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We present an algorithm to compute the N-fold Crum transform (also known as the dress-
ing method) for the Korteweg-de Vries equation (KdV) accurately in floating point arith-
metic. This transform can be used to generate solutions of the KdV equation, e.g. as a
part of the inverse Non-linear Fourier Transform. Crum transform algorithms that sequen-
tially add the N eigenvalues to the solution with a chain of N Darboux transforms have a
computational complexity of ©@(N?), but suffer inevitably from singular intermediate re-
sults during the computation of certain regular Crum transforms. Algorithms that add all
N eigenvalues at once do not have that flaw, but have a complexity of @®(N3) and are often
even less accurate for other reasons. Our algorithm has a complexity of ©(N?). It makes
use of a chain of 2-fold Crum transforms and, if N is odd, one Darboux transform. Hence,
our algorithm adds two eigenvalues at a time instead of one whenever possible. We prove
that with the right eigenvalue ordering, this avoids artificial singularities for all regular
Crum transforms. Furthermore, we demonstrate that our algorithm is considerably more
accurate in floating point arithmetic than benchmark algorithms found in the literature. At
the same error tolerance, N can be three to seven times as high when using our algorithm
instead of the best among the benchmark algorithms.

© 2021 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/)

1. Introduction

The Korteweg-de Vries equation (KdV) is a partial differential equation (PDE) that describes certain weakly non-linear
wave phenomena in one space dimension. Among its numerous applications are surface waves in shallow water [1-5]; blood
pressure waves in arteries [6,7]; internal waves in the ocean, Rosby waves in the atmosphere, plasma waves, acoustic waves
[8,9]; and electrical waves in non-linear transmission lines [10].

From a mathematical point of view, the KdV has gained fame as the first example of a non-linear partial differential
equation that is (Lax-)integrable [11,12]. That is, there exist a direct and an inverse Non-linear Fourier Transform (NFT) (the
latter is also known as Inverse Scattering Transform [13]) that one can use to solve initial value problems for the KdV. The
merit of the conventional Fourier transform is well known in linear system theory: Instead of doing hard computations on
an input signal directly, one transforms it to an alternative representation called a spectrum. Certain computations, such as
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the evolution of the input signal, become simpler in this spectral representation. Finally one finds the result from the inverse
transform of the resulting spectrum. With the KdV-NFT, initial value problems for the KdV can be solved accordingly.

Unlike the conventional Fourier transform, the NFT has long remained an analytical tool for mathematicians. Due to the
non-linear nature of the transform, even simply scaling up a signal can change the non-linear spectrum dramatically. The
impact of numerical inaccuracies typically increases as well, making the transform more difficult to compute. Numerical
algorithms for the computation of forward and inverse NFTs that are fast and accurate enough for engineering practice
started to appear only recently. See, e.g., [14-18]. A major motivation for the development of these methods is that NFTs
can be used as a signal processing tool for revealing potentially hidden components such as solitons that cannot be detected
using conventional linear methods [2,3,19-22].

In this paper, we are concerned with the inverse KdV-NFT. As will be explained in Section 2.2, the KdV-NFT spectra we
consider consist in general of two parts: a continuous spectrum and a discrete spectrum. The discrete spectrum consists
in its turn of N > 0 eigenvalues. A well-known approach for the numerical computation of inverse NFTs is to first find the
inverse transform of the (suitably pre-compensated) continuous spectrum, and then add the N eigenvalues of the discrete
spectrum in a second stage. See, e.g., 23, Sect. 3], [24, Chap. xvii.3.2], or [25, Sect. 4.2]. The contribution of this paper is a
numerical algorithm for this second stage, which is also known as the Crum transform.

From an analytic perspective, the Crum transform for the KdV can be carried out in closed-form, but its numerical im-
plementations are notoriously inaccurate. We are not aware of a publication that systematically studies these errors for the
KdV case. However, Chimmalgi [26, Chap. 5] studied a Crum transform with respect to the Non-linear Schrédinger Equation
(NSE). He showed that the error in the result of that Crum transform increases exponentially as a function of the number
of eigenvalues N. Also for the NSE, Gelash and Agafontsev [27] resorted to high-precision arithmetic with an accuracy of
100 decimal digits in order to obtain sufficient accuracy for their needs, a strategy that comes at a substantial computa-
tional cost. In this paper, we therefore instead aim to improve the numerical accuracy of the method itself. This will enable
us to handle cases that normally would have required high-precision arithmetic, using conventional 64 bit floating point
arithmetic (specifically, IEEE 754 double precision), which is directly supported by conventional central processing units
(CPUs). Of course, our method could also be implemented using high-precision arithmetic. In that case, the number of dig-
its required is expected to be lower than with the existing algorithms, which again translates into a lower computational
complexity.

A widely known and relatively simple and efficient way to implement any Crum transform is to add eigenvalues one
by one using Darboux transforms [23]. The intermediate results generated by this approach however can have singularities
in the KdV case, which then propagate into the final result and cause serious numerical problems. It is important to note
that these intermediate singularities are an artificial by-product of using a chain of Darboux transforms. They can occur also
when the mathematical conditions for the end result to be non-singular are fulfilled. (Further details will be provided later
in Section 3.2.) A non-sequential algorithm for the KdV Crum transform that is free of artificial singularities was presented
in [28]. Unfortunately, this algorithm suffers from large numerical errors for all but the most simple cases when floating
point arithmetic is used. Furthermore, its complexity order is cubic instead of quadratic. In [16, Sect. 1v/App. F], the authors
of the present paper proposed some modifications to the algorithm of [28] that improved it just enough for the needs of
that paper. However, when we recently tried to compute the inverse KdV-NFT of the discrete spectrum of surface waves
measured in shallow water [22], we found that even this version was unable to reconstruct the free surface data with
reasonable precision. To the best of our knowledge, these are the only (numerical) algorithms for the KdV Crum transform
that have been reported in the literature so far.

In this paper we propose a completely redesigned algorithm for the KdV Crum transform. We prove (see Theorem 2)
that it does not suffer from artificial singularities, in contrast to a chain of N Darboux transforms. Furthermore, it uses
mathematically equivalent but numerically advantageous formulas to avoid several other major sources of numerical error.
In numerical examples, our algorithm can therefore process between three to seven times as many eigenvalues in floating point
arithmetic as existing numerical algorithms (at comparable error levels). At the same time, the computational complexity of our
algorithm is only quadratic. We remark again that the proposed algorithm is not restricted to 64 bit floating point arithmetic.
It could be implemented in higher precision arithmetic as well, to combine the accuracy gain of both approaches. Please be
informed that the Crum transform for the KdV generates only solutions to the KdV and other partial differential equations
(PDEs) that are Lax-integrable via the Schrédinger equation,’ as well as for the Schrédinger equation itself. The same thus
applies to the algorithm in this paper, although some of the underlying ideas can be carried over.

We structured the remainder of this paper as follows. In Section 2 we introduce the notation and outline the theory
behind the NFT and the Crum transform as far as it is required to understand the rest of the paper. In Section 3, we discuss
several sources of numerical error that will be avoided by our new algorithm. The new algorithm itself is then presented (in
a fairly self-contained manner) in Section 4. The advantages of the new algorithm are illustrated with numerical examples
in Section 5. The paper is concluded in Section 6. Lengthy proofs and derivations of some of the results presented in this
paper are put in appendices, to improve the readability of the main text.

1 Despite the similarity in name, the Non-linear Schrédinger Equation is not Lax-integrable via the Schrédinger equation.
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2. Preliminaries
2.1. Notation

We use a slanted serif font for variables, upright serif for constants, sans-serif for operators and a calligraphic font for
sets. Vectors and indexed vector elements are displayed in bold lower case and matrices in bold uppercase. Vertical bars,
| -], indicate the absolute value of a scalar, the determinant of a matrix, or the cardinality of a set. We denote the nearest
lower integer (floor) by |-], the nearest higher integer (ceil) by [-], and the nearest integer (round) by by |-]. We will
use both exp (x) and e* to denote the exponential function. The signum function is defined as sign(x) :=1 for x > 0 and
sign(x) := —1 for x < 0. The binary logarithm is denoted by Ib(x) := log, (x). The symbols ‘o and ‘<’ are used to indicate
‘is proportional to’ and ‘assign the right hand side to the left hand side’, respectively. The Landau ‘big-O’ order symbol is
written as O. The sets of real, imaginary, and complex numbers are denoted by R, I, and C, respectively. We furthermore
use the short hand N :={a,a+1,...,b}. If needed, we use a superscript between round brackets to indicate to which
potential a variable belongs.

2.2. Non-linear Fourier transform

The purpose we have in mind for our KdV Crum transform algorithm, is the KdV-NFT. In this section we outline briefly
the KdV-NFT in order to establish the connection with the Crum transform hereafter in Section 2.3. For a comprehensive
introduction to the NFT we refer to [29] and the references therein.

We consider the KdV %q = —3%q2 - %q. where t denotes time, x denotes location, and q = q(x, t). We require that the
initial condition at time ty is real and satisfies the vanishing boundary conditions

lim qx,10) =0 and / lq(x.to) | (1 + [x]) dx < oc. 1)
X|— 00 —o0

To find q(x,t) for any t, we first compute the NFT spectrum of the initial condition [16,30]. Then we propagate this spectrum
forward or backward in time by means of simple formulas [11], [31, Sect. 1.4]. Finally, the inverse NFT of the propagated
spectrum gives q(x, t).

For the forward KdV-NFT, one considers the initial condition q(x, ty) as the potential in the Schrodinger eigenvalue prob-
lem:2?

