, showing Rp02 construction and
the yield stress determined from
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(b) Extended Kocks‐Mecking plot of
the data in Figure 5‐3a showing a
well‐defined yield point. The solid line
represents experimental data, the
dashed line the model description of
the pre‐yield behaviour with eq.
(5.10).

In Figure 5‐3b the Kocks‐Mecking plot of the same data as in Figure 5‐3a is
shown, for which we have extended the Kocks‐Mecking plot to  = 0. The curve
shows the same behaviour as in Figure 5‐1: two branches of different slope,
with a quite sharp transition point between the two. As stated before, the
linear high‐stress part of the KM‐plot describes the plastic behaviour of the
material (eq. (5.2). The low‐stress branch, on the other hand, provides
information on the pre‐yield behaviour of the material, and thus on the
dislocation structure in the material. Note that the Young’s modulus of the
steel at 910°C is 130 GPa [15].
If the pre‐yield behaviour would consist solely of linear elastic deformation, the
extended KM‐plot of Figure 5‐3b would be pre = 130 GPa for  < y, with a
sharp drop to the typical value of  at the yield stress, on the order of two
orders of magnitude smaller than E [10]. Instead, the initial part of the plot is
gradually decreasing, with a slope that is much higher than that of Stage III. The
initial value (i.e. for  = 0) is approximately pre = 47 GPa, which is considerably
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lower than the Young’s modulus of 130 GPa. This deviation is the result of
anelastic strain caused by dislocations, implying that a at zero stress is 35 GPa
(eq. (5.4). At these low stress values Schoeck’s approximation (eq. (5.8)) should
be valid. Using a value  = 0.3 for the Poisson ratio, the dislocation structure is
quantified by the value L2 = 80, which appears to be a relatively high value. It
should be noted that this value is not based on the presently proposed model,
but follows directly from the application of Schoeck’s classical approximation to
the initial value of pre. Interpreting the transition point to Stage‐III behaviour,
which occurs at a stress of 82 MPa, as the critical stress c, eq. (5.11) yields a
value L = 470 nm and subsequently  = 3.6  1014 m2. Although these are
physically realistic values, it should be borne in mind that the measurements
have been performed at elevated temperature, and thermally activated
dislocation glide, as well as the Hall Petch contribution to the glide resistance,
will affect the yield stress. The derived segment length is therefore
underestimating the actual value. In a subsequent paper [25], the elementary
pre‐yield model presented here, will be extended by taking the influence of
thermally activated glide and the Hall‐Petch resistance into account.
During stress increase from  = 0 the dislocation structure (and therefore also
the dislocation density and the segment length) remains essentially unaltered
as long as the onset of Stage‐III plastic deformation is not reached. In Schoeck’s
approximation (eq. (8)) this would mean that pre would remain constant with
increasing stress at its initial value of 47 GPa. When the exact solution for the
situation of Figure 5‐2 eq. (5.10)is applied with the pre‐determined parameters
 = 3.6  1014 m2 and L = 470 nm, the model curve in Figure 5‐3b results.
Without additional fitting parameters a very accurate reproduction of pre as a
function of  is obtained. When  approaches c, the angle  approaches the
value  (cf. Figure 5‐2) and dislocation segments are being activated as Frank‐
Read sources. This implies that the pre‐yield behaviour of eq. (5.10) changes
into the plastic Stage‐III behaviour of eq. (5.2). This transition, very clearly
present in the extended Kocks‐Mecking plot, is the physical definition of the
yield stress y. Exactly how sharp this transition is depends on the dislocation
structure in the material, particularly on the distribution of segment lengths.
The segment length L in eq. (5.10) should be regarded as the effective segment
length of the distribution.
The appearance in eq. (5.10) of the two parameters  and L, which characterize
the dislocation structure in the material, makes it possible to quantify the initial
dislocation structure from stress‐strain data in the pre‐yield stage. Quantitative
determination of these two parameters is possible since not only the product
L2 appears in eq. (5.10)), but the effective segment length also appears in the
stress parameter s (through eq. (5.11)). An accurate measurement of the pre‐
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yield stage of a tensile curve is therefore an effective tool for the quantification
of the dislocation structure, not only in terms of the dislocation density, but
also the effective segment length. In the present case the Hall‐Petch
contribution to the yield stress has been neglected.
Tiryakioĝlu and Alexopoulos [26] observed similar behaviour for the aluminium
alloy Al A537 (Al‐7%Si‐0.5%Mg), which is a dispersion‐hardened cast alloy. The
material was prepared in different states of precipitation and tested at room
temperature. These authors define a transition work‐hardening rate T and
transition stress T closely resembling the yield point according to the criterion
proposed in the present paper, but classify the steep branch of the KM‐curve as
Stage‐II work hardening. It is however argued in the literature [10] that Stage‐II
plastic deformation is only observed in single crystals, and degenerates to a
single point at the yield stress for polycrystalline material.
5.4.2

Reversibility of pre‐yield strain

As discussed in section 4.1, the pre‐yield branch of the extended Kocks‐Mecking
plot can be adequately explained and quantitatively described by assuming that
limited dislocation glide, essentially without changes in the dislocation
structure, occurs at stresses below the yield stress.
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Figure 5‐4. Stress‐strain behaviour of
austenite during a stress‐cycling test. The
stress rate is 20 MPa s‐1, the temperature
is 910 °C.

The proposed mechanism, see Figure 5‐2, implies that this behaviour should be
reversible as long as the stress is below the yield stress. Therefore, stress‐
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cycling tests at low stresses were performed, and an example of the results
obtained is shown in Figure 5‐4.
These experiments were carried out on the Gleeble 3800 system at T = 910°C.
The maximum stress was chosen to be well below the yield stress of 82 MPa,
and the minimum stress to be slightly above zero, to ensure adequate grip on
the specimen. The stress rate was  = 20 MPa/s and the resulting strain rate of
the order  = 103 s1.It is seen in Figure 5‐4 that the strain is largely reversible,
with an average slope of 21 GPa, which is significantly lower than the Young’s
modulus of 130 GPa, but in the range that was described by eq. (5.8) for the
normal tensile curve of Figure 5‐3. It can be concluded that dislocation motion
is the basis for this reversible behaviour, since the slope is much lower than the
Young’s modulus. However, the strain is not completely reversible. Two
additional features are observed: a small strain increment in each cycle
(microplasticity [27], [28]) and stress‐strain hysteresis. These occur only during
cyclic straining, and are of no consequence for the events during monotonous
loading. Nevertheless, they indicate the role of dislocations in the pre‐yield
range, as will be discussed in the next paragraph.
In order to understand these features, we consider an individual dislocation
segment, which bows out under the influence of an applied stress that is
increasing with time. The line tension of the segment increases when the
dislocation bows out from its initial state. In the case that no other sources of
stress are present, the position v of the vertex of the segment (see Figure 5‐2) is
determined by the equilibrium of the dislocation line tension and the applied
stress. The line tension increases with increasing distance from the rest position
(depicted by the solid line in Figure 5‐5, derived from Figure 5‐2). The
equilibrium position of the dislocation for an applied stress a given by the
dotted line in Figure 5‐5, is then in point A. In that case the dislocation motion
will be completely reversed when the stress is decreased, and the strain
associated with this dislocation glide will be reversible. However, in the case of
the presence of an obstacle (solute atoms or other dislocations for the material
used in this paper), an additional stress component occurs, namely the stress
that the obstacle exerts on the dislocation. When the dislocation is on the left‐
hand side of the obstacle in Figure 5‐5, the repulsive stress of the obstacle acts
in the same direction as the dislocation line stress. Therefore the dashed line in
Figure 5‐5 gives the total stress counteracting the applied stress. The
equilibrium position of the dislocation segment is now such that the applied
stress is in equilibrium with the sum of line tension of the bowed dislocation
and the back stress caused by the obstacle, which is position B in Figure 5‐5. In
this case the dislocation will not pass the obstacle, and the behaviour will be
reversible. However, if in a cycling experiment the applied stress is large
enough for the dislocation to pass the obstacle (indicated by the upper dash‐
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dotted line in Figure 5‐5); the dislocation will pass the obstacle and proceed to
position C. Once the dislocation is on the right‐hand side of the obstacle, the
obstacle stress acts opposite to the line tension. Therefore the dashed line is
below the solid line on the right‐hand side of the obstacle. When the stress
decreases in the cycle experiment, the dislocation will be trapped behind the
obstacle, at position D when the stress reaches the value given by a. Only
when the stress level is decreased to the lower dash‐dotted line will the
dislocation pass the obstacle again. This is the origin of the hysteresis that is
observed: the strain is recovered, but at a lower stress level. However, some
obstacles will not be passed in the decreasing branch. The behaviour is then not
completely reversible and microplasticity will occur. This type of microplasticity
will largely be exhausted in the first stress cycle, and explains the conspicuous
difference between the first and subsequent cycles.
At elevated temperature (T = 910°C in the present experiment) localized
obstacles can also be passed by means of thermal activation. The probability
for a dislocation to pass the obstacle is determined by the activation energy G
and the temperature in a Boltzmann factor [29]. The precise profile is a
characteristic of the interaction between the dislocation segment and the
obstacle. This thermally activated passing of obstacles will take place only for a
certain fraction of the obstacles during stress increase, and therefore the
consequent microplasticity takes place during the subsequent cycles. Thermally
activated passing of obstacles during stress decrease is also possible, but less
likely because of the larger activation energy.
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Figure 5‐5. Stress on a bowing dislocation segment in the presence of an
obstacle. The dislocation is viewed in the line direction. The dislocation line
stress (the solid line) is related to the position v of the vertex of the segment
according to Figure 5‐2, the applied stress is given by the horizontal dotted line.
The dashed line applies in the presence of an obstacle.

5.5 The extended Kocks‐Mecking plot
It is shown in this study that the transition point that can be observed in an
extended Kocks‐Mecking plot marks the transition between reversible
dislocation glide for low values of stress and the occurrence of dislocation
multiplication and irreversible strain at higher stress. The anelastic process in
the pre‐yielding stage pertains to the movement of dislocation segments in an
essentially constant dislocation structure, while the post‐yield or plastic branch
is associated with irreversible changes in the dislocation distribution. The yield
stress can therefore be determined from an extended Kocks‐Mecking plot by
describing the appropriate branches of the graph by reversible dislocation
motion (eq. (5.10) and Stage‐III work hardening by eq. (5.2), respectively. The
intersection between the two lines gives the yield stress.
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The occurrence of anelastic pre‐yield behaviour and the distinct transition to
plastic post‐yield behaviour can be expected for all metals. In the literature
Kocks‐Mecking plots are commonly shown only for stresses above the yield
stress. Kocks‐Mecking plots including the low‐stress range have been published
by Brown and Anand [27] for ferritic Fe‐2%Si at elevated temperatures (Figure
5‐6a) and by Mecking [28] for the case of polycrystalline Cu (Figure 5‐6b) and
Au single crystals at room temperature and cryogenic temperatures, and more
recently by De Vaucorbeil et al. [20] for an aged Al–Mg–Sc alloy (Figure 5‐1). All
these plots show similar features as presented in the present paper, namely a
steep descent followed by a more gradual one, distinguished by a clear
transition point.

Figure 5‐6. Kocks‐Mecking plots for (a) ferritic Fe‐2%Si [30], (b) polycrystalline Cu
[31].

The physical description of the pre‐yield behaviour does not only yield a
method for an unambiguous determination of the yield stress, but also
provides a tool for the characterisation of the dislocation structure of the
material, as mentioned in section 4.1. Since the pre‐yield behaviour depends on
the dislocation structure, an accurate measurement of the pre‐yield behaviour
provides information on the dislocation structure of the material on which the
tensile test is performed. In order to show the sensitivity of the method, in
Figure 5‐7 a series of curves is shown, which were calculated from eq. (5.10),
with the dislocation density  and the effective segment length L as variable
parameters. Figure 5‐7a shows the extended Kocks‐Mecking plots for stresses
below the yield stress, Figure 5‐7b the standard tensile curves (). The
dislocation density was varied between 1013 m2 and 1015 m2 for L = 140 nm
(solid lines) and the segment length was varied between 100 nm and 200 nm
for  = 1014 m2 (dashed lines). The thin lines in Figure 5‐7a and b indicate the
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(a)

(b)
Figure 5‐7. (a) Extended Kocks‐Mecking plots calculated (‐Fe)with eq. (5.10),
for L =140 nm with  = 1013 m2, 1014 m2, 1015 m2 (solid lines) and for  = 1014
m2 with L = 100 nm, 140 nm, 200 nm (dashed lines). The thin line indicates the
pre‐yield behaviour without dislocations. (b) Pre‐yield range of tensile curves
calculated by numerical integration of eq. (5.10), for the same values as Figure
5‐7a. Again, the thin line indicates the pre‐yield behaviour without dislocations.
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pre‐yield behaviour without dislocations, i.e. linearly elastic behaviour with  =
E. Figure 5‐7 shows that the effect of bowing dislocations is very distinct for
medium to high dislocation densities, e.g. for  > 1014 m2, and not too short
segment lengths. The figure also shows that significant effects of the
dislocation structure can be observed and quantified in terms of the two
parameters  and L at such sufficiently high values of and L.