(& +q(x. 1)) f(x.§.to) = GO f(x. €. to), where j=y-1 2)

We call signals f(x, ¢, tp) that fulfil (2) trajectories. The Jost solutions ¢ (x, ¢, tp) and ¥ (x, £, ty) are the specific trajectories
that satisfy the respective boundary conditions

O (x, £, to) — T as x — —oo; Y (X, +£C,tg) — %% as x — oo. (3)

Because the trajectories ¥ (x, ¢, tg) and ¥ (x, -, tp) are linearly independent, one can find parameters a(¢) and b(¢, tg)
such that*

P, &, to) =a(g) Y (x.=C.to) +b(L. to) ¥ (x. £, to). (4)

From these parameters one finds the KdV-NFT spectrum (R(¢, tg), D(tp)), which consists of two parts. The continuous spec-
trum is defined by the so-called reflection coefficient

R(Z.to) := b(§.to)/a(f) eC V¢ eR\{0}. (5)
The discrete spectrum is defined by the (possibly empty) set
D(to) := {(¥m. b(¥m.t0)) € Rug x R\ {0} | a(jym) = 0}. (6)

To simplify the notation, we omit the dependence on time in the remainder of this paper. The values jy, are known as
eigenvalues and b(jym) as norming constants. The eigenvalues are thus the values of ¢ for which (4) reduces to

O (X, j¥m) = b(ym) ¥ (X, j¥m). (7)

It can be shown that all eigenvalues lie on the upper half of the imaginary axis, i.e. ym > 0 for all m ¢ N’]"’ ={1,2,..., M},
where M is the cardinality of the discrete spectrum. Furthermore, all eigenvalues are known to be simple [33, pp. 50-53].
Throughout this paper we consider the discrete spectrum as a totally ordered set with 0 < y; < )5 <--- < . Note that
some other sources instead consider the values (jym)? as the eigenvalues. Since these values lie on the negative real axis,

2 Eq. (2) establishes a close connection between the Non-linear Fourier Transform and quantum scattering, cf. [24].

3 Trajectories of (2) are to be understood as solutions in a weak sence [32, pp. 1-2], so henceforward equations involving trajectories of (2) only need to
hold almost everywhere.

4 See e.g. [16, App. A] for the explicit definitions of a(¢) and b(¢, o).
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the terms ‘highest’ and ‘lowest’ are prone to confusion. Therefore, we will refer to their magnitude by saying that jy,, is the
largest eigenvalue and jy; the smallest.

The inverse KdV-NFT recovers the potential g(x) from a given spectrum (R(¢), D). The three main approaches for its
computation are a) reformulating the Schrédinger Eq. (2) as a Gel'fand-Levitan-Marchenko integral equation, b) solving
an associated Riemann-Hilbert problem, and c) transferring the Schrodinger equation into the time domain and exploiting
causality principles. See e.g. [24, Chap. xvii] for an exhaustive survey and [25,34,35] for some recently proposed numerical
methods.

As already mentioned in Section 1, we consider the approach in which one first finds the inverse transform of the
(suitably pre-compensated) continuous spectrum and subsequently adds the eigenvalues by means of a Crum transform. In
this paper, we develop an accurate algorithm for the computation of the Crum transform that avoids artificial singularities
and takes the effects of floating point arithmetic into account. It can either serve as the second stage of a general inverse
KdV-NFT algorithm, or as a stand-alone inverse KdV-NFT algorithm for reflectionless potentials, potentials with a reflection
coefficient of zero.

2.3. Crum transform

In this subsection, we briefly review the Crum transform. Detailed derivations can be found e.g. in [23, Sect. 3], [36], or
[37, Chap. 1].
Recall that the Wronskian of N sufficiently often differentiable functions g (x), ..., gy(x) at x is given by

d d\y ;4
&) &k (dx) &1 (%)
Wilgi(x);...;en®X)] == : : . (8)
d d\y ;4
&n(x) agN(x) (dx) gn(x)
Crum [38] used Wronskians to construct new solutions of the Schrodinger Eq. (2) by updating old ones. Since the
Schrédinger equation determines the KdV-NFT spectrum, his method can be used to generate solutions of the KdV.

Theorem 1 (Crum transform). [23, Thm. 6], [36, Sect. 2.1] Let f(x,¢) = f© (x, ¢) be any trajectory of (2) for a potential q(x) =
q© (x) that satisfies (1). Let f(x, {n) = Un(x) for ne NN ={1,2,....N} be N specific trajectories of (2) for q(x) = q© (x) and
¢ = ¢n. Then

W[ (%); D2(%); s OIn(); fO (%, D))

(N) _ M) £(0) .
FR8) = Coy JT X ) = =05 ) 3001 O (O] )
is a trajectory of (2) for the potential
d2
qV @) =qO 2957 In (W[ (x); 92(%): ...; On(x)]). (10)

We call ¢ (x) the background potential, q™) (x) the target potential, and ¥, (x) the seed trajectories. The Crum transform
for N =1 is also known as the Darboux transform and it can be shown that every Crum transform is analytically equivalent
to a chain of N Darboux transforms [36, Sect. 2.1]. The Crum transform can thus be implemented in one shot, adding all N
eigenvalues at once (e.g. 36, Sect. 2.1], [23, Thm. 6]); or sequentially, by repeated application of the Darboux transform (e.g.,
[37, Chap. 1], [23, Thm. 2], [24, Chap. xvii.3.2], [25, Sect. 4.2]). (In Section 3.1, we will propose a novel sequential approach
for the numerical implementation of the Crum transform.)

To establish the connection with the KdV-NFT, we need two properties of the Crum transform. First, any Wronskian, (8),
with a repeated entry (i.e., g, (x) = gm(x) for n # m) is the determinant of a singular matrix, which equals zero. Therefore,
(9) implies that the Crum transform maps all of the seed trajectories to zero, i.e.

Cly) Pn(x)=0  Vneny. (11)
Second, ng)) is a linear differential operator by the well known fact that the determinant of a matrix is a multi-linear
function of its rows. These two properties allow us to use the Crum transform for adding N eigenvalues to the discrete
KdV-NFT spectrum of the background potential,® as follows.

Let us choose the seed trajectories to be of the form

Uh(x) = d)(o) (X, jKcn) _(—1)N,3n W(O) (. jKn), Bn #0, kn > 0, (12)

5 The Crum transform can also be used to remove eigenvalues [23, Thm. 3], but in this paper we only discuss the use of the Crum transform to add
eigenvalues.
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where B, and «;, are real and finite, jk, is not an eigenvalue of the background potential, and ¢©@ (x, jk,) and ¥ (@ (x, jip)
are Jost solutions of the background potential. Then the Jost solutions of the target potential turn out to be [23, Thm. 6],
[36, Eq. (2.2.10)]

o™ . &) = (I 557 ) Clo) @ . £, i ¢ ki ko ks (13)
Y™ ) = (Mot e2%)Clo) ¥ @ . 0, §¢ ¢ K1k k) (14)
Using (11), (12), (13), and (14) and the linearity of cg(); we find
0= (o) I (0) = Cg) (0 (X jien) — (DN By @ (X, jien)) = (15)
(6@ (. Jicn)) = Ba((=DNCHY @ (%, jicn)) o ™ (x, jicn) = Buty ™ (%, ien)
= ¢(N) (X’jKﬂ) = ﬁnw(N) (xniKn)' (16)

where ‘o’ denotes proportionality. By comparing (16) with (7) we recognise jk, as eigenvalues of the target potential, with
norming constants b (ji,) = B. If the background potential already has eigenvalues, these are preserved, but their norm-
ing constants change sign when an odd number of eigenvalues is added.® Thus, when we choose the seed trajectories as in
(12), the effect of the Crum transform on the discrete spectrum (6) is

{(),m) b(N)(Jy(N>))}={( O (~ 1)”b<°)(1y<°)))}U{(Kn,ﬂn)

where U denotes the union of sets. The effect on the continuous spectrum (5) is’

RN (€)= (M=t 2535 ) RO©). (18)

neNqV}. (17)

2.4. Dressing method

For numerical computations the Schrodinger Eq. (2) is typically rewritten as a system of first order ordinary differential
equations. Thereto one defines an operator

[ O +re o) & nx¢)  vn@.f)
Vi £) = [vm (X%, 0) +Un (% 0) ;j Where (% 8) umx )| (19)
such that (2) can be rewritten as
%f(x,§)=ﬂ(x,§)f(x,§)- where FXE) =V Q) fx,¢) e (20)

The simplest choice for the operator V(x,¢) is Ve(x. ¢) :=[1  Z]".

Other common choices for the operator V(x, {) have been discussed in [16, App. C], see also Appendix B.1.

We also can rewrite the Crum transform using vector-valued trajectories. This formulation of the Crum transform is
known as the dressing method in the literature [39]. Let f(x,¢) :=V (., ¢) f(x,¢) and #,(x) := V(x, ) Un(x) denote the
vector-valued versions of the trajectories in Theorem 1. The Crum transform can then be expressed as

a™ @) =4 )+ Aqf) (x) and fYx o =g x.0) FOx0), (21)
where Aq(o) (x) is the potential update and C Eg)) (%, ¢) is the dressing matrix. Their exact forms depend on the choice of the
operator V(x, ¢), but they always satisfy

Aqg: R x R x @ C x @Ry — R
, 400 @) KKy e AGG ()

x

C: R x RUD\{0} x@®Y,c2 x @\ R, — 22
X, Z, HX),....ONEX), Ki,....KN = CES’))(X,Q.

This formalistic description conveys an important practical merit of the dressing method: Aqu) (%) and CESJ; (x,¢) are local
functions, which means that in order to compute the Crum transform at some point x, the background potential and vector-
valued seed trajectories need to be known only at the same specific point. (The Wronskian representation in Theorem 1 is

not local since it requires not only the seed trajectories, but also the first N + 1 derivatives thereof.) The elements of ¥, (x)

8 To see this, let C§) operate on both sides of (7) and then substitute (13) and (14).

7 To see this, let C% operate on both sides of (4), use the linearity of Cfg)) and then substitute (13) and (14). See also [23, Thm. 6].