5.6 Conclusion
A criterion for the determination of the yield stress is proposed that is based on
the actual meaning of the yield stress, namely the transition from pre‐yield
behaviour, with an essentially unchanged dislocation structure, to post‐yield
behaviour, where dislocation multiplication occurs. This transition can be made
clearly visible in an extended Kocks‐Mecking plot for the stress range from zero
to well into the plastic range of a tensile experiment. It is shown by stress‐cycle
testing experiments below the yield stress that the pre‐yield behaviour indeed
involves reversible motion of dislocations. Schoeck’s theory of anelasticity has
been extended to make it valid for stresses up to the yield stress. The model
equations provide a means to derive the effective dislocation segment length
and the dislocation density from tensile‐test data.
The main conclusions from this study are:
 Anelastic pre‐yield behaviour is caused by limited dislocation glide,
without changes to the dislocation structure.
 A mathematical extension of Schoeck’s classical concept of bowing
dislocation segments at low stress provides a very accurate description
of the pre‐yield behaviour, which is dependent on the dislocation
density and the effective segment length.
 The transition point that can be identified in an extended Kocks‐
Mecking plot is a physically adequate measure for the yield stress, since
it marks the transition from the anelastic pre‐yield behaviour to plastic
deformation causing changes in the dislocation structure.
 Accurate measurement of the pre‐yield range in a tensile test can
provide quantitative information on the dislocation structure in terms
of two parameters: the dislocation density and the effective length of
dislocation segments.
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A Appendix. Extension of Schoeck’s model of anelasticity for stresses up to the
yield stress

In Figure 5‐2 an originally straight dislocation segment is shown that bows out
under the action of a shear stress. In this Appendix an expression is derived on
the basis of the line tension of the dislocation, offering resistance against its
movement, as a function of the applied stress in the pre‐yield regime.
The area A, sheared by the movement of the dislocation segment of length L
between its initial state and its new equilibrium position, is given by:
A

1 2
r   sin    ,
2

(A1)

where r is the radius of curvature of the bowing segment, and  its subtended
angle. Schoeck [23] approximated eq. (A1) for small strain by using  = L/r,
which leads to
A

L3
.
12r

(A2)

The shear strain produced by the dislocation during bowing out from its initial
position to the new equilibrium position is given by

  NbA,
(A3)
where N is the number of dislocation segments of length L per unit volume, and
b the magnitude of the Burgers vector. The radius of curvature r of the
dislocation segment as a function of applied shear stress  is
r

Gb
,
2

(A4)

with G the shear modulus.
Combining eqs. (A2), (A3), (A4) with the relation  = NL, the anelastic shear
modulus AE  d resulting from this dislocation movement is expressed as
d

 AE 

6G
.
 L2

(A5)

This is the approximation made by Schoeck [23], which is valid only for very
small stress. For the presently proposed model, eq. (A1) is not approximated,
but combined with
 L 

 2r 

  2arcsin 

(A6)
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which yields an exact expression for the shear strain as a function of the shear
stress, given by
 L 
 L 
G 2b 2 arcsin 
  GbL 1   Gb 
Gb




.
  Nb
4 2
2

(A7)

From eq. (A7), the exact expression for the anelastic shear modulus  a can be
derived, again with  = NL:

 AE 

 L 
2 3 1  

 Gb 

2
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 L 
 L  
Gb 2
 L  Gb arcsin 
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L
 Gb 
 Gb  



.

(A8)

The limit of  a for = 0 that follows from eq. (A8) is equal to Schoeck’s
approximation (eq. (A5)).
The dislocation line tension that is the basis of eq. (A4) is valid only for r < ½L.
At the critical value r = ½L, the dislocation segments will start to emit
dislocation loops corresponding to the Frank‐Read mechanism. This happens at
the critical shear stress  c  Gb , and eq. (A8) is therefore valid for 0 <  < c.
L
Eq. (A8) can be expressed in terms of a dimensionless stress parameter s
defined as
.
s


L

 c Gb

(A9)

Eq. (A8) is then valid in the pre‐yield regime 0 < s < 1, and is expressed as
AE 



2Gs 3 1  s 2

 L2 s  arcsin  s  1  s 2

(A10)



These equations have been derived for the case of single slip caused by
dislocation glide as a function of the resolved shear stress  on the segment. In
order to render them of practical use in the analysis of experimental stress‐
strain curves, which are obtained from mechanical tests of polycrystalline
materials, they must be rewritten in terms of equivalent stress  and strain 
rather than shear stress and shear strain.
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The Taylor factor M is the ratio between the macroscopic uniaxial tension (or
equivalent stress)  and the resolved shear stress , according to:
(A11)
  M
This relation implies that the stress parameter s (eq. (A9)) is also representing
the equivalent stress, with c the critical stress for the activation of Frank‐Read
sources:
s


c

(A12)

And, since the virtual‐work principle d = d [1], [2] applies,
 AE  M 2 AE .

(A13)

Finally, introducing Young’s modulus E (related to the shear modulus by
E = 2G(1+), with  Poisson’s ratio) the expression for the anelastic contribution
to the slope of the stress‐strain curve in the pre‐yield regime, i.e.  < c,
becomes
 AE 

M 2Es 3 1  s 2



 L2 1    s  arcsin  s  1  s 2



,

which is eq. (5.9) of this paper.
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(A14)
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Chapter 6. A physically based yield criterion II.1
Incorporation of Hall Petch effect and resistance due to
thermally activated dislocation glide.
Equation Chapter 6 Section 1

Inventa omnium quae unquam inveni felicissima.
Christiaan Huygens

Abstract
The anelastic model developed in part I of this paper [1] is extended to
incorporate the Hall‐Petch effect and the thermally activated pre yield
phenomena that were revealed in the stress cycling experiments The yield
criterion developed in [1] is tested by application to Hall‐Petch experiments and
measurements of the yield stress as a function of strain rate and temperature.
The results of the strain rate/ temperature experiments support the conclusion
that reversible dislocation glide occurs before yield and massive dislocation
multiplication. The model is substantiated by analysis of parameters pertaining
to the initial dislocation structure viz. the average initial dislocation segment
length and density computed from experimental data by application of the
model equations.

6.1 Introduction
In the accompanying paper [1], the elastic and anelastic behaviour of metals at
stresses lower than the yield stress was analysed in relation to dislocation
behaviour. This has led to a physically based definition of the yield stress, as
being the stress at which dislocation segments become activated as Frank‐Read
sources. This accounts for the pinning of dislocations by solute atoms,
precipitates and other dislocations, which determines the segment length of
the Frank‐Read sources. The effect of grain size was however not considered,
whereas it is common knowledge that the presence of grain boundaries also
has an effect on the yield stress, quantified in the Hall‐Petch relation. Although
the validity of the Hall‐Petch relation is universally accepted, its physical basis is
still an issue of discussion [2], [3], [4], [5], [6]. It should be borne in mind that
1

Published as: van Liempt, P., Bos, C., & Sietsma, J. (2016). A physically based yield
criterion II. Incorporation of Hall Petch effect and resistance due to thermally activated
dislocation glide. Materials Science and Engineering: A, 652, 7‐13.
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the Hall‐Petch relation describes the effect of grain size on the yield stress, and
its physical basis should therefore be in the material’s behaviour in the pre‐
yield range, rather than in terms of dislocation pile‐ups [2], [7], or other aspects
of post‐yield plastic behaviour. The central issue addressed in the present
paper is the question how the yield stress is determined by both the initially
present dislocation structure and the grain size. In the analysis also the
thermally activated propagation of dislocations will be taken into account. The
analysis leads to a quantitative expression for the yield stress as a function of
dislocation structure and grain size, which is consistent with the empirical Hall‐
Petch relation. A comprehensive set of experimental data over a range of grain
sizes, temperature and strain rates will be presented to validate the model.

6.2 Grain boundary strain incompatibility
Below the yield stress, the deformation is the sum of the elastic deformation of
the crystal lattice and reversible dislocation glide (dislocation anelasticity).
When a polycrystal is subjected to a homogeneous stress below the yield
stress, the elastic and anelastic part of the strain tensors of a grain will be
different from its neighbouring grains. Therefore, strain incompatibilities will
develop at the grain boundaries. The elastic contribution is a direct
consequence of the individual orientations of the grains combined with the
anisotropy of the elastic stiffness tensor. Meyers and Ashworth [8], [9] and
Hirth [10] recognised the elastic incompatibilities, and proposed that the grain
size dependence of the yield stress is due to stresses caused by the elastic
strain incompatibility of deformation on both sides of the grain boundary.
However, they considered incompatibilities in elastic strain only. In the field of
crystal plasticity modelling it is recognized that also incompatibilities in plastic
strain at the boundaries occur [11], [12]. The same kind of incompatibilities will
occur due to pre‐yield anelastic strain, which is associated with reversible
dislocation glide. The anelastic contribution is a consequence of different –
reversible‐ slip activities on the shear planes of the initially present dislocation
segments, like in bulk plastic anisotropy. A model of anelastic strain as a
function of stress has been developed in part I of this paper [1].
In order to quantify the grain boundary strain incompatibilities, consider two
neighbouring grains a and b that have a certain misorientation, as depicted in
Figure 6‐1.
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Figure 6‐1. Strain incompatibility between differently oriented grains. The
arrows indicate the grain orientation.
When subjected to an external shear stress, their local shear strains will be
different, and geometrically necessary dislocations (GND’s) will be formed at
the grain boundary to restore continuity, which will be called grain boundary
dislocations (GBD’s). The strain incompatibility  between grains a and b is
   b   a , where  a and  b are the shears that grain a and b would have if
they were unconnected.
The incompatibility strain is the sum of the contributions due to elastic and
anelastic contributions  E and  AE according to

   E   AE

(6.1)

Ashby et al. [13] have shown that the stress to generate dislocations at a grain
boundary is a function of its dimensions. For boundaries larger than 5 m this
stress is less than 4  10 4 G , which is less than 20% of the yield stress. For the
grain structures that are subject in this study, formation of Grain‐Boundary
Dislocations is therefore possible. The density of GBD’s will be given by GB. Due
to the strain incompatibility at the grain boundary, the GBD’s form a low angle
grain boundary, which is superposed on the existing grain boundary.
The strain incompatibilities between grains are seen to be associated with the
crystallographic texture of the material. More specific, they relate to the
misorientation between adjacent grains.
6.2.1 The grain boundary stress
The presence of the GBD’s causes an additional resistance to the movement of
the initially present potential Frank‐Read sources of length L and density  0 ,
which are assumed to be randomly distributed in the grain interior. We will
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refer to this resistance as the grain boundary stress in the remainder of this
study. The critical Frank‐Read stress at which the potential sources become
active, and which is the yield stress, is therefore dependent on the grain
boundary stress. In this section the relation between the grain boundary stress
and the grain size will be derived. This derivation leads to a Hall‐Petch relation
for the grain boundary stress.
Consider a grain with edge length D, where n dislocations of length lGB  D
have formed at a grain boundary. n is given by
(6.2)
D

n



,

where  , which is dependent on the incompatibility strain , is the distance
between the dislocations. The common relation for a low angle grain boundary
is given by
(6.3)
b

 



,

where b is the magnitude of the Burgers vector. The Ng boundaries of the grain
are shared with Ng neighbouring grains. From (6.2) and(6.3), introducing a
shape factor zv to express the grain volume by V 

D3
, the grain boundary
zv

dislocation density is now

nD Ng zv 
1
(6.4)
Ng
,


V
bD
2
2 D
Ng zv
is a dimensionless parameter that characterizes the grain
where  
2
structure. For cubic grains,   3 . In order to arrive at an expression for the

GB 

resistive stress originating from the grain boundaries to the motion of
dislocations inside the grains the Taylor relationship can be applied. The Taylor
relationship is not very sensitive to the spatial distribution of dislocations
according to some authors [14], and is indeed universally successfully applied
to situations that differ greatly from the regular distribution of dislocations that
was Taylor’s starting point [15]. We therefore treat  GB like a conventional
dislocation density. Substituting (6.4) in the Taylor equation, the equivalent
grain boundary stress as felt by the initially present dislocation segments is
given by

 GB   cMGb GB   cMGb

1

2


D

,

(6.5)

where b is the Magnitude of the Burgers vector, G the elastic shear modulus,
M  3.06 the Taylor factor of the polycrystal , a crystallographic
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constant [1] and c a stress concentration factor, which is introduced because
the dislocation structures at the grain boundaries constitute low angle grain
boundaries and thus are highly ordered compared to the dislocation cell
boundary structures normally treated by this relation.
 1

Note that eq. (6.5) seems to show the D 2 dependence of the classical Hall‐
Petch relation, but it must be remembered that is dependent on the applied
stresswhich affects the relation between GB and D.
The tilt angle  of the low angle grain boundary that is superposed on the
original grain boundary is given by

  

(6.6)

Let   be the difference in elastic shear between neighbouring grains a and
b (see Figure 6‐1) :
ab
E

 Eab   Ea   Eb 


Ga




Gb




G

a  b ,

(6.7)

 Ea and  Eb are the local elastic shears of the neighbouring grains, Ga
and Gb their resolved shear moduli and  g a,b is the ratio between the

where

isotropic shear modulus G and the shear modulus resolved in the loading
direction of grain g= a, b.  a   b pertains to the misorientation between
grain a and b.  is the applied shear stress. The expectation value of E reads:

 E 


G

a   b 


G

H

1

3 H
3
G

(6.8)

The material constant H2 is the average value of  a   b for the polycrystal.
In eq. (6.8) the shear stress is converted to the more practical equivalent
stress  [16].
In analogy to the elastic contribution, the anelastic contribution to the grain
boundary strain incompatibility is proportional to the difference in anelastic
shear of two neighbouring crystallites according to

 AE   AE b   AE a  S AE ,

(6.9)

2

After Hirth, who was the first to recognize the relevance of elastic grain boundary
incompatibility strains [10]
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where  AE is the average anelastic strain incompatibility and S is a material
constant3 that pertains to the average misorientation between neighbouring
grains and the distribution of slip systems and the values of their critical
resolved shear stress. Substituting eq. (6.8) and eq. (6.9) into eq. (6.5) using
(6.3)and eq. (6.1) yields

 GB   cMGb

 H 

 S AE 

 3G

b

1
.
D

(6.10)

Note that the grain boundary stress is a function of the applied stress and the
anelastic strain (which also depends on the applied stress). The parameters H
and S that characterize the contributions of elastic and anelastic deformation to
the grain boundary strain incompatibility and grain boundary stress should lie
in the range 0 ≤ (H,S) ≤ 1, since the absolute difference in strain between
crystallites cannot be larger than their individual strain.
6.2.2 The Hall‐Petch relation
In order to arrive at an expression for the yield stress, eq. (6.10) must be
converted into an expression for the stress equilibrium of the initially present
dislocation segments and solved for    y , where  y is the yield stress. At

an applied stress  lower than the yield stress, it is in equilibrium with the sum
of (i) the dislocation line stress  l due to the bowing out of the dislocation
given by

l 

MGb
,
2r

(6.11)

where r is the radius of curvature of the stressed line segment, (ii) the
resistance due to thermally activated dislocation glide4 (  * , which depends on
strain rate  and temperature T) and (iii) the grain boundary stress. This results
in

   l   *   GB .

(6.12)

3

After Schoeck, who laid the groundwork for the anelastic strain model [31].
In [1] it was expected that thermally activated dislocation glide contributes to the
yield stress. A preliminary analysis of our data has shown, that this contribution is not
negligible. This stress contribution will be discussed in detail in a subsequent section.
4
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Substituting eq. (6.10) into eq. (12) yields the following expression for the pre‐
yield stress:

   l   *   cMGb

 H 

 S AE 

 3G

b

1
.
D

(6.13)

The anelastic shear strain is a function of the dislocation line stress  l 

l
M

,

and is given by [1]:

 L 
 L 
G b arcsin  l   GbL l 1   l 
b
 Gb 
 Gb 
 AE  l   0
2
L
4 l
2

2

2

.

(6.14)

Since the line stress is dependent on the applied stress, eq. (6.13) is recursive.
Furthermore eq. (6.14) for the anelastic strain is transcendental, so that no
general analytic solution for  as a function of strain can be formulated. For
the yield stress  y however, an exact solution can be found as follows.
At the yield stress, the dislocation line stress is equal to the critical Frank Read
stress, so that the equivalent dislocation line stress for    y reads

 lc  M

Gb
.
L

(6.15)

From eq. (6.14) it follows that the anelastic shear at yield ‐ that is in the limit
where  l   lc ‐ is given by

y 
AE

 b  0l
8

Substituting

.

(6.16)

   y ,  lc from eq. (6.15) and  y from eq. (6.16) in (6.13) and
AE

solving for the yield stress  y yields the following general expression for the
yield stress as a function of grain size, temperature and strain rate and
misorientation parameters S and H:


h2 
 y   o  s  2h o  
D


1
2

1 h

,
D D

where the compound parameters  o , s and h are respectively
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(6.17)

 0   lc   *  ,T  ,
2
 L
s   cMGb   S 0

 cM 
h
2 3

8

(6.18)
and

(6.18b)

2

Gb H.

(6.18c)

The effect of anisotropic anelastic behaviour of dislocations is given by the
parameter s, that of anisotropic elasticity of the crystal lattice by h. Note that
eq. (6.17) converges to the empirical Hall‐Petch relation for large D and/or
small values of h.

6.3 Experimental
In this section a series of tensile tests will be analysed by application of the
model that is developed in the previous section.
All tensile tests were performed on a Gleeble 3800 system on a Fe‐C‐Mn alloy
of composition 0.09 wt% C, 1.63 wt% Mn, 0.25 wt% Si and 0.55 wt% Cr,
containing no precipitating elements. A tensile specimen of a special design to
eliminate temperature gradients was employed [17], [18]. With this design, the
gradients can be kept within 5C along the specimen length, which suffices to
ensure that yielding does occur homogeneously. The strain rates were 0.02,
0.2, 1.5, 5.5 and 20 s‐1. Temperatures ranged from 700 C to 1200 C in steps of
50 C. All specimens were heated to the test temperature at 30 °C s‐1, and
soaked at that temperature for 20 s before testing. The tests were performed
at a vacuum pressure p = 2.10‐3 Torr obtained after flushing the vacuum
chamber with Ar. The specimens that were tested below AC3 temperature
were all austenitized at 910 C, and then rapidly quenched to the test
temperature to ensure that the material remained in a metastable austenitic
state during the test. There were no indications of transformation (which would
cause a sharp decrease in flow stress) during the tensile test for these cases.
As this procedure yields a different grain size at each temperature, the yield
stresses must be corrected for grain size effects. Therefore, an additional
series of Hall‐ Petch tests was executed. These consisted of an
austenitization step at different temperatures to obtain different grain sizes,
followed by tensile testing at a fixed temperature THP =910 °C and strain rate
HP  0.2 s 1 . After fitting eq. (6.17) to the Hall‐Petch tests, this relation was
used to correct the other tensile tests for grain size effects by subtraction of the
c
*
second and third terms of eq. (6.17) from the yield stress.  0   l     ,T  .
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From  l and the anelastic strain at the yield stress the length and density of
the initially present dislocations can be computed.
All yield stresses were determined from a Kocks‐Mecking plot of the stress
strain data by the previously developed method [1]. This ensures that work
hardening does not contribute to the experimentally determined yield stress
values, and that any observed strain rate/temperature dependence is not due
to plastic deformation. The Kocks‐Mecking graphs were computed after
filtering the data by a FFT‐ Chebychev filter. All stress data were corrected for
temperature effects caused by the temperature dependence of the shear
c

modulus by scaling with

G T 
, with
G Tref 

Tref = 910 °C. For G(T) a polynomial
published by Ghosh [19] was used.

100

D

μm

6.3.1 Hall‐Petch analysis
By application of identical heating
and soaking cycles as in the tests at
varying strain rate and temperature,
1
samples having different grain sizes
900
1000
1100
1200
ranging from D = 5.5 to 90 m were
T   C 
produced, as shown in Figure 6‐2.
These were immediately cooled to a
Figure 6‐2. Austenite grain size vs.
fixed test temperature THP= 910 ̊ C,
soaking temperature
from which the yield stresses were
determined
according
to
the
described method. All tensile tests in this series were executed at strain rate
10

HP  0.2 s

1

.
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This ensures that the re‐ Figure 6‐3. Austenitic microstructure, made
sistance * due to thermally visible by transformation to martensite.
activated dislocation glide is
constant in this dataset. Grain sizes were measured separately by reproducing
the thermal cycles in a Bähr 1500 dilatometer, which can achieve sufficiently
high cooling rates to transform the austenite microstructure to a fully
martensitic structure, from which the original austenite microstructure can be
characterized. An example of the micrographs obtained is shown in Figure 6‐3.
In Figure 6‐4 the fit of eq. (6.17) to this data is shown. The fitted parameters
are listed in Table 1.
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Figure 6‐4. Yield stress
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of the Hall‐ Petch tests.
D

 y vs.

σ0

The maximal contribution of the Table 1. Hall Petch Parameters
last term in in eq. (6.17) to the
16.3 ± 0.6
MPa
yield stress varies from 1 to 5% for
2.0 104 ± 0.1 104
MPa2.m
the experimental range of grain s
23 ± 10
MPa.m
sizes so that it may concluded that h
the contribution of elastic incompatibility strains is insignificant in this case,
which is consistent with the accepted validity of the empirical Hall Petch law.

6.3.2

The yield stress as a function of temperature and strain rate.
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The correction for the grain size effect to obtain  0   l   is done by
application of eq. (6.17) using the values of Table 1. The result is shown in
Figure 6‐5.
c

*

0.02 1/s
0.2 1/s
1.5 1/s
5.5 1/s
15 1/s

100

σ0
50

MPa 

T

 C


600

800

1000

1200

Figure 6‐5.  0 as a function of temperature
for all strain rates.

An important contribution to the yield stress at these temperatures is from the
pronounced temperature and strain rate dependence seen to be a resistance
due to thermally activated dislocation glide  * . This resistance is caused by the
thermally activated bypassing of local obstacles by –in this case initially
present dislocations. It is a single valued function of the activation energy G
and can be described by a function proposed by Kocks et al. [20]:
1

*0
σ

1
p
 
q

(6.19)
G

 *  1  
 
  G0  


*
In this equation, G0 is the maximal activation energy and  0 the strength of

the obstacles. The parameters p and q characterize the force‐ distance relation
of the dislocation‐ obstacle interaction. G is defined as

  
G  ,T   k bT  ln  
 0 

(6.20)
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[21], [22], where kb is Boltzmann’s constant and 0 is a parameter that pertains

to the initial dislocation structure and the distribution of local obstacles.5 0 is
given by [23]
(6.21)
b D  0
b 2 D  0 x0

0 

where

L
b D

bA 



M



,

is the attempt frequency with  D the Debye frequency and  a

phonon wavelength of the size of the obstacle [24], L the dislocation segment
length and A  L xo , with  xo the distance between obstacles in the glide
direction, is the area swept out by the dislocation between successive
activation events,   0.15 [1] and M  3.06 the Taylor factor.
Using eqs. (6.18),(6.19) and(6.20),  0 can be expressed as

*0

 
  k T  ln  
b

 0
 0   lc   1  

G0
 

 









1
q









1

p

.

(6.22)

Assuming p=2 and q=1/2 [25], the fit of this equation yields the parameter
values listed in Table 2. The fitted data as a function of the activation energy
are shown in 6‐6.

Table 2. Thermal activation
parameters and critical FR stress
3 104 ± 1 104
MPa
*
0

G0

2.0 ± 0.1

eV

0

9 106 ± 1 106

s‐1

 lc

10 ± 2

MPa

5

Note that 0 can be determined without knowledge of the functional form of

 * , the only requirement being that the latter is a single valued function of
G .
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Figure 6‐6. Fit of eq. (6.22)
The computed value of the athermal limit

 lc is quite small. The mean length

of the dislocation segments L as computed from eq. (6.15) is L = 4.3 ± 0.4 m,
which is smaller than all grain sizes albeit with a small margin for the material
austenitized at 910°C.
From the value found for h (Table 1) using eq. (17c) and assuming   3 , the
product c2H of the elastic incompatibility parameter and the stress
concentration factor is c2H = 16± 4.
Next, from eq. (6.16) and the anelastic shear strain at yield  AE , the density of
y

the initially present dislocations can be computed.  AE follows from the
y

experimentally observed total strain at yield by



 AE  M  AE  M  y 
y

y



y


,
2G 1    

where  y is the anelastic strain at yield and
AE

(6.23)

 y the total strain at yield. Within

experimental error  y is independent of grain size as expected. Its value is
AE

determined as  y = 2 10‐3 ± 1 10‐3. This value is the average of the values
AE

derived from the strain at the yield stress, as determined from the extended
Kocks Mecking plots and yields for the dislocation density:

0  8  4 1012 m2 . From the maximum pre yield modulus determined in
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part I of this paper [1], and the dislocation segment length L = 4.3 ± 0.4 m
computed above, the result is  0  5  2 1012 m 2 This value agrees with that
commonly used in models for hot deformation, e.g. [26], [27].
Assuming that the obstacles to dislocation glide are point defects, the
characteristic phonon wavelength  in eq. (6.21) can be taken as minimally
  b . This is a conservative estimate. Depending on the nature of the
interaction between dislocation and obstacle it may be several times larger.
With 0 from Table 2, eq. (6.21) then yields , x0  0.3...0.5  0.15 nm , which is
%
t
w

of the order of magnitude of the distance between solute C atoms 1.4  0.1 nm,
computed from the carbon content xC  0.09
of the investigated alloy
[1].
The anelastic incompatibility parameter S can now be computed from eq.
(17b), and s from Table 1, which yields c2S =15 ± 3.
These results are summarized in Table 3.
factor c can
Table 3. Structural parameters of The stress concentration
2
be computed from c H or c2S if H or S
the proposed Hall‐ Petch model
are known.
L
4.3 ± 0.4
m
Computation of S requires knowledge
12
m‐2
 0  1.0 ± 0.5 10
of the misorientation distribution and
c2H 16 ± 4
must be computed by crystal plasticity
c2S 15 ± 3
methods, which is outside the scope
of this article.
The elastic parameter H can be estimated from the elastic anisotropy of
austenite. The maximal ratio of elastic shear moduli of the elastic stiffness
tensor is characterized by the Zener anisotropy factor AZ [28]:
(6.24)
C44

AZ  2

C11  C12

which is the ratio between the shear modulus of an isotropic solid (polycrystal)
and the maximal shear modulus of a single crystal. From experimental values
reported for the elastic constants Cij in [19] this ratio is AZ = 5.3±0.2. For a
random orientation distribution the average ratio is approximately
Z 

1 A
Z  3 .2 ,
2

which is the average ratio between the shear strains in

neighbouring crystallites:

 Ea  E   E
Z b 
.
 E  E   E

(6.25)
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Substituting for Z and solving for  E using the relation H 

 E

E

, which can

be readily derived from eqs.(6.7) and (6.8), yields H ≈ 0.5. The stress
concentration factor c is then c = 5.5, and S = 0.5. Within experimental error,
the contribution of elastic strain to the strain incompatibility at the grain
boundaries is equal to that of the anelastic strain