5
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Target potential with 15 eigenvalues
T T T T T

I
:,ﬁ Darboux C
H] ———— Crum C
=: m—m Proposed algorithm
L H 3 [ I I I
-10 -8 -6 -4 -2 0 2
Fig. 1. Target potential with 15 eigenvalues, as sequentially computed with (21), (22), and (23) ( , Darboux C), by the dressing method for the same

operator for N =15 (====, Crum C), and by the proposed algorithm (====) respectively, all in 64 bit floating point arithmetic. The graph shows the
numerical result of ¢ (x) in the domain |x| < 10 for the case v = 15 of the benchmark test described in Section 5.3. We remark that the graphs for the
Darboux C (minimum value: —5.1 x 10°) and Crum C algorithm (minimum value: —5.0 x 10%) are severely truncated from below.

are independent linear combinations of ¥, (x) and % Pn(x) by (19). In the dressing method higher order derivatives can also

be replaced by certain scalar multiples of 9, (x) or % Pn(X) using the fact that every seed trajectory satisfies the Schrédinger

Eq. (2) [23, p. 177-178]. (See also Appendix B.2.) Therefore, the computation of Aqgg)) (x) and CES')) (%, ¢) can be carried out
using only local, algebraic computations once the vector-valued seed trajectories #,(x) are known. We emphasize that the
dressing method is nevertheless an exact reformulation of the Crum transform.

As an example, the dressing method formulation of the Darboux transform (i.e. the N =1 case of the Crum transform)

with respect to the operator V¢(x, {) is given by

Do = 2q0e) 12O TG 20+ EG)
Aq(o) x)=-2q%(x)+2 20 and (22)
_%/ 1 (%) 1
¢ (x,¢)= do do , 23
C(0) *.2) oy (K1 P (X) _7le()() ) (K1 D (%) + dlx(X)) d o (x) 5 x (23)
&) - 52(x) . / 1(X)
where 94 (x) = [1 0] #c(x) and % =[0 1] #c(x). The derivation of (22) and (23) is shown in Appendix B.3.1.

3. Sources of numerical error and their mitigation

In practice, numerical implementations of the Crum transform suffer from surprisingly large errors, even for relatively
simple cases. We show an illustrative example in Fig. 1, where 15 eigenvalues were added to a zero background potential.
The first two lines in Fig. 1 were obtained with the dressing method with respect to the operator V¢ (x, ¢). The difference
between those two is that the solid line ( ) was obtained by adding the eigenvalues one after another using (21), (22),

(23), whereas the short dashed line (----) was obtained by adding all 15 eigenvalues in a single shot. The long dashed
line (=—=) finally was obtained with the novel algorithm that will be proposed in Section 4 of this paper. All computations

were carried out in 64 bit floating point arithmetic. The first two algorithms suffer from large numerical errors that can
be observed in the form of rapid fluctuations. Our proposed algorithm in contrast finds the target potential with negligible
numerical error.

In this section, we prepare the stage for our proposed algorithm by outlining the sources of such numerical errors and
discussing mitigation strategies. The dressing method formulation of the Darboux transform in (22) and (23) serves as an
example for our considerations, which also hold for many other implementations of the Crum transform. Our new algorithm
is then presented in Section 4.

3.1. Sequential versus direct implementation

A Crum transform for N > 2 can be decomposed into a chain of lower order Crum transforms that is analytically equiva-
lent. Such a decomposition is not unique, so there are typically many different ways to compute a Crum transform. The two
extreme cases are

1. adding all N eigenvalues at once with a single Crum transform, and
2. adding eigenvalues sequentially with a chain of N Darboux transforms.
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T PW={11) 1 PP ={1,-1),(2,1)}
3 T T T 7 (k2,82)= 3 T T T ]
(k1,81)=(1,+1) = |(b) (2,+1) % (©)
41 4 4 ]
ET D(O) =0 3 i A | (2) | |
ol 4 2 0 2a— 4 2 0 2a—
9 I I I = DM ={2, -1} i D(Z):{(1s71)7<2«1>}
B T T T 2 T T
42 00 2w Tld) ] £l(e) ? |
L 4 s |—1 :‘ |
(k1,81)=(2,~1) S (K2,B2)= 2 -
-6 I i I (1-1) ¢ £
-4 -2 0 2 x— -4 -2 0 2 x—
Fig. 2. Calculation of the target potential with spectrum R(¢) =0, D® = {(1,-1), (2, 1)} from a zero background potential by adding the eigenvalues in
different orders with Darboux transforms. 1) Smallest first: From (a) === q(© (x) = 0, to (b) === g1 (x) = 2 sech? (x). to (c) q@ (x) = 6sech®(x). 2)
Largest first: From (a) === q(® (x) = 0, to (d) === g1 (x) = —8 csch®(2x). to (e) q@ (x) = 6sech® (x) if x # 0, but undefined for x =0 ( 0) due to

the pole in (d).

One might intuitively expect that adding eigenvalues sequentially accumulates more numerical error than adding them
all at once. However, Fig. 1 shows a counterexample that is typical for the dressing method in our experience. Furthermore,
the computational complexity of adding N eigenvalues at once is at least in the order of O(N3) floating point operation,
because for each fixed x one either needs to solve a square linear system of size N, or calculate Nth order determinants. On
the other hand, the computational complexity of adding N eigenvalues sequentially is only in the order of O(NZ) floating
point operation (e.g., [24, p. 348]). Finally, it is hard to mitigate some of the error sources that are outlined in the remainder
of this section when adding all eigenvalues at once (without fixing N). Since adding all eigenvalues at once is both slower
and more prone to numerical error, we focus on sequential approaches in the following.

3.2. Poles in an intermediate potential

The Crum transform of a background potential that satisfies the vanishing boundary conditions (1) is in general not
guaranteed to satisfy the same conditions again. In particular, the target potential may have one or more poles that cause
divergence of the integral in (1). This happens if the Wronskian of the seed trajectories in (9) and (10) vanishes at one or
more points x cf. [37, Sect. 1.1.2], [40, Sect. 5.3].

From a physical point of view, we are usually only interested in solutions of the KdV without poles. However, one issue
with sequential implementations of the Crum transform is that they can introduce poles in intermediate potentials. These
poles cause artificial singularities in the target potential that would not be present if all eigenvalues were added at once.
It turns out that whether a sequential approach introduces artificial singularities or not depends on the order in which the
eigenvalues are added. This is demonstrated in Fig. 2. There we construct the same target potential with two eigenvalues by
adding them one by one in different orders. When the smaller eigenvalue is added first, both the intermediate and target
potential satisfy (1). However, when the larger eigenvalue is added first, the intermediate potential has a pole (cf. [31, Eq.
(3.4.10)], [40, Sect. 5.3]) that causes an artificial singularity in the otherwise equal target potential. Apart from an undeter-
mined value at the artificial singularity this may lead to cusps at nearby x grid points caused by catastrophic cancellation:
the loss of significance when two nearly equal numbers are subtracted in floating point arithmetic [41, Chap. 1.7].

To avoid artificial singularities, we need to know how to recognise the spectrum of an absolutely integrable potential,
which is fortuitously simple. If a potential is absolutely integrable, then it is known from Sturm-Liouville oscillation theory
that the eigenfunctions of (2) are continuous and have M —m simple zeros, where M is the amount of eigenvalues and
me N’1V’ is the ordinal number (index) of each eigenvalue when sorted from small to large [42, Thm. 10.12.1-(4)], [43, Sect. 1].
Hence, each eigenfunction changes sign M — m times for x € R. Because ¢(x,{) > 0 as x > —oco by (3) and ¢ (x, {) changes
sign M — m times before approaching +oco, where ¥/ (x, ¢) > 0 by (3), (7) implies

sign(b(jym)) = (=1)M-™ Ym e NY, where VI<Va<...<Vm (24)

If (24) is not satisfied, the potential is not absolutely integrable.

We will call a specific Crum transform regular if both the background and target potential are absolutely integrable. That
is, if both of their spectra satisfy (24). When we use the Crum transform to add an odd number of eigenvalues, the norming
constants of the background potential all change sign according to (17). Therefore a Crum transform is regular if and only if
the background potential is absolutely integrable and the following rules are obeyed.

Rule 1. When adding one eigenvalue, it must be larger than all eigenvalues of the background potential [44, p. 269], [45,
p. 1388]. Its norming constant must be positive in the target spectrum, cf. [46, Sect. 6.6], [45, p. 1389].

Rule 2. When adding two eigenvalues simultaneously, no eigenvalue of the background potential may lie between them.
The sign of their norming constants must be such that the target spectrum satisfies (24), cf. [47].

Rule 3. When removing one or more eigenvalues, those eigenvalues must satisfy [48, Thm.]. (No additional condition on
the norming constants is needed here, because these satisfy (24) automatically in this case.)
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Rule 4. When adding three or more eigenvalues simultaneously, it must be equivalent to a chain of the previous three
rules.

Not every regular N-fold Crum transform can be decomposed into a chain of N regular Darboux transforms. By Rule 2,
a regular Crum transform can add a pair of eigenvalues that are smaller than some of the eigenvalues of the background
potential without introducing artificial singularities. However, this Crum transform cannot be decomposed into two regular
Darboux transforms by Rule 1. This means that an N-fold Crum transform that is numerically implemented as a chain of N
Darboux transforms cannot avoid artificial singularities in the computation of certain regular Crum transforms.

The algorithm that we will propose in Section 4 decomposes every regular Crum transform into a specific chain of Crum
transforms that each add either one or simultaneously two eigenvalues. This specific chain contains provably only regular
Crum transform steps. That is, artificial singularities never occur.