6.4 Discussion.
In the past, a number of Hall Petch theories have been proposed, ranging from
the classical pile‐up theory to grain boundary dislocation source models of
various complexity [2‐6] , [8], [9 ]. In the present paper, a physical model for
the relation between grain size and yield stress is proposed that is a synthesis
of a model of anelastic deformation due to reversible dislocation glide [1], the
Frank‐Read model and a model of strain incompatibilities that occur at the
grain boundaries of a stressed polycrystal.
In part I of this paper [1], the theory of anelastic phenomena in the pre‐ yield
strain region [29], [30], [31], [32] has been extended for stresses up to the yield
point. In the present paper, the effects of thermally activated dislocation glide
and grain boundary (Hall Petch) stress have been incorporated, the latter
following Hirth’s idea of strain incompatibilities due to anisotropy. Where Hirth
considered elastic strain as the only contribution to the strain incompatibility at
the grain boundary, in the present model reversible plastic strain (anelasticity)
is also taken into account. Geometrically necessary dislocation (GND) layers
have been proposed by e.g. Sinclair et al [3] and Delincé et al. [4], to model the
Hall‐Petch effect during plastic deformation. However, the yield stress occurs
before plastic strain occurs, and the GND/GBD density is gradually built up
during pre‐yield strain. This is an important feature, and implies that the
apparent pre‐yield stiffness depends on the grain size. It does not preclude
however, that further increase of the GBD density may occur beyond yield.
According to the present theory, the Hall Petch coefficient is a function of the
average misorientation, which is a property of the crystallographic texture.
The present model avoids theoretical constructions like pile‐ups [2] or grain
boundary dislocation sources [5], [8], [9] where it is tacitly assumed that some
form of dislocation multiplication is the cause of the grain boundary stress. In
our model, the dislocation sources are assumed to be an initially present
microstructural feature. The yield process is explained by the Frank Read
mechanism, which is influenced by the stresses generated by the grain
boundaries, which accordingly are responsible for the grain size dependence of
the yield stress. This interpretation is in agreement with the occurrence of
anelasticity, and of the thermally activated glide resistance that is observed in
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the pre‐yield strain region. From elementary arguments it is shown that this
theory leads to a grain size dependence of the yield stress. This in itself is a
successful explanation of the yield stress being dependent on both the size of
the initially present dislocation segments and on the grain size.
The yield stress eq. (6.17) is proportional to D

1
2,

albeit with some terms that

1

are proportional to D . A fit of the model to experiments with varying grain
size shows that the D 1 terms are insignificant with respect to the experimental
uncertainty, so that the final result complies with the experimentally well‐
established Hall Petch law. Since the D 1 terms are associated with the elastic
contribution to the grain boundary strain incompatibilities, this suggests that
1

D 2 Hall‐Petch behaviour is caused by the predominance of anelastic strain to
the strain incompatibility. In other words, the empirically observed Hall‐Petch
law is mainly caused by the initially present dislocation segments. This can be
explained by the fact that the anelastic contribution  ae to the pre‐yield

stiffness  pre , defined by  pre 

d
d


  y

E AE
[1], approaches zero
E   AE

when the stress approaches the yield stress. This implies that  pre approaches
 ae and that the pre‐yield behaviour is dominated by dislocation anelasticity at
yield.

The Hall‐Petch coefficient, computed from the fit of Figure 6‐4 and which by
1

neglecting h in eq. (6.17), is given by K y  s  141  3 MPa μm 2 is close to
the value Ky = 177 MPa m that can be computed from measurements
published by Ouchi et. al6 [33]. Ouchi’s results pertain to the flow stress at
 = 0.1, 0.2 and 0.3 rather than to the yield stress. This is probably because they
used compression testing, in which the yield stress is difficult to observe. Their
results show, that the Hall Petch effect is not dependent on strain. That is also
the case for the Hall Petch effect at room temperature [34], [35].
The most satisfying feature of the model is the possibility to compute the
density and size of the initially present dislocation segments from tensile data.
The present theory will break down for grain sizes D < L, since the tacit

6

This is the only reference to Hall Petch analysis of low carbon steel in the austenitic
temperature range that we could trace to date.
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assumption of a grain size independent segment length is then no longer valid
and the dislocation segment length then must become proportional to D.
From the values found for the initial dislocation density and length it may be
concluded that the potential Frank Read sources are homogeneously
distributed through the matrix, rather than residing in the grain boundaries. As
the investigated alloy contains no precipitating elements that can provide
pinning points for dislocation segments, we assume that these dislocation
segments have the form of prismatic dislocation loops, which remain stationary
under stress, while being able to bow out at the same time.
The initially present dislocations, however stationary, must be classified as
mobile albeit within bounds, by virtue of the observed thermally activated
glide. Storage of immobile dislocations in the sense of the Kocks‐Mecking and
Bergström theories of stage III work hardening only occurs after yielding. This
provides for an additional and increasing resistance to the glide of mobile
dislocations. Without this resistance the material would deform plastically
under constant stress.
We may assume, that the observed resistance due to thermally activated glide
will remain present during plastic deformation. This is an additional
contribution to the strain rate and temperature dependence of the flow stress
of austenitic Fe‐C alloys, with respect to dynamic recovery. The glide resistance
mechanism has not had as much attention in literature on Fe‐C alloys as the
strain rate and temperature dependence of work hardening caused by dynamic
recovery. The two effects have respectively been identified with the
mechanisms that cause strain rate sensitivity of the work hardening rate
(indirect strain rate sensitivity or ISRS) and the strain rate sensitivity due to
dislocation glide resistance (direct strain rate sensitivity or DSRS) by the present
authors in a paper on the subject of dynamic strain ageing in the ferritic
temperature range [36]. This is of importance in the field of modelling work
hardening and stored energy and of the hot rolling process. The omission of
thermally activated dislocation glide resistance may cause systematic errors in
the results of hardening models that were fitted to hot rolling force data or
other means of obtaining mean flow stresses, which is a widespread method in
the industry [37], [38], [39].

6.5 Conclusions


A model describing pre yield deformation and plastic yielding is
presented. The model is essentially a synthesis of the extended Schoeck
model of anelasticity [1] describing pre yield reversible dislocation
glide, the Frank‐Read mechanism and a Hall‐Petch model. The Hall‐
Petch effect is explained by the formation of grain boundary
dislocations (GBD’s) that are necessary to maintain continuity at the
grain boundaries as the load increases. The stress field associated with
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the GBD structure constitutes an additional resistance to the bowing
out of potential Frank Read sources. The Hall Petch coefficient is a
function of the average misorientation that is associated with the
1
crystallographic texture of the material. The D  2 Hall‐Petch law is
explained by the fact that anelastic strain is the predominant factor,
and is an indication of the presence of a density of potential Frank Read
sources in the material sufficiently large for the model to be described
by the empirical Hall Petch relation.
Yield occurs when the critical Frank‐Read stress for the longest
segments of the initial dislocation structure is exceeded. The applied
stress required (i.e., the macroscopic yield stress) is equal to the sum of
the critical Frank Read stress, the Hall Petch grain boundary stress and
the thermally activated glide resistance on the segments.
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Chapter 7. Work hardening
Equation Chapter 7 Section 1

Blackadder: Baldrick, have you no idea what irony is?
Baldrick: Yes, it's like goldy and bronzy only it's made out of iron.

7.1 Introduction
In this chapter the work hardening behaviour will be studied, and a model
fitted to the experimental data. The choice of an adequate work hardening
model will be made by careful qualitative analysis of the work hardening
behaviour. The aim of that analysis is to avoid incorporating redundant
expressions ‐however plausible their inclusion physically may seem‐ into the
model to be fitted, and conversely to provide for features of the hardening
behaviour that are not (yet) considered in conventional theory. It is our
conviction that assessing the raw data to guide the choice of an adequate
model is crucial in formulating a physical model. A first step in this analysis has
already been made in chapters 5 and 6 where the yield stress contribution to
the flow stress has been isolated and fitted to a dedicated yield model.
In chapters 5 and 6 a not insignificant part of the yield stress has been shown to
be due to the resistance associated with thermally activated dislocation glide
(section 2.6). Dislocation glide resistance is the contribution to the flow stress
that is necessary to propagate the mobile dislocations with the velocity that is
required to maintain the macroscopically imposed strain rate. That implies that
the dislocation glide resistance is a function of the density of mobile
dislocations, as expressed by eqs. (6.19)…. (6.22). Another implication is that
dislocation glide resistance is present during post‐yield plastic deformation as
well as during pre‐yield deformation, and one of the issues to be resolved is the
question whether the post‐yield glide resistance differs in magnitude from that
at the yield instant or not. This question is equivalent to the problem of
whether the density of mobile dislocations is constant during plastic
deformation and if it is different from that in the pre‐yield stress region. In this
context it must be remarked that Bergström assumed that it is constant [1].
These issues will be addressed in section 7.3.
A second issue is whether dynamic strain ageing is occurring. Dynamic strain
ageing is caused by pinning of stored dislocations by solute atoms.
Characteristic features of dynamic strain ageing are
 a serrated appearance of the flow stress curve,


an anomalously high hardening rate over a certain temperature range,



a negative strain rate sensitivity of the work hardening rate in the low
temperature part of that temperature range.
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The occurrence of dynamic strain ageing can therefore be evaluated by
inspection of the flow stress curves and/or of a plot of the hardening rate as a
function of temperature. This will be addressed in section 7.3
From the yield theory developed in Chapter 6 it may be expected that the work
hardening rate is dependent on grain size. This will be discussed in section
7.4.3, where the hardening rate of the tests dedicated to the Hall‐Petch effect
of the yield stress will be investigated with respect to grain size influences on
the post‐yield behaviour.
The next issue to be addressed is that of the initial work hardening rate. In the
conventionally applied Kocks‐Mecking and Bergström models it is assumed that
the initial work hardening rate is an athermal (that is not associated with
thermal activated mechanisms and therefore independent of strain rate and
temperature) constant. The initial hardening rate can be evaluated by
inspection of the Kocks‐Mecking plot (hardening rate vs flow stress) of the flow
stress behaviour. It must be evaluated at the yield stress, which is the level of
stress where massive dislocation multiplication is initiated. This issue will be
addressed in section 7.5.1 , where it will be found that the assumption that the
initial hardening rate is an athermal constant is not valid in general. An
extension of the model to describe the observed behaviour is proposed in
section 7.5.3
Fitting of the proposed work hardening model is described in section 7.6 after
which the results are discussed. In section 7.7 a discussion of a more
fundamental kind, namely the interpretation of the Taylor relation between
work hardening and dislocation density will be presented. It will be found that
an alternative interpretation of this relation, namely in terms of the Frank‐Read
critical stress for dislocation multiplication rather than as the stress to
propagate dislocations through the dislocation substructure, is viable. That
interpretation will be shown to lead to a consistent explanation of pre‐yield
anelastic deformation and post‐yield plastic deformation.

7.2 Experimental
The alloy used for the experimental research is an Advanced High Strength steel
grade with nominal composition xC = 0.09 wt%, xMn = 1.63 wt%, xSi = 0.25 wt%,
xCr = 0.55, with xi the mass fraction of element i. The computed transformation
temperatures are A3 = 850°C and A1 = 650°C. No precipitates are present in the
microstructure. The steel is industrially hot rolled to a thickness of 2.0 mm.
Tensile tests were conducted at temperatures in the stable austenite
temperature range, and where feasible also at temperatures in the
intercritical/metastable austenite temperature range. The latter temperature
range was included since generally low temperatures cause high flow stress and
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high hardening rates, and a low temperature has a similar effect as a high strain
rate. Since the maximal feasible strain rate of the testing machine is an order of
magnitude lower than that of the industrial rolling process ‐which is conducted
in the stable austenite temperature range‐ this will improve the accuracy of
extrapolation of the fitted model to the conditions of the target process.
The deformation tests that were performed fall into two categories:
1. Strain rate jump tensile tests. The strain rate jump test is also known as
the constant structure test. This test is helpful in differentiating
between direct and indirect strain rate sensitivities that are caused
respectively by dislocation glide and dislocation multiplication. These
tests therefore serve a qualitative diagnostic purpose, the results of
which will be discussed in section 7.3.
2. Tensile tests at constant nominal strain rate and temperature, which
respectively range between 0.02    20 s 1 and 700  T  1200 oC .
These are the tests that the flow stress model will be fitted to.

All tests were performed on a Gleeble 3800 testing machine. The tensile
samples used are of the design that is described in Chapter 3. They are
manufactured by Blok Velsen‐Noord, The Netherlands by a CNC technique.
All tests were routinely recorded by a standard HI resolution Sony handycam
‐1
for the low strain rate tests (   0.2 s ) and a Phantom V5.0 high speed
‐1
camera for the tests at strain rates   0.2 s .

Table 4. Experimental strain rate and temperature range
Nominal strain   0.02 s 1   0.2 s 1   1.5 s 1   5 s 1   15 s 1
rate

Temperature
range
[°C]

700
910

910

1200

1200

700
910

1200

1200

1200

Note that a number of tests were conducted at temperatures below 850 °C,
where the steel is in a metastable austenitic state. This was done to
compensate for the fact that the maximum attainable strain rate is relatively
low compared to that of the industrial hot rolling process. For the lower strain
rates in that temperature range, transformation will set in during the test. At
the highest rate the sensitivity of the high speed camera proved to be too low
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for recording at the required frame rate (2100 fps). Therefore the temperature
range for the two lowest and the highest strain rate tests has been restricted to
the stable austenite temperature range, as shown in Table 4.
The samples were heated at a heating rate T  20  Cs 1 to the test
temperature, after which they were annealed during 20 s to be fully
transformed to austenite. This procedure was chosen to minimize the time of
the testing procedure and avoid decarburisation during the test. A minor
disadvantage is that at each test temperature the microstructure will have a
different grain size D. The effect of grain size on work hardening ‐which is not
very large‐ can however readily be incorporated into the hardening model
along the lines laid out in Chapter 2, section 2.4 for the part that is attributable
to dislocation mean free path effects, and a possible true Hall‐Petch
contribution as will be discussed in section 7.4.3. The relation between grain
size and test temperature that has been determined in Chapter 6 will be
employed.
The heating system was switched off at the start of deformation for the tests at
strain rates   0.2 s 1 . This was done in order to avoid the interference with
the electrical heating current. At   0.2 s 1 , the decrease of temperature
during deformation was negligible. For the two lowest strain rates the heating
was left on.
The recorded data have been pre‐processed by the method outlined in
Chapter 3. First, the interference due to the electrical heating was removed by
a Chebychev filter in the Fourier domain. For analysis of the pre‐yield strain
regime, extended Kocks‐Mecking graphs were calculated from the stress strain
data recorded directly by the Gleeble system. From these, the yield stresses
were calculated, and fitted to the yield stress model developed in Chapters 5‐6.
That model incorporates contributions of dislocation glide resistance, the Hall
Petch stress and the critical Frank‐Read stress associated with bowing out of
initially present dislocations.
In order to obtain true stress‐strain data for strains beyond the onset of
necking, local strains were determined from the recorded video streams, after
which local true strain and stress can be calculated. The strain values are based
on the transverse strain, and the conversion to true strain was performed using
rL=1 for the Lankford rL‐value which denotes the ratio between transverse and
longitudinal strain components. All stresses have been normalized for
temperature variation of the elastic shear modulus of the crystal lattice by
multiplication of the stress values with

G T0 
, where T0=910°C is the
G T 

normalisation temperature, chosen as the minimum test temperature for which
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the material remained in the austenitic state. The elastic shear modulus of
austenite is given by the empirical relation [2]

1  7.9921  10 7K 2T 2  
G T   92.648. 
 GPa,
10 3 3
3
.
3171
.
10
K
T




(7.1)

with T in Kelvin. This equation is based on experimental values as well as on ab
initio calculations and is therefore also valid for temperatures in the region
where austenite is metastable.
Conventional Kocks‐Mecking plots, i.e. the work hardening rate vs. the work
hardening contribution  w , were calculated next by subtracting the yield stress

y from the flow stress f , i.e. w   f   y . .
7.3 Analysis of strain rate jump tests
In general, the post‐yield flow stress

f is the sum of

the yield stress

y , a

work hardening contribution  w and a dislocation glide resistance  :
*

 f   y  w  ,,T    * ,T 

(7.2)

Work hardening is associated with dislocation multiplication, while glide
resistance is associated with thermally activated propagation of mobile
dislocations, as explained in Chapter 2. Both are dependent on strain rate and
temperature due to different thermally activated mechanisms. The flow
resistance associated with thermally activated dislocation glide is often not
taken into account in studies pertaining to flow stress at elevated temperature.
In this chapter we will therefore examine which of these flow stress
contributions should be present in the model to be fitted, and whether they
can be fitted separately.
In chapters 5 and 6 it was found that there is already a considerable
contribution to the yield stress caused by dislocation glide resistance associated
with thermally activated glide. This conclusion was made on the basis of the
newly proposed yield criterion. In contrast to the conventional 0.2 % offset
plastic strain yield criterion (Rp02), the new criterion leaves no room for
interpreting the observed strain rate/temperature dependence of the yield
stress as to be due to thermal effects of the work hardening behaviour.
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The dislocation glide resistance is dependent on the density of mobile
dislocations (chapter 5, eq. 21) m which has been found to be virtually equal
to the density of dislocations  0 that are present before yielding occurs. While
the success of fitting the glide resistance with a constant structure parameter

0 has

shown that m is independent of the applied stress, it cannot be
assumed a priori that it is not dependent on plastic strain.
As explained in Chapter 3, the strain rate jump test is a tool for distinguishing
between the strain rate sensitivities due to dislocation glide, respectively due to
dislocation multiplication (work hardening).
Two different types of jump test were made. The first type consists of a test
where the strain rate is instantaneously increased and another in which it is
decreased. The stress jump was executed at the same value of plastic strain,
while the high and low strain rate values were equal for the two types of tests.
The set of tests is completed by performing two tests at constant strain rate
equal to the high, respectively low strain rate of the jump tests.
Care was taken to avoid that dynamic recrystallisation (DRX) interfered with
work hardening in the jump tests, since DRX will cause yet another strain rate
dependence than that of glide resistance and of work hardening. This was
realized by choosing the plastic strain at which the strain rate jump was made
to be well below the strain where the (true) flow stress is maximal. Any
decreasing true flow stress at constant strain rate indicates that some stress
relaxation process other than dynamic recovery occurs, most probably
(dynamic) recrystallisation.
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Figure 7‐1. Constant strain rate and strain rate jump tests T=910 °C. True stress
vs true strain. Inset: detail at the strain rate jump instant.

In Figure 7.1 a typical result of the strain rate jump test sets is shown. All curves
are of local true stress vs. local true strain, viz. they are corrected for necking.
Two hardening curves at constant strain rates   0.02 respectively 0.2 s are
plotted, and two curves where the strain rate was instantly increased at
‐1

  0.085
from
  0.2 to0,02s‐1 .

  0.02

‐1

to 0.2 s respectively

decreased

from

The magnitude of the instantaneous stress changes of the jump test and the
difference in yield stress between the two constant strain rate tests is indicated
in that (dynamic) recrystallisation occurs at strains far beyond the jump event.
Note that there is a distinct instantaneous change of the flow stress in both
jump tests. This clearly indicates a significant contribution of flow resistance
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associated with thermally activated dislocation glide. The stress increment
respectively decrement at the jump instant is approximately equal to the
difference in glide resistance for the two strain rates. The resistance associated
with thermally activated dislocation glide is of the same order of magnitude as
the degree of work hardening at moderate strain.
The yield stress of the constant rate hardening curves for
  0.02 respectively 0.2 s is y(  =0.02 s‐1) = 63 ± 2 MPa and y(  =0.2 s‐1) = 77
‐1

± 2 MPa. The instantaneous stress increment respectively decrement at the
strain rate jumps at   0.085 is within experimental error equal to the
difference  y  14 MPa between these two yield stresses. This indicates that
the glide resistance during plastic deformation is equal to that at yield, at least
for 0    0.085 .
7.3.1

Dislocation glide resistance as a function of strain
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Figure 7‐2. Multiple strain rate jump experiment T=910 ° C. Strain rates

  0.02‐‐0.2s‐1 .
In order to see whether the glide resistance is dependent on strain for a larger
strain range, a test with multiple strain rate jumps was performed, which is
shown in Figure 7‐2.
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During deformation at   0.02s‐1 a series of strain rate bursts of   0.2s‐1
during a strain interval  hi  0.012 were performed. The bursts are separated
by low strain rate intervals  lo  0.075 . Note that the hardening rate during a
strain rate burst is larger than that during the low strain rate intervals.
The stress bursts
were separated from
 = 0.06
the
stress‐strain
 = 0.014
curve and plotted in
 = 0.215
 = 0.29
Figure 7‐3. All stress
 = 0.37
bursts are virtually
15

equal within experi‐
mental
error


MPa

 hi  ±2.MPa .

The glide resistance
appears to be ap‐
proximately
inde‐
pendent of strain,
even after recrystalli‐
5
sation has set in at
  0.2 .
The conclusion is that
hi
the resistance associ‐
ated with dislocation
0
0.005
0.01
0.015
glide is constant in
Figure 7‐3. Stress bursts during the multiple strain rate the post‐yield strain
range and equal to
jump test of Figure 7.2.
the glide resistance at
yield to good ap‐
proximation. This provides the advantage that the resistance associated with
dislocation glide can be fitted independently from the flow stress.
10



7.3.2

State variable for work hardening

Another interesting observation that can be made from Figure 7.1 concerns the
transient hardening just after the strain rate increment or decrement. In the
case of a strain rate acceleration   0.02  0.2 s‐1 , the hardening rate
becomes equal to that of the constant strain rate after a few percent of strain.
This is demonstrated by the dotted line, which is the hardening curve at
  0.2 s‐1 , shifted by   0.06 in order to let the stress of the constant rate
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and jump test coincide. The curves coincide quite satisfactorily over a strain
range   0.1 0.3. This indicates that the internal dislocation
substructure ‐which defines the hardening rate of the jump curve‐ has become
identical to that of the shifted constant strain rate curve. The state of the
material after the strain rate jump at   0.085 is apparently equal to the state
of the material deformed at a constant high rate at   0.025 .
This comparison also demonstrates that the flow stress, and consequently since

   y  Gb  , the dislocation density  is a valid state variable. This result
indicates that a single state variable suffices to characterize work hardening.
Consequently apparently no appreciable dynamic strain ageing takes place
since, as explained in Chapter 2, DSA requires more than one state variable.
For the downward strain rate jump test, the situation is completely different.
After strain deceleration it is obviously not possible to attain a similar state as
in the material that was deformed at a constant low strain rate. The degree of
work hardening in the initial high strain rate part of the downward jump test is
now higher than that would have resulted from deformation at low strain rate.
In other words, with respect to low strain rate deformation an excess
dislocation density has been created during the high rate part of the test. After
the jump, no relaxation to a lower stress appears to take place; the flow stress
rather remains constant for a considerable range of strain   0.085....0.18.
This indicates that no appreciable dislocation annihilation occurs during that
strain interval.
This is a convincing demonstration of the correctness of Bergström’s
interpretation of dynamic recovery as will now be shown. As pointed out in
Chapter 2, the Kocks‐Mecking and Bergström models of work hardening are
mathematically identical, but differ in interpretation of the recovery term. In
the literature on the Kocks Mecking model dynamic recovery is invariably
interpreted as dislocation annihilation, although the authors of that theory
have a more thoughtful point of view which recognizes the possibility of
dislocation rearrangement as well [3]. From the annihilation interpretation,
softening would be predicted in cases where with respect to the current
deformation parameters, an excess density of dislocations is present. In the
elementary equation for work hardening (eq. 2.17) the rate of increase of
2

U' 
dislocations becomes negative if     , where U’ and  are respectively a
 
dislocation storage and a dynamic recovery parameter, which are functions of
strain rate and temperature.
If dynamic recovery is interpreted as remobilisation as in the Bergström school
333of thinking, no softening is expected, since dislocations obviously cannot be
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removed from the system by remobilisation or some other type of dislocation
rearrangement. This does not imply that dislocation annihilation does not occur
at all, but rather that the annihilation rate is too low to cause appreciable

Δ
0.1
=
=5 s between the downward
 0.02 s‐1
strain rate jump at   0.085 and the onset of recrystallisation at   0.18 .

softening in the time interval Δt 

The main conclusions of this section are:
 The work hardening contribution can be isolated by subtracting the
yield stress from the flow stress. The glide resistance can be
determined as a function of strain rate and temperature from the yield
stress alone.
 Work hardening can be described by a single state variable, the
dislocation density (or equivalently the stress).
 The mechanism of dynamic recovery is dislocation rearrangement
(remobilisation), which leads to a decrease in dislocation multiplication
and the associated hardening rate rather than a decrease in dislocation
density.

7.4 Constant temperature / strain rate tests
Now that it has become clear that the dislocation glide resistance can be
separated from the flow stress, the resulting work hardening can be analysed
qualitatively to aid the selection of an appropriate work hardening model.

7.4.1

Occurrence of dynamic strain ageing behaviour

The subject of this section pertains to the question whether dynamic strain
ageing occurs. For this purpose a plot of the flow stresses  f at strain   0.1
vs. test temperature for all strain rates was made, which is shown Figure 7‐4.
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If dynamic strain ageing would occur, an increased hardening rate and
consequently an increased flow stress is expected in a finite temperature range,
which depends on the kinetics of the dynamic strain ageing mechanism.
This would show as a characteristic hump in the flow stress vs. temperature
graph. For low strain rates a strong effect at low temperatures is expected,
while for increasing strain rates the effect decreases and shifts to higher
temperatures, as shown schematically in Figure 7‐5.
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Figure 7‐5. Schematic representation of anomalous hardening peaks due to
dynamic strain ageing [4].Compare to Figure 2‐13.
None of the strain range series shows such a flow stress hump and we can
conclude that no dynamic strain ageing occurs in the experimental strain
rate/temperature range. An elementary variant of the Bergström type model is
therefore adequate to describe the observed behaviour.
7.4.2

Dislocation storage and recovery rates

According to the conventional interpretation of the Bergström model (or for
that matter the Kocks‐Mecking model) (Chapter 2) the increase of dislocation
density  as a function of strain is described as

d
M

U  
d  b

(7.3)

where  is the dislocation mean free path, U a hardening parameter,  a
dynamic recovery parameter (or probability of remobilisation in Bergström’s
interpretation), b the magnitude of the Burgers vector and M the Taylor factor.
This equation describes the increase of dislocation density with strain; the
accepted explanation of the first term is that it pertains to the dislocation
immobilisation or storage process. It is proportional to the inverse of the
dislocation mean free path which is generally regarded as an athermal
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parameter, i.e. it is not dependent on thermally activated processes and
therefore not dependent on temperature and strain rate. The second term
must, as discussed in section 7.3.2, be interpreted as due to remobilisation, and
is interpreted in the literature as the only temperature/strain rate dependent
parameter of the model.
Equation (7.4) is, by substitution of work hardening  w for  from the Taylor
relation [5]
(7.5)
w  ΜGb  ,
seen to be equivalent to the following expression for the hardening rate  as a
function of the work hardening contribution to the flow stress:



 2M 3G 2b

U  w
2 w 
2

(7.6)

An additional model describing the dislocation mean free path is now required.
The dislocation mean free path is defined as the mean distance between
obstacles that are impenetrable to propagating dislocations.
The accepted method [6], [7], which is equivalent to simply adding the
hardening contributions due to obstacles of different kind [8], [9], is by taking 
as the harmonic mean of the individual contributions i:

1




i

1

i

,

(7.7)

where i is an index denoting different types of obstacles. The form of eq. (7.7)
ensures that the smallest inter‐obstacle distance has precedence in the value of
the overall mean free path  Obvious impenetrable obstacles are grain
boundaries, dislocation cell walls and precipitates. Some types of obstacles may
only be impenetrable to some degree.
The corresponding contributions in eq. (7.7) are therefore the grain size

1  D , the dislocation cell size 2  d c , the precipitation spacing 3  d p
and possibly the distance between solute atoms
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4  d s .