3.3. Catastrophic cancellation for large magnitude of x

Remarkably, most implementations of the Crum transform show numerical difficulties first in the vanishing ‘tails’ of the
target potential, whereas the potential changes mostly in the centre, cf. Fig. 1. The first cause of that effect (out of two) is

the following. In the computation of the potential update Aqu’)) (x) and the dressing matrix Cél\('())) (x,¢) (e.g. (22) and (23))

one encounters factors of the form (Kn Pn(X) 1% l?n(x)). When the seed trajectories are chosen as in (12), one can verify
with (3) that limx_, 1. kn On(x) q:% Un(x) = 0, whereas liminfiy_, ., [9n(x)| exp (—kn|x|) > 0 for all n e N’l\’, i.e. 9n(x) grows

exponentially as |x| — oo. Therefore, calculating the factors (Kn Un (x):F% ﬁn(x)) from ¥,c(x) will result in catastrophic

cancellation when |x| is large enough. We propose to avoid this problem by choosing a suitable operator V(x, ). From
(19) it follows that

i a0 F D) = (25)

-1
e e Ol [t 3 d) i v ) 2 O] B,
If the operator V(x, ) satisfies vy1(x,{) = —j¢ v12(x, ¢) and vy1 (X, §) =j¢ vo2(x, ¢), we can calculate these factors without
summation and thus avoid catastrophic cancellation.

The second cause for catastrophic cancellation in the ‘tails’ occurs when a Crum transform is implemented by iterating
Darboux transforms. In that case we can see from (22) that every potential update consists of twice subtracting the back-
ground potential before adding a term that depends on the seed trajectories. This results in catastrophic cancellation at
points where the potential update is small compared to the background potential. Because the ‘tails’ of the potential update
are dominated by the lowest eigenvalue being added,® one should add larger eigenvalues before smaller ones in order to
mitigate this error. However, the rules in Section 3.2 say that smaller eigenvalues must be added before larger ones when
using Darboux transforms only. In our algorithm, which will be presented in the next section, we will therefore implement
the Crum transform as a chain of mainly 2-fold Crum transforms, and one Darboux transform in case N is odd. That allows
us to add larger eigenvalues before smaller ones.

3.4. Seed trajectories growing exponentially as x goes to infinity

The seed trajectories satisfy liminfjy_, o, |%n(x)|exp (—kn|x|) > 0 for all n e N’{’ according to (12), as was already men-
tioned in Section 3.3. Therefore, they tend to grow larger than the largest representable number in IEEE 754 double preci-
sion floating point numbers (realmax ~ e’10 [41, Sect. 2.1]) already for moderate values of «,|x|. This effect causes numerical
problems in naive implementations of the Crum transform. To avoid these problems, the operator V(x, {) in our new algo-
rithm (that will be proposed in Section 4) is chosen such that the elements of #,(x) are bounded even when ¥, (x) is not.
Specifically, also in view of Section 3.3, we choose?

Ve(x, £) = (2§0) " [exp (i£%) (i€ — &) exp (—jex0) (¢ + )] (26)

In Appendix B.1 we relate Vg(x, ¢) to other operators one encounters in the literature.

3.5. Seed trajectories remaining exponentially large or small

The operator in (26) ensures that the representation of the seed trajectories is bounded, but the range of this representa-
tion may still be problematic in floating point arithmetic. For example, if the support of (the significant part of) a potential

8 From (3), (10), and (12) one can verify that ¢™ (x) —q© (x) o exp (F2k1x) as x — oo.
9 As an alternative solution, one could represent the seed trajectories by their logarithm, but that would necessitate cumbersome log arithmetic in every
part of the Crum transform.



PJ. Prins and S. Wahls Commun Nonlinear Sci Numer Simulat 102 (2021) 105782

is far from x = 0, the norming constants b(jym) are either very small or very large because norming constants change ex-
ponentially under a translation in x of the potential [16, App. B]. In that case we can see from (3), (12), and (26) that the
magnitude of elements of #,z(x) can be both very small or very large, at least when |x| is large. For the dressing method
we typically need to calculate products of 2N of these elements. Even for moderate N, the magnitudes of these products
can become larger than realmax or smaller than realmin.!”

We can mitigate this problem by scaling the vector-valued seed trajectories according to #,(x) < hn(x) #n(x) before
computing the potential update and the dressing matrix, where hj(x) is a suitable scaling function that is non-zero for all
x. It is important to note that this a priori scaling step does not require any compensating change in the computation of
the potential update qulg)) (x) and dressing matrix ng)) (x, ¢). To see this, first let n, be a non-zero constant and replace
Pn(X) by nn On(x) in Theorem 1. By the multi-linearity of Wronskians and the well-known fact that In (ab) = In (a) + In (b)
(if ab # 0), (9) and (10) are independent of n,. Since the dressing method is an exact reformulation of the Crum transform,
the same must hold for (21), where the equivalent replacement is #,(x) < V(x, {) (nn On (X)) = nn #n(X). By the locality of
the dressing method, the factor h,(x) can be treated as a constant, just like 1,. The scaling of #,(x) by h,(x) therefore does
not require any change in the computation of Aqgg)) (x) and ng)) *x. ).

To centre the trajectory within the range of representable floating point numbers without adding unnecessary rounding
errors, we will choose the scaling function

ha(x) = 27120l 01dwl+3bl0 112l where  Ib(a) = log, (@),  |] = round(-). (27)
3.6. Explicit ratios of exponentials in the computation

The computation of the dressing matrix Célzg) (x, ¢) and the potential update Aqgg)) (x) involves some explicit exponentials

exp (+knx) that can make intermediate results exceed realmax. For example, the values on the diagonal of (23) could be
calculated from ¥4g(x) as

d
@& U1 (x) _ [— exp (K1X)  exp (—le)] He(X)
% (X) [exp (k1X) exp (—K1X)] He(x)

where we see potentially troublesome exponentials enter the computation. We propose to solve this issue by using the ana-
lytically equivalent expressions for numerical computations that are obtained after dividing the numerator and denominator
by the dominant exponential for negative and positive x respectively:

(28)

d K1 [f exp (2k1X) 1] Pe(X)
& D (x) ~ [exp (2k1%) 1] #e(x) ' (29)
h® | k-1 exp (—2«1X) | e (x)
[1 exp (—2k1X) | e (x)

3.7. Division by vanishing seed trajectories

The most convenient expressions for the potential update Aqggl)) (x) and dressing matrices CE'(;')) (x, ¢) often contain terms
dlz;(x)/ﬁn(x).“ See e.g. (B.38) and (B.45). If there are no zero-crossings in the scalar-valued seed trajectories

Yn(x), they are safe to use since no division by zero can take place. For a regular Darboux transform (N = 1), this assumption
can be made safely because the Wronskian of the seed trajectories in (10) does not vanish, and for N =1 this Wronskian

is the seed trajectory itself. However, for a regular Crum transform with N > 2, individual seed trajectories may vanish
ddn(x)

of the form

even though their Wronskian does not. When the nth seed trajectory vanishes, / ¥n(x) becomes singular. Hence for

numerical computations we must write the Crum transform such that the only trajectory-dependent factor appearing in a
denominator is the Wronskian of the seed trajectories.

3.8. Clipping for reflectionless target potentials

The set of all target potentials that can be written as the Crum transform of a zero background potential are called re-
flectionless potentials in literature. It is known that reflectionless potentials are non-negative. However, in practice negative
samples may appear due to finite precision effects. By setting negative samples to zero for reflectionless target potentials, a
closer approximation of the true target is achieved. In our proposed algorithm we apply this strategy only if the background
potential is zero, because in that case it is simple to determine that the target potential is reflectionless.

10 In [EEE 754 double precision floating point numbers realmin ~ e~ 7% is the smallest representable number above zero [41, Sect. 2.1].
' They are convenient in symbolic manipulations because the number of scalar-valued variables on which Aqu’)’ (x) and Cfg’)’ (x, ¢) depend is reduced
from 3N + 2 to 2N + 2.
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4. Proposed algorithm

In this section, we present our new algorithm for computing Crum transforms for the Korteweg-de Vries equation. The
algorithm is based on the error analysis from Section 3.

4.1. 1- and 2-fold Crum transforms
We start with numerically advantageous expressions for the addition of one or two eigenvalues. Let us represent the

Schrodinger equation and the seed trajectories as in (20) using the operator Vg defined in (26). In Appendix B.4, it is shown
that the N-fold Crum transform with N e {1, 2} takes the form

™M@ =D"gO@ +[4  0]MY,(x.0) m (30)
N

Fx 0 =l FOx 0, where €l = > GO)"MY (x,0). (31)
m=-1

In order to evaluate (30) and (31), we require expressions for the matrices Mffl") (x, ¢). For the 1-fold Crum transform (Dar-
boux transform), the matrices are needed for m € {1, 0, 1}. Let «; denote the eigenvalue to be added. Furthermore, denote
the components of the corresponding vector-valued seed trajectory by #gy :=[1 0] #4p(x) and By :=[0 1] P ().
We propose to calculate the matrices as

22 e te e2kx @2(&+Kk1)x =0
T2 (%) | —e—2Gg-k1)x _ a2K1X =Y
TUTCNITE A ¢ -
! 2K1201E1 e e~ e2(¢—k1)x 0
Cwi(y) | —e2Wrax_e-2ax x>0;
k1 ('}“‘32 - ﬂlElezm) |:1 0 x<0
(V1) 0 1 ="
MO _ w_(th -
0 (X, é‘) K1 (ﬂ]Eze—ZﬁX — 01].:1) 1 0 X o: ( )
w, (%) 0 1 e
M (x,¢) = |:_()l (])] where (34)
W (D7) i= W[ (x)]eF1* = e 1FD0X 4 e (EDKx, (35)

The derivation of these expressions can be found in Appendix B.4.1.

For the 2-fold Crum transform, we require expressions for the matrices M,(nz)(x, ¢) with me {-1,0,1,2} in order to
evaluate (30) and (31). These matrices depend on ki, #g;, and ¥, as well as k; (the second eigenvalue to be added),
Poe1 i=[1 0] (x), and Do := [0 1] #5e(x). We propose to calculate these matrices as follows.