Taking for the dislocation cell size the Staker‐Holt relation d c 

K SH



(Chapter

2, eq. (2.28) ), yields the following expression for the dislocation mean free
path:

1





 1
1 1


 .
D d p K SH d s

(7.8)

Substituting for  from eq. (7.5), this yields with eq. (7.6) for the hardening
rate:



7.4.3

 M 2G  1
2

1
1   MGb
1 

U  w .
 

 


K SH 
2
 D d p d s   w

(7.9)

Hall‐Petch effect on post‐yield behaviour

At this point, it must first be established if there are additional grain size
influences ‐i.e. a true Hall‐Petch effect in the classical sense‐ on work hardening
in addition to the dislocation mean free path influence that is described by eq.
(7.8). The grain size effect described by eq. (7.8) pertains to the freedom of
movement that dislocations have within single grain of average size, whereas
the Hall‐Petch effect in the classical sense is the resistance due to strain
incompatibilities at all grain boundaries of the polycrystal. Before proceeding
with the analysis of dislocation multiplication we will turn our attention to the
possible occurrence of a true Hall‐Petch contribution to the post‐yield flow
stress.
In Chapter 6, the Hall‐Petch effect is explained by the strain incompatibilities
between neighbouring grains due to local misorientations. According to that
theory, it may be expected that the strain incompatibilities between
neighbouring grains continue to increase after the yield stress has been
exceeded. This is in accord with the view taken by Ashby in his seminal paper
on geometrically necessary dislocations [10]. The post‐yield Hall‐Petch effect is
however less strong than its pre‐yield counterpart, which can be shown by the
following argument. If the increase of the strain incompatibilities as a function
of post‐yield strain proceeds at the same rate as in the pre‐yield strain region,
the resulting hardening rate would be much larger than is observed, as is
discussed in the following paragraphs.
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The anelastic strain at yield is

 y AE   2  1 103 , and the Hall‐Petch stress

varies between 30 and 80 MPa for material austenitized at T= 1200 to 910 °C
(grain size from D = 100 m to 8 10 m ). The rate of increase of the Hall‐Petch
stress with strain can be estimated as follows. According to eq. (6.5), the Hall‐
Petch stress varies as the square root of strain. Noting that eq. (6.5) leads to
the conventional Hall‐Petch equation, when rewritten in terms of true strain, it
can be approximated by a first order polynomial around the yield point,
according to

 y HP    K y pre

 K y pre 1
   y     y

D
1  y

,
D  K y post 1
   y     y
 
D
 y

(7.10)

where the first term at the right hand side is the Hall‐Petch contribution to the
yield stress, and the second its change with strain around the yield point.

Ky pre and Ky post are additional Hall‐Petch contribution factors for strains that
are not equal to the strain at the yield point.
From eq. (7.10) it follows that an additional grain size dependent contribution
 HP to the hardening rate given by eq. (7.8) will occur, which reads

HP 

K y post 1
.
y
D

(7.11)

If the pre‐yield rate of increase of Hall‐Petch stress would persist after yield,
that is if Ky

post

 Ky pre , the post‐yield (or initial stage III) hardening rate would

be 0  1.5...4.0 x10 MPa . This is more than an order of magnitude larger
than what is observed experimentally (see 7‐6). Since the observed initial
hardening rate must partly be explained by the initial dislocation multiplication
rate, the conclusion is that the post‐yield Hall‐Petch effect is much smaller than
the pre‐yield effect. In the literature, the prevailing notion seems to be that the
Hall‐Petch effect pertains to the yield stress only [11], and consequently that
post‐yield Hall‐Petch effects are non‐existent.
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Figure 7‐6. Experimental post‐yield KM curves of the Hall‐Petch experiments.

Since the temperature treatment prior to each tensile test of the experimental
dataset is such that the material is austenitized at the temperature at which the
tensile test itself is performed, the grain size of the sample for each test is
dependent on the test temperature.
The post‐yield KM plots of the Hall‐ Petch experiments shown in Figure 7‐6.
reveal no appreciable effect of the grain size on the hardening rate. The
conclusion is that the influence of grain size on work hardening is weak or
absent. There consequently is no reason to correct the flow stress data for a
post‐yield Hall‐Petch effect, and the

1
term pertaining to the effect of D on
D

the dislocation mean free path in eq. (7.9) can also be abandoned.
Discussion
The question remains, why the Hall‐Petch effect is so much weaker ‐or even
absent‐ after the yield point has been exceeded, while at the same time its pre‐
yield counterpart is strong. The fact that the post‐yield Hall‐Petch effect is weak
can be associated with the relative success of the Taylor hypothesis of crystal
plasticity. The basic assumption of that hypothesis is that “the plastic strain of
each grain [is] equal to the macroscopic plastic strain” [12]. This implies that
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the strain incompatibility between neighbouring grains is zero, and according to
the theory developed in Chapter 6 the Hall‐Petch effect must then be absent.
The physical reason for that behaviour may be that the stress caused by the
Grain Boundary Dislocations (GBD’s) that accommodate any existing
incompatibility is neutralized by the abundance of dislocations that are
generated during plastic flow1. This is not dissimilar from Ashby’s prediction
that for plastically non homogeneous materials, the contribution of GND’s to
the flow stress is rapidly “swamped” by the Statistical Dislocations (SD’s) during
plastic deformation [10]. In the pre‐yield stage however, no SD’s are generated,
and then the effect of GND’s or GBD’s is will not be attenuated. [13],[ 14], [15]

7.5 Selection of sub‐models
We now have established that a substantial temperature / strain rate
dependent contribution to the flow stress is described adequately by that of
the yield stress, and that all grain size effects on the work hardening rate may
be neglected in the present case. The remaining issues are what temperature/
strain rate effects affect the hardening rate, and whether solute atoms
contribute to the dislocation mean free path.
7.5.1

Thermally activated effects on the hardening rate

Since the investigated material contains no precipitating elements the d p
contribution to the dislocation mean free path can also be disregarded. Further,
by neglecting the possible contribution of solute atoms to the dislocation mean
1

For materials that cannot be successfully modelled by a crystal plasticity model based
on Taylor’s assumption with regard to texture development, it is however possible that
there does exist a post‐yield Hall‐Petch effect. More sophisticated texture theories like
the “Relaxed Constraints “ [13] or the LAMEL [14] models do allow some degree of
inter‐grain strain incompatibility, and therefore materials that must so be modelled
(with regard to texture)are expected to show a post‐yield Hall‐Petch effect. Note that in
the Hall‐Petch theory developed in Chapter 6, it is initially assumed that the stress in
each grain is equal to the macroscopic stress. This is identical with Sachs’ hypothesis
[12], albeit that in our theory, the strain incompatibilities that result from that
assumption[15] are resolved by the GBD’s. The modern FEM Crystal Plasticity paradigm
[15] does not rely on Sachs or Taylor like assumptions (or indeed any other relaxed
conditions), but solve the problem of stress equilibrium and strain continuity across the
grain boundaries simultaneously. Further discussion on this topic is the remit of Crystal
plasticity, and is out of scope of the present study.
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free path, this leads to a linear relation between the hardening rate and the
work hardening contribution to the flow stress eq. (7.9), is given as:



 M 2G 1
2

K SH

U


2

w

(7.12)

This elementary expression for the work describes the so‐called Stage III
hardening rate according to the Kocks‐ Mecking [3], [17], [18], [19],
respectively Bergström/Vetter [1], [16] theory. According eq. (7.12) the work
hardening rate is a linear function of stress.
At elevated temperature, the work hardening rate is dependent on strain rate
and temperature. This implies that either the dislocation storage rate and/or
the remobilisation rate are influenced by some thermally activated process.
Kocks and Mecking [3], [17], [18], [19] concluded that the initial hardening rate

0    w  0 , which is the dislocation storage rate given by the first term

of the right hand side of eq. (7.12), is an athermal quantity, i.e. independent of
strain rate and temperature, and that the second term pertains to dynamic re‐
covery, which is the cause of the strain‐rate/temperature dependency of the
work hardening rate. Berg‐
ström modelled dynamic

Increasing 
recovery as remobilisation
enhanced by thermally acti‐
vated dislocation climb [30].

This leads to the behaviour
 ,T 
d
that is schematically de‐

d w
2
picted in Figure 7‐7, where
all
branches for different
Increasing T
strain rate and tempera‐
tures have identical abscissa
w
 0 , and a negative slope
Figure 7‐7. Schematic representation of the
that decreases for increas‐
stage III hardening assuming an athermal
ing temperature and de‐
storage rate.
creasing strain rate. Kocks
and Mecking’s conclusions
were based on experimental observations of hardening of pure metals.
In the literature on work hardening at elevated temperatures, the dislocation
storage (or immobilisation) rate accordingly is generally treated as an athermal
constant, e.g. [20], [[21], [22],with few exceptions [23], [24], so that the
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remobilisation rate (or dynamic recovery) is the only thermally activated
mechanism.
Kocks and Mecking’s conclusion that  0 is an athermal constant was drawn on
the basis of experiments on pure Al [3] pure Cu [17], [18], [19] and Ag [19]. In
the next section we will show by inspection of the data and an example from
the literature, that alloys generally do not follow these elementary rules.
7.5.2

Immobilisation rate

The Kocks‐Mecking plots of the complete data set are shown in Figure 7‐8.
Qualitatively, they show a radically different behaviour than that depicted in
Figure 7‐7. The initial hardening rate  0 is strongly dependent on strain rate
and temperature, see Figure 7‐9. It varies between
   0.02 s‐1 , T = 1200 oC  0.5GPa and
0









 0   5 s -1 , T = 700 o C  1.5 GPa . The slopes of the    lines on the
other hand show only a weak dependence on strain rate and temperature, as
shown in Figure 7‐8.
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Figure 7‐8. Experimental Kocks‐Mecking graph of all tests, grouped by strain
rate.
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The obvious conclusion is that the hardening rate, and consequently the
dislocation storage rate/mean free path are in general not athermal, and the
hardening model must be modified to take that into account.
The non‐athermal behaviour of the initial hardening rate has also been
observed in a study of work hardening behaviour of a Fe‐C‐Mn‐B steel grade
developed for hot stamping and tested in the metastable austenite
temperature range [24], as well as by other researchers for steel in the
austenitic state [25], for austenitic steel [26] and indeed has been noticed by
Kocks in his earlier work [3]. It is also observed for an Fe‐Si steel grade, which
remains in the ferritic state at high temperatures, as shown in Figure 7‐10,
which was calculated by subtracting the yield stress from Kocks‐Mecking graphs
published by Brown [27].
A reasonable assumption is therefore, that for alloyed metals the initial
hardening rate, which is related to the ‐initial‐ dislocation mean free path, is
influenced by interactions between dislocations and local obstacles, e.g. solute
atoms or precipitates. This implies that a contribution to the dislocation mean
free path that is proportional to some thermally activated interaction between
dislocations and local obstacles must be included in the model.
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Figure 7‐9. Initial hardening rates (left) and slopes of the KM curves (right).
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Figure 7‐10. Kocks‐Mecking plot for Fe2%Si. Strain rates 1  10 3    1 s 1
Replotted from [27].
7.5.3

The sub‐model for the dislocation mean free path

The contribution of precipitates in eq. (7.9) does not apply in the present case,
since the investigated alloy does not contain precipitating elements. Since the
initial hardening rate is observed to depend on strain rate and temperature, it
is necessary to identify or include a contribution dth due obstacles that can be
passed by thermal activation. The obvious candidate is interstitial carbon, since
that was found to be the probable cause of thermally activated dislocation glide
in chapter 6. In this case dth becomes identical to ds. In itself that mechanism will
not lead to immobilisation, since the obstacle can be passed by thermal
activation. Other mobile dislocations may however arrive at the location of the
obstacle during the waiting time of the first dislocation for thermally activated
passing of the obstacle. We assume that the probability of an immobilisation
event due to this interaction is finite. Another possibility is dislocation drag by
jogs that have be created by interaction between edge and screw dislocations
[28]. This mechanism involves capture or creation of vacancies. The activation
energies involved are vacancy migration and vacancy formation, the activation
energies of which are respectively Qm = 1.49 eV and Qf = 1.54 eV [29].
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Qualitatively it is expected that dth increases for increasing strain rate, since for
high strain rates the waiting time will be small and consequently the probability
of an immobilisation event will be small and the free path of this mechanism
large. Since the waiting time follows Boltzmann statistics, we propose the
following empirical relation:

 Q
 kbT

dth  dth0 q exp 


.