Zakelg —k)[ mx0)  mxo) | g
M (x,¢) = w2 (%,%,) |-m-(x.-¢) -—-m_(x,0) = 6
o 23 k) [ max 0 mex$) |,
W2 (0, 0,) | —mi(x—¢) —m.(x,0) -
26D p s O|_sErkif1o0o]
2 _ <0,
M(()Z)(x,g) - W—(zﬂl, 1922) s-(x,-¢)  p-(x) ) 2 ] _O 1 37
206D Py sk O] _kgHRif1 0]
W2 (U1, 0) | S+ (X, —=C) P+ (X) 2 |0 1 ’
(k2 — k) (B1p1€29% + Pp) (e €2 + dop) [1 0 :I ‘=0
M(Z)(X C) _ W,(l%, 192) _0 -1 -7 (38)
T (k2 — 12) (PE1 + P1p2e 29%) (Fop1 + Dae 22%)[1 0 X 0
wy (P, 1) 0 -1 ’
M2 1 0]
2 ® &)=y 1|} Wwhere (39)
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01E]e(1;1)/<1x + 1’1526 (1+1)k1x K1 ﬂ]Ele(lﬂ)lﬁx _ #]Eze—(lil)/ﬁx
Wi(ﬁl’ ﬁZ) = 1e(l;1)K2x + Pype” (1£1)kx i ﬂZEle(lq:l)sz _ T}ZEze—(lil)qu (40)
2 2 ;
ma(x, ) = B eCFIOX — P premGEDAX iy pye2 (8T (41)
STl e@Rx _ g2 e-(EKX e, Bop Bopy @2 THX |
1 2 2
p=(x) = Z(Kz2 - K%)(’%me(lﬂ)m + 171526_(&1)'(1") (1721-:1'3(1¥1)sz + 7721-:26_(&1)'(2)‘) , (42)
: 2
2 2 151 —(1£1
K2 e By e20EFKX g eFDax L g o e—(EDix
L, 0) = | 1E1V1E2 ( 1E1 1E2 ) (43)

. 2
K31 Poppe2 05T (172516(1;1)’(2’< + 1725267(&1)"2")

The derivations of these expressions can be found in Appendix B.4.2.
Referring back to Section 3.6, we emphasize that for numerical reasons the analytically equivalent expressions for the
cases x < 0 and x > 0 should not be merged.

4.2. General N-fold Crum transform

For N > 2 eigenvalues, we propose to proceed as follows. First, order the eigenvalues from large to small. If N is odd,
add the largest eigenvalue using the 1-fold Crum transform formula given above. Then, add the remaining eigenvalues in
pairs by repeated application of the 2-fold Crum formula from above. The complete procedure is shown in Algorithm 1. The

Algorithm 1 Proposed algorithm for the N-fold Crum transform. A tilde distinguishes the variables for the current iteration
from those for the overall Crum transform. The conditions in lines 3 and 4 state that ¢é0>(x, jkn) and lﬁf_zo)(x, jkn) are the
Jost solutions of (20) for the operator Vg, cf. (B.14).

1 inputs: ¢ (x). N, {Kkn, b™ (jkn), O, jicn), YO, jin) }vneny

2: require: 0 < k7 < ky < --- < ky and none of jk;, is an eigenvalue of q(@ (x)

) . d 40 _ qO© -1 —exp (—2knX) | 4 (0) . . () 1
3: require: S ¢y = %Kn|:exp (2kn) ) n g with Xkrpm(/)E =10 Vin
. -1 —exp (—2knx . . 0
4: require: l/l(o) = %[ exp (26nX) P (1 " )] éo), with  lim W(EO) = [1] Vi

5: for all x do {

6 qx) < qQ);

7. foralln=1to N do #,z(x) < ¢é0)(x,j/<n) —(=DNbM™ (jiy) 1/fé0)(x, jkn);
8: while N > 0 do {

o: N < 1; & < ky: Bp(x) < 2713 01dNel+31DI0 11DNeCOIT 9 (x):
10: if N is even then {

11: N <~ 2, I?z (_K(Nfl);

12: Fap(x) < 27 L3I O1Pvpe[+310]10 2w e®T 0 (x); )
13: 4% < (DN g +[4 )M (x,0) [ﬂ;

14: if ¢ (x) = 0 then g(x) < max (q(x). 0);

15: N« N-— N; 5 B

16: for n =1 to N do ¢,z (x) < Z’,;ﬂ:,l (—kp)™ M,ﬂf’) (X, jkn) Ope (%); }

17 gV ) < q); )
18: output: g™V (x)

matrices M( )(x ¢) in the algorlthm should be calculated with the equations in Section 4.1 after dropping the tildes from
K1, Ko, 01E(x) ﬂZE(x) and N. Note that the inputs b™) (jip,) in Algorithm 1 are the desired values of the norming constants
of the target spectrum. The algorithm flips their sign before processing if that is required according to (13), (14) and (17).

The specific ordering and pairing of the eigenvalues used by Algorithm 1 ensures that if the requested N-fold Crum trans-
form is regular, then every iteration is regular. As a consequence, our algorithm will never introduce artificial singularities
into the target potential. This important advantage is formalized in the following theorem.

Theorem 2. If the background potential q© (x) and the target potential q™) (x) are both non-singular, then all intermediate
potentials q(x) of Algorithm 1 are non-singular.

1
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Proof. By iterative application of Lemmas 1 and 2 in Appendix A. O

The conventional method of implementing the Crum transform as a chain of N Darboux transforms does not have this
property. (See Section 3.2.)

The computational complexity of the proposed algorithm is O(NZ). To see this, note that the mapping of the remaining
seed trajectories to the next potential in line 16 of Algorithm 1 dominates the complexity for large N. This mapping is
executed (2[N/2] —2) + (2[N/2] —4) +...+4+2+0=[N/2]2 - [N/2] = O(N?) times.

We emphasize that the proposed algorithm is analytically equivalent to Theorem 1. In infinite precision, both methods
would provide exactly the same result.

5. Numerical examples

In this section, we investigate the numerical properties of our proposed algorithm in three different examples. For each
example, we generate a series of discrete target spectra with increasing numbers of eigenvalues. We compute the corre-
sponding potentials with the proposed algorithm (—=) as well as with three benchmark algorithms, and assess the accuracy

of the results. In this way, we can compare the impact of finite precision effects on the algorithms, which are all numerical
implementations of the N-fold Crum transform.'? The first benchmark algorithm is the sequential application of the Dar-
boux transform in (22) and (23), where each step adds the lowest of the remaining target eigenvalues. We will refer to this
O(Nz) algorithm as Darboux C ( ). The second benchmark algorithm is the one-shot Crum transform presented in [28],

with a complexity of (’)(N3). We will call it Neugebauer vanilla (=+=+). The third benchmark algorithm is called Neugebauer
modified (=:=:). It is a more accurate version of Neugebauer vanilla that was used/presented in [16, Sect. 1v/App. F]. The

complexity of Neugebauer modified is still O(N?).

5.1. Error measures

The relative 2-norm error is a standard error measure to assess the accuracy of a numerically computed signal. In our
case, it takes the form
N
/ 1a|
2

where q/(\N)(x) is the numerically computed target potential and g™ (x) the true target potential. The number of test cases
for the Crum transform for which the target potential is known analytically is unfortunately quite small. We will therefore
resort to error measures that can be evaluated without knowing the target potential. Specifically, we consider the error
measures

Eoi= | q® —q® (44)

2

75 (@™ )P = (a© ()P dx
Jo% (@™ )P = (¢ ()P dx
where q© (x) is the background potential. When the true target potential is unknown, we can make use of the so-called

conserved quantities of the Korteweg—de Vries equation to evaluate the denominator in (45) directly from the spectrum.
The first two of these conserved quantities are [31, Sect. 1.6], [50]

S q() dx =L (% In (1= |R(Z) [2) dZ +4 1 Vm: (46)

p = 1, pefl,2}, (45)

I (@) dx=—2 (% c2In(1- |R(Z) 12) de + £ 0, va. (47)

Since the eigenvalues of the background potential are invariant under the Crum transform, as is |R(¢)| for ¢ on the real
line by (18), it follows from (45), (46) and (47) that

@p—1) [ (™ )P - (49 (x))P dx
YN 2 -

b= 1,  pef1.2}. (48)

This formula enables us to evaluate E; and E, even if the true target potential is unknown. In Section 5.2, we will demon-
strate that E; and E; are highly correlated with Ej.

12 The analytic sensitivity of the potential to perturbations of the spectrum is discussed elsewhere [49].

12
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Fig. 3. Results example ‘The discrete spectrum of a squared secant hyperbolic potential’ (Section 5.2). The target potentials, consisting of N = [v] eigenval-
ues, were computed with three benchmark algorithms and the proposed one. The errors E; and E; were calculated with (48) for v € {%, % ..... 150} and
are shown as lines (—/="=/==*/—=). Furthermore Eo, E;, and E, were calculated with (44) and (45) for v € N}** and are shown as markers (°/4/7/°).

5.2. The discrete spectrum of a squared secant hyperbolic potential

In this example, we start from a zero background potential. We add the N = [v] eigenvalues (in, bTVD (jin) ) = (v -

[v]+n, (—1)“1‘”), where n e Nlm and v is varied from % to 150 in steps of %. For each v and each of the 4 algorithms,
we evaluate the errors E; and E, according to (48) using trapezoidal integration with x on a grid from —75 to 75 in steps
of 41—0. If any of the benchmark algorithms returns samples with the value Not a Number (NaN), we treat those as zero in
this calculation.

It can be shown that if v € N, then the corresponding target potential is ¢(*)(x) = v(v + 1)sech2 (x) [33, Sect. 2.5]. In
those cases, we additionally evaluate Ey with (44) and evaluate E; and E, also using (45), again making use of trapezoidal
integration. The results are shown in Fig. 3. We see that at any fixed error tolerance above 10~19, the proposed algorithm al-
lows us to compute a potential with roughly seven times as many eigenvalues as the best among the benchmark algorithms.
Furthermore we see that the error calculation according to (48) is indeed equivalent to the error calculation according to
(45), and that E; and E; are highly correlated with Ej.

5.3. The discrete spectrum of a rectangular potential

In this example, we again start from a zero background potential. We add the discrete spectrum of the rectangular
potential that is given by qrect(x) := (%)2 for |2x| < ¢ =10 and qrect(X) := 0 otherwise. (We omit the continuous spectrum
to demonstrate the proposed algorithm without needing an inverse transformation of the continuous spectrum.) By equating
the reciprocal of [20, Eq. (8.11)] to zero, one finds with some work that the potential has N = [v] eigenvalues jk,. The x,
are the solutions of

()2 — (kn)? LKy B NS
then @R - (? 2C0t< (o) - (KKH)Z)

for which n\/max(o, V2 — (N=n+1)?) < tky < w/v2 = (N =) (49)

Since Grect(X) is even symmetric and non-singular, the corresponding norming constants are b("VD (jxy,) = (=1)[V1-" by [16,
Cor. 1] and (24). We vary v from 0.5 to 50 in steps of 0.1 and evaluate the errors E; and E, according to (48)'3 for all four
algorithms with trapezoidal integration on a grid from x = —350 to 350 in steps of 0.07. If any of the benchmark algorithms
returns samples with the value NaN, we treat those as zero in this calculation. The results are shown in Fig. 4. We see that
at any fixed error tolerance above 1010, the proposed algorithm allows us to compute a potential with three or more times
as many eigenvalues as the best among the benchmark algorithms. We remark that the sawtooth pattern in the result of
Neugebauer vanilla is caused by the problems that this algorithm in particular has with the computation of the ‘tails’ of the
potential. The decay of these ‘tails’ is limited by the smallest eigenvalue. Therefore, the error peaks whenever v is slightly
larger than an integer.

13 1t is not meaningful for our purpose to compare q(/"D (x) to grect(X) since we ignore the non-zero continuous spectrum of Grect (X).

13
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Fig. 4. Results example ‘The discrete spectrum of a rectangular potential’ (Section 5.3). The target potentials, consisting of N = [v] eigenvalues, were
computed with three benchmark algorithms ( [=rrmusf=:=:) and the proposed one (====). The errors E; and E, were calculated with (48) for v e
{0.5,0.6,...,50}.
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OT max(Ea1) (b) = Proposed algorithm
10 T \,o T~ s T T 7\
_5 ! " <4 -~ ,\,4"',
1077 - =T *
10710 |- d /"/ ,———.—-—_a*/"*“/\“’- N
15 i ,‘-—\/~"‘
107 [+ I I I I I I I I I i

|
0 5 10 15 20 25 30 35 40 45 50 N —

Fig. 5. Results of example ‘Non-zero background potential’ (Section 5.4). The target potentials, with 2 + N eigenvalues, were computed with three bench-
mark algorithms ( /=w=+/==") and the proposed one (====). The errors E; and E, were calculated with (48) for N € N3,

5.4. Non-zero background potential

In this example, we choose q(© (x) := 0.3 sign(x) for —5 < x < 10 and q(® (x) := 0 otherwise. This background potential
has two eigenvalues, jy; ~ j0.292 and jy, ~ j0.493, that were computed numerically. (See, e.g., [14,51].) We want to add up
to 55 eigenvalues in such a way that the target potential is non-singular for every N e N?5. However, the addition of any odd
number of eigenvalues in the interval (jy;,jy,z) would result inevitably in a singular potential (by (17) and (24)). Instead,
we chose to add 2|N/2] eigenvalues in this interval. If N is odd, the remaining target eigenvalue must be larger than jy;.
We achieve this by choosing

K +K K —K 1
{KnneNqV}={$+g<p+§>‘pez}m(1<1,1<2], (50)

2 N
where N denotes set intersection, k1 < k3 < --- < ky, K1 =0.292, and K; = 0.493 + 0.001. We choose the norming constants
as b (jkp) = —(=1)N-1107n45 for n e NN-1 and b™ (jiy) = —(~1)N107n=45, where 7y, is the nth decimal digit of 7 (771 =
3, my =1, etc.). The purpose of using 7y is to introduce some pseudorandomness to the example that is simple to reproduce.
Note that the signs of the norming constants are prescribed by the non-singularity condition (24).

The trapezoidal approximation of the integral in the error criterion (48) converged only very slowly in this example.
Therefore, we instead approximated the integral in (48) with Clanshaw-Curtis quadrature [52, Sect. 2] in four intervals:
T; = (=250, =5), 7, = (=5, 0), Z3 = (0, 10), and Z, = (10, 250). We chose (22 + 1)-point Chebychev grids in the closures of
7; and Z4, and (23 + 1)-point Chebychev grids in the closures of Z, and Z5. At the endpoints the values were modified such
that the potential was smooth in every interval.'* If any of the benchmark algorithms returns samples with the value NaN,
we treat those as zero for this calculation.

The results are shown in Fig. 5. A difference compared to the previous two examples is that the curves for the Darboux
C benchmark algorithm are rather fitful. Only this benchmark algorithm suffers artificial singularities in the target potential,
at different positions x for different N. However, an artificial singularity deteriorates the error curves of the Darboux C
method only if it appears at or nearby a grid point, within the numerical cusp that surrounds the artificial singularity. (See
Section 3.2.)

¥ Modifying the potential at a single point does not change the value of the integral.

14
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We again observe that the proposed algorithm allows us to add at least three times as many eigenvalues as the best
benchmark algorithm at any fixed error tolerance above 10~10,

6. Conclusion

The Crum transform plays an important role in many inverse Non-linear Fourier Transform methods. In this paper, we
have proposed a new algorithm for the numerical computation of the Crum transform for the Korteweg-de Vries equation.
The numerical accuracy of the new algorithm is much better than that of previous algorithms since it carefully avoids
several sources of numerical error. In particular, algorithms which add the eigenvalues one by one with Darboux transforms,
suffer from artificial singularities during the calculation of certain regular Crum transforms. We have proven that the new
algorithm on the other hand, computes every regular Crum transform without singularity (see Theorem 2).

The complexity of the new algorithm is quadratic in the number of eigenvalues, Therefore, it is as fast as the fastest
benchmark algorithm. Nevertheless, compared to the most accurate benchmark algorithm. the new algorithm was able to
process between three and seven times as many eigenvalues in numerical examples.
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Appendix A. Proofs for the absolute integrability of intermediate potentials

In this appendix we prove two lemmas which together guarantee that the proposed algorithm never introduces artificial
singularities.

Lemma 1. If N is odd and both the background potential q© (x) and the target potential q) (x) are absolutely integrable, then
the first intermediate potential, ¢*) (x), obtained with Algorithm 1 is absolutely integrable.

Proof. First, assume that the discrete spectrum of the background potential is non-empty. Since ¢ (x) and q(© (x) are
absolutely integrable,

(24) = sign(b™ (jy")) = (~D)MNm Vm e NN, (A1)
(24) = sign(b® (")) = (=M™ Vm e NY, (A.2)
(17), (A2) = sign(b™ (y”)) = (-DMN-" ¥m e N}, (A.3)
(A1), (A3) = sign(b™ Gy y)) # sign(b™ Gy™)), (A4)
(A4) = Vaiin # Vo) = Vain = kv > max y”. (A5)

Hence, jky becomes the highest eigenvalue of q(») (x):

a _ KN m=M + 1,

(A5)= Y’ = {yn@ me NV (A.6)
ion(bD (i DY) — Sign(b(])(J'KN)? m=M+1,

(A.6) = sign(b™V Giyy)) = {sign(b(”(jyn(,o ) meny (A7)

15



PJ. Prins and S. Wahls Commun Nonlinear Sci Numer Simulat 102 (2021) 105782

_ [sign(bD Gy ) m=M+1,

ign(b™ Gy, =M+1,
(17), (A.2) = - {?%E(l )M,EV’VHN)) 2 i NQ”+ (A.9)
(A1) = = (-1)MD-m v e NI (A10)

From (24) and (A.10) it follows that q(*)(x) is absolutely integrable. If the discrete spectrum of the background potential is
empty, the proof reduces to (A.6) to (A.10), where N’l"’ = N? is an empty set. O

Lemma 2. If N is even and both the background potential q%) (x) and the target potential q™) (x) are absolutely integrable, then
the first intermediate potential, ¢ (x), obtained with Algorithm 1 is absolutely integrable.

Proof. First, assume that the discrete spectrum of the background potential is non-empty. Since ¢ (x) and q(© (x) are
absolutely integrable,

(24),N even = sign(b("’)(iyng”))) = (=DM Vm e NYHN, (A11)
(24) = sign(b® (i) = (-1DM™ Vme N}, (A12)
(17), (A12) = sign(b™ () = (-DM™  Vm e N}, (A13)

icn | v <t <y} | mod 2 =0Vm e N1,

Al4
[tk | K > 1,}| mod 2 = 0. (A14)

(A11), (A13) = {

Hence, jky and jky_1 become successive eigenvalues of ¢ (x):

© e M

Ym-N M+N—p+1°
(A14) = Y = A kmyp me N%m:ﬁ%,where « is not of interest and where 11 := |{3,\” | v > kn}| € N},
* m e NMN-n-2
‘l ,
(A15)
(A11), (A15) = sign(b™ (kmip-m)) = sign(b™ Gyn")) = (=1)M-™ for m e mej;jf]; (A.16)
©
@ ma e N%t’z”g'
(A14) = Y = { Kmip-m me Ny hs, (A17)
70 m e NY'H
sign(b® (%))  me N%ti%.
(A17) = Sig“(b@)(jynﬁ”)) = sign(b<z>(ngﬂ,M)) me NM:}%, (A18)
sign(b® (y1”)) m e NY'7*;
sign(b©@ (y,%y))  meNyF2 .,
(17), N even = = 1 sign(b™ (i) M e Ny h*3, (A19)
sign(b@ (y,1”)) me Ny"H;
(A12), (A16) = = (=1)M2-m¥m e NYH2 (A.20)

From (24) and (A.20) it follows that g (x) is absolutely integrable. If the discrete spectrum of the background potential is

empty, the proof reduces to (A.15) to (A.20), where M = 0 and therefore p = 0, so N’r”“ =N and NMfi+3 = N3 are empty
sets. O
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Appendix B. Derivation of the proposed algorithm

Our proposed algorithm decomposes the Crum transform in a specific chain of 1- and 2-fold Crum transforms. Further-
more, it uses a specific representation of the dressing method that mitigates numerical errors. In this appendix we show
the derivation of the 1- and 2-fold Crum transforms in this specific representation.