(7.13)

where d th 0 is the limiting free path at absolute zero temperature, which in the
case that the effect is caused by dislocation‐solute interaction will be the
average distance between solute atoms. Q is the free energy of activation of
this immobilisation process, and q an empirical parameter. The effect described
by eq. (7.13) can be interpreted as a form of solution hardening that is
associated with the work hardening rate rather than the common type of
solution hardening which is a contribution to the dislocation glide resistance.
The expression for the dislocation mean free path (eq. (7.8)) now becomes

1





7.5.4


1

.
dth KSH

(7.14)

Dynamic recovery

Thermally activated dynamic recovery will be described in the model according
to Bergström’s theory of remobilisation assisted by dislocation climb [30] that is
reviewed in Chapter 2.
The expression for the recovery factor is [30]



Qv   13
 
k
T
3
b



   o  B exp  

(7.15)

where o is the athermal part of the remobilisation factor, i.e. the intrinsic
probability of remobilisation due to reactions between mobile and immobile
dislocations as shown in Chapter 2, fig 2.7.
Qv is the activation energy of vacancy diffusion and B a compound parameter
given by [30]
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where Dv is the pre factor of vacancy diffusivity, nv the vacancy density and k a
proportionality constant.
The proposed model now reads
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 Q
dth 0 q exp  
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This model predicts an infinite value for the initial hardening rate, which is not
realistic, since no increase of  

d
from zero at yielding to infinity just after
d

yielding is observed in practice.
This problem is due to a mathematical idiosyncrasy of this type of hardening
theory, which is caused by the physically imperfect formulation of the mean
free path as a harmonic mean of different contributions in eq. (7.7). The

1

w

factor in eq. (7.17) only occurs for dislocation free path contributions that are
not proportional to

1



, like the dislocation cell size term. For that

contribution it is cancelled by the Taylor relation in the reformulation of the
dislocation density evolution in terms of stress, see eq. (7.4) to eq. (7.12). This
problem is dealt with by of assuming an initial dislocation density of the order

0  1012 m‐2 , which is common practice in integration of models of the type of
eq. (7.4) [1], [31], [32], [33]. This will show as an offset stress  0 in the
hardening rate eq. (7.17), which then reads
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0  1012 m‐2 is equivalent to  0  6.5 MPa for austenite at T =
910 °C. In this case  0 must however not be interpreted as part of the initial

The choice

flow stress (i.e. of the yield stress), but of a parameter pertaining to the
hardening rate only. In section 7.7.2 we will show that it is already accounted
for by the Frank‐Read contribution to the yield stress.

7.6 Model Fit
It is customary to fit stress as a function of strain, with strain rate and
temperature as fixed parameters. Most authors use a work hardening function
that is derived by assuming that strain rate and temperature are constant
during the test. Since we also use data obtained for the post‐uniform strain
range, the condition of constant strain rate cannot be met in our case. Another
problem is that the model as formulated in eq. (7.18) cannot be integrated
analytically to obtain an analytical work hardening function. This can however
be put to advantage, since if the model is to be integrated numerically, the
integration can be performed for strain rate and temperature that vary during
the test.
Rather than fitting a numerical model in which eq. (7.18) is integrated
numerically and work hardening computed by substituting the resulting
dislocation density into the Taylor relation eq. (7.5) to the flow stress, we have
chosen to fit eq. (7.18) directly to the hardening rates vs. work hardening stress
that was computed from the experimental work hardening data.
The model was fitted to the hardening data by a Levenberg‐Marquardt solving
procedure implemented in Mathcad, version 14.0.0.163 [build 701291152].
The fitted parameters and their standard errors are listed in Table 5, and the
fitted and measured Kocks‐Mecking curves respectively measured and
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computed hardening curves for all strain rates and temperatures are shown in
Figure 7‐11.
The value of the activation energy of the thermally activated contribution due
to local obstacles to the mean free path Q is significantly lower than that of
thermally activated passing of local obstacles (that were identified as solute
C atoms) that was found in Chapter 6 (G0=2 eV) as well as those of vacancy
migration or vacancy formation (Qm= 1.49 eV respectively Qf= 1.54 eV). The sub
model describing this effect is however empirical and further research into this
effect is recommended.
The activation energy Q.Ω of the remobilisation rate is smaller than that
reported for vacancy migration Qvm = 1.49 eV [29].
The value found for σ.0 is equiv‐
Table 5. Parameter values for the fit shown alent to an initial dislocation
12 ‐2
in Figure 7‐11.
density 0  4 x10 m . This is
parameter value St. err dimension
of the same order of magnitude
dth0
3. 10‐4 3. 10‐5 m‐q
as the value for the initial dislo‐
q
0.13
0.02
cation
density
found
in
0.4
0.1
eV
Q
Chapter 6.
U
0.16
0.01
σ.0
14
2.
MPa
Ω.0
0.5
0.5
D
21
5
s
Q.Ω
0.10
0.03
eV
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Figure 7‐11. Work hardening rates vs. stress (left) resp. flow stress vs strain
(right) grouped by nominal strain rate for different temperatures. Symbols:
experimental values. Lines: fitted hardening rate respectively calculated flow
stress.
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0.3

7.6.1

Dislocation mean free path

1 10

The effect of obstacles that can be
passed by thermal activation on the
dislocation mean free path is
appreciable, as shown in Figure 7‐12,
where the computed mean free
path and the individual contribu‐
tions due to grain size, obstacles
that can be passed by thermal
activation and dislocation cell size
are plotted vs. strain. The actual
mean free path is 50 to 10% smaller
than the cell size in the case shown.
The contribution of dislocation cell
size is however the dominant effect,
especially at larger strains. For
deformation
at
the
lowest
temperatures and high strain rates,
the thermally activated contribution
becomes dominant, albeit for low
1 10
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Figure 7‐12. Computed dislocation mean
free path and individual contributions.
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Figure 7‐13. Computed dislocation mean
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strain values only, as is shown
in Figure 7‐13. The thermal
contribution to the mean free
path is seen to be several
orders of magnitudes larger
than the distance between C
atoms discussed in Chapter 2.
This indicates that only a very
small
fraction
(10‐4)
of
thermally activated passages of
C atoms by dislocations leads
to an immobilisation event. The
effect on the work hardening
rate is however substantial, as
can be seen from the devia‐
tions
from
linear
work
hardening behaviour in the low
strain part of the KM curves
shown in Figure 7‐11. We
conclude that the proposed
model functions satisfactory. In

the next section some theoretical issues pertaining to the consistency of the
yield theory proposed in Chapter 6 and work hardening theory will be discussed
.

7.7 Discussion
7.7.1

Post‐yield flow stress and yield stress

In this section, the basic principles pertaining to the quantification of yield and
flow stress in terms of dislocation density and dislocation segment length will
be reviewed. An attempt will be made to arrive at a consistent description of
both pre and post‐yield phenomena.
In Chapters 5 and 6, the yield stress is explained by the Frank‐Read mechanism.
The work hardening contribution to the post‐yield flow stress on the other
hand is commonly explained by the Taylor relation [5] between dislocation
density and stress
(7.19)

 w  MGb  ,

which is based on the principle that  w is a stress caused by the interaction
between stored and mobile dislocations. It is “… often interpreted as the
``passing stress'' for a moving dislocation to glide through a forest of obstacles
without being pinned” [34]. In other words, it is the stress that must be
overcome for the dislocations to remain mobile. A crucial assumption in the
derivation of the Taylor relation is that the dislocations are uniformly
distributed. The empirical parameter  is introduced to correct for differences
between the assumed and actual dislocation distribution, e.g. if there exists a
cellular substructure rather than a uniform network. The experimental validity
of the relation between dislocation density and work hardening expressed by
eq. (7.19) with   0.15 is very well documented [17], [35], [36] and widely
accepted.
The condition that a fraction of the dislocation sub‐structure must remain
mobile is however not sufficient to explain the phenomenon of work
hardening. That requires that dislocations must also be able to multiply, which
may be assumed to be caused by the Frank‐Read mechanism.
The Frank‐Read mechanism describes yield stress as being due to the self‐stress
of a dislocation segment that bows out under the action of an applied stress,
assuming that the material in the vicinity of that segment is free of internal
stresses. The latter assumption ‐if true‐ guarantees that the dislocation loops
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emitted by the Frank‐Read segment are mobile, since the applied stress is
larger than the self‐stress of the loops.
It may be argued that the post‐yield flow stress is the yield stress of deformed
material. The question now arises how the interpretations of yield stress as
proposed in Chapter 6 and of post‐yield flow stress (i.e. work hardening) can be
made consistent.
An alternative explanation of eq. (7.19) is given by the link length theory [37],
which is based on the principle that the stored dislocation distribution is such
that dislocation segments of sufficient size to be able to multiply at the value of
the flow stress can be accommodated. It is assumed that these segments are
straight, or equivalently that their environment is free of internal stresses.
To make dislocation multiplication during deformation possible, the length lFR
of dislocation segments that can operate at the flow stress as potential Frank‐
Read sources must according to eq. (5.A9) be equal to

l FR 

MGb

w

.

(7.20)

Note that the small contribution  c  10  2 MPa of the Frank Read stress at
yield is neglected as well as the post‐yield Hall‐Petch contribution to the flow
stress which was found to be negligible in section 7.4.3. For a uniform
dislocation network, this segment length is the link length lu of such a network,
which is given by
l

lu 

1

(7.21)



From eqs. (7.19)..(7.21) follows   1 . This is more than 6 times larger than the
accepted value   0.15 , and it is unlikely that there exist segments large
enough to operate as Frank‐Read sources during plastic deformation in such a
network. Since the dislocations are however not uniformly distributed, but
concentrated in the cell walls of the dislocation substructure, the discrepancy
between the link length and the length of viable Frank‐Read dislocation
segments becomes even larger.
This problem can be resolved if it is assumed that the Frank‐Read dislocation
segments are situated inside the dislocation cells rather than in the cell walls.
Let the length of these segments be some fraction   1 of the cell size, which
is given by the Staker‐Holt relation [38]
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(7.22)

The condition that the cell interior is free of stresses caused by the dislocations
in the cell walls is most probably ensured by the fact that dislocations of
opposite sign are arriving from opposite sides of the cell walls, thereby
mutually screening their stress fields.
Substituting lFR  

K SH



, where l FR is the length of the Frank‐Read dislocation

segments and  the ratio of segment length to cell size, in eq. (7.20) yields

w 

MGb 
.
 K SH

(7.23)

Since this must be identical with eq. (7.19), it follows that  

1
K SH 

. With

  0.15 and K SH  15 , the estimated value of  is   0.4 , which is a not
unreasonable result, since it is sufficient for free operation of the FR source.
The empirical constant  can therefore be interpreted in terms of dislocation
cell size and the size of the Frank‐Read dislocation source size. The latter can in
principle be determined from the flow stress after deformation according to
the principles that pertain to the yield stress and which are laid down in
chapter 5 and 6. Note that the value   0.4 implies that any stresses
originating from the immobile dislocation sub structure must be small or
negligible, since otherwise the Frank‐read segments must be larger and  closer
to 1. This complies with the Low Energy Dislocation Structure (LEDS)
theory [39].
The conclusion is that only the development of a dislocation substructure that
has a cell size that relates to the dislocation density according to eq. (7.22)
makes it possible to accommodate dislocation segments of sufficient length to
be able to multiply at the observed flow stress. The main problem to be solved
in the field of dislocation theory is therefore the question how the dislocations
become arranged in a cell structure according to eq. (7.22).
This interpretation of the Taylor relation also offers an explanation for the
phenomenon that the work hardening rate becomes zero after an abrupt
change from high to low strain rate, as observed in Figure 7‐1, curve d. At the
instant of the strain rate jump, the flow stress is higher than it would have been
if the sample had been deformed at the low rate (Figure 7‐1, curve a).
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Consequently the dislocation cell size at that instant is smaller than complies
with the flow stress value for the strain rate just after the strain rate change.
From eq. (7.20) follows that the Frank‐Read sources are too short to be able to
maintain the multiplication process at the lower flow stress, and that
dislocation multiplication ceases.
It also resolves the question why the Taylor relation is not very sensitive to the
spatial dislocation distribution (in the sense the classical interpretation). On the
contrary it is, since it can be formulated as a related to a fundamental special
distribution parameter of the substructure, namely the dislocation cell size. In
the next sections the implications of this interpretation to the Hall‐Petch theory
proposed in Chapter 6 will be discussed.

Figure 7‐14. Schematic representation of grain boundary dislocations
(left), combined in “hyper" dislocations (right).
7.7.2

The Taylor relation and the proposed yield stress theory

It can be argued as follows that this interpretation of the Taylor relation has no
impact on its use in the formulation of the Hall‐Petch/Frank‐Read theory of the
yield stress proposed in Chapter 6. There it is applied to a distribution of grain
boundary dislocations. These grain boundary dislocations constitute a ‐strain
dependent‐ additional low angle grain boundary at each existing grain
boundary. These additional low angle grain boundaries can be interpreted as
“hyper”‐dislocations having a Burgers vector equal to the sum of the individual
dislocations in the additional low angle grain boundary, and situated in the
centre of the boundary, as depicted in Figure 7‐14. These hyper‐dislocations are
uniformly distributed for a uniform grain structure, and can thus be treated
according to the conventional interpretation of the Taylor relation, that is as a
uniform distribution of ‐in this case hyper‐dislocations.
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Hall Petch treatment of dislocation cells
Some authors have proposed to take the cell size as an additional state variable
and include the cell size hardening as a contribution to the flow stress like
Mughrabi [40] and Nes [41] in their dual state variable models. They include a

flow stress term proportional to

1
, or equivalently to  , to include the flow
d

stress due to geometrically necessary dislocations in the cell boundaries.
In relation to any misorientations that evolve between dislocation cells during
deformation, the argument presented in the previous section may be reversed
and applied to the dislocation cells.
If we treat the dislocation cells similar to grains, i.e. taking the cell boundary
stresses due to inter‐cell misorientation into account, the dislocation cell Hall‐
Petch contribution to the flow stress  c is given by:

c 

K HPc
,
d

(7.24)

where K HPc is the Hall Petch coefficient of the dislocation cell structure.
Substituting for the cell size from eq. (7.22) yields

c 

K HPc 14
 .
K SH

(7.25)

The Hall‐Petch contribution of dislocation cells to the flow stress is now seen to
evolve at a lower rate than according to the dual state‐variable model.
According to the theory developed in chapter 6, K HPc is proportional to the
misorientation between neighbouring grains, in this case between
neighbouring cells. The average misorientation between dislocation cells for
moderate strains is only 1‐2° [12], while the average misorientation between
randomly oriented grains is 45° [42]. K HPc is therefore 20‐40 times smaller than
the

Hall

Petch

coefficient K HP of

the

grain

structure.

With

KHP  141 MPa m1/2 , this contribution to the flow stress constitutes only a
fraction f =0.05 to 0.1, which was calculated from eq. (7.19) for moderate
dislocation density, as shown in Figure 7‐15.
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Figure 7‐15. Actual work hardening and Hall‐Petch hardening due to
cell size.

As shown in this figure, the hardening contribution due to cell size according to
the Hall‐Petch theory is small compared to the actual work hardening and
decreases rapidly in importance for increasing dislocation density/work
hardening. Even if the dislocation cells develop into sub grains and the
misorientation cell becomes large, this hardening contribution will remain
relatively small due to the  4 dependence of the cell misorientation
hardening. In addition, sub grain formation probably does not occur during hot
forming, due to the occurrence of dynamic recrystallisation, which prevents the
development of large accumulated strains with which sub grain formation is
associated.
The cell misorientation contribution to the flow stress can therefore safely be
neglected. This is in agreement with our conclusion in section 7.3 of this
chapter that work hardening is sufficiently characterized by a single state
variable. It is now also clear, that the initial stress parameter o introduced in
1

eq. (7.18) is identical to the Frank‐Read contribution  l to the yield stress in
eq. (6.22) in Chapter 6. The former is computed from the initially present
dislocation structure by the Taylor relation, while the latter follows from the
c
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Frank‐Read model, which were shown to yield similar results in the treatment
above. The yield and flow descriptions are thus rendered in a theoretically
consistent manner.
Having arrived at a unified explanation of yield and flow stress, it can now be
concluded that:
 The Taylor relation between work hardening and dislocation density
can be interpreted as being due to the cell size which decreases





proportional to  and which defines the segment length of active
dislocation sources.
The conventional explanation of the Taylor relation pertains only to
situations where the dislocations (or clusters thereof) are
homogeneously distributed, like the GND structures caused by
misorientations at grain or dislocation cell walls.
The work hardening effect due to cell wall GND’s is relatively small.

7.8 Conclusions
By a careful breakdown of the experimentally observed hardening behaviour in
the present and previous chapter, it was found that:
 A significant part of the effect of strain rate and temperature on the
flow stress is due to resistance due to thermally activated dislocation
glide.
 Thermally activated glide resistance is already fully operational at the
yield point, and is not subject to change due to dislocation
multiplication.
 In the present case, the resistance due to thermally activated
dislocation glide is due to solution hardening.
 The yield stress is the sum of a Frank‐Read contribution, a Hall‐Petch
contribution and the aforementioned resistance due to thermally
activated dislocation glide.
 The ‐theoretically expected‐ Hall‐Petch effect on the work hardening
rate is insignificant in the present case.
 The common point of view that the initial hardening rate U is an
athermal quantity is proven to be false.
 The temperature and strain rate influence of the work hardening rate is
for a large part caused by a thermally activated mechanism of the initial
hardening rate U.
 The latter mechanism can be interpreted as a form of precipitation
hardening that pertains to the work hardening rate.
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Summary
The literature pertaining to the dislocation theory of the flow stress of
polycrystalline metals is reviewed. This is introduced by a qualitative overview
of the formulation of constitutive equations, followed by a discussion on
thermally activated dislocation glide and of work hardening. Of the latter the
Bergström theory of work hardening is reviewed, contrasted with a review of
the Kocks‐Mecking work hardening model. In the last section the anomalous
work hardening effect caused by dynamic strain ageing is discussed.
In Chapter3 the experimental methods and techniques used in this study are
discussed. The choice for executing tensile tests rather than compression
testing is explained, and the advantages/disadvantages of the Gleeble
thermomechanical testing system are discussed. These are respectively its
versatility with respect to possible thermomechanical sequences and the
occurrence of an awkwardly large temperature gradient in the standard tensile
sample due to internal heating by an electric current combined with cooled
grips. A specially designed sample that has been developed to minimise this
temperature gradient is described, which makes use of a shunt resistance
parallel to the gauge section of the sample. This ensures that the current
density in the specimen shoulder section and the gauge section are equal, with
consequently equal heating rates and final temperatures of both. This in turn
prohibits heat flow from the gauge section to the grips, so that the
temperature gradient in the gauge section is minimised. Next, a technique for
non‐contact measurement of strain and temperature is introduced as well as
some special test techniques, namely deformation of metastable austenite
(ausforming) at sub‐critical test temperatures, the strain rate jump test and
stress cycling are discussed. Non‐contact strain measurement is a useful tool to
compensate for the small useful uniform strain range of the tensile test. The
ausforming technique is advantageous for extending the temperature window
as a compensation for the relatively low (with respect to the hot rolling
process) strain rate of the Gleeble system. The strain rate jump and is useful
diagnostic tools with which the occurrence of thermally activated effects in the
flow stress, namely whether they are caused by dislocation glide mechanisms,
work hardening or both. The stress cycling test is a tool with which it can be
determined whether deformation is reversible or plastic.
Finally Kocks‐Mecking analysis of tensile data is discussed as an instrument to
assess the yield stress, followed by a section pertaining to instrumental issues
like machine stiffness corrections and suppression of disturbances in the
measured signals by filtering in the frequency domain. It is shown that the
disturbances caused by the heating system can be successfully suppressed by
application of a Chebychev filter.
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Chapter 4 is a theoretical exercise with which it is shown that dynamic strain
ageing can be explained by a negative sensitivity of the work hardening rate
due to segregation of solute atoms to the stored dislocations. This shows that
the occurrence of dynamic strain rate effects can be judged by inspection of the
flow stress as function of temperature at different strain rates, which will be
done in Chapter 7.
In Chapter 5 the viability of using Kocks‐Mecking analysis of the flow stress,
which yields a physically based yield stress criterion is shown. An elementary
model of anelastic pre‐yield deformation is developed, based on the reversible
dislocation glide mechanism. The yield stress is explained by the Frank‐Read
mechanism of dislocation multiplication. It is shown, that by this theory, the
density and average length of pre‐existing dislocation segments can –in
principle‐ be determined from tensile test data14. This model is developed
further in Chapter 6, where the additional effects of Hall‐Petch hardening and
thermally activated dislocation glide is incorporated. The Hall‐Petch effect is
explained by strain incompatibilities between neighbouring grains that are
caused by anisotropy of the elastic stiffness tensor and of the dislocation glide
process. It consequently is dependent on the grain misorientation distribution.
The model is applied to the yield stress data of a comprehensive set of tensile
tests. This quantitative analysis comprises two steps: firstly the hall Petch
model is fitted to a subset of the data that is dedicated to grain size effects,
after which the rest of the data is corrected for grain size influences and the
model of thermally activated dislocation glide is fitted. The Hall‐Petch analysis
led to the conclusion that the effect of anisotropy of the elastic stiffness tensor
to the yield stress is negligible. From the obtained parameter values of the
dislocation glide model it is concluded that the density of pre‐existing
dislocations is of the same order of magnitude as is usually assumed as the
initial value in fitting post‐yield work hardening models. The thermally activated
mechanism that causes dislocation glide resistance is probably associated with
thermally activated passing of solute carbon by dislocations i.e. solute
hardening.
In Chapter 7 the work hardening behaviour, obtained by subtraction of the
yield stress from the flow stress data is first examined qualitatively. By analysis
of the strain rate jump tests is found that the flow stress contribution
associated with thermally activated dislocation glide is appreciable, that it is
virtually equal to that of the yield stress and not appreciably dependent on
14

This theory has already contributed to several projects: a M2i project on degradation
of the pre‐yield modulus due to the accumulation of dislocations caused by plastic
deformation and spring‐back after deep drawing, and an internal project concerning
sheet flatness defects due to temperature gradients on the runout table.
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strain. The main consequence of this conclusion is that the (strain rate and
temperature dependence of) the yield stress and of work hardening can be
fitted separately. In addition it is shown that the Bergström interpretation of
dynamic recovery is to preferred over that of the Kocks‐Mecking school of
thinking.
By examining the flow stress as function of strain rate and temperature during
constant strain rate testing, is found that dynamic strain ageing does not occur.
Next it is shown by examination of the Kocks‐Mecking curves of the constant
strain rate tests that grain size has no appreciable effect on the work hardening
rate, and more importantly that the usual assumption of the dislocation
immobilisation rate to be an athermal constant is not tenable in the case of
alloyed metals. It is concluded that this behaviour is caused by a contribution to
the dislocation mean free path that is associated with thermally activated
passing of some kind of obstacle, possibly solutes, which can be interpreted as
a form of “indirect” (in the sense of pertaining to the hardening rate rather
than directly to the flow stress) solution hardening These qualitative
conclusions lead to the formulation of a work hardening expression in which an
extra thermally activated effect on the dislocation immobilisation rate is
included, and which is subsequently fitted to the work hardening data. It is
shown that the proposed indirect thermally activated hardening contribution
predominates in the low strain range.
The chapter is concluded with a discussion of theoretical character, where the
position is taken that the alternative explanation of the Taylor relation between
work hardening and dislocation density being due to dislocation cell size rather
than resistive stresses due to dislocation density is to be preferred. It is then
shown, that this leads to a consistent view on yield and flow stress.
In this thesis it is shown that resistance due to thermally activated glide is not
negligible in deformation at elevated temperatures and that it does not vary
appreciably as a function of strain. It is found that the Hall‐petch effect is
associated with plastic anisotropy, with little effect of elastic anisotropy.
Furthermore, it is found that some kind of obstacles that can be passed by
thermal activation is the cause of the strain rate/temperature dependence of
the initial hardening rate.
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Propositions
to the thesis
Yield and flow stress of steel in the austenitic state
by Peter van Liempt

Gentlemen, you can't fight in here! This is the War Room!
President Merkin Muffley In: Dr. Strangelove, Stanley Kubrick

1.

Portevin‐le Châtelier instabilities are caused by a negative value of the strain
rate sensitivity of the work hardening rate, not of that of the dislocation glide
resistance. (Chapter 3&7)
2. The degradation of the pre‐yield elastic modulus is caused by reversible glide
of pre‐existing dislocation segments (Chapter 5).
3. The Hall‐Petch effect is caused by misorientations between neighbouring
grains and hence is a textural effect(Chapter 6)
4. The initial work hardening rate is dependent on strain rate and temperature.
5. The relation between flow stress and dislocation density must be explained by
the Frank‐Read mechanism.
6. The lower yield stress is not a yield stress.
7. The upper yield stress and the proportional limit are physically identical.
8. In crystal plasticity, a distinction between yield locus and flow locus should be
made.
9. Of all assumptions, the tacit one is the most dangerous (and maybe the most
numerous).
10. It is pedantic for a PhD candidate to assume that propositions other than those
pertaining to his/hers scientific field are worth proclaiming (the present one
included).

These propositions are regarded to be opposable and defendable, and have been
approved as such by the promotor prof. dr. ir. J. Sietsma.

Stellingen
bij het proefschrift
Yield and flow stress of steel in the austenitic state
door Peter van Liempt

Gentlemen, you can't fight in here! This is the War Room!
President Merkin Muffley In: Dr. Strangelove, Stanley Kubrick

1.

Portevin‐le Châtelier instabiliteiten worden veroorzaakt door negatieve
waarde van de reksnelheidsgevoeligheid van de werkverstevigingssnelheid,
niet door die van de dislocatiepropagatieweerstand. (Hoofdstuk 3&7)
2. De degradatie van de elastische stijfheid voorafgaand aan plastisch vloeien
wordt veroorzaakt door reversibele propagatie van initieel aanwezige dis‐
locaties (Hoofdstuk 5).
3. Het Hall‐Petch effect wordt veroorzaakt door oriëntatieverschillen tussen
aangrenzende korrels en is daarom een textuureffect (Hoofdstuk 6),
4. De beginwaarde van werkverstevigingssnelheid is afhankelijk van reksnelheid
en temperatuur.
5. Het verband tussen de vervormingsweerstand en de dislocatiedichtheid moet
worden verklaard door het Frank‐Read mechanisme.
6. De onderste vloeigrens is geen vloeigrens.
7. De bovenste vloeigrens en de proportionaliteitsgrens zijn fysisch identiek.
8. In de kristalplasticiteitsleer zou onderscheid moeten worden gemaakt tussen
de vloeigrenslocus en de deformatieweerstandslocus.
9. Van alle veronderstellingen is de stilzwijgende het gevaarlijkst (en misschien
het meest talrijk).
10. Het is pedant voor een promovendus om te veronderstellen dat stellingen
anders dan betrekking hebbende op zijn/haar vakgebied de moeite van het
verkondigen waard zijn (de huidige meegerekend).
Deze stellingen worden geacht opponeerbaar en verdedigbaar te zijn ,en zijn als
zodanig goedgekeurd door de promotor prof. dr. ir. J. Sietsma.