This appendix is organised as follows. In Appendix B.1 we show how to translate between different representations of
the Schrodinger eigenvalue problem. In Appendix B.2 we find expressions for the Wronskians of different trajectories of the
Schrédinger eigenvalue problem and their derivatives. These intermediate results are used in Appendix B.3 to derive the two
building blocks of the proposed algorithm: the dressing method for N =1 and N = 2 respectively, in their simplest repre-
sentation from an analytic point of view. Finally, in Appendix B.4, we translate the results from Appendix B.3 using those
from Appendix B.1 to the numerically advantageous representation in which the dressing method is used in the proposed
algorithm. (See Section 4.)

B1. Relation between bases for the dressing method and the Schridinger eigenvalue problem

In the main text we introduced two operators that can be used to write the Schrodinger Eq. (2) as a system of first order
equations (20) and also for the formulation of the dressing method (21). Here we show how to translate between expres-
sions for either operator. Both for convenience and to establish the connection to other operators appearing in literature, we
include the principle operator from [16]. Hence we consider

Ve(x, ) = L},} (B1)
Vox,¢) = o [~ (B2)
O i+ & ’

1 [ex(jc - &)
VE®X, §) = m[exx(j; +8%) . (B.3)

The relation between the S basis and several other bases appearing in literature, among which the C basis, is a similarity
transformation, described by transformation matrices TS (x, ¢), where a and b are different bases, see [16, App. C]. Their
relation to the E basis is not a similarity transformation, because Vg(x, ¢) depends on x whereas V¢(x, {) and Vs(x, ¢) do
not, and so Tg(x, ¢) and Té(x, ¢) depend on x. Therefore, to include the E basis, we generalise [16, Egs. (70)-(75)] to

Ve, §) =T (X ) Va(X. ), (B.4)

Fox 0)=Tx.0) fa(x.0), (B.5)

Qo (X §)=T(x¢) Pa(x.0), (B.6)

Ae(,0) = To(x AT ) +(L T (X 0)) Th(x, ) (see (B16)), (B.7)

Hy (x1,%,8) =To (%, ) Ha (x1.%2. £) T§ (%1, 0), (B8)

where T§(x,¢) = (TS (x, ())71, (B.9)
and for the dressing method we add

Co(x.8) =Tq(x.0)Ca(x. &) TG (x.0). (B.10)

From (B.1), (B.2), (B.3) one can find
icx _icx
TEx.0) = [ejo e?;x} = T3x.0) = [e; eﬁx}: (B11)
E 1 [ jgetx —eitx c [ e Qitx

TC(X’ C) = ﬂ |:jé-ej{x ej{x:| = TE (Xv é‘) - |:jé-ej{x Jé-e_]{x:| (BlZ)

Using (B.7), (B.11), and
_a| 1 1 j¢c o
As(x,¢) = 2j§|:—1 _1i| - |:O _j§:| [16 Eq. (20)] (B.13)

17
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qx) 1 exp (2j¢x)
we find Ag(x, () = —= . R B.14
2 6) =95 [— exp (-2j¢x) -1 (B.14)
which we use in Algorithm 1, lines 3 and 4. Finally, from (B.7), (B.12) and (B.14) we find
0 1
Acx,0) = ,. , B.15
C(X é-) I:(Jé-)Z_q(X) 0i| ( )

which is, like it should be, the same result as what can be found directly from (2), (20) and (B.1).
The derivation of (B.7) is as follows.

a a
ax fo @ O =5 (Tox. ) fax.0))
TS 0.0) ((ffx fotx c)) v (Efx TS c>) fa0.0)

TS (X §)Aa(X, C)+<aax Tﬂ(x,{)))fﬂ (x.0) (B.16)

0
To(x O A O T, ¢)+(ax To(x. @)) T3 (x c)) fo ).

=Ap (%,5)
B2. Wronskians of trajectories of the Schriodinger equation and their derivatives

In Appendix B.3 we will need Wronskians of up to 3 trajectories of the Schrédinger equation and their derivatives up to
second order. Let f, := f(x, &n) for n € {1, 2,3} be solutions of the Schrodinger Eq. (2) for the same potential q = q(x):

52
(552 + D)o = Anfa (B.17)
where A, := (j¢n)? to shorten notation. Let fuc :=Vc(X. &n) fo = [ f %]T Then,
fi=[1 0]fuc (B.18)
% =[0 1]fic (B.19)
2
o u-0fi=[m-a 0] (8.20)
93 fi dq 0fn
a3 = gt -5 =[-F  -dlfic (B21)
Wifil=hf= [1 O]fmv (B.22)
9 af
&W[fl] = afxl = [0 1]f1c, (B.23)
2 2
%W[fl] = % =[(m-9 0]f (B.24)
W(fi; o] = h % —[ 051 ]f (B.25)
1, J2] = f % = _W f] 2C» .
SP
9*fi
J e Y x| A a—oh| A MA|_ B
ﬁ W[fls f2] = f 82f2 - fZ ()\2 _ q)fz = f2 )\2f2 = [()\-2 A-])fl O]fZCv (BZG)
2 X
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8x2 W[fl’f2] = (E?XW[fﬁfz]) = %([()\2 —2)fi 0]fy)

(B.27)
=[G -3 o] et [Ga-0h o][kzo_q é}fzc=()»2)»1)[%]; ] fac
d 02
R L L I LI LY
2
Wikififil=|p, 2 DRI Y, gp—ln Y2 -
2
po W ULy B asan] s 32w (B.28)
d d d
Loanl e B | [|ea-ron F
51 + 3 af N 3¢ = af A1 =22)f1fo [ Fac
ST B T E (hs-rfy G2
dfi 03 fi a1 dg afi 0fi dfi
) fi % 93x fi X _afl‘i‘()\l—q X h X klm
rplle 3 ®H|_|. 8L dg 0f| _|. 8f ., of
ﬁw[fhfbfﬂ—fz ETXZ asz—fz T; —af2+()»2 )72_f2 sz )\ZTXZ
3
f % % f % *%f3+(k3* ET{? f % )»3%
0fi 0fi dfi afi df
| ex Mo )\3f1 W_ﬁ Moy faoe | Gon 3f13f2 i Gs—d)—oo f
O 8 Ty Bk, 3,0 N AR
(B.29)

B3. Dressing method in C basis

We make use of the results of Appendix B.2 to derive the dressing method in C basis for the 1-fold Crum transform in
Appendix B.3.1, and for the 2-fold Crum transform Appendix B.3.2.

B3.1. Dressing method in C basis for N = 1 (Darboux transform)

Starting from Theorem 1, making use of the expressions in Appendix B.2 we derive the dressing method for the Darboux
transform in C basis, (21), (22) and (23), as follows.

d
wioy 0o [ ® ] o

fO®¢) = WD 0] = e (B.30)
%fm(x,;): %W[ﬁlx[)éf((i))(]&()]
Wiy o) SO TZE O] SVIROL vy, o, o060
(W[z‘h(x)])
(ﬁl(x>[((j;>2—fc%) Mo 0] (o 9109)[- & 9100 m(x)])fé‘”(x,c)
(9100)?
=602kt + (U [, )2 (0D [9,00) ][50 0. (B31)

Egs. (B.30) and (B.31) imply the trajectory mapping in (21) with the dressing matrix in (23). Again from Theorem 1 we
obtain the potential update:

2
84300 =400~ 490 = 2.2 I Wiy o1 = 2.5 10 9,00

19
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9 (x))?

dx  94(x)

5 (k7 =49 ) ()~

(19] (X

))?

d
(a t (x))z

(h(x))?
do
0 0

— 2¢O (x) 1262 — 2(
This potential update is equivalent to (22).

B3.2. Dressing method in C basis for N = 2

)

(B.32)

Starting from Theorem 1, making use of the expressions in Appendix B.2 we derive the dressing method for the 2-fold
Crum transform in C basis. This result is not used directly in the main text, but serves as an intermediate step in the
derivation in Appendix B.4.2 of the dressing method for the 2-fold Crum transform in E basis, which is part of the proposed

algorithm.

P =

W[91(x); 92 (x); fO(x.0)]

W[ (x); D2(x)]

((45)? =) 1 (%) % ) )
H((j;)z S0 pow| DI ﬁz(")} fe®o)
Uy (X) 20X
[1pt] P2 (%) =5 U2 (%)
3 K12 (%) ? % (x) (Kl e 2) 9, () 9> (X) f(O) *0)
=Gt 0]fx O+ 19200 g 920
- O (x, :
U1 (x) %010
D2(x) % 02(0)
2
[— le zm Eg gm 23 (7 —K3) P11 (X) Dacy (x)} O
=GO 1 0] fP o)+ 2 Z‘Cf;]c(x) Pac(x)|

(W1 0): 9201 V2o FO (1.0 =

WD (x): D2(x)] W[ (x); D2(x); fO (%, 0)]
=1d d
o VI (0: D2(x)] aw[ﬁl(x);192(")§f(0)(xv§)]
dv . av
_ th (€9) 81)((x) (K2—/{2)aﬂl(x) 3192(X) t () ((J;)z — K3 ) ](X) f(O)(X )+
nw SO T R D200 ()7 - )”2(")

(Kl — K3 3) 91(%) 92(%) |:

|#1c(x)

((45)? = &) V1(x)
((45)? = k3) V2(x)

Pac(o o [ 0)

a 1?1 (X)
0 %) | (KT = K3) D1 (x) 2 <x>} @)
ax

A (%) | A (x) |
= (j¢)? Zg; 5 ;X(X) |:(K12 —k3) (%) D2(x) Z;EZ o % } O+
X 0x
e 8}}((’0 (k2 — x2) 2010 902 (0) | K1 aﬁl(X) FEE )+
920) 0 32x(X) 2 10 o ax 92 (%) K2 z(X)
K2 01 (x) (%) o
(K7 = K3) D1(%) D2(X) |: EE 31922}296)‘ (kF = x3) D1(x) 192(x):| Jo (x.8)
X

20

(B.33)
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2 2) i (0) 9
:G§)2|ﬂ1c()€) 172c(><)|2|:(Kl 2) Vet (9 Dcr ()

(0)
[P1c®)  Pac ()] :|f o

a0 ki tie®)
tha(X) k3 P (X)

}f“”(x £+

[P1c(®) P )] [(K2 — k1) P2 (X) Paca (%)

k2 (x) e x)
k3t (x)  the(x)

P o[ (kF = K3) Prc1 (%) Pact (%)
=3¢) ‘1}1c(x) '}ZC(X)‘ |: ‘ﬂlc(X) ﬂzc(@‘
_ [w;—m

P (%) Pz (%) "%cz *) K1 "%m )
(e} = k32 By (%) P31 (%) = [Prc (%) ﬂzc(x)|

(12 Kz)ﬂ1c1(x)7?2c1(x)i| Dx,¢)

[(Kz — k) P11 (%) Pacr (%)

l}fé")<x,c>+~-

Paci (X) B () P (%) —k3 P (%)

'71C1 (x) kP X)

G0 K e }f“’) *.2). (B34)

Hence, from (B.33) and (B.34):

1 0
Coy (. 0) = (j;)z[(x1 — k3) P1c1 (%) Fac1 (X) 1] +oo (B.35)
w(X)
kita(®) Ha®)
—w(x)
1 k3B (x)  Thaea(X)
W) | (2 [P Prc20) Fier () =3 By (%)
r Dot () P2 (X)  F5e1 (X) —K2 D30 (%)
(B.36)
—w(x) (k3 — k) D11 (%) Pacr (%)
. Hha®) ki te®)
(K3 — k22 Bic; (%) Pocy (%) — W(X) Ber () 13 ()
where w(x) := W[th (x): %2(0)] = [#1c(X) Pac(x)]-
The potential update is
d
d? d — W[ (x); D2(x)]
AG0 = 47 (-0 0 = 25 In WD 0 9> 00]) = 2 B
2
 SWW 0] (S Wi
WIth): 9201 7| WIDh(0: 92(0)]
d» ds
203 k(9 200 9010, () (00w,
h W(X) w(x)
_ 2(k? — k! )(171c1 () Pac2 (%) + 2 (%) Pact (X)) y (k2 — k2) P1c1(X) P21 (X) 5
[P1c®)  Pac(¥)] [P1c(®x)  Pac(®)] .
2 2
N Da®l s 083w
ﬂ%a () "%cz (*)
=2(k? — k) 5
[Pic()  Bac)]
'ﬁa () lﬁcz (x) -} ﬂ%m x)
2 2 292
— 22 — k) P (X)) Doy (%) —k5 P (X) ‘ (B37)

|P1c®) P |2
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B4. Dressing method in E basis

We make use of the results of Appendix B.3 to derive the dressing method in E basis for the 1-fold Crum transform in
Appendix B.4.1, and for the 2-fold Crum transform Appendix B.4.2. These results are used in Section 4.

B4.1. Dressing method in E basis for N = 1 (Darboux transform)
Starting from (21), (22) and (23), we can derive the dressing method for the Darboux transform in E basis, the case N =1

of (30) and (31) in Section 4.1, as follows. For convenience, rewrite (23) using (B.15) and o7 (x) := %/ ¥ (X) as

—01(X) 1
C(O)(X §)= [(01 x) —k1) (01 (%) +k1) + (j£)?> -0 (X)i|

1 O
—01(x) |: i| (B.38)
q00=K?~07 (x) 0 1

Then use (B.7), (B.10), (B.12) and (B.14) to find
Cio)(®. ©) = TEX. §) €l (X, O TE(X. §)

=Ac(x,¢)

(xg“)Adxf)} JTEw - m(x)T(x:)[ ?}T%(x,o

(x)=k}-0F x)
0
=Ag(X, ) sttty (5 Te(x $)) TE(x, §) —01(%) [0 1}
Kk? — 02 (x) 1 exp (2j¢x)| , ..|-1 0 1 0
:12j§1|:—exp(—2jé'x) 3 +j¢ 0 1 —0o1(x) 0o 1! (B.39)

Subsequently, we need to express o7 (x) as a function of #g(x).

"nc<x)=T§(x,jxn>ﬂnE(x)=[ek"xx e H%(x)}

Kn€k —Kpe X 1| gy (X)
_ Pae1 (x) efn* + Pup (x) e~knX
- [Kn B (X) €7 — ke By (x) 0% | *0 (B.40)
Pz (%) W1 (X) €% — Py (X) 760X
N - i B.41
on(X) Pt (%) n Pt (X) €405 + By (X) @¥n ( )
Pne1 (%) €% + Py (x) €7 DnEr (X) €60X — Py (X) 70X
ot o) = K 0 @+ a2 () € T B () € + D () €
_ 2Kn nE1 (X) efnX X
T Fupr (X) €% + Py (x) e KX (B.42)
Va1 (X) €% + Pppp (X) €79% gy (X) €% — Pnpp (x) @70
= on() =K Pne1 (X) 6% + Py (X) €Fn e (X) €<nX + Py (X) €7KnX
_ 2k Dppa (X) e HenX
B (%) €4 + By (x) e KX (B.43)
Substitution in (B.39) and (B.32) results in
=M (x.¢)
; 2k B1g1 (%) P12 (%) 1 e2tx
D (x,¢)= -1 1 ViE1 _
o )= 00 (7}151 (x) e<nx + Ppa (x) €~ Kr-")2 —e dix 1 (B44)
ic -1 0 i P (x) e X — g (x)er* |1 0 .
! 1 P (x) e g (x)e—xx| 0 1)
=M{"x.0) =M (x.0)
2
AqR ) =201 = 01(0) (k1 +01(x) =29V (x) = 816t D11 (0 Bre2 () — 2¢O x). (B.45)

(0) ('I}]E] (X) ernX 1}1].:2 (X) E_K“X)z

This is equivalent to the equations in Section 4.1 for the case N = 1.
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B4.2. Dressing method in E basis for N = 2
For the dressing method in E basis for N = 2, we find the trajectory mapping by applying (B.10) with (B.12) to (B.35). Let
us first express (B.35) as

0 1 [2b
€ (x.2)=(2)*| a + [ wx) “W(")}, where B.46
co*. &) =(1%) |:w(x) 1:| Wi | 2 2d (B.46)
a:= (kK —k3) Pic1(x) Fac1 (), (B.47)
— i taE) the®)
bi= 2|k3 i (x)  ha®)| (B48)
1o ot (x) e (%) ﬂcz (x) K "%a (*)
c:==(K? -« , B.49
2( 2 ki) Dot (%) Pac2 () F3ep (%) —F o (%) (B.49)
b s 22092 2 1 Hha ) k7 he®)
d:= j("z —K1)* ¥icr (%) Poeq (%) ) w(x) Pac1 (X) Kéz P (X)|" (B.50)
w(x) := W[Dh (x): 92(0] = [P1c(x)  Fac(x)]. (B.51)
Applying (B.10) with (B.12) then gives
=MP (x.¢) =M% x.)
2) s a -1 0 sen—1 1 —C —ce2itx
CE(O) (X, g) - (Jé‘) W(X) 0 1:| +(J§) WZ(X) Ce—Zj{x c (B 52)
1 bw(x) +d (bw(x) —d)e%x H(ie)? 1 0 ’
w2(x) | (bw(x) —d)e2¢x bw(x) +d 0o 1|
=MP (x.2) =MP (x.0)
Substitution of (B.40) results in
a= (k7 — k7)) (e e + Bpae 1Y) (Fop1 €2 + Popre ), (B.53)
P, (%) e29X — 92 (x) e 2% iy Bypy (X) D2 (%)
=202 — ki1 ico | VIE1 1E2 1 V1L 1E232)) B.54
(e — Kk Pop1 (%) €29X — 950, (x) e 2% 1y Do (%) Papa (%) (B:34)
tp et + hppe ™% i (g ef — e ¥
= , B.55
w(x) Pop1 €% 1 Pope =X oy El}zmekzx _ 1’2526_'(2"; ( )
K1X —K1X)2 2
Cd = 20k — 2| P €+ Byppe )k g (%) Piea (%) B.
bw(x)—d (Kl Kz) (Pppe52% + ﬂZEZe—qu)Z K3 Por1 (%) ﬂZEZ(X) ’ (B.56)
bw(x)+d = %(a2 — (k7 +K3) W2 (x)). (B.57)

The equations for the trajectory mapping in Section 4.1 for the case N = 2 then follow by substitution in (B.52). Finally, we
find the potential update for that case by substituting (B.40) in (B.37):

"Ea (€9) ﬂicz *) —Klz "Ea ()
P (%) Pep (X) —k2 By (%)
|#1c(x) ﬂzc(x)iz
‘("1516'("‘ + Hpe %) k2 $pr (X) T2 (%)

Ad) (X) = 2(5 — k7)

(Pap1€°7% + Popre )2 kg Bopy (X) T2 (%)

2
Ppr e + e iy (Fp e — e
Pop1 €% + Poppe ™ iy (g @ — Pyppe X

=8(k? —k2) (B.58)
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